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Abstract

‘We show that no matter what subset of a normed space is given, a typical 1-Lipschitz mapping into a Banach space
is non-differentiable at a typical point of the set in a very strong sense: the set of partial limits of its derivative
ratios, which is separable, contains all linear operators of norm at most 1 from any fixed separable subspace of the
operator space.

For subsets of finite-dimensional normed spaces which can be covered by a countable union of closed purely
1-unrectifiable sets this extreme non-differentiability holds for a typical Lipschitz mapping at every point.

Both results are new even for Lipschitz mappings with a finite-dimensional codomain.

1. Introduction

The purpose of this paper is to present a striking (non-)differentiability property of typical Lipschitz
mappings. We show that a typical, in Baire category sense, 1-Lipschitz mapping between a normed
space X and a Banach space Y is not differentiable at a typical point of a given set £ C X in a most
extreme way: its derivative ratios can approximate all linear operators X — Y of norm at most 1.
Moreover, if the dimension of X is finite and E is F, purely 1-unrectifiable, the above holds for all (not
just residually many) points of E.

Differentiability of Lipschitz mappings is the focus of mathematical research in an array of settings
including Euclidean spaces (see, e.g., [15,26, 7,27, 29]), Hilbert and Banach spaces (see, e.g., [5, 19, 8])
and geodesic metric spaces (see, e.g., [ 18, 25]). A starting point for these investigations is Rademacher’s
theorem, which guarantees that the set of non-differentiability points of a Lipschitz mapping RY — R/
is of Lebesgue measure zero. Versions of Rademacher’s Theorem are also available beyond finite-
dimensional spaces: under reasonable assumptions on Banach spaces X, Y, a Lipschitz mapping X — Y
is Gateaux differentiable everywhere except an Aronszajn null set, see [5, Theorem 6.42]. Furthermore,
a celebrated result by Preiss [26] says that a Lipschitz function defined on a Banach space X which is
Asplund (i.e., every separable subspace has a separable dual) is differentiable on a dense subset of X.
Thus, in many settings, Lipschitz mappings constitute a class of mappings which on the whole have
good differentiability properties, but crucially have the flexibility of pathological behaviour on a null
set. There are various notions of null or exceptional sets, to which this may refer, but even Lebesgue null
sets in Euclidean spaces are a diverse class with important tools such as category and fractal dimension
which distinguish between them.

Typical differentiability as an object of interest dates back to Banach’s famous 1931 result [4, Satz 1]
that a typical continuous function on an interval is nowhere differentiable. Such a result would be
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impossible for a typical Lipschitz mapping between Euclidean spaces, by Rademacher’s theorem. The
extent to which a typical Lipschitz mapping is differentiable has been investigated recently in [28, 20,
13, 10, 24]. Recall also [26, 9, 8, 12] that Banach spaces with separable dual of dimension 2 or more
have universal differentiability sets (UDS) which are ‘very small’ but contain a point of differentiability
of every R-valued Lipschitz function. One naturally asks how ‘big’ is the set of points where a typi-
cal Lipschitz function is not differentiable. In a sense, an opposite of UDS are sets where a typical
1-Lipschitz R-valued function is nowhere differentiable. In [28], the class of analytic subsets of
[0, 1] € R with this property has been shown to coincide with the class of subsets of F null sets, and
[13] extended this to the case of [0, 1]¢ € R? by showing that the relevant condition must be ‘a sub-
set of an F, purely 1-unrectifiable’. Against this background, the present paper achieves the following
significant advances:

o In Theorem 1.1, we establish that inside any given set S the set of non-differentiability points of a
typical Lipschitz mapping is a residual subset of S, no matter on what (bounded, normed) domain
(containing §) the space of Lipschitz mappings is considered. This holds for vector-valued (Y-valued)
mappings. The norms on X and Y are arbitrary, as long as Y is Banach. Non-differentiability can be
strengthened to extreme non-differentiability which still holds at residually many points.

o In Theorem 1.2 we determine that on an arbitrary subset of any given F, purely 1-unrectifiable set,
a typical Y-valued Lipschitz mapping is nowhere differentiable in the extreme sense.

Versions of these two results were known only in the special case of functions from R to R, see
[20, Theorem 4] and [13]. We point out straight away that typical behaviour of scalar-valued Lipschitz
functions has no direct implications for vector-valued mappings, even from R¢ to R/ when [ > 1; see
[13, Theorem 6.1]. The results of the present paper also go significantly beyond the premises of [13] by
allowing arbitrary norms into consideration and replacing directional non-differentiability by extreme
non-differentiability.

This article further acts as an Erratum to [13, Remarks 2.9 and 3.18]. The authors hereby retract
these two remarks, which are shown to be invalid by the present article; see Corollary 2.5. We further
note that the content of those two remarks does not affect any of the results or indeed anything at all in
the rest of the paper [13].

1.1. Main results

Given a topological space Z, we say that a typical element of Z possesses a certain property if the
collection of those elements of Z having that property forms a residual subset of Z. If Z is a complete
metric space, then its residual subsets are dense in Z, by the Baire Category theorem, hence a condition
satisfied by a typical element is satisfied by elements of a dense G s subset of the space.

It is therefore important to note that the meaning of ‘typical’ depends on the ambient space. We thus
need to clarify, as we do in Section 2.4, whether a typical Lipschitz mapping is to be understood relative
to the space of all Lipschitz mappings, or only those with Lipschitz constant bounded by L for certain
L > 0; whether the mappings are defined on the whole space or on a certain subset; and what topology
(or metric) is used on the space of Lipschitz mappings.

We presently state the first main result of this paper; see Sections 2.1 and 2.4 for detailed explanation
of the notation involved.

Theorem 1.1. Let X be a normed space, Y be a Banach space, W be a separable subspace of L(X,Y),
Q be a bounded subset of X and E C IntQ. Then there is a residual subset F of (Lip;(Q,Y), ||‘|ls)
such that for every f € F the set

-/\/f,W = {XEEZ Df(X) QBw}

is residual in E.

Here By is the closed unit ball of W, £(X,Y) is the space of bounded linear operators X — Y and
Dy (x) is the collection of those operators which, in a specific sense, behave like a derivative of f at x;
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for the precise definition of Dy (x) see (2.1) below. The inclusion D (x) 2 By for non-trivial W and
points X € Ny w in Theorem 1.1 implies, in particular, that N’z w is contained in the set of Gateaux
non-differentiability points of f. However, this condition should be interpreted as a very strong form of
non-differentiability. We elaborate on this presently.

A particularly strong failure of differentiability of a mapping at a point, considered in [2], Theorem
1.9], happens when many different linear mappings simultaneously behave like a derivative of the
mapping. Note that if f is Gateaux differentiable then either D (x) is empty, or it is the singleton set
containing only the Gateaux derivative of f; if f is Fréchet differentiable at x, then D (x) = {D f(x)}.
Accordingly, the size of the set D (X) is a measure of the severity of non-differentiability of f at x. In
the case when L£(X,Y) is separable (e.g., when X is finite-dimensional and Y is separable), the most
extreme form of non-differentiability of a 1-Lipschitz f at x occurs if Dy (x) = B, (x y), the closed unit
ball of L(X,Y).

When L£(X,Y) is non-separable, it is impossible to achieve Dy (x) = Bg(x,y), as we show,
in Lemma 2.1 below, that D (x) is always separable. Qualitatively, the strongest form of non-
differentiability of a 1-Lipschitz f that may hold in such case is Dy (x) 2 Bw for an infinite-dimensional,
separable subspace W of L(X,Y). For any such W, this is what we achieve for a typical 1-Lipschitz f.

In light of [13, Theorem 2.2], concerning non-differentiability of a typical (real-valued) Lipschitz
function at every point of an arbitrary subset of any F, purely 1-unrectifiable subset of R?, one asks if
the conclusion of Theorem 1.1, where the settings are much more general, can be strengthened for such
sets. We answer this for finite-dimensional domains in the affirmative in our second main result:

Theorem 1.2. Let X be a finite-dimensional normed space, Y be a Banach space, W be a separable
subspace of L(X,Y), Q € X be bounded and E C Int(Q) be a subset of an F, purely 1-unrectifiable
set in X. Then Dy (x) 2 Bw for a typical f € (Lip;(Q,Y), ||-ll) and everyx € E.

Theorem 1.2 also strengthens previous results in this direction obtained in [13, Theorem 2.7] and in
[24]: significant gains being that it caters for infinite-dimensional spaces Y, any norms on X and Y, as
long as Y is Banach, and the derivative ratios ‘see’ all possible linear operators 7 € W on arbitrarily
small scales.

2. Preliminaries and notation
2.1. General notation and differentiability notions

Given a normed vector space X, we let ||-||x denote its norm, By its closed unit ball and Sy its unit
sphere. An open ball in X with centre x and radius r will be written as Bx (x,r) and for closed balls
we write Ex instead of Bx. The origin in X will be denoted by Ox. If Y is an additional normed vector
space, we let £(X,Y) denote the space of bounded linear operators X — Y. The operator norm on
L(X,Y) is denoted by ||-||,,. For a subset Q of a topological space, we let Int Q denote the interior of Q.
For a mapping f: Q € X — Y and x € IntQ we let

Dy (x) = {T € LX.V): liminf sup W XFW=SX) = Tully =0}. .1)

r—0+ ueB(0x,r) r

Observe that if f is 1-Lipschitz, we have D¢ (x) € B, (x,y) for every x € Int Q.

Finally, we will refer to a subset I" of a metric space (M,d) as uniformly separated if
inf{d(x,y): x,yeI',x#y} > 0. For such a set I' and s > 0, we call T" s-separated if
inf{d(x,y): x,y e, x £y} > s.

2.2. Optimality and comparison with previous results

Taking W in Theorems 1.1 and 1.2 as any non-trivial, separable subspace of £(X,Y) ensures that the set
Ny w is contained in the set of points of Gateaux non-differentiability of f. Moreover, when L(X,Y)
is itself separable, we may take W = £(X,Y). In this case we get that for a typical f € Lip;(Q,Y) the
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set D (x) is maximum possible, as it is equal to By = B.(x.y), at a typical point x of E (and at every
x € E in the premises of Theorem 1.2). In the following lemma we show that it is not possible to omit
the separability condition on W in Theorems 1.1 and 1.2.

Lemma 2.1. Let X and Y be normed spaces, Q € X, x € IntQ and f: Q — Y be a mapping. Then the
set Dy (x) is separable and closed in (L(X,Y), ||||op)-

Proof. Let r > 0 be small enough so that Bx(x,r) € Q. For each rational ¢ € Q N (0,r) and each
n € N choose T, , € £L(X,Y) such that

x+u) - f(x) -1, ,u - -
oc+w s -Tomully 0 M GHw S0 -Tully 1
q TeL(X,Y) ueBx (0x.q) q n

ueBx (0x.q)

We show that D (x) C {Tq,n: q€Qn(0,r),ne N}, where the closure is taken with respect to the
operator norm.
Indeed, consider arbitrary Tp € Dy (x) and & > 0. Let n > 3/& and choose ¢ € Q N (0, r) so that

IO =700~ Toully

£
ueBx (0x,q) 4 3

Then, for every u € Bx (0x, ¢) we have

|(Ton = To)ul|y, < [Tgnu+ fF(x) = fFx+w)]|, + 1 (x+u) = £(x) - Toully
< &q g &q
< ? + ; + — < &q,

which implies ||Tq,n - T()”op <e.
To show that Dy (x) is closed, assume Ty € Dy (x) converge in the operator norm to 7p. Fix
an arbitrary & > 0 and choose n > 1 and 0 < p < & such that |7, - Toll,, < &/2 and

%||f(x+u) — f(x) = Thully < &/2 whenever ||ul|y < p. Then for all u € Bx (0x, p)

Lif(x+u) = (%) = Toully < LI f(x+w) = £(x) = Tuully + 1T, - Tollop Lx < &.

From the arbitrariness of £ > 0 we conclude Ty € Dy (x). |

Let us record a simple comparison, in the case of real-valued f, of the set Dy (x) with the Dini
subgradient 4 f(x) of f at x, considered in [20]. Let f: X — R be a function, x € X and for each v € X
consider the lower Dini directional derivative

fx+1v) = £(x)
t

f+(x;v) := liminf
t—0+
The Dini subgradient of f at x is then defined by
Af(x) == {x" € X*: fu(x;v) > (X", V) ¥v € X}.

Lemma 2.2. Let X be anormed space, f: X — R be a 1-Lipschitz function, X,v € X andy*,z" € Dy (X)
be such that z*(v) < 0 < y*(v). Then d f (x) = 0.

Proof. Observe that z* € Dy (x) and z*(v) < 0 implies fi(x;v) < z*(v) < 0. Similarly y* € D (x)
and y*(—=v) < 0 implies fi(x;—v) < 0. Thus, we have f,(x;v) < 0 and f.(x;—v) < 0, which implies
of(x) =0. m]
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Remark 2.3. Note that, by the Hahn-Banach theorem, given any v € X \ {0x}, we may choose the

functionals y*, z* of norm 1 such that y*(v) = ||v||x and z*(v) = —||v||x. Therefore, Lemma 2.2 may be
applied whenever D (x) 2 Sx-, the unit sphere of X*.
It can also be easily seen from the example of f(x) = —||x||: X — R that a 1-Lipschitz function may

have Dy (0x) = b f(0x) = 0. Hence, there is no reverse implication to the statement of Lemma 2.2:
emptiness of the Dini subgradient d f (x) does not imply any type of largeness of the set Dy (x).

Thus Theorem 1.1, which proves Dy (x) 2 Bx+ 2 Sx- is stronger than [20, Theorem 4] even in the
case when X is finite-dimensional and Y = R.

Remark 2.4. We also note that Theorem 1.1 is stronger than results obtained in [20] in another aspect.
The paper [20] requires E to be equal to the whole space X while Theorem 1.1 allows any E C Int(Q).
This is crucial in order to refute [13, Remarks 2.9 and 3.18] discussed in the Introduction. We do that
in the next corollary.

Corollary 2.5. Let d > 1 and S C (0,1)¢ be arbitrary. Then there is a residual subset F of

Lip, ([0, 1]¢,R) such that for every f € F the set of non-differentiability points of fin S is residual in S.

Proof. Apply Theorem 1.1 to X = R? equipped with the Euclidean norm, ¥ = R, W = L(R¢,R),
Q0=1[0,1]and E = S. o

Results related to Theorems 1.1 and 1.2 for the case of real-valued Lipschitz functions f with Euclidean
domains are given in [22], where the set Tan( f, X) is studied; both Tan( f, x) and the set Dy (x) from
the present work may be regarded as generalised versions of derivative of f at the point x. Whereas
Theorem 1.1, roughly speaking, says that for typical f at typical x € E, the set of linear ‘derivative
candidates’ D (x) is maximal, the paper [22] proves the existence, for a Radon measure y on R4, of
one Lipschitz function with prescribed ‘derivative candidates’ (admissible blow-ups) which may also
be non-linear Lipschitz, on a u-large set of x. A second main result, [22, Theorem 1.5 (II) and Remark
1.6(ii)] proves that for a singular measure ¢ on R, a typical 1-Lipschitz function f: R — Rhas Tan(f, x)
maximal at u-a.e. x. Of course, in these settings E = supp(u) is a closed purely 1-unrectifiable set, so
this is a similar statement to the restriction of Theorem 1.2 to the special case of X = R and Y = R. Note,
however, some differences in the conclusions: y-a.e. x € E in [22] versus every X € E in Theorem 1.2
and that [22] detects non-linear ‘derivative candidates’.

We would also like to mention [3], which proves that a compact metric space M is purely
1-unrectifiable if and only if the locally flat Lipschitz functions M — R separate points uniformly,
hence showing that these domains possess Lipschitz functions which may grow almost like a distance
between points despite having zero derivative on the purely 1-unrectifiable domain. We expect that
further comparison of our work with [3], especially concerning the behaviour of Lipschitz mappings
versus their derivatives, will provide additional insight into pure unrectifiability.

2.3. Purely 1-unrectifiable sets

Let (X, || - |lx) be a normed space and ' be the 1-dimensional Hausdorff measure on X. As usual, see
for example [23], we say that E C X is purely 1-unrectifiable if #'(E N y(R)) = 0 for any Lipschitz
curve y € Lip(R, X).

In terms of methods we employ to prove Theorems 1.1 and 1.2 we use that compact purely
I-unrectifiable sets satisfy a stronger condition, allowing us to approximate such sets by open neigh-
bourhoods whose intersections with Lipschitz curves have small ! measure.

The property we establish in Theorem C.2 is a variant of what is known as uniformly purely
1-unrectifiable, see [1, 6, 21], where some connections between the o-ideal of uniformly purely
l-unrectifiable subsets of R? with non-differentiability sets of Lipschitz functions are described. In
[21, Theorem 1.13] it has been shown that for real-valued Lipschitz functions this non-differentiability
may hold in an extreme way: the set of limits of differentiability ratios around each x € E contains all
Bga for some functions f with Lip(f) = 1.
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Furthermore, in [ 13, Theorem 2.2] it is proved that a subcollection of uniformly purely 1-unrectifiable
sets, namely, a o-ideal of sets which can be covered by an F - purely 1-unrectifiable, that is, by a countable
union of closed purely 1-unrectifiable sets, provides even stronger non-differentiability properties: a
typical Lipschitz real-valued function is extremely non-differentiable at every point of such a set. In this
paper we further establish that, if E is a subset of an F,- purely 1-unrectifiable set in a finite-dimensional
domain, then a typical Lipschitz mapping into any Banach space exhibits extreme non-differentiability
at every point of E.

Below we introduce notation we require to measure ‘uniformity’ of pure 1-unrectifiability of subsets
of (X, |||lx)- For every P € X* and @ € (0, 1), define the cone of directions around P with amplitude
a as

Cp.a ={veX: P(v) z a|lVlx[IPllx};

here P(v) replaces the inner product with a direction vector, used in Euclidean settings. We let I'p_, be
the collection of Lipschitz almost everywhere differentiable curves y € Lip(R, X) suchthaty’(z) € Cp_o
for almost all 7. Finally, the (P, a)-width of any subset G C X is defined as follows:

£(G,P,a) =sup{H' (G Ny(R): ¥y €Tp 4} (2.2)

In Theorem C.2 we prove, for a compact purely 1-unrectifiable subset E of a finite-dimensional space
X, any P € X* and ¢ > 0, the existence of an open neighbourhood G > E, such that £(G ¢, P, ¢) < &.
Using that every Lipschitz curve may be covered, up to an '-null set, by a union of countably many
C'-smooth curves, see [23, Theorem 15.21], one can establish that any set E satisfying this condition is
purely 1-unrectifiable. The question about existence of such neighbourhoods for purely 1-unrectifiable
sets which are not necessarily compact, is open in general, see, for example, [ |, Remark 8.12].

2.4. Lipschitz mappings

Given a metric space Q and a Banach space Y, we denote by Lip, (Q,Y) the set of Lipschitz mappings
f:Q — Y with Lip(f) < 1. If Q is a bounded metric space, then Lip, (Q,Y) is a closed subset of the
Banach space C, (Q,Y) of Y-valued continuous bounded functions on Q, with the norm

I1f1leo = sup{llfX)]ly : x € Q}.

We require completeness of (Lip,(Q,Y), ||-||) in order for residual subsets of Lip;(Q,Y) to be dense
in Lip,(Q,Y), see Section 1.1.

Note that if X is a normed space and Q C X is not bounded, one could still consider the space
Lip,(Q,Y) as a complete metric space with metric

p(f.8)= ) 27" min{L||flonnex ~ glomzx .}

n=1

This is the approach chosen in [20]. In the present work, we elect to work only with bounded Q in order
to be consistent with the papers [28] and [13]. However, we note that the proofs given in the present
paper may be easily modified to obtain the same results for Lip, (Q, Y) in the case Q is unbounded.

2.5. The Banach-Mazur game

To prove that a set is residual, that is, the complement of a set of first Baire category, we will make use
of the Banach-Mazur game, see [17, 8.H].

Given a topological space Z and its subset H C Z, the Banach-Mazur game in Z with target H
is played by two players, Player I and Player II, as follows: The game starts by Player I selecting a

https://doi.org/10.1017/fms.2026.10236 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10236

Forum of Mathematics, Sigma 7

non-empty open subset U; of Z. Player II must then respond by nominating a non-empty open subset
V1 of Z with V| C Uj. In the k-th round of the game, with k > 2, Player I chooses a non-empty open set
Ui € Vi-1 and Player II returns a non-empty open set Vy € Uy. Thus, a run of the game is described
by an infinite sequence of open sets

Uyo2Vi2Uy2o2Vo,2...2U0r 2V 2...,

where the sets Uy are the choices of Player I and the sets Vi are those of Player II. Player II wins the

game if
(Vi cH.
keN

Otherwise Player I wins.

The Banach-Mazur game can be used to determine whether a subset of a topological space is residual.
More precisely, for any non-empty topological space Z and any subset H of Z it holds that H is a residual
subset of Z if and only if Player II has a winning strategy in the Banach-Mazur game in Z with target
set H; see [17, Theorem 8.33].

In the case that Z is a metric space (as will be the case in our setting), open balls may be used
in place of the open sets Uy and Vi above, see also [13, Theorem 3.16]. Thus, the moves of Player I
and Player II effectively become a choice of pairs (X, r) where x € Z prescribes the centre of the ball
and r > 0 the radius. In the special case when Player II is always able to ensure that the intersection
Nien Vi = Nien B(Yk, sk) of their choices is a singleton yg € Z, to conclude that Player II wins it
would be enough to verify yo € H for any run of the game.

3. A typical Lipschitz mapping is extremely non-differentiable at a typical point of a set

In this section we prove Theorem 1.1. For the proof of subsequent auxiliary lemmata we follow the
convention that the infimum of the empty set is +co. We also note that in any normed space a bounded
non-empty subset has a non-empty boundary.

The next lemma is a generalisation of [1 1, Lemma 3.1] for normed spaces instead of convex sets.

Lemma 3.1. Let X and Z be normed spaces, 0 < a < b, and let fi, fo: X — Z be Lipschitz mappings
such that Lip(f1) + Lip(f2) < 1 and fi(0x) = f2(0x) = 0z. Then there exists a Lipschitz mapping
O =D(a,b, fi, 2): X — Z such that

(i) ®(x) = f1(x) whenever ||X||x < a.
(il) ®(x) = fo(x) whenever ||x||x > b.
(iii) Lip(®) < 1+ 2.
@iv) If fi = 0z is the constant 0z mapping, then ||®(X) — f2(x)||z < aLip(f2) forall x € X.
(v) If fo = 0z is the constant 0z mapping, then ||®(x)||, < bLip(fy) forallx € X.

Proof. Define ®: X — Z by

fi(%) if |Ixl[x < a,

b —|Ix|lx b(lIxllx — a) )
ﬁfl(x) + ||x||X(Ta)f2(X) ifa < |x|lx < b,

f2(x) if ||x|lx > b.

D(x) =

Clearly, @ satisfies (i) and (ii). Observe that ® is a continuous mapping X — Z. Moreover, since
fi, /> € Lipy, in order to show that @ is Lipschitz and to check (iii), it is enough to verify

a

[ - Ol < 1+ ]Iy ~xllx G.D)

—a
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whenever ||X||x, [|¥]lx € (a,b). To show this, fix such x,y € X and note first that

b— b —-a
10y - @l < |52 fi(y) - 25ke 1y )|+ ]| BB fay) - B o )|
(3.2)
In several estimates that follow we will use that
| fi(w)|l, < Lip(f;)]lull forallue Xandi=1,2. 3.3)
V4 p X

This holds due to the condition f;(0x) = 0z for i = 1,2. Assuming without loss of generality that
I¥llx = |Ix|lx, the first term of (3.2) is bounded above by

—liyllx — b—lixllx

b—a b—

IIYIIX

— A - iz + ’ /1 ()2

lly

b—”xLlp(fl)”XHX

IA

b—lyllx . .
. X Lip(f)lly - xllx +
—da

_b-lylx
b—

I i guyly — xl = (14 52 ) Lip()lly ~ .

The second term of (3.2) is bounded above by

blllyllx —a) o o b(llyllx —a)  b(lixlly - a) ‘

Wik —a) PW = 2O i 6= " M=o 2N

byl -a) b o

< g Lip(lly =Xl + Tt = i Lin(5) Il
= (1+ =) Lip()lly - xlx.

Summing the derived upper bounds for the two terms of (3.2) establishes (3.1).
Finally, if f; = 0z, then

A if [Ixlly < a,
b .
lo®) - LM, = Z=B D A, ifa < |Ixlix < b,
0 if [Ixllx > b,
and if f, = 0z, then
1/ ()l if [Ixllx < a,
e, =452 1 A0l ifa < lIxlx < b,
0 if ||x]|x > b.
Applying (3.3) to these formulae, we verify (iv) and (v). O

The following lemma provides a construction which will be used to define a winning strategy for
Player II in the Banach-Mazur game in Lemma 3.4. The property (3.5) of g ensures that this new
1-Lipschitz mapping ‘sees’ L as its derivative in a small neighbourhood of the given set I".

Lemma 3.2. Let X and Y be normed spaces and Q C X be a bounded set with IntQ # 0. Let r € (0, 1),
L e L(X,Y) with ||L|lopp < 1 —r and f € Lip;(Q,Y). Let 0 # I C Int Q be a uniformly separated set
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with
inf disty (x, Q) > 0. 3.4
xel’

Then there exist o € (0,r) and g € Lip,(Q,Y) such that ||g — f|l < r and
g(x+u)=¢g(x)+Lu forallx € T and all u € B(0x, @). 3.5

Proof. The approach we take to modify the mapping f to arrive at g is similar to that taken in [11,
Lemma 3.3].

The conclusion of this lemma is valid for f if and only if it is valid for any mapping of the form
f + p, where p: Q — Y is a constant mapping. Therefore, we may assume that 0y € f(I"). Lipschitz
mappings : Q — Y with the property 0y € h(Q) satisty ||h(x)|]y < Lip(h)diam Q for all x € Q. This
fact will be used later in the proof.

Fix s € (0, 1) small enough so that I" is 4s-separated and the infimum of (3.4) is at least 4s. Choose
a parameter

rs

ﬂ = m S (O,S/Z) (36)
and define a mapping go: QO — Y by
- |F® if2 € 0\ Uyer Bx (x.9),
80 f(x+®(z-x)) ifzeBx(x,s)andx €T,

where @ := (B, s,0x,Idx): X — X is the mapping given by Lemma 3.1 appliedto X, Z = X, a = §3,
b = s, fi = 0x (the constant mapping X — X with value 0x) and f, = Idx. Here we used Lemma
3.1(v) to conclude ||®(z — x)||x < B < s, so that x + P(z — x) € Q whenever x € " and z € Bx (X, 5).
Using again § < s and Lemma 3.1(i), we note that

20(z) = go(x) = f(x) whenever x € " and z € Bx (x, B). 3.7
It follows, in particular,
0y € f(I) = go(I).

Further, we note that Lemma 3.1(iii) and (iv) imply g¢ is Lipschitz,

Lip(eo) < 1+ L and g0l < 5.
Let
T L and rs
= @d= .
s—p 25(1 + diam Q)2

Note [|T'||op < 1 using 8 < rsand |[L[|o, <1—r.Define g;: Q — Y by

gi(z) = {gO(Z), ifze Q\ Uxer Bx (x, ), 3.8)

g0(x)+T(¥(z-x)), ifze Bx(x,8)andxeT,

where ¥ := ®(a, B8,1dx,0x): X — X is the mapping given by Lemma 3.1 appliedto X, Z = X, a = «a,
b =P, fi = 1dx and f> = Ox. The properties of go, ¥ and (3.7) ensure that g; is Lipschitz. We may
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estimate its Lipschitz constant as

e }Smax{1+ p 1+ a }sl+ = ,
B-a s—=pB B—a s=p s—-p

2
where we used @ < ﬁT in the penultimate inequality. Moreover, we have

Lip(g;) < max{Lip(go), 1+

llg1 — gollw < B and Oy € go(I") = g1(ID).

To verify the former, it is enough to observe, using (3.7), [|T|o, < 1, Lip(Idx) = 1 and Lemma 3.1(v),
that for any z € Bx (x,8) withx e I’

llg1(2) = go(@)lly = llgo(x) +T(¥(z - x)) = go(D)[ly = IT(¥(z-x)lly < [¥(z-%)lx <.

Finally we set

8= - 81,
so that g € Lip,(Q,Y) and

BLip(gy)diam Q < B diam Q < 2B diam Q
s T os=-B8 s

g - gillee <

s

using 8 < s/2 from (3.6). Using the definition of 8, we conclude that

2B diam Q 128 < 48(1 + diam Q) <
s

N

llg = flleo < llg = &1lleo + 181 = 8olleo + lIg0 = flloo < B

Itis clear that (3.5) is satisfied as g1 (x+u) = g;(x) + Tu wheneverx € I"and ||ul|y < @, from (3.8). O

Lemma 3.3. Let X be a normed space, Q be a bounded subset of X and E C Int Q. Then there exists a
sequence (' )ken of nested sets I'y € I'ky1 C E such that the union | Ji »1 I'x is dense in E and each set
Iy satisfies the hypothesis of Lemma 3.2, that is, 'y, satisfies (3.4) and is dy-separated for some &y > 0.

Proof. If E =0,letI', =0 forall k € N.

Assume E # 0. Let Ex = {x€E: distx(x,00) > 27%}. Since E C IntQ, we have that
Uks1 Ex = E. Let n > 1 be the smallest index such that E,, # 0. Set I'y = 0 forany 0 < k < n — 1. For
any k > n, let us make an inductive choice of I'y 2 I'x_; to be a non-empty maximal 2~*-separated sub-
set of Ey. Since for any k > n the set I';, # 0 is a 2 ¥-net of E, we conclude that Uksn Tk = Urs1 Tk
is dense in E. |

The following lemma is the final step allowing us to prove Theorem I.1. It shows that every bounded
linear operator L with ||L||,, < 1 behaves like a derivative of a typical 1-Lipschitz function, at a typical
point of E.

Lemma 3.4. Let X be a normed space and Y be a Banach space, Q be a bounded subset of X with
non-empty interior, E C IntQ and T € L(X,Y) with ||T||,, < 1. Then there is a residual subset Hr of
(Lip;(Q,Y), || lleo) such that for every f € Hr the set

Prs = {xe E:T eDf(x)}

is residual in E, where Dy (X) is defined according to (2.1).
Proof. We assume that E # (). Let

Hr :={f € Lip;(Q.Y): theset {x € E: T € Dy(x)} is residual in E}.
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We prove that the set 7y is residual in Lip, (Q,Y) by describing a winning strategy for Player II in the
relevant Banach-Mazur game in (Lip,(Q,Y), ||-|l.) With the target Hr, in which Player I’s choices are
balls B(fx,rr) and Player II's choices are balls B(gx, sx); see Section 2.5 for details on the Banach-
Mazur game. Here and throughout the proof, given a mapping ¢ € Lip;(Q,Y) and p > 0 we abbreviate
the notation Byp, (0.v) (¢, p), for the open ball in the metric space (Lip; (Q,Y), ||||o) with centre ¢ and
radius p, to B(¢, p).

Before the game starts, let Player II prepare by fixing a nested sequence (I'x)ren of sets
I'y € T'x41 € E, given by Lemma 3.3.

Let k € N, assume that £ — 1 rounds of the game have already completed, giving f;, r;, g; and s; for
i < k—1andlet fi € Lip;(Q,Y) and rx > 0 denote the k-th move of Player I. Since nothing prevents
Player II from acting as if the radius 7, was replaced by a smaller radius 7 > 0, we may assume that

rk <27%(1 = |[Tllop), inadditionto B(fi,rx) C B(gk—1,5x-1) if k > 2. 3.9)

In order to define their response, Player II applies Lemma 3.2 to find a mapping gx € Lip,(Q,Y) and
ay € (0, ry) satisfying ||gx — frlleo < rx and

gr(x+u) = gr(x) + T, whenever x € Iy andu € B(0x, ai). (3.10)

Finally, Player II chooses
0 < s < ax/(4k) (3.11)

small enough so that
B(gk,sx) € B(fk:rx) (3.12)

and declares g € Lip;(Q,Y) and si > O as their k-th move.
Due to the conditions (3.9) and (3.12), the intersection

ﬂ B(fr,ri) = ﬂ B(gk, sk)
k=1 k=1

is a singleton set containing only the Lipschitz mapping g := limz— gx € Lip,(Q,Y).

To complete the proof, we show that Player II wins the game, that is, that g € Hr, see Section 2.5.
Consider the sequence Uy := Uxer, Bx (X, sx) of opensetsin X and thesetJ := EN(,,_; Uy, Ux C E.
Clearly, J is a relatively G s subset of E. Moreover, foreachn > 1, Uy, Uk 2 Ugsn Tk = Ugs1 Tk, as
'k are nested, and the latter is a dense subset of E by Lemma 3.3; thus J 2 (J; I'x is dense in E. We
conclude that J is a relatively residual subset of E.

To prove g € Hr, we verify J C {x € E: T € Dy(x)}. Letx € J and & > 0. Choose k € N with
k > 1/e such that x € Uy and @y < €. Let x¢ € Iy be such that x € By (xx, sx); letu € Bx (0x, ax) be
arbitrary. Then, applying (3.10), we get gx (X +u) = gx (Xg) + Tu. Using this identity, we derive

llg(x+u) - g(x) - Tully < llg(x+u) —ge(x+wlly +llgx(x+u) - gr(xx +W)ly

+llgi(xe +w) = ge(xi) = Tully +llge(xt) = ge®lly + llg(x) = g (Xl
a
< 2llgk ~ 8lle + 0% ~ Xllx +0 < 45 < 2 (3.13)

where the last inequality is due to Player II’s choice (3.11) of si. This argument verifies

+u) — -T 1
wp N8O+ w g0 -Tully
k

<e.

|

UEEX (Ox ,ark)
and subsequently 7' € D, (x). O
We are now ready to prove Theorem 1.1.
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Proof of Theorem 1.1. Fix a dense sequence (7y)uen in the closed unit ball By with ||7,||,, < 1 for
all n € N. Let the sets H, C Lip,(Q,Y) be given by the conclusion of Lemma 3.4. Define a residual
subset F = (e Hr,, of Lip;(Q,Y) and let f € F be arbitrary. Let the sets Py, s be given by the
conclusion of Lemma 3.4, consider the residual subset Py = (),cn Pr,,r of E and let x € Py be
arbitrary. Since T, € Dy (x) for all n > 1 and Dy (x) is closed in (L(X,Y), [|*|lop), by Lemma 2.1, we

have Dy (x) 2 {T,: n € N}H'H”p =Byw. |

4. Sets in which a typical Lipschitz mapping is everywhere extremely non-differentiable

In this section we prove our second main result, Theorem 1.2. Some of the proofs which appear in this
section follow the scheme employed in [21, Sections 2,3], yet a lot of intricate work is required to make
the arguments work in the much more general situation where the norm on X is no longer Euclidean,
the domain is not the whole space and the mappings are Y-valued for an arbitrary Banach space Y.

Our proof of Theorem 1.2 will proceed as follows. We first replace E with a possibly larger F,
purely 1-unrectifiable set. Next, since a countable intersection of residual subsets of Lip (Q,Y) is again
residual, we may and do assume that E is a bounded and closed (hence compact) purely 1-unrectifiable
set. This assumption persists throughout most of the auxiliary lemmas in this section, Lemmas 4.4 — 4.9.

Furthermore, since By is separable and, by Lemma 2.1, D (x) is closed, the proof that By, C D (x)
for any typical f is reduced to showing that T’ € D (x) for a fixed operator 7. Hence, in Lemmas 4.4 —
4.9, we only work with one fixed operator.

Similarly to Section 3, to demonstrate T € Dy (x) for a typical 1-Lipschitz mapping f € Lip;(Q,Y)
and every x € E, we employ the Banach-Mazur game. Hence, the main goal of the present section is to
prove the Step in the Banach-Mazur game. We achieve this goal in Lemma 4.9: given f € Lip,(Q,Y)
and 6 > 0, Player Il can find g € Brip (0,v)(f,6) such that Dh(x) ~ T for any h close enough to g and
at all x € E. An important difference with Section 3 is that the approximation DA(x) ~ T is achieved
at all x € E simultaneously. Below we give a quick overview of how we arrive at Lemma 4.9.

Lemma 4.1 works with real-valued functions. For a set G of small (P, @)-width, as defined in (2.2),
we construct a Lipschitz function with small values, whose differentiability ratios are close to the linear
functional P at interior points of G.

The next Lemma 4.4 upgrades the result of Lemma 4.1 to construct a vector-valued Lipschitz mapping
g with small values and D g approximating a finite rank linear operator 7 in a neighbourhood of a purely
1-unrectifiable set.

The rest of the section is then devoted to constructing, for any 7' with ||T||,, < 1, a 1-Lipschitz
mapping g such that not only Dg(x) ~ T but also DA(x) =~ T for & close to g and at all x € E. First,
Lemma 4.5 produces a globally Lipschitz g, which is C'-smooth around E, with Dg ~ T. Approximation
Dh ~ T for h close to g is then given by Lemma 4.7, which uses C'-smoothness. Yet g may not be
1-Lipschitz. To deal with this, we use partition of unity in Lemma 4.9. Ground for that is prepared by
approximating (x)7 instead of T in Lemma 4.6, where ¢ (X) is meant to be a function subordinate to
one member of partition of unity, and by designing an iterative process in Lemma 4.8.

Lemma 4.1. Let X be a normed space, P € X* be a norm-attaining functional and « € (0, 1). Suppose
that G C X has a finite (P, @)-width £(G, P,«) and vp € Sx is such that P(vp) = ||P||x-. Then there
exists a function g: X — R such that

(1) 0 < g(x) < ||P||x-&(G, P, ) forallx € X.

i) lg(x+y) — g(x)| < AL o) forallx € X and y € ker P.
(iii) For every pair x,w € X there exists 1 = A(x,w) € [0, 1] such that

lg(x+w) — (g(x) + AP(W))| < %Ilwllx

Moreover, A(x,w) = 1 if either P=0o0r P # 0 and |X,X + cG.

Pw
TPTx+
(iv) The functiong: X — Ris (1 + =< )||P||X -Lipschitz.
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Proof. If P = 0 we may take g as the constant zero function X — R. So we may assume P # 0.
Observe that if g: X — R satisfies conditions (i)—(iv) for the functional P = ﬁ for some
Q € X*\ {0}, then the function ||Q]|x-g: X — R satisfies the conditions (i)—(iv) for P = Q. Hence, we
may assume that || P||x- = 1.
Define g: X — R by

g(x) = sup{’Hl(G Ny((-o0,b])) —s: y e Lip(R,X), b eR, s >0,

y(b) = x+svp, P(y'(1)) = ally’ (1)l whenever ¥’ (1) exists). @D

We will now check that g satisfies (i)—(iv) and, in addition, the following two properties:

(A) g(x) < g(x+rvp) < g(x)+r wheneverx € X and r > 0.
(B) g(x’) — g(x) =t whenever X’ —x = tvp,t € Rand [x,x’] C G.

The fact that g is well-defined and the first inequality of(i) are witnessed by the triple y(¢) = x for all
t € R, b =0and s = 0. The second inequality of (i) is immediate from s > O for any admissible triple
(7, b, s) in the definition of g(x) and the definition of (P, @)-width of G in (2.2).

In the proof of the remaining parts we will use the following notation. If z € X and n > 0 then by
(¥z» Sz, bz) we denote an admissible triple in the sense of (4.1), that is, such that y, € Lip(R, X), b; € R,
5z 2 0,v,(by) =2+ s,vp, P(y,(1)) = a||y;(t)||X whenever vy, () exists, with the additional property
that

HY (G N ya((=00,b,])) = 52 > g(2) — 1. (4.2)

If, in addition, u € Sx and P(u) > «, we define

_ ,yz([) ift < bZ3
Yzu() = {’)/z(bz) +(t=byu ift > b,. -

In both cases we suppress 7 in the notation although the objects we define also depend on 7. Note that
Yzu(t) € Lip(R, X) and P(y, (1)) = a/||y;’u(t)||x whenever 7, ,,(¢) exists. In particular, we have that
P o vy, 4 is monotone increasing and hence

Y2.u((=90, bz]) N yzu([bz, +20)) = {¥zu(b2)}. 4.4

To prove (ii), consider an arbitrary x € X. Since (ii) is trivially satisfied for y = 0x, assume
y € kerP \ {Ox}. Fix any n € (0,1 — @), an admissible triple (yx, Sx,bx) and B8 € (0, ) so that
u=4vp +ﬁm € Sx noting

B>1--2 (4.5)
l-n

Consider the mapping ¥ = yx.u, as defined in (4.3), and let

SO 1 I 1

TR OoE B

a

= > @ thus we

Observe that s; > 0, y1(b1) = yx(bx) + g(l\ly_\\];() Vp+Yy =X+y+sVp and P(u) = ;
conclude that

g(x+y) 2 H'(G nyi((=e0,b1])) = 51

X a|lyllx allyllx
2 H (G N (=00, be])) = s = = S > 8(%) = = —
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using (4.2) and (4.5) for the last inequality. Letting n — 0, we obtain g(x +y) > g(x) — % and
applying the above argument to the pair X := x +y and y := —y in place of x and y delivers the reverse
inequality g(x) > g(x+Yy) — % This finishes the proof of (ii).

We now turn our attention to the two additional properties. For (A), fixx € X and r > 0. Letp > 0
be arbitrary, and consider again (yx, bx, sx); let y2 = yx v, be defined by (4.3).

If sx > r > 0, we note yx(bx) = (X+rvp) + (sx — r)Vp, so by (4.2)

g(x+7rvp) 2 H' (G Nyx((=00,bx])) = (sx = 1) > g(X) = +7 = g(x) - 1. (4.6)
If 0 < sy < r, consider by = by + (r — sx) > by and s, = 0 to deduce
v2(b2) = yx(bx) + (r —sx)Vp =X+ 5xVp + (r — Sx)Vp =X +rVp + 52Vp. 4.7
Therefore by (4.2)

g(x+rvp) = H' (G Nya((=e0,b2])) = 52 = H'(G N y2((=00, b2]))
> H'(G Ny2((=00,bx])) = sx = H' (G N yx((=00,bx]) = sx 2 g(x) =1 (4.8)

In either case, letting 7 — 0, we establish the first inequality of (A). To prove the second inequality of
(A), let 7 > 0 be arbitrary and consider (3, 53, 53) = (Yx+rvp> Sx+rvps Dx+rvp). We observe y3(bs3) =
X + (r + s3)vp, so using (4.2) we get

8(x) = H'(G Ny3((=00,b3])) = (r+s3) > g(x+rvp) —n—r,

which implies the second inequality of (A) when we let  — 0.

Assume x,x’ € X satisfy the conditions of (B). We may assume without loss of generality that
x’—x = rvp, where r > 0. Inlight of (A), it is now enough to show g(x+rvp) > g(x)+r. Let us again fix
an arbitrary 7 > 0 and consider (yx, bx, Sx), Y2 = ¥x,vp a0d by = bx+(r—sx).If sx > r, then (4.6) applies
to give the desired inequality in the limit — 0. If 0 < s¢x < r, we may improve (4.8). Indeed, using the
first line of (4.8) for the first inequality, followed by y> ((bx, b2]) = [X+sxVp,X+rvp]| C [X,X+rvp] C G
and (4.4) for the equality, we conclude that

g(x+rvp) 2 H' (G Nya((=00,b2])) = H' (G N yx((=00, b)) + (r = 5x) > g(x) =7 +71,

which implies g(x +rvp) > g(x) +rif weletn — 0.

To prove part (iii), assume that x, w € X are given, consider y := w — P(w)vp € ker P and note that
lyllx < 2|lw|lx. If P(w) =0, then w =y and, setting A(x, w) := 1, we have that the inequality of (iii)
immediately follows from (ii). We may therefore assume P(w) # 0. In this case we let

g(x+P(w)vp) —g(x)

A(X, W) = P(w) ,

and observe that A(x, w) € [0, 1], as g|x+rv, is a 1-Lipschitz increasing function by (A), with A(x, w) = 1

if [x,x+ ”};,(”v;)* Vp] C G, by (B). We now use (ii) to complete verification of (iii):
a 2a
lg(x-+W) = g(3) = A(x WP(W)| = [g(x+ W) - g(x+ PWvp)| < ——Ilyllx < 7= [Iwlx.

To establish (iv), we note that (iii) implies that for any x,w € X

2a 2a
lg(x+w) —g(x)| < 1 Iwllx +[1(x, w)[[[wl]lx < (1 + 1_a)||W“X'

-

https://doi.org/10.1017/fms.2026.10236 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10236

Forum of Mathematics, Sigma 15

Lemma 4.4 below says that for a given compact purely 1-unrectifiable subset E of a finite-dimensional
normed space X, see Section 2.3, and a given bounded linear operator 7 on X there exists a Lipschitz
g: X — T(X) which, on a neighbourhood of the set E, has derivative approximately equal to 7 and
everywhere outside this neighbourhood has derivative zero. In other words, there are Lipschitz mappings
which are constant except on a small neighbourhood of the given compact purely 1-unrectifiable set,
where their derivative is approximately whatever bounded linear operator you wish. It is natural to
ask what is the optimal Lipschitz constant with which such a mapping g: X — T(X) can be found.
The optimal result that could be hoped for is clearly Lip(g) < ||7'[|o, + 6 for an arbitrarily small error
term 6 > 0 and indeed, in all ‘classical’ settings (e.g., when the norm on 7'(X) is Euclidean), this
is what Lemma 4.4 achieves; see Remark 4.3. However, in the general setting, we identify a constant
C(T) = |IT]lops so that the Lipschitz constant of g may be bounded above by €(7) + 6. It would be of
interest to determine whether this upper bound is optimal.

Definition 4.2. Let X and Y be normed vector spaces and 7 € L(X,Y) be a nonzero bounded linear
operator of finite rank /. We associate to T the constant

P Wi,...,w;isabasis of T(X) ¢.

Jj
Z wioT(-)w;
i=1

€(T) := min{ max
1<j<l

op

In the above wi, .. ., w;‘ € T(X)* is the basis of T(X)* dual to the basis wy, ..., w; of T(X) so that, in
particular, T = 2%:1 wi o T(-) w;. We also define €(0,(x y)) = 0.

Remark 4.3.
(i) The constant €(7) is well-defined, that is, the minimum of the above set exists, due to Lemma C.1.
(ii) The identity T = Zle (w7 oT)(-) w; for any choice of wy, ..., w; and w], ..., w; as above implies
C(T) = |IT]lop-

(iii) For any normed space X and (Y, ||-[ly) = (¢, [Ill;), | < p < g < oo (in particular, Hilbert and
finite-dimensional Euclidean), and for every 7 € L(X,Y), one has €(T) = ||T|,,. However, for
any Y of dimension at least 3 there is a norm ||-||y so that for X = Y and ||-||[x = |||y one has
C(Idy) > 1.

Lemma 4.4. Let X and Y be normed spaces, where X is finite-dimensional. Let E C U C X be sets,
where E is compact and purely 1-unrectifiable and U is open, 8 > 0, T € L(X,Y). Then there exist a
Lipschitz mapping g: X — T(X) and an open subset H of X such that the following statements hold.:

(a) suppg C U and Dg(x) =0 forallx € X \ U.

(b) supyexllgX)lly < 0.

(¢ ECHCHCU.

(d) IDg(x) = Tllop < 0 for Lebesgue almost all x € H.

(e) Lip(g) < &(T) + 0, where the constant €(T) is given by Definition 4.2.

Proof. The statement of the lemma is clear if 7 = 0, so assume, without loss of generality, that T # 0.
Also, although the proof below will work independently of whether E is an empty or a non-empty set,
it might be worth mentioning that in case E = 0, it would be enough to take H = @ and g = 0.

Let 1 <! < dim X denote the rank of 7 and wy, ..., w; € T(X) C Y be a basis of T(X) for which

= &(T),
op
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where we adopt the notation of Definition 4.2; let T; = w;.k oT € X*foreach 1 <i <, so that
1
DLW =T(). 4.9)
i=1

Let Uy be an open set given by Remark C 4, satisfying E C Uy C Uy C U and AU has Lebesgue measure

zero. For each i = 1,...,[ we will construct sequences of smooth functions cp,(:):

numbers e,((”, sets G,((i) € X and Lipschitz functions g,(f) : X — R respectively, as well as positive
integers K; € N and open sets U; € X such that the following conditions hold for eachi = 1,2, ...,I:

X — R, positive

(A) (go](f))k en is a smooth, locally finite partition of unity with supports contained in U;_;.
(B) For each k > 1, we have 81(:) € (0,1) and

81(:) (1 + Lip(gol((i))) P
- < .
1 —s](:) 411+ [|Til[x-) (1 + [[willy)

keN

(C) For each k > 1 the set G](:) is open and satisfies
EcGY cU,
and
sup{Hl (G,‘j) N y(R)): y € Lip(R, X),

Ti(y' (1)) = & Iy ()llx IT; |- whenever y’ () exists} <el’.

(D) For each k > 1 the function g,((i) : X — R satisfies the following conditions:
(D1) g](j) is Lipschitz and 0 < g,(f) (x) < ||7}||X*s](f) forallx € X,
(D2) Forevery x,w € X and every k > 1 there exists /l,(f) = /l](:)(x, w) € [0, 1] such that

: ; : 26 IT; -
g (x4 w) =g () = AT £ =T vl

(D3) Whenever B(x,r) C G](j) and |w||x < r, the inequality (D2) is satisfied with /l,((i) (x,w) = 1.
(E) K; € N and U; is an open subset of X such that dU; has Lebesgue measure zero,

K;
supp(go,(?) NU; =0 forall k > K; and ECU CU CcU_n ﬂ G](;).
k=1

Suppose that 1 < j < [ and that we have constructed the above listed objects of levelsi =1,...,j -1
such that conditions (A)—(E) are satisfied for i = 1,...,j — 1. In the case j = 1 no objects are yet
constructed and all conditions are vacuous and therefore satisfied. _

We then proceed to construct the objects of level j as follows: First we choose the sequences ((p](c] ) )k eNs
(s]((j ) )ren and (G,(cj ) )k en, in that order, arbitrarily subject to the conditions (A), (B) and (C) respectively
fori = j. To choose G,(cj ) asin (C) we are using that compact purely 1-unrectifiable sets satisfy a stronger
property proved in Theorem C.2 in Appendix C. If 1 < j < [ with T; = 0, we let g,((j ). X > Rbe
defined as the constant O function for every k € N. Observe that all parts of (D) are then trivially satisfied
for such j. For the remaining 1 < j < [, those with T; # 0, we let g,(j ). X — R for each k € N be
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given by the conclusion of Lemma 4.1 for G = G<] ), P= T; and vy, = v; € Sx is any vector satisfying
the condition T;(v;) = ||TJ|| xo»and @ = gl(cj ). Then Lemma 4.1 provides all of the stated properties
in (D) for i = j. In particular /l(j) (x,w) in (D2) can be chosen as A(x, w) from Lemma 4.1(iii). Note

that /l(] ) (x,w) = 1 if the additional conditions of (D3) are satisfied, since H IITI(IT;V(* v ,H < |lw||x for all

w € X. Finally, we let K; and U; with dU; of Lebesgue measure 0 be the pair given by the conclusion
of Lemma C.5 applied to X, E, V = U;_1, (Giken = (G(j))keN and (@g)ken := ((p(j))keN. Such
choice of K; and U; ensures that (E) is satisfied fori = j. ThlS completes the construction of all above
mentioned objects for levels i = 1, ..., [ so that conditions (A)—(E) are satisfied fori =1, ...,1.

We define the mapping g: X — T(X) by

1
g = > o Mg (Wi (4.10)
i=1 keN
and put H := U;. Then we have
suppg CUp CU  and  Dg(x)=0 forallxe X\Uy2 X \U. 4.11)

due to (A) and the fact, coming from (E), that all U;’s are contained in Uy C Uy C U. Moreover,

1 1
le@lly < . > [e@Iwilly < 3 Y ITlx-2 Iwilly <6

i=1 keN i=1 keN

by the inequalities (D1) and (B). This establishes (a) and (b). Part (c) is clear from the choice H = Uy,
(E)and Uy C U.

In order to show that g is Lipschitz, we argue first that g is a locally Lipschitz mapping. Fix an arbitrary
x € X.Foreachi =1,...,[ the collection (cp h ))k en forms a locally finite partition of unity, hence there
is an open ball B = B(x, r) and an index n € N such that }; o gok)(y)g (y) =27, t,ok)(y)g (y) for
ally e Bandall 1 <i <. Since by (A) all go(l) are Lipschitz and bounded on B, and by (D1) each g(')
is a Lipschitz bounded function as well, we conclude that g|g is Lipschitz too. We have thus established
that g is locally Lipschitz on X.

We now derive bounds on the norm in Y of vectors of the form g(x + z) — g(x), aiming to get
an estimate with the Lipschitz constant given in (e). We will approximate this vector closely with an
appropriate linear mapping evaluated at z. The appropriate linear mapping to use will be determined by
which sets in the nested sequence Uy 2 U; 2 ... 2 U; = H contain the segment [X, X + z].

For any x,z € X and any A € R we may use (D1) and (A) to write

(e x+ 218 x4+ 2) - ¢! W0l 00) - A0 T (2)
< ol 00| (5" (x+2) - 87 ) — aTi ()] + [a” (x4 |l (x4 2) - 0" )

< (s (x+2) - 8" ) - AT (@)| + I Tilx-2” Lip(e) el (“.12)
Observe that the set Uy \ ng | 0U; may be partitioned as a union of open sets
! l o
U\ Jou; =mu| Jw;\Ty).
j=1 j=1

Therefore, to estimate the Lipschitz constant of g locally at every point of this set, we may consider an
arbitrary x € Up \ Ui‘:l 0U; and distinguish two cases:
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xeUXX)=H=U; or xeU®) :=Uj, \ijorsomej e{l,...,1}. (4.13)

Let r = r(x) > 0 be sufficiently small so that Bx (x,r) C U (x)‘and letz € Bx (0x, r) be arbitrary. In the
former case of (4.13), we have x € Bx(x,r) C H C U; C G(l), foreveryi=1,...,land 1 < k < Kj,
by (E), so we may apply (D3) and (4.12) with A = 1 to derive

(68 (x+ 28" (x4 2) - 6 002" (0) - 0 WT:(2)|

26, || ;| x- ® )
< 0 + I Tl x-& L1p(<,p )|llz]|x forevery 1 <i<land1 <k < K.
-
k

We also recall that for every 1 <i <[ and k > K;, (E) implies

(e (x+ e (x+2) - o) (02 () - 0 ()T (2)| =

since both x,x +z € H C U;. Multiplying the expressions under the modulus sign on the left-hand side
by w; and summing over respective ranges for k > 1 and then over i = 1, ...,/ we obtain, according to
(4.10), (4.9 and T, ¢\ (x) = 1,

(l)
26" |IT; 1 x- ; ;
lg(x+2) - g(x) - T(z>||Y<ZZ( 0 + T2, Lip(e ) [Ilwily llzll ¢

i=1 k
< 0llzllx,

where the last inequality holds due to (B). Using that g: X — T(X) is a locally Lipschitz mapping
between finite-dimensional spaces, and hence Dg(u) exists for almost all u € X, and the fact that the
inequality above has been obtained for an arbitrary pair of x € H = U; and z € Bx (0x, r), we establish
(d). We also note that the last inequality implies

lg(x+2) = () lly < (ITllop + 6) lzllx (4.14)

in the first case from (4.13). o o
In the remaining case from (4.13),x € U;_1\U;,1 < j < [, note thatx,x+z € Bx (x,r) € U;_1\U;.
Then, by (A) and (E), we have that <p(’) (x) = (’) (x+z)=0foralli > j+1and k > 1. Therefore,

’(go,@ (x+2)gV (x+2) - ¢ )(X)g(l)(x))‘ -0 foralli>j+landk>1.  (4.15)

Fori = j and each k € N we may consider the quantity /l]({j ) = /lg ) (x,z) from (D2) and apply inequality
(D2)in (4.12) with A = A]((j) to get, forall k£ > 1,

‘( U (x+2)g7 (x+7) - ¢(1)(X)g<1>(x)) — AV )T (Z)’

2“S‘l(cj)“Tj“X + ”T |
1- s,(cj)

& LIP(SD(J)))”Z”X- (4.16)

Fori=1,...,j—1weagainuse ||z|]|y <rand[x,x+2z] C Bx(x,r) CU;_1 CU; C ﬂK‘ Gm by (E),
to conclude, by (D3) and (4.12) with 4 = 1, that
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(60 (x+ 218" (x4 2) - 6 012" (0] - 0 (WT:(2)|

2-9,(;.)||Ti||x (i) (i)
< — +||ITillx-&, " Lip(p, ) |llzllx fori=1,....j—Tlandk =1,...,K;. (4.17)
— g}
Moreover, from (E) it follows that (,Dk)lu _, isconstant O foreachi =1,...,j—1and k > K;. Therefore

(¢ x+ 218 (x+2) - 6 0" 0)) - ¢l W Ti(2)| =0
fori=1,...,j—land k > K;. (4.18)

Setting 1) (x,2) 1= YAV (x,2)¢\” (x) € [0, 1] and using 352, ¢\” (x) = 1 foreach 1 <i < j—1,
from (A), we may now multiply the expressions under the modulus sign on the left-hand sides of (4.15),
(4.16), (4.17) and (4.18) by w; and sum over respective ranges of k > 1 and then overi = 1,...,[, to
obtain

j-1
g(x+12) - g(x)- (Z Ti(2)w; + A9 (x, z)Tj(z)wj)

i=1 Y

LS (28010 ||
X
< ZZ( + [Tl L1p(so<‘>>)||wi||y||z||x < Ollzlx,

i=1 k=1

where the last inequality holds due to (B). Therefore, in the latter case of (4.13),

j-1
lgx+2) = glly < (| > () wi + APV % DT;()wy|| -+ |llzll
i=1 op
J-1 J
< [max{| > B W LD TOW| e |lzix
i=1 op Ili=1 op
< (&(T) +0)llzllx, (4.19)

where the penultimate inequality is due to 1) (x,z) € [0,1] and the convexity of the ||-|| op DOTM.
Combining (4.14) and (4.19), see also Remark 4.3(ii), we conclude that the inequality

llg(x+2) —g(X)ly < (E(T) +0)zllx

holds in all cases from (4.13) covering all x € Uy \ U i=1 0U; andz € B(0x, r(x)). Together with (4.11),
thlS proves that g is locally (€(T) + #)-Lipschitz on the complement of the closed Lebesgue null set

F 00U;, hence ||[Dg(x)|lo, < €(T) + 6 for almost all x € X. Since we have already established that
g 1s also locally Lipschitz on X, we deduce (e), that g: X — Y is a (€(T) + 0)-Lipschitz mapping; see
Corollary A.2. O

In the following lemma we will consider mappings defined on Q C X. Note that although our final
aim, Theorem 1.2, is to prove typical non-differentiability within the space of 1-Lipschitz mappings
defined on a bounded subset Q of X, Lemma 4.5 works for any Q C X, in particular, Q = X. Also, in
the proof of Lemma 4.5 we will require a familiar type of smooth approximation result for Lipschitz
mappings; the formal statement and proof of this result appears later on, in Section 5.

Lemma 4.5. Let X and Y be normed spaces, where X is finite-dimensional. Let a closed subset Q C X
contain an open set V, T € L(X,Y), g: Q — W be a Lipschitz mapping, where W 2 T(X) is a finite-
dimensional subspace of Y, functions y: V — R, £: V — [0, ) be continuous and bounded on 'V, and
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0 > 0. Assume further that

1Dg(x) =y (X)T ||y, < £(x) (4.20)
for almost all x € V. Then there exists a Lipschitz mapping f: Q — W such that

(a) f(x) = g(x) wheneverx € O\ {y e V: £(y) > 0}.
®) 1f(x) —gX)|ly <68forallxeQ.

(c) feC'(V,Y).

() IDfX) =y (X)Tlop < EX)(1+6) forallx € V.

Proof. The statement of the lemma is trivial if W = {0y }. Also, if the openset U := {x € V: £(x) > O} is
empty, then Dg coincides, almost everywhere on V, with a continuous mapping ¥ 7T by (4.20). Therefore
g € CY(V,Y) and Dg(x) = y(x)T for all x € V (see Theorem B.3), so f := g satisfies conditions
(a)—(d). Hence assume, without loss of generality, that W # {0y } and U # 0.

Let wi,...,w; € Y be a basis of W, such that ||w;|ly = 1 forall 1 <i <[ and WT,...,W? € W* be
the corresponding biorthogonal functionals; let g; = w; o g, so that g(x) = Zle gi(x)w; for all x € Q.
We also fix a basis of X and use this to identify X with R¥™X in the standard way. This identification
allows us to define the Lebesgue measure on X. Accordingly all integrals on subsets of X which appear
in this proof should be understood via this identification. Let also C > 0 be a constant of equivalence
between the norm ||-||x and the Euclidean norm ||-|| on RYMX = X so that for all z € X

1
cllzlle < lizlix < Clizlle. (4.21)

Let p: X — [0, o) denote the standard smooth (Euclidean) mollifier in R4™X = X and for £ > 0
let pg(x) = e~9mXp(x/g). In what follows we consider, for each x € U and ¢ € (0, &(x)), where
&(x) > Oissuch that x +y € U for any ||y|lg < &(x), the convolution

l

l
g*ps(X)=Z(gi*pe)(X)wi=Z(/” ” §i(x=y)ps(y) dy |wi,
i=1 Yilg=e

i=1

where the integration is with respect to the Lebesgue measure. Note that g = p.(x) € W for any
g € (0,&(x)). Wealso let U, = {x € U: disty.|,,(x, X \ U) > &}, for & > 0.

Note that for any & > 0 the convolution g * p . is defined on U, belongs to Lip(U,Y) N C' (U, Y)
and approximates g well: for any x € U,

lg * pe(x) —gX)ly =

l
Z(gi * pe(X) = gi(X)) W
i=1

Y
l

> [ =0 =) ay
Ylgse

i=1

Y

1
<2 /| B —gilpe(y) dy < Lmaxlwi. C Lip()e. - (422)
i=1 Y1lYllg<e <i<

We note, for future reference, that using D(g; * p)(x) = (Dg; * p)(x) and (4.20), we have for all
e>0,xeUgand |v||x <1
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l
D(g#pe)(x)(V) —¢ ()T (V) = Z D(gi * pe) () (VIW; — ¢ (X)T (V) (4.23)
i=1

I
= Z(Dgi *pe)(X) (VW =y (X)T(v) = / (Dg(x=y)(v) —¢(X)T(v))pe(y) dy.
i=1

lyllg<e
‘We now use (4.20) to estimate the norm of (4.23) from above as

1D (g * po) (X)) = (T W) lly
< / (I1Dg(x = 3) =¥ (x = Y)T gy + 19 (x = ¥) = YR Tlop . (¥) dy

lyle<e
e+ [ (Ex-9) - @I+ =3 = U@y oo dy
lyle<e
<€+ sup (€033 = Q1+ W (x=9) =W IITy ) (424)
Yigse

Moreover, for any compact set ) # K C U, we may use that £ and ¢ are continuous on U and £ > 0 on
U to choose 6k > 0 sufficiently small so that for all € € (0, 6k ) we have K C U, and

sup sup (IE0x =) = £001 + W (x = y) ~ 9T llp) < 5 min£(2).

xeK |lyllg<e

Combining this with (4.24) we get

ID(g % pe)(X)(V) = ()T (V) [ly < f(X)(l + g) (4.25)

for any compact K C U, x € K and ¢ € (0, k).
Let (¢x)xen be a smooth, locally finite partition of unity on U = {x € V: £(x) > 0} and for each

k € N set
0 Mingesupp o &(2) I . Ok
9 = s == 6 T T -7 N N (2 A = U o
KT k(T Lip(er)) ok T 2 MM e 1eTip(e) + 1) ko= Ve
ifxe A
I (x) = 8% pei(X) HxE A so that i € SLA(g, Ar,Y, 01), (4.26)
0y ifxe U\ A,

where Cis fixed in (4.21), w = maX1gngW?HX* and SLA(g, Ag, Y, 0;) is defined as the class of smooth
Lipschitz mappings Ay — Y which approximate g uniformly within error 6y; a precise description of
this class is given in Definition 5.2, and &y € SLA(g, Ag,Y, 0) follows from (4.22) and the choice of &
above. The desired mapping f may now be defined by ' i ¢k ik in U and set equal to g in Q \ U; then
a ‘smooth approximation result’ for mappings of this form will establish the remaining properties of f.
We postpone this result, Lemma 5.3, until Section 5. We now describe precisely how to apply Lemma
53.Let h := g, P(x) := ¢(x)T € L(X,Y) and n(x) := £(x)(1 + §) for each x € U. The conditions
of Lemma 5.3, including the additional condition of (ii), are now satisfied, by the definition of U and
(4.25), and we may let f := 7 be given by the conclusion of Lemma 5.3. Then conditions (a), (b) of the
present lemma and f € C!'(U,Y), which is a part of (c), are satisfied. Since all values of g and of /;
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are in W, we get f: O — W. Moreover, Lemma 5.3(ii), (4.26) and (4.25) give, for any x € U,

ID£(x) =¥ (T lgp = [DA(x) = PG|, < 1(X) + D Lip(0r) Lsupp g (X)0k < E(X)(1+6), (4.27)
keN

which proves the inequality of (d) for all x € U. This implies, in particular, that for all x € U
IDf(®)llop < ¥ X)Tllop + &) (1 +6) < L:=¥|Tly, +E(1 +6),

where ¥, E > 0 are upper bounds of bounded functions ¢, & respectively. Hence we conclude that f is
locally L-Lipschitz on U, and so using (a), g € Lip(Q, W) and Lemma A.3, we obtain f € Lip(Q, W).
We also note from (4.27) that the mapping ®: V — L(X,Y) defined by

CD(x):{Df(X) xeU,
y(x)T xeV\U

is continuous on V, as U = {x € V: £(x) > 0} and ¢ is continuous on V. We may now apply Theorem
B.1(ii) to Lipschitz mappings f,g: V € X — W between finite-dimensional spaces to conclude that
D f and Dg exist and are equal almost everywhere on {x € V: f(x) = g(x)} 2 V \ U. This, together
with (4.20) and the definitions of @ and U implies D f(x) = ®(x) for almost every x € V. Therefore,
by Theorem B.3, f € C'(V,Y) and D f(x) = ®(x) for all x € V. This verifies (c) and, together with
(4.27), implies (d). m|

Lemma 4.6. Let X and Y be normed spaces, where X is finite-dimensional. Let E C X be compact and
purely 1-unrectifiable, n > 0, let a function ¢: X — [0, 1] be continuous and T € L(X,Y). Then there
exist a Lipschitz mapping f: X — T(X), a function ¢ : X — [0, 1] and an open set H C X such that
the following statements hold:

(i) E C HC Bx(E,n).

(i) f eLip(X,Y)NnC'(H,Y).
(iii) supyex |l f(X)|ly < n and supp f C supp ¢.
(iv) [IDf(x) = ¢ (X)T ||op < 1 for Lebesgue almost every x € X.
V) 02 o(X)1g(x) <Y (x) < (X) 1y (£,y) (X) forallx € X.
(vi) ¥ (X) = ¢(x) for all x € H, and so |y is continuous.

Proof. The statement of the lemma is clear for 7 = 0, so assume, without loss of generality, that T # 0
is such that [|T[|,, < 1. We may do so as if ||T]|,, > 1 and the conclusion of this lemma holds for
operators of norm less than or equal to 1, we let fi,y and H correspond to E, 1 = n/[|T||,p. ¢ and
Ty = T/I[Tllop and define f = |IT |y -

Let C = €(T) + 5, where €(T) is the constant given by Definition 4.2,

¢ ZC], (4.28)

6 := min{1,n/5}, keNﬂ[—,—

min{1,7/5} 79
G, := H, := Bx(E,n) and note that E Q_Hl. Foreachi = 2,...,k — 1, whenever the open set H;_;
containing compact E N {X €X: o(x) > é} has been defined, let

G;=Hi_|n {x €X: p(x) > l;cl}. (4.29)

Next apply Lemma 4.4 to X, Y, the compact, purely 1-unrectifiable subset E N {x € X: ¢(x) > i/k} of
the open set U = G;, 6 and T to obtain a mapping g; € Lip- (X, T (X)), as C > €(T) + 6, and an open
set H; C X such that
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(a) suppg; € G; and Dg;(x) =0 for any x ¢ G;.

(b) supyex lgi(®)lly < 6. B

© En{xeX:o(x)=4{} CH CH CG,.

(d) |Dgi(x) = Tllop < 6 for Lebesgue almost all x € H;.

Note that (c) implies that E N {x € X: p(x) = %} C H; and hence we construct inductively mappings
82,-..,8k-1 € Lipc(X,T(X)) and nested sequences of open sets H; 2 ... 2 Hy_; and G; 2
-++ 2 G- such that properties (a)—(d) hold for every 2 < i < k — 1. Consider g := %Zf:_zl gi €
Lip-(X,T(X)). Properties (a) and (b) of g2, . . ., gk-1, and the nested property of G; lead to

ig}}gllg(X)lly <9, (4.30)
and
suppg € G C supp ¢. (4.31)
Define j: Gy —» {1,...,k—1} by
j(x):max{je{1,...,k—1}:xeGj} (4.32)

and note that for all x € G| we have ¢(x) > % due to the non-negativity of ¢ when j(x) = 1 and to
the definitions (4.29) and (4.32) when j(x) > 1. Observe also that whenever all g; are differentiable at
X € Gl,

J (%)
Dg(x) =1 ) Dgi(x). (4.33)
i=2

because of (a), and the definitions of g and j(x). Letyy: X — [0, 1] be given by

[ jx)+2 } ifx e G
lp(X) — mln{ k ,SO(X) , IIX 1, (434)
0, otherwise.
Then the last inequality of (v) is satisfied. Note also for future reference that for every x € G| we have
i(x) -1 f(x) +2
J()T <P(x) < % (4.35)

using ¢(x) > % Define an open set H C X by

k-1 i
+2
H = USf’ where §; = {X€Hji p(x) < J_}
=1 ¢

The second inclusion of (i), H C Bx(E,n) = Hj, is now clear, due to the nested property of H;. We

prove the first inclusion: Let x € E. Then there is an m € {0, ...,k — 1} such that 7 < ¢(x) < mT”
If m < 1, then since X € E C H; and ¢(x) < % < %,wehavex € Si;for2 <m < k-1 we have

xe ENn{xeX: ¢(x) 2m/k} C H,, by (c) and p(x) < ’"T” < mT-0—2 s0 X € S, This proves the first
inclusion of (i).

We now verify (vi) and the remaining inequalities of (v). Note first that from H; = G, (4.32)
and (c) we have, for any 1 < j < k — 1, that x € H; implies j(x) > j. Fix any x € H € G and
J €{l,...,k—1} such that x € §;; then ¢(x) < % < # thus, by (4.34), ¥/ (x) = ¢(x) proving
(vi), which together with (4.34) gives the first two inequalities of (v).
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Let now x € G, be any point such that all g; are differentiable at x and for any 1 < i < k — 1 such
that x € H; we also have the inequality (d). We remark that almost all points of G, are such. Thus,
whenever 1 <i < j(x) — 1, we have, from (4.32) and (4.29), that x € G j(x) € H(x)-1 € H;, hence the
inequality (d) applies. Therefore, we now verify that for almost all x € G,,

J(x)

IDg(x) =¥ () Tllop = ||£ >, Dgi(x) =4 ()T
i=2

op
i@ 2 (4.36)

<1 30 IDgi() = Tl + £IDg00 Ml +| 222 = 9 (0| IT

(=2

=~ T

<

)

+ +% < % < 4Cmin{<p(x), %}

The first equality follows from (4.33); the first inequality of the last line is guaranteed by (d), g;(x) €

Lip-(X,T(X)) and (4.35); finally, we use (4.28), x € G, and (4.29) for the remaining inequalities.
Using (a) of the present proof, the nested property of G; and (4.33), we conclude that Dg(x) = O for

every X € X \G».From (4.29) and the already verified (v) we also have that 0 < ¥/ (x) < ¢(x)1p, (x) <

for all x € X \ G. Hence, for every x € X \ G» we have ||[Dg(x) = ¢ (X)T ||y, = ¢ (X)|IT|lop < ¥(X)

min{¢(x), +}. This, together with (4.36) and C > 1, establishes

I\ &1—

1
IDg(x) — ¢ (X)T ||, <4C min {tp(x), %} for almost all x € X. (4.37)

Let f: X — T(X) C Y be the Lipschitz mapping given by the conclusion of Lemma 4.5 applied
toX,Y,Q=X,V=HT W =T(X), g € Lip(X,T(X)), continuous bounded functions |y,

£(x) = 4C min {go(x), %} for x € H and %, where the validity of (4.20) is guaranteed by (4.37). Note
that from Lemma 4.5(c) we have f € C'(H,Y), so (ii) is satisfied.
Combining Lemma 4.5(b) with (4.30) and (4.28), we deduce foreveryx € Q = X

If )My < IF (%) =@y +llg®)ly <26 <n.

Moreover, we deduce from Lemma 4.5(a) that f(x) > 0 implies either g(x) = f(x) > 0 or £(x) > 0. In
both cases we conclude that x € supp(¢), in the former case due to (4.31) and in the latter due to the
definition of £. This establishes (iii) of the present lemma. Finally, we verify the inequality of (iv) for
almost every x € X. First, for every x € H, we may apply Lemma 4.5(d), £(x) < 4C/k and (4.28) to
obtain

[|D f(x) —1,//()()T||0p < §(x)(1 + %) <E(x)+0 < 47C +0 <50 <n.

Further, by Lemma 4.5(a) the set X \ H is contained in the set where f and g, Lipschitz mappings
X — T(X) between finite-dimensional spaces, coincide. Since D f = Dg almost everywhere in the
latter set (see Theorem B.1), we have D f = Dg almost everywhere in X \ H. Hence, by (4.37) and
(4.28), we have for almost every x € X \ H

4C
1D =W (Xl = 1Dg(0 =4 (x0T lp < == < 46 <.

Lemma 4.7. Let X and Y be normed spaces, E C U C Q C X, where E is compact and U is open,
n>0andg: Q — Y be a mapping with g € C'(U,Y). Then there exists 5 € (0,n) such that for every
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h: Q — Y with

supl|h(z) — g(2)lly < nd/4, (4.38)

zeQ

everyx € E and every'y € X with ||y||x < & we have
IA(x+y) = h(x) — Dg(x)(y)lly < né.

Proof. Because g is a C! smooth mapping and E is compact, we have that g is uniformly Fréchet
differentiable on E; see Lemma C.3. In other words, we may choose 6 € (0, 77) small enough so that for
allx € F and all y € X with ||y||x < ¢ one has B(x,6) € Q and

lg(x+y) —g(x) = Dg(X)(Wly < Flyllx-
The conclusion of the lemma follows immediately. O

Lemma 4.8. Let X and Y be normed spaces, where X is finite-dimensional. Let E C Hy € Q C X be
sets, where E is compact and purely 1-unrectifiable, and Hy is open. Let fy € Lip(Q,Y)NC'(Hp,Y) and
n € (0,1). Foreachk € NletTy € L(X,Y), ¢r € C(X, [0, 1]) and 0 > 0. Then there is a sequence of
sets H; C Hy, Lipschitz mappings fj: O — Y and functions ¢ ;: X — [0, 1] such that for each j > 1

() H;isopen, E C H; C Hj_j and f; € Lip(Q,Y) N C'(H,,Y).

(ii) suprQ”fj(x) - fj—l(X)HY < 0 and f;(x) = fj_1(x) whenever ¢;(x) = 0.
(iii) L1p; (X)¢;(X) < ¢;(X) < 1y, ,¢;(x) forallx € X.

(iv) fj is differentiable Lebesgue a.e. on Hy.

) ||ij (x) — L||0p < HDfO(X) + Z{;:I Vi (X) Ty — LH +nforany L € L(X,Y) and Lebesgue almost

op
every X € Hy.

Proof. Suppose j > 1 and an open set H; ; 2 E and a Lipschitz mapping f;_1 € Lip(Q,Y) N
c! (Hj-1,Y) have already been defined so that fori = j — 1

(fi= fo)®) =D gr(x) forallx e Q, (4.39)
k=1

i i
where gk X — Span(U T (X) | is a Lipschitz mapping.
= k=1

k=1

Here we interpret an empty sum as zero, an empty union as the empty set and the linear span of the
empty set as {0}. Thus the conditions are met for j = 1. Then we choose

0 <n; <min{277n,6;} (4.40)

small enough so that Bx (E, nj) € Hj_jand apply Lemma4.6to X, Y, E, 57;, ¢;, and T; to get a mapping
gj: X = T;(X), afunctiony;: X — [0, 1] and an open set H; C X with the following properties:

(a) E C H; C Bx(E,n;) C Bx(E,n;) C Hj_y.

(b) g; € Lip(X,Y)NC(H},Y).

(c) SqueX”gj(X)“y < n; and supp g; C supp ¢;.

(d) ||ng (x) —y; (X)Tj”op < n; for Lebesgue almost every x € X.

(€) 0 <y;(X) < Lpy(E.n,)pi(x) forall x € X and ¥;(x) = ¢;(x) forall x € H;.

Let f; := fj—1 + g;; note that f; is defined on Q and that (4.39) extends to i = j. Now we have that
(i) and (ii) are implied by (a), (b) and (c), and (iii) follows from (e) and (a). Property (iv) of f; follows
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from (4.39), the finite-dimensionality of X 2 Q and of all Ty (X) in (4.39), Rademacher’s theorem and
fo € C'(Hy,Y). Finally, we check (v). Let j € N and x be any point from Hy lying in the intersection
of the full measure sets corresponding to the mappings g1, ...,g; given by (d). Let L € £(X,Y) be
arbitrary. Then we have

J
D) = Ll|,, = {[Pox) + Y Dgr(x) ~ L
k=1 op
J J
< DS + D w T = L)+ D I1Dgi(x) = Y (0 Tkllop
k=1 op k=1
J
< DA+ D v T - L|| +7,
k=1 op
where, to get the last inequality, we applied (d) and (4.40). O

Lemma 4.9. Let X and Y be normed spaces, where X is finite-dimensional. Let E C H C Q C X be
sets, where E is compact and purely 1-unrectifiable, H is open and Q is bounded and closed. Let 6 > 0
and f € Lip,(Q,Y) N C'(H,Y) and T € L(X,Y) be such that Lip(f), ITllop < 1. Then there exist an

open set U C X, a function g € Lip,(Q,Y) N CY(U,Y) and a positive number § € (0, 6) such that
i) ECUCH
(ii) supyepllg(x) — fF(X)ly <6

(iii) For every mapping h: X — Y with supy.x||h(X) — g(X)|ly < 06/8, everyx € E and everyy € X
with ||y|lx < & we have

h(x+y) = h(x) =T (y)lly < 66.

Proof. Choose p > 0 so that By (E,p) C H. Next, exploit the uniform continuity of the partial
derivatives of f on the compact set Bx (E, p) to find T € (0, p) such that

X,y € Bx(E,p), ly-xlxy <2t = IDf(Y) =Df(®)llop < &

where

1- Li
(= min{ max{ lz(f)’ ”THOP}, Z} 4.41)

Let (yx)ren be a locally finite, smooth partition of unity subordinated to the family {Bx (x,7): x € E}
and for each k € N choose xi € E such that supp yx € Bx(Xx, 7). Apply Lemma4.8to X, Y, E, Hy =
H, O, fo=f n=20Ty =T, Toxet = =Df(Xk), @2x-1 = @2 = vk and 6 = 2759 for each
k € N to obtain sequences of open sets (H);en, Lipschitz mappings (fj: @ — Y);en and functions
(¢;: X — [0,1])jen. By Lemma 4.8(ii) and by the choice of 6, the sequence of Lipschitz mappings
(fj)jen converges, in (C(Q), |||l.), to a continuous mapping g: Q — Y satisfying (ii) of the present
lemma. For each x € H and for each j > 1 we may write

2j
D)+ > Ym(® T = a;Df(X) +b;T + P;(x), (4.42)
m=1
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where
J J
aj=1= 3 Wom1(X),  bj= ) don(x) (443)
m=1 m=1
and
J
Pj(x) = Z Yom-1(X) (D f(x) = D f(xm)) € L(X,Y).
m=1

We now derive a bound on ||P 7 (X) ||Op. From Lemma 4.8(iii),

J J
1P,y < D" 2m 1 D FX) = Df Xllap = ) ¥ NDF (%) = D (%) -
m=1 m=1

If the mth term of the latter sum is not equal to 0, then x € suppy,, € Bx (X, 7) and therefore the
choice of 7 implies an upper bound of vy,,(x){ for the mth term. Using that y,, is a partition of unity,
we conclude that

j
12,0y < D" ¥m(®)¢ < ¢ (4.44)
m=1

To estimate the norms of remaining terms on the right hand side of (4.42) we first show that
aj,b; 20, aj+b; <1 for all j € N. (4.45)

It is easy to see b; > 0 as y2,,(x) > O for all m and all x. Moreover, a; > 0 holds because y,, form a
partition of unity, hence anzl Yom-1(x) < an:l am-1(X) = an:l Ym(x) < 1. Toseea;+bj <1, we
use both inequalities of Lemma 4.8(iii) and ¢7,,(X) = ¢2,-1(X) for each m > 1 to obtain from (4.43)

J J
aj+by =1+ Wom(X) = Yam1 (X)) < 1+ Y Ly, () (@2 (%) = 21 (X)) = 1.
m=1 m=1

Next, we apply Lemma 4.8(iv) and (v) with L = 0, followed by (4.42), (4.45), (4.44) and (4.41) to get,
for Lebesgue almost all x € H,

1D 2 )|, < +¢ =la;Df(x) +b;T +P;(x)||,, +¢
op

< aj”Df(X)”op + bJ”T”op + ”PJ(X)HOP + g

< a;Lip(f) + b Tlop + 2¢ < max{Lip(f).[|IT|lop} +2¢ < 1.

2j
DfX)+ Y Um(X)T,
m=1

Since HD faj (X)HOp < 1 for almost every x € H and f>; € Lip(Q,Y) we have that f>; is 1-Lipschitz
on each open ball B C H; see Corollary A.2. Hence f>; is locally 1-Lipschitz on the open set H.
Moreover, fa;|lo\a = fo = f by Lemma 4.8(ii) and the fact that supp @2,—1 = SUPp @2,n = SUPP Vim C
Bx (X, 7) € Bx(E, p) € H foreach 1 < m < j. Therefore Lip(f2j|lo\#) < Lip(flo\a) < 1. Since Q
is closed, it follows that f>; € Lip;(Q,Y); see Lemma A.3. Since j € N was arbitrary, we deduce that
g =lim f>; € Lip;(Q,Y) too.

As (Yi)ren is a locally finite partition of unity, for each x € E there exist an open set Ux C H and a
number ky € N such that x € Uy and suppyx NUx = 0 for all k > k. For eachx € E let Vx = Uy N Hy,,
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where Hj_ is defined by Lemma 4.8(i). Then Vy is an open set containing x and contained in Uy C H.
By the second half of Lemma 4.8(ii), glv, = fklv, = fk |v, for every x € E and k > ky. Therefore,

Dg(x) =D fi(x) forallx € E and k > ky (4.46)

and g € C'(U,Y), where the open set

U:=UVX

xeE

satisfies E C U C H. Note now that (i) of the present lemma is satisfied and that we have established
g € Lip,(Q,Y) nCY(U,Y).

Apply now Lemma4.7to X, Y, E € U C Q, the mappingg: Q — Y andn = 6/2,tofind§ € (0,6/2)
such that whenever i: Q — Y satisfies supyc o [|2(X) — g(X)[ly < 65/8,foreveryx € E andeveryy € X
with ||y||x < & we have

lA(x +y) — h(x) — Dg(x)(y)lly < 06/2. (4.47)

Our aim now is to replace Dg(x), for x € E, by T in (4.47), to get (iii). For this, fix x € E and use
E C Hj forall j > 0 (from Lemma 4.8(i)) and Lemma 4.8(iii) to conclude that

Yi(x) = ¢i(x)  foralli > 1. (4.48)

Hence, letting j = ky in (4.43) we get, using Zfr’l‘zl Ym(X) = 2om_ 1 Ym(X) = 1,

kx kx kx
ag, =1- lefzm—l(x) =1- Z Pam-1(x) =1~ Z)’m(x) =0,
m=1 m=1 m=1

and

kx kx kx
br, = Z Yom(X) = Z Pam(x) = Zym(x) =1.
m=1 m=1 m=1

Substituting, for x € E, ax, = 0, b, = 1 and (4.48) into (4.42) we obtain

2ky
D)+ Y em(X) T =T = Pi ().
m=1

Thus by (4.46), Lemma 4.8(v) applied to L = T, (4.48), (4.44) and, finally, (4.41)

Dkex
1Dg(x) = Tllop = 1D fos %) = T, < [DF X+ D om (T = T|| +¢
m=1 op
= [|Pely, +¢ <22 < 0/2,
which together with (4.47), implies (iii). O

We are now ready to prove Theorem 1.2 which we restate again.

Theorem 1.2. Let X be a finite-dimensional normed space, Y be a Banach space, W be a separable
subspace of L(X,Y), Q € X be bounded and E C Int(Q) be a subset of an F, purely 1-unrectifiable
set in X. Then Dy (X) 2 Bw for a typical f € (Lip;(Q,Y), |l-ll) and everyx € E.
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Proof. Let L = Lip,(Q,Y). Since Y is Banach, we may assume without loss of generality that Q is
closed; the mapping ¢: Lipl(a, Y) = L, f = flo defines a surjective isometry Lipl(a, Y) —» L and
so a set R C Lip, (Q,Y) is residual in Lipl(g, Y) if and only if ¢(R) is residual in L. Note also that
Dy (x) 2 Bw for f € Lip;(Q,Y) and x € E if and only if D,(7)(x) 2 By .

As Int(Q) is an F, set, we may replace E with an F,, purely 1-unrectifiable set containing E and
contained in Int(Q), hence assuming E is F, purely l-unrectifiable. Using that an intersection of
countably many residual subsets of (L, ||-||,) is residual, we may assume without loss of generality that
E is a compact purely 1-unrectifiable set. Further, since D (y) is closed by Lemma 2.1 and contained
in Bg(x,y) for every f € L and y € IntQ, and IntB.(x y) contains a countable subset dense in
By, it suffices to prove that the set Sy, = {f € L: L € Df(x) foreachx € E} is residual for each
L € IntB.(x y), that is, Sy, is residual in (L, [|-||o,) whenever ||L]|,, < 1. So, fixing L € L(X,Y) with
ILllop < 1, we now describe a winning strategy for Player II for the Banach-Mazur game in (L, [||[s,)
with the target set S = Sg.

In the nth round of the game, Player I and Player II will construct open balls By, ( f,,, ) and By, (g, dp)
respectively, centred at f,,, g, € L, such that

By (fus1,7ne1) € Br(gn, dn) € Bu(fy, ) foreachn > 1.

We define Player II’s winning strategy as follows. Let n > 1 be fixed and assume that Player I has made

their nth move By (f,, ). Let f,fl) € Br(fn,rn) be such that Lip(f,fl)) < 1; such fn(l) may be taken
of the form ¢ f, for ¢ € (0, 1) chosen sufficiently close to 1. Next, we apply a smoothing result for

Lipschitz mappings on finite-dimensional spaces, Proposition 5.1, to f = ,fl) € By (fu,ry) to find an
openset H C X with E C H C Q and a mapping fn(z) € Lip(Q,Y)NC'(H,Y) such that Lip(f,fz)) <1,
thus f,fz) €L, and f,fz) € Br(fn,rn). Fix any

0 <7y < min{2™, 7,/3,1 = Lip(f{”), 1 = |Lllops 7 -

f= 12

and apply Lemma 4.9 with X, Y, E, H, Q, 0 = n,,, f = ,,(2) and T = L to find g, := g € Lip,(Q,Y)
and 6, = 6. Then gn € BL(£\%.nn) C Bi(fu,rn). Fix dy € (0,65/8) = (0,7,6,/8) such that
Bi.(gn.dy) € Br(fn,rn). Player Il plays By (gn, d,) as their nth move.

Player II's strategy ensures that By (g;, di+1) € Br(gi, d;) for all i € N, where d; — 0 as i — oo.
Therefore, the intersection ();,_; BL(gn, dy) is a single function & € L. We now show that & € Sy, that
is, L € Dy (x) foreachx € E.

For an arbitrary € > 0 let n > 1 be such that i, < &. Since h € Br(gn,dn) € BL(gn,Mn0n/8), we
conclude, by Lemma 4.9(iii), that for all x € E

p IO “h0 LWy

yeEX (OX, 571) 6”

Thus forallx € E

[h(x+y) — h(x) - L(Y)lly

liminf  sup =0,
020 yeBx (0x.6) 0
and so L € Dy, (x). Thus h € S, which finishes the proof that Sy is residual in LL. m]

5. Smooth approximation of Lipschitz mappings

The main objective of the present section is to prove the following Proposition, which can be thought
of as a form of smooth approximation of Lipschitz mappings:
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Proposition 5.1. Let X and Y be Banach spaces, where X is finite-dimensional. Let Q € X, 0 # E C
Int(Q) be compact, f € Lip(Q,Y) and &€ > 0. Then there exists an open set Hwith E C H C Q and a
mapping g € Lip(Q,Y) N CY(H,Y) such that glo\u = flowu, lg(y) = f(¥)|ly < eforally € Q and
Lip(g) < Lip(f) + &.

Proposition 5.1 is an important tool required by Player II in the proof of our second main result
Theorem 1.2 via the Banach-Mazur game. The mapping f in its statement corresponds to a move of
Player I.

The statements which follow, lead to the proof of Proposition 5.1; we highlight Theorem 5.6, as
a widely applicable approximation result of independent interest. Our first step towards the proof of
Proposition 5.1 will be to show, in Lemma 5.3, that smooth approximations may be assembled from
many pieces related to a partition of unity.

Definition 5.2. Let X,Y be normed spaces, U C X be open, h € Lip(U,Y), 6 > 0. We define the
set SLA(h,U,Y,0) of smooth Lipschitz approximations of 4 over U with error 6 as the collection of
mappings g € Lip(U,Y) N C'(U,Y) such that ||g(x) — h(x)|ly < 6 for every x € U.

Lemma 5.3. Let X and Y be normed spaces. Let Q C X be closed, h € Lip(Q,Y) and U C Q be open
and such that it admits a locally finite, C'-smooth partition of unity (i )ren with supp(ex) C U for
all k = 1. Let 6 > 0 and 0 > 0 be such that 3,1 (1 + Lip(¢k))0x < 6. Let Ay be open sets such
that supp(px) € Ax C U forall k > 1, and for each k > 1, let hy: U — Y be a mapping such that
hi € SLA(h, Ay, Y, 0y). Then the mapping h: Q — Y,

) = {zkeN e(he(x) ifxeU. )

h(x) ifxeQ\U
has the following properties.

(i) We have h € C(Q,Y) n CY(U,Y) and ||7L(X)—h(x)||y < 6 for all x € Q, and Lip(h)
max(Lip(h), 6 + supys Lip(hila,)). In particular, if supy, Lip(hila,) is finite, then h

Lip(Q.Y).
(ii) If, additionally, for each x € U there is P(x) € L(X,Y) and n(x) > 0 such that

<
S

I1DAk (x) = P(X)|op < n(X) forallx € Ay and k € N,

then HDE(X) - P(x)”Op < (x) + 2ren Lip(@r) Loupp(gp) (X) O for all x € U.

Proof. Observe that due to the local finiteness property of the partition of unity, for each point x € U
there is an open neighbourhood V(x) C U such that the set

I(x) = {k > 1: V(x) Nsupp(¢r) # 0} (5.2)
is finite. Hence for any x € U
h(y)= ) exhe(y) forall yeV(x), (5.3)
kel (x)

and thus h|V(x) is a finite sum of mappings C'-smooth on V(x). Hence by the arbitrariness of x € U
we conclude / € C! (U Y). We now show that / is continuous on Q. The only points of the domain at
which continuity of 4 is unclear are those in dU. Let X) € U N Q and let & > 0 be arbitrary. There
exists N € N large enough so that

Z Ok < /2. 54

k=N+1

https://doi.org/10.1017/fms.2026.10236 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10236

Forum of Mathematics, Sigma 31

Next, choose

0<n (5.5

< 2(Lip(8h) )
sufficiently small so that

Bx (x9,17) N supp(g;) =0 fori=1,...,N, (5.6)
which is possible because each supp(¢;) is contained in the open set U, whilst xg ¢ U, so Xo ¢ supp(¢;).
Let x € Bx (x9,7n) N Q be arbitrary.

If x € O\ U we have Wz(x) - iz(xo)”Y = ||h(x) — h(x0)|ly < Lip(h)n < &. Now assume thatx € U.
Then, using (5.6) and that (¢ )i en are a partition of unity on U, we get

R(x) = h(x0) = D" @k () (he(x) = h(x0) = @k (®) (e (x) = h(x0)
k=1 k=N+1

= > e @® = hx)+ > er(x)(h(x) = h(x0).
k=N+1 k=N+1

Using this with (5.4) and (5.5), as well as iy € SLA(h, Ay, Y, 0;) which implies || (x) — 2(X)|ly < 0k
for x € supp(px) C Ay, we derive

i) - ho)ll, < D e @I - h®ly + Y ee®IIA®) - hxo)lly
k=N+1 k=N+1
< Z 0 +Lip(h)n < &.
k=N+1

Thus, we have established ||ﬁ(x) - l~1(xo)||Y < g for all x € Bx(xg,n7) N Q. Since € > 0 was arbitrary,
this verifies the continuity of & at Xo. This completes the proof that h is continuous on Q.
For each x € Q \ U we have Hh(x) - h(X)”Y = 0 and for each x € U we have, using that (g )ren is

a partition of unity on U, ||hx(X) — h(X)|ly < 0 for x € supp(¢x) and Xy e Ok < 6,

7Gx) = h )l = || > @ (®) e (%) = h(x))

keN

< Y el —hX)lly < )" 0 < 0.

Y keN keN

Therefore ||}~z(x) — h(X)HY < @forallx € Q.

It only remains to verify the desired bound on the Lipschitz constant of /. Consider first x € U.
Using that (¢ )ren is a locally finite smooth partition of unity, so >, <y ¢« is identically 1 on U, we
conclude Y oy Dok (x) = 0. However Dy (x) = 0 for each k& ¢ I(x), see (5.2), so we also conclude
Yker(x) Der(x) = 0. Recall that h can be written as a finite sum of C'-smooth terms in an open
neighbourhood of x, see (5.3); thus

Dh(x)= > @e(X)Dhi(x)+ Y. Dr(x)h(x)

kel (x) kel (x)
= > gD + Y Der(he(x) = D Dee(X)h(x). (5.7)
kel (x) kel (x) kel (x)
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We deduce, using the properties of hy € SLA(h, Ag,Y, ;) for each k € I(x), that

DR, < D) ek @IDA®llop+ Y IDEk®llx- 5 (%) = h(R)lly

kel (x) kel (x)
< sup Lip(hkla,)+ Y. Lip(¢x)0k < supLip(iicla,) +6.
kel (x) KET (%) k>1

Since this inequality has been established for an arbitrary point x in the open set U, we conclude that /2
is locally (supys; Lip(hk|a,) + 0)-Lipschitz on U, if this constant is finite. In summary, we have now
established that / is continuous, / is locally (sup s, Lip(/x|a, ) + 8)-Lipschitz on U, whilst by definition
of &, Lip(hlg\v) < Lip(h). Therefore, / is Lipschitz with Lip(%) < max(Lip(h), supys; Lip(hkla,) +
0); see Lemma A.3. This finishes the proof of (i).

To prove (ii), we use again (5.7) to get, for every x € U,

||DE(X)—P(X)||OPS Z @k (X)|Dhi(x) = P(X)|lop + Z IDr (X)[Ix- 7k (x) = A(x)[ly
kel (x) kel (x)

< U(X) + Z Lip(sok)ﬂsupp(cpk) (X)9k~
keN O

Next, we recall the notion of uniform Gateaux differentiability and establish conditions for when this
implies smoothness.

Definition 5.4. If X and Y are normed spaces, U C X is open and f: U — Y is Gateaux differentiable
at every point of U, we say that f is uniformly Gateaux differentiable on U if for each pair of h € Sy
and € > 0 there exists § = §(h, ) > 0 such that

Il f(x+1h) - f(x) —tDg f(x)(h)|ly < &t (5.8)
whenever x € U and |¢| < min{dist(x, X \ U), d}.

Lemma 5.5. Let X be a finite-dimensional normed space, Y be a Banach space, U C X be open and
f: U — Y be a Lipschitz uniformly Géteaux differentiable mapping. Then f € C'(U,Y).

Proof. Fix X9 € U and choose r > 0 so that Bx(xg,r) € U. We verify continuity of the Giteaux
derivative D¢ f of f at xo. By [5, Proposition 4.2], this will imply Fréchet differentiability of f on U and
therefore that f € C!(U). Fix & € (0, 1). Using compactness of Sy, find a finite collection I" C Sy such
thatforevery v € Sx thereisu € I'with|[v —ul|x < WM.Leté =min{d(u, &/8): u € I'}, where
we used the uniform Géteaux differentiability of f on U, see Definition 5.4, and let 6; = min{r/2, §}.

Let arbitrary v € Sx be fixed. Let u € I" be such that ||[v—u|xy < WM. Then for any
X € Bx(X,r/2), using also 61 < 6(w, £/8) and |[Dg f(x)||o, < Lip(f), we get

Ilf(x+61v) = f(x) = 61D f(X)(V)ly
861

< If(x+61w) = f(x) = 61Dg f(x) (Wlly +2Lip(NlIV —ullxé1 < ==

Using the above inequality, we have for any x € By (Xo, 4(111138(%) C Bx(x0,r/2)

61ll(Dg f(x) = Dg f(%0)) (M ly
< 61D f(X)(V) = (f(x+61V) = f(X)ly + [1f (x+61v) — f (X0 +61V)[ly
+[1f(x0) = fF(®)ly + Ilf (X0 +61v) = f(%0) = 61D f(%0) (V) Iy

0
<2- 214 2Lip(f)lx - xollx < 861
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Since v € Sx was arbitrary, this shows [Dgf(x)-Dgf(xo)llo, < & for all

s
X € Bx (X0, g5 717)- D

The next theorem is a generalisation of an approximation result of Johanis [16]. The difference to [16]
is that the following statement treats Lipschitz mappings defined only on a subset of a Banach space,
whereas [16] provides approximations only for mappings defined on the whole space X, and Lipschitz
mappings defined on subsets of Banach spaces may not necessarily be extended to the whole space. In
other words, the result of [16] is the special case of the following theorem, where we set Q = X. This
local version of Johanis’s approximation is a useful statement, which could have applications beyond the
present paper. The proof is an adaptation of the argument of Johanis [16], see also [ 14, Theorem 3.1], but
for completeness we include the full argument. In view of Lemma 5.5, in case X is finite-dimensional,
the approximation g constructed by the next theorem is additionally a C'-smooth mapping.

Theorem 5.6. Let X and Y be Banach spaces, where X is separable, Q C X and € > 0 be such that

0+Q0. = {XEQ: diStH.HX(X,X\Q) >S}, 5.9

and let f: Q — Y be a Lipschitz mapping. Then there exists g € Lip(Q,Y) such that g is uniformly
Gateaux differentiable on Q ¢, Lip(g) < Lip(f) and ||g(x) — f(X)|ly < eforallx € Q.

Proof. We follow the argument of [16] and make only small adjustments. Let (h;);en be a countable

dense subset of Sx; for each i € N let ¢; € C*(R) be such that ¢;(¢) > 0 forall t € R, /(pi(t) dt=1
R

and
q cJ —-& &
u ; CJi= -, - .
PP =i = 2 (Wip(f) + D27 2(Lip(f) + 1)2
For each n € N we let P, := [[;_, J; and observe that x — }"", t;h; € Q whenever x € Q. and

(t15...,ty) € P,. For n € N define mappings g,: Q. — Y by

gn(x) = /P flx— Zn: t;h;) ﬁ @i (t;) di,,
n i=1 i=1

where the integral is the Bochner integral and A4, denotes the n-dimensional Lebesgue measure on
R™ 2 P,,. We note, for further reference, that forany x € Q. andm > n

gn(x) = /P ’ flx- Z‘ t:h;) ]_1[ i (1;) dy = /R fx- Z‘ t:h;) ]_1[ i (1;) dApm. (5.10)

For each n € N, the following inequalities show that g, : Q. — Y is Lipschitz with Lip(g,) < Lip(f):
whenever X,y € Q,

f(X_itihi) —f(y—ih’hi)

1

llgn (%) — gn(¥)ly S/P| ﬂ(pi(ti)dﬂn
n y i=1

<Lip(Hly =l [ [ Jerto) dds = Lin(r) =yl
noj=1
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For any m,n € N with m > n and any x € Q. we observe, using (5.10),

llgm(x) = gn(M)ly <

242

i=1
< Lip(f) / N

l_l(p,(l‘,)d/l
y i=

&
H%(t)d/l <L) )] T OENEET

i=n+l

i=n+l

and conclude from this that the sequence of Lipschitz mappings (g,)nen With Lip(g,) < Lip(f)
converges uniformly on Q. to a Lipschitz mapping g: Q. — Y with Lip(g) < Lip(f) and such that
llgn(y) —glly < 5= foreachy € Q. and each n € N. To see that g is a good approximation of f,
observe for x € Q. that

10 = gy < 1FG) = g1y + 1181 () - gy
< /Plllf(X) ~ FO- i)l () i + 2 < Lip() /P]|r1|¢1(n>dm .

We now show that g is Gateaux differentiable at every x € Q.. Let us start by using (5.10) to compute
the directional derivatives of g, at x € Q. in the direction of the vectors h; for i,n € N withn > i as
follows:

gn(X+ Thi) - gn(x)

gn(x;h;) = lim
-0

_llg}”_ ( ((x- Zt] ;) +7h;) X—Zl] )l_]goj(t])d/l

(5.11)
(1 +7) — @i (17
=1in}) f(X_thhj)'SOl(l ) Qol(l). 1_[ ‘,Dj(tj)d/ln
=0 Jrn ‘= T 1<j#i<n
/ Zr, )ity [ @it din.
1<j#i<n

The penultimate equality is a standard application of the Dominated Convergence Theorem for the
Bochner integral, and the last equality follows from supp ¢; C J;. It is also important to observe that
for a fixed pair of x € Q. and i > 1 the limits in (5.11) are uniform with respect to n: this may
be verified by applying the Mean Value Theorem to ¢; and recalling that ¢, € C*(R) with bounded
support and is therefore Lipschitz. For any 6 > 0 and x, i as above we let 79 = 79(6,x,i) > 0 be such
that Bx (x,79) € Q. and

gn(x+7h;) — g,(x)
T

gn(x;hy) — <6 whenever n > i and 0 < |7]| < T1p. (5.12)

Y

We will now argue that for each i € N and x € O, the sequence of directional derivatives g, (x; h;),
n > i, computed above, converges to the directional derivative g’(x;h;). To this end, let i € N and
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X € Q. and observe, using (5.10), form >n > i

llgr (x:hy) — g7, (x; hy)|,,
/ Z’z -f X—thhj i (1:) ]—[ @;(tj)dd,
- P )

1<j#i<m
<Linth) | Sl ] este di

’"j n+1 1<j#i<m

DM%E
< Lip(f) Z W/M(h)wﬂl(f) <L —F

Jj=n+l

Hence, (g,,(x; h;)),en is a Cauchy sequencein (Y, ||-||y); let D; (x) = lim,— g,,(X; h;). Fix an arbitrary
n>0,let0 < |7| < 79(n/3,x,i) and choose N > i large enough such that

T !
|@N@)—g@mysf%¢mauyegg and H&dth—Dxmm,sg. (5.13)

Then we may combine (5.12) and (5.13) to deduce

Wmﬂ»ﬂm_nww 4memgm_mmﬂmmm
T i y = T T

Y
+H&ﬁﬁﬂ$2ﬂﬁl—g&@unmy+ngﬂmhg—zh@ﬂh (5.14)

non o7
P LT
S3T3 3T

This establishes that g’ (x; h;) exists and equals D;(x) = lim, .« g,,(x; h;) forallx € Q- andi > 1, and
so inequality (5.12) also holds with g, replaced by g, for all 0 < |7| < 79(6, X, ).

Let an arbitrary x € Q. be fixed. Since g € Lip(Q,,Y), the mapping g’(x;-) is Lipschitz on
{h;:i > 1}, asforany h; # h; and any > 0

le" b)) = g" (ol < 2nflh; = bl + Lip(e)|lb; — il

using (5.12) with 0 < |7] < 70(77||hj - hl-||X,x, i) and g instead of g,,.

Let ®y: Sx — Y denote the unique Lipschitz extension to Sy of the mapping
g’ (x;-): {h;: i > 1} - Y. We now verify that the directional derivative g’(x;h) exists and equals
@4 (h) for all h € Sy and x € Q.. Indeed, given h € Sy and > 0, choose i € N such that
lIh; —hllx <n/3(Lip(Px) +Lip(g) + 1). Then

HﬂX+ﬂD—g@)_¢(m
T

< Lip(g)Ih ~ hillx + 7 +Lip(@9lh; ~hlly <7 (515
Y

whenever 0 < |7| < 19(n/3, X, 1), using (5.12) for g instead of g, and @ (h;) = g’(x; h;). Extending ®x
now to the whole of X via the formula @y (th) = t®(h), r € R, h € Sy, it is readily verified that @y
remains Lipschitz and we get

g’ (x;v) = Dg(v) forall x,v € X. (5.16)

We finally verify that @y is a linear operator for each x € Q.. Together with (5.16) and Lipschitzness
of g this will establish that g is Gateaux differentiable on Q ., with Gateaux derivative Dg(x) = ®y of
norm ||®x]l,, < Lip(g) at every x € Q.. To show that @y is a linear operator, it is enough to check
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linearity of @ on {h;: i > 1}. For this, note that a calculation similar to (5.11) shows, for i, j € N and
a;,a; € R, that for n > i, j the directional derivative g;, (x; a;h; + ajh;) exists and equals

/ Flx— Z”: t/h}) (ai%f([i) [ Tert) +a;0;en] ] sok(tk)) dAn,
Py =l k#i k#j

and so g, (x; a;h; + o jh;) = a;g,,(x;h;) + @;g;,(x;h;). Taking limits in this identity as n — oo gives,
similarly to (5.14),

CDx(a/,-h,- + ajhj) = aiCDx(h,-) + aj(I)x(hj).

The only thing left is to check that g is uniformly Gateaux differentiable on Q .. Assume thath € Sx
and & > 0 are fixed. Choose i > 1 such that ||h; — h||y < &/(4Lip(g) +1).
Then, for each n > i and all y;,y> € Q we can use (5.11) to derive

lgr(vi:hy) — g, (y2:hy)||, < Lip(f) /J.|¢{~(f)|d/l1(t) Ayt = yallx =: Lillyr = y2llx-

Taking a limit of the above inequality as n — co we obtain, for any y;,y2 € O,

lig"(y1:hi) = g’ (y2s h)lly < Lillyr - y2llx,
which implies for every x € Q. and any 0 < |7| < dist(x, X \ Q¢),

g(x+7h;) —g(x)
T

1

y_|7'|

g (x:hy)

/ g (x+1h;;hy) — g’ (x;h;) day (1)
(0,7) Y

L;
< — |t| da,(¢) = Li|T]/2.
I7| J(o,7)

Let 6 = ¢/(L; + 1); consider any x € Q. and 0 < |7| < min(6, dist(x, X \ Q,)). We now verify that
condition (5.8) of Definition 5.4 is satisfied. Indeed, we readily have ”w -g'(x; h,~)”y <g/2

from above,
llg’(x;h) — g’ (x;hy)[ly = [[@x(h —hy)|ly < [[P«llopllh —h;lx < Lip(g)[lh—hilly < &/4

and

<Lip(g)llh —h;|[x < &/4.

Y

Hg(X+ th) —g(x) g(x+7h) —g(x)
O

T T

We are now ready to prove our key smooth approximation result, which was the objective of the
present section:

Proof of Proposition 5.1. Since Y is Banach, we may replace Q with its closure; assume therefore
that Q is closed. We will need this assumption when we apply Lemma 5.3 later. Choose r > 0 such
that Bx(E,r) € Q and let H = Bx (E,r/2). Assume without loss of generality that & < r/4 so that
E C H C Qj., where Q;. is defined by (5.9) in Theorem 5.6. Let (¢g)ren be a smooth, locally
finite partition of unity on H with supp(¢x) € H for each k > 1. Choose any &, € (0, &) such that
2k>1(1+Lip(ei))er < e.

By Theorem 5.6 and Lemma 5.5 we have that SLA(f, H,Y,ex) 2 SLA(f,Qg,.Y. ) # 0 for
each k > 1 and, moreover, for each k > 1 the set SLA(f,Q,.,Y, k) contains a mapping hx with
Lip(hg) < Lip(f). To complete the proof, we let § = &, 8, = &x, U = Hand Ay, = H forall k > 1, and
finally take g as the mapping & given by the conclusion of Lemma 5.3. O
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Appendices
A. Local to global Lipschitz estimates

Lemma A.1. Let X, Y be normed spaces, F C U C X where U is open and convex, and suppose that for
any € > 0 and any X,y € U there exist X'y’ € U such that ||x —X'||x, [y - ¥'llx < €and [X',y']NF
has 1-dimensional Hausdorff measure 0. Let g: U — Y be locally Lipschitz on U and suppose that g
has at least one of the following properties:

(i) gislocally L-Lipschitzon U \ F.
(ii) for everyx € U \ F, the derivative Dg(X) exists and satisfies |[Dg(X)l|o, < L.

Then g: U — Y is L-Lipschitz.

Proof. In order to show that g is L-Lipschitz, we fix an arbitrary w* € Sy~ and show that the function
8w+ = Wog: U — Ris L-Lipschitz. Let X,y € U be any pair of distinct points. Let & € (0, |ly — x||x/2)
be arbitrary; find x’,y’ € U as guaranteed by the hypothesis of the lemma. Then, since [x’,y’] € U and
8w+ |[x.y’] is locally Lipschitz as a mapping [x',y'] — Y,

, , Iy’ —x"[|x , ,
gu (¥) — g (x') = /0 gl (X' +1viv) di,

where v = ﬁ, 8o« (X" +1v; V) is the directional derivative of g+ at X’ +7v in the direction of v which

exists for Lebesgue almost all # € [0, ||y’ — y||x]. Recall that 7!-almost every point of [x’, y’] belongs
to U \ F, hence |g;..(x" +v;Vv)| < L for almost all 7 € [0, |[y’ — x'[|x ], implying [gw- (¥) — gw (X")| <
L|ly’ — x'||x. Passing to a limit when & — 0 gives |gw+(y) — gw* (X)| < L||y — x|y which, in turn, due
to arbitrariness of X,y € U and w* € Sy~ implies the statement. O

Corollary A.2. Let X, Y be normed spaces, where X is finite-dimensional, let U C X be open and
convex, g: U — Y be locally Lipschitz on U and suppose that ||Dg(X) ||, < L for Lebesgue a.e. x € U.
Then g: U — Y is L-Lipschitz.

Proof. Defining F as a Borel Lebesgue null set containing the Lebesgue null set U \ S, where S is the
set of x € U for which [|Dg(x)l|,, < L. A standard application of Fubini’s Theorem shows that the
conditions of Lemma A.l with (ii) are met. m]

Lemma A.3. Let X and Y be normed spaces, U C Q C X be sets where U is open and Q is closed, let
f: Q — Y be a continuous function, which is locally L-Lipschitz on U and is Lipschitz on Q \ U. Then
f € Lip(Q,Y) and

Lip(f) < max{L,Lip(flo\v)}-
Proof. Fix distinct points x;, X, € Q and set L := max{L, Lip(fIQ\U)}. We show that
lf(x2) = F(xDly < Lillx2 —xillx- (A1)
This inequality is clear if both X1, x; € O\ U. Assume without loss of generality x; € U. Lete := x; —x|,
U =Un(x;+Re)and Q; = O N (x; +Re). Then x; € U; € Q1 C (x; +Re) and U is a relatively
open subset of the line (x; + Re), hence can be written as a disjoint union of open intervals. Let I be the
open interval containing x;. If x, € I C Uy, then (A.1) is trivially satisfied, even with L instead of L in

the right-hand side. Hence assume / has a right endpoint b € x; +Re lying between x; and x;, implying
[[x2 = bl|lx +|Ib—x1|lx = |Ix2 = x1||lxy and b € U; \ U; € Q1 \ U;. If x; ¢ Uy, then (A.1) follows from

1/ (x2) = f(D)ly +[1f(b) = f(x)lly < Lip(flo\w)llx2 = bllx + LI[b —xi]|x,
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establishing the L;-Lipschitzness of f between points from U; and Q; \ U;. Therefore if x, € U; \ 1,
then (A.1) follows from

£ (x2) = f(B)ly +11f(b) = f(xDly < Lillxz =bllx + L|[b - xi][x,

which holds due to x1,x, € U, b € Q1 \ Uj. O

B. Derivatives of Lipschitz mappings

Theorem B.1. Let X and Y be normed spaces, where X is finite-dimensional, H C X be open,
f,g: H—> Y be locally Lipschitz mappings and A = {x € H: f(x) = g(x)}. Then the following state-
ments hold:

(i) At each Lebesgue density point X of A the mapping f is Fréchet differentiable if and only if the
mapping g is Fréchet differentiable and D f (x) = Dg(X).

(ii) If Y is finite-dimensional then D f(x) and Dg(X) exist and are equal for Lebesgue almost every
X € A.

Proof. Statement (ii) is a consequence of (i), Stepanov’s Theorem and the Lebesgue Density Theorem.
Indeed, by (i), we have D f(x) = Dg(x) everywhere in the set

{x € A: xis a Lebesgue density point of A} N {x € A: f is Fréchet differentiable at x}.

The first set in this intersection has full Lebesgue measure in A by the Lebesgue Density Theorem and,
for finite-dimensional Y, the second set in the intersection is also of full Lebesgue measure in A, by
Stepanov’s Theorem.

We now prove (i): Let x be a Lebesgue density point of A, choose r > 0 such that B := Bx(x,r) C H
and f|p and g|p are Lipschitz and assume that f is differentiable at x. Fix € € (0, 1). Let d := dim(X),

set
_ € ‘ (B.1)
"= \16(Lip(f15) +Lip(sls) + 1) '
and choose 6 € (0, r) so that
If(x+y) = f(xX) =Df)WMlly <nllylx  forally € Bx(0,6), (B.2)
and
Lx(Bx(x,t)NA) > (1-n)Lx(Bx(x,1)) for all 7 € [0, 6]. (B.3)

Lety € Bx(0,6/2) \ {0} and set t = 2||y||x. Observe, using n < 27¢~! and § < r, that
Bx(x+y,241/4) ¢ By(x,t) CBC H and £X(Bx(x+y,21/dn1/dt)) = 2nL(Bx (x,1)).

Therefore, by (B.3) we have that Bx (x+y,2/9p/4t)nANB # 0. Letz € Bx (x+y,2"/9p'4r)n AN B
and set y’ := z — x. Then we have

1
ly = yllx = llz = (x+y)llx <2"9n" 4 =2"an"|y|lx < 4n"9|ly|lx, so that

Iyl < (1+47") Iyl < 20ylly <. (B.4)
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We may now use the hypothesis f|a = g|la, (B.4), (B.2)andx+y' =z,x € AN B,x+Yy € B to write

llg(x+y) = g(x) = Dfx)(Yly <
lg(x+y) — g(x+y)lly + I/ (x+y) = f(X) =Df X))y + IDSX) (Y =Yy

< Lip(gls)4n"llyllx +n(1 +4n"/7)Iyllx +Lip(£15)4" Iyl < elyllx,

where we apply (B.1) to get the final inequality (bound the three coefficients in order by 1/4, 1/2 and
1/4). Since e > 0 and 'y € Bx(0,6/2) \ {0} were arbitrary, this establishes the Fréchet differentiability
of g at x with Dg(x) = D f(x). Since the roles of f and g in the above argument are symmetric, this
proves the if and only if statement of (i). m]

Lemma B.2. Let X and Y be normed spaces, H C X be open, L € L(X,Y), f: H — Y be a Lipschitz
mapping and z. € H. Then the set D := {u € Sx: f’(z,u) exists and equals L(u)} is closed.

Proof. Let (uj);en be a sequence in D with limit u = lim;_. u; € X. We show that u € D. Given
£ > 0 we choose choose k € N large enough so that

&

3(LipCF) + 1Ly + 1)

llue —ullx <

Next choose ¢ > 0 small enough so that

|f(z+rag) — f(z) —tL(ugp)|ly < % forall ¢ € (0,0).

Then, for all ¢ € (0, §) we have

I/ (z+ ) = f(z) - tL()]ly

<|f(z+m) = f(z+ta)|ly + [ f(z+1ug) = f(z) —tL(ug)|ly + [¢]||L(ax) — L(w)]|y
Jld el el
-3 3 3 7
‘We conclude that u € D. ]

Theorem B.3. Let X, Y be normed spaces, where X is finite-dimensional, H C X be open, ®: H —
L(X,Y) be continuous and f: H — Y be a Lipschitz mapping such that D f (x) = ®(x) for Lebesgue
almost every x € H. Then f € C'(H,Y) and D f(x) = ®(x) for everyx € H.

Proof. The proof goes by induction on d = dim X. For d = 1 it suffices to observe that

f(y+t)=f(t)+/0 ®(y +5)(1) ds

forall y € H and ¢t € (0, dist(y, X \ H)).

Assume now that d > 2 and the theorem is valid whenever the domain space has dimension less
than d. Suppose dimX = d, fix x € H and v € Sx. We complete the proof by showing that the
directional derivative f’(x, V) exists and equals ®(x)(v). Given any (d — 1)-dimensional subspace U of
X, not containing v we have, by Fubini’s Theorem, that #{!-a.e. z € (x + Rv) N H has the property that
for H9 '-a.e. y € (z+ U) N H the mapping f is differentiable at y and D f(y) = ®(y). By the induction
hypothesis, we get that H'-a.e. z € (x+ Rv) N H is such that the directional derivatives f’(y,u) exist
and equal ®(y)(u) for every y € (z+ U) N H and every u € U, in particular for y = z. We conclude,
by applying this argument to each U from a countable dense subset of the set of (d — 1)-dimensional
subspaces of X not containing v, that H'-a.e. z € (x + Rv) N H has the property that all directional
derivatives f’(z,u;) for a dense sequence (u;);ecn in Sx \ {v, —v} exist and are given by the formula
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f(z,u;) = ®(z)(u;). By Lemma B.2 this formula extends to all u € {uj 1 J € N} = Sx. In particular,
it extends to u = v, giving f'(z,v) = ®(z)(v) for H'-a.e. z € (x+Rv) N H. Finally, by the induction
hypothesis, this implies f’(z,v) = ®(z)(v) for all z € (x+ Rv) N H, in particular for z = x. O

C. Miscellaneous

The following lemma verifies that the minimum in the definition of €(7'), see Definition 4.2, is attained.
Lemma C.1. Let X, Y be normed spaces and T € L(X,Y) \ {0z(x,v)} be of finite rank I. Then the

infimum

W= (wy,...,w) is abasis of T(X),
Cowl.,w e T(X) is dual to W

i w; o T()w;
=1

€(T) := inf{ max
l<j<l
op

is attained, so it is in fact a minimum.

Proof. Whenever (W, ..., w;) and w’{, ..., W; contribute to the set over which the infimum defining
€(T) is defined, the operators w; o T'(-)w; € L(X,Y), for 1 <i < [, are invariant under rescaling of w;.
Therefore, the set in the definition of €(7') is unchanged if we only allow contributions from bases W
with all vectors w; of norm 1 for all 1 <i < /. We will work with this equivalent definition of €(7’) in
the present proof. Let Z := T(X) € Y and W C (Sz)" be the collection of ordered bases of Z, consisting

of vectors of norm 1. Foreach 1 < s </and W = (wy,...,w;) € W, let
J
C(T,W,s) = max. Z‘ W oT() w;

op

Then €(T) = infw )y €(T, W, 1). Let W,, € W be such that €(T, W,,,l) — C(T).LetW = (uy,...,u;)
be the limit, in (S Z)l, of a convergent subsequence of W,,. Assume W ¢ W, that is, the vectors are linearly
dependent. Let £ < [ be the smallest index such thatuy, . . ., ug are linearly dependent, ay,...,ax-1 € R
be such thatug = 3} ;<;_; a;u; and denote A = 3 ;<1 |a;|. Note that k > 2 as |lu;||ly = 1. For each
a>0let W@ = (nga)) € W be such that

C(T, W ) <CT)+a (C.1)

and ”wg") - uiH < aforall 1 <i < I. Note that each W'® may be chosen from the sequence (W,,).

Letting C,, = H(w,(cd))*

, we get
A g

1= (W) wi™) < W) () +aCo = (W) (). auy) +aCy

1<i<k-1
< (wiy¥( Z aiw' ™) + @AC, +aCo =0+ (A +1)Co = (A +1)Ca.
1<i<k-1
Hence ”(wl(f))* . Cy > asa — 0.
Fix a null sequence a,, € (0, 1), let s < k be the smallest index such that ||(w§""))*H _is unbounded

and let B, — 0 be a subsequence of («,) such that )|(W§B"))*

op

S — o0. Then )|(W§B"))* oT(-)u,

”(w§ﬁ"))* o T(~)”X* — oo, while H(wf’g"))* o T(~)uiHOp are bounded for each 1 < i < s — 1, implying
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(T, W®Bn) 5) — co. Thus, by (C.1),
C(T) > €T, W) I)=B, >CT,WPE) 5) -1 >

a contradiction. ]

The following theorem is a version of an observation in [2]. However, there are several differences in
notation and terminology in [2] compared to the present paper and it requires some careful reading in
order to obtain Theorem C.2 from what is written in [2]. Therefore, we explain below how to navigate
[2] in order to verify Theorem C.2. Please also note that the quantity in the left-hand side of the main
inequality of Theorem C.2 has been referred to as £(G, T, €) in Section 2.3.

Theorem C.2. Let X be a finite-dimensional normed space, E C X be a compact purely 1-unrectifiable
setand T € X* \ {0}. Then for every € € (0, 1) there exists an open set G C X such that E C G and

sup{?-[l(G Ny(R)): y € Lip(R, X),T(y' (1)) > elly’ ()lIx|IT||x-for Lebesgue a.e. t € R} < ¢.

Proof. The statement is obtained by applying [2, Step 1 (inside the proof of Lemma 4.12)] to K = E.
We let n := dim X, identify X and X* with R" and write ey, ..., e, for the standard basis vectors of X.
Here, we identify L € X* with the vector L € R" satisfying Lx = (L, x) for all x € X. Let ||-|| ; denote
the Euclidean norm on X < R" < X*. Then, by equivalence of norms on finite-dimensional spaces,
there is a constant M > 0 such that

1
MHXHE < |Ixllx < M|x||g, for all x € X, and

1
lLlg < ILlx <MLLz forall L € X".

We may assume that & < 1/M?. In the notation of [2] we take @ = cos™!(M?¢) and e =
ﬁ(Tel, Te,,...,Te,). We also note that the notion of C-null for C = C(e, @), in [2, 4.11, Lemma
4.12’1 is weaker than pure 1-unrectifiability. Applying [2, Step 1, Proof of L. 4.12] we obtain an open set
G C Xsuchthat E C GandH'(Gny(J)) < & forevery compact interval J/ C Rand y € Lip(J, X) with

T(y' (1) = M%|ly’ OlllITllg = €lly’ ()|l |IT||x-. This implies the conclusion of the theorem. O

Lemma C.3. Let X and Y be normed spaces, E C U C X be sets where E is compact and U is open,
andlet g € C'(U,Y) and 0 > 0. Then there exists 6 € (0,6) such that for every x € E and everyy € X
with ||y|lx < & we have

lg(x+y) —g(x) - DgxX)(Y)ly <0llyllx-

Proof. For each x € E choose dx > 0 small enough so that
1Dg(z) — Dg(X)llop < 6 forall z € By (x,285) C U.

The collection of sets (Bx (X, 5x))xer is an open cover of the compact set E; it therefore admits a finite
subcover By (x1,61), Bx(x2,62),...,Bx(Xy,dy) for some N € N, where for j = 1,..., N we relabel
Ox; as 0.

Leté := min{dy,...,0n} > 0,x € Eandy € X withO < ||y||x < 6. Thenthereexistsi € {1,...,N}
such that x € Bx(x;,6;) and so [x,x +y] € Bx(x;,26;) C U. Set e := W and let ¢ € Y* be a
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functional with ||¢||y. = 1. Then
llyllx
e(ex+) —50 - e[ = | [ Do x 0@ - Dlg o @ ds

[Iyllx
< /0 IDg(x + 1) ~ Dg()llop d < Byl

Taking supremums in the above inequality over all ¢ € Y* completes the proof. O

Remark C.4. If X is a finite-dimensional normed space, E C U € X are such that E is compact and U is
open, then there exists an open Uy such that E C Uy C Uy C U and the Lebesgue measure of U is zero.
The latter could be obtained by choosing Uy in the form of a finite union of open balls with centres in E.

Lemma C.5. Let X be a normed space, E C 'V C X be sets where E is compact and V is open, (G )k en
be a sequence of open subsets of X which contain E and let (¢ )ren be a smooth, locally finite partition
of unity with supports contained in V. Then there is a number K € N and an open set U C X such that

K
EgUgﬁngﬂGk
k=1
and

supp(exr) NU =0 forall k> K.

In the case that X is finite-dimensional, U may be chosen so that additionally dU has Lebesgue measure
zero.

Proof. For each point p € E we may choose a radius r, > 0 such that Bx (p, rp) €V and the set
My = {k € N: supp o N Bx(p,rp) # (Z)}

is finite. The collection of balls (Bx (p, p))p<£ is then an open cover of the compact set E. Accordingly,
it has a finite subcover. In other words, there exists a finite subset F' of E such that

EC U Bx(p.rp)-

peF
Let
K := max U M,
peF
and X
V= U Bx (p, rp)) N ﬂ Gk.
peF k=1

Finally, we apply Remark C.4 to define U C V’ with the required properties. The assertions of the
lemma for K and U are now readily verified. O
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