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1. Let p,q be real numbers satisfying the strict inequalities

and the equation

1 <p,g<ee

(a) State and prove Young's inequality for real numbers A, B > 0.

No Calculator

(b) Let £, be the space of complex-valued sequences x = (xn)neN With Y21 [x4[? < oo and

1/p
|xn|p> .

Show, using part (a) or otherwise, that if x € £, and y € £, then the pointwise product xy

let

belongs to #; and

llxllp

eyl < [xlpllyllg-

(c) Show thatif 1 < s,t < oo and w € £; then w' € £, where

Wﬁz = |Wn|s/t

for n € N. How does the norm ||w/||; relate to the norm ||w/||s?

(d) Suppose now that 1 < p,q,r < oo with

1 1
rp

+

Q|

Show that if x € £, and y € £, then the pointwise product xy belongs to £, and

[eyll < flxllp 11y llg-

(e) Deduce from part (d), or otherwise, that if xy,...,x, > 0 and 1 < r < p < e, then we have

(

XX+ .+

n

1/r
) <
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2. Suppose X is a vector space over the field F =R or C, and that || - || and || - ||’ are two norms
onX.

(a) Show that if (X, |- 1) is complete and there exist A, B > 0 with
Bllx|| < [lx]I" < Allx]

forall x € X, then (X, ]| - ||) is also complete. [5]

(b) Suppose now that we only know that there exists A > 0 with
Il < Allx]|
forallxe X. Leti: (X,|-||) = (X,||-]') be given by
i(x) =x
for allx € X. Prove that i is a bounded linear operator, whose operator norm ||i]op satisfies
[illop < A [5]

(c) State, without proof, the open mapping theorem and the inverse mapping theorem. [5]

(d) Suppose now that we know (X, ||-||) and (X, || -||’) are both complete and that, as in part
(b), there exists A > 0 such that
%" < Al

for all x € X. Show that there exists B > 0 such that
Bllx|| < ||x|)/

forallx € X. [10]
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3. Suppose that H is a Hilbert space with inner product (-,-) and that P: H — H is linear, P> = P
and (Px,y) = (x,Py) forall x,y € H.

(a) State Pythagoras’s theorem in H. [4]

(b) Prove that
[xl1? = (1P|} + ] — Px]%,

for all x € H, where || - || is the induced norm on H. [6]
(c) Deduce that P is a bounded linear operator with operator norm ||P||op < 1. [5]
(d) Prove that P is the orthogonal projection onto a closed linear subspace of H. [10]
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4. In this question we consider the outer Lebesgue measure A* defined on subsets of the real line
R.

(a) Prove thatif E C R is countable then *(E) = 0.

(b) List (without prdof) properties of the outer Lebesgue measure A* that are needed to imply

that it is an outer measure on R.

(c) For each of the following statements decide whether it is true or false. If the statement is
true, give a proof; if the statement is false give a short counterexample without proof.

(i) Every subset E of R is Lebesgue measurable;

(i) Every subset E of R with A*(E) = 0 is Lebesgue measurable.
(d) Let %, be the o-algebra generated by the collection
{[a,b] : —e0 < a < b < +oo}
of all closed intervals, and %, be the c-algebra generated by the collection
{(a,b): =00 < a < b < o0}
of all open intervals. Prove that 1 = %,. Give (without proof) the name of this o-algebra.

(e) Consider a collection & of all subsets of the real line R that either contain an interval
of length at least 1 or their complement contains an interval of length at least 1. Is & a
o-algebra? Justify your answer.
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5. Let (,X) be a measurable space.

(a) Assume L, Up are two measures on (,X) and ay,a; are two nonnegative real numbers.
Prove that the formula

V=aith+azliz

defines a measure on (Q,X).
(b) Let f, g be two measurable real-valued functions on Q. Prove that the set
{xeQ: f(x) >g(x)}
is measurable.
(c) State the Monotone Convergence Theorem for nonnegative functions.

(d) Under additional assumptions that measurable functions f,g take only nonnegative val-
ues and using (c) prove that

J+oydn= [ fau+ [ gau

for any measure p on (Q,X).

(e) Let A be the Lebesgue measure on the real line R and let a measurable set S C R? be
such that for A-almost all a € R, the Lebesgue measure of

Sa={y€R: (a,y) €5}
is zero. Prove that for A-almost all b € R, the set
S ={xeR: (x,b) €S}

has Lebesgue measure zero. State any theorems, lemmas or propositions from the
course that you use.
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6. Let (Q,%, i) be a measure space. For a measurable function f: Q — R and any real number

t > 0, denote
Crt) = p{x e Q:1f(x) > 1}

Recall that for 1 < p < oo, a measurable function f : Q — R belongs to L, (Q) if / |fIPdu < eo

1/p
and that in this case we define || f||, to be equal to (/ |f|pdu> .

(a) Let f,g be two measurable real-valued functions. Prove that
Crag(t) < Crlt/2) +Co(t/2).
(b) For any integers n,m > 1 prove that

Cr(t) <

Jarr+isman.

i gm

Now let Q = R and 4 = A be the Lebesgue measure.

(c) Find a continuous function f : R — R such that || f — xo,1jll2 < 1/10, where xjq 1) is the

characteristic function of [0, 1].

() Assume 1 < p < oo and f € L,(R); define f, = f¥|_n, for each n > 1. Prove that the

sequence of functions (f,) converges to fin L,(R).

(e) Show that Ly(R) € L;(R) and L; (R) Z L (R).
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