A27251 No Calculator

UNIVERSITY©F
BIRMINGHAM

School of Mathematics

Programmes in the School of Mathematics Final Examination

Programmes including Mathematics Final Examination
06 22791

MSM 4P21: Linear Analysis

Summer Examinations 2010

Time allowed: 3 hours

Full marks may be obtained with complete answers to FOUR questions out of SIX. Only the

FOUR best answers will be credited.
An indication of the number of marks allocated to parts of questions is shown in square brackets.

No calculator is permitted in this examination.

Page 1 ' Turn over



A27251

1. Let (X, || - ||) be a normed vector space over R.

No Calculator

(a) Prove that if (x,)nen is a convergent sequence in (X, || - ||), then the sequence of vectors

(xn/n)nen converges to 0.

(b) Assume that ||| - || : X — R is also a norm on X. Let p(x) = |[x|| + [|lx|| for every x € X.

Show that p : X — R is a norm on the vector space X.

(c) Give the definition of the vector space £, and the norm || - ||, on it, where p € [1,+eo).

Assume that the sequence of vectors (x("),cn C £, converges in (£,, 1] - || ) to a vector

x € £y letx = (xi)ken and *n) = (x,(("))keN for every n € N. Prove that for every k > 1,

x(n) — X
k k-
n——co

It is known that (£,,]| - || ) is @ Banach space for every p € [1,+eo). You do not have to prove

this.

(d) Give an example of a linear subspace Y of £; such that (Y, || -||1) is not a Banach space.

Justify your answer. State any theorems, lemmas or propositions from the course that you

use.

(e) Let By = {y €Y :|ly|l1 < 1} be the closed unit ball of the space Y that you defined in part

(d) of this question. Using part (d) or otherwise, prove that By is not compact. State any

theorems, lemmas or propositions from the course that you use.
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2. Let X be a vector space over R, and let (-,-) : X x X — R be an inner product on X. Let

(a)

|-l : X — [0,00) be the induced norm on X given by ||x|| = (x,x)1/2,
State and prove the Parallelogram Law.
Prove that vectors x,y € X are orthogonal if and only if [|x+y| = [lx—y||. Give a geo-

(b)

metric interpretation of this fact when X = R? equipped with the Euclidean inner product
given by
(x,y) = x131 + %232

for each x = (x1,x2) and y = (y1,¥2) in RZ.

Give without proof an example of an inner product on the space of continuous functions
f:10,1] —R.

Using (a) or otherwise, prove that there cannot exist an inner product which turns the
space of continuous functions on [0,1] with the supremum norm into an inner product
space; that is, prove that there cannot exist an inner product (-, -) : C[0, 1] x C[0,1]—R
such that (f, f) = || f||2 for each continuous function f: [0,1] — R.

Let e, be the vector in £, with nth coordinate equal to 1 and the rest of the coordinates
equal to 0. Let ¥ be the linear span of the set M = {e, : n > 1}. Show that the orthogonal

complement M+ to M in £, with respect to the inner product
(i) ken, Ok ken) = Y, XYk
k=1

is equal to {0}. Hence deduce that Y is dense in (£, || - ||2). State any theorem, lemma

or proposition from the course that you use.
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3. Let (X,|| - ||) be a normed vector space over R.

(a)

(b)

(©)

(d)

Define what it means that ¢ : X — R is a bounded linear functional on X. Prove that a

bounded linear functional on X is continuous.

State an equivalent condition for a linear functional ¢ : X — R to be continuous in terms

of its kernel. You do not need to prove the statement.

Prove or disprove: If ¢ : X — R is a linear functional, then the image ¢ (X) of ¢ is either
{0} or R.

Assume that (X, ]| -]|) = (41, - ||1) is the space of all sequences of real numbers with a
convergent sum of absolute values; let y = (yk)ken be an element of £.,. Show that the

formula

() =Y xue
k=1

where x = (x;)reN € £1, defines a bounded linear functional ¢ : £; — R. Find the norm

of the functional ¢.

Assume that (X, || - 1) = (coo, || - ||) is the space of all sequences of real numbers which
are eventually zero (i.e., x = (x)reN € coo if there exists N such that for all k> N, one

has x; = 0), with the supremum norm. For each x = (x1)keN € cop define
T(x)=y,

where y = (yx)kren With yx = kx; for every k € N. Show that T"is a linear unbounded

operator from cqp to cgo and that the kernel of T is closed.
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4. (a) Define the term outer measure. If L™ is an outer measure on Q, what subsets of Q are
called p*-measurable? [4]

(b) Define the outer Lebesgue measure on the real line R as
AY(E) = inf{z |I;| : I; are open intervals and Uno E},
i=1 j=1
where |I| denotes the length of an interval I. Prove that A* is an outer measure. [5]

(c) Give an example of a set of positive outer Lebesgue measure that does not contain any
nonempty open intervals. Justify your answer. You may use without proof the fact that the
outer Lebesgue measure of an interval is equal to its length. [4]

(d) Forevery E C R let
0, iIfEN[0,2] =,
1, ifEN[0,2] # @.

WE =

Prove that 1t* is an outer measure on R. Is [0, 1] p*-measurable? [6]

(e) The function f: R — R is defined by

0, if xisirrational,
flx) =

1, if xis rational.
Decide (giving an argument) which of the following statements are true:

(i) fis Borel measurable,

(i) fis Lebesgue measurable. [6]
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5. Let (Q,X, 1) be a measure space.

(a) Assume that f,g: Q — R are measurable functions; prove that f+gis also a measurable
function. [5]

(b) Prove that if the integral /fdu of a non-negative function f is equal to zero, then the

function f equals zero p-almost everywhere. [5]
(c) State carefully Fatou’s Lemma and the Dominated Convergence Theorem. 5]
(d) Prove the Dominated Convergence Theorem. [5]

(e) Let u = A be the Lebesgue measure on Q = R; define the sequence of functions

falx) = (1/n)xpm(x) : R — R,
where Yo ) is the characteristic function of [0,n].

Show that f,(x) — O for every x € R and that /fndk = 1foreveryn > 1.
n— oo

Explain why this example does not contradict the Dominated Convergence Theorem. [5]
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6. Let (Q,Z, 1t) be a measure space and suppose that 1 < p < co. Let Zp»(1) be the collection of
all measurable functions f : Q — R such that the function | f(x)|? is integrable.

(a) Explain how Z,(ut) can be made into a normed space Lp(u). Give the definition of the
norm on L, ().

(b) Assume that f € L,(1t) is such that |f(x)| <1 for all x € Q. Show that f € Ly(u) for
every p' € (p,+).

(c) Assume f,g € Lig(u). Prove that their product fg belongs to Ls(u). State any theorems,

lemmas or propositions from the course that you use.

(d) Let 1 < p < oo be arbitrary. Assume that S1,S;,--- € X are disjoint sets, S = U Sy, is their
k=1
union, and the measure WS is finite. Let Xs, be the characteristic function of S;. Prove

that the series Z Xs, converges in Lp(u) to the characteristic function xs of S.
k=1

(e) AssumethatQ =R, u = A is the Lebesgue measure, and X is the o-algebra of Lebesgue
measurable sets. Let f = ¥} : R —» R be the characteristic function of [0, 1]. Construct
a sequence of continuous functions f, : R — IR such that f, converges to fin Li(4).

Justify your construction.
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