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1. Let X =C[0,1] be the vector space of all real-valued continuous functions f : [0,1]→ R.

(a) Give a definition of the supremum norm ‖ · ‖∞ on the space X . [4]

(b) Prove that if the sequence ( fn)n≥1 ⊆ X converges to f ∈ X in the supremum norm, then

for each t ∈ [0,1] one necessarily has limn→∞ fn(t) = f (t). [4]

(c) Let V ⊆ X be the following linear subspace: V = { f ∈ X | f (0) = f (1) = 0}. Using (b),

or otherwise, prove that (V,‖ · ‖∞) is a Banach space.

You may use results from the course without proof, provided that you clearly state them. [6]

(d) Let L ⊆ X be the linear subspace of X consisting of all continuously differentiable func-

tions. For each g ∈ L, let N(g) = ‖g‖∞ + supt∈[0,1] |g′(t)|.

Prove that N is a norm on L. [5]

(e) Are the norms ‖ · ‖∞ and N equivalent on L? Justify your answer. [6]
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2. Let (X ,〈·, ·〉) be an inner product space.

(a) Prove that if x,y ∈ X and x⊥ y, then

‖x+ y‖2 = ‖x‖2 +‖y‖2,

where ‖ · ‖ is the induced norm with respect to the inner product 〈·, ·〉. [5]

(b) Show that if X 6= {0} then there exist u,v ∈ X such that ‖u+ v‖2 6= ‖u‖2 +‖v‖2. [5]

(c) For a subset S⊆ X give a definition of its orthogonal complement S⊥. [4]

Now let X =C[0,1] be the vector space of all real-valued continuous functions f : [0,1]→ R.

(d) For f ,g ∈ X let

〈 f ,g〉=
∫ 1

0
t2 f (t)g(t)dt.

Verify that this formula defines an inner product on X . [6]

(e) Let f0 ∈ X be the function defined by f0(t) = t for all t ∈ [0,1]. Let L ⊆ X be the linear

subspace of X defined by

L = {λ f0 | λ ∈ R}.

Prove or disprove: L⊥ = {0}.

Here the orthogonal complement is taken with respect to the inner product 〈·, ·〉 defined

in (d). [5]
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3. Let (X ,‖ · ‖) be a normed space over R.

(a) Define what it means for φ : X → R to be a bounded linear functional. [4]

(b) Let φ : X → R be a linear functional that is continuous. Prove that φ is bounded. [6]

(c) Let (X ,‖ · ‖) = (`2,‖ · ‖2) be the space of all sequences of real numbers such that the

series ∑
∞
n=1 |an|2 converges. Let en be the vector in `2 with nth coordinate equal to 1 and

the rest of the coordinates equal to 0.

For a bounded linear functional φ on X , let bn = φ(en) for each n ≥ 1. Find a value of

p≥ 1 such that the series ∑
∞
n=1 |bn|p necessarily converges. Justify your answer. [5]

(d) Let Y =C[0,1] be the space of real-valued continuous functions equipped with the supre-

mum norm ‖ · ‖∞, and Z = `∞ be the space of bounded sequences of real numbers

equipped with its usual norm

‖(ck)k≥1‖∞ = sup
k≥1
|ck|.

Prove that the formula

A f = ( f (2−k))k≥1

defines a bounded linear operator A : Y → Z. Find ‖A‖. [6]

(e) Give an example of an element z = (ak)k≥1 ∈ Z such that z 6∈ A(Y ). Justify your answer. [4]
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4. (a) Let f : [a,b]→ R be a bounded function. Define the notions of lower and upper sums

and what it means for f to be Riemann integrable. [6]

(b) Give an example of a bounded function f : [a,b]→R which is not Riemann integrable but

is Lebesgue integrable. Prove that the function in your example is not Riemann integrable.

State without proof the value of
∫
[a,b]

f dλ . Here λ is the Lebesgue measure. [6]

(c) Let A ⊆ [0,1] be a countable set. Show that the outer Lebesgue measure of its comple-

ment in this segment, λ ∗([0,1]\A), is equal to 1. [6]

(d) Let µ∗1 ,µ
∗
2 ,µ

∗
3 , . . . be a sequence of outer measures on R, such that µ∗n (E) ≤ µ∗n+1(E)

for every E ⊆ R. For every E ⊆ R, define

µ
∗(E) = lim

n→∞
µ
∗
n (E).

Prove that µ∗ is an outer measure on R. [7]
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5. (a) Suppose that (X ,Σ,µ) is an arbitrary measure space, and f : X → R is a measurable

function such that
∫
| f |dµ < ∞. Show that

∣∣∫ f dµ
∣∣≤ ∫ | f |dµ . [5]

(b) Give a definition of the Borel sigma-algebra B of subsets of R. Is the set (0,4] Borel?

Justify your answer. [5]

(c) Prove that every continuous function f : R→ R is Borel measurable. [5]

Now let X =R and Σ =B be the sigma-algebra of Borel subsets of R. Let us call a measure µ

on (R,B) strong if every Borel measurable function f : X → R such that
∫

f dµ = 0 satisfies

f (x) = 0 for µ-almost every x ∈ X .

(d) Show that the Lebesgue measure λ is not strong. [5]

(e) Find an example of a strong measure and justify your answer. [5]
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6. (a) Let A⊆ [0,1]2 be a Borel measurable set. For each x ∈ [0,1] denote by Ax the set:

Ax = {y ∈ [0,1] : (x,y) ∈ A}.

It is given that λ (Ax)< 1/4 for each x∈Q∩ [0,1], and λ (Ax)> 3/4 for each x∈ [0,1]\Q.

Which one of the following statements is true? Justify your answer:

(i) λ2(A)≤ 1/4,

(ii) 1/4 < λ2(A)< 3/4,

(iii) λ2(A)≥ 3/4.

Here λ is the Lebesgue measure on R, and and λ2 = λ ⊗ λ is the product measure

defined on R2 = R×R. [5]

Let (X ,Σ,µ) be a measure space and 1 < p,q <∞ be conjugate indices, i.e.
1
p
+

1
q
= 1. Recall

that we write f ∈Lp whenever f is a measurable function such that
∫
| f |pdµ < ∞.

(b) State Hölder’s inequality for functions f ∈Lp and g ∈Lq. [5]

(c) Recall Young’s inequality: For every s, t ≥ 0

st ≤ sp

p
+

tq

q
.

Use Young’s inequality to prove Hölder’s inequality. [5]

(d) Now let X =R, µ = λ be the Lebesgue measure and functions f ,h : R→R be such that

f ,h ∈L3. Show that if g = h2 then f g ∈L1. [5]

(e) Again let X = R and µ = λ be the Lebesgue measure. Find an example of two measur-

able functions f ,h : R→R with h ∈L1(R) and f 6∈L1(R), such that f (x)≤ h(x) for all

x ∈ R. [5]
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