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1. Let p,q be real numbers satisfying the strict inequalities

1 <p,g<e
and the equation
1 1
1=—4+-.
p q
(a) State without proof Young's inequality for real numbers A,B > 0. [3]

(b) Let £, be the space of complex-valued sequences x = (xn)nen With X2 |%4|P < o and

. 1/p
lIxllp = (Z ixnl"> :
n=1

Show, using part (a) or otherwise, that if x € £, and y € £, then the pointwise product xy

let

belongs to £; and
eyl < [lxllpll¥llg- 5]

(c) Show thatif 1 < s, < e and w € {; then w' € £;, where
Wy = wal**
for n € N. How does the norm ||w/||; relate to the norm [|w||;? 5]

(d) Suppose now that 1 < p,g,r < oo with

1
=4
”

Q|-

1
pP
Show that if x € £, and y € £ then the pointwise product xy belongs to ¢, and

leyll- < lIxllp [y llg- [6]

(e) Deduce from part (d), or otherwise, that if x1,...,x, > 0 and 1 < r < p < oo, then we have

(x{ +x5+...+x;) . <xf+x’27+...+xﬁ>1/p.

n

[6]

n
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2. Suppose X is a vector space over the field F =R or C, and that || - || and || - ||’ are two norms
on X.

(a) Show thatif (X,||-||) is complete and there exist A, B > 0 with
Bljx|| < [lx]|" < Allx]

for all x € X, then (X, || - ||') is also complete. [5]

(b) Suppose now that we only know that there exists A > 0 with
x| < Allx]|
forall x € X. Leti: (X, |- ||) = (X, - ||') be given by
i(x)=x
forallx € X. Prove that i is a bounded linear operator, whose operator norm |}i||op satisfies
[lillop < A. [3]

(c) State, without proof, the inverse mapping theorem. [5]

(d) Suppose now that we know (X, || - ||) and (X, || - ||") are both complete and that, as in part
(b), there exists A > 0 such that '
[l < Allx|

for all x € X. Show that there exists B > 0 such that
Bl|x|| < |lx|)f

forallx € X. [10]
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3. Suppose that H is a Hilbert space with inner product (-,-), and that P: H — H is linear, P:=P
and (Px,y) = (x,Py) forallx,y € H.

Let
Ey={weH:Pw=0},
Ei={weH:Pw=w}.
(a) Show that if x € H then x — Px € Eg and Px € E;. [4]
(b) Show that if y € Eg and z € E1 then (y,z) = 0. [5]

(c) Show that for any x € H,
2
]2 = |lx — Px|[* + || Px]|?,

where || - || is the induced norm on H.
Deduce that P is a bounded operator with operator norm ||Pllop < 1. 8]
(d) Show that Ej is closed and that P is the orthogonal projection onto Ej. [8]
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4. In this question we consider the outer Lebesgue measure A * defined on subsets of the real line
R. ‘

(a) Prove thatif E C R is countable then A*(E) =0. 5]

(b) List (without proof) properties of the outer Lebesgue measure A* that are needed to imply
that it is an outer measure on R. [5]

(c) For each of the following statements decide whether it is true or false. If the statement is
true, give a proof; if the statement is false give a short counterexample without proof.

(i) Every subset E of R is Lebesgue measurable; [2]

(ii) Every subset E of R with A*(E) = 0 is Lebesgue measurable. 2]
(d) Let €] be the c-algebra generated by the collection
{la,b] : —e0o < a < b < 4o}
of all closed intervals, and %, be the c-algebra generated by the collection
{(a,b) : —o < a < b < +oo}
of all open intervals. Prove that ] = %>. | [5]

(e) Consider a collection F of all subsets of the real line R that either contain an interval
of length at least 1 or their complement contains an interval of length at least 1. Is % a
o-algebra? Justify your answer. [6]
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5. Let (Q,X) be a measurable space.

(a) Assume {1, iz are two measures on (€, X) and ay,a; are two nonnegative real numbers.
Prove that the formula
vV =aih +axllz

defines a measure on (Q,X). [4]

(b) Let f, g be two measurable real-valued functions on 2. Prove that the set

{xeQ: f(x)>gx)}
is measurable. (6]

(c) Under the additional assumption that the measurable functions f, g take only nonnegative

values, and using the Monotone Convergence Theorem for nonnegative functions, prove

that
J+adn= [ rau+ [ san
for any measure {1 on (Q,X). [6]
(d) State without proof Fubini’s Theorem for nonnegative measurable functions. [3]

(e) Let A be the Lebesgue measure on the real line R and let a measurable set S C R? be
such that for A-almost all a € R, the Lebesgue measure of

Sa={y€R: (a,y) €S}
is zero. Using (d) or otherwise, prove that for A-almost all b € R, the set
St ={xeR: (x,b) €S}

has Lebesgue measure zero. [6]
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. Let (Q,Z, 1) be a measure space. For a measurable function f:Q — R and any real number

t > 0, denote

Cr(t) = p{x e Q: |f(x)| = 1},

Recall that for 1 < p < o, a measurable function f : Q — R belongs to L, (Q) if / |fIPdp < oo

1/p
and that in this case we define || f||, to be equal to (/ |f|Pdu) :

(a) Let f,g be two measurable real-valued functions. Prove that

Cryg(t) S Cp(t/2) +Cy(2/2).

(b) For any integers n,m > 1 prove that

Cr(t)

<
14 pm

Jrr+1fmdu.

Now let =R and it = A be the Lebesgue measure.

(c) Find a continuous function f : R — R such that || f — ¥jo,1jll2 < 1/10, where % ,; is the

characteristic function of [0, 1].

(d) Assume 1 < p < and f € L,(R); define f, = f X[-n,n) for each n > 1. Prove that the
sequence of functions (f,) converges to f in L,(R).

(e) Showthat L;(R) Z Ly(R).
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