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1. Let X be a vector space over C and let (-,-) : X x X — C be an inner product on X.

(i) State and prove the Cauchy-Schwarz inequality on X.

(i) Let |- : X — [0,e0) be the function on X given by ||x|| := (x,x)!/2. Using (a), or other-
wise, show that for all x,y € X, ‘

e+l < [l + vl

and deduce that (X, || - ||) is a normed vector space.

(iiiy Prove that for each x,y € X

e+ 117 + [l =117 = 2011 + 2[1y>

(iv) Letd € {2,3,...} and for each x = (x1,x2,...,%4) € C? define

Ixlleo := max{|x;| : j = 1,2,...,d}.

Show that there does not exist an inner product (-,-) : C% x C¢ — C such that, for all

xeCq,

il = )"/

Page 2

Turn over

[9]



A18274

2. Let X be the complex Hilbert space L?([—

(x,y) =

(a) Suppose that d € N and assume that {ej, e, ...

that, for each x € X and each (¢, ...

d
X = Z Onén
n=1

(b) Deduce that, for each x € X,

2
inf

X — Z Onen

and that this infimum is attained when o, =

~

(c) Prove thatif e, € X is given by

en(t) =

then {ey, ...

(d) Show that

T d
inf / t415— Z oy

- n=1

equals

2 3

=7
. 3 +

(e) Deduce that

t41°— Z o, sin(nz)
n=1

T
inf /
]

= [la® - Z l %, e + Z |0ty —

051,052,

No Calculator

m, 7]) equipped with the inner product (-, -) given by

/n x(2)y(z)dt.

-

,eq} is an orthonormal set in X. Show
’ (Xd) € (Cd,

x en

og) € C7 b = |lxl|* —

lee,,

(x,ep) foreachn=1,2,...,d.

,eq} is an orthonormal set in X.

(You may use the fact that Yoo, 1/n* = 72 /6.)

1 sin(nt)
—=sin(n
VT
2.
sin(nt)| dt: (oy,0n,...,04) € CY
2 d
—xl3_4n i
13 = n?
2 - 5
dt: o, € Cand o> < o0 p = —xt3
n € an ,,Z__:]l n| 13
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3. (a) State the Riesz-Fréchet theorem without proof.

(b)

Let X,Y be complex Hilbert spaces with inner products (:,-)x and {-,}y respectively. For
any A € .Z(X,Y), show that there exists a unique operator A* € £ (Y, X) such that

(Ax,y)y = (x,A*y)x, forallx€XandallyeY,

and [|A*]| = [|A]]

Let a,b € R and let X be the complex Hilbert space L*([a,b]) equipped with the inner
product (-,-) given by
b S
oy i= [ =0y
a
For a real-valued function y € C({a,b]), find the spectrum of the multiplication operator

A X — X defined by
(Ax)(t) = y(t)x(t), x€X.

[You may assume the fact that for a symmetric operator S € Z(X), where X is a Hilbert
space, the inequality ||(S — 4)x|| > c||x|| for all x € X with a positive constant ¢ implies
that A € p(S), the resolvent set of S.]
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. Every integrable function f: [0,1] — C has a Fourier series ¥,ez f(n) €™, where

A 1 .
fny= [ g e

Further, f is zero (almost everywhere) if and only if f:Z — Cis zero.

The partial sum Dy (f) is defined by

Dn(f)(x) = H‘; fn) ™™ vxe[0,1].
n|<N

The map Dy is linear on L! ([0, 1]), and Dy(f) is a smooth bounded function on [0, 1].

Fix p in [1,%0], and denote by L?([0,1]) the usual Lebesgue space on [0,1]. A sequence
(mn)nez is called a Fourier LP multiplier it ¥,z mn f (1) €27 is the Fourier series of an LP([0,1])
function T;,f whenever Y,z f(n) €™ is the Fourier series of an L”([0,1]) function f. The

mapping Tp,: f +— T, f is linear.

(a) Show that
fmI<|fll, VreZ YfeL([0,1]). [5]

(b) Deduce that

IDw(Hllp < @N+DIfl,  YNeN VfelP([0,1)). [5]

(c) Suppose that Dy(f) — f in LP-norm as N — oo for all f € LP([0,1]). Use the uniform

boundedness principle to show that there exists a constant C,, such that

DNl < Collfll,  WNEN Vf e LP([0,1]). [5]

(d) Suppose that ( fi)ren is a sequence of L? ([0, 1]) functions such that f — f in L7 (0, 1])

norm as k — oo. Show that fi(n) — f(n) as k — oo for all n € Z. 5]
(e) Use the closed graph theorem to show that the mapping T;, is bounded on LP([0, 1}). [5]
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5. Suppose that A is a complex Banach algebra with identity ¢ and norm || - ||. Denote the circle
{z€ C:|z| =R} by I'z. Fix a € A and define the linear map T': H(B(0,R)) — A by the formula

T:fro o [ F@) e —a)a,

27i

where R > |lal|; here H(B(0,R)) denotes the algebra of (complex) functions f that are holo-
morphic in some neighbourhood of B(0, R), which may depend on the function f.

(a) Suppose that a € A. Show that, if z € C and |z| > [|al|, then

n—1 a"
LIS

and hence that

(ze—a)"l Zz—n——lan’

where the sum converges in norm in A.

(b) Show that, for all f € H(B(0,R)),

ITAl < max{|f(z)|: [¢| = R}

H R—al|

(c) Show that, for all complex polynomials p,

Tp=p(a).

(d) Show that, given f and g in H(B(0,R)), there exist sequences of polynomials py and gy
such that py — f and gy — g as N — oo, uniformly in B(0,R).

(e) Deduce that the linear map T satisfies T'(fg) = T(f) T (g), forall f,g € H(B(0,R)).
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6. In this question, take all functions to be real-valued, and equip the real Hilbert space L%([0,1])

with the inner product (-, -) given by

(f.8)= /Olf(x)g(x) dx.

Suppose thatk: [0,1] x [0, 1] — Ris continuous. For £ € L?([0,1]), define the function K f : [0,1] —
R by _

1
KP) = [ Kxn) fO)dy Ve 0,1
(a) Show that

IKfll2 < max{[k(x,y)|: (x,3) € [0,1] x [0, 1]} Ifll2 ¥F € L*([0,1]). [4]

(b) It is possible to approximate k uniformly on [0, 1] x [0, 1] by polynomials. Give the name
of a theoretical justification for this fact. [1]

(c) Show that the linear operator K: L2([0,1]) — L*([0,1]) is compact. [6]

Now define the continuous function &: [0,1] x [0,1] — R by

x(1—y) f0<x<y<I1
k(x,y) =
y(l1—x) H0<y<x<1l

(d) Show that (Kf,g) = (Kg, f) for all f,g € L*([0,1]). [1]

(e) On the basis of the resuls of parts (c) and (d), what can you say about the eigenvalues

and eigenfunctions of K7 [3]

(f) Show thatif £ #0,A # 0and Kf = Af, then f(0) = f(1) =1, and

w_ 1

(g) On the basis of the results of part (f), what can you say about the eigenvalues and eigen-

functions of K? (5]
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