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Let ky(n,0) be the minimum number of r-cliques in graphs with n vertices and minimum
degree at least 6. We evaluate k,(n,0) for 0 <4n/5 and some other cases. Moreover, we
give a construction which we conjecture to give all extremal graphs (subject to certain
conditions on n, § and r).
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1. Introduction

Let f,(n,e) be the minimum number of r-cliques in graphs of order n and size e.
Determining f,(n,e) has been a long-studied problem. The case r = 3, that is, counting
triangles, has been studied by various people. Erd6s [3], Lovasz and Simonovits [7]
studied the case when e = (g) /241 with 0 < [ < n/2. Fisher [4] considered the situation
when (g) /2<e< 2(;)/ 3, but it was not until nearly twenty years later that a dramatic
breakthrough of Razborov [10] established the asymptotic value of f3(n, e) for a general e.
The proof of this used the concept of flag algebra developed in [9]. Unfortunately, it
seemed difficult to generalize Razborov’s proof even for f4(n, e). Nikiforov [8] later gave a
simple and elegant proof of the asymptotic values of both f3(n,e) and f4(n,e) for general
e. However, the asymptotic value of f,(n,e) for r > 5 has not yet been determined, and
the best known lower bounds were given by Bollobas [2].

In this paper, we are interested in a variant of f.(n,e), where instead of considering
the number of edges we consider the minimum degree. Define k. (n,d) to be the minimum
number of r-cliques in graphs of order n with minimum degree at least J. In addition,
ki®(n,9) is defined to be the minimum number of r-cliques in é-regular graphs of order
n. It should be noted that there exist n and ¢ such that k.(n,0) = 0, but k[*¢(n,é) > 0.
For example, if r = 3, n odd and 2n/5 < on < 2, then it is easy to show that k3(n,d) = 0.
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However, a theorem of Andrasfai, Erdés and Sos [1] states that every triangle-free
graph of order n with minimal degree greater than 2n/5 is bipartite. Since no regular
graph with an odd number of vertices can be bipartite, k3%(n,6) > 0 for n odd and
2n/5 < & < n/2, whilst k3(n,8) = 0. The author [5] evaluated k;¥(n,d) for n > 10" odd
and 2n/5+ /n/5 <6 <n/2.

Throughout this paper, n and ¢ always represent the number of vertices and the
minimum degree respectively, whereas f§ represents the rescaled parameter (1 — d/n). In
other words, 6 = (1 — f)n with 0 < < 1. Thus,  and fin are assumed to be a rational
and an integer respectively. Furthermore, define the integer p to be [f~'] — 1. Note that p
is defined so that, by Turan’s theorem [11], k.(n, (1 — 8)n) > O for all n (such that fin is an
integer) if and only if r < p 4 1. Since the case f = 1 implies the trivial case 6 = 0, we may
assume that 0 < f < 1. Furthermore, we consider the cases 1/(p 4+ 1) < f < 1/p separately
for positive integers p. Hence, the condition p = 2 is equivalent to 1/3 < f§ < 1/2, that is,
n/2 <6 < 2n/3.

Next, we define a family G(n, f) of graphs of order n with minimum degree (1 — f8)n.
The number of r-cliques in each of these graphs is small. Thus, we obtain an upper bound
on k,(n,d) (recalling that 6 = (1 — f)n).

Definition 1.1. Let n and (1 — f)n be positive integers not both odd with 0 < f < 1.
Define G(n, ) to be the family of graphs G = (V,E) of order n satisfying the following
properties. There is a partition of V into Vo, Vy,...,V,—1 with |Vy| = (1 —(p —1)B)n and
|Vi| = Bnfor 1 < i< p—1,whereagainp = [f~!] — 1. For 0 < i < j < p — 1, the bipartite
graph G[V;, V;] induced by the vertex classes V; and V; is complete. For 1 <i < p—1, the
subgraph G[V;] induced by V; is empty and G[V,] is a (1 — pf)n-regular graph such that
the number of triangles in G[V;] is minimal over all (1 — pf)n-regular graphs of order
Vol = (1= (p — D).

Note that G(n, f5) is only defined if n and (1 — f)n are not both odd. Thus, whenever
we mention G(n, ), we automatically assume that n or (1 — f)n is even. Furthermore, we
say (n, B) is feasible if G[Vy] is triangle-free for G € G(n, ). Note that G[V,] is regular of
degree (1 —pf)n < (1 —(p — 1)p)n/2 = |Vy|/2. Thus, if |Vy] is even, then G[Vy] is triangle-
free. Therefore, for a given f, there exist infinitely many choices of n such that (n, ) is a
feasible pair. If (n, ) is not a feasible pair, then || is odd. Moreover, it is easy to show
that k3(G[Vo]) = k5 8(no, do) = o(n®), where ng = [Vo| = (1 — (p — 1)B)n, 6o = (1 — pB)n and
k.(H) is the number of r-cliques in a graph H.

By Definition 1.1, every G € G(n, ) is (1 — f)n-regular. In particular, for positive integers
r > 3, the number of r-cliques in G is exactly

6 = g 9+ (17 1)1 = ppy S0 ha(G1raD,

= e+ (73 ) 0= BN, (L)
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where ng = (1 — (p — 1)B)n, 6o = (1 — pf)n and

a1 = (") (P2 )a -0 g

+1@:Du—wm—@—nmwa
’

2
with (;) defined to be 0 if x <y or y <0. Since kj5(ng,d9) = o(n®), (1.1) becomes
k(G) = (g(f) + o(1))n". In fact, most of the time, we consider the case when (n,f) is
feasible, i.e., k3(G[Vp]) = 0 and k,(G) = g,(f)n” for G € G(n, f).

Recall that 6 = (1 — f)n. Write g, (n,0) = g,(f)n". Since § is a function of n and 9,
we abuse notation by writing ‘(n,0) is feasible’ to mean (n, ), and G(n,d) for G(n,f).
We conjecture that if (n,0) is feasible then G(n,d) is the extremal family for k,.(n,d) for
3<r<pHl=[p"T=[0-8/m7"].

Conjecture 1.2. Let n and J be positive integers. Then
k.(n,0) > g, (n,9)

for positive integers r. Moreover, for 3 <r < p+1=[(1—35/n)""], equality holds if and
only if (n,0) is feasible and the extremal graphs are members of G(n, o).

By Turan’s theorem [11], the conjecture above is true when p=1 or r >p+ 1. If
0 =pn/(p+ 1), then G(n,0) only consists of T,i(n), the (p + 1)-partite Turan graph of
order n. Bollobas [2] proved that if (p 4 1)jn and e = (1 — 1/(p + 1))n?/2, then f,(n,e) =
k.(Tp+1(n)). Moreover, Tpi1(n) is the only graph of order n with e edges and f,(n,e)
r-cliques. Hence, it is an easy exercise to show that Conjecture 1.2 is true when 6 =
pn/(p+1).

It should be noted that since G(n,0) defines a family of regular graphs, we also
conjecture that k[°®(n,d) is achieved by G € G(n,0). However, we do not address the
problem k[°¢(n,d) here. Note that the extremal graphs of k,(n,6) have minimum degree
0. For the remainder of the paper, all graphs are also assumed to be of order n with
minimum degree 6 = (1 — ff)n unless stated otherwise.

2. Main results
By our previous observation, Conjecture 1.2 is true for the following three cases: p =1,
r>p+1and d = pn/(p+1). That leaves the situation when 3 <r <p+1 and é > n/2.
In Section 3, we prove Conjecture 1.2 for n/2 < 6 < 2n/3, as follows.
Theorem 2.1. Let n and 6 be positive integers with n/2 < 6 < 2n/3. Then
k3(n,6) > g5(n,9).

Moreover, equality holds if and only if (n, ) is feasible and the extremal graphs are members

of G(n,9).
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The ideas in the proof, which is short, form the framework for our other results. The
next case is that of K, »-free graphs. Notice that, by the definition of p, G must contain
K, 11 but need not contain K,i». Conjecture 1.2 is proved for Kpi,-free graphs by the
next theorem.

Theorem 2.2. Let n and 6 be positive integers. Let G be a K,.,-free graph of order n with
minimum degree &, where p = [(1 — & /n)""] — 1. Then,

ki(G) = g;(n,9)

for positive integers r. Moreover, for 3 <r < p—+ 1 equality holds if and only if (n,9) is
feasible, and the extremal graphs are members of G(n, ).

Theorem 2.2 is proved in Section 5, after some notation and basic inequalities have
been set up in Section 4. Hence, the difficulty in proving Conjecture 1.2 is in handling
(p + 2)-cliques. We discuss this situation in Section 6 for the case p = 3, and by a detailed
analysis of 5-cliques in Section 7, proving Conjecture 1.2 for 2n/3 < ¢ < 3n/4, as follows.

Theorem 2.3. Let n and o be positive integers with 2n/3 < 6 < 3n/4. Then
k(n,8) > g;(n,0),

for positive integers r. Moreover, for 3 < r < 4 equality holds if and only if (n, ) is feasible
and the extremal graphs are members of G(n,J).

This theorem is the hardest in the paper. We have in fact proved Conjecture 1.2 for
3n/4 <6 < 4n/5 by a similar argument. It is too complicated to be included in this paper,
but it can be found in [6]. For each positive integer p > 5, it is likely that by following
the arguments in the proof of Theorem 2.3 one could construct a proof for Conjecture 1.2
when (1—1/pn<dé<(1—1/(p+ 1)n

We give two more results in support of Conjecture 1.2 in Section 8 and Section 9. The
first is that for every positive integer p, Conjecture 1.2 holds for a positive proportion of
values of 9.

Theorem 2.4. For every positive integer p, there exists a (calculable) constant €, >0 so
that if n and o are positive integers such that (1 —1/(p+1)—e,)n <o < (1 —1/(p+ )n,
then

kl‘(na 5) 2 g:(na 5)7

for positive integers r. Moreover, for 3 <r < p+ 1 equality holds if and only if (n,0) is
feasible and the extremal graphs are members of G(n, o).

Finally, using a different argument, we can show that Conjecture 1.2 holds in the case
r = p+ 1 (the largest value of r for which r-cliques are guaranteed).
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Theorem 2.5. Let n and é be positive integers. Then

kp-H (na 5) = g;+1(ns 5)5

where p = [(1 —&/n)~'] — 1. Moreover, equality holds if and only if (n,d) is feasible and
the extremal graphs are members of G(n, o).

3. Proof of Theorem 2.1
Here we prove Theorem 2.1, that is, Conjecture 1.2 for n/2 < 6 < 2n/3,s0 1/3< < 1/2

and p = 2. First, we would need the following simple proposition.

Proposition 3.1. Let A be a finite set. Suppose f,g : A — R with f(a) < M and g(a) > m
for all a € A. Then

Y flagla) <md fla)+ MY gla) —mM|A|,

acA ac A acA
with equality if and only if, for each a € A, f(a) = M or g(a) = m. ]
Proof. Observe that > _ ,(M — f(a))(g(a) —m) > 0. OJ

Proof of Theorem 2.1. Let G be a graph of order n with minimum degree 6. Since G
has at least on/2 = (1 — B)n*/2 edges,

(1= 2p)Bnk>(G) > (1 —2B)(1 — B)pn* /2 = g3(f)n’

Thus, in proving the inequality in Theorem 2.1, it is enough to show that k3(G) >
(1 = 2p)Bnk(G).

For an edge e, define d(e) to be the number of triangles containing e and write
D(e) = d(e)/n. Clearly,

Z = d(e) = 3k;(G

ecE(G

In addition, D(e) > 1 —2f for each edge e, because each vertex in G misses at most fn
vertices. Since ff < 1/2, D(e) > 0 for all e € E(G) and so every edge is contained in a
triangle. Let T be a triangle in G. Similarly, define d(T) to be the number of 4-cliques
containing T, and write D(T) = d(T)/n. We claim that

> D(e) = 2—38+D(T). (3.1)
ecE(T)

Let n; be the number of vertices in G with exactly i neighbours in T for i =0,1,2,3.
Clearly, n = ng + ny + ny + n3. By counting the number of edges incident with T, we
obtain

n< Y dv) =3n3+2m +n < 2m3+nmy+n. (3.2)
veV(T)
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On the other hand, n3; = d(T) and ny + 3n; = ZeeE(G) d(e). Hence, (3.1) holds. Notice that
if equality holds in (3.1) then d(v) = (1 — f)n for allv € T.
For an edge e, define D_(e) = min{D(e), #}. We claim that

Z D_ —3p (3.3)
ecE(T
for every triangle T. If D(e) = D_(e) for each edge e in T, then (3.3) holds by (3.1)
Otherwise, there exists eg € E(T) such that D(ey) # D_(ep). This means that D_(ey) = f.
Recall that for the other two edges e in T, D(e) > 1 —2f,s0 > D_(e) = f +2(1 —2p) =
2 —3f. Hence, (3.3) holds for every triangle T.
Next, by summing (3.3) over all triangles T in G, we obtain

n Y D(eDe)=) > D_(e)>2—3fk(G). (34)

e€E(G) T ecE(T)

We are going to bound Y D_(e)D(e) above in terms of > D(e), which is equal to 3k3(G)/n.
Recall that D(e) > 1 — 2f and D_(e) < . By Proposition 3.1, taking A = E(G), f = D_,
g=D, M= and m=1—2f, we have

n > DED_(e)<(1—2B)n Y D_(e)+pn ¥ Dle)—(1—2p)pnky(G)

e€E(G) e€E(G) e€E(G)
<(1—Bin Y D(e) — (1 —2p)pnka(G), (3.5)
e€E(G)
n Z (e)D_(e) < 3(1 = B)k3(G) — (1 — 2B)Bnk(G). (3.6)
e€E(G)

After substitution of (3.6) into (3.4) and rearrangement, we have

k3 (G) = (1 = 2p)pka(G)n.

Thus, we have proved the inequality in Theorem 2.1.

Now suppose equality holds, i.e., k3(G) = (1 — 2f8)Bk,(G)n. This means that equality
holds in (3.5), so (since f < 1/2) D(e) = D_(e) for all e € E(G). Because equality holds
n (3.3), ZeeE(T)D(e) =2 —3f for triangles T. Hence, D(T) =0 for every triangle T
by (3.1), so G is K4-free. In addition, by the remark following (3.1), G is (1 — f§)n-regular,
because every vertex lies in a triangle as D(e) > 0 for all edges e. Since equality holds
in Proposition 3.1, either D(e) = 1 — 2 or D(e) = f§ for each edge e. Recall that equality
holds for (3.1), so every triangle T contains exactly one edge e; with D(e;) = f and two
edges, e; and ez, with D(e;) = D(e3) = 1 — f. Pick an edge e with D(e) = f§ and let W
be the set of common neighbours of the end vertices of e, so |W| = fn. Clearly W is
an independent set, otherwise G contains a K4. For each w € W, d(w) = (1 — f)n implies
N(w) = V(G)\W. Therefore, G[V(G)\W] is (1 — 2f)n-regular. If there is a triangle T in
G[V(G)\W], then T Uw forms a K, for w € W. This contradicts the assumption that G
is Ky4-free, so G[V(G)\W] is triangle-free. Hence, G is a member of G(n, ) and (n, ) is
feasible. Therefore, the proof is complete. ]
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4. Degree of a clique

Denote the set of t-cliques in G[U] by K,(U) and write k.(U) for |IC.(U)|. If U = V(G),
we simply write K, and k,.

Define the degree d(T) of a t-clique T to be the number of (¢t 4 1)-cliques containing
T. In other words, d(T)=|{S € K41 : T = S}|. If t =1, then d(v) coincides with the
ordinary definition of the degree for a vertex v. If t =2, then d(uv) is the number
of common neighbours of the end vertices of the edge uwv, that is, the codegree of u
and v. Clearly, ZTE,Q d(T) = (t + 1)ky; for t > 1. For convenience, we write D(T) to
denote d(T)/n.

Recall that p = [p~'] —1and 1/(p + 1) < p < 1/p. Let Gy € G(n, B), with (n, ) feasible.
Let T be a t-clique in Gy. It is natural to see that there are three types of cliques according
to |T N Vy|. However, if we consider d(T'), then there are only two types. To be precise,

D(T) = {1 —1f ﬁf V(T)N Vol = 0,1,
(p—t+ DB if V(T)N V| =2,

for T € Ki(Gy) and 2 <t < p+ 1. Next, define the functions Dy and D_ as follows. For
a graph G with minimum degree 6 = (1 — f)n, define

D_(T) =min{D(T),(p —t + 1)B}, and
D(T) = D(T) = D_(T) = max{0,D(T) — (p — t + 1)j3}

for T € K, and 1 <t < p+ 1. We say that a clique T is heavy if D (T) > 0. The graph
G is said to be heavy-free if and only if G does not contain any heavy cliques. Now, we
study some basic properties of D(T), D_(T) and D (T).

Lemma 4.1. Let 0<f <1 and p=[p~"] — 1. Suppose G is a graph of order n with
minimum degree (1 — f)n. Suppose S € K and T € K(S) for 1 <t <s. Then we have the
following.
() D(S) > 1 —sp.
(ii) D(S) = D(T) — (s — ).
(111 For s<p+1, D (T)<Di(S)<D(T)+ (s—1)p.
If T is heavy and s < p+ 1 then S is heavy.
If T is not heavy and s < p+ 1, then D (S) < (s —t)p. In particular, if t =s—1 <
then D (S) < B.

Moreover, G is K,>-free if and only if G is heavy-free.

Proof. Foreachv € S, there are at most fin vertices not joined to v. Hence, D(S) > 1 — sp,
so (i) is true. Similarly, consider the vertices in S\T, so (ii) is also true. If s < p+ 1 and
D(T) > 0, then we have

D(S)
D(T)—(s—1)p
D(T)+(p—t+ D= (s=1)p,

Di(S)+(p—s+1)f >
>
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so the left inequality of (iii) is true. Since D(S) < D(T), the right inequality of (iii) is also
true by the definition of D, (S) and D, (T). Hence, (iv) and (v) are true by the left and
right inequalities in (iii) respectively. Notice that D(U) = D,(U) for U € K,+1. Hence, by
(iv), G is Kpio-free if and only if G is heavy-free. ]

Now we prove the generalized version of (3.1), that is, the sum of degrees of t-subcliques
in an s-clique.

Lemma 4.2. Let 0 < f < 1. Let s and t be integers with 2 < t < s. Suppose G is a graph
of order n with minimum degree (1 — f)n. Then

s—2 s—1 s—2
> D(T)>(1—B)s<t_1>—(t—1)( . >+<t—2)D(S)

TeK(S)
for S € Ks. Moreover, if equality holds, then d(v) = (1 — B)n for all v € S.

Proof. Let n; be the number of vertices with exactly i neighbours in S. The three
equations
Z n =n, (4.1)

Zin,- Z d(v) = s(1 — f)n, (4.2)

vel(S)

ZC)m: > D(T)n (4.3)

i Tek(S)

follow by counting the number of vertices, edges and (t + 1)-cliques respectively. Next, by
considering (t — 1)(*;")(4.1) — (77)(4.2) + (4.3), we have

5> oz (w=ps((7) — =0 ek X s

TeK,(S) 0<i<s

where x; = (1) +(t — 1)(S:1) — z(ij) Notice that x; = xi1 + (fj) —(,}}) = xiy1 for 0 <
i <s—2. Fori=s—1, we have

sea= (7 roen(' ) ()
S ) () -

For i =s, ny = D(S)n and
S s—1 s—2
(o) (20
o (s—1 s—1 s—2
=)+ (o) -0
s—1 s—2
=(S_t+1)<t—1)_s<t—1>
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s—2 s—2
:(S_H_l)(t—Z) —(t—l)(t_1>
_(s—2
(%)

In particular, if equality holds in the lemma, then equality holds in (4.2). This means that
div)=(1—p)nforallv € 8S. U]

Most of the time, we are only interested in the case when s =t + 1. Hence, we state the
following corollary.

Corollary 4.3. Let 0 < f§ < 1. Suppose G is a graph of order n with minimum degree (1 —
pn. Then

> D(T)=2—(t+ 1B+ (t— 1D(S)
Tek(S)

for S € K41 and integer t > 2. Moreover, if equality holds, then d(v) = (1 — f)n for all
ves.

In the next lemma, we show that the functions D in Lemma 4.2 can be replaced with D_.

Lemma 44. Let 0<f <1 and p=[p~'] —1. Let s and t be integers with 2 <t < s <
p + 1. Suppose G is a graph of order n with minimum degree (1 — f)n. Then, for S € K,

s—2 s—1 s—2
> D(T);(l—ﬁ)s<[_1>—(t—1)( ) >+<t_2)D(S).

TeK,(S)

Proof. Since D(S) > D,(T) for every T € K(S) by Lemma 4.1(iii), there is nothing

to prove by Lemma 4.2 if there are at most (fj) heavy t-cliques in S. Now suppose

there are more than (::g) heavy t-cliques in S. In particular, S contains a heavy t-clique,

so S is itself heavy with D_(S) = (p+ 1 —s)f by Lemma 4.1(iv). Thus, the right-hand
side of the inequality is (})(1 — ) + (i:g)((p + 1) —1). By Lemma 4.1(i) we have that
D_(T) > (1—tp) for T € K,(S). Furthermore, by Lemma 4.1(iv) D_(T)=(p —t + 1) if
T is heavy, so summing D_(T) over T € K,(S) gives

Y. DT =K (S)p—t+ 1)+ ((j) —kT(S))(l —tp)

Tek(S)
- (f)(l —1B) + kS (S)(p+ B — D).

This completes the proof of the lemma. U]

Define the function D : K:+1 — R such that
D)= > DA(T)—(2—(t+1)B+(—1)D_(S))

Tek(S)

for S € K11 and 2 <t < p. Hence, for s =t + 1, Lemma 4.4 gives the following corollary.
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Corollary 4.5. Let 0<pf <1l and p=[p~'] —1. Let t be an integer with 2 < t < p. Sup-
pose G is a graph of order n with minimum degree (1 — f)n. Then D(S) > 0 for S € Kyyy.

Next, we bound ZSE}C,_H 13(8) from above by using Proposition 3.1.

Lemma 4.6. Let 0 < < landp=[B~'] — 1. Let t be an integer with 2 < t < p. Suppose
G is a graph of order n with minimum degree (1 — f)n. Then

> DE)< (t—1+(p—2+2)(t+ D)k +(t—1) Y Di(S)

SER 11 SER 11
— (L= tB)(p —t+ 1)k, — (z—1><z+2)"‘+2 (1=tfyn Y D(T
TekK,

Moreover, equality holds if and only if, for each T € K;, either D_(T)=1—1tf or D_(T) =
(p—t+1)p.

Proof. Notice that the sum l~)(S ) over S € K41 is equal to

> DAT) ==+ DBky1 —(t—1) Y D_(S). (4.4)

Sk TEK(S) SeKiti
Consider each term separately. Since D(S) = D_(S) 4+ D4(S),
(t+2)k
SNps)= Y D)= Y DiS) = N DS
Sekitt Seit1 Se 11 Seit1
By interchanging the order of summation, we have
> > D(T)=n)_ D(T)D(T),
Sek+1 TEK(S) Tek,
and by Proposition 3.1, taking A=K, f=D_,g=D, M =(p—t+1)f and m=1—1tf,
ny  D_(T)D(T)

Tek,

SU—=tpn Y DAT)+(p—t+1D)pn Y D(T)— (1 —1f)(p— 1t + 1)Bnk,

TekK,; Tek:
=1+ (p—2+1Dfn>_ D(T)—(1—tf)nY_ D (T)—(1—1p)(p—t+1)Bnk
=1+ (p—2+ DB+ Dkeyr — (L= tf)n Y D(T) — (1 — 1f)(p — t + 1)Bnk,.

Hence, substituting these identities back into (4.4), we obtain the desired inequality in the
lemma.

By Proposition 3.1, equality holds if and only if, for each T € K, either D(T) =1 —1tf
or D_(T)=(p—t+1)p. ]

To keep our calculations simple, we are going to establish a few relationships between
g:(f) and g;+1(f) in the next lemma.
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Lemma 4.7. Let 0 < f <1 and p=[p~'] — 1. Let t be an integer with 2 <t < p. Then

(14 g (B) = (1 = 1B)gi(B) + ;(‘t’ :21)((1, + 1B = DL = (p— DAL = pAIF 2 (45)

_ U—th)p—t+ DBgp) + (¢t — D(t + 2)g142(f)

gi+1(P) R B P 1Y P P (46)
Moreover,
B0 (1 i) )
B B\ - Pg)) (@7)

where ' = /(1 — ).

Proof. We fix f (and p) and write g, to denote g,(f3). Pick n such that (n, ) is feasible and
let G € G(n, p) with partition classes Vo, Vi,..., V,—1 as described in Definition 1.1. Thus,
for Te K, D(T)=1—tfor D(T)=(p—t+1)p. Since D(T) = (p —t + 1) if and only
if |[V(T)N Vy| = 2, there are exactly

1ip—1 =2t
5(125) 0= 0= 0 — o

t-cliques T with D(T) = (p —t + 1)f. Also, we have

(t+ Dgepn™ = (t+ Dkyr =n »_ D(T).
Tek,
Hence, (4.5) is true, by expanding the right-hand side of the equation above. For 2 < s < p,
let fy and fs1 be (4.5) with t =5 and t =s+ 1 respectively. Then (4.6) follows by
considering (p — s+ 1)fs — (s — 1)Bfst1-

Now let G’ = G\V,_;. Notice that G’ is (1 —2f)n-regular with (1 — f)n vertices.
We observe that G’ is a member of G(n',p’), where ' = (1 — f)n and p' = p/(1 — p).
Observe that [f~!] —1=p—1,s0 1/p < B’ < 1/(p—1). Recall that k,(G) = g;(f)n' for
all 2 <t < p, 50 kpy1(G)gp(B) = kp(G)gps1(B)n. Similarly, ky(G')gp—1(f') = kp—1(G')g,(p')n.
By considering IC,(G) and XC,+1(G), we obtain the following two equations:

kp11(G) = pnk,(G'), (4.8)
’ ’ —1(Bky (G /
k(@) = Bk (6) + k@) = SR 1k @)
_ Bgp—1(B") ) /
(1+ ) o1 )
By substituting (4.8) and (4.9) into k,(G)n/kp+1(G) = gp(B)/gp+1(B), we obtain (4.7). The
proof is complete. 0

5. K, ,-free graphs

In this section, all graphs are assumed to be K, >-free. Lemma 4.1 implies that these
graphs are also heavy-free. This means that D, (T) =0 and D(T) < (p —t+ 1)p for all
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T € K; and t < p+ 1. We prove the theorem below, which easily implies Theorem 2.2 as
gpn* = (1 = p)n*/2 < ka(G).

Theorem 5.1. Let 0 <f <1 and p=[B~'] — 1. Suppose G is a K,1»-free graph of order
n with minimum degree (1 — f)n. Then
K(G) _ k(G)
gBm = g Bnt

holds for 2 <t <s < p+ 1. Moreover, the following three statements are equivalent:

(5.1)

(1) equality holds for some 2 <t<s<p+1,
(i) equality holds for all 2 <t <s<p-+1,
(iii) the pair (n, B) is feasible and G is a member of G(n, f).

Proof. Fix f and write g, to denote g,(f). Recall that D, (T) =0 for cliques T. By
Corollary 4.5 and Lemma 4.6, we have

> (1 —B)(p —t + V)fnk; + (t — 1)(t + 2)ke2/n
= t—1+(p—2042)t+ B '

First, we are going to prove (5.1). It is sufficient to prove the case when s =1t + 1. We
proceed by induction on t from above. For t = p, k,» = 0 and so (5.2) becomes

(p—1—=(p—2)p+ DP)kpr1 = (1 — pB)Bnk,.

Since g2 = 0, we have k,.1/g,11n"™1 > k,/g,n” by (4.6). Hence, (5.1) is true for ¢ = p.
For t < p, (5.2) becomes

(t—14+(+ D(p—2t+2)B)kir1
> (1—1B)(p + 1 — )k, + (t — 1)(t + k2 /n
> (1= tf)(p+ 1 — OBk, + (¢ — D)t + 2)girokis1 /g1 (53)

by the induction hypothesis. Thus, (5.1) follows from (4.6).

It is clear that (iii) implies both (i) and (ii) by Definition 1.1 and the feasibility of
(n, B). Suppose (i) holds, so equality holds in (5.1) for t =ty and s = sy with ty < so. We
claim that equality must also hold for t = p and s = p + 1. Suppose the claim is false and
equality holds for t =ty and s = 59, where sy is maximal. Since equality holds for ¢ = ¢,
by (5.1), equality holds for t = tg,...,so — 1 with s = s9. We may assume that t =5y — 1
and so # p+ 1 and kg 11/g5+10 > ks, /gs,- However, this would imply a strict inequality
in (5.3), contradicting the fact that equality holds for s =sy and ¢t = sy — 1. Thus, the
proof of the claim is complete, that is, if (i) holds then equality holds in (5.1) for t = p
and s=p+ 1.

Therefore, to prove that (i) implies (iii), it is sufficient to show that if k,1/gy+in"™ =
k,/gpn®, then (n, B) is feasible and G is a member of G(n, B). We proceed by induction on p.
It is true for p = 2 by Theorem 2.1, so we may assume p > 3. Since equality holds in (5.1),
we have equality in (5.2), Corollary 4.5 and Lemma 4.6. Since D, is a zero function,
equality in Corollary 4.5 implies equality in Corollary 4.3 and so G is (1 — )n-regular,
as every vertex is a (p + 1)-clique. In addition, for each T € IC,, either D(T) =1 —pf or

(5.2)
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D(T) = p by equality in Lemma 4.6. Moreover, Corollary 4.3 implies that ETEIC,,(S) D(T) >
2—(p+1)p for S € K,11. Thus, there exists T € K,(S) with D(T) = B. Pick T € IC, with
D(T)=p and let W =({N(v) :v € V(S)}, so |W| = p. Since G is K,»-free, W is a set
of independent vertices. For each w € W, d(w) = (1 — f)n, so N(w) = V(G)\W. Thus, the
graph G' = G[V(G)\W] is (1 — p')n'-regular, where n' = (1 — f)n, f'n’ = (1 —2f)n and
B’ = B/(1 — B). Note that [p'~!] —1 =p— 1. Since G is K,2-free, G’ is K, 1-free. Also,
kp+1(G) = pnk,(G') and

gp—1()kp(G')

y (5.
kp(G) = Bk, 1(G’>+k(G’) Sy (F) + ky(G')
_ (4 gr—1(8") )k bvan &BB, o 54
(*ﬁ T=pe,i) )= o am®) (4

Hence,

by (
(BB, (G) = gy (G) P E g (BYky(G) < gy(B)Bky(G).

Therefore, we have k,(G')/g,(B" P = k,—1(G')/g,—1(B')nP~L. By the induction hypothesis,
G' € G(n', '), which implies G € G(n, ). This completes the proof of the theorem. |

6. Evaluating k. (n, ) for 2n/3 <6 < 3n/4

By Theorem 2.2, in order to prove Conjecture 1.2 it remains to handle the heavy cliques.
However, even though both Corollary 4.5 and Lemma 4.6 are sharp by considering
G € G(n, p), they are not sufficient to prove Conjecture 1.2, even for the case when
2n/3 < 6 < 3n/4 by the observation below. Let 2n/3 < < 3n/4, 1/4 < <1/3 and
p = 3. By Corollary 4.5 and Lemma 4.6, we have

(1438 + > Do(T) > 2(1 —28)nk, + %m +(1—28)n > Dfe), (6.1)
TG’C} eEKz

10
Q= 4Bk +2 Y Do(8)> (1 =3B)fnks + ks +(1=3fm > Du(T),  (62)
Seky Tek;
for t = 2 and t = 3 respectively. Since D_ is a zero function on 4-cliques,
D> Dy(S)=Y_ D(S)=5Sks/n.
Selly Seky

Hence, the terms with ks and > D (S) cancel in (6.2). Also, (1 — 2f3) > 0, so we may ignore
the term with 3" D (e) in (6.1). Recall that g»(8) = (1 — )/2 and g3(B) = (1 — 28)*B. After
substitution of (6.2) into (6.1), replacing the k4 term and rearrangement, we get

>

TE’C;

=z g3(ﬁ)n -

However, (46 —1) > 0 only if f = 1/4. Hence, we are going to strengthen both (6.2)
and (6.1). Recall that (6.1) is a consequence of Corollary 4.5 and Lemma 4.6 for ¢t = 2.
Therefore, the following lemma, which is a strengthening of Corollary 4.5 for t = 2, would
lead to a strengthening of (6.1).
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Lemma 6.1. Let 1/4 < f < 1/3. Suppose G is a graph of order n with minimum degree
(1 — p)n. Then, for T € K3,

~ 2 4 — D.(e)
D(T) > (1—29_75ﬁ>1_2ﬁ H(T)—( 1-2/3)(%2 ROEYE (6.3)

Moreover, if equality holds then T is not heavy and d(v) = (1 — f)n for allv e T.

Proof. Letcbe (1 —2/(29—758))(4p —1)/(1 —2f3). Corollary 4.5 gives B(T) > 0, so we
may assume that T is heavy. In addition, Corollary 4.3 implies that

D(T)+ Y Di(e) > Du(T). (64)
eekH(T)

Since ¢ < 1, we may further assume that T contains at least one heavy edge, or else (6.3)

holds as (6.4) becomes l~)(T) > D, (T)>cDy(T). Let ey € Ky(T) with D (eg) maximal.
By substituting (6.4) into (6.3), it is sufficient to show that the function

(o128 Npory (e 128
f_<1 D+(e0)+2ﬁ>D(T) (C D+(eo)+2ﬁ>D+(T)

is non-negative.
First consider the case when D (T) < 1 — 3. Lemma 4.1(iii) implies D1 (ep) < Do (T) <
1 — 3. Hence,

1-28 . 1-28
Di(eo)+28 7 1-p
Also, 1 —2p <2 < Di(eg) +2f. Therefore, f > 0 by considering the coefficients of

13(T) and D(T). Hence, we may assume D (T) > 1 — 3p. Since T is heavy, D_(T) = f.
Therefore, by the definition of D, we have

D(T)= > D_(e)—2(1—p). (6.5)

ecCo(T)

—c>0.

We split into different cases separatelyNdepending on the number of heavy edges in T.
Suppose all edges are heavy. Thus, D(T) = 2(4 — 1) by (6.5), because D_(e) = 2f for
all edges e in T. Clearly D.(T) = D(T) — < 1 — f3. Hence, (6.3) is true as

D(T)=2(4p — 1) > (48 — 1)(1 — p)/(1 = 2B) > cD(T),

Thus, there exists an edge in T that is not heavy and D (T) < f by Lemma 4.1(v).
Suppose T contains one or two heavy edges. We are going to show that in both cases

D(T) > 2(D4(T) — (1 —3p)).

First assume that there is exactly one heavy edge in T. Let ¢; and e, be the two non-heavy
edges in T. Note that D_(e;) = D(e;) > D(T) =D.(T)+ f for i =1,2. Thus, (6.5) and
Lemma 4.1 imply that D(T) > 2(D4(T) — (1 — 3f)). Assume that T contains two heavy
edges. Let e; be the non-heavy edge in T. Similarly, we have D_(ey) > D(T) + . Recall
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that D(T) < f3, so (6.5) and Lemma 4.1 imply

D(T) > (4B + D+(T) — (1 —3p))
=4f — 1+ D(T) — (1 —3) = 2(D(T) — (1 — 3p)).

Since E(T) > 2(D4(T)— (1 —3p)), in proving (6.3), it is enough to show that
D(eo)f = (D+(e0) +2B)f

2 2(D4(eg) + 4 — 1)(D(T) — (1 —3p))
— ((D4(e0) +2p)c — (1 = 2f))D(T) (6.6)
is non-negative for 0 < Di(eg) < D+(T) and 1 — 3 < D4(T) < f. Notice that for a fixed
D (T) it is enough to check the boundary points of D (ey). For D, (ey) = 0, we have

D(eo)f > (23 —¢)p — )D(T) —2(4f — 1)(1 —3p)

((
(4p = 1)(D(T) = (1 =3p)) >

For D (ep) = D, (T), the right-hand side of (6.6) becomes a quadratic function in D, (T).
Moreover, both coefficients of D, (T)?> and D, (T) are positive Thus, it is enough to check
for D.(T)=1—3p. For D.(T) = D,(ep) =1 —3p, (6.6) becomes

D(eo)f =2 (1 —c—(2—=c)p)(1 —=3p) > 0.

>
=

Hence, we have proved the inequality in Lemma 6.1.

It is easy to check that if equality holds in (6.3) then D(T) = 0. Thus, for all edges e
in T, D,(e) =0 by Lemma 4.1. Furthermore, equality holds in (6.4), so equality holds in
Corollary 4.3 as D (T) = 0 = D, (e). Hence, d(v) = (1 — f)n for v € S. This completes the
proof of the lemma. |

Together with Lemma 4.6 with t = 2, we obtain the strengthening of (6.1).

Corollary 6.2. Let 1/4 < f < 1/3. Suppose G is a graph of order n with minimum degree
(1 — B)n. Then

k
(1+3B)ks + 22/3(1 3B+ 59 - 75ﬁ>ZD+ 2(1—2[3)[3nk2—|—4;4

holds. Moreover, if equality holds, then G is (1 — f)n-regular and for each edge e, either we
have D(e) = 1—2f or D(e) = 2.

Note that by mimicking the proof of Lemma 6.1, we could obtain a strengthening of
Corollary 4.5 for t = 3. It would lead to a strengthening of (6.2). However, it is still not
sufficient to prove Conjecture 1.2 when f is close to 1/3. Instead, we prove the following
statement. The proof requires a detailed analysis of Ks, so it is postponed to Section 7.
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Lemma 6.3. Let 1/4 < f < 1/3. Suppose G is a graph of order n with minimum degree
(1 — p)n. Then

(2—4ﬁ)k4>(1—3ﬁ)ﬁnk3+(1—3B il 75B> S DT (67)

Tek;
Moreover, equality holds only if (n, ) is feasible, and G € G(n, ).

By using the two strengthened versions of (6.1) and (6.2), that is, Corollary 6.2 and
Lemma 6.3, we prove the theorem below, which implies Theorem 2.3.

Theorem 6.4. Let 1/4 < <1/3. Let s and t be integers with 2 < s < 4. Suppose G
is a graph of order n with minimum degree (1 — f)n. Then

K(G) - K(G)

g(p)ns g g(B)nt

Moreover, the following three statements are equivalent:

(1) equality holds for some 2 <t < s < 4,
(1) equality holds for all 2 <t < s < 4,
(ii1) the pair (n, B) is feasible, and G is a member of G(n, B).

Proof. Recall that p=3as1/4<f <1/3,s0
22(B) = (1= P)/2, g3(B) = (1 —2p)*f and g4 = (1 —2B)(1 — 3B)p?/2.

Note that in proving the inequality, it is sufficient to prove the case when s=1t+ 1.
Lemma 6.3 states that (2 —4f)ks > (1 — 3f)fnks. This implies k4/ga(f)n* > ks /g3(p)n’
by (4.6) with ¢t = 3. Hence, the theorem is true for t = 3. For t =2, by substituting
Corollary 6.2 into Lemma 6.3, we obtain

2
g (1- 3 50 ) X D) = 21 - 2k

Teks

4
+(2_4ﬁ)n<(1—3ﬁ)ﬁnk3+(1—3[§+29 7513) > DT )
)

Observe that the > D, (T) terms on both sides cancel. Hence, after rearrangement, we
have (1 — B)ks > 2(1 — 2B)?>Bnk,. Thus, k3/g3(B)n* = ky/g2(B)n’ as required.

This is clear that (iii) implies (i) and (ii)) by the construction of G(n,f) and the
feasibility of (n, f). Suppose (i) holds, so equality holds for some 2 <t < s < 4. It is easy
to deduce that equality also holds for s =4 and ¢ = 3. By Lemma 6.3, (n, f§) is feasible,
and G € G(n, ). ]

(1+3B)ks +

7. Proof of Lemma 6.3

In this section, T, S and U always denote a 3-clique, a 4-clique and a 5-clique respectively.
Before presenting the proof, we recall some basic fact~s about T, S and U. Observe that
D_(S)=0 for S € K4, so D+(S) = D(S). Recall that D(S) = ZTEK;:;(S) D_(T)—(2—4p).
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Let Ty,..., T4 be triangles in S with D(T;) < D(T;y1) for 1 < i< 3. Since D_(T) < f, we
have

2048 — 1) if k¥ (S) =4,

D(S) = 48 —1+(D(T1) — (1 =3B)) ifki(S)=3, (7.1)
D(Ty)+ D(T>) —2(1—3p) ifki(S)=2,

where ki(S) is the number of heavy triangles in S. Also recall that D(T) > 1 —38 by

Lemma 4.1(i). We will often make reference to these formulae throughout this section.
Define the function # : 4 — R to be

WS =DIS) — 5g0 gz S o)

for S € K4. Recall that for a heavy triangle T, D(T) = D(T)+ 5. Thus, only heavy
3-cliques in S contribute to Y . D (T)/(D(T) + ). A 4-clique S is called bad if n(S) < 0,
otherwise it is called good. The sets of bad and good 4-cliques are denoted by K% and
IC‘%O(’d respectively. In the lemma below, we identify the structure of a bad 4-clique.

Lemma 7.1. Let 1/4 < f < 1/3. Let
A= (1-3B)1+¢€)and e = (4 — 1)/(150p% — 137 + 30).

Suppose G is a graph of order n with minimum degree (1 — f)n. Let S be a bad 4-clique.
Then, the following hold:

(i) S contains exactly one heavy edge and two heavy triangles,
(i) 0 < D(S) < A,
(iii)) D(T) + D(T') < 2A, where T and T' are the two non-heavy triangles in S.

Proof. Let Ti,...,T4 be triangles in S with D(T;) < D(Tj41) for 1 <i< 3. We may
assume that D (Ty4) > 0, otherwise S is good by Corollary 4.5 as n(S) = l~)(S) > 0. Hence,
S is also heavy by Lemma 4.1(iv). We separate cases by the number of heavy triangles
in S.

First, suppose all triangles are heavy. Hence, E(S) =2(45 —1) by (7.1). Clearly,
D (T)<1—pfforl1<i<4s0

n(s) =204 —1) - 29 755 > b3

Tek (s
(1—=5)\ _ 2(4p—1)(27—73p)
2(4ﬂ_1)<1_29—75/3) - 29 — 758 > 0.

This contradicts the assumption that S is bad. Thus, not all triangles in S are heavy, so
0 < D(S) < f by Lemma 4.1(v). Also, D.(T) < D4(S) = D(S) < .
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Suppose all but one triangles are heavy, so 13 (S) > 4 — 1 by (7.1). Hence,

45 D (T)
S)>4 —1—
n(S) = 4p 55T§S>D+T)+ﬁ

3 D(S)
> (4f = 1)<1 29758 D(S)+ﬁ)
3 _5(4p —1)(11 —30p)
> (4 —1) <1 T 2(29— 75/3)) T 2(29—758)
which is a contradiction.

Suppose there is only one heavy triangle, Ty, in S. Corollary 4.3 implies 5(5 )+ D (Ty) >
2D, (S) = 2D(S). Note that D (T4) < D (S) = D(S), so D(S) > D(S). Thus,

48 —1 D.(Ty) D(S) — 48—1  D(S)
29 — 758 D+(T4)+ﬁ 29 —756 D(S)+ B

48 —1 ) ( 48 —1 )
=(1- DS)>2(1— ————|D(S)>0.
( =m0 +5) " @ —755 )™
Hence, S has exactly two heavy triangles, namely T; and Ty. If D(S) > A, then

D.(T3) D (Ty) )

=0,

n(S) = D(S) —

n(S) = D(T1) + D(T>) — 2(1 = 3p) — 4B —758 (D+ (T5)+ B~ Di(Ta)+ B

> 20(5) - (13 = 357 751ﬁ) D(S()SJZ B
24p—1) A
2(1=3p)e — B35 ALF
S (1 — 3f)e — W —DA

(29 —758)(1 —28)

Thus, D(S) < A. If D(Ty) + D(T») > 2A, then D(S) > 2(A — (1 — 3$)) = 2(1 — 3B)e by (7.1).
Moreover, since D;(T;) < D(S) < A for i = 3,4,

=D A oy 2048 — DA

18) > A1 =30 = 33 A p © T - 75p)(1—26)

=0.

Thus, (iii) is true.

We have shown that S contains exactly two heavy triangles. Therefore, to prove (i), it is
sufficient to prove that S contains exactly one heavy edge. A triangle containing a heavy
edge is heavy by Lemma 4.1(iv). Since S contains two heavy triangle, there is at most
one heavy edge in S. It is enough to show that if S does not contain any heavy edge
and D(S) < A, then S is good, which is a contradiction. Assume that S contains no heavy
edge. Let ¢; = T; N T4 be an edge of Ty for i = 1,2,3. We claim that B(S) > D (Ty). By
Corollary 4.3, taking S = T, and t = 2, we obtain

D(e1) + D(e2) + D(e3) = 2 — 3B + D(Ty),
D(e1) + D(e2) 2 2 —4f + D(Ty),
as D(e3) < 2p and D_(T4) = . By Lemma 4.1(ii), we get
D(T)+ D(T2) > D(e1) + D(e2) — 28 > 2(1 — 3B) + D4(T).
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Hence, D(S) > D.(T4) by (7.1). Therefore,

n(S) > D4(Ts) — 29 75ﬁ > b

TeKy (S
2(4p —1) )

>(1— D, (T.

('~ @iy

2(4p — 1)

> | 1————=——|Dy(Ty) >0,

(1= oo s ) =79

and so S is good, a contradiction. This completes the proof of the lemma. U]

Next, we study the relationship between the number of heavy edges and bad 4-cliques
in a 5-clique U.

Lemma 7.2. Let 1/4 < f < 1/3. Suppose G is a graph of order n with minimum degree
(1 —=p)n. Let U € Ks with h > 2 heavy edges and b bad 4-cliques. Then b < 2h/(h—1) =
2 4+ 2/(h —1). Moreover, if there exist two heavy edges sharing a common vertex, b < 3

Proof. Define H to be the graph induced by the heavy edges in U. Write ug for the
vertex in U not in S € K4(U). This defines a bijection between V(U) and KC4(U). If S is
bad, ug is adjacent to all but one heavy edge by Lemma 7.1(i). By summing the degrees
of H, 2h =} s i, ) d(us) = b(h —1). Thus, b < 2h/(h —

If there exist two heavy edges sharing a common vertex in H, then every bad 4-clique
must miss one of the vertices of these two heavy edges. Hence, b < 3. |

We are now ready to prove Lemma 6.3.

Proof of Lemma 6.3. We now claim that in order to show that the inequality in
Lemma 6.3 holds, it is enough to prove that » g, n(S) > 0. If 3 g i, n(S) > 0, then
Lemma 4.6 with t = 3 implies that

0< > n(S)=>_ D(S)— 29 75[),;121)+

Sery Seky

<(2—4ﬁ)k4—(1—3ﬁ)ﬁnk3—(1—35+ 75 )1 3 DAT)

Teks

+2) " Dy(S)— 10ks/n,
Seky

where the last inequality is due to Lemma 4.6 with t = 3. Observe that ZsEm D.(S)=
> sex, D(S) = Sks/n, so the terms with » D, (S) and ks/n cancel. Rearranging the
inequality, we obtain the inequality in Lemma 6.3.

Suppose Zsacﬂ(s) < 0. Then, there exists a bad 4-clique S with #(S) < 0. Since a
bad 4-clique S by Lemma 7.1(ii) must be heavy, that is, D(S) > 0, it is contained in some
5-clique. A 5-clique is called bad if it contains at least one bad 4-clique. We denote K2
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to be the set of bad 5-cliques. Define 7(S) to be 5(S)/D(S) for S € K4 with D(S) > 0.
Clearly,

ny nS)=> Y aS)+n > ns) (7.2)

Sey UeKs Se4(U) SeK4:D(S)=0

Recall that our aim is to show that } ¢, #(S) > 0. Since D(S) =0 implies that S is
good, we have 7(S) > 0. Hence, it is enough to show that ZSE,CA(U) 7(S) = 0 for each bad
5-clique U.

Now, we give a lower bound on 7(S) for bad 4-cliques S. By Lemma 7.1,

4p—1 _2(4p—1) D(S)
n(8) > =359 735 758 TZK:(S + Z 29758 DS)+ B
Hence,
iS) > — 24 —1) - 24 —1) (73)

(29 —T75)(D(S)+B) ~  (29—T58)8"

Next, we are going to bound D(S) from above for S € KC4(U)\K5* and U € K29, Let
St € K5d(U). Observe that S N S” is a 3-clique. Then, by Lemma 4.1 and Lemma 7.1, we
have

D(S)<D(SNS’) =D (SNS")+ < DY)+ <A+ p. (7.4)

We claim that for each bad 5-clique U € K5

> is) >o. (7.5)

Seks(U)

Recall that a bad 4-clique S contains a heavy edge by Lemma 7.1(i), and hence so does a
bad 5-clique U. We now divide into two cases depending on whether or not a bad 5-clique
U has two heavy edges.

Case 1: There are two heavy edges in U. Let e and ¢ be two heavy edges in U,
and let b be the number of bad 4-cliques in U. We consider separately the cases of
whether or not e and ¢’ are vertex-disjoint. First, assume that e and ¢’ are vertex-disjoint.
Notice that ZSEKEad(U) 7(S) > —by by (7.3), where y = 2(4 — 1)/(29 — 75f)p and b < 4 by
Lemma 7.2. Also, there is exactly one heavy 4-clique S containing both e and ¢'. Therefore,
it is sufficient to prove that #(S) > bD(S)y. Since S contains two disjoint heavy edges,
all triangles in S are heavy by Lemma 4.1(iv). Thus, 13(S) =2(4p — 1) by (7.1). Observe
that T =S NS’ is a triangle for S’ € K4(U)\S. Moreover, D, (T) < D, (S") = D(S’) by
Lemma 4.1(iii). Hence,

48 — 1 3 D(S')

39 — 758 SN R
2975, £ DS+ B

| bA  (4—b)A+p)
>(4ﬁ_1)(2_29—75/3<A+/3+ A+ 2B ))

n(S) = 2(4p —1) -
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by Lemma 7.1(ii) and (7.4). Therefore, n(S) — bD(S)y is at least

1 bA  (4—Db)A+P)
(4ﬁ_1)<2_29—75ﬁ(A+[3+ A+ 2B ))_b(Aﬂm

4A
>@dp—-1(2—
4 )< (29 —=T75B)(A+ B)
Thus, if U contains two vertex-disjoint heavy edges, > . KCa(U) 7(S) > 0. A similar argument
also holds for the case when e and ¢ share a common vertex.

>—4(A+ﬁ)y>0.

Case 2: There is exactly one heavy edge in U. Let uy,...,us be the vertices of U, where
uqus is the heavy edge. Write S; and #; to be U — u; and 5(S;), respectively, for 1 <i < 5.
Similarly, write T;; to be U — u; —u; for 1 <i < j < 5. Recall that a bad 4-clique contains
a heavy edge by Lemma 7.1(i). Hence, S; is a bad 4-clique only if i < 3. Without loss of
generality, Sy,...,S, are the bad 4-cliques in U.

Since S3 contains a heavy edge, it contains at least two heavy triangles by Lemma 4.1(iv).
If S5 contains either three or four heavy triangles, then S; is not bad by Lemma 7.1(i). By
an argument similar to that of Case 1, we can deduce that #3 > 2yD(S3), where as before
y =248 —1)/(29 — 75p)p. Therefore, ZSE,C4(U) n(s) > 0 as b < 2. Thus, we may assume
that there are exactly two heavy triangles in S; for 1 <i < 3. By Lemma 4.1(v), D(S;) < f
for 1 <i<3 Forl<i<h,

D(Ti4) + D(Tis) <2A =2(1—=3B)(1 + )
by Lemma 7.1(iii). For b <i < 3, D(S) = D(T;4) + D(Tis5) —2(1 — 3p) by (7.1). Thus,

_ B DT
D(Tig) + D(Tis) = ni +2(1 = 3B) + s——= 29 755 Te;s) Son)
<ni+2(1_3ﬁ)+lz(/331?7)(4r&)[3

ni+2(1=3p) +7B/2.

After applying Corollary 4.5 to Sy and Ss, taking t = 3, and adding the two inequalities
together, we obtain

22-4p)< > (D(Tia)+D(Tis)) +2D_(Tas)

1<i<3
22—50) < Y. (D(Ti) + D(Tis) + Y (D(Tia) + D(Tis))
1<igh b<i<3
<2b(1=3B)(1+e)+ > ni+B—b)(2(1—38)+78/2)
b<i<3
24 —1) <2b(1=3B)e+ Y ni+(3—Dbyp/2 (7.6)

b<i<3
If b = 3, the inequality above becomes

248 — 1) < 6(1 — 3B)e < 2(4B — 1),
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which is a contradiction. Thus, b < 2. Notice that #; > —D(S;)y > —y for 1 < i < b. Hence,
ZSngad(U) 1(S) > —by. Also, recall that D(S;) < f§ for 1 < i < 3. It is enough to show that
> _b<i<3 i = byB. Suppose the contrary, so >, ;31 < byp. Then, (7.6) becomes

24 — 1) <2b(1 =3B)e+ 3+ b)yB/2 <4(1 —3B)e+5yp/2 < 2(48 — 1),

which is a contradiction.

Therefore, (7.5) holds as claimed, so the inequality in Lemma 6.3 holds as ) ;g i, n(S) >
0 by (7.2). Now suppose equality holds in Lemma 6.3, ie., > scx, n(S) = 0. By (7.2)
and (7.5), no 5-clique is bad and so no 4-clique is bad. Furthermore, we must have
n(S) =0 for all S € k4. It can be checked that if the definition of a bad 4-clique includes
heavy 4-cliques S with n(S) = 0, then all arguments still hold. Thus, we can deduce that
G is Ks-free. Hence, G is also Ks-free. By Theorem 5.1, taking s = 4 and t = 3, we obtain
that (n, ) is feasible and G € G(n, f§). ]

8. Proof of Theorem 2.4

Our aim is to prove Theorem 2.4. First, we strengthen Corollary 4.5 by mimicking the
proof of Lemma 6.1. Then, we follow the proof of Theorem 5.1 using the strengthened
version of Corollary 4.5. Hence, we only give a sketch of the proof of Theorem 2.4 to
avoid getting bogged down by the details.

Sketch of Proof of Theorem 24. For2 <t<pand 1/(p+1)<p <1/p, define

AY(B) = (t = 1)((p+ DB —1CT(B), and
B(B) = ((p+ DB — DCI(B),

where C;(f) satisfies the recurrence

C(p)+1=(p—t+1ECii(p)

with the initial condition C,(f)=0 for 1/(p+1) < p <1/p. Explicitly, C,l;—j(ﬁ) =
Zogkji!ﬁ"*f/j! for 0 < j < p—2. These functions will be used as coefficients in cor-
responding statements of Lemma 6.1 for 2 <t < p. Define the integer r(f) to be the
smallest integer at least 2 such that, for r <t < p, AV(B) < 1 and BY(B) < (p —t)p. Let

Bp =sup{fo : r(f) =2 for all 1/(p+1) < B < o}

and e, = 8, — 1/(p + 1). Observe that 4,(f), B;(f) and C,(f) are right continuous functions
of . Moreover, both 4,(f) and B,(f) tend to zero as f§ tends to 1/(p + 1) from above, so
pp>1/(p+1) and €, > 0. By mimicking the proof of Lemma 6.1, we have

D (T)
D(T)

D(S) = AV, ((B)D+(S) — BI(B) >

Tek(S)

(8.1)

for S € Ky1, 1/(p+1) < p <P, and 2 <t < p. Note that (8.1) is a strengthening of
Corollary 4.5. Then, following the arguments in the proof of Theorem 5.1 while using
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(8.1) instead of Corollary 4.5, we can deduce that

ks(G) ki (G) 1—tB—Bl(P)
gs(pn* g g(Bnt (L —1tp)(p—t+ 1)pg(f)n' T%:Q Pt

for2<t<s<p+1land1/(p+1)<p <P, Since 1 —¢f — B/(f) > 0, the proof of the
theorem is completed. U

Clearly, €, defined in the proof is not optimal. Generalizing the proof of Lemma 6.3
would lead to an improvement on €.

9. Counting (p + 1)-cliques

In this section, we are going to prove the following theorem, which implies Theorem 2.5.

Theorem 9.1. Let 0 < f <1 and p=[B~'] — 1. Suppose G is a graph of order n with
minimum degree (1 — f)n. Then, for any integer 2 <t < p,
kp+1(G) ki(G)
g1 (Bt 7 g(fynt”
Moreover, for t =2, equality holds if and only if (n, ) is feasible, and G is a member of
G(n, B).

For positive integers 2 <t < s < p + 1, define the function ¢ : s — R such that

{D (S) ifr=s
D vek, . (5) Pt WU) ift<s,
for S € Ks. Observe that for Gy € G(n, ) with (n, ) feasible,

5(S) = (s—0)!l(1—1tp) if [V(S)NVy =0,1,
A —=ep)s!/t!+((p+ 1) —D(s—=2)/(t—=2)! if [V(S)NVy| =2,
for s-cliques S in Gy. Let @§(S) = min{¢$(S), ¢} for S € K and 2 < s < p+ 1, where

=1 —tp)s!/t!+((p+ 1) —D(s—2)!/(t—2)!,
so @7(S) is the analogue of D_ for ¢$. The next lemma gives a lower bound on ®§(S) for
S e K.
Lemma 9.2. Let0<f < 1and p=[p~"] —1. Let G be a graph of order n with minimum
degree (1 — B)n. Then,
O}(S) = (1 —f)st/tt + (D_(S) — (1 —sB)) (s —2)!/(t — 2)
for S e Ky and 2 <t <s<p+ 1. In particular, for s=p+1 and t = p,

K AROE (( A R} ))ml 9.1)

SEKP+1 ( )
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Proof. Fix f and t and we proceed by induction on s. The inequality holds for s =t + 1
by Corollary 4.5. Suppose s > ¢t + 2 and that the lemma is true for ¢,...,s — 1. Hence

pS)= > ¢ (T)= D @7NT)

TeK,_1(S) Tels-1(S)
(s—1)! (s—3)!
> ) ((1—tﬂ) I +(D(T)—(l—(S—l)ﬂ))(t_z)!>
Tekse-1(S)
—a-p “:j),( 3 D(T)—s(l—(s—l)ﬁ))
( ) Tek-1(S)

> (1 —tB)s!/t! + (D_(S) — (1 —sP)) (s —2)!/(t = 2)!,

by the induction hypothesis in the second line, and where the last inequality comes from
Corollary 4.5 with t = s — 1. The right-hand side is increasing in D_(S). In addition, the
right-hand side equals ¢] only if D_(S) = (p — s+ 1)p. Thus, the proof of the lemma is
complete. L]

Now, we bound } ¢, ®@j(S) from above using Proposition 3.1 to obtain the next
lemma. The proof is essentially a straightforward application of Proposition 3.1 with an
algebraic check.

Lemma 9.3. Let 0 < f < 1and p=[p~"] — 1. Let G be a graph of order n with minimum
degree (1 — B)n. Then, for 2 <t<s<p+1,

s—1
S 04) < ot sk 20+ DF—1) S ((t 3; kins—fH<1—jﬁ))

Sek i=t+1 j=i
s—1
+ ((t+ Dkest — (p— t + D)= (1 = jp).

j=t

Proof. Fix f8 and t. We proceed by induction on s. Suppose s = t + 1. Note that ®'1(S) <
> rer,(s) D-(T). By Proposition 3.1, taking A = K, f =D_,g =D, M = (p—t + 1) and
m=1—tf,

Yoot < Y. > b(T)=n)d_ D(T)D(T)

Se+1 Se 41 Te(S) Tek,;
S(p—t+1pn Y D(T)+(1—1tB)n Y D_(T)—(1—1B)(p—t+ 1)pnk,
Tek: Tek,

< (4 1)(1 = (p— 2t + DP)kes — (1 — tf)(p — t + 1)k,

Hence, the lemma is true for s =t + 1. Now assume that s >t +2 and the lemma is
true up to s— 1. By Proposition 3.1, taking A=K, f =®"!, g=D, M = ¢! and
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m=1—(s— 1), we have

> @S)=n ) DT)®(T)

Seks TeK,1
T D)+ (1= (s =D Y 7T =) (1= (s — Dnksy
Tek, Tek_
=07 sk H (L= (= DB > O7HT) =gy (1= (s = k.
Tek—1

Next, we apply the induction hypothesis on > ®~1(T). Note that
(s =Dy = =2(p+ DB — D(s — 41/t = ).
After collecting the terms, we obtain the desired inequality. |

Now we are ready to prove Theorem 9.1. The proof is very similar to the proof of
Theorem 5.1.

Proof of Theorem 9.1. We fix f and write g, for g,(f). We proceed by induction on t
from above. The theorem is true for t = p by Lemma 9.2 and Lemma 9.3. Hence, we may
assume ¢t < p. By Lemma 9.3,

p P31 o
DOIS) < (o efhyes + 20+ D=1 D (= [ -in)
p
+ ((t+ Doyt — (p— t+ Dpnk)n" T(1 = jp).
=t

p J—
< (p+ Dk + 2(p+ D — 1) Z( P ,H(l— ﬁ)

AN I U

+ ((f 1yt

8p+1

14
g —(p—t+ 1)ﬁnkz) L I S/}
j=t

by the induction hypothesis for the second inequality. Substitute the inequality above into
(9.1) and rearrange, to obtain the desired inequality.

Now suppose that equality holds, so equality holds in (9.1). Therefore, D(S) = D_(S) =0
for all S € KC,y1. Thus, G is K,»-free. By Theorem 5.1, (n, ) is feasible, and G € G(n, B).
This completes the proof of the theorem. U]
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