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AN EDGE-COLORED VERSION OF DIRAC’S THEOREM*

ALLAN LOf

Abstract. Let G be an edge-colored graph. The minimum color degree §¢(G) of G is the largest
integer k such that for every vertex v, there are at least k distinct colors on edges incident to v.
We say that G is properly colored if no two adjacent edges have the same color. In this paper, we
show that every edge-colored graph G with §6¢(G) > 2|G|/3 contains a properly colored 2-factor.
Furthermore, we show that for any € > 0 there exists an integer ng such that every edge-colored
graph G with |G| =n > ng and §°(G) > (2/3 + €)n contains a properly colored cycle of length ¢ for
every 3 < ¢ < m. This result is best possible in the sense that the statement is false for 6¢(G) < 2n/3.
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1. Introduction. A classical theorem of Dirac [7] states that every graph G on
n > 3 vertices with minimum degree 6(G) > n/2 contains a Hamiltonian cycle. In
this paper, we generalize this result to edge-colored graphs.

An edge-colored graph is a graph G with an edge coloring ¢ of G. We say that
G is properly colored if no two adjacent edges of G have the same color. Moreover,
G is said to be rainbow if all edges have distinct colors. We consider the following
analogue of degree for edge-colored graphs G. Given a vertex v € V(G), the color
degree d°(v) is the number of distinct colors of edges incident to v. The minimum
color degree §¢(G) of an edge-colored graph G is the minimum d°(v) over all vertices
vin G.

One elementary result of graph theory states that every graph G with 6(G) > 2
contains a cycle. However, for all k& > 2, there exist edge-colored graphs G with
0¢(G) > k that do not contain any properly colored cycles. Grossman and Haggkvist
[9] gave a sufficient condition for the existence of properly colored cycles in edge-
colored graphs with two colors, which does not depend on 6¢(G). Later on, Yeo [16]
extended the result to edge-colored graphs with any number of colors.

One natural generalization of Dirac’s theorem is to determine the minimum color
degree threshold for the existence of a rainbow Hamiltonian cycle. However, such
thresholds do not exist for all n. Indeed, for every even integer n > 3, there exists a
properly colored complete graph K¢ on n vertices using exactly n — 1 colors. Note
that 0°(KS) = n — 1, but K¢ does not contain a rainbow Hamiltonian cycle. In
fact, for each p > 2, there is a properly colored K§, that does not contain any
rainbow Hamiltonian path (see [13]). Hence, a better question would be to ask for the
minimum color degree threshold for the existence of a properly colored Hamiltonian
cycle.

The problem of finding properly colored spanning subgraphs in edge-colored com-
plete graphs K¢ has been investigated by numerous researchers. Bang-Jensen, Gutin,

*Received by the editors December 26, 2012; accepted for publication (in revised form) November
4, 2013; published electronically January 2, 2014. The research leading to these results was supported
by the European Research Council under ERC grant agreement 258345.
http://www.siam.org/journals/sidma/28-1/90375.html
TSchool of Mathematics, University of Birmingham, Birmingham, B15 2TT, UK (s.a.lo@bham.
ac.uk).

18



AN EDGE-COLORED VERSION OF DIRAC’S THEOREM 19

and Yeo [4] proved that if K¢ contains a properly colored 2-factor, then K¢ also con-
tains a properly colored Hamiltonian path. A graph G is said to be a 1-path-cycle if
G is a vertex-disjoint union of at most one path and a number of cycles. Feng et al.
[8] showed that K¢ contains a properly colored Hamiltonian path if and only if it
contains a spanning properly colored 1l-path-cycle. We define Ap,on(K5) to be the
maximum number of edges of the same color incident to the same vertex. In other
words, Apon(KS) = max A(H) over all monochromatic subgraphs H C K¢, where an
edge-colored graph G is monochromatic if all edges have the same color. Notice that
Apon(KE) + 0(KS) < n. Bollobds and Erdds [5] proved that if Ayon(KS) < n/69,
then K¢ contains a properly colored Hamiltonian cycle. They further conjectured
that Apon(KS) < |n/2] suffices. Their result was subsequently improved by Chen
and Daykin [6], Shearer [15] and Alon and Gutin [1]. In [12], the author showed that
for any € > 0, every K¢ with Anyon(KS) < (1/2 — €)n contains a properly colored
Hamiltonian cycle, provided n is large enough. Therefore, the conjecture of Bollobas
and Erdés is true asymptotically. For a survey regarding properly colored subgraphs
in edge-colored graphs, we recommend Chapter 16 of [3].

Let G be an edge-colored graph (not necessarily complete). Li and Wang [10]
proved that G contains a properly colored path of length 20¢(G) or a properly colored
cycle of length at least 20°(G)/3. In [11], the author improved this result by showing
that G contains a properly colored path of length 25¢(G) or a properly colored cycle of
length at least 6¢(G) + 1. In the same paper, the author showed that every connected
edge-colored graph G contains a properly colored Hamiltonian cycle or a properly
colored path of length at least 66°(G)/5—1. Furthermore, the author also conjectured
the following.

CONJECTURE 1 (see [11]). Ewvery connected edge-colored graph G contains a
properly colored Hamiltonian cycle or a properly colored path of length |35°(G)/2].

If the conjecture is true, then every edge-colored graph G with §¢(G) > 2|G|/3
contains a properly colored Hamiltonian cycle. In this paper, we prove the following
weaker result that 6¢(G) > 2|G|/3 implies the existence of a properly colored 2-factor
in G.

THEOREM 1.1. Ewvery edge-colored graph G with 6°(G) > 2|G|/3 contains a
properly colored 2-factor.

We also show that if §°(G) > (2/3 + ¢)|G| and |G| is large enough, then G does
indeed contain a properly colored Hamiltonian cycle. Furthermore, G contains a
properly colored cycle of length ¢ for all 3 < /¢ < |G|.

THEOREM 1.2. For any € > 0, there exists an integer ng such that every edge-
colored graph G with §(G) > (2/3 + ¢€)|G| and |G| > ng contains a properly colored
cycle of length ¢ for all 3 < ¢ < |G|.

Given a subgraph H in G, we write G — H for the (edge-colored) subgraph ob-
tained from G by deleting all edges in H. For an edge-colored graph G, let §$(G)
be the minimum (G — H) over all monochromatic subgraphs H in G. Note that
0{(G) > d°(G) — 1. Note that for an edge-colored complete graph K¢, we have
I(KE) + Apon(KS) = n — 1. We prove the following stronger statement, which
implies Theorem 1.2.

THEOREM 1.3. For any € > 0, there exists an integer ng such that every edge-
colored graph G with §$(G) > (2/3 + ¢€)|G| and |G| > ng contains a properly colored
cycle of length € for all 3 < ¢ < |G|.

We now outline the proof of Theorem 1.3 for the case when ¢ = |G|, i.e., the
existence of a properly colored Hamiltonian cycle. The proof adapts the absorption
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technique introduced by R6dl, Rucinski, and Szemerédi [14], which was used to tackle
Hamiltonicity problems in hypergraphs. The proof is divided into two main steps.
In the first step, we find (by Lemma 4.1) a small “absorbing cycle” C' in G. The
absorbing cycle C' has the property that given any small number of vertex-disjoint
properly colored paths Pi, Ps,..., P, in G with V(C)NV(P;) = 0 for each i < F,
there exists a properly colored cycle €’ in G with V(C") = V(C) U, ;«, V(55).
Thus, we have reduced the problem to covering the vertex set V(G)\V(C) with a
small number of vertex-disjoint properly colored paths. We remove the vertices of
C from G and let G’ be the resulting graph. Since C is small, we may assume that
I5(G") > (2/3+¢€)|G'| for some small ¢’ > 0. Then we find a properly colored 2-factor
in G’ using Lemma 3.1 such that every cycle has length at least ¢'|G’|/2. (Although
Theorem 1.1 also implies that G’ contains a properly colored 2-factor, there is no
bound on the lengths of the cycles.) Hence V(G’) can be covered by at most 2/’
vertex-disjoint properly colored paths P;, Ps, ..., P;. By the “absorbing” property of
C, there is a properly colored cycle C’ with V(C") = V(C) U, ;< V(P) = V(G).
Therefore, C' is a properly colored Hamiltonian cycle as required.

The paper is organized as follows. In the next section, we set up some basic nota-
tion and give the extremal example for Conjecture 1. Section 3 is devoted to finding
properly colored 2-factors and contains the proof of Theorem 1.1. The absorbing cycle
is constructed in section 4. Finally, Theorem 1.3 is proved in section 5.

2. Notation and extremal example. Throughout this paper, unless stated
otherwise, G will be assumed to be an edge-colored graph with edge-coloring c. For
an edge xy, we denote its color by c¢(xy). For v € V(G), we denote by Ng(v) the
neighborhood of v in G. If the graph G is clear from the context, we omit the subscript.
Let U C V(G). We write G[U] for the (edge-colored) subgraph of G induced by U.
We also write G\U for the subgraph obtained from G by deleting all vertices in U,
ie, G\U = G[V(G)\U]. For edge-disjoint (edge-colored) graphs G and H, we denote
by G+ H the union of G and H. Further, we write G — H + H' to mean (G—H)+ H'.

Let U,W C V(@) not necessarily disjoint. Whenever we define an auxiliary
bipartite graph H with vertex classes U and W, we mean H has vertex classes U’ and
W' where U’ is a copy of U and W' is a copy of W. Hence, U and W are considered
to be disjoint in H. Given an edge ww in H, we say u € U and w € W to mean
ueU and w e W'

In this paper, every path will be assumed to be directed. Hence, the paths
V1V - - - vy and vpvy_1 - - -v1 are considered to be different for ¢ > 2. We also allow a
single vertex to be a (trivial) path. Given vertex-disjoint paths P, ..., Ps, we define
the path Pj - - - P; to be the concatenation of Py, ..., Ps. For example, if P = vy --- vy
and @ = w; ---wy are vertex-disjoint paths and x is a vertex not in V(P) U V(Q),
then Px(@ denotes the path vy - - - vezwy - - - wyr.

Let H be a union of vertex-disjoint directed cycles. For each y € V(H), let Cy be
the cycle in H that contains y. Denote by y4 and y_ the successor and ancestor of y in
Cy, respectively. Write y__ for (y_)_ and y4 for (y4 ). For distinct vertices y, z in
a cycle C in H, define yC*z and yC~z to be the paths yyy---2_z and yy_ -+ - 242
in O, respectively. If y = z, then set yCTy =y = yC~y.

In [11], the author gave a construction to show that Conjecture 1 is best possible
for infinitely many values of |G| and §¢(G). The same construction also shows that
Theorem 1.1 is best possible. We include it here for completeness.

PROPOSITION 2.1. For n,6 € N with § < 2n/3, there exists a connected edge-
colored graph G on n wvertices with 6°(G) = ¢ which does not contain a union of
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vertex-disjoint properly colored cycles spanning more than 30(G)/2 vertices. In par-
ticular, G does not contain a properly colored 2-factor or a properly colored Hamilto-
nian cycle. Moreover, all properly colored paths in G have length at most 36¢(G)/2.

Proof. Let n,d € N with 30 < 2n. Let X = {x1,x2,..., 25} and Y be vertex sets
with [Y] =n—3§ and X NY = (). Define G to be the edge-colored graph on the vertex
set X UY as follows. Let G[X] be a rainbow complete graph and let G[Y] be a set
of independent vertices. For each 1 < i < ¢, add an edge of new color ¢; between x;
and y for each y € Y. By our construction, d°(v) = |X| = ¢ for all v € V(G) and so
0¢(G) = 6.

Let C be a properly colored cycle in G. Arbitrarily orient C' into a directed cycle.
Note that every vertex y € V(C')NY must be immediately followed by two consecutive
vertices in X, so | X NV(C)| > 2[Y NV (C)|. Therefore, if C is a collection of vertex-
disjoint properly colored cycles in G, then C spans at most | X |+]X|/2 = 3§ /2 vertices.
The “moreover” statement is proved by a similar argument. O

3. Properly colored 2-factors. First we prove Theorem 1.1; that is, every
edge-colored graph with 6°(G) > 2|G|/3 contains a properly colored 2-factor. We
now present a sketch of the proof. Suppose that G is an edge-colored graph on n
vertices. Let H be a properly colored subgraph in G consisting of vertex-disjoint
cycles such that |H| is maximal. If V(H) = V(G), then we are done. Hence we may
assume that there exists © € V(G)\V (H). Define a color neighborhood N¢(x) of x in
G to be a maximal subset of neighbors of x in G such that c¢(zy) # c(zz) for all distinct
y,z € N¢(x). (The choice of N¢(z) will be specified later.) Assume that we are in
the ideal case that N°(z) NV (H) = 0. If yz is an edge and c(zy) # c(yz) # c(zz) for
some distinct y, 2 € N¢(x), then zyzx is a properly colored triangle and so H + zyzx
contradicts the maximality of |H|. Hence, we may assume that for every y, z € N¢(z),
yz is not an edge, or c(zy) = c(zy), or c¢(zy) = c(xz). By an averaging argument,
there exists a vertex yo € N¢(x) such that the number of z € N¢(z)\{yo} such that
either yoz ¢ E(G) or c(yoz) = c(ryo) is at least (|N°(x)| —1)/2 > (6°(G) — 1)/2.
Recall that there are at least 6¢(G) — 1 neighbors v of yo with ¢(yov) # ¢(xyo). This
means that n = |V(G)| > (6°(G) — 1)/2+ (6°(G) — 1) + {z,y0}| > 30°(G)/2 and so
5°(G) < 2n/3.

Proof of Theorem 1.1. Let G be an edge-colored graph on n vertices with edge-
coloring ¢. Set § = 0°(G). Suppose that G does not contain a properly colored
2-factor. We will show that § < 2n/3. This is trivial if n < 2, so we may assume
that n > 3. By deleting edges in GG, we may assume that G is edge-minimal, that is,
any additional edge deletion would lead to a decrease in d°(v) for some vertex v in
G. Suppose that G’ is a monochromatic subgraph of G, which is not isomorphic to a
disjoint union of stars. Then there exists an edge uv in G’ with dg (u), dgr (v) > 2. Set
G" = G — uv. Note that df,, (x) = d () for all vertices € V(G). This contradicts
the edge-minimality of G. Therefore, every monochromatic subgraph G’ in G is a
disjoint union of stars. Let H be a properly colored subgraph in G consisting of
vertex-disjoint cycles such that |H| is maximal. Note that |[H| < n. Arbitrarily orient
each cycle in H into a directed cycle.

Fix z € V(G)\V(H). We will choose N¢(x) to be a maximal subset of neighbors
of  in G such that c(zy1) # c(vyz) for all distinct y1,y2 € N¢(x). Note that
|N¢(x)| = d°(z). Obtain N¢(x) as follows. If there are at least two vertices y; and y2
such that ¢(zy;) = c¢(xyz), then we choose y € {y1,y2} to be in N¢(x) according to
the following order of preferences (if there are still at least two choices for y, pick one
arbitrarily):
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(a) y g V(H);

(b) y € V(H) and c(zy) = c(yy+);
(c) y € V(H) and c(zy) = c(yy-);
(d) y € V(H) and 2y ¢ E(G);
(e) y € V(H) and c(zy) # c(zy4);
(f) y € V(H) and c(zy) = c(zyy).

Note that if y € N¢(z) satisfies property (f), then ¢(xy’) = c¢(xy) for every vertex 3’
in Cy. Define N, (x) to be the set of vertices in N¢(z) chosen due to (a), and define
N(Cb)(a:), . ,N(Cf)(x) similarly. Next, set

W = NG, (@),

R' = {y+ 1y € N, (2) UN(y (¥) UNG, (x) UNGE (2)},

S/ = {y— HYAS N(cc)(x)}v

R=R\Y, S =S\R, T=RnNS.

We have
(3.1) |R| + |S| +2|T| + W] = |[N¢(z)| > 4.

Note that R" U S" C V(H). If y € R, then y_ € N(Cb)(x) U N(Cd)(x) U N(ce)(x) U
Ny (z) © Ne(x). For y_ € NG, (x), we have c(y_y—-) # c(y-y) = c(zy-) since
Cy,_ is a properly colored cycle. Also, for y_ € N(Cd)(a:) U N(Ce)(x) U N(Cf)(a:), we have
c(zy-) # c(y-y--) since y_ ¢ N(, (). Thus, together with the definitions of S and
NE, (@), we deduce that

(i) if y € R, then y_ € N°(z) and c(y_y__) # c(zy_), and

(ii) if y € &7, then y4 € N°(z) and c(y+y++) # c(y+y) = c(zy+).
Let F be the edge-colored subgraph of G induced by WURUSUT. Fory € V(F),
define the vertex color ¢(y) to be

(zy) ifyeW,
clyy+) ifyeR,
(yy-) ifyes,
co ifyeT,

c(y) =

where ¢g is a new color that does not appear in G. The following claim concerns the
colors of the edges of F'.

CLAM 1. Ifyz € E(F), then c(yz) = c(y) or c¢(yz) = c(z). In particular, T is
an independent set in G.

Proof of Claim 1. Suppose the claim is false, so there exists an edge yz € E(F)
with ¢(yz) # c(y) and c(yz) # c(z). We will show that there is a properly colored
subgraph H’ in G consisting of vertex-disjoint cycles with V(H') = V(H) U {z,y, z},
contradicting the maximality of |H].

If y,z € W C N¢(x), then c(zy) # c(xz). Since c(zy) = c(y) # c(yz) # c(z) =
c(xz), then zyzx is a properly edge-colored triangle in G. Hence H' = H + zyzx
contradicts the maximality of |H|.

If y € W and z € R, then c(zy) = c(y) # c(yz) # ¢(z) = c(zz4+). By (i) we
have z_ € N¢(z) and c¢(zz_) # c(2—z__). Moreover, we have c¢(zz_) # c(zvy) since
y,z— € N¢(z). Therefore, C' = zy2CJz_xz is a properly colored cycle. We obtain
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Fic. 3.1. Properly colored cycles used in the proof of Claim 1.

a contradiction by setting H' = H — C, + C’. Similarly, if y € W and z € S,
then we obtain a contradiction by considering C” = zyzC} z;x instead of C’. If
y € W and z € T, then c(zy) = ¢(y) # c(yz). Since C, is a properly colored
cycle, we have c(yz) # c(zzy) or ¢(yz) # c¢(zz-). Recall that T = R'NS’, so
clxz_) # c(z—z__) and c(xzy) # ¢(z4244) by (i) and (ii). Also, y, 2,24+ € N¢(x),
so c¢(xz—) # c(xy) # c(xzz4). Hence, H — C, 4+ C’ or H — C, + C” would imply a
contradiction.

Therefore, we may assume that y,z € R'US" C V(H). In order to prove the
claim, it is enough to show that there exist at most two vertex-disjoint properly
colored cycles C’, C" spanning {z} UV (C,) UV (C;) (which would then imply that
H' = (H-C,—C,)+C"+C" is a union of properly colored cycles with |H'| = |H|+1,
a contradiction).

Suppose that C, and C, are distinct. If y, 2z € R, then by (i) we have

(32)  y,e eN@), clyy ) Acluy),  clwe) ez ).
Since y_,z_ € N¢(x), we have c(axy_) # c¢(xz_). Note that ¢(y) # c(yz) # ¢(z), so

(3-3) c(yys) # cyz) # c(zz4).

Hence, C' = xy,Cy’yijz,x (see Figure 3.1(a)) is a properly colored cycle with
vertex set V(Cy + C,) U {z}. Notice that C’ is a properly colored cycle if both (3.2)
and (3.3) hold. If y, z € R/, then (3.2) holds by (i). Therefore, we may assume without
loss of generality that y € S or y € T with ¢(yy4) = ¢(yz). Since T C 5" and the
cycle Cy is properly colored, we have y € S” and ¢(yy—) # c(yy+) = c(yz). By (ii)
and reversing the orientation of C,, we have y_ € N¢(z), ¢(y_y——) # c(zy—) and
c(yyy) # c(yz). Similarly, by reversing the orientation of C, if necessary, we may
assume that both (3.2) and (3.3) hold and so we derive a contradiction.

Finally, suppose that C = C, = C,. If y,z € R, then c(yy;) = c(y) # c(yz) #
c(z) = ¢(zzy). In particular, y; # z and z. # y. By (i), 2y_C 2yCTz_x (see
Figure 3.1(b)) is a properly colored cycle with vertex set V(C)U{x}, so we are done.
If y e Rand z € S, then y_ # z; otherwise zyC™ 2 is a properly colored cycle by
(i) and (ii). However, both zy_C~z,2 and yC*zy (see Figure 3.1(c)) are properly
colored cycles spanning {z} UV (C). If y,z € S, then by reversing the orientation
of the cycle C' we conclude that y,z € R and so we are done. If y € T or z € T,
then we apply the following “blindness” argument. Suppose that y € T'. Since the
cycle C' is properly colored, ¢(yz) # c(yyy) or ¢(yz) # c(yy—). We treat y to be in
R if c(yz) # c(yy+) and y to be in S otherwise. We apply a similar treatment when
z € T. Hence, we are back in the case when y,z € RU S. This completes the proof
of Claim 1. d

CramM 2. For each vertex y € V(F) there exists a verter u = u(y) ¢ V(F) such
that either yu ¢ E(GQ) or c(yu) = c(y).
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Proof of Claim 2. If y € W, then ¢(y) = c¢(zy) and so we are done by setting
uly) = .

If y e R withy_ € N(Cd) (z), then zy is not an edge. Set u(y) = x for y € R with
Y- € Niy ().

Ify e R withy_ € Ny (@), then c(zy-) = c(xz) for z € V(Cy_) by the remark
after the definition of N°(x). Hence, V(Cy) N N°(z) = {y—}. This implies that
V(Cy) NV(F) ={y} and so y4 & V(F). Set u(y) =y for y € R with y_ € N{; (2).

Suppose that y € R’ with y_ ¢ NGy (@) UNG (@) (Le., y— € NG, (x) UNE) (x)).
We may assume that zy € E(G) or else we set u(y) = z. If y_ € N§,(z), then
c(zy) # c(zy-) by definition. If y_ € N§ (x), then c(zy-) = c(yy-). Recall that
every monochromatic subgraph of G is a disjoint union of stars. Hence, c(zy) #
c(zy-). In summary, we have c(xy) # c(axy_) for y € R’ with y_ ¢ NG, (x)U N(cf)(x).
If c(xy) # c(yyy), then (i) implies that xyC,y_x is a properly colored cycle and so
we can enlarge H, a contradiction. Hence,

(34)  c(zy) = c(yy4) for all y € R'N Ng(x) with y— ¢ N (2) U NGy (2).

Set u(y) =« for all y € RN Ng(z) with y— ¢ N, () U NG, (2).

Suppose that y € S’ so (ii) implies that c(y1y++) # c(zys). We may assume
that zy € E(G) or else we set u(y) = x. Recall that every monochromatic subgraph
of G is a disjoint union of stars. Hence, c(zy) # c(zyy). If c(zy) # c(yy—), then
xy+C';r y_x is a properly colored cycle and so we can enlarge H, a contradiction.
Therefore

(3.5) c(zy) = c(yy-) for all y € S" N Ng(x).

Hence, we set u(y) = « for all y € S N Ng(x).

Finally, suppose that y € T = R' N S’. We may further assume that y_ ¢
Ny (@) UNG) (x) and 2y € E(G). Since y € R' N Ng(x) and y_ ¢ Ny (@) U NG (),
we have c(zy) = c(yy+) by (3.4). On the other hand, since y € S’ N Ng(z), we
have c(zy) = c(yy—) by (3.5). Hence, c(yys) = c(yy—), contradicting the fact that
the cycle Cy is properly colored. Therefore, zy ¢ E(G) for all y € T, so we can set
u(y) = x for y € T. This completes the proof of Claim 2. O

If V(F) =T, then |T| > §/2 by (3.1). By Claim 1, T is an independent set in G.
Claim 2 implies that for each y € T there exists a vertex u(y) ¢ V(F)U N(y) as the
color ¢(y) = ¢p does not appear in G. Therefore

6 <d’(y) <[Ne()| <n—|T|=Kuly)} <n—-06/2-1,

which gives 0 < 2n/3 as required. Thus, we may assume V(F) # T. We are going to
show that there exists a vertex yo € RUS U W such that

(3.6) {z € VIF)\{wo} : yoz ¢ E(G) or c(yoz) = c(yo)} = (6 —1)/2.

Define F’ to be the directed graph on V(F') such that there is a directed edge from y
to zif yz ¢ E(F) or ¢(yz) = ¢(z). Thus, in proving (3.6), it suffices to show that there
exists a vertex yp € RU S UW with indegree at least (6 — 1)/2 in F’. By Claim 1,
the base graph of F’ is complete. Moreover, y? exists for all y € T and z € V(F) as
the color ¢(y) = ¢y does not appear in G. Hence, the number of directed edges into



AN EDGE-COLORED VERSION OF DIRAC’S THEOREM 25

RUSUW is at least ("95°")) 4-|T||[RUSUW]|. By an averaging argument, there

exists yo € RUS U W with indegree

d- (o) > (IR +1S]+ W]~ 1/2 4 7] 5 (6 - 1)/2,

s0 (3.6) holds. Recall that the color degree d°(yo) > §°(G) = 4§, so yo meets at least 0
edges of distinct colors. In particular, there are at least § — 1 neighbors 2’ of 1y with
c(yoz") # ¢(yo). Hence, there are at most n—4 vertices z in V/(G)\{yo} such that either
Yoz ¢ E(Q) or c(yoz) = ¢(yo). By Claim 2, there exists u = u(yo) € V(G)\V(F) such
that you ¢ E(G) or ¢(you) = ¢(yo). Together with (3.6), we have

n—382>{ze€V(F)\{yo}:y0z ¢ E or c(yoz) = c(yo)}| + [{u(yo)}|
>(-1)/2+ 1L

Thus, § < 2n/3 as required. This completes the proof of Theorem 1.1. O

The properly colored 2-factor obtained by Theorem 1.1 may contain |G|/3 cycles.
We would like to minimize the number of cycles in a properly colored 2-factor. In the
next lemma, we show that this can be achieved by assuming a slightly larger §§(G).
Recall that 6¢(G) is the minimum §(G — H) over all monochromatic subgraphs H in
G. So 65(G) > 0¢(G) — 1.

LEMMA 3.1. For every integer k > 1, every edge-colored graph G with |G| = n
and 65(G) > 2n/3 + k contains a properly colored 2-factor in which every cycle has
length at least k/2. In particular, G can be covered by at most |2n/k| vertex-disjoint
properly colored paths.

The idea of the proof is rather simple. Recall that a 1-path-cycle is a vertex-
disjoint union of at most one path P and a number of cycles. We consider a properly
colored 1-path-cycle H in G such that every cycle has length at least k/2 and |H| is
maximal. If we suppose that V(H) = V(G), then we may assume that H contains a
path P as a component or else we are done. Our aim is to show that there exists a
properly colored 2-factor H' in G[V(P)] such that each cycle has length at least k/2.
Therefore H — P + H' is the desired properly colored 2-factor.

Proof of Lemma 3.1. Suppose the contrary, and let G be a counterexample with
|G| = n and 65(G) > 2n/3 + k. Let H be a properly colored 1l-path-cycle in G
such that every cycle has length at least k/2 and |H| is maximal. If V(H) = V(G),
then H contains a path P as a component or else we are done. If V(H) # V(G),
then we may assume H contains a path (maybe consisting of a single vertex). Let
P = z12z5--- 2z be the path in H. We further assume that H is chosen such that
¢ is maximal (subject to |H| maximal). Suppose that £ = 1 and so P = z;. Then
N(z1) C V(H) follows by the maximality of |H|. Let y € N(z1), and orient C, into
a directed cycle such that c(yy,) # c(z1y). Then (H — Oy — z1) + z1yCy— is a
properly colored 1-path-cycle on vertex set V(H) with path z,yC,fy_, contradicting
the maximality of £. Therefore, £ > 2.

Let Ny = {x € Ng(z1) : c(z1x) # c(z122)} and Ny = {& € Ng(z) : c(zx) #
c(zeze-1)}. So

(3.7) [Ny, INe| > 65(G) > 2n/3 + k.

By the maximality of |H|, we have Ny, N, C V(H). If y € N1\V(P), then orient
Cy into a directed cycle such that c(yy+) # c¢(z1y). Then H — Cy — P +y_C,yP



26 ALLAN LO

contradicts the maximality of ¢. Therefore, Ny C V(P) and similarly N, C V(P).
Moreover,

(3.7)
C=|V(P)| >N = 2n/3+k.

If zp € Ny and z; € Ny, then C' = 21 - - 2p21 is a properly colored cycle of length at
least ¢ > k. Hence, H — P + C' consists of vertex-disjoint properly colored cycles each
of length at least k/2. Note that H — P + C spans V(H). If V(H) = V(G), then
we are done. If V(H) # V(G), then together with a vertex in V(G)\V (H) we obtain
a properly colored 1-path-cycle contradicting the maximality of |H|. Therefore, we
have z1 ¢ Ny or z¢ ¢ Ny. Let

(3.8) Né = Nq\({zl, 5 T Z"k/g‘l} @] {Zg, 201y Zg_"k/g‘l_;,_l})
for ¢ € {1,¢}. Since z; ¢ Ny and z; ¢ Ny, by (3.7), we have
(3.9) IN{|,|Ny| > 2n/3 4k — (2[k/2] — 1) > 2n/3.

For a given x = z; € V(P), we write x4 for z;41 if i < and z_ for z;_1 if ¢ > 1. Set
c—(x) = ¢(xx_) for x # 2z, and cy(x) = c(xxy) for x # 2. For distinct x,y € V(P),
2Py denotes the subpath of P from x to y. If z = y, set Pz = x. For q € {1,/(},
define

Ry ={x e V(P)\{z1} : 2_ € N, and ¢(x_z,) = ¢y (x_)},
Sy ={z € V(P)\{z¢} : x4 € N and c(z4 2,) (z4)},

=c_
Sqg ={z € V(P)\{2¢} 1 x4 € Ny and ¢y (z4) # c(w424) # c—(24)},
Sq=8,US8,.
Note that S; NS, = 0. Since P is properly colored, for each x € N1, we have c(xz1) #
cy(z) or e(xz1) # c—(xz). Therefore, the three sets {z_ : € Ry}, {z4 : © € S|},
{z4 : x € S} are pairwise disjoint. Moreover, the union of these three sets is precisely
Ni. A similar statement also holds for Nj. Hence, |Ry| + |S,| = |N/| for ¢ € {1,/}.
Note that if z, € R; U Sy, then 2z, € R1\S;. Similarly if z; € R;U Sy, then 21 € S¢\Ry.
For ¢ € {1,/}, we set

Wy = (R4 U Sq)\{zlv ze}) U {Zq}v Ty =RqN Sy, Uqg = Wq\Tq'

Note that z, ¢ R, U S, and 21,20 ¢ Ry N Sy Hence, 2, € Uy and [Wy| +[T,| > [N,|.
Moreover, for g € {1, ¢},

(3.9)
(3.10) 2|Wy| = (Wl + |Ty| + [Uy| > INg| +[Ug|l > Uyl +2n/3.

Now define an auxiliary directed bipartite graph F as follows. The vertex classes
of F' are W7 and W,. (Recall that even though W and W, might not be disjoint, we
treat Wy and Wy to be so in F.) For {q,q'} = {1,£} there is a directed edge in F
from x € W, to y € Wy if and only if zy € E(G) and one of the following statements
holds:

(i) @ € R\(T, U {1, 2)) and clay) # o4 (2).

(i) x € S\(Ty U{z1,2e}) and c(zy) # c_(x).

(iii) = € Ty.
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(iv) ¢ =1, x = z; and c(xy) # c(z122).

(v) g =14, x =z and ¢(xy) # c(zez0-1).

We are going to show that there exists a vertex v € U; U Uy such that u is in at
least & directed 2-cycles in F. If © € R1\Ty, then i exists for y € Wy if and only if
c(zy) # c4(x). Hence, the outdegree of = in F' is

df(x) > [{z€ Na():clxz) # cr(x)} + Wil —n
> 61(G) + Wil —n
O On/3 4 k) + (U] +20/3)/2 — n = (\Us| + 2K) /2.

A similar statement holds for x € (S1\71) U {z1} = U;\R;. In summary, for all
T € Ul,

dj (@) = (Ul +2k)/2.

Hence, there are at least |Uy|(|Up| 4+ 2k) /2 directed edges from U; to Wy, and similarly
there are at least |Up|(|Uy] + 2k)/2 directed edges from U, to Wi. Note that if z3 is
a directed edge in F with x € Uy and y € Ty, then 2y € E(G) and so {z,y} forms a
directed 2-cycle in F' by (iii). Hence, if ;@ is a directed edge in F' not contained in a
directed 2-cycle with x € Uy and y € Wy, then y € Up. A similar statement holds for
ﬁ; with 2 € Uy and y € W;. Therefore, at most |U1||U;| directed edges from Uy U Uy
are not contained in a directed 2-cycle in F. The number of directed edges z7) in F
such that x € U; U U, and ﬁ/ is contained in a directed 2-cycle is at least

U(U] +2k) |, [UZI(Th] +2k)
2 i 2

— |U||Ue] = E(|Us| + |Ue])-

Hence, by an averaging argument, there exists a vertex u € Uy U U, that is in at least
k directed 2-cycles in F'. Assume that u € U;. There are at least k vertices w € Wa\u
such that uw is a directed 2-cycle in F'. Pick one such w € W5 such that the subpath
uPw in G has length at least k/2. Similarly, if u € Uy, then there is a vertex w € Wy
such that uw is a directed 2-cycle in F' and the subpath uPw in G has length at least
k/2. Without loss of generality, we may assume that v € W; and w € Wj.

If w € Ty = Ry NSy, then u € Ry\{z1, z¢} with c(uw) # c4(u), or u € S1\{z1, z¢}
with ¢(uw) # ¢ (u), as P is a properly colored path and w ¢ {z1, z¢}. Together with
(i), (ii), and (iv), we may assume that at least one of the following statements holds:

(a]) u € Ry and c(uw) # cy(u).

(a%) u € S1 and c(uw) # c—_(u).

(a5) u =z and c(z1w) = c(uw) # c(z122).

If w € Ry, then the definition of R; implies that u_ € Nj and c(zju_) = ¢y (u_) #
c—(u_). Since u_ € N7, c(z122) # c(z1u—). A similar statement also holds for u € S,
so at least one of the following statements holds:

(a1) u € Ry, c(uw) # c4(u) and ¢(z122) # c(z1u—) # c—(u—).

(a2) u € S1, cluw) # c_(u) and c(z122) # c(z1ut) # e (uy).

(ag) u= 2z and ¢(z1w) # c(z122).

By symmetry, we can deduce that at least one of the following statements holds for w:

(b1) w € Ry, c(uw) # c4(w) and c(zeze—1) # c(zew_) # c_(w_).

(b2) w € Se, cluw) # c_(w) and ¢(zeze—1) # c(zpwy) # cx(wy).

(bs) w = zp and c(zpu) # c(ze—12¢).
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We now claim that

(1) there exists a properly colored 2-factor H' in G[V(P)] such that each cycle

has length at least k/2.
If () holds, then H” = H — P 4+ H' is a disjoint union of properly colored cycles
each of length at least k/2 on vertex set V(H). If V(H") = V(G), then H” is the
desired properly colored 2-factor. If z € V(G)\V(H"), then H” U {z} is a properly
colored 1-path-cycle contradicting the maximality of |H| = |H"|. Therefore, in order
to complete the proof, it suffices to prove (1) for each combination of (a;) and (b;)
for 1 <14,j < 3. We say that u < w if u = z; and w = z; with ¢ < j. We would like
to point out that Cases 2—6 are proved by similar arguments used in Case 1. Since
the explicit structures of H' (see Figure 3.2) are different, we include their proofs for
completeness.

Case 0. (as) and (bs) hold. Since u = z; and w = 2z, (ag) implies that z, € Ny
and (bs) implies that z; € N;. Recall that z1 ¢ Ny or z; ¢ N;. Hence, we have a
contradiction.

Case 1. (a1) and (ba) hold. We have the following three statements:

(3.11) ct(u) # c(uw) # c—(w).
(3.12) c(z129) # c(z1u_) # c—(u—).
(3.13) c(zeze-1) # c(zewy) # e (wy).

If u— = w, then we set H' = z1 Pu_z1 + w4 Pzywy (see Figure 3.2(a)). Note that H’
is properly colored and a union of two cycles on vertex set V(H). By (a;) and (3.8),
we have u_ € Ni C Ni\{z1,..., 221} Thus, z;Pu_z is a cycle of length at least
k/2. By a similar argument, we deduce that wy Pzsw, is also a cycle of length at
least k/2 as wy € Nj by (bz). Hence () holds.

Next suppose that u— > w. If u_ = w4 and ¢(zpw4) = ¢(z1u_), then

c(zewy) = c(z1u-) = cq(u-) = cy(wy) # c—(wy),
where the second equality is due to the fact that v € R;. Recall from (3.13) that
c(zowy) # c4(wy). This contradicts the fact that w € Sy. Therefore, if u_ =
w4, then c(z1u_) # c(zpws). Together with (3.11)—(3.13), we conclude that H' =
z1u—Pwy zgPuwPz; (see Figure 3.2(b)) is a properly colored cycle with vertex set
V(P), so (T) holds.

If uw < w, then z1 Pu_z;, uPwu, and wy Pzpwy (see Figure 3.2(c)) are properly
colored cycles by (3.11)—(3.13). We will show that each is a cycle of length at least k/2
(which then implies (})). By (a1) and (3.8), we have u_ € Ny € Ni\{z1,..., 2[r/2 }-
Thus, 21 Pu_z; is a cycle of length at least k/2. Similarly, wi Pzyw. is also a cycle of
length at least k/2 as wy € N by (b2) and (3.8). Since uw and w are chosen such that
the subpath uPw has length at least k/2, uPwu has length at least k/2. Therefore,
(f) holds for (a;) and (b2).

Case 2. (a1) and (b1) hold. We have the following three statements:

(3.14) cy(u) # c(uw) # ey (w).
(3.15) c(z122) # c(z1u_) # c—(u_).
(3.16) c(zezo—1) # c(zew_) # c_(w_).

If u < w, then we set H' = 21 Pu_z1 + uPw_z;Pwu (see Figure 3.2(d)). Note that H’
is properly colored. By (a;) and (3.8), we deduce that z1 Pu_z; is a cycle of length
at least k/2. Recall our choices of v and w that uPw has length at least k/2. This
implies that uPw_z,Pwu is also a cycle of length at least k/2. Hence (1) holds.
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_=w

(a) u € Ry and w = Sy with u_ =w

2 w_ w wy u_ u Uy 2

) u € Ry and w € Sy with u— > w

Q..Q..Q

(¢) uw € Ry and w € Sy with u < w

LN A )0 ™

(d) v € Ry and w € Ry with u < w

2 w_ w wy u_ u Uy 2

(e) u € Ry and w € Ry with u > w

Q.@.

(f) u € Ry and w = 2y

2 u_ u Uy w_ w wy zy

2 u_ u=w_ wy 2

(j) ue Sy and w =z

Fia. 3.2. Structures of H'.
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Next suppose that u > w. By (3.14), we deduce that wy # u and so w < u_.
Hence, wPu_ is a path with length at least one. Together with (3.14)-(3.16), we
conclude that H' = zy Pw_z/PuwPu_z (see Figure 3.2(e)) is a properly colored
cycle with vertex set V(P), so (1) holds. Therefore, () holds for (a;) and (b1).

Case 3. (a1) and (bg) hold. Since w = z¢, we have

(3.17) cr(u) # c(uze) # c—(ze—120) and c(z122) # c(z1u—) # c_(u_).

Note that both z1 Pu_z; and uPzsu (see Figure 3.2(f)) are properly colored cycles.
By (3.8), both cycles have length at least k/2. Therefore, (1) holds for (a;) and (bs)
by setting H' = 21 Pu_z + uPzu.

Case 4. (az) and (b1) hold. We have the following three statements:

(3.18) c—(u) # c(uw) # cy(w).
(3.19) c(z122) # c(z1uq) # o4 (uq).
(3.20) c(zezo—1) # c(zew_) # c—(w_).

First suppose that u < w_. If uy = w_ and ¢(zpw_) = ¢(z1u4 ), then

c(zruq) = c(zew-) = cq(w-) = ey (uy) # c—(uq),

where the second inequality is due to the fact that w € Ry. This contradicts the fact
that u € S7 as ¢(z1uy) # cq(uy) by (3.19). Therefore, if uy = w_, then ¢(zju_) #
c(zpwy). Together with (3.18)—(3.20), we conclude that H' = z; PuwPzyw_Puyz
(see Figure 3.2(g)) is a properly colored cycle with vertex set V(P), so (1) holds.

If u=w_, then H = z1Pw_z;Puyz (see Figure 3.2(h)) is a properly colored
cycle with vertex set V(P) by (3.19) and (3.20). Thus (}) holds.

Suppose that v > w. By (3.18), we deduce that wy # w and so w < u_.
Hence, wPuw is a properly colored cycle. Moroever, it has length at least k/2 by
our choices of u and w. By (3.19) and (3.20), we conclude that z; Pw_z;Puz is a
properly colored cycle. It has length at least k/2 by (3.8). Hence (1) holds by setting
H' = wPuw + z1 Pw_z;Puy 21 (see Figure 3.2(i)). Therefore, (1) holds for (as) and
(by).

Case 5. (ag) and (bg) hold. Since w = z¢, we have

c—(u) # c(uzg) # c—(ze—120) and ¢(z122) # c(z1uy) # ey (ug).

Note that z; PuzPuy 21 (see Figure 3.2(j)) is a properly colored cycle with vertex set
V(P) and so (t) holds.

Case 6. (a;) and (bj) hold for (i,7) € {(3,2),(2,2),(3,1)}. Let P" = z{z5---2;
be the properly colored path obtained by reversing P. Hence, 2z} = z;_;4; for all
1 <i</{ Given o' = z{ € V(P') with i < ¢, write 2, to mean z;,, and c/(z) =
c(zxys). Similarly, given ' = 2/ € V(P’) with ¢ > 1, we write z_» = z/_, and
c_(z) = e(xx_,). (Hence, these primed notations are defined relative to P’.) Recall
that P’ is the reversed P, so ci/(x) = ¢_(z) and ¢_/(x) = ¢y (x). Further, set v/ = w
and w' = u.

Now suppose that (ag) and (bs) hold. Under the primed notation, we have

e () # c(u'2g) # e (24 _124) and e(2425) # e(hul ) # co(ul).

More importantly, if we ignore the primes, then we obtain (3.17). Therefore, in
hindsight, we are in the case when (a;) and (bsz) hold with respect to P’, i.e., we are
in Case 3. Hence, (}) holds by setting H' = z{ P'u’_, 2] + u'P'zju’.
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Similarly, we deduce that the case when (ag) and (bs) hold with respect to P
corresponds to the case when (a;) and (by) hold with respect to P’. Also, (a3) and
(b1) (with respect to P) corresponds to (ag) and (bs) (with respect to P’). Therefore,
we are in Case 1 and Case 5, respectively. The proof of the lemma is completed. O

4. Absorbing cycle. The aim of this section is to prove the following lemma,
that is, to show that there exists a small absorbing cycle.

LEMMA 4.1 (absorbing cycle lemma). Let 0 < & < 279371, Then there erists
an integer ng such that whenever n > ng the following holds. Suppose that G is an
edge-colored graph of order n with 6$(G) > (2/3 + e)n. Then there exists a properly
colored cycle C of length at most 2en/3 such that for all k < (8¢%n)/243 and for any
collections P, . .., Py of vertex-disjoint properly colored paths in G\V (C), there exists
a properly colored cycle with vertex set V(C)U U <,<, V(F).

Given a vertex x, we say that a path P is an absorbing path for x if the following
conditions hold:

(i) P = z1292324 is a properly colored path of length 3;

(i) o ¢ V(P);

(iii) z12972324 is a properly colored path.

Next we define an absorbing path for two disjoint edges. Given two vertex-disjoint
edges z1x2, y1y2, we say that a path P is an absorbing path for (x1,x2;y1,y2) if the
following conditions hold:

(i) P = z1292324 is a properly colored path of length 3;

(il) V(P) N {z1, 22, 1,92} = 0;

(iii) both z1z0m129 and y1y22324 are properly colored paths of length 3.

Note that the ordering of (z1,z2;y1,y2) is important. Given a vertex z, let £(z) be
the set of absorbing paths for x. Similarly, given two vertex-disjoint edges x1x2, y1y2,
let £(x1,z2;y1,y2) be the set of absorbing paths for (z1,22;y1,y2). The following
simple proposition follows immediately from the definition of an absorbing path for
(9617962;31173/2)'

PROPOSITION 4.2. Let P’ = xyxo - xp_124 be a properly colored path with £ > 4.
Let P = z1292324 be an absorbing path for (x1,x2;x0-1,2¢) with V(P)NV(P") = 0.
Then 21290122 -+ Xy—_1X¢2324 1S a properly colored path.

Lemma 4.1 will be proved as follows. Suppose that 6$(G) > (2/3 + &)n. In the
next lemma, we show that every L(z) and every L(z1,x9;y2,y1) are large. By a
simple probabilistic argument, Lemma 4.5 shows that there exists a small family F’
of vertex-disjoint properly colored paths (each of length 3) such that 7' contains a
linear number of members of L(x) for all z € V(G) and a similar statement holds for
L(x1,x2;y1,y2). Finally, we join all paths in ' into one short properly colored cycle
C using Lemma 4.6. Moreover, C satisfies the desired property in Lemma 4.1.

LEMMA 4.3. Let0 < ¢ < 1/2 and let n > 4/ be an integer. Suppose that G is an
edge-colored graph on n vertices with 65(G) > (1/2+&)n. Then |L(z)| > e3n* for every
z € V(G) and |L(z1,72;y1,y2)| > 3n? for any distinct vertices x1,22,y1,y2 € V(G)
with T122, 11y2 € E(G).

Proof. Fix a vertex z € V(G). Choose a vertex zo € N(z). Next pick another
vertex zz € N(z2) N N(x) such that ¢(zz2) # c(zz3). Notice that the number of such
zg is at least 65(G) + 6(G) —n > 2en. Since 67(G) > (1/2+¢e)n, A(H) < (1/2—¢e)n
for all monochromatic subgraphs H in G. Hence, the number of z; € N(22)\{x, 23}
such that ¢(z223) # c(2122) # c(z212) is at least 0§(G) — (1/2 —e)n — 2 > en. Fix
one such z;. Similarly, there are at least en choices for z4 € N(z3)\{z, 21,22} such
that c(z223) # c(z324) # c(xz3). Notice that z1292324 is an absorbing path for z.
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Recall that every path is assumed to be directed. Therefore, there are at least 0§(G) x
2en x en X en > £3n* many absorbing paths for .

Next, fix vertex-disjoint edges 2129 and y192 in G. Choose a vertex zo € N(x1)\
{2,y1,y2} such that c¢(x122) # c(z122). Pick another vertex z3 € (N(z2) N N(y2))\
{x1,22,y1,y2} such that c(yaz3) # c(y1y2). The number of such z3 is at least
(G) + 0{(G) —n —4 > 2en — 4. Recall that A(H) < (1/2 — €)n for all monochro-
matic subgraphs H in G. Hence, the number of z; € N(22)\{x1,x2,y1,y2, 23} such
that c(z223) # c(z122) # c(zex1) is at least §§(G) — (1/2 —e)n — 4 > en. Fix
one such z;. Similarly, there are at least §5(G) — (1/2 — e)n — 5 > en choices for
24 € N(z3)\{z1,22,91,Y2, 21, 22} such that c(z223) # ¢(z324) # c(y223). Note that
21222324 is an absorbing path for (1, 22;y1,y2). Therefore, there are at least

(65(G) — 4)(2en — 4)e*n? > (en? + 2n(e®n — 6 — 1) + 16)e?n? > *n?

many absorbing paths for (z1, z2; Y1, y2). d

Lemma 4.5 is proved by a simple probabilistic argument since each of £(z) and
L(x1,x2;y1,y2) is large. We will need the following Chernoff bound for the binomial
distribution (see, e.g., [2]). Recall that the binomial random variable with parame-
ters (n,p) is the sum of n independent Bernoulli variables, each taking value 1 with
probability p or 0 with probability 1 — p.

PROPOSITION 4.4. Suppose that X has the binomial distribution and0 < a < 3/2.
Then P(|1X — EX| > aEX) < 2e~ @ EX/3,

LEMMA 4.5. Let 0 < v < 1. Then there exists an integer ng such that whenever
n > ng the following holds. Let G be an edge-colored graph on n wvertices. Suppose
that |L(z)| > yn* for every x € V(G) and |L(x1,72;y1,y2)| > yn* for all distinct
vertices x1,%2,y1,y2 € V(G) with x1x2, y1y2 € E(G). Then there exists a family F'
of vertex-disjoint properly colored paths each of length 3, which satisfies the properties

7] <2 %n,
[L(z) NF'| = 27%n,
|L(x1, 223 91,y2) N F'| > 27%9%n
for all x € V(G) and for all distinct vertices x1,x2,y1,y2 € V(G) with 122,

y1y2 € E(G).
Proof. Choose ng € N large so that

(41)  exp(—ymo/(3 x 27)) + (ng + n) exp(~*no/(3 x 2%)) < 1/6.

Recall that each path is assumed to be directed. So a path 2222324 will be considered
as a 4-tuple (z1, 22, 23, 24). Choose a family F of 4-tuples in V(G) by selecting each
of the n!/(n — 4)! possible 4-tuples independently at random with probability

—4)!
— 277 (n > 277 73.
p T =2
Notice that
B =ri = = 27",

E|L(z) N F| = p|lL(x)] =27 ?n,
E|L(x1, 22591, y2) N F| = p|L(21, 22,91, 92)] > 27770



AN EDGE-COLORED VERSION OF DIRAC’S THEOREM 33

for every x € V(@) and for all distinct x1, z2, y1,y2 € V(G) with x129, y1y2 € E(G).
Then by Proposition 4.4, the union bound and (4.1) with probability at least 5/6, the
family F satisfies the properties

(4.2) |F| < 2E(|F]) = 27 %n,
(4.3) |L(z) N F| > 27 'EB(|L(x) N F|) > 27%4%n,
(4.4) |L(x1, 22, y1,y2) NF| > 27 'E(|L(21, 22,1, y2) N F|) > 278%n

for every x € V(G) and for all distinct 1, z2,y1,y2 € V(G) with x122, y1y2 € E(G).

We say that two 4-tuples (a1, az, as, aq) and (b1, be, b3, by) are intersecting if a; =
b; for some 1 < ¢,j < 4. Furthermore, we can bound the expected number of pairs of
4-tuples in F that are intersecting from above by

n—1)!
(n—@!X£XEn—£!

x p? = 271042,

Thus, using Markov’s inequality, we derive that with probability at least 1/2,
(4.5) F contains at most 27 %+%n intersecting pairs of 4-tuples.

Hence, with positive probability the family F has all properties stated in (4.2)—(4.5).
Remove one 4-tuple in each intersecting pair in such a family F. Further remove those
4-tuples that are not absorbing paths. We get a subfamily F’ consisting of pairwise
disjoint 4-tuples, which satisfies

|L(x) N F'| > 278y — 279%2n = 27992

for every x € V(@) and a similar statement holds for |£(z1,x2;y1,y2) N F'|. Since
each 4-tuple in F’ is an absorbing path, 7’ is a set of vertex-disjoint properly colored
paths of length 3. O

In order to prove Lemma 4.1, it is sufficient to join the paths in F’ given by
Lemma 4.5 into a short properly colored cycle C'. The next lemma shows that we can
join any two disjoint edges into a properly colored path of length 5.

LEMMA 4.6. Suppose that G is an edge-colored graph of order n with 05(G) >
2n/341. Let 122, y1y2 be two edges in G with xo # yo. Then there exists an edge z1 2o
with z1, z9 € V(G)\{z1,22,y1,y2} such that both x1x22122 and z122y1y2 are properly
colored paths. In particular, if x1, x2, y1, and yo are distinct, then r1T22120y1Y2 @S a
properly colored path.

Proof. Let X be the set of vertices x € N(x2)\{z1, %2, y1,y2} such that c(xzs) #
c(xywe). Similarly, let Y be the set of vertices y € N(y1)\{x1,z2,y1,y2} such that
c(yyr) # c(yryz). So | X|, Y] > 0§(G) — 2 > 2n/3 — 1. Define an auxiliary bipartite
directed graph H with vertex classes X and Y such that for x € X and y € Y

(a) 77 € E(H) if and only if zy € E(G) and c(xy) # c(zas);

(b) y# € E(H) if and only if 2y € E(G) and c(zy) # c(yy).

(Recall that in H we treat X and Y to be disjoint.) The outdegree of each z € X in
His

di(x) =Y N{z € Na(z) : c(x2) # c(zas)}]
2 Y] +61(G) —n = (Y]+1)/2
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and similarly for each y € Y, dj;(y) > (|X| + 1)/2. Hence the number of directed
2-cycles in H is at least

X|(Y]+1 Y|(|X]|+1
S dia)+ Y ) - 1xjv) > D XD )y,
xeX yey

XL+ IY

5 2 2/3- 1.

Let z129 be a directed 2-cycle in H with z; € X and 2z, € Y. This implies that
c(xaz1) # c(z122) # c(z2y1). Hence, 1292120 and z120y1y2 are properly colored

paths. Therefore, the lemma follows. O
We are ready to prove Lemma 4.1. Given a graph family F, we write V(F) =
Uper V(F).

Proof of Lemma 4.1. Let v = 25¢/9. Choose ng € N large so that ng > 4/¢? and
Lemma 4.3 holds. By Lemma 4.3, £(x) > yn* for all z € V(G) and L(z1, x9;y1,y2) >
yn* for all distinct vertices o1, 22, y1,y2 € V(G) with 2129, y1y2 € E(G). Let F' be
the set of properly colored paths obtained by Lemma 4.5. Therefore, | F'| < 27%yn =
en/9,
8e2n 8e2n

and [L(x1, 25 y1,y2) N F'| > ——

4. "1>92792p =
(46) L@ NF| 220 = = o

for all z € V(G) and for all distinct vertices z1,x2,y1,y2 € V(G) with xj29,
Y1Y2 € E(G)

We now show that C' has the desired property. Let Py, ..., Pz be the properly
colored paths in F’. For each 1 < j < |F/|, we are going to find an edge z{zé such
that {z{,zg} NV(F) =0, sz{ngjH is a properly colored path, where we take
Pri41 = Pr, and (1,2} n {z{/,zgl} = () for all j # j/. Assume that we have
already found edges 221, ..., 207 237" for some 1 < j < |F'|. Let P; = vjvovgvy and
Pj 1 = vivhvhv). Set

W= (viF U | {25} \{vs,%vi,vé}-

1<5'<j
Note that
[W;| = 4|F'| +2(j — 1) — 4 < 6|F| < 2en/3.

Define G; = G[V(G)\W;], so 6{(G;) > 2n/3 +en/3 > 2n/3 + 1. Apply Lemma 4.6
with G = Gj, 1 = v3, 22 = 14, y1 = v}, and y» = v} to obtain an edge z{zJ such

that vzvgz{2zJv] v} is a properly colored path in G;. This implies that sz{ngjH is

a properly colored path in G. Therefore, there exist vertex-disjoint edges z1z1, ...,
2‘1}- |z‘2}— " as desired. Let C' be the properly colored cycle obtained by concatenating
Py, 2izd, Py, 2323 .. .,P‘].-/‘,z‘l}- |z‘2}— . Note that |C| = 6|F'| < 2en/3.

Suppose that P is a family of at most (8n)/243 vertex-disjoint properly colored
paths in V(G)\V(C). Let P’ be the family of vertex-disjoint properly colored paths
obtained from P by breaking up every path P € P with |P| < 3 into isolated vertices.
Hence, P’ contains at most (8¢2n)/81 paths and, for each path P € P’, either |P| =1
or |P| > 4. Now, we assign each P € P’ to a path Q € F’ such that Q € L(V(P))



AN EDGE-COLORED VERSION OF DIRAC’S THEOREM 35

if |[P|=1and Q € L(x1,x9;20—1,2¢) if P = 21292 with £ > 4. Moreover, no
two paths in P’ are assigned to the same Q € F'. Note that such an assignment
exists by (4.6). Apply Proposition 4.2 to each pair (P, Q) and obtain a family F” of
vertex-disjoint paths such that |F'| = |F”|. Note that

V(F")=V(FHYUV(P)=V(F)uV(P).

Moreover, there is a one-to-one correspondence between paths P’ € ' and P" € F"
such that the endedges of P’ and P” are the same. Recall that C' is a properly colored
cycle containing F’. Let C’ be the cycle obtained from C' by replacing the paths in
F' with paths in F”. Note that C’ is properly colored and V(C") = V(C) U V(P).
This completes the proof of Lemma 4.1. O

5. Proof of Theorem 1.3. First, we prove that G contains a properly colored
triangle if 0§(G) > 2n/3 — 1.

PROPOSITION 5.1. Let G be an edge-colored graph on n wvertices with §§(G) >
2n/3 — 1. Then every vertex in G is contained in a properly colored triangle.

Proof. Let x be a vertex in G and let ¢ be the edge-coloring on G. Define H to
be the directed graph on N(z) with directed edges y? if and only if yz is an edge in
G[N(z)] with ¢(yz) # c(vy) # c(xz). For y € V(H), the outdegree of y in H is

df;(y) = {z € Na(y) : clyz) # c(zy)} + [{z € Na(@) : c(z2) # c(ay)}| - (n - 2)
> 267(G) —n+2.

Note that if yz is a directed 2-cycle in H, then {x,y,z} forms a properly colored
triangle in GG. Hence, we may assume that H does not contain any directed 2-cycles.
Moreover, we may assume that if 27 is in H, then ¢(zy) = c(zy). By an averaging
argument, there exists a vertex y € V(H) such that dy;(y) > dj;(y) > 265(G) —n+2.
Therefore

c(zy)} + {z € Na(y) : c(yz) # clzy)}

da(y) = {z € Na(y) : c(yz) =
30{(G) —n+2.

>dy(y) +61(G) >

Since dg(y) < n — 1, the inequality above implies that 0{(G) < 2n/3 — 1, a contra-
diction. d

Finally, we prove Theorem 1.3.

Proof of Theorem 1.3. Without loss of generality, we may assume that e < 279371
Choose ng € N large so that e(1 —2¢/3)ng/3 > 1, ng > 2433, and Lemma 4.1 holds.
Let G be an edge-colored graph on n vertices with 0§(G) > (2/3 + €)n as stated in
Theorem 1.3. By Proposition 5.1, G contains a properly colored triangle.

Suppose that ¢ is an integer with 4 < ¢ < 2en/3. Since 0{(G) > (2/3+¢)n, we can
greedily construct a properly colored path of length 2n/3. In particular, G contains
a properly colored path P = xy@xs -+ - 24— of length £ — 3. Let G’ be the subgraph of
G obtained by removing all the vertices =3, x4, ..., z¢—4. Note that

56(G') > 65(G) — (£ —6) > (2/3+¢2/3)n > 2|G"|/3 + 1.

Hence, Lemma 4.6 implies that there is an edge 2122 in G’ such that xy_3xy 221201179
is a properly colored path. Therefore, x1xo - - xp_22120x1 is a properly colored cycle
of length /.
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Suppose that 2en/3 < ¢ < n. Let C be the properly colored cycle given by
Lemma 4.1, so |C| < 2en/3. Let G be the subgraph of G obtained after removing
all the vertices of C'. Note that

07(G") > 01(G) — |C| = (2+¢e)n/3 > (2+¢)|G"|/3.

Note that ¢|G"|/3 > (1 — 2¢/3)n/3 > 1. By Lemma 3.1, G” can be covered by
at most |67 !] vertex-disjoint properly colored paths. That is, we can find vertex-
disjoint properly colored paths Pi,..., Py in G such that k < 6e=! < 8¢2n/243,
V(P) NV (P;) = 0 for all i # j and |J; ;. V(Pi) = V(G"”). By removing vertices
in the paths, we may assume that the paths P, ..., Py span exactly ¢ — |C| vertices.
By the property of C' guaranteed by Lemma 4.1, there exists a properly colored cycle
C" with V(C") = V(C) U U <;< V(F;). Note that |C'| = |C| + > i<k |Pi| = L.
Therefore, C' is a properly colored cycle of length ¢ as required. o
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