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1. INTRODUCTION

Suppose that H is a subgroup of a finite group G and that G is generated
by the conjugates of H. In this paper, we consider the following question:

when can G be generated by two conjugates of H?

We began the study of this question in [2]. In order to discuss the results
proved in [2] and in this paper, we use the following notation. The chain
length of H in G is defined by

clG�H� = max�n ∈ N � there is a chain H = K0 < K1 < · · · < Kn = G��
If clG�H� = n then we write H <n G and say that H is strongly nth maximal
in G.

If clG�H� = 1 then H is maximal in G and the answer to the question is
yes. In [2] we considered the case clG�H� = 2. We proved that the answer
is yes, unless G has a very restricted structure. Note that there is no loss in
factoring out by HG, the largest normal subgroup of G contained in H and
hence assuming HG = 1. In [2] we proved:

Theorem A. Let H be a subgroup of a finite group G such that G =
	HG
 and HG = 1. Suppose that clG�H� = 2 and that G cannot be generated
by two conjugates of H. Then there exists a prime p and a faithful irreducible
GF�p�H-module U such that:

• G ∼= H�U ⊕U�, the semidirect product of H with U ⊕U .
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• If F = EndH�U� then dimF�U� = 1 and H is isomorphic to a sub-
group of GL1�F�.
In particular, G is not simple and G is a Frobenius group with cyclic comple-
ment H and elementary abelian kernel.

In fact, this is a re-statement of [2, Theorem A] in the case clG�H� = 2.
This paper considers the case clG�H� = 3. First we make some general
comments.

In considering our question in the case clG�H� ≥ 3, some obvious exam-
ples come to mind. For instance, if G is the alternating group on n letters
and H is a subgroup that fixes more than n/2 letters then G cannot be
generated by two conjugates of H. Another example is if G is a simple
group and H has order 2, then any two conjugates of H generate a dihe-
dral group, and hence a proper subgroup of G. In order to avoid examples
like these, which we can never hope to classify, some extra hypothesis is
needed. A suitable choice seems to be N�H� = H, in other words, that H
is self normalizing. Non nilpotent groups contain a rich supply of self nor-
malizing subgroups. For example, if H contains the normalizer of a Sylow
subgroup then H is self normalizing.

We shall prove:
Theorem B. Let H be a self normalizing subgroup of a finite group G

such that G = 	HG
 and HG = 1. Suppose that clG�H� = 3 and that G
cannot be generated by two conjugates of H. Then G has one of the following
structures:

Type 1. G has a proper quotient G in which clG�H� = 2 such that G
cannot be generated by two conjugates of H.

Type 2. There exists a prime p and a faithful irreducible GF�p�
H-module U such that:

• G ∼= H�U ⊕U ⊕U�, the semidirect product of H with U ⊕U ⊕U .

• If F = EndH�U� then dimF�U� = 2 and H is isomorphic to a sub-
group of GL2�F�.

Type 3. There exists K <2 G and a faithful irreducible GF�2�K-module
U such that:

• G ∼= K�U ⊕U�.
• H is a maximal subgroup of K.

• If F = EndK�U� then dimF�U� = 2 and K induces the full special
linear group SL�U/F� on U .

• Let q = �F �. Then q = 2n for some n ≥ 2, K ∼= SL2�q� and H ∼=
D2�q+1� or D2�q−1�.

In particular, G is not simple.
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Remark. Groups of type 1 are the obvious “degenerate” examples since
if G has a proper quotient G which cannot be generated by two conjugates
of H then G cannot be generated by two conjugates of H. The structure
of the quotient G is of course given by Theorem A. Groups of type 2 and
3 are clearly similar to the groups in Theorem A.

Theorem B suggests the following problems for further study:

(i) What happens if we remove the condition clG�H� = 3? Are the
examples that arise similar to those in Theorem B?

(ii) If H is a self normalizing subgroup of a finite simple group G,
can G be generated by two conjugates of H?

(iii) What happens if we remove the condition N�H� = H and
instead seek to generate G with H and an element of G?

Next we outline the strategy used to prove Theorem B. We assume that
G satisfies the hypothesis of Theorem B and impose the “non-degeneracy”
condition that G is not of type 1. The crucial move in the proof of
Theorem A was to show that the hypothesis of Theorem A implies that
H is a TI-subgroup; that is, H has trivial intersection with its conjugates.
Groups of types 2 and 3 show that we cannot do this for Theorem B.
Instead we consider the set

� = �A ∩ B � 1 �= A ∩ B and A�B are distinct conjugates of H��

We show that any two distinct members of � have trivial intersection. In
particular, we have constructed TI-subgroups. Here, the crucial move is to
show that if g ∈ G�Hg �= H and H ∩Hg �= 1 then H <1 	H�Hg
 <2 G.

We then consider subgroups K such that H <1 K <2 G. We show that
either K <1 	K�Kg
 �= G whenever K ∩Kg �= 1 or that K contains a non-
trivial normal subgroup of G. Again, the first case leads to the construction
of TI-subgroups. Also, we define a G-invariant equivalence relation on �
with the property that the stabilizer of an equivalence class contains the nor-
malizers of many of the TI-subgroups that we have constructed. A detailed
analysis of this stabilizer, together with a counting argument, shows that
there are two or three distinct K that contain a proper normal subgroup of
G. It is then not too difficult to show that G is of type 2 or 3.

It is left as an exercise for the reader to show that groups of types 2 and
3 do indeed satisfy the hypothesis of Theorem B. For groups of type 2 this
is elementary linear algebra. For groups of type 3 one needs to use the fact
that �H1�SL2�q�� V �� = q if q = 2n� n ≥ 2 and V is the natural module for
SL2�q�.
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2. PRELIMINARIES

Throughout this paper, group means finite group. If A and B are groups
then A ≤ B means A is a subgroup of G, A < B means A ≤ B and A �= B,
and A�B means A is a normal subgroup of B. The notations clG�H� and
<n were defined in the Introduction. If G is a group then G� = G − �1�
and if V is a vectorspace then V � = V − �0�. We let π�G� be the set of
prime divisors of �G� and if p is a prime then Sylp�G� is the set of Sylow
p-subgroups of G.

If A and B are subgroups of a group G, we define

AB = {
Ab � b ∈ B}�

This should not be confused with the subgroup generated by the members
of AB, which we shall denote by

	AB
�
Also, we define

AB = ⋂{
Ab � b ∈ B}

and note that AB is the largest subgroup of A that is normalized by B.
If H is a group then F�H�, the Fitting subgroup of H, is the largest normal

nilpotent subgroup of H. If p is a prime then �p�H� is the largest normal
p-subgroup of H.

Apart from the following results, this paper is self contained.

Theorem 2.1 (D. Bartels [1]). Let P be a subgroup of the group G. Then

	Q � P is conjugate to Q in 	P�Q


is the smallest subnormal subgroup of G that contains P .

We shall need a detailed knowledge of Frobenius groups. Let A be a
subgroup of a group G such that 1 < A < G and A ∩ Ag = 1 for all
g ∈ G − A. Then we say that G is a Frobenius group and that A is a
Frobenius complement in G. The latter condition is easily seen to be equiv-
alent to N�Q� ≤ A whenever 1 �= Q ≤ A. By the theorems of Frobenius
and Thompson, we have

G = AF�G� and A ∩ F�G� = 1�

The subgroup F�G� is called the Frobenius kernel of G. Its non-identity ele-
ments are characterized as being those elements of G that do not belong to
any conjugate of A. It is a consequence of the Schur–Zassenhaus Theorem
that G has exactly one conjugacy class of Frobenius complements. More-
over, we have g ∈ 	A�Ag
 for all g ∈ G.
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Lemma 2.2. Let G be a Frobenius group with Frobenius complement A.
Suppose M ≤ G�M ∩A �= 1 and M �≤ A. Then M is a Frobenius group with
Frobenius complement M ∩A. Moreover,

F�M� =M ∩ F�G��

Proof. Let A0 = M ∩ A, so that 1 < A0 < M . If m ∈ M − A0 then
m �∈ A so A0 ∩Am

0 ≤ A ∩Am = 1. Thus A0 is a Frobenius complement
in M .

Since M ∩ F�G� is a nilpotent normal subgroup of M we have M ∩
F�G� ≤ F�M�. Let f ∈ F�M� and suppose that f �∈ F�G�. Then f ∈ Ag for
some g ∈ G. Thus 1 �= Ag ∩M . If M ≤ Ag then 1 �= A0 ≤ A ∩Ag so M ≤
Ag = A, a contradiction. Thus M �≤ Ag and then Ag is also a Frobenius
complement in M . But then f ∈ �Ag ∩M� ∩ F�M� = 1, a contradiction.
We deduce that f ∈ F�G�. Thus F�M� =M ∩ F�G�.

The reader who merely wishes to see that a group satisfying the hypothe-
ses of Theorem B cannot be simple may omit the following two lemmas.

Lemma 2.3. Let V be a 2-dimensional vectorspace over a field F of char-
acteristic p �= 0. SupposeH ≤ GL�V � is a Frobenius group and that �p�H� =
1. Then the Frobenius complement of H has order 2 and the kernel of H is
cyclic of odd order. In particular, H is dihedral.

Proof. Since H is a Frobenius group we have Z�H� = 1 and so
Z�GL�V �� ∩ H = 1. Also, F�H� ≤ �H�H� and hence F�H� ≤ SL�V �.
Now F�H� ≤ C�Z�F�H��� so [3, (6.8)(i),(iii), p. 396] implies that F�H� is
cyclic. By diagonalizing a generator for F�H� over an algebraic closure of
F , we see that �NGL�V ��F�H��/CGL�V ��F�H��� ≤ 2. Let P be a Frobenius
complement of H. Then CP�F�H�� = 1 so then �P� = 2. Finally, F�H� has
order coprime to P and the non identity element of P must invert F�H�.
Thus H is dihedral.

Lemma 2.4. Let V be a 2-dimensional vectorspace over a finite field F of
order q. Assume the following:

(i) H <1 K ≤ GL�V/F�.
(ii) H acts irreducibly on V considered as a vectorspace over the prime

subfield of F .

(iii) H is a Frobenius group with Frobenius complement P .

(iv) If 1 �= Q�H then NK�Q� ≤ H.

Then q = 2n for some n ≥ 2�K = SL�V/F� and H ∼= D2�q+1� or D2�q−1�.
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Proof. Let p be the characteristic of F . Now CV ��p�H�� �= 1 is
H-invariant so (ii) forces �p�H� = 1. Similarly, �p�K� = 1. Then (iii)
and (2.3) imply that �P� = 2 and that F�H� is cyclic of odd order. Let
K0 = K ∩ SL�V/F��K. Then F�H� = �H�H� ≤ K0. Also, (iv) and (i)
imply F�H� < K0.

Suppose that F�H� = H ∩ K0. Now F�H� is cyclic so every subgroup
of F�H� is normal in H and then (iv) implies that F�H� is a Frobenius
complement in K0. Now �p�K0� ≤ �p�K� = 1 so (2.3) implies �F�H�� = 2,
a contradiction. We deduce that F�H� < H ∩ K0. Then as �H � F�H�� =
�P� = 2 we see that H ≤ K0. Using (iv) and (i) it follows that K0 = K, in
particular, K ≤ SL�V/F�.

If p is odd then the only subgroup of order two in SL�V/F� is
Z�SL�V/F��. But P does not centralize F�H� so we deduce that p = 2.
Thus q = 2n for some n ≥ 1. The only non-abelian subgroup of SL2�2�
is SL2�2� so as H < K ≤ SL�V/F� it follows that n ≥ 2. We use [3,
Theorem 6.17, p. 404] to identify K. Note that p = 2 divides �K� and
that (iv) implies that K is not dihedral. Also note that part (x) of [3,
Theorem 6.17, p. 404] is not applicable since p = 2. It follows that
K ∼= SL2�F1� for some subfield F1 of F . By choosing a basis, we may iden-
tify SL�V/F� with SL2�F�. We then have SL2�F1� ≤ SL2�F� and then [3,
Theorem 6.20, p. 408] implies that K is conjugate to SL2�F1� in SL2�V �.
But then (ii) forces F1 = F whence K = SL�V/F�. Using [3, (6.23), p. 410]
and (iv) it follows that H ∼= D2�q+1� or D2�q−1�.

3. UNIONS OF SUBGROUPS

In this section, we study groups that can be written as a union of sub-
groups in a special way. These groups will occur as normalizers and as
stablilzers of equivalence classes in groups that satisfy the hypotheses of
Theorem B.

Hypothesis 3.1. �X� �Xi�αi=1� V � is a 3-tuple that satisfies:

(i) Each Xi and V are subgroups of the group X.

(ii) X = X1 ∪ · · · ∪Xα, V < Xi < X for all i and Xi ∩Xj = V for
all i �= j.

Hypothesis 3.2. �X� �Xi�αi=1� �Xij�αi=1
αi
j=1� V � is a 4-tuple that satisfies:

(i) �X� �Xi�αi=1� V � satisfies Hypothesis (3.1).

(ii) For each i, �X� �Xij�αij=1�Xi� satisfies Hypothesis 3.1.

(iii) For all i� j there exists k such that Xj ≤ Xik.
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Lemma 3.3. Assume Hypothesis 3.1, that V = 1, and that Xi�X for all
i. Then X is an elementary abelian p-group.

Proof. This is left as an exercise.

Lemma 3.4. Assume Hypothesis 3.1. Then:

(i) α ≥ 3.

(ii) V ∩ V x = VX for all x ∈ X − V .

(iii) Either V �X orX/VX is a Frobenius group with cyclic complement
V/VX and whose kernel is a p-group.

Proof. Hypothesis 3.1(ii) implies α ≥ 2. If X = X1 ∪X2 then X = X1
or X = X2, contrary to (3.1(ii)). Thus α ≥ 3. Next we claim:

If i �= j� x ∈ Xi − V and y ∈ Xj − V then V ∩ V x = V ∩ V y� (1)

Choose k such that xy−1 ∈ Xk. If k = j then x = �xy−1�y ∈ Xi ∩Xj = V ,
a contradiction. Thus k �= j. We have

�V ∩ V x�y−1 = V y
−1 ∩ V xy−1 ≤ Xj ∩Xk = V

whence V ∩ V x ≤ V ∩ V y . Then (1) follows by symmetry.
We prove (ii). Choose i such that x ∈ Xi − V . Let y ∈ X − Xi and

z ∈ Xi − V . Now y ∈ Xj − V for some j �= i so applying (1) twice yields
V ∩ V x = V ∩ V y = V ∩ V z. We deduce that V ∩ V x ≤ V w for all w ∈
X − V . This proves (ii).

Next we prove (iii). Assume V �X. We may factor out by VX and assume
that VX = 1. Then V �= 1 so (ii) implies that V is a Frobenius complement
in X and hence in each Xi. Thus X = VF�X�. For each i, set Fi = F�X� ∩
Xi. We see that �F�X�� �Fi�αi=1� 1� satisfies Hypothesis 3.1.

Let 1 ≤ i ≤ α. Then N�Fi� = NX1
�Fi� ∪ · · · ∪NXα�Fi� and as NF�X��Fi� >

Fi we have NXj �Fi� > V for some j �= i. Suppose N�Fi� �= X. Then by
induction, V is cyclic and F�N�Fi�� is a p-group. But Z�F�X�� ≤ F�N�Fi��
whence F�X� is a p-group also. Hence we may suppose Fi�X for all i.

Lemma 3.3 implies that F�X� is an elementary abelian p-group. Let Z1
and Z2 be minimal V -invariant subgroups of F1 and F2 respectively. Set
G = VZ1Z2. Now Z1 and Z2 are the V -composition factors of Z1Z2 so it
follows that V <2 G. Suppose G = 	V� V z
 for some z ∈ Z1Z2. Choose k
such that z ∈ Xk. Then G ≤ Xk. But then Z1 ≤ F�X� ∩X1 ∩Xk and as
F�X� ∩ V = 1, this forces k = 1. Similarly k = 2, a contradiction. Thus
G cannot be generated by two conjugates of V . Now V is a Frobenius
complement in G so G = 	V G
 and VG = 1. Then Theorem A implies V
is cyclic.
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Lemma 3.5. Assume Hypothesis 3.2 and that VX = 1. Then:

(i) If i �= j then XiX ∩Xj = 1.

(ii) If i �= j� g ∈ X and Xg
i ∩ Xj �= 1 then Xg

i ∩ Xj is a Frobenius
complement in X.

(iii) Either X is an elementary abelian p-group or there exist l�m ∈ N
and g ∈ X such that l �= m and Xg

l ∩Xm �= 1.

(iv) For each i� F�X� ∩Xi = XiX .

(v) F�X� = ⋃�XiX � 1 ≤ i ≤ α�.
Proof. (i) We have XiX ∩ Xj ≤ Xi ∩ Xj = V . Choose g ∈ Xj − V .

Then XiX ∩Xj = �XiX�g ∩Xg
j = �XiX ∩Xj�g ≤ V g. Lemma 3.4 applied

to �X� �Xi�αi=1� V � yields V ∩ V g ≤ VX = 1 and so XiX ∩Xj = 1�

(ii) Let D = X
g
i ∩ Xj . Let x ∈ X − Xj . Then (3.4) applied to

�X� �Xjk�
αj
k=1�Xj� implies Xj ∩Xx

j = XjX . Thus

D ∩Dx ≤ Xg
i ∩Xj ∩Xx

j = X
g
i ∩XjX = �Xi ∩XjX�g

and then (i) forces D ∩Dx = 1.
Now let x ∈ X − Xg

i . Then (3.4) applied to �X� �Xg
ik�αik=1�X

g
i � implies

X
g
i ∩Xgx

i = �Xg
i �X = XiX . Thus

D ∩Dx ≤ Xg
i ∩Xj ∩Xgx

i = XiX ∩Xj
and then (i) forces D ∩ Dx = 1. We deduce that D ∩ Dx = 1 for all x ∈
X −D, so D is a Frobenius complement in X.

(iii) If Xl �X for all l then (i) implies Xl ∩Xm = 1 for all l �= m and
then (3.3) implies that X is an elementary abelian p-group. Suppose Xl�X
for some l. Choose g ∈ X such that Xg

l �= Xl. Now X = X1 ∪ · · · ∪Xα so
there exists m �= l such that Xg

l ∩Xm �= 1.

(iv) This is visibly true in the case that X is elementary abelian, hence
we may suppose that the second possibility of (iii) holds. Now XiX ∩ �Xg

l ∩
Xm� = �XiX ∩Xl�g ∩ �XiX ∩Xm�. But l �= m so i �= l or i �= m and then
(i) implies XiX ∩ �Xg

l ∩Xm� = 1. As XiX �X we see that XiX has trivial
intersection with every conjugate of Xg

l ∩Xm. Now (ii) implies that Xg
l ∩

Xm is a Frobenius complement in X so we deduce that XiX ≤ F�X�.
Conversely, let f ∈ F�X�� ∩Xi. Then f is not contained in any Frobenius
complement of X so (ii) and the fact that X = X1 ∪ · · · ∪Xα imply f h ∈ Xi
for all h ∈ X. Thus f ∈ XiX . We deduce that F�X� ∩Xi = XiX .

(v) We have F�X� = �F�X� ∩X1� ∪ · · · ∪ �F�X� ∩Xα�, so (v) follows
from (iv).
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Theorem 3.6. Assume Hypothesis 3.2 and that V �X. Then:

(i) Each Xij is a union of at least three of the Xk.
(ii) There exists i and j such that Xij �X and such that each Xk

contained in Xij is normal in X.

(iii) Let X = X/V . Then F�X� = ⋃�XiX � 1 ≤ i ≤ α� and F�X�
is an elementary abelian p-group. Moreover, either X = F�X� or X is a
Frobenius group.

Proof. (i) We have Xij = �X1 ∩ Xij� ∪ · · · ∪ �Xα ∩ Xij�. Suppose V <
Xk ∩ Xij . If k = i then Xk ≤ Xij by (3.2(ii)). Suppose k �= i. Then by
(3.2(iii)) there exists l such that Xk ≤ Xil. Now Xk ∩ Xi = V so Xk ∩
Xij �≤ Xi. However, Xk ∩Xij ≤ Xil ∩Xij so (3.2(ii)) forces l = j, whence
Xk ≤ Xij . We deduce that Xij is a union of some of the Xk.

Note that (3.2(ii)) implies Xi < Xij . Suppose Xij = Xk for some k.
Then Xi ≤ Xk so (3.2(i)) forces Xi = Xk = Xij , a contradiction. Suppose
Xij = Xk ∪Xl for some k and l. Then Xij = Xk or Xl, which again leads
to a contradiction. Thus Xij is a union of at least three of the Xk.

Next we prove (ii) and (iii). By passing to the quotient X/V we may
suppose that V = 1. In particular, VX = 1. Lemma 3.5(iii) implies X is
either an elementary abelian p-group or there exist l�m ∈ N and g ∈ X
such that l �= m and X

g
l ∩ Xm �= 1. If the first case holds then (ii) and

(iii) are trivially true. Hence we will suppose the second case holds. Let
D = X

g
l ∩ Xm. Then (3.5(ii)) implies that D is a Frobenius complement

in X.
We claim:

For each i� Xi�X or Xi contains a Frobenius complement of X� (2)

Indeed, suppose Xi�X. Choose h ∈ X such that Xi �= Xh
i . As X =

X1 ∪ · · · ∪ Xα, there exists j �= i such that Xh
i ∩ Xj �= 1. Then (3.5(ii))

implies Xh
i ∩ Xj is a Frobenius complement. Conjugating by h−1 proves

the claim.
Next we claim:

There exists i such that Xi does not contain a Frobenius
complement of X� (3)

Assume false. Using the fact that any two Frobenius complements are
conjugate, it follows that each Xi contains �Xi�/�D� Frobenius complements
of X. Now Xi ∩ Xj = V = 1 for all i �= j and X has precisely �X�/�D�
Frobenius complements. Thus �X�/�D� ≥ ∑α

i=1 �Xi�/�D� and so

�X� ≥
α∑
i=1

�Xi� ≥
α∑
i=1

�Xi� − �α− 1� =
∣∣∣∣ α⋃
i=1

Xi

∣∣∣∣ = �X��
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This forces α = 1, contradicting (3.4(i)) and proving (3). We now prove:

There exist i� j such that Xij does not contain a Frobenius
complement of X� (4)

Assume false and choose i in accordance with (3). Now X = Xi1 ∪ · · · ∪Xiαi
and Xij ∩Xik = Xi for all j �= k so the same argument used in the proof
of (3) yields

�X� ≥
αi∑
j=1

�Xij� ≥
αi∑
j=1

�Xij� − �αi − 1��Xi� =
∣∣∣∣
αi⋃
j=1

Xij

∣∣∣∣ = �X��

This forces αi = 1 and so X = Xi1. But by hypothesis (3.2(ii)) we have
Xi1 < X, a contradiction. We have proved (4).

Choose i and j in accordance with (4). By (i), Xij is a union of some of
the Xk. Now (2) implies each of these Xk is normal in X and so Xij �X.
We have proved (ii). Finally, we prove (iii). By (3.5(i)) and (3.5(v)) we have

F�X� = X1X ∪ · · · ∪XαX and XsX ∩XtX = 1 for all s �= t�

Using (ii) and (i) we see that there are at least two values of k for which
Xk�X and hence 1 �= Xk = XkX . Then (3.3) implies that F�X� is an
elementary abelian p-group.

Theorem 3.7. Assume Hypothesis 3.2 and that V �X. Set X = X/VX .
Then:

(i) V is a cyclic Frobenius complement in X.
(ii) The Frobenius kernel of X is an elementary abelian p-group.
(iii) For each i� Xi = V F�Xi� and 1 �= F�Xi� = Xi ∩ F�X��X�

Proof. Passing to X/VX we may suppose that VX = 1 and that X = X.
Now V �= 1 so (i) follows from (3.4(iii)) applied to �X� �Xi�αi=1� V �.

We prove (iii). Now V < Xi so as V is a Frobenius complement, (2.2)
implies Xi = VF�Xi� and 1 �= F�Xi� = Xi ∩ F�X�. By (3.5(iv)) we have
Xi ∩ F�X� = XiX �X. This proves (iii). To prove (ii), note that F�X� =
�F�X� ∩X1� ∪ · · · ∪ �F�X� ∩Xα� = F�X1� ∪ · · · ∪ F�Xα� and that F�Xi� ∩
F�Xj� ≤ F�X� ∩ V = 1 for all i �= j. We have just seen that 1 �= F�Xi��X
for all i so (3.3) implies that F�X� is an elementary abelian p-group.

4. TRIVIAL INTERSECTION SUBGROUPS

A subgroup P of a group G is a TI-subgroup if for all g ∈ G� P ∩ Pg �= 1
implies P = Pg. The main aim of this section is to describe a method for
constructing TI-subgroups.
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Lemma 4.1. Let . be a collection of subgroups of the group G such that
�.� ≥ 2 and A <1 	A�B
 �= 	.
 whenever A and B are distinct members of
.. Then:

(i) If A�B and C are distinct members of . such that C �≤ 	A�B

then A �≤ 	B�C
 and B �≤ 	C�A
.

(ii) If A and B are distinct members of . then A ∩ B = ⋂
..

(iii) If A�B and C are distinct members of . such that C �≤ 	A�B

then C ∩ 	A�B
 = ⋂

..

Proof. (i) If A ≤ 	B�C
 then 	A�B
 = 	B�C
 contrary to C �≤
	A�B
. Thus A �≤ 	B�C
 and similarly B �≤ 	C�A
.

(ii) Choose C ∈ . with C �≤ 	A�B
. By (i) we have A �≤ 	C�B

whence C ≤ 	C�A
 ∩ 	C�B
 < 	C�A
 and then C = 	C�A
 ∩ 	C�B
.
Thus A ∩ B ≤ C. Now suppose D ∈ .− �A� and D ≤ 	A�B
. Then C �≤
	A�B
 = 	A�D
 so D �≤ 	A�C
 by (i). The preceding argument implies
A ∩ C ≤ D whence A ∩ B ≤ A ∩ C ≤ D. We deduce that A ∩ B ≤ ⋂

.,
proving (ii).

(iii) If C ∩ 	A�B
 �≤ A then A < 	A�C ∩ 	A�B

 ≤ 	A�C
 whence
C ≤ 	A�B
 contrary to hypothesis. Thus C ∩ 	A�B
 ≤ A. Similarly, C ∩
	A�B
 ≤ B. Now apply (ii).

Theorem 4.2. Let / be a collection of subgroups of the group G such that
A <1 	A�B
 whenever A and B are distinct members of / with A ∩ B �= 1.
Set

�=�A ∩ B � A�B ∈ /� A �= B� A ∩ B �= 1 and there exists
C ∈ / such that A ∩ B ∩ C �= 1 and C �≤ 	A�B
��

and for each P ∈ � set

��P� = �A ∈ / � P ≤ A��
Then:

(i) If P�Q ∈ � and P ∩Q �= 1 then P = Q.
(ii) If P ∈ � and D ∈ / are such that P ∩D �= 1 then P ≤ D.
(iii) If P ∈ � and D�E are distinct members of ��P� then P = D ∩ E.

Assume further that / = HG for some subgroup H of G with N�H� = H.
Then:

(iv) Each member of � is a TI-subgroup in G.
(v) If P�Q ∈ � are conjugate and if 	P�Q
 ≤ A ∈ / then P is conju-

gate to Q in A.
(vi) If P ∈ � then N�P� acts transitively by conjugation on ��P�.
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(vii) Let P ∈ � and A ∈ ��P�. Suppose that NA�P� > P . Then:

(a) NA�P�/P is a cyclic Frobenius complement in N�P�/P .

(b) The Frobenius kernel of N�P�/P is a p-group.

(c) n ∈ 	A�An
 for all n ∈ N�P�.
(d) NB�P� > P for all B ∈ ��P�.

Proof. Let P ∈ � and choose A�B�C ∈ / such that P = A ∩ B� A �=
B� A ∩ B ∩ C �= 1 and C �≤ 	A�B
. Let . be a subset of / that con-
tains A�B and C and such that any two members of . have non-trivial
intersection. Suppose 	.
 = 	X�Y 
 for some X�Y ∈ .. Without loss of
generality, Y �= A so then 	.
 = 	A�Y 
 and then 	.
 = 	A�B
, contrary
to C �≤ 	A�B
. We deduce that X <1 	X�Y 
 �= 	.
 for all X�Y ∈ . with
X �= Y . Lemma 4.1 implies P = A ∩ B = ⋂

. = X ∩ Y for all X�Y ∈ .
with X �= Y . Putting . = �A�B�C� implies C ∈ ��P� and then putting
. = ��P� implies (iii). To prove (ii), let . = �A�B�C�D�. Observe that
(ii) and (iii) imply (i).

(iv) This follows immediately from (i).

(v) Let p ∈π�P�� P0 ∈ Sylp�P��Q0 ∈ Sylp�Q� and S ∈ Sylp�NA�P0��.
Suppose there exists B ∈ / with S ≤ B �= A. Now P0 ≤ S so (ii) and
(iii) imply A ∩ B = P whence S ≤ P . This implies P0 ∈ Sylp�A�. Using
Sylow’s Theorem and (iv) we see that Q is conjugate to P in A. Hence
we may suppose that A is the only member of / that contains S. Since
N�A� = A this implies N�S� ≤ A and it follows that S ∈ Sylp�N�P0��. By
(iv), N�P0� ≤ N�P� so S ∈ Sylp�N�P��.

Let T ∈ Sylp�NA�Q0��. Then again we may suppose that T ∈
Sylp�N�Q��. Choose g ∈ G such that Pg = Q. Then Sg ∈ Sylp�N�Q�� so
there exists m ∈ N�Q� such that Sgm = T ≤ A. But now S ≤ A ∩A�gm�−1

so A = A�gm�−1
and as N�A� = A we have gm ∈ A. Then Pgm = Qm = Q

which proves (v).

(vi) Let A�B ∈ ��P�. Since / = HG, there exists g ∈ G such that
Ag = B. Then P� Pg

−1 ≤ A so by (v), Pg
−1 = Pa for some a ∈ A. Then

ag ∈ N�P� and B = Aag.

(vii) Using (vi), the definition of � and (ii) we may choose B�C ∈
��P� such that B �= A and C �≤ 	A�B
. Set N = N�P� and N = N/P .
By (vi), N �≤ A whence 1 < NA�P� < N . Suppose n ∈ N and NA�P� ∩
NA�P�

n �= 1. Then A ∩An > P so (iii) forces A = An. Since N�A� = A
we have n ∈ NA�P�. We deduce that NA�P� is a Frobenius complement in
N . This implies that n ∈ 	NA�P��NA�P�

n
 for all n ∈ N . In particular, we
have proved (c).
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Let K1� � � � �Kα be the distinct subgroups of the form 	A�D
 as D ranges
over ��P� − �A�. Then A <1 Ki for all i and consequently Ki ∩Kj = A for
all i �= j. Since C �≤ 	A�B
 we have α ≥ 2. For each i set Ni = N ∩Ki. Then
(vi) and (c) imply that N = N1 ∪ · · · ∪Nα and that NA�P� < Ni for all i. If
i �= j then NA�P� ≤ Ni ∩Nj = N ∩Ki ∩Kj = NA�P� so Ni ∩Nj = NA�P�.
This together with α ≥ 2 implies NA�P� < Ni < N for all i and we deduce
that �N� �Ni�αi=1�NA�P�� satisfies Hypothesis 3.1. Moreover, as NA�P� is
a Frobenius complement in N we have NA�P�N = 1. Lemma 3.4 implies
(a) and (b). Finally, (d) follows from (vi).

5. IDENTIFICATION OF THE EXAMPLES

Throughout the remainder of this paper, we assume the hypothesis of
Theorem B. In this section, we characterize the groups in the conclusion of
Theorem B in terms of normal subgroups.

Of course, the difficult part of the proof of Theorem B is showing that
G is not simple. The reader who wishes only to see this may omit all of this
section.

Lemma 5.1. Suppose X �G�H ∩ X �= 1 and HX <2 G. Then G is of
type 1.

Proof. Assume false and set G = G/X. Now H = HX <2 G hence
there exists g ∈ G such that G = 	H�Hg
. Then G = 	H�Hg
X. Now
HX <2 G and H <3 G so H <1 HX. But 	H�Hg
 �= G so 	H�Hg
 ∩
HX = H. Let P = H ∩ X �= 1. Then Pg ≤ 	H�Hg
 ∩ X ≤ H ∩ X = P

so g ∈ N�P�. Let h ∈ HX. Then 	H�Hhg
 = 	H�Hg
 = G, so again,
hg ∈ N�P�. Then G = 	HX�g
 ≤ N�P� and consequently P ≤ HG = 1, a
contradiction.

Lemma 5.2. Suppose G = HF�G� and 	H�g
 �= G for all g ∈ G. Then
G is of type 1 or 2.

Proof. Assume that G is not of type 1. Let U �= 1 be a minimal
H-invariant normal subgroup of F�G�. Then U ≤ Z�F�G�� so as
HG = 1 we have H ∩ U = 1 and hence H < HU . Let G = G/U .
Since H < HU and clG�H� = 3 we have clG�H� ≤ 2. Then as G is not
of type 1, G can be generated by two conjugates of H. Consequently,
there exists g ∈ G such that G = 	H�Hg
U . Since U ≤ Z�F�G�� we
have 	H�Hg
 ∩ U = 1 and then F�G� = �F�G� ∩ 	H�Hg
� × U . Thus
every minimal H-invariant subgroup of F�G� has a H-invariant direct
factor. It follows that F�G� = V1 × V2 × · · · × Vn where each Vi is a min-
imal H-invariant normal subgroup of F�G�. Then F�G� is abelian and is
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therefore a H-module. Now HG = 1 forces H ∩ F�G� = 1, so G is the
semidirect product of H with F�G�. Also, clG�H� = 3 implies n = 3.

Now G = H�V1 × V2 × V3� and G/V3
∼= H�V1 × V2� so as G is not of

type 1, there exists x ∈ H�V1 × V2� such that H�V1 × V2� = 	H�Hx
. Let
x = hv1v2 with h ∈ H� v1 ∈ V1 and v2 ∈ V2. Then H�V1 × V2� = 	H� v1v2

and hence V1 × V2 is generated as a H-module by v1v2.

Let v3 ∈ V3 and set v = v1v2v3. Let α� 	vH
 −→ V1 × V2 and β� 	vH
 −→
V3 be the projection maps. Note that α and β are H-homomorphisms;
vα = v1v2, a generator for V1 × V2; and that by assumption 	H� v
 �= G
so 	vH
 is a proper submodule of V1 × V2 × V3. It follows that α is a H-
isomorphism and then that α−1β is a H-homomorphism V1 × V2 −→ V3
that maps v1v2 to v3. Since v3 was arbitrary and since V3 is an irreducible
H-module, we see that

HomH�V1 × V2� V3� ∼= V3�

Also, if we choose v3 �= 0 and note that V1 and V2 are the H-composition
factors of V1 × V2, we see that V3 is H-isomorphic to V1 or V2. Similarly
V2

∼=H V1 or V3 and V1
∼=H V2 or V3. It follows that V1

∼=H V2
∼=H V3.

Set F = EndH�V3�. Then F is a field since V3 is an irreducible H-module.
We have

V3
∼= HomH�V1 × V2� V3� ∼= HomH�V3 × V3� V3� ∼= F ⊕ F

whence dimF�V3� = 2. Thus G is of type 2.

Hypothesis 5.3.

(i) 1 �= P ≤ H.
(ii) G = 	Hn � n ∈ N�P�
.
(iii) g ∈ 	H�Hg
 for all g ∈ G.
(iv) If n ∈ N�P� and H �= Hn then 	H�Hn
 <2 G.
(v) If n�m ∈ N�P� then 	H�Hn�Hm
 �= G.
(vi) G is not of type 1.

Lemma 5.4. Assume Hypothesis 5.3 and that U �G is such that HU <2
G. Then �U � = �CU�P��2.

Proof. Let G = G/U . Since G is not of type 1, there exists g ∈ G such
that G = 	H�Hg
. Let M = 	H�Hg
 so M �= G = MU . Now HU <2 G
implies H <1 HU whence M ∩ U ≤ H and then (5.1) yields M ∩ U = 1.
Thus M is a complement to U that contains H. We shall argue that the
number of such complements is equal to both �U � and to �CU�P��2.

For each u ∈ U set Mu = 	H�Hgu−1
. Now Mu = M so the above argu-
ment implies that Mu is a complement to U . Suppose L is a complement
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to U that contains H. Then g = lu for some l ∈ L and u ∈ U . Observe
that Hgu−1 = Hl ≤ L whence Mu ≤ L and consequently Mu = L. Now let
u� u′ ∈ U and suppose Mu =Mu′ . Then (5.3(iii)) implies gu−1� gu′−1 ∈Mu

so u′u−1 ∈Mu ∩U = 1 and then u = u′. We deduce that there are precisely
�U � complements to U that contain H.

Since M is a complement to U �G we have N�P� = NM�P�CU�P�, so
by (5.3(ii)) there exists c ∈ CU�P��. Now H <1 HU so (5.3(iii)) implies
HU = 	H�Hc
. By (5.3(ii)) there exists n ∈ N�P� such that Hn �≤ HU
and then (5.3(v)) implies 	HU�Hn
 �= G. Again by (5.3(ii)) there exists
m ∈ N�P� such that Hm �≤ 	HU�Hn
. We have

H < HU < 	HU�Hn
 < 	HU�Hn�Hm
 = 	H�Hn�Hm
U�
Then clG�H� = 3 implies G = 	H�Hn�Hm
U . Using (5.3(v)), we see that
	H�Hn�Hm
 is a complement to U in G.

For each u� v ∈ CU�P� set Ku� v = 	H�Hnu−1
�Hmv−1
 and observe that

Ku� v = 	H�Hn�Hm
 = G and then that (5.3(v)) implies Ku� v is a comple-
ment to U in G. Suppose L is a complement to U that contains H. Then
there exist u� v ∈ U and a� b ∈ L such that n = au and m = bv. Now P =
Pn = Pau so Pu

−1 = Pa ≤ L whence �P� u−1� ≤ 	P� Pu−1
 ∩ U ≤ L ∩ U = 1
and so u ∈ CU�P�. Similarly v ∈ CU�P�. Also,

Ku� v = 	H�Hnu−1
�Hmv−1
 = 	H�Ha�Hb
 ≤ L

whence Ku� v = L. As previously, if u� u′� v� v′ ∈ CU�P� are such that Ku� v =
Ku′� v′ then �u� v� = �u′� v′�. We deduce that there are precisely �CU�P��2
complements to U that contain H, completing the proof.

Lemma 5.5. Assume the following:

(i) Hypothesis 5.3.
(ii) P is a Frobenius complement in H.
(iii) If 1 �= Q�H then N�Q� = H.
(iv) If U �G is such that HU <2 G then U is a p-group.
(v) There exist V1� V2 �G such that HV1 <2 G�HV2 <2 G and

HV1V2 <1 G.

Then G is of type 2 or 3.

Proof. Using (v), (5.3(vi)), and (5.1) we have H ∩ V1 = H ∩ V2 = 1.
Also, by (v), H is maximal in HV1 and in HV2, so (iv) implies each Vi
is an elementary abelian group on which H acts irreducibly. Again by (v),
V1 �= V2 whence V1 ∩ V2 = 1 and V1V2 = V1 × V2. Then (iii) and the fact that
V1V2 is abelian imply H ∩ V1V2 = 1. By (5.3(ii)) there exists n ∈ N�P� such
that Hn �≤ HV1V2. Let K = 	H�Hn
, then (5.3(iv)) yields H <1 K <2 G.
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Consequently, K ∩HV1V2 = H and then K ∩ V1V2 ≤ H ∩ V1V2 = 1. Now
K < KV1 < KV1V2 so as K <2 G we deduce that KV1V2 = G and then that
K is a complement to V1V2.

Lemma 5.4 implies CV1
�P�� CV2

�P� �= 1. Choose v1 ∈ CV1
�P��, v2 ∈

CV2
�P�� and let M = 	K�Hv1v2
. Recall that K = 	H�Hn
 so (5.3(v))

implies M �= G. We have M = KW where W = M ∩ �V1 × V2� �= V1 × V2.
For i = 1� 2 let πi� W −→ Vi be the projection map. Note that each πi is
a K-homomorphism. By (5.3(iii)) we have v1v2 ∈ W so �v1v2�π1 = v1 and
�v1v2�π2 = v2. Using the fact that H is irreducible on each Vi and the fact
that W �= V1 × V2, we see that each πi is a K-isomorphism. Consequently,
π−1

1 π2 is a K-isomorphism V1 −→ V2 that maps v1 to v2. In particu-
lar, there is a prime p such that V1 and V2 are isomorphic irreducible
GF�p�K-modules.

Let F = EndK�V1�. Then F is a field and V1 and V2 are isomorphic
irreducible FK-modules. Keeping v2 fixed and letting v1 range over CV1

�P��,
we see that F − �0� acts transitively on CV1

�P��. But F is semiregular on
V
�

1 whence �F � = �CV1
�P��. Lemma 5.4 implies that dimF�V1� = 2.

Let C = CK�V1 × V2�. Then as G = K�V1 × V2� we have C �G. Suppose
C �= 1. Then C �≤ H since HG = 1 so as H <1 K we have K = HC whence
G = HCV1V2. Now (iv) implies that CV1V2 is nilpotent and so G = HF�G�.
Using (5.3(iii)) and (5.2), we deduce that G is of type 2. Hence we may
suppose that C = 1. Then as V1 and V2 are isomorphic FK-modules it
follows that they are faithful FK-modules. Then (ii), (iii), and (2.4) imply
that G is of type 3.

6. INTERSECTIONS

For the rest of this paper, we assume the hypotheses of Theorem B but
that G is not of type 1 or 2. We fix the notation

� = �A ∩ B � A�B ∈ HG�A �= B� and A ∩ B �= 1��
For P ∈ � and M ≤ G we set

��P� = �A ∈ HG � P ≤ A�
and

�M�P� = �A ∈ ��P� � A ≤M��
Whenever K and M are subgroups of G we define

K≤ ∗ M and K <n ∗M
to mean K contains a conjugate of H and K ≤M or K <n M respectively.
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If � = � then as N�H� = H it follows that H is a Frobenius complement
in G. Then G = HF�G� and g ∈ 	H�Hg
 for all g ∈ G. But then (5.2)
implies G is of type 1 or 2, a contradiction. Thus

� �= ��
The first aim of this section is to show that the hypotheses of Theorem 4.2
are satisfied with / = HG and that the set � just defined is identical to
the set � defined in (4.2). Then we shall study the normalizers of elements
of �.

The following result, which relies on Bartels’s Theorem (2.1), is crucial.
Notice that only the first paragraph of the proof is needed if we assume
that G is simple.

Lemma 6.1. Let A�B ∈ HG with A �= B and A ∩ B �= 1. Then

A <1 	A�B
 <2 G�

Proof. Set M = 	A�B
 �= G and P = A ∩ B �= 1. Suppose there exists
Q such that Q �≤ M and Q = Pg for some g ∈ 	P�Q
. Then g ∈ 	P�Q
 ≤
	A�Bg
 so A < 	A�B
 < 	A�Bg
 < G and as clG�A� = 3, the result
follows. Hence we may assume there are no such Q. Then (2.1) implies that
P is contained in a subnormal subgroup of G that is contained in M . Let
X be the largest such subgroup. Then any subnormal subgroup of G that
is contained in M must be contained in X. Consequently, X = 	XM
�M .

Next we argue that X �G. Assume false, so X �G. Now 1 �= P ≤ A∩X
and AX ≤ M < G so (5.1) implies AX = M <1 G. Similarly, BX = M .
Note that P �G since AG = 1. Let g ∈ G−M . If P = Pg then as P �G =
	M�g
, there exists m ∈ M such that Pm �= P and so P �= Pgm. Thus we
may select g ∈ G−M such that Pg �= P . Now A < AX =M <1 G = 	AG

so N�M� = M . Then as X �G it follows that Ag �≤ M . Similarly Bg �≤ M .
Also Pg �= P = A ∩ B so without loss of generality, Pg �≤ A. We have

A < 	A�Pg
 ≤ 	A�Ag
 ∩M < 	A�Ag
 < G
and

A < 	A�Pg
 ≤ 	A�Bg
 ∩M < 	A�Bg
 < G�
Since clG�A� = 3, this implies

	A�Pg
 <2 G and 	A�Ag
 ∩M = 	A�Pg
 = 	A�Bg
 ∩M�
Then 	A�Ag
 ∩X = 	A�Pg
 ∩X = 	A�Bg
 ∩X and so

	A�Pg
 ∩X � 	A�Ag�Bg
 = 	A�Mg
 = 	A�Ag�X
 = G�
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But 1 �= P ≤ 	A�Pg
 ∩X and 	A� 	A�Pg
 ∩X
 = 	A�Pg
 <2 G, contrary
to (5.1). We deduce that X �G.

Now X ��G so there exists a conjugate Y of X such that Y �= X and
Y ≤ N�X�. Since X is the largest subnormal subgroup of G that contains
P and is contained in M , it follows that Y �≤M . As AG = 1 we have X �≤ A
so A < AX ≤M < N�X� < G. Then clG�A� = 3 implies A <1 M <2 G.

Lemma 6.2. Let K <2∗ G. Then there exists g ∈ G such that G =
	K�Kg
.

Proof. Assume false. Replacing K by a suitable conjugate, we may sup-
pose that H < K. Set G = G/KG. Then G cannot be generated by two

conjugates of K and as G = 	HG
 we have G = 	KG
. Theorem A implies
that K is cyclic. But N�H� = H < K so KG �= 1. Now HG = 1 so KG �≤ H
and then H < HKG ≤ K <2 G. Then clG�H� = 3 implies K = HKG. Thus
H = K <2 G and hence G is of type 1, a contradiction.

Lemma 6.3. Let A�B ∈ HG with A �= B and A ∩ B �= 1. Then there
exists C ∈ HG such that A ∩ B ∩ C �= 1 and C �≤ 	A�B
.

Proof. Assume false. Let P = A ∩ B and K = 	A�B
. Then C ≤ K
whenever C ∈ HG and C ∩ P �= 1. Lemma 6.1 implies A <1 K <2 G
and then (6.2) implies there exists g ∈ G such that G = 	K�Kg
. Let
M = 	A�Ag
 �= G. Then K �≤ M or Kg �≤ M . By replacing g with g−1

if necessary, we may suppose that K �≤ M . Then as A <1 K we have
K ∩M = A.

Let p ∈ π�P�� P0 ∈ Sylp�P�, and P0 ≤ Q ∈ Sylp�A�. If n ∈ NM�Q� then
P0 ≤ Q = Qn ≤ An whence An ≤ K ∩M = A = N�A�. Thus NM�Q� ≤ A
and Q ∈ Sylp�M�. Choose m ∈ M such that Qgm = Q. Then P0 ≤ Agm

whence Agm ≤M ∩K = A�gm ∈ A and then g ∈M .
Let L = 	A�Pg
 ≤ M . Choose l ∈ L such that Pgl0 ≤ Q. Then P0 ≤

A�gl�−1 ≤M ∩K = A so gl ∈ A and then g ∈ L. Now Pg ≤ Bg so g ∈ L ≤
	A�Bg
 whence G = 	K�Kg
 ≤ 	A�Bg
 �= G, a contradiction.

Corollary 6.4. The hypotheses of Theorem 4.2 are satisfied with / =
HG and the set � defined at the beginning of this section is identical to the
set � defined in (4.2). In particular, all the results in the conclusion of (4.2)
apply.

Proof. This follows from (6.1) and (6.3)

Corollary 6.5. Let P ∈ � and M ≤ G with P ≤ M and �M�P� �= �.
If A ∈ ��P� then either A ≤M or A ∩M = P .

Proof. Let B ∈ �M�P� and suppose that A �≤ M . Then B ≤ 	B�A ∩
M
 < 	B�A
. But B <1 	B�A
 by (6.1) so A ∩M ≤ B and thus A ∩M =
A ∩ B. Now A ∩ B = P by (4.2(iii)), hence result.
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Corollary 6.6. Let K <2∗ G and A ∈ HG be such that A ∩ K �= 1.
Then 	A�K
 �= G.

Proof. Assume false, so that G = 	A�K
. Let P = A ∩ K �= 1. Since
K <2∗ G there exists B ∈ HG such that B <1 K. If P �≤ B then K = 	B�P

so 	K�A
 ≤ 	B�A
 �= G. Thus P ≤ B. Then similarly P ≤ Bk for all k ∈ K
whence P ≤ BK �K. Let l ∈ K −B so P ≤ BK ≤ B ∩Bl ∈ �. Then (4.2(ii))
implies that BK = B ∩ Bl and that B ∩ Bl ≤ A. Then P ≤ BK ≤ A ∩K = P
so P = BK . Now A�B ∈ ��P� and P �B so (4.2(vi)) implies P �A. Thus
P � 	A�K
 = G, contrary to AG = 1. Thus 	A�K
 �= G.

Corollary 6.7. Let P ∈ � and A�B�C ∈ ��P�. Then 	A�B�C
 �= G.

Proof. This follows from (6.1) and (6.6).

Corollary 6.8. Let P ∈ �. Then either 	��P�
 <1 G or 	��P�
 = G.
Also, N�P� ≤ 	��P�
.

Proof. Choose A�B ∈ HG such that P = A ∩ B. By (6.3) there exists
C ∈ HG such that P ∩ C �= 1 and C �≤ 	A�B
. Theorem 4.2(ii) implies
C ∈ ��P� so A < 	A�B
 < 	A�B�C
 ≤ 	��P�
. As clG�A� = 3, the first
assertion follows. Note that N(P) normalizes 	��P�
 so the second assertion
follows from the first and the fact that G = 	HG
.

Theorem 6.9. Let P ∈ � be such that P ≤ H and 	��P�
 = G. If
NH�P� = P assume that n ∈ 	H�Hn
 for all n ∈ N�P�. Let K1� � � � �Kα
be the distinct subgroups of the form 	H�A
 as A ranges over ��P� − �H�.
For each i let Mi1� � � � �Miαi

be the distinct subgroups of the form 	Ki�B
 as
B ranges over the members of ��P� not contained in Ki. Set N = N�P� and
for each i� j set Ni = N ∩Ki and Nij = N ∩Mij . Then α ≥ 2 and αi ≥ 2 for
all i and:

(i) H <1 Ki <2 G and Ki ∩Kj = H for all i �= j.

(ii) Ki <1 Mij <1 G and Mij ∩Mik = Ki for all j �= k and all i.

(iii) �N� �Ni�αi=1� �Nij�α αi
i=1 j=1�NH�P�� satisfies Hypothesis 3.2

Proof. (i) This follows from (6.1). Note that α ≥ 2 since 	��P�
 = G.

(ii) By (6.7) we have Mij �= G for all j. Since Ki <2 G, the result
follows. Note that αi ≥ 2 since 	��P�
 = G.

(iii) Either by assumption or by (4.2(vii)) we have N = N1 ∪ · · · ∪Nα
and using (4.2(vi)) it follows that Ni > NH�P� for all i. Now (i) implies
Ni ∩Nj = NH�P� for all i �= j so as α ≥ 2 we have N > Ni for all i. Thus
�N� �Ni�αi=1�NH�P�� satisfies Hypothesis 3.1.

Let 1 ≤ i ≤ α. Again, either by assumption or by (4.2(vii)) we have
N = Ni1 ∪ · · · ∪ Niαi and using (4.2(vi)) it follows that Nij > Ni for all j.
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Now (ii) implies Nij ∩Nik = Ni for all j �= k so as αi ≥ 2 we have N > Nij
for all j. Thus �N� �Nij�αij=1�Ni� satisfies Hypothesis 3.1.

By construction, for all i� j there exists k such that Kj ≤Mik, so Nj ≤ Nik.
Thus Hypothesis 3.2 is satisfied.

Corollary 6.10. Let P ∈ � be such that P ≤ H and NH�P� > P . If
	��P�
 �= G assume that P �H. Then N�P�/P is a Frobenius group with
cyclic complement NH�P�/P and elementary abelian kernel.

Proof. Let N = N�P�. By (4.2(vii)), NH�P�/P is a cyclic Frobenius com-
plement in N/P so in particular, NH�P� > P = NH�P�N . If 	��P�
 = G
then (6.9(iii)) and (3.7) imply that F�N�P�/P� is elementary abelian. Sup-
pose 	��P�
 �= G, so by assumption, P �H. Now N�P� is transitive on ��P�
by (4.2(vi)) whence P � 	��P�
 and then (6.8) implies 	��P�
 = N <1 G.
Thus H <2 N . If n ∈ N then P ≤ H ∩Hn so (6.1) implies that N cannot
be generated by two conjugates of H. Moreover, N = 	HN
 by (4.2(vii)).
Theorem A implies that F�N/P� is elementary abelian.

Corollary 6.11. Let P ∈ � be such that 	��P�
 = G and P ≤ H. If
NH�P� = P assume that n ∈ 	H�Hn
 for all n ∈ N�P�. Suppose that U �G
is such that HU <2 G. Then CU�P� is a p-group.

Proof. Let N = N�P� and N = N/P . By (5.1) we have H ∩ U = 1 so
CU�P� ∼= CU�P��N . Then also NH�P�

n ∩ CU�P� = 1 for all n ∈ N . If
NH�P� > P then by (6.10), NH�P� is a Frobenius complement in N , so
this implies that CU�P� ≤ F�N� and then (6.10) implies that CU�P� is a
p-group. Hence we may suppose that NH�P� = P . If CU�P� = 1 then there
is nothing to prove, so suppose also that CU�P� �= 1.

Assume the notation of (6.9). Then �N� �Ni�αi=1� �Nij�α αi
i=1 j=1� P� satisfies

Hypothesis 3.2. Since CU�P� �= 1 and HU <2 G we have HU = Ki for
some i. Now CU�P��N so CU�P� ≤ NiN and thus (3.6(iii)) implies that
CU�P� is contained in the p-subgroup F�N�. Hence the result.

7. THE SUBGROUPS I�P�Q�

In this section we begin the analysis of the intersections of second maxi-
mal subgroups. We are most interested in intersections that contain at least
two members of �. Define a relation ∼ on � by

P ∼ Q if and only if (i) 	P�Q
 is not contained in a conjugate of H
and (ii) G = 	��P� ∪ ��Q�
�

Note that (i) forces P �= Q, that ∼ is symmetric and that N�P� permutes
�Q ∈ ��P ∼ Q�. Whenever P ∼ Q define

.�P�Q� = �K <2 G � 	P�Q
 ≤ K and �K�P� ∪ �K�Q� �= ��
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and set

I�P�Q� = ⋂
.�P�Q��

Note that .�P�Q� = .�Q�P� and that I�P�Q� = I�Q�P�.
We briefly outline the objectives of this section, omitting some technical

details. We will be interested in conditions that force N�P� to normalize
I�P�Q�. As a first application we prove that if 1 �= P �H then N�P� = H.
The conditions referred to are quite weak so we suspect that N�P� normal-
izes I�P�Q� for many Q ∈ �. However, we also establish the following:

If P ∼ Q�P ∼ R�N�P� normalizes both I�P�Q� and I�P�R�; and 	Q�R

is contained in a conjugate of H then Q = R.

The tension thus created enables us to prove the following result.

Let P�Q ∈ � and suppose that 	P�Q
 ≤ K ≤∗ G. If P and Q are con-
jugate in G then thay are also conjugate in K.

We begin with some elementary properties of the subgroups I�P�Q�.

Lemma 7.1. Let P�Q ∈ � with P ∼ Q. Then:

(i) If A ∈ ��P� then A <1 	A�Q
 ∈ .�P�Q�.
(ii) G = 	.�P�Q�
.
(iii) If K and L are distinct members of .�P�Q� then K <1 	K�L
 <1

G and I�P�Q� = K ∩ L.

(iv) For each A ∈ ��P� there exists B ∈ ��P� such that B �≤ 	A�Q
�
A �≤ 	B�Q
 and I�P�Q� = 	A�Q
 ∩ 	B�Q
.

(v) If A ∈ ��P� then A ∩ I�P�Q� = P .

(vi) If M ≤ G�P < I�P�Q� ∩M and �M�P� �= � then I�P�Q� ≤M .

(vii) If R ∈ ��P ∼ R and I�P�Q� ∩ I�P�R� > P then I�P�Q� = I�P�R�.
Proof. (i) By definition Q �≤ A so A < 	A�Q
 and either 	A�Q
 <2

G or 	A�Q
 <1 G. Assume that 	A�Q
 <1 G. Then for all B ∈ ��Q� we
have 	A�Q
 = 	A�B
, so using (6.8) it follows that 	A�Q
 = 	��Q�
 �= G.
But G = 	��P� ∪ ��Q�
 so there exists C ∈ ��P� such that C �≤ 	��Q�
.
The preceding argument with C in place of A yields 	C�Q
 <2 G. Now P ≤
A∩ 	C�Q
 so (6.6) implies 	A�C�Q
 �= G. Then as 	A�Q
 = 	��Q�
 <1 G
we have C ≤ 	��Q�
, a contradiction. Thus 	A�Q
 <2 G. Hence 	A�Q
 ∈
.�P�Q� and A <1 	A�Q
.

(ii) By (i) and the symmetry of ∼ we have G = 	��P� ∪ ��Q�
 ≤
	.�P�Q�
.
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(iii) Without loss of generality there exists A ∈ �K�P�. Now P ≤ A ∩
L so (6.6) implies 	A�L
 �= G. Now K <2 G so A <1 K. By definition,
	P�Q
 �≤ A whence K = 	A�Q
 ≤ 	A�L
. Thus K < 	K�L
 < G and
as K <2 G we have K <1 	K�L
 <1 G. What we have just done, together
with (ii) implies that .�P�Q� satisfies the hypotheses of (4.1). Then (4.1(ii))
yields I�P�Q� = K ∩ L.

(iv) By (i), 	A�Q
 <2 G so by (6.8) there exists B ∈ ��P� such that
B �≤ 	A�Q
. Then also 	B�Q
 <2 G and consequently A �≤ 	B�Q
. The
final assertion follows from (iii).

(v) Choose B ∈ ��P� in accordance with (iv). Then A ∩ I�P�Q� =
A ∩ 	B�Q
. But A �≤ 	B�Q
 so (6.5) yields A ∩ 	B�Q
 = P .

(vi) Choose A ∈ �M�P�. Then (i) implies I�P�Q� ≤ 	A�Q
 and
A <1 	A�Q
. By (v), A ∩ I�P�Q� = P so M ∩ I�P�Q� �≤ A. Thus 	A�Q

= 	A�M ∩ I�P�Q�
 ≤M and then I�P�Q� ≤M .

(vii) Let A ∈ ��P� and choose B ∈ ��P� in accordance with (iv). Then
P < I�P�R� ∩ I�P�Q� ≤ I�P�R� ∩ 	A�Q
 so applying (vi) with R in place of
Q yields I�P�R� ≤ 	A�Q
. Similarly I�P�R� ≤ 	B�Q
 and then (iv) yields
I�P�R� ≤ I�P�Q�. By symmetry, I�P�Q� ≤ I�P�R�, hence result.

Lemma 7.2. Let P ∈ ��A ∈ ��P� and A < K <2 G. Assume that
n ∈ 	A�An
 for all n ∈ N�P� and that G = 	K���P�
. Then
K �= Kn� 	K�Kn
 <1 G and K ∩Kn = KN�P� for all n ∈ N�P� −K.

Proof. Let . = KN�P�. Lemma 4.2(vi) implies 	��P�
 ≤ 	.
 so by
assumption, 	.
 = G. Let n ∈ N�P� −K. Then n ∈ 	A�An
�K �= Kn and
	K�An
 = 	K�Kn
. Now P ≤ K ∩An so (6.6) implies 	K�An
 �= G and
hence K <1 	K�Kn
 <1 G = 	.
. The result now follows from (4.1(ii)).

Lemma 7.3. Suppose P ∼ Q and A ∈ ��P�. Assume that NA�P� > P
and that either 	��P�
 = G or P �A. If N�P� ∩N�I�P�Q�� > P then N�P�
normalizes I�P�Q�.

Proof. Let N = N�P��N = N/P and F = F�N�. By (6.10), NA�P� is a
Frobenius complement in N and F is abelian. Let F be the inverse image
of F in N . Then F �N and hence NA�P� normalizes F ∩ 	A�Q
. Now F/P
is abelian so F normalizes F ∩ 	A�Q
 also. Since N = NA�P�F we have
N = NA�P�F and we deduce that F ∩ 	A�Q
�N .

Choose B ∈ ��P� in accordance with (7.1(iv)), so I�P�Q� = 	A�Q
 ∩
	B�Q
. Note that (4.2(vi)) implies that B satisfies the same assumptions as
A, so in particular, F ∩ 	B�Q
�N . Let U = N ∩ I�P�Q�. If n ∈ N then
An ∈ ��P� so (7.1(v)) implies An ∩ I�P�Q� = P and so NA�P�

n ∩ U = 1.
Since NA�P� is a Frobenius complement in N we deduce that U ≤ F and
hence that U ≤ F . Then U = �F ∩ 	A�Q
� ∩ �F ∩ 	B�Q
� and it follows
that U �N .
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Suppose that U > P . Let n ∈ N . Note that P ∼ Qn and that I�P�Q�n =
I�P�Qn�. We have P < U ≤ I�P�Q� ∩ I�P�Qn� and then (7.1(vii)) forces
I�P�Q� = I�P�Q�n. Thus N ≤ N�I�P�Q��. Hence we may suppose that
U = P .

We will use (7.2). By hypothesis, there exists m ∈ N ∩ N�I�P�Q�� with
m �∈ P . As N ∩ I�P�Q� = U = P we have m �∈ I�P�Q�. But I�P�Q� =
	A�Q
 ∩ 	B�Q
, so replacing A by B if necessary, we have m �∈ 	A�Q
.
Let K = 	A�Q
 so K <2 G by (7.1(i)). Note that n ∈ 	A�An
 for all n ∈ N
by (4.2(vii)). If 	��P�
 = G then certainly 	K���P�
 = G. If 	��P�
 �=
G then by assumption P �A, so as previously, 	��P�
 = N <1 G. But
N ∩ I�P�Q� = P �= Q so as Q ≤ K we have 	K���P�
 = G in this case also.

Lemma 7.2 implies that K �= Km and that K ∩ Km = KN . Now
A ∈ �K�P� and Am ∈ �Km�P� so K�Km ∈ .�P�Q�. Then (7.1(iii)) implies
I�P�Q� = K ∩Km. As K ∩Km = KN we deduce that N normalizes I�P�Q�.
Theorem 7.4. Let 1 �= P �A ∈ HG. Then N�P� = A. In particular,

P �∈ �.

Proof. Assume false. Choose g ∈ N�P� −A and let B = Ag. Then P ≤
A ∩ B ∈ �; (4.2(iv)) implies A ∩ B is a TI-subgroup so g ∈ N�A ∩ B�; and
as P �A we have A ∩ B�A. Hence we may suppose that P = A ∩ B ∈ �.
Let M = N�P�. Using (4.2(vi)) and (6.8) we have 	��P�
 =M <1 G. Now
A <2 M , (6.1) implies that M cannot be generated by two conjugates of
A, and (4.2(vii)) implies M = 	AM
. If M is a Frobenius complement in G
then G =MF�G� and G/F�G� ∼=M . This contradicts the assumption that
G is not of type 1 so we deduce that M is not a Frobenius complement
in G.

We can now choose 1 �= T ≤ M and x ∈ N�T � such that x �∈ M . Note
that as M <1 G and 	AG
 = G we have N�M� = M and hence G =
	M�Mx
. Let Q = Px �= P . Note that 	��P� ∪ ��Q�
 = 	M�Mx
 = G. If
P �∼ Q then 	P�Q
 ≤ C for some C ∈ HG and then P is conjugate to Q
in C by (4.2(v)). But C ≤ 	��P�
 = M so P �C, contrary to P �= Q. We
deduce that P ∼ Q.

Note that T ≤ M = N�P� and x ∈ N�T � so T normalizes both P and
Q. Then T permutes the set .�P�Q� whence T ≤ N�I�P�Q��. Recall that
by (4.2(iv)), both P and Q are TI-subgroups. Now x �∈M = N�P� so T �≤ P
and x �∈ Mx = N�Q� so T �≤ Q. Lemma 7.3 implies that both M and Mx

normalize I�P�Q�. Consequently, I�P�Q��G. By (7.1(i)) we have I�P�Q� ≤
	A�Q
 <2 G whence AI�P�Q� <2 G. But as P ≤ A ∩ I�P�Q�, (5.1) implies
that G is of type 1, a contradiction. Thus N�P� = A.

If P ∈ � then by (4.2(vi)), ��P� = �A�, contrary to the definition of �.
Thus P �∈ �.

Corollary 7.5. Let P ∈ � and A ∈ ��P� be such that NA�P� = P .
Then g ∈ 	A�Ag
 for all g ∈ G.
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Proof. Theorem 4.2(iv) implies P is a TI-subgroup in A, so as NA�P� =
P it follows that P is a Frobenius complement in A. Choose q ∈ π�F�A��
and let Q ∈ Sylq�A�. Then Q�A so N�Q� = A by (7.4) and consequently
Q ∈ Sylq�G�. If g ∈ G then by Sylow’s Theorem there exists x ∈ 	A�Ag

such that Qgx = Q. Then gx ∈ N�Q� = A so g ∈ 	A�Ag
.
Lemma 7.6. Suppose that P ∼ Q� 	��P�
 = G and that N�I�P�Q�� >

I�P�Q�. Then N�P� normalizes I�P�Q�.
Proof. If NI�P�Q��P� > P then N�P� ∩N�I�P�Q�� > P . If NI�P�Q��P� = P

then as P is a TI-subgroup, it is a Frobenius complement in I�P�Q� so the
Frattini Argument yields N�I�P�Q�� = �N�P� ∩ N�I�P�Q���I�P�Q�. Thus
in both cases we have N�P� ∩ N�I�P�Q�� > P . If NA�P� > P for some
A ∈ ��P� then the result follows from (7.3). Hence we may suppose that
NA�P� = P for all A ∈ ��P�.

We will apply (4.1). Choose g ∈ N�I�P�Q�� − I�P�Q�. By (7.1(iv)) there
exists A ∈ ��P� such that g �∈ 	A�Q
. Set K = 	A�Q
, so by (7.1(i))
we have I�P�Q� ≤ K <2 G. Now P ≤ I�P�Q� ≤ Kg so P ≤ A ∩ Kg and
then (6.6) implies 	A�Kg
 �= G. But g ∈ 	A�Ag
 by (7.5) hence 	A�Kg
 =
	K�Kg
 <1 G. By (4.2(vi)), N�P� is transitive on ��P� so as 	��P�
 =
G there exists n ∈ N�P� such that An �≤ 	K�Kg
. Using (7.2) together
with (7.5) we have 	K�Kn
 <1 G. We also have P ≤ An ∩Kg so again, (6.6)
implies 	An�Kg
 <1 G. By (7.5) we have g−1n ∈ 	Agg−1n�Ag
 = 	An�Ag

whence 	Kn�Kg
 = 	An�Kg
 <1 G.

Let . = �K�Kn�Kg�. Note that as An �≤ 	K�Kg
 we have 	.
 = G.
If D and E are distinct members of ., then the previous paragraph
implies 	D�E
 <1 G = 	.
 and as K <2 G we also have D <1 	D�E
.
Lemma 4.1(ii) implies K ∩Kg = ⋂

. = K ∩Kn. But 	P�Q
 ≤ I�P�Q� ≤ Kg

whence 	P�Q
 ≤ Kn. As An ∈ �Kn�P� we have Kn ∈ .�P�Q� so
I�P�Q� = K ∩ Kn by (7.1(iii)). Using (7.2) together with (7.5) we have
K ∩Kn = KN�P�. We deduce that N�P� normalizes I�P�Q�.
Theorem 7.7. Suppose that P ∼ Q�P ∼ R� 	��P�
 = G� 	Q�R
 is con-

tained in a conjugate ofH and that N�P� normalizes both I�P�Q� and I�P�R�.
Then Q = R.

Proof. Assume false. Choose A ∈ HG such that 	Q�R
 ≤ A. Now A ∩
I�P�Q� = Q by (7.1(v)) so as R �= Q we have I�P�R� �≤ I�P�Q�. Note that
if B ∈ ��P� then (7.1(i)) implies I�P�Q� ≤ 	B�Q
 so 	B� I�P�Q�
 = 	B�Q
.
Similarly, 	B� I�P�R�
 = 	B�R
. By (7.1(iv)) there exists B ∈ ��P� such that
I�P�R� �≤ 	B� I�P�Q�
. Let J = 	I�P�Q�� I�P�R�
. We have

B < 	B� I�P�Q�
 < 	B� J
 = 	B�Q�R
 ≤ 	B�A
 < G�
so as clG�B� = 3 we deduce that 	B� J
 = 	B�A
 <1 G.



602 paul flavell

Let n ∈ N�P�. Since n normalizes I�P�Q�� I�P�R� and J we have
I�P�R� �≤ 	Bn� I�P�Q�
 so again, 	Bn� J
 = 	Bn�A
 and then 	B� J
n =
	Bn�A
. Note that P ≤ Bn so if we set K = 	P�A
 we deduce that

A < K ≤ 	B� J
N�P� ≤ 	B� J
 <1 G�

By (4.2(vi)), N�P� is transitive on ��P� so as 	��P�
 = G and B ∈ ��P� we
see that N�P� does not normalize 	B� J
. Thus 	B� J
N�P� < 	B� J
. Then as
clG�A� = 3 we have K = 	B� J
N�P� and we deduce that N�P� normalizes
K.

Since 	AG
 = G we have N�P� ≤ N�K� �= G, so as 	��P�
 = G we
may choose C ∈ ��P� such that C �≤ N�K�. Now K and 	C�Q
 are distinct
members of .�P�Q� by (7.1(i)) so (7.1(iii)) implies

K <1 	K�C
 <1 G and I�P�Q� = K ∩ 	C�Q
�
Then N�K� ∩ 	K�C
 = K and C ∩ K = C ∩ I�P�Q�. By (7.1(v)) we have
C ∩ I�P�Q� = P whence NC�P� ≤ C ∩N�K� = C ∩K = P so NC�P� = P .
Then by (7.5), g ∈ 	C�Cg
 for all g ∈ G. Then as A is a conjugate of C we
have g ∈ 	A�Ag
 for all g ∈ G. But A ≤ K whence N�K� = K and then
N�P� ≤ K < 	K�C
 <1 G. Finally, as N�P� is transitive on ��P� we then
have 	��P�
 ≤ 	K�C
 �= G, a contradiction.

Lemma 7.8. Suppose that P∼Q�P is conjugate to Q and that N�I�P�Q��
= I�P�Q�. Then P is conjugate to Q in I�P�Q�.

Proof. Let t ∈ π�P�� T ∈ Sylt�P� and choose T̃ ∈ Sylt�NI�P�Q��P�� with
T ≤ T̃ , so T = T̃ ∩ P � T̃ . Recall that P is a TI-subgroup by (4.2(iv)). In
particular, NI�P�Q��T � ≤ NI�P�Q��P� whence T̃ ∈ Sylt�NI�P�Q��T ��. If T = T̃
then T ∈ Sylt�I�P�Q�� so there exists x ∈ I�P�Q� such that Tx ≤ Q whence
Px = Q. Hence we may suppose that T < T̃ .

Let n ∈ N�P� ∩N�T̃ �. We have P ∼ Qn and I�P�Qn� = I�P�Q�n. Thus

P < PT̃ ≤ I�P�Q� ∩ I�P�Qn�
and thus I�P�Q� = I�P�Q�n by (7.1(vii)). We deduce that N�P� ∩N�T̃ � ≤
N�I�P�Q�� = I�P�Q� and then that T̃ ∈ Sylt�N�P��.

Choose S ∈ Sylt�Q� and S̃ ∈ Sylt�NI�P�Q��Q�� with S ≤ S̃. Again, we may
suppose that S < S̃ and then that S̃ ∈ Sylt�N�Q��. Choose g ∈ G such
that P = Qg. Then S̃g ∈ Sylt�N�P�� so there exists m ∈ N�P� such that
S̃gm = T̃ . Note that P = Qgm. We have

P < PT̃ = �QS̃�gm ≤ I�P�Q� ∩ I�P�Q�gm

so as I�P�Q�gm = I�Pgm� P�, it follows from (7.1(vii)) that gm ∈
N�I�P�Q�� = I�P�Q�. Hence the result.



generating finite groups, ii 603

Theorem 7.9. Let P ∈ � be such that 	��P�
 = G and let A ∈ HG.
Then there exists g ∈ 	P�A
 such that Pg ≤ A.

Proof. Assume false and set K = 	P�A
. By the definition of � there
exists a conjugate Q of P such that Q ≤ A. Note that P is not conjugate
to Q in K. Suppose that P �∼ Q. Then as G = 	��P�
, the definition of ∼
implies 	P�Q
 ≤ B for some B ∈ HG. Now A ∈ �K�Q� and Q < 	P�Q
 ≤
B ∩K so (6.5) implies B ≤ K. But P is conjugate to Q in B by (4.2(v)), a
contradiction. We deduce that P ∼ Q.

By (7.1(i)) we have I�P�Q� ≤ K so P is not conjugate to Q in I�P�Q� and
then (7.8) implies N�I�P�Q�� > I�P�Q�. Hence N�P� normalizes I�P�Q�
by (7.6). Let a ∈ A. Then again, P ∼ Qa and N�P� normalizes I�P�Qa�.
Now (7.7) implies Q = Qa and we deduce that Q�A. This contradicts (7.4)
and completes the proof.

Corollary 7.10. Let P ∈ � and K ≤∗ G be such that 	��P�
 = G and
P ≤ K. Then:

(i) �K�P� �= �.
(ii) If Q is a conjugate of P that is contained in K then Q is conjugate

to P in K.

Proof. Since K ≤∗ G there exists A ∈ HG such that A ≤ K. By (7.9)
there exists g ∈ 	P�A
 ≤ K such that Pg ≤ A. Then Ag−1 ∈ �K�P�. This
proves (i). To prove (ii), note that there exists h ∈ 	Q�A
 ≤ K such that
Qh ≤ A and then that (4.2(v)) implies that Qh is conjugate to Pg in A.

8. NONDEGENERACY RESULTS

Many of the results in the previous section are applicable only to those
P ∈ � that satisfy 	��P�
 = G, for example (7.9). The main aim of this
section is to prove the existance of such a P .

Theorem 8.1. (i) There exists P ∈ � such that 	��P�
 = G.
(ii) Suppose that whenever S ∈ � satisfies 	��S�
 = G then NE�S� > S

for all E ∈ ��S�. Then 	��P�
 = G for all P ∈ �.

Proof. Let P ∈ � and set M = 	��P�
. We may assume that M �= G so
by (6.8) we have N�P� ≤ M <1 G. Note that N�Pm� ≤ M = 	��Pm�
 for
all m ∈ M . Since G = 	HG
 we may choose A ∈ HG such that A �≤ M .
Let Q be a conjugate of P that is contained in A. Suppose that Pm �∼ Q
for some m ∈ M . Now G = 	M�A
 ≤ 	��Pm� ∪ ��Q�
 so by the defini-
tion of ∼, there exists B ∈ HG such that 	Pm�Q
 ≤ B. Then by (4.2(v))
there exists b ∈ B such that Qb = Pm. Consequently Ab ≤ 	��Pm�
 = M .
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But B ∈ ��Pm�, so then A ≤ M , a contradiction. We deduce that Pm ∼ Q
for all m ∈M .

Next we claim we can choose Q such that Q �≤ M . By (7.4), Q�A, so
there exists a ∈ A such that Qa �= Q. Now A ∩ I�P�Q� = Q by (7.1(v)),
so using (7.1(iv)) we may choose C ∈ ��P� such that Qa �≤ 	C�Q
. Thus
C < 	C�Q
 < 	C�Q�Qa
 ≤ 	C�A
 < G so as clG�C� = 3 we deduce that
	C�Q�Qa
 = 	C�A
. But C ≤ M and A �≤ M hence Q �≤ M or Qa �≤ M .
Replacing Q with Qa if necessary, we have Q �≤M .

LetD ∈ ��P� and set K = 	D�Q
. We will show thatD is not a Frobenius
complement in K. Now D <1 K by (7.1(i)) so K ∩M = D. By (7.1(i),(v))
we have I�P�Q� ≤ K and D ∩ I�P�Q� = P . Thus NI�P�Q��P� ≤ K ∩M =
D and hence NI�P�Q��P� = P . Now P is a TI-subgroup by (4.2(iv)) so it
follows that P is a Frobenius complement in I�P�Q�. Then Q is also a
Frobenius complement in I�P�Q� since �Q� = �P�. Consequently, there exists
f ∈ F�I�P�Q�� such that Qf = P . Now P �D by (7.4) so choose d ∈ D such
that Pd �= P . Again, there exists f ′ ∈ F�I�Pd�Q�� such that Qf

′ = Pd. We
have Pf

−1f ′ = Pd so f−1f ′d−1 ∈ NK�P� ≤ K ∩M = D whence f−1f ′ ∈ D.
If D is a Frobenius complement in K then F�I�P�Q��� F�I�Pd�Q�� ≤ F�K�
by (2.2) whence f−1f ′ ∈ F�K� ∩D = 1. This contradicts Pd �= P and we
deduce that D is not a Frobenius complement in K.

Choose E ∈ DK such that E �= D and E ∩D �= 1. Let R = E ∩D ∈ �.
Recall that K ∩M = D so E ∩M = E ∩ D = R. Also, D <1 K so K =
	D�E
 ≤ 	��R�
 and as K ∩M = D, we see that P is not conjugate to
R in D. Then (4.2(v)) implies that P is not conjugate to R in G. By (7.4)
there exists e ∈ E −N�R�. Set S = Re. We will show that 	��S�
 = G. Now
S ∩ R = 1 by (4.2(iv)) so as E ∩M = R we have S �≤M . Thus G = 	S�M

and it suffices to prove that 	��P�
 ≤ 	��S�
.

Since e ∈ K ≤ 	��R�
 we have K ≤ 	��S�
. In particular, P < D ≤
	��S�
. Let F ∈ ��P� and let f ∈ F . Now M = 	��Pf �
 so as S �≤ M
it follows that 	Pf � S
 is not contained in a conjugate of H. Moreover,
as G = 	S�M
 we have 	��Pf � ∪ ��S�
 = G and hence Pf ∼ S. Now
S �≤ M so I�Pf � S� �≤ M and then (7.1(vi)) implies I�Pf � S� ∩M = Pf .
As N�Pf � ≤ M we deduce that NI�Pf �S��Pf � = Pf and then that Pf is a
Frobenius complement in I�Pf � S�. But P is not conjugate to S = Re so
S cannot be a Frobenius complement in I�Pf � S�. Thus NI�Pf �S��S� > S.
Now N�S� ≤ 	��S�
 so S < I�Pf � S� ∩ 	��S�
 and then (7.1(vi)) implies
I�Pf � S� ≤ 	��S�
.

If we choose f ∈ F −N�P� then we have P < 	P� Pf 
 ≤ F ∩ 	��S�
. Now
D ∈ �	��S�
�P� so (6.5) forces F ≤ 	��S�
. We deduce that 	��P�
 ≤ 	��S�

and so G = 	M�S
 ≤ 	��S�
. This proves (i).

Assume the hypothesis of (ii) and continue the notation of the last
but one paragraph. Then NE�S� > S. If f ∈ F we have Pf ∼ S and
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NI�Pf �S��S� > S so (7.3) implies that N�S� normalizes I�Pf � S�. But then
(7.7) implies P �F , which contradicts (7.4) and proves (ii).

Corollary 8.2. (i) g ∈ 	H�Hg
 for all g ∈ G.

(ii) If K ≤∗ G then N�K� = K.

(iii) If P ∈ � is such that 	��P�
 = G then Hypothesis 5.3 is satisfied.

(vi) If U �G is such that HU <2 G then U is a p-group.

Proof. (i) Choose P ∈ � such that 	��P�
 = G. Now H contains a
conjugate of P by the definition of � so we may assume P ≤ H. If NH�P� =
P then the result follows from (7.5) so assume NH�P� > P . Let g ∈ G. By
(7.10(ii)) there exists x ∈ 	H�Hg
 such that Pgx = P . Then gx ∈ N�P� so
using (4.2(vii))(c) we have gx ∈ 	H�Hgx
 ≤ 	H�Hg
, whence g ∈ 	H�Hg
.

(ii) This follows from (i) and the fact that K contains a conjugate
of H.

(iii) This follows from (4.2(vi)), (i), (6.1) and (6.7).

(vi) Choose P as in (8.1(i)). Then CU�P� is a p-group by (6.11) and
then (5.4) implies that U is a p-group.

Lemma 8.3. Let K <2∗ G. Then K is not a Frobenius group.

Proof. Assume false and choose A ∈ HG with A ≤ K and note that
A <1 K. Since F�K� is a nilpotent normal subgroup of K we have
NK�A ∩ F�K�� > A ∩ F�K�. However, A ∩ F�K��A so (7.4) implies
A ∩ F�K� = 1. Thus A is contained in a Frobenius complement of K. But
A <1 K, so A is a Frobenius complement in K.

By (8.1) there exists P ∈ � such that P ≤ A and 	��P�
 = G. Choose
f ∈ K − A and let Q = Pf , so Q �≤ A. If P �∼ Q then as 	��P�
 = G,
there exists B ∈ HG such that 	P�Q
 ≤ B. Then (6.5) forces B ≤ K. As
�B� = �A� it follows that B is also a Frobenius complement in K and is
therefore conjugate to A in K. But P ≤ A ∩ B so A = B and then Q ≤ A,
a contradiction. We deduce that P ∼ Q.

By (7.1(v)) we have A ∩ I�P�Q� = P and Af ∩ I�P�Q� = Q. Also,
I�P�Q� ≤ K by (7.1(i)) so (2.2) implies that P and Q are Frobenius com-
plements in I�P�Q� and that F�I�P�Q�� ≤ F�K�. Consequently, there exists
u ∈ F�K� such that Qu = P . Then Pfu = P and hence fu ∈ A.

Let a ∈ A. Then af ∈ K −A so again there exists v ∈ F�K� such that
Pafv = P and afv ∈ A. Then fv ∈ A and so u−1v = �fu�−1�fv� ∈ A ∩
F�K� = 1 so u = v. But Pfu = P = Pafv whence P = Pa. We deduce that
P �A, contrary to (7.4). Thus K is not a Frobenius group.

Corollary 8.4. Let K <2∗ G and P ∈ � be such that 	��P�
 = G.
Then 	K�P
 �= G.
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Proof. We may assume that P �≤ K. Choose A ∈ HG with A ≤ K. If
	A�P
 <1 G then 	A�P
 = 	A�B
 for all B ∈ ��P� so 	��P�
 = 	A�P
 �=
G, a contradiction. Thus 	A�P
 <2 G. Since A is not a Frobenius com-
plement in K, there exists C ∈ AK such that C �= A and C ∩A �= 1. Now
K <2 G so A <1 K and then K = 	C�A
. But C ∩ 	A�P
 �= 1 so (6.6)
implies 	C�A�P
 �= G. Thus 	K�P
 �= G.

9. MORE TI-SUBGROUPS

This section has two goals. First we consider P ∈ � that satisfy 	��P�
 =
G. We define and study an equivalence relation on PG. This will be used
later on to construct large subgroups of G. Second we consider subgroups
K such that K <2 G and KG = 1. We will show that if L is a conjugate of
K that satisfies K ∩ L �= 1 then 	K�L
 �= G. The results of Section 4 are
invoked again to construct more TI-subgroups.

Lemma 9.1. Let P ∈ � be such that 	��P�
 = G and suppose that P ≤
K <2∗ G. Then:

(i) A ∩KN�P� = P for all A ∈ ��P�.
(ii) If L �= K is a conjugate of K that contains P then L <1 	K�L
 <1 G

and K ∩ L = KN�P�.

(iii) If M ≤∗ G�P ≤ K ∩M�K �≤ M and M contains a conjugate of K
then K ∩M = KN�P�.

Proof. (i) By (4.2(vi)), N�P� is transitive on ��P� so as 	��P�
 = G,
there exists n ∈ N�P� such that A �≤ Kn. Now P ≤ A∩Kn and �Kn�P� �= �
by (7.10(i)). Then (6.5) implies A∩Kn = P , so P ≤ A∩KN�P� ≤ A∩Kn =
P , hence the result.

(ii) Choose g ∈ G such that Kg = L. Then Pg
−1 ≤ K so by (7.10(ii))

there exists k ∈ K such that Pg
−1 = Pk. Let n = kg ∈ N�P�, so Kn = L.

Now n �∈ K since K �= L and (7.10(i)) imply that there exists A ∈ �K�P�.
Then (7.2) together with (8.2(i)) yield 	K�L
 <1 G and K ∩L = KN�P�. As
L <2 G we have L <1 	K�L
.

(iii) Let L ≤ M be a conjugate of K. By (7.10(ii)) we may choose L
such that P ≤ L. Then by (ii), L <1 	K�L
 so as K �≤ M , it follows that
	K�L
 ∩M = L. Then K ∩M = K ∩L, so by (ii) we have K ∩M = KN�P�.

Theorem 9.2. Let P ∈ � be such that 	��P�
 = G. Define a relation ≈
on PG by

Q ≈ R if and only if Q = R or Q ∼ R and N�I�Q�R�� > I�Q�R��
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Then:

(i) ≈ is a G-invariant equivalence relation.
(ii) Let P ≤ K <2∗ G and Q ∈ PG with Q ≤ K. Then P ≈ Q if and

only if Q ≤ KN�P�.
(iii) Let x ∈ G and suppose that P ≈ Px �= P . Then x ∈ N�I�P� Px��

and I�P� Px� = KN�P� for all K ∈ .�P� Px�.
Let = be the equivalence class containing P . For each M ≤∗ G with P ≤ M
set =M = �Q ∈ = � Q ≤M�.

(iv) If P ≤M ≤∗ G thenN�=M� ≤ N�=� andN�=M� = N�P�NM�=� =
�x ∈ N�=� � Px ≤M�.

(v) Suppose K ≤∗ G and M ≤∗ G are such that P ≤ K ≤ M . Then
N�=K� ≤ N�=M�.

(vi) Suppose M ≤∗ G and L ≤∗ G are such that P ≤ M ∩ L ≤∗ G.
Then N�=M∩L� = N�=M� ∩N�=L�.

(vii) If P ≤ K ≤∗ G then N�=K� = N�KN�P�� = N�P�NK�KN�P��.
Proof. (ii) We may assume that Q �= P . By (7.10) there exists A ∈

�K�P�. Suppose that P ≈ Q. Then K ∈ .�P�Q� so by definition, I�P�Q� ≤
K. Now N�I�P�Q�� > I�P�Q� so (7.6) implies that N�P� normalizes I�P�Q�.
Thus Q ≤ I�P�Q� ≤ KN�P�.

Now suppose that Q ≤ KN�P�. Then (9.1(i)) implies that 	P�Q
 is not
contained in a conjugate of H, so P ∼ Q. As G = 	��P�
 we may choose
n ∈ N�P� such that An �≤ K, so K �= Kn. Now 	P�Q
 ≤ KN�P� ≤ K ∩ Kn

so K�Kn ∈ .�P�Q� and then I�P�Q� = K ∩Kn by (7.1(iii)). Applying (7.2)
together with (8.2(i)) yields K ∩ Kn = KN�P� whence n ∈ N�I�P�Q�� −
I�P�Q� and so P ≈ Q.

(i) Clearly ≈ is G-invariant and symmetric. Let Q�R ∈ PG be such
that P�Q�R are distinct and P ≈ R ≈ Q. We claim that P ≈ Q. By (7.6),
N�R� normalizes both I�P�R� and I�R�Q�, so (7.7) implies that 	P�Q

is not contained in a conjugate of H. Thus P ∼ Q. Choose A ∈ ��P�, set
K = 	A�Q
 and M = 	K�R
. Then K <2 G by (7.1(i)) and then M �= G by
(8.4). Now �M�R� �= � by (7.10) so as G = 	��R�
, there exists n ∈ N�R�
such that M �=Mn. Then K �≤Mn. Also, I�P�R�� I�R�Q� ≤M by (7.1(vi)),
so as N�R� normalizes I�P�R� and I�R�Q� we have 	P�Q
 ≤Mn. But then
	P�Q
 ≤ K ∩Mn = KN�P� by (9.1(i)), so (ii) implies that P ≈ Q. Since ≈
is G-invariant, this implies that ≈ is transitive. Hence ≈ is an equivalence
relation.

(iii) Let K ∈ .�P� Px�. By (7.10) there exists k ∈ K such that Px =
Pk. Now P ≈ Pk so (7.6) implies N�P� ≤ N�I�P� Pk��. Also, I�P� Pk� ≤ K
by the definition of I�P� Pk� whence Pk ≤ I�P� Pk� ≤ KN�P�. Then (7.1(iii))
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implies I�P� Pk� = KN�P�. Similarly, I�P� Pk� = KN�Pk�. But as k ∈ K we
have KN�Pk� = �KN�P��k, whence k ∈ N�I�P� Pk��. Since Px = Pk we have
xk−1 ∈ N�P� ≤ N�I�P� Pk��, so x ∈ N�I�P� Px�� as claimed.

(iv) Since ≈ is an equivalence relation we have N�P� ≤ N�=� and
N�=M� ≤ N�=�. Let Q ∈ =M − �P�. Now �M�P� �= � by (7.10(i)) so
(7.1(vi)) implies I�P�Q� ≤M . By (7.6) we have N�P� ≤ N�I�P�Q�� so Qn ≤
M for all n ∈ N�P�. Since N�P� ≤ N�=�, we deduce that N�P� ≤ N�=M�.
Corollary (7.10(ii)) implies that NM�=� is transitive on =M so as NM�=� ≤
N�=M� we deduce that N�=M� = N�P�NM�=�. Suppose that x ∈ N�=� is
such that Px ≤ M . By (7.10(ii)) there exists m ∈ M such that Px = Pm.
Then Pm ≈ P so m ∈ NM�=� and then x ∈ N�P�NM�=� = N�=M�. This
proves (iv).

(v) This follows from (iv).

(vi) Using (iv), N�=M∩L� = �x ∈ N�=� � Px ∈M ∩ L� = N�=M� ∩
N�=L�.

(vii) Using (ii) and (iv) we have N�KN�P�� ≤ N�=K� = N�P�NK�=K�.
Let k ∈ NK�=K� −N�P�. Now �K�P� �= � by (7.10) so K ∈ .�P� Pk�. Then
(iii) implies that k ∈ N�KN�P��. This proves (vii).

The following result is crucial. It allows us to construct either normal
subgroups or more TI-subgroups.

Theorem 9.3. Let K <2∗ G and suppose that L is a conjugate of K such
that G = 	K�L
. Then K ∩ L�G.

Proof. Choose A ∈ HG such that A ≤ K. By (8.1) there exists P ∈ �
such that P ≤ A and 	��P�
 = G.

Since 	K�L
 = G, we have P �≤ L by (9.1(ii)), so (8.4) implies 	L�P
 <1
G. Now P ≤ K ∩ 	L�P
; K �≤ 	L�P
, since 	K�L
 = G; and L is a con-
jugate of K. Then (9.1(iii)) implies K ∩ 	L�P
 = KN�P�. Thus K ∩ L ≤
KN�P� ≤ 	L�P
. If k ∈ K then Pk ≤ Ak ≤ K so the same argument yields
K ∩ L ≤ KN�Pk� ≤ 	L�Pk
 <1 G. We deduce that

K ∩ L ≤ (
KN�P�

)
K
≤ ⋂{

	L�Pk
 � k ∈ K
}
� (5)

NowA∩ 	L�P
 ≤ K ∩ 	L�P
 = KN�P� so (9.1(i)) implies thatA∩ 	L�P
 =
P . By (7.4) there exists a ∈ A such that Pa �= P and thus Pa �≤ 	L�P
. But
	L�Pa
 <1 G whence 	L�P
 ∩ 	L�Pa
 = L. Thus the right hand side of
(5) is equal to L, so we deduce that K ∩ L ≤ �KN�P��K ≤ K ∩ L and thus
that K ∩ L = �KN�P��K �K. Similarly, K ∩ L�L, so K ∩ L� 	K�L
 = G.

Corollary 9.4. Let K <2∗ G be such that KG = 1. Let P�Q ∈ � with
P�Q ≤ K and suppose that 	��P�
 = 	��Q�
 = G. Then
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(i) If g ∈ G and KN�P� ∩
(
KN�Q�

)g �= 1 then KN�P� =
(
KN�Q�

)g.
(ii) KN�P� is a TI-subgroup with normalizer N�P�NK�KN�P��. More-

over, NK�KN�P�� > KN�P� and N�KN�P��/KN�P� is a Frobenius group with
cyclic complement NK�KN�P��/KN�P� whose kernel is a p-group.

Proof. We will use (4.2) with / = KG. Now KG = 1 and K <2∗ G so
using (9.3) we have A <1 	A�B
 <1 G whenever A and B are distinct
members of / with A∩B �= 1. Thus the hypothesis of (4.2) is satisfied. Let
�̃ be the set � defined in (4.2), so that

�̃=� A ∩ B � A�B ∈ KG� A �= B� A ∩ B �= 1 and there exists
C ∈ KG such that A ∩ B ∩ C �= 1 and C �≤ 	A�B
��

We claim that KN�P� ∈ �̃. By (7.10(i)) we may choose C ∈ �K�P�. Now
	��P�
 = G so by (4.2(vi)) there exists n ∈ N�P� such that Cn �≤ K. Thus
K �= Kn. Now P ≤ K ∩ Kn so 	K�Kn
 �= G by (9.1(ii)). Again we may
choose m ∈ N�P� such that Cm �≤ 	K�Kn
. Then Km �≤ 	K�Kn
. Since
P ≤ K ∩Kn ∩Km, it follows from the definition of �̃ that K ∩Kn ∈ �̃. But
K ∩Kn = KN�P� by (9.1(ii)) so KN�P� ∈ �̃. Similarly KN�Q� ∈ �̃.

Theorem 4.2(i) now implies (i), and in particular, KN�P� is a TI-subgroup.
By (9.2(vii)) we have N�KN�P�� = N�P�NK�KN�P��. Now C ∩KN�P� = P by
(9.1(i)) so P ≤ KN�P� < K and by (8.3), KN�P� is not a Frobenius comple-
ment in K. Thus NK�KN�P�� > KN�P�. Note that N�K� = K by (8.2(ii)) so
the remainder of (ii) follows from (4.2(vii)).

10. THE CASE NH�P� = P

We begin this section by outlining the remainder of the proof of
Theorem B. Partition � as follows.

� = �P ∈ � � 	��P�
 = G and NA�P� > P�
for all A ∈ ��P�

� = �P ∈ � � 	��P�
 = G and NA�P� = P�
for some A ∈ ��P��

� = �P ∈ � � 	��P�
 �= G��
The proof divides into two cases depending on whether � is empty or not.

Consider the case � = �. Then by (8.1) we have � = �. Using the
TI-subgroups constructed in the previous section and a counting argument,
we will force G to be of type 2 or 3. Note that the members of � are
particularly pleasant to deal with since the structure of their normalizers is
given by (6.10). However, we do have to consider every conjugacy class of
subgroups contained in �.
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The more difficult case � �= � is handled by considering the equivalence
relation defined in the previous section. The results of Section 3 are used to
analyze the stabilizer of an equivalence class. Surprisingly, we have only to
consider one conjugacy class of subgroups contained in �. Note that groups
of type 3 give examples with � �= �.

The remainder of this section considers the case � �= �.

Theorem 10.1. Let P ∈ � be such that 	��P�
 = G�P ≤ H and
NH�P� = P . Then G is of type 2 or 3.

Proof. Assume false. Note that P is a Frobenius complement in H since
P is a TI-subgroup by (4.2(ii)) and since NH�P� = P .

Let K1� � � � �Kα be the distinct subgroups of the form 	H�A
 as A ranges
over ��P� − �H�. For each i let Mi1� � � � �Miαi

be the distinct subgroups
of the form 	Ki�B
 as B ranges over the members of ��P� that are not
contained in Ki. Set V = N�P� and for each i� j set Vi = V ∩ Ki and
Vij = V ∩Mij . Then (6.9) together with (7.5) and the fact that NH�P� = P
implies:

• α ≥ 2 and αi ≥ 2 for all i.

• H <1 Ki <2 G and Ki ∩Kj = H for all i �= j.

• Ki <1 Mij <1 G and Mij ∩Mik = Ki for all i and all j �= k.

• �V� �Vi�αi=1 �
{
Vij

}α αi
i=1 j=1 � P� satisfies Hypothesis 3.2.

Step 1. There is at most one i such that KiG �= 1.

Proof. Using (8.2) and (7.4) we see that hypotheses (i)� � � (iv) of (5.5)
are satisfied. Suppose that i �= j and that KiG �= 1 �= KjG. Now KiG �≤ H
since HG = 1 so as H <1 Ki we have HKiG = Ki <2 G. Similarly HKjG =
Kj <2 G. By construction, there exists k such that 	Ki�Kj
 = Mik. Then
HKiGKjG = Mik <1 G so (v) of (5.5) is satisfied. Consequently G is of
type 2 or 3, a contradiction. This proves Step 1.

Assume the notation of Theorem 9.2. Let X = N�=� and for each i� j let
Xi = N�=Ki� and Xij = N�=Mij

�. Note that KiV �Xi by (9.2(vii)).

Step 2. Let 1 ≤ i ≤ α be such that KiG = 1 and Vi�V . Set X∗
i =

Xi/KiV . Then:

(i) Xi = N�KiV � = VNKi�KiV � and V ∩NKi�KiV � = Vi ≤ KiV .

(ii) NKi�KiV �∗ is a Frobenius complement in X∗
i and F�X∗

i � = V ∗.

(iii) V/Vi is nilpotent, VKiV �Xi, and VKiV < Xi.
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Proof. By (9.2(vii)) we have Xi = N�KiV � = VNKi�KiV �. Now V ∩
NKi�KiV � = Vi and Vi ≤ KiV since Vi�V . Then X∗

i = V ∗NKi�KiV �∗ and
V ∗ ∩ NKi�KiV �∗ = 1. By (9.4(ii)), NKi�KiV �∗ is a Frobenius complement
in X∗

i so X∗
i = F�X∗

i �NKi�KiV �∗ and F�X∗
i � ∩ NKi�KiV �∗ = 1. It follows

that V ∗ = F�X∗
i �. Now V ∗ ∼= V/V ∩KiV = V/Vi so V/Vi is nilpotent. Also,

V ∗ �X∗
i and V ∗ �= X∗

i , which proves (iii).

Step 3. There is a prime p such that V/P is an elementary abelian
p-group.

Proof. We have already noted that �V� �Vi�αi=1 �
{
Vij

}α αi
i=1 j=1 � P� satisfies

Hypothesis 3.2, so using ((3.6)(i),(ii)) and Step 1 we can choose i �= j such
that Vi�V� Vj �V , and KiG = KjG = 1. Step 2 implies that V/Vi and V/Vj
are nilpotent. Now Vi ∩ Vj = P so V/P is nilpotent. In particular, V/P is not
a Frobenius group so (3.6(iii)) implies that V/P is elementary abelian.

Step 4. �X� �Xi�αi=1 � V � satisfies Hypothesis 3.1.

Proof. Note that V ≤ Xi ≤ X for all i by (9.2(iv)). Let x ∈ X − V , so
P ≈ Px �= P . Let K = 	H�Px
. Then H <1 K <2 G by (7.1(i)). Now P is
a TI-subgroup in K but by (8.3), it is not a Frobenius complement in K.
Thus there exists n ∈ NK�P� − P . Since NH�P� = P we have n �∈ H, so as
N�H� = H <1 K we have K = 	H�Hn
 and thus K = Ki for some i. Then
(9.2(iv)) implies x ∈ Xi. We deduce that X = X1 ∪ � � � ∪Xα. If i �= j then
Ki ∩Kj = H, so by (9.2(vi)) we have N�=H� = Xi ∩Xj . Now =H = �P� by
the definition of ≈ so V = Xi ∩Xj .

Let 1 ≤ i ≤ α. We claim that V < Xi. Note that Vi�V by Step 3, so if
KiG = 1 then V < Xi by Step 2. Hence we may suppose that KiG �= 1. By
(9.2(vii)) we have Xi = N�KiV � so 1 �= KiG ≤ KiV ≤ Xi. Recall that P is a
Frobenius complement in H so H = 	PH
, so as N�H� = H and HG = 1
we deduce that VG = 1. In particular, KiG �≤ V and then V < Xi in this
case also.

Now α ≥ 2 so we may choose j �= i. Then V < Xj ≤ X and as Xi ∩Xj =
V it follows that V < Xi < X. Thus Hypothesis (3.1) is satisfied.

Step 5. V �X and V is an elementary abelian p-group.

Proof. Set X = X/VX . By Step 1 we may choose i such that KiG = 1.
Now Step 3 implies Vi�V so by Step 2, VKiV is a proper normal subgroup
of Xi. Then as VX ≤ V we see that VKiV is a proper normal subgroup of
Xi, whence 	V 
Xi �= Xi. It follows that V is not a Frobenius complement
in X. Then Step 4 and (3.4) imply that V �X.

Let P0 = �V� V �	vp � v ∈ V 
. Then P0 ≤ P by Step 3. Now P0 char V �X
so P0 �X. If P0 �= 1 then as P is a TI-subgroup we have Xi ≤ N�P� = V ,
contrary to V < Xi. Thus P0 = 1 and it follows that V is an elementary
abelian p-group.
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Step 6. �X� �Xi�αi=1 �
{
Xij

}α αi
i=1 j=1 � V � satisfies Hypothesis 3.2.

Proof. Let 1 ≤ i ≤ α. Note that Xi ≤ Xij ≤ X for all j by (9.2(v)). If
1 ≤ j ≤ α then by construction there exists k such that 	Ki�Kj
 ≤ Mik.
Then (9.2(v)) implies Xj ≤ Xik. This verifies (iii) of Hypothesis 3.2. By
Step 4, X = X1 ∪ � � � ∪Xα so it follows also that X = Xi1 ∪ � � � ∪Xiαi . By
(9.2(vi)) we have Xij ∩Xik = Xi for all j �= k.

Now let 1 ≤ j ≤ αi. By construction, there exists k �= i such that Mij =
	Ki�Kk
 so by (9.2(v)) we have Xk ≤ Xij . By Step 4, Xi ∩Xk = V < Xk
so Xi < Xij . Now αi ≥ 2, so if we choose l �= j we also have Xi < Xil
and Xij ∩Xil = Xi so Xij < X. We deduce that �X� {Xij}αij=1 �Xi� satisfies
Hypothesis 3.1, which completes the proof of this step.

Step 7. If Xi ≤ Xrs then Vi ≤ Vrs.
Proof. Since Vi = V ∩Ki and Vrs = V ∩Mrs, it suffices to prove that Ki ≤

Mrs. If i = r then this follows from the definition of Mrs. Hence we may
suppose that i �= r. By construction, there exists t such that 	Kr�Ki
 =Mrt .
By (9.2(v)) we have 	Xr�Xi
 ≤ Xrt and also 	Xr�Xi
 ≤ Xrs. But r �= i so
Step 4 implies Xr < 	Xr�Xi
 and then Step 6 forces t = s. Then Ki ≤Mrs

as desired.

Now we finish the proof of Theorem 10.1. Applying Step 5, (3.6) and re-
numbering, we have

X11 �X�X11 = X1 ∪ � � � ∪Xβ�β ≥ 3� and Xi�X for all i ≤ β�
Set X = X/V . By (3.6(iii)), there is a prime q such that X11 is an elemen-
tary abelian q-group. Recall that p is the prime such that V is an elementary
abelian p-group.

We claim q �= p. By Step 1 there exists i ≤ β such that KiG = 1.
Now Vi�V so Step 2 implies Xi ∼= NKi�KiV �/Vi. Set X∗

i = Xi/KiV . Then
NKi�KiV �∗ is a q-group since Vi ≤ KiV . Then as V ∗ is a p-group, it follows
from Step 2(ii) that q �= p.

Since V is an abelian normal p-subgroup of X11 it follows that X11 acts
as a group of automorphisms on V . Now Xi ∩ Xj = V = 1 < Xi for all
i �= j so as β ≥ 2 we see that X11 is noncyclic. Then as q �= p we have

V = 	CV �x� � x ∈ X11 − V 
�
If KiG = 1 for all i ≤ α then set l = 1. Otherwise, by Step 1 there is a
unique l such that KlG �= 1.

Let x ∈ X11 − V and let v ∈ CV �x��. Recall that V = V1 ∪ � � � ∪ Vα so
v ∈ Vi for some i. If i = l then v ∈ Vl. Suppose that i �= l. Then KiV is a
TI-subgroup by (9.4) and v ∈ Vi ≤ KiV since V is abelian. Thus x ∈ N�KiV �
and then Step 2(i) implies x ∈ Xi. Now x ∈ X11 = X1 ∪ � � � ∪Xβ so there
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exists j ≤ β such that x ∈ Xj . Then x ∈ Xi ∩ Xj − V so Step 4 implies
i = j. Thus Xi ≤ X11 and then Step 7 implies v ∈ V11. We deduce that
CV �x� ≤ V11 ∪ Vl and then that V = V11 ∪ Vl. Thus V = V11 or V = Vl. Both
of these possibilities contradict the fact that �V� �Vi�αi=1 �

{
Vij

}α αi
i=1 j=1 � P� sat-

isfies Hypothesis 3.2, completing the proof of this theorem.

11. THE PROOF OF THEOREM B

Throughout this section we assume that G is a counterexample to
Theorem B.

Lemma 11.1. (i) There exists K such that H <1 K <2 G and KG = 1.
(ii) If P ∈ � then 	��P�
 = G and NA�P� > P for all A ∈ ��P�.

Proof. (ii) follows from (10.1) and (8.1(ii)). Choose P ∈ � such that
P ≤ H. Let K1� � � � �Kα be the distinct subgroups of the form 	H�A
 as A
ranges over ��P� − �H�. By (6.9) we have H <1 Ki <2 G and Ki ∩ Kj =
H for all i �= j. Suppose that KiG �= 1 for all i. Then as HG = 1 and
H <1 Ki we have Ki = HKiG and then (8.2(iv)) implies that KiG ≤ F�G�.
Now G = 	��P�
 so G = 	K1� � � � �Kα
 and consequently G = HF�G�. By
(8.2(i)) we have 	H�g
 �= G for all g ∈ G and then (5.2) implies that G
is of type 1 or 2, a contradiction. We deduce that there exists i such that
KiG = 1.

In what follows, we let K be the subgroup whose existence was proved
in (11.1(i)).

Lemma 11.2. Let P ∈ � with P ≤ H, let t ∈ π�NH�P�/P� and T ∈
Sylt�NH�P��. Then NK�T � ≤ H.

Proof. Assume false. Note that T �≤ P and that NH�P�/P is a Frobenius
complement in N�P�/P by (4.2(vii)). Thus NN�P��T � ≤ H.

Let x ∈ NK�T � −H. Then P �= Px. We claim that P ≈ Px where ≈ is the
relation defined in (9.2). Suppose that 	P� Px
 ≤ A for some A ∈ HG. Now
T normalizes 	P� Px
 and by (4.2(i)), 	P� Px
 is not contained in a member
of �. As N�A� = A, this implies that T ≤ A. Then P < PT ≤ A ∩H and
Px < PxT ≤ A ∩Hx. But by (4.2(i)) neither PT nor PxT is contained in
a member of � so H = A = Hx and then x ∈ H, contrary to x �∈ H. Thus
	P� Px
 is not contained in a conjugate of H, so P ∼ Px. Since T normal-
izes both P and Px it permutes the set .�P� Px� so T ≤ N�I�P� Px��. Now
H ∩ I�P� Px� = P by (7.1(v)) so N�I�P� Px�� > I�P� Px� whence P ≈ Px.
Lemma 9.2(iii) implies x ∈ N�KN�P��. We deduce that NK�T � = �NK�T � ∩
N�KN�P��� ∪NH�T �, so as we are assuming NK�T � �≤ H, it follows that

NK�T � ≤ NK�KN�P��� (6)
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Choose n ∈ NK�T � − H and set T̃ = H ∩ Hn. Then T ≤ T̃ ∈ �, so
(4.2(iv)) implies that T̃ is a TI-subgroup and hence NK�T � ≤ NK�T̃ � ≤
NK�KN�T̃ ��. Note that 	��P�
 = 	��T̃ �
 = G by (11.1(ii)). Corollary 9.4(ii)
implies that both NK�KN�P��/KN�P� and NK�KN�T̃ ��/KN�T̃ � are cyclic. Using
(6) we see that �NK�T ��NK�T �� ≤ KN�P� ∩ KN�T̃ �. Now H ∩ KN�P� = P
by (9.1(i)) so as T �≤ P we have T �≤ KN�P�. Then (9.4(i)) implies that
KN�P� ∩KN�T̃ � = 1. We deduce that NK�T � is abelian.

Now we argue that NK�T � is nonabelian. Set N = NK�T̃ � and N = N/T̃ .
Now NK�T � ≤ N and NK�T � �≤ H so NH�T̃ � < N . Theorems 10.1 and
(4.2(vii)) imply that NH�T̃ �/T̃ is a Frobenius complement in N�T̃ �/T̃ so N
is nonabelian. Since H ∩ KN�P� = P we have NH�KN�P�� ≤ NH�P� so (6)
implies NH�T � ≤ NH�P�. As T ∈ Sylt�NH�P�� we deduce that T ∈ Sylt�H�
and then that T ∈ Sylt�T̃ �. The Frattini Argument implies N = T̃NK�T � so
NK�T � is nonabelian also. This contradiction completes the proof.

Corollary 11.3. Let P ∈ � with P ≤ H. Then

NK�KN�P�� = NH�P�KN�P� and NH�P� ∩KN�P� = P�

Proof. Let N = NK�KN�P��. Now NH�P� > P by (11.1(ii)) so choose
t ∈ π�NH�P�/P� and T ∈ Sylt�NH�P��. By (9.1(i)), H ∩ KN�P� = P so
NH�P� ∩ KN�P� = P and H ∩ N = NH�P�. Then (11.2) implies NN�T � ≤
NH�P� whence T ∈ Sylt�N�. By (9.4(ii)), N/KN�P� is cyclic so TKN�P� �N .
The Frattini Argument yields N = NN�T �KN�P� = NH�P�KN�P�.

Lemma 11.4. Let P�Q ∈ � with P�Q ≤ K. Let k ∈ K and suppose that
KN�P� ∩ �KN�Q��k �= 1. Then P is conjugate to Q.

Proof. Assume false. By (7.9) we may suppose that P ≤ H. Now KN�P� =
�KN�Q��k by (9.4(i)) so replacing Q by Qk we may suppose KN�P� = KN�Q�.
Let I = KN�P� and N = NK�I�. By (7.10(i)) we may choose A ∈ �K�Q�.

Corollary 11.3 implies N = NH�P�I = NA�Q�I�NH�P� ∩ I = P and
NA�Q� ∩ I = Q. Then N/I ∼= NH�P�/P ∼= NA�Q�/Q. By (11.1), we may
choose t ∈ π�N/I�. Let T ∈ Sylt�NH�P��, so T �≤ P . By (9.1(i)), H ∩
KN�P� = P so H ∩ N = NH�P�. Then (11.2) implies NN�T � ≤ NH�P� so
T ∈ Sylt�N�. Similarly, NA�Q� contains a Sylow t-subgroup of N . Conju-
gating by a suitable element of N , we may suppose that T ≤ A also. Now
H ∩KN�P� = P �= Q = A ∩KN�Q�, so H �= A.

We claim that I is nilpotent. Let T̃ = H ∩A, so T ≤ T̃ ∈ � and T̃ is
a TI-subgroup. Also, H ∩ I = P so as T �≤ P , (4.2(i)) implies T̃ ∩ I = 1.
Let g ∈ T have order t. Then �CI�g�� T � ≤ T̃ ∩ I = 1 so CI�g� ≤ N�T �.
But N�T � ≤ H ∩A by (11.2), so CI�g� ≤ T̃ ∩ I = 1 and then Thompson’s
Theorem implies that I is nilpotent.
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Let X = NG�I� and X = X/I. By (9.4(ii)), NK�I� is a Frobenius com-
plement in X, the kernel of X is a p-group for some prime p, and X =
N�P�NK�I�. We will show that I is a p-group. Let F be the inverse image
of F�N�P�/P� in N�P�. Then (4.2(vii)) implies N�P� = FNH�P�, so as
NH�P� ≤ NK�I� we deduce that X = FNK�I�. Consequently, F�X� ≤
F . But F/P has prime power order by (4.2(vii)), so it follows that F/P
is a p-group. Now NH�P� ∩ I = P by (9.1(i)) and NI�P��N�P�. Since
NH�P�/P is a Frobenius complement in N�P�/P , we see that NI�P� ≤ F .
Then �p′ �Z�I�� ≤ P . Similarly �p′ �Z�I�� ≤ Q. But P ∩ Q = 1 by (4.2(i)),
so as I is nilpotent, we deduce that I is a p-group.

Now NH�P�/P is a Frobenius complement in N�P�/P and F/P is a
p-group, so NH�P�/P is a p′-group. But P ≤ I so P is a p-group. It fol-
lows that P ∈ Sylp�H�. Similarly Q ∈ Sylp�A�. But H is conjugate to A, so
P is conjugate to Q, a contradiction.

Lemma 11.5. Let P ∈ � with P ≤ H and let k ∈ K be such that Hk ∩
KN�P� �= 1. Then Hk ∩KN�P� is conjugate to P .

Proof. Let A = Hk and R = A ∩ KN�P�. We claim there exists Q ∈ �
such that Q ∩R �= 1 and Q ≤ A. If A ≤ KN�P� then let Q be a conjugate of
P contained in A. Thus we may suppose that A �≤ Kn for some n ∈ N�P�.
Let L = Kn and B = Hn, so R ≤ A ∩ L and B ≤ L. Choose s ∈ π�R�� S ∈
Syls�R� and S̃ ∈ Syls�A ∩ L� with S ≤ S̃. If there exists m ∈ NL�S̃� −A
then A �= Am so setting Q = A ∩Am we have Q ∈ � and S ≤ Q ∩ R. If
NL�S̃� ≤ A then S̃ ∈ Syls�L�, so as �B� = �A�, there exists l ∈ L such that
S̃ ≤ Bl. Set Q = A ∩ Bl. Now A �≤ L so Bl �= A and we have S ≤ Q ∈ �.

Now 1 �= R ∩ Q ≤ KN�P� ∩ KN�Q� so (9.4(i)) implies KN�P� = KN�Q�
and thus (11.4) implies that P is conjugate to Q. Also, R = A ∩ KN�P� =
A ∩ KN�Q� and as (9.1(i)) implies A ∩ KN�Q� = Q, we deduce that R is
conjugate to P .

We are now in a position to derive a contradiction. By its definition,
� is a union of conjugacy classes of subgroups and each member of � is
conjugate to a subgroup of H. Let �P1� � � � � Pr� be a set of representatives
for the conjugacy classes of � with Pi ≤ H for all i. Let

H0 = H −⋃{
Phi � 1 ≤ i ≤ r� h ∈ H

}
and H̃ = ⋃

HK
0 �

If k ∈ K − H and H ∩ Hk �= 1 then H ∩ Hk ∈ � so by (4.2(v)), H ∩
Hk is conjugate in H to some Pi. We deduce that H0 ∩ Hk

0 = � for
all k ∈ K − H and then that �H̃� = �K � H��H0�. Now �H0� = �H� − 1−∑r
i=1 �H � NH�Pi����Pi� − 1� by (4.2(i)), whence

�H̃� = �K� − �K � H� −
r∑
i=1

�K�
�NH�Pi� � Pi�

+
r∑
i=1

�K�
�NH�Pi��

� (7)
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For each i, let

Ii = KN�Pi� and Ĩi =
⋃
IKi − �1� �

By (9.4(ii)), Ii is a TI-subgroup of K so �Ĩi� = �K � NK�Ii����Ii� − 1�.
By (11.3), NK�Ii� = NH�Pi�Ii and NH�Pi� ∩ Ii = Pi. Then �NK�Ii�� =
�NH�Pi� � Pi��Ii� and we deduce that

�Ĩi� =
�K�

�NH�Pi� � Pi�
− �K�

�NH�Pi���Ii � Pi�
� (8)

Let 1 ≤ i ≤ r� k ∈ K and suppose that Hk ∩ Ii �= 1. Then (11.5) implies
Hk ∩ Ii is conjugate to Pi. By (7.10) this conjugation takes place in K, so
Hk

0 ∩ Ii = �. We deduce that H̃ ∩ Ĩi = � for all i. Also, by (9.4(i)) and
(11.4) we have Ĩi ∩ Ĩj = � for all i �= j. Noting that 1 �∈ H̃ and 1 �∈ Ĩi
we have

�K� > �H̃� +
r∑
i=1

�Ĩi��

Using (7) and (8) we obtain

�K� > �K� − �K � H� +
r∑
i=1

�K�
�NH�Pi��

−
r∑
i=1

�K�
�NH�Pi���Ii � Pi�

�

Rearranging and dividing through by �K � H�, we have

1 >
r∑
i=1

�H � NH�Pi��
(

1 − 1
�Ii � Pi�

)
�

Let 1 ≤ i ≤ r. Now Pi�H by (7.4) so �H � NH�Pi�� ≥ 2. Then 1 > 2�1 −
1/�Ii � Pi�� whence 2 > �Ii � Pi� and then Ii = Pi. Recall that NK�Ii� =
NH�Pi�Ii by (11.3) so NK�Ii� = NH�Pi�. Now NK�Pi� ≤ NK�Ii� so we have
NK�Pi� ≤ H. We deduce that NK�T � ≤ H for all 1 �= T ≤ H and then that
H is a Frobenius complement in K. This contradicts (8.3) and completes
the proof of Theorem B.
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