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ABSTRACT

We provide sufficient conditions for a set E C R™ to be a non-universal
differentiability set, i.e., to be contained in the set of points of non-
differentiability of a real-valued Lipschitz function. These conditions are
motivated by a description of the ideal generated by sets of non-
differentiability of Lipschitz self-maps of R™ given by Alberti, Csornyei
and Preiss, which eventually led to the result of Jones and Csornyei that
for every Lebesgue null set E in R™ there is a Lipschitz map f : R™ — R"
not differentiable at any point of E, even though for n > 1 and for Lipschitz
functions from R™ to R there exist Lebesgue null universal differentiability
sets. Among other results, we show that the new class of Lebesgue null sets
introduced here contains all uniformly purely unrectifiable sets and gives
a quantified version of the result about non-differentiability in directions
outside the decomposability bundle with respect to a Radon measure.
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1. Introduction and main results

A recent surge of interest in the validity of Rademacher’s theorem on almost
everywhere differentiability of Lipschitz maps of R™ to R™ arose from several
new results and approaches. For infinite-dimensional Banach spaces there were
successful attempts to obtain its analogues for the notion of Gateaux derivative,
for results and references see [6, Chapter 6], and some results for the stronger
notion of Fréchet derivative to which a recent monograph [17] is devoted. In
another direction, Pansu [20] obtained an almost everywhere result for Lips-
chitz maps between Carnot groups, and Cheeger [7] generalised Rademacher’s
theorem to Lipschitz functions on metric measure spaces.

Here we contribute to this research in the direction started by a result
of [22] that, in terms of the size of differentiability sets of real-valued Lipschitz
functions on R?, Rademacher’s theorem is not sharp: there is a Lebesgue null
set in R? containing points of differentiability of any real-valued Lipschitz func-
tion on R2. Following [12, 13], where it was shown how unexpectedly small such
sets may be, they are now called universal differentiability sets. The analogues
of universal differentiability sets were recently introduced and investigated in
the Heisenberg group [21].

The present paper introduces cone unrectifiable sets, which are a novel class
of Lebesgue null sets, wider than that of uniformly purely unrectifiable sets
(see Definition 1.7 and Remark 1.8) and shows that cone unrectifiable sets arise
naturally in the study of sets in which Lipschitz functions may have no points
of differentiability. As an application of our results, we strengthen and quantify
the result of [4, Theorem 4.1] on non-differentiability with respect to arbitrary
Radon measures, and demonstrate that the uniformly purely unrectifiable sets
are non-universal differentiability sets in the strongest possible sense; see The-
orem 1.13. Our main result is the following theorem.

THEOREM 1.1: If E C R" is cone unrectifiable, then there is a Lipschitz func-
tion f : R™ — R that is non-differentiable at any point of E.

The non-differentiability sets of Lipschitz maps R™ — R™, m > n were first
completely described in geometric measure theoretical terms in [3] (see [1, 2] for
a published less formal description), and then [8] showed that this description
gives precisely the Lebesgue null sets in R". Hence Rademacher’s theorem is
sharp for maps into spaces of the same or higher dimension. This result was
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complemented in [24] where it was proved that whenever m < n, there is a
Lebesgue null set in R™ containing points of differentiability of any Lipschitz
map R” — R™. We will return to the description originally introduced in [3]
later as it forms the main starting point of what we do in the present paper.

The problem we address in this paper stems from the above results: can one
give a geometric measure theoretical description of non-differentiability sets of
Lipschitz maps of R™ to R? Notice that this is a question about sets and not
about measures: if we are given a o-finite Borel measure p in R™ that is singular
with respect to the Lebesgue measure, we may use [3] and [8] to find a Lipschitz
p-almost everywhere non-differentiable mapping f = (f1,..., fn) : R — R”
and observe that for a random choice of a; € (0,1) the real-valued function
>oi, «a;f; is Lipschitz and p-almost everywhere non-differentiable. This ar-
gument appears in both [3] and [4], and moreover [4] simplifies the general
arguments of [3] in the special case of differentiability p-almost everywhere; no-
tice also that in this case even the results of [8] may be demonstrated by a more
accessible proof given in [11] (which is based on different ideas).

A further question (not addressed in the present paper) one may wish to
consider is to give a description of sets on which a typical Lipschitz mapping is
non-differentiable. The first such result was obtained in [25] for n = 1, and a
recent paper [19] deals with a more restrictive full non-differentiability of typical
Lipschitz functions f : R™ — R™ with m > n.

We will now state our results and explain them in more detail. Their proofs
will be given in Section 3. The short Section 4 contains two examples whose
meaning will also be discussed here.

The main concept that we use is based on the notion of width that has been,
together with several variants, introduced in [3].

Definition 1.2: Suppose e € R™ \ {0} and a € (0,1]. We let C. , be the cone
{z € R" : (x,e) > a|z|/|le|} and I, the set of Lipschitz curves such that
v'(t) € Ce,qo for almost every t € R. The (e, a)-width of an open set G C R"
is defined by

(1.1) We,o(G) = sup{H' (G N y(—00,0)) : 7 € Ten}s
and of any £ C R™ by
(1.2) We o (F) = inf{we (G) : G D E,G is open}.

For the sake of completeness, when e = 0 or a > 1 we let we o(F) = 0 for every
E C R™. Of course, these cases have no bearing on what we do.
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Notice that, as [3] points out, for constructions of Lipschitz functions, where
values of w, o matter only for arbitrarily small «, the number « in Definition 1.2
may be replaced by any quantity or function that may attain arbitrarily small
positive values. For example, [4] replaces it by cos«, which is a bound on the
angle between ~/(t) and e and so is geometrically natural, but for us has the
disadvantage that values of  that matter, namely those for which the cone C¢
is close to a half-space, are close to m/2 rather than to zero.

Many variants of Definition 1.2 that are easily seen or shown to be equivalent
to the one given here may be found in [23, Definition 1.1 and Remark 1.2]. A
rather useful variant is that ', , may be defined as the collection of v € C{R, R™)
satisfying ||7/(t))|| = 1 and +'(t) € Ce o for every t.

Perhaps the most interesting modification of Definition 1.2 comes from a so
far unpublished result of M&thé and allows taking Borel sets G both in (1.1)
and (1.2). It is not exactly equivalent with ours, but has the properties that a
set of (e, 8) width zero according to M&thé has (e, a) width zero according to
the above definition for every o > 8, and a set of (e, ) width zero according
to the above definition has (e, &) width zero according to Mathé. We have not
used this, since our constructions, like that of [3], use that width is determined
by open sets, and so the only difference would be that an appropriate version
of Definition 1.2 would be called Mathé’s Theorem.

Terms like “cone null” have been used for sets that are defined with the help
of the notion of width. We follow this trend in our main notion, introduced
in Definition 1.7. Before coming to it, we recall the main starting motivation
behind what we do, namely the following definition from [2] and a special case
of their result (proved in [3]) which is most relevant for us.

Definition 1.3 (see [2, Definition 1.11]): A map 7 of a subset E of R™ to the
Grassmanian G(k, n) is said to be a k-dimensional tangent field of E if

(1.3)  weaf{r e E:7(x)NCeq ={0}} =0 for every e € R" and o > 0.

Obviously, if E is a k-dimensional embedded C! submanifold of R, its tan-
gent field 7(z) satisfies (1.3). However, the following theorem proved in [2, 3]
shows that many non-smooth sets admit a k-dimensional tangent field. Be-
fore stating it, we notice that Definition 1.3 uses the value « in two different
meanings and so it is sensitive to the choice of the notion of width. As a
more detailed discussion of this will appear in [3], we just point out that the
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use of Mathé’s width and the width from Definition 1.2 are equivalent. The
only case to treat is when Definition 1.2 holds in M&thé’s sense. Assuming
We,a,{T € E : 7(x) N Ceo, = {0}} = 0 in MAathé’s sense for all k£ > 1, where
0 < ar <a<l1and ap — a, we conclude that in the sense of Definition 1.2 we
have we o{x € E : 7(x) N Ce o, = {0}} = 0 for all k£ > 1. Hence writing

{reE:7(2)NCea={0}} = | J{z € E:7(2) N Cea, = {0}},
k=1

we get we o{x € E: 7(x) NCeo ={0}} =0.

THEOREM 1.4 (see [2, Theorem 1.12]): A set E C R™ is contained in a non-
differentiability set of a Lipschitz map R™ — R™ for some, or any, m > n if
and only if it admits an (n — 1)-dimensional tangent field. If n = 2, this holds
if and only if E is Lebesgue null.

As already mentioned, in the last assertion of Theorem 1.4 the assumption
n = 2 was removed in [8]. Notice also that the general case of Theorem 1.4
says that the existence of k-dimensional tangent fields is similarly related to the
existence of functions that at every point of the set can be differentiable in the
direction of linear subspaces of dimension at most k& only.

Based on these results, we conjecture that sets of non-differentiability of real-
valued Lipschitz functions may be described as those for which there is an
(n — 1)-dimensional tangent field satisfying conditions that make it in some
sense closer to being “genuinely” (n — 1)-dimensional. We do not have a more
precise conjecture, but a simple consequence of our main results, Theorem 1.1
and Theorem 1.9, is that sets for which there exists a continuous (n — 1)-
dimensional tangent field are indeed sets of non-differentiability of real-valued
Lipschitz functions.

Since for the real-valued case only the tangent fields of codimension one are
relevant, we base our approach on an obvious variant of Definition 1.3 that
uses the normal fields instead of tangent fields. More interestingly, having in
mind conditions similar to continuity of the normal field, we can define the
normal vectors pointwise, while in general no pointwise definition of tangent
fields from Definition 1.3 is known. A highly interesting exception to this is the
special case when we are interested in measures supported by a set admitting a
k-dimensional tangent field where [4] provides an interesting pointwise definition
of the tangent field at almost every point.
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Since our “normal vectors” are not exactly those orthogonal to the tangent
field from Definition 1.3, we do not actually call them “normal vectors” and
instead use just notation N (£, z) for their collection.

Definition 1.5: For x € E C R™ let
N(E,z):={ee€R": (Ve > 0)(Ir > 0)we(B(z,r) N E) =0}.

Remark 1.6: Although we will not use it directly, we remark that N'(E, ) is a
linear subspace of R” for any x € E. This follows from results on “joining cones”
in [3], but we describe a quick argument based on the result of Mathé. Since
M (E,z) = N(E,z) for each X € R, we conclude that every nonzero e from the
linear span of A(F, ) can be written as e = Zle e; where e; € N(E,x) \ {0}.
Suppose € > 0 is fixed and v € I'. . belongs to C'(R) and satisfies ||7/(¢)| = 1
for all t € R (cf. remarks after Definition 1.2). Let v = je|lel|/ 3", [|es]| and find
d > 0 such that we, o(E N B(x,0)) = 0 for each i. From Definition 1.2 we see
that there is a Borel (in fact Gs) set G D E such that we, (G N B(z,d)) =0
for every i. Fix now any ¢ € R and notice that there exists an ¢ such that

(Y (1), e:) > 20 el

By continuity of 4 there is a 7 > 0 such that for this particular i we have
(v'(s), ei) > a|le;|| whenever s € (t —7,t+ 7). Hence we, o(GN B(x,0)) =0 for
this ¢ implies

Iy HGNB(x,8)N(t—T7,t+7)| =0.
Finally, existence of such 7 > 0 for each ¢ € R allows us to conclude that
|[y"1(G N B(x,68))| = 0. As this holds for every v € ' ., we get

We «(GN B(x,0)) =0.

Definition 1.7: A set E C R"™ satisfying N'(E,z) # {0} for every x € E is said
to be cone unrectifiable.

Remark 1.8: Of course any cone unrectifiable set is Lebesgue null. A basic
example of cone unrectifiable sets £ C R"™ is provided by those for which
N(E,z) = R™ for every z € E. Such sets are called uniformly purely unrec-
tifiable. By the result of Andras Mathé alluded to above these are precisely
those sets that are contained in a Borel 1-purely unrectifiable set, i.e., in a Borel
set B whose intersection with any C* curve has one-dimensional Hausdorff mea-
sure zero. The arguments used to prove Remark 1.6 simplify their definition in
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another way: FE is uniformly purely unrectifiable if and only if thereis 0 < n < 1
such that we,(E) = 0 for every unit vector e (this is used as a definition of a
uniformly purely unrectifiable set in [9]). In Example 4.4 we point out that a
similar simplification of the notion of cone unrectifiable sets is false: given any
e # 0and n € (0, 1), we construct a set E which does not satisfy the conclusions
of Theorem 1.1 but is of (e, n)-width zero.

We are now ready to state the main results of this paper. First, we state
Theorem 1.1 again:

THEOREM (Theorem 1.1): If E C R™ is cone unrectifiable, then there is a
Lipschitz function f : R™ — R that is non-differentiable at any point of E.

There are various ways of stating that non-differentiability of a function f at
a given point z is rather strong. The most usual one is by comparing the upper
and lower directional derivatives of f at x defined by
r+ty) — f(z
DT f(z;y) := limsup fz+ty) = f(z)
N0 t

and

Dy flary) = tigip 100 I,
respectively. An even stronger non-differentiability statement is obtained by
showing that close to z, f may be approximated by many linear functions. Our
next result shows that the non-differentiability statement of Theorem 1.1 may

be strengthened in this way.

THEOREM 1.9: For every cone unrectifiable set E C R™ and every € > 0 there
are a Lipschitz function f : R™ — R with Lip(f) < 1 + ¢ and a continuous
function u: E — {z € R™ : ||z]| < e} such that

(1.4) bming sup /@ T~ F@) = (e +u@),y)]
™0 lyll<r r

=0

whenever x € E and e € N (E, z) has ||e|| < 1. In particular,
DY f(x;y) — Dy f(z3y) > 2sup{{e,y) : e € N(E, ), [le]| < 1}

whenever x € E and y € R™.
Additionally, if E is contained in {z : w(x) > 0}, where w : R" — [0,00) is
continuous, then f may be chosen in such a way that |f| < w.
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For a set F admitting an (n—1)-dimensional continuous tangent we obviously
have N(E,z) D 7(x)t # {0}. Hence such sets are cone unrectifiable and
so are sets of non-differentiability of a real-valued Lipschitz function. More
interestingly, having countably many cone unrectifiable sets, we may try to add
the functions obtained from Theorem 1.9 to get a function non-differentiable
at the points of the union. However, addition of non-differentiable functions
may create new points of differentiability. To solve this problem we employ the
idea that Zahorski [27] used in his precise description of non-differentiability
sets of Lipschitz functions on the real line as Gg,-sets of measure zero; it is
based on the simple observation that the sum of a differentiable and a non-
differentiable function is non-differentiable. For this we need the function f
obtained in Theorem 1.9 to be differentiable outside F, in other words, to have
that E coincides with the set of points where f is not differentiable. This is
however not possible in general as shown in Example 4.2. In the following two
Corollaries we solve this difficulty by making a special assumption that the sets

we consider are F.

COROLLARY 1.10: Suppose E = |J, Ex C R", where Ej, are disjoint cone
unrectifiable F, sets, and let

Ny = N(Ek,w) N B(O, 1)
when x € Fy. Then there is a Lipschitz f : R™ — R such that

e f is differentiable at every x € R™ \ E;
o for every x € I there is ¢ > 0 such that for every y € R",
DF f(x:y) — Dy f(z3y) > ¢ sup (e, y),
eENz
so, in particular, f is not differentiable at x.

If we are not interested in estimates of the difference of the upper and lower
derivatives, Corollary 1.10 gives the following more naturally sounding state-

ment.

COROLLARY 1.11: For any EE C R™ that is a countable union of cone unrectifi-
able F, sets there is a Lipschitz function f : R™ — R that is non-differentiable
at any point of E and is differentiable at any point of its complement E°.

The next Corollary 1.12 contains the constructions of p-almost everywhere
non-differentiable functions from [3] and [4, Theorem 4.1]. Given a Radon mea-
sure p in R™, these authors assign to g-almost all points x a linear subspace T'(x)
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of R™ that in a certain sense represents the directions of curves on which p is
“seen”. For [3], the definition of “seen” is exactly the assumption of Corol-
lary 1.12 while [4] bases the definition on a related but different property and
shows in [4, Lemma 7.5] that the assumption of Corollary 1.12 is satisfied.
Hence Corollary 1.12 gives a quantified generalisation of [4, Theorem 4.1]. Tt
is, however, important to point out that both these references define the lin-
ear space T'(z) which is in a natural sense smallest, and this allows them to
obtain also a counterpart to Corollary 1.12 that every Lipschitz function is
p-a.e. differentiable in the direction of T'(z). We also notice that the construc-
tions of p-almost everywhere non-differentiable Lipschitz functions have been
strengthened in a different direction by [18] where the authors produce func-
tions that p-a.e. admit any blow-up behaviour permitted by the differentiability
results.

COROLLARY 1.12: Let u be a Radon measure on R™ and T a p-measurable
map of R™ to |J;, _, G(n,m) such that for every unit vector e and 0 < o < 1,
the set {x : Ce,o NT(x) = {0}} is the union of a p-null set and a set E with
We,o(E) = 0. Then there is a real-valued Lipschitz function f on R™ such that
for p-a.e. x € R™ there is ¢ > 0 such that D f(z,v)— Dy f(z,v) > cdist(v, T'(z))

for every v € R".

Our final result deals with the uniformly purely unrectifiable sets introduced
in Remark 1.8. For such sets the statement of Theorem 1.9 concerning upper
and lower derivatives is shown in [3]. We prove a stronger result, namely that
these sets are non-universal differentiability sets in the strongest possible sense,
which corresponds to having € = 0 in Theorem 1.9. However, in Example 4.1
we demonstrate that such an improvement is specific to the case of uniformly
purely unrectifiable sets even when £ C R? is compact, for each x € E the set
N(E,z) is a one-dimensional linear subspace of R? and the map z — N (E, )

is continuous.
THEOREM 1.13: For every uniformly purely unrectifiable set E C R™ there is
a real-valued 1-Lipschitz function f on R™ such that

(15) bt sup @)~ F@) — e )
™0 lyll<r r

=0

for every x € E and e € R™ with |le|| < 1. In particular, D% f(z;y) = ||y| and
D, f(x;y) = —|ly|| for every x € E and y € R™.
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2. Technical lemmas

We will work in the space R™ equipped with the Euclidean norm || - ||. Most of
the notation we use is standard; the open and closed balls will be denoted by
B(z,r) and B(x,r), respectively. Since we will often need to use the distance
of a point to the complement of an open set, we will simplify the notation for
it: for an open G C R™ we let

(2.1) pa(z) = dist(z, R" \ G).

As usual, the Lipschitz constant of a real-valued function f defined on a set
E C R™ is the smallest constant Lip(f, E') € [0, o], or just Lip(f) when E = R™,
such that |f(y) — f(x)|] < Lip(f, E)||ly — «|| for all 2,y € E, and functions with
Lip(f) < ¢ will be termed c¢-Lipschitz. The space of Lipschitz functions on R,
those for which Lip(f) < oo, will be denoted by Lip(R™). We will also use the
pointwise Lipschitz constants defined by

Lip, (f) := limsup | f(y) — f(2)[/[ly — ||

Yy—x

and often use the following well known fact.
LEMMA 2.1: For any f:R" — R, it holds that Lip(f) = sup,cgn Lip, (f).

Proof. 1t suffices to handle the case n = 1 when it follows, for example, from
the considerably more general Theorem 4.5 in [26, Chapter IX].

The following lemma allows us to modify the functions we are constructing so
that they become smooth on suitable subsets of R”. A similar lemma is proved
in [3], and in [4], although the authors of the latter paper could have used more
general [5, Theorem 1] or [16, Corollary 16]. We need a slightly more technical
variant of results from these references.

Recall that for any collection B of open sets in R™ there is a C'°° partition
of unity of order n subordinated to it, that is a collection of C'*® functions
o :R" —=[0,1], k =1,2,..., such that

e cach spt(yy) is a compact subset of some B € B,

o > . yi(x) =1 for every x € |JB,
e for each x € |JB there is r > 0 such that B(z,r) Nspt(pr) # 0 for at
most n + 1 values of k.
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LEMMA 2.2: Suppose H C R" is open, g : R™ — R is Lipschitz, ® : H — R"
and £ : H — [0,00) are continuous and bounded, and ||¢'(z) — ®(z)| < &(x)
for almost every x € H. Then for every continuous w : H — (0,00) there is a
Lipschitz function f : R™ — R such that

(i) f(z) =g(z) forx ¢ HN{{ > 0} and |f(x) — g(z)| < w(zx) for x € H;

(ii) f e CY(H) and ||f'(z) — ()] < {(2)(1 +w(x)) for z € H;

(ii) Lip(f) < max(Lip(g),sup,e s (|8(2)| + £()(1 + ().
Proof. Let U := H N {{ > 0}, extend & and w to (possibly discontinuous)
functions defined on all of R™ by letting £(2) = w(z) =0 for ¢ H and let

woe) i= , min(1, (@) (z), w(z), o} (2)).

Let B be the family of balls B(z,r) such that x € U and r < wg(z). Choose
(pr)k>1 forming a locally finite C°° partition of unity on U subordinate to B,
and denote my = 1+ ||¢} || co-

As, for example, in [14, Appendix C.4], let n be the standard C°°-smooth
mollifier in R™ and define n;(z) := n(x/s)/s™. For each k choose s > 0 small
enough so that the convolution f; = g * 7, , satisfies for every = € spt(py),

o |fu(@) = g(2)| < 27" mi wo(@);
o [fi(z) = @(2)]] < &(@) + wolx).

Define f : R" — R by f(z) = >, fr(z)pr(z) for x € U and f(z) = g(x) for

x ¢ U. Since each frpy is in C1(U), we have f € C1(U). Also, for all x € R",

(2.2) |f(z) = g(x)] < wo(x)

since for ¢ U both sides are zero, and for x € U,

If( |<Z|fk )|k (@ <Zwo z) < wo(a).

Since wy < w and wo(z) =0 for z ¢ U, (i) holds.
We show that f is differentiable at every z € H and

(2.3) 1f'(z) — (@) < &(z) + 2wo(x).

To see this for z € U, we use >, ¢p(xz) =1 and ), ¢} (x) = 0 to infer that

@) = @) =Y (file) — @(@)en(@) + D (file) — g(2))ph (),
k

k
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hence

[ f'(x) z)| < Zka )|l (z +Z|fk )|l (@) |
< Z —|—w0 k T —l—ZQ*k*lwo (z
k

< 5(55) + 2wo(x).

To see (2.3) for x € H\ U, we infer from the assumptions on g, ® and £ that ¢
is differentiable at « and ¢'(z) = ®(z). Since (f —g)’(z) = 0 because (2.2) gives

() = 9| < woly) < pgr(y) < lly — |

for all y € R™, we get that f is differentiable at = and f'(z) = ¢'(z) = ®(x).
Clearly, (2.3) and the inequality 2wo(z) < &(2)w(z) show the second state-
ment of (ii).
To prove (iii), we infer from (2.2) that Lip,(f) < Lip(g) for z € R™ \ U, and
from (2.3) that

Lip,(f) < ;gg(l\‘l’(y)l\ +&(y) +2wo(y)) < sg}g(l\‘l’(y)l\ +&(y) (1 +w(y))

for # € U. Thus (iii) holds by Lemma 2.1 and, since its right side is finite, we
also see that f is Lipschitz.
We already know that f is differentiable at every y € H and f’ is continuous
at every y € U. If y € H\ U, (2.3) shows that
lim (f'(z) — ®(x)) = 0.

T—Y

Since @ is continuous at y, it follows that f’ is continuous at y. Hence f € C(H),
which is the last statement we needed to prove.

The next simple Lemma is used to show that the functions we construct may
be approximated by linear ones in the way required in equation (1.4) of our
main result, Theorem 1.9.

LEMMA 2.3: Suppose that H C R" is open, g : R®™ — R belongs to C'(H),
w : R™ = [0,00) is continuous and strictly positive on H, and n € (0,1]. Then
there is a function & : R™ — [0, 00) such that
(i) £ € C(R™,[0,00)) NC(H,(0,00)) and & < Jw;
(ii) if x € H and h : R"™ — R satisfies |h — g| < 2¢, there is 0 < r < w(x)
such that |h(z +y) — h(z) — (¢'(z),y)| < nr whenever ||y|| < r.
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Proof. Let ¥ be the set of functions ¢ : R™ — [0, 00) satisfying Lip(¢)) < 1,
0 < ¢ < Jmin(pg,w,1), and |¢'(y) — ¢'(2)|| < 3n whenever z € H and

max(|ly -z, |z — 2l)) < ¥(). Since 0 € ¥, p(z) = sup{u(x) : ¥ € T} is
well-defined. We also have ¢ € ¥ since for any z,y, z satisfying + € H and
max(|ly — ||, ||z — z||) < ¢(x) there is b € ¥ such that

max([ly — x|, [[z — z]|) < ¢(x)

and hence |g'(y) — ¢'(2)[l < 7.
Let x € H. Since both py and w are continuous and strictly positive at x,
there is € > 0 such that ) min(py,w,1) > & on B(z,e). Then the function
Veo(y) := max(0,e — [ly — =]
satisfies 1he,; = 0 outside B(z,¢) and 0 < ¢, (y) < e < ) min(pa(y),w(y),1)
for y € B(z, ). Hence 1. , belongs to ¥ and we infer that

o(x) > 1he 4(x) =€ > 0.

Consequently, ¢ is strictly positive on H. Furthermore,

lg(x +y) —g(x) = {g"(x),»)l < Iyl sup |lg'(z) — ' (2)]| < 277||y||
z€B(w,[lyl)

whenever x € H and ||y|| < ¢(z).

Letting £(z) := ,n¢(z), we see that (i) holds. To prove (ii), given z € H,
we let r := ¢(x), observe that 0 < r < w(x) and use that Lip(¢) < ,n and
&(z) = ,nr to estimate

Ih(z + 1) — h(z) — (¢’ (@), )
<2z +y) +28(x) + gz +y) — g(x) — (¢ (2),9)]
< 4€(w) + 2Lip(©llyl + nly

1
3

whenever |ly|| < r = ¢(z), and so whenever |y|| < &(x).

nr+ nHyIH nl\y|\<m’

The following Lemmas 2.4 and 2.6 modify corresponding lemmas from [3] in
a way suitable for our applications. A special version of Lemma 2.4, which does
not suffice for our purposes, can be found also in [4, Lemmas 4.12-4.14]. Since
[3] is not yet available, we provide full proofs.
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LEMMA 2.4: Given € > 0 there is ¢ € (0,1) such that the following holds. For
every E C R", every unit vector e € R™ such that wey(FE) = 0 and every
continuous w : R™ — [0, 00) which is strictly positive on E, there is a Lipschitz
function g : R™ — R such that 0 < g < w, Lip(g) < 1+ ¢ and there is an open
set H D E contained in {w > 0} such that ||¢’(x) — e|| < e for Lebesgue almost
allx € H.

Proof. Let ¥ = sin 3, where 0 < § < m/2, be such that tan 8 < /2. Denote
G:={z:w(z) >0}

and choose ¢ € C®(R"), k > 1, with compact support contained in G
that form a locally finite partition of unity on G. Let €, > 0 be such that
Sorerllehll < e/2 and eppr () < 27 % min(1, pZ (z),w(x)) for each k > 1 and all
r e R™

Using values e, which we have just defined, find open sets Gy such that
G D Gy, D E and we,9(Gy) < €. For each x € R™ we put

(2.4)  gi(w) :=sup{H" (G Ny (—00,b]) —s: 7 ETey, s >0, v(b) = x + se}
and show that
(D) 0 < gr(z) <ex;
(ii) |gk(z +y) — gr(z)| < |ly| tan 8 when y is perpendicular to e;
(iii) gg(z) < gk(z +re) < gg(x) + r for every r > 0;

)
) g

(iv) gr(z +re) = gp(z) + r when [z, z + re] C Gg;

(v) gk is a Lipschitz function and Lip(gx) < 1 + tan j3;
i)

(vi

The first inequality in (i) is obvious by considering in (2.4), s = 0 and

llgr.(x) — €|l < tan B for almost every x € Gj.

any v € I'c y with v(b) = z, and the second is immediate from we y(Gr) < €.
If y # 0 is orthogonal to e, and v, b, s come from (2.4), we let r := ||y||

and ¢ := y/r and redefine v on (b,00) by v(b+t) = v(b) + (tcot B)y + te for
t > 0. Using (2.4) for gx(z +y) with ' := b+ rtan and s’ := s+ rtan g, we
get

gr(x +y) > ge(x) — rtan f = g (z) — |ly[ tan 3.
To get a lower estimate for gp(xz) apply the above to the vector —y added
to x +y:

gr(x) = gr(x +y —y) = ge(x +y) — [y tan B.
This verifies (ii).
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Now consider 2’ = z + re where r > 0. Since any « used for ' may be used
for = with y(b) = « + (r + s)e, we get gi(z) > gr(z’) — r. For the rest of (iii)
and for (iv), note that as any ~ used in (2.4) for  may be redefined by letting
v(b+1t) =z + se+ te for t > 0, we get

gr(2") = HN(Ge N y(=00,b+1]) — s = H (G Ny(—00,b]) — s
for all v satisfying (2.4), so
g (z") > gr(x),

and this verifies (iii). If [z,2'] = [x,2 +re] C Gi and r < s, the same argument
shows that

gr(x") = HH (G Ny(—00,b+5]) = (s = ) = (M (G, N y(—o00,b]) — ) + 1,
and if r > s, then
gr(2) > HY (Gr Ny (—00,b+r]) = H (Gr Ny (—00,b+ s]) + (r — 5)
> (HY(Gr N y(—00,b]) —s) + 7

for all such . Hence in both cases g (z') > gx(z) +r, which, together with (iii),
implies equality in (iv).
The statements (ii)—(iv) imply that g is Lipschitz and for almost every z,

0 < Dgi(z;e) <1,
the equality Dgg(x;e) = 1 is satisfied for z € G and

|Dgi(x;y)| < [lyll tan 3

for y perpendicular to e. This gives both (v) and (vi).

Let
o0
9= Z 9k Pk
k=1

Since by (i) one has 0 < gripp, < 27F min(l,p%,w) for every k > 1, we conclude
that 0 < g < w and Lip,(g) = 0 for ¢ G. Since the sum defining g is locally
finite, g is locally Lipschitz on G and by (v) and (i) for almost every z € G,

g’ (2 |<Z|\gk Mo (a +ng )k (2 |<1+tan6+26k||sok|\<1+€

Hence Lip,(g) < 1+ ¢ for every € G, and we infer from Lemma 2.1 that
Lip(g) <1+e.
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Let H := (), Uk, where
= (G \'spt(px)) U G

are open. Then F C (), Gx C H C G and H is open because the complements
of the Uy in G are closed in G and their collection is locally finite in G since
G\ Uy, C spt(pg). Finally, by (vi) for almost every z € H,

g’ (= €||<Z|\gk ) —ellew(x +ng )l (

gtanﬂJrZekHcpkH <e.
k

Definition 2.5: Since we will need to use Lemma 2.4 for several values of € at

the same time, we introduce a function 9 : (0,00) — (0, 00) such that J(o) is

1

the value of ¥ from Lemma 2.4 for e = 7

g.

LEMMA 2.6: Suppose E C R", the functions w : R™ — [0, 00) and ¢ : R — [0, 1]
are continuous, w > 0 on £, e € R", 0 > 0 and w, (o) (EN{p > 0}) = 0. Then
there exist functions f : R™ — R and ¢ : R™ — [0, 1] and an open set H C R"
such that

(i) EC HC{z:w(z) >0} and f € Lip(R") N C*(H);

(ii) |f(2)] <w(x)|e] for all z € R™ and f(x) = 0 when ¢(x) = 0;
(iii) [|f"(x) = (x)e|| < oliysoy(@)Lipsoy(z)||e]| for almost all x € R™;
(iv) 0 <9(x) < @(x)l{ysoy(x) for z € R™ and Y(x) = (x) for v € H.

Proof. If e =0 or o > 1, it suffices to let f :=0, ¥ := ¢ and H := {w > 0}. So
we assume |le|| =1 and o < 1, let € := /7 and pick an integer k € [6/0,7/0].
Let

1
wo =, min(l,w), Go:={w >0}, Hy:=GoN{p >0}
and, whenever H;_1 has been defined for some i = 1,... k, let
G; = i_lﬁ{(p>’i//€}

and use Lemma 2.4 with continuous w;(z) = émin(w,péi), where pg, is de-
fined by (2.1), to find a Lipschitz function g; : R®™ — R and nested open sets
H, C G; C H;_1 such that for each 1 <1i <k,

(a) Lip(g:) <1+¢ and |g;| < 3 min(w, p );

(b) G; D H; D G;NE and ||gi(z) —e| < e for a.e. x € H;.
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Let g := | Zle gi- Then by (a), Lip(g) < 1+¢ and |g| < j min(w, p%, ). For
any z € Gy find the biggest j = j(z) € {0,1,...,k} with x € G;; since Gy, = 0,
we have j(z) < k — 1. Define ¢(z) = min((j(x) + 2)/k, ¢(z)); and for = ¢ G
let ¢(z) = 0. Clearly, 0 < ¢ < ¢lg, on R™, which is the first statement of (iv).
For any = € Hy it holds that ¢ (z) € (j(,f), j(I,erQ], e, 0 <¢(x)—j(z)/k <2/k.
Define now i

H=|J{zecH: o)< (j+2)/k)
§=0

and notice that ¢ (z) = p(x) whenever x € H. Indeed, if € H; is such that
o(x) < (j +2)/k, then H; C G; implies j(z) > j, so /)2 > 12 5 (g,
hence by definition () = ¢(x), and this verifies (iv). Also, E C H since
E C U;:é(HJ \ Gj4+1) from (b), and for z € H; \ Gj41 we have j(z) = j and
so p(x) < (j4+1)/k < (j+2)/k. Since it is clear that H is open and w > 0
on H because H C Gy, we conclude that the first part of (i) is satisfied for
E, H and w. We are now left to define the Lipschitz function f and verify the
remaining part of (i), and also (ii) and (iii).

Note that for almost all x € G; (where ¢ > 1/k), all g; are differentiable at x
and the estimate in (b) is satisfied whenever z € H; and 1 < i < k. Consider
any such x € G1. To estimate ¢'(x), notice that for such = we have j = j(z) > 1
and

e if 1 <i < j, then x € H; and so ||gi(z) — e|| < e by (b);
e if i > j+1,then z ¢ G; and so ¢i(z) = 0 by (a).

Hence, for almost all z € Gy

lg'(@) = p(@)e] < |

< (Thait - el + g1 + ;

4 5
< << .
Set <, S 5e(@)

j— 1 3
g@-"" e+ el

Since ¢'(x) = 0 outside Gy, we get ||¢'(z) — ¥ (x)e|]| = ¢ (z) for x ¢ G1. Using
that ¥ = 0 outside Hp and ¢ < ¢ < ,1€ for x € Hy \ G1 we infer that

I/ (@) ~ b(e)ell < min (1, o(a))

outside G and conclude that [|¢’(z) — 1(z)e|| < 5min(},,¢(z)) for almost all
r € R".
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Using Lemma 2.2 with

O(x):=¢(x)e, &(x):=5min (i,(p(x)) and ©(z) = ;min(w(x),go(x),p%),

we find Lipschitz f : R* — R such that f € CY(H), |f(z) — g(z)| < &(z) and
Ilf(z)—(x)e|| < &(x)(1+@(x)) for all 2 € H. Since f € C*(H), the remaining
condition of (i) is satisfied. Finally, the conditions (ii) and (iii) hold since

1 1
[fI=1f =gl +lgl < min(w,0) + min(w, pg,) < wliy0},

and || f'(z) = (x)e|| < 6min(y, () < oLiysop(z) and f' =g =0 and ¢ =0
outside Gy = {w > 0}.

In a rather straightforward way, we will use Lemma 2.6 recursively to obtain
the main tool for our construction of a function non-differentiable at points of
a given set F.

LEMMA 2.7: Suppose E C Hy C R™, Hy is open, fo € Lip(R") N C'(Hy) and
wy € C(R™,[0,00)) N C(Hy, (0,00)). Suppose further that for k > 1 we are
given vectors e, € B(0,1), functions ¢ € C(R™,[0,1]) and o > 0 such that
Wey () (B N {pr, > 0}) = 0. Then for each j > 1 there are sets H; C R" and
functions f;,w;,¥; : R™ — R such that
(i) H; is open, E C H; C H;j_1 and f; € Lip(R") N C'(H;);
(ii) w; € C(R™,[0,00)) N C(H;,(0,00)) and w; < § min(l,wj_l,p%,j);
(ii)) [fj = fi-1] Swj1 and fj(x) = fi-1(x) when @;(x) = 0;
(iv) if h: R™ — R and |h — fj| < 2w,, then for every x € H; one may find
0 <7 < wj—1(x) such that sup, <, |h(z +y) = h(z) = (fi(2),y)| < ojr;
(v) 9 : R" = [0,1], 0 < 45 <¢jlp; , and ¢ = p; on Hj;
(40) 1£1(2) — £, () — 3@ | < 771 (g 0y (2) for every z € B
(vii) 1£1(2) — 21|  1F4(@) + X0y ta(@)es — 2l + Sy 011 g0y () for any
z € R" and a.e. x € R".

Proof. Replacing wy by ; min(1, wo, p%,o) if necessary, we may and will assume
that wo < § min(1, p%; ) and observe that then Hy = {wo > 0}. Assume j > 1
and an open set H;_1 D E, a function f;_1 € Lip(R™)NC*(H,_1), and a func-
tion wj_1 € C(R™,[0,00)) N C(E, (0,00)) such that H;_1 = {w,;_1 > 0}, have
been already defined; this is certainly the case for j = 1. We will now explain
how to construct functions f;,w;,; and sets H; such that conditions (i)—(vi)
of the present lemma are satisfied. Notice that once we construct these objects,
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we have an open set H; D F and a function f; € Lip(R")NC*(H;) from (i), and
a function w; € C(R™,[0,00)) NC(E, (0, 00)) satistying w; < min(1, p%,j) for all
x € R™ from (ii). This will allow us recursively to construct all required objects
so that (i)—(vi) hold, and then we will finish the proof by showing that (vii)
holds as well.

By Lemma 2.6 find g;,v; and H; C R" such that

(a) H; is open, E C H; C Hj_ and g; € Lip(R") N CY(H;);

(b) |gj(z)] < wj—1(x)|le;] for all z € R™ and g;(z) = 0 when ¢;(x) = 0;
(¢) llgj(x) —¥j(@)ejll < ojlp, , (2)liy;>0y(@)les] for almost all z € R™;
(d) 0 <vj(x) < pj(x)ly,_, (z) for x € R™ and ;(x) = ¢;j(x) for x € Hj.

Here we used that Hj_; = {wj_1 > 0} to obtain conditions (a)—(d) directly
from conditions (i)—(iv) of Lemma 2.6.

Let f; := fj—1 + g;; then (a) and (b) imply (i) and (iii), respectively. By
Lemma 2.3 we may find &; € C(R",[0,00)) N C(Hj, (0,00)) having the prop-
erty that whenever x € H; and h : R” — R satisfies |h — f;| < &, there
is 0 <r <wj-1(z) such that |h(z +y) — h(z) — (fj(z),y)| < njr whenever
[lyl| < r. Letting w; := %min(wj,gj,p%,j), we have (ii) and (iv). Clearly, (v) is
the same as (d), and (c) implies that

(2.5) [1f;(2) = fi—1(2) — i (@)e; || < 051p; 501 (2)

for almost every x € R™. From this, since fJ’-, le and v; = ¢; are continuous
on the open set H; D E, we have (vi).

By the recursive use of the above construction we have defined Hj, f;,w;
and v, such that (i)—(vi) hold. The last required statement (vii) follows by

using (2.5) to estimate, for almost every = € R",

1) — 2] < \

folz) + Zwi(x)ei —z||+ Z 1fi(2) = fi(x) — Yi(@)ei

<

J J
fol@) + Y di(@es — 2|+ 0il 501 (%)
i=1 =1

We will use Lemma 2.7 to prove the two key results, Theorem 1.9 and Theo-
rem 1.13. To prove the former, we will choose the objects required in Lemma 2.7
using the following combination of suitable partitions of unity.
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LEMMA 2.8: Suppose E C R"™ is cone unrectifiable and € > 0. Then there
exist sequences of positive numbers o; > 0, vectors e; € B(0,1) and continuous
functions ¢; : R™ — [0, 1], such that
(1) 2is1 0 lspio) S &
(i) We, 9(o) (BN {1 > 0}) =0 for each | > 1;
(i) if x € E, e € N(E,z) and |le|]| < 1, then for every n > 0 there are
arbitrarily large | such that o; <1, ||le — ei]| <n and ¢;(x) = 1.

Proof. For z € E, e € N(E,x) and any ¢ > 0 there exists, by definition of the
cone unrectifiable set, a radius 0(x, e, o) > 0 such that w y(»)(E N Byeo) = 0,
where By . » = B(x,0(z,e,0)).

We may suppose ¢ = 1/p for some p € N (so that 1 /¢ is a positive integer). For
eachi>1weletg; ;=2 % and 7; := 3_"5?“(71 +1)~!. For each pair of i > 1
and j = 1,...,3%; " choose ¢; ; € B(0, 1) such that B(0,1) C UJ; B(e;;, ;) for
every fixed 7 > 1. Let

E;,j:={x € E:(3ec N(E,x))|le — el <ei},
so that of course |, Ej,,; = E for each fixed ig > 1. For each pair (io, jo) find
a partition of unity {¢i, jo.x : & > 1} of order n subordinated to
{By,uﬁ RS Eimjoﬂ u € N(E’y)a Hu - eioJoH < &gy 0 = Tio}'
Order the triples (i, 7, k) into a single sequence (i(1), j (1), k(1)), and let

i :=min(L, (n + i) jo)k@) and o1 = 7).

Also, observing that
spt(1) = spt(@iq) () k) ):

find y; € E;(y,;0) and e; € N(E,y) such that spt(¢;) C By, e,,0,- Notice for
future reference that [le; — ;) )|l < €y

We show that the Lemma holds with the oy, e; and ¢; defined above.

To prove (i), observe that for each fixed ip > 1 and xy € R™ there are at

most 3"¢; "(n + 1) pairs (j, k) for which zo € spt(p;, ;). Notice also that o;
is constant and equal to 7;, over all I with the same value of i(l) = iy. Hence

Zal]lspt(w)(xo) < 23"5;"(71 + 1)1 < Zsi <e.
I i i

The statement (ii) is immediate from we, y(o,)(E N By, ¢;,0,) = 0 and the
inclusion spt(¢;) C By, e1,0,-



Vol. 232, 2019 CONE UNRECTIFIABLE SETS 95

Finally, suppose # € E, ¢ € N(E,z), |le]|| < 1,7 > 0 and [y € N. Let
io > max{i(l);! < lo} be such that ¢;, < n/2. For any ¢ > ig there is j such
that |le —e; ;|| <& <e&i, <n/2. Then x € E; ; and since the partition of unity
{@ijr : k> 1} is of order n, there is k such that ¢; j () > 1/(n + 1). This
implies ¢;(x) = 1 for [ satisfying (i,7,k) = (i(1),5(1),k(l)). Then I > Iy and
o =T; <&, SO

le—ell < lle = iyl + llesy — edll < 265 <,

so (iii) holds as well.

Our second use of Lemma 2.7, to prove Theorem 1.13, will be more straight-
forward: we use it to construct functions that will approximate the required

function.

LEMMA 2.9: Suppose E C H C R", E is uniformly purely unrectifiable, H is
open, w € C(R™,[0,00)) N C(H, (0,00)) and f € Lip(R") N C*(H). Then for
every ecR"™ and 1> 0 there are g,£ : R —R and an open set U CR" such that
(i) ECUCH, &€ CR,[0,00)NC(U,(0,00)) and & < jw;
(ii) |g — f| < w, Lip(g) < max(Lip(f), [e]]) +n and g € C*(U);
(i) if v € F and a function h : R™ — R satisfies |h — g| < 2&, there is
0 <7 <w(z) such that sup <, [h(z +y) — h(z) — (e, y)| < nr.

Proof. Let 0 =n/8(n+1). Since f € C'(H) and E C H, for each z € E there
is 0, > 0 such that || f'(y) — f'(z)|| < }n for y,z € B, := B(x,6,). Find a
partition of unity {7 : k > 1} of order n subordinated to {B, : € E} and
choose zj, € E such that spt(yx) C Ba,.

Set Hy = H, wog = jw, fo = f, ok = 0, €1 —f(zr) € N(E, ),
ear = € € N(E,xz1), and @op_1 = @or = 7Y, Since F is uniformly purely
unrectifiable, the hypothesis of Lemma 2.7 is satisfied, and so find fx, wi, Hy
and 9y, k > 1, such that the statements (i)—(vii) of Lemma 2.7 hold (we leave
out (iv) and (vi) as we do not use them here):

(a) Hy isopen, E C Hy, C Hy—1 and fi € Llp(R”) N CY(Hg);

(b) wr € C(R™,[0,00)) N C(Hy, (0,00)) and wi < 5 min(1,we—1, pF;, );

(c) |fk - fk 1] Cwi—1 and fi(x) = fr—1(x) when @i (z) = 0;
) ¥
)

(d [051]5 0 < wk < Sok]lHk 1 and wk = @k on H]W

(e ”fk( )—ZII < If' (@) + iy di@)er — 2| + 5, ol qy, 50y (x) for all
z € R™ and a.e. x € R™.
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By (b) and (c), the sequence of Lipschitz functions (fx) converges to a function
g:R" = R and |g — f| <w. For every x at which f’(z) exists write

(2.6) +Z¢l e = af'(z) + be + v,

where

k
a_l—Zle 1 b—zlﬂ% UZzwzi—l(fﬂ)(f'(w)—f'(wz'))-

Using >, < 1 as it is a partition of unity, and (d) to get
(2.7) 0 <2 <poilmy, , =211y, < P21 < p2i-1 = Vi,
we see that a,b0>0,a+b=1+ Zf,l(wgi(z) —gi—1)(x) <1, and
loll <> @) f (@) = (o),
i€A
where A = {i : & € spt(v;)}. Recall that spt(v;) C By,, and by the definition of

the ball B,, we have || f/(z) — f'(z;)|| < }n for € B,,, hence [jv|| < }n. Thus
we conclude from (2.6) that for almost all x € R™ and all & > 1

2k
)+ Z Yi(z)e

Since for every x there are at most 2(n + 1) values of ¢ with ¢;(z) # 0, we see
that 32, olip;>03(x) < 2(n+1)o = }n for any k > 1, and infer from (e) with
z =0 and (2.8) that for a.e. x,

(2.8) \ f(a < max(Lip(f), llel]) + n/4.

Ifor. ()

< f' (= +Zwl

+3 01y 50y (2) < max(Lin(), lel)) +
=1

Since, by (a), far is Lipschitz, we conclude Lip(far) < max(Lip(f), |le||) + n for
each k, and so (ii) holds.

For each x € E there is a neighbourhood where all but a finite number of the
functions @y’s are zero, so we can find r, > 0 and k; € N such that

B(w, ;) Nsptor, =0

for k > k,. Let U, := B(x,r,) N Hy,, where H,, D E > «x is defined in (a),
vepUs. As® € Uy C Hy, C Hy = H for any
x € E, we conclude that E C U C H, this verifies the first two statements of ().
By (¢), g = fx on B(x,r;) D U, for every k > k,; hence g € C1(U,) by (a)

and define an open set U :=
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as U, C Hy,, and so g € C'(U). Thus Lemma 2.3 applied to U, g,w and 37
provides a continuous function £ : R” — [0, c0) such that (i) holds and for every
x € ECU and h:R" — R satisfying |h — g| < 2¢, there is 0 < r < w(x) such
that

29) Sup [+ 9) —h(e) {5/ 0)| < o

Observe now that for x € E we have x € H; for any i > 1, hence ¢;(z) = ¢;(x)
for any ¢ > 1 by (d). Together with the definition of k, this implies that

k
Z’I/JQZ 1 Z@QZ 1 Z 1(:17):2")/1(:17):1 fOI' anykzkx,
i=1

i>1

hence for such k the constants a, b from (2.6) satisfy a = 0 and, similarly, b = 1.
Using equation (2.6) and recalling that [[v| < }n, we get
If (x +Z1/}1 e —ell =|v|| < 177 for any k > k,.
Sy >
With k& = k, we have g = for, on U,, hence using (e) with z = e it follows that

2k
(x)+ Z Yi(x)e; —e

and by combining this with (2.9), we obtain (iii).

1

2k
I/ @)~ell = 1 fle) -l < [ +0) Lps0y(@) < yn
1=1

3. Proofs of main results

Proof of Theorem 1.9. Recall that we are given a cone unrectifiable set
E C R™. We are also given ¢ > 0 and a continuous function w > 0 such
that E C {x: w(x) > 0}; if w is not given, we set w = 1 everywhere on R™.

We begin by finding numbers o, > 0, vectors e € B(0,1) and continuous
functions ¢y : R™ — [0,1], k = 1,2,..., such that

(A) 2k ok Lspt(pr) < &

(B) ’wekﬁ(gk‘)(E N {(pk > 0}) =0

(C) ifz € E, e e N(E,z) and ||e]| < 1, then for every n > 0 there are arbi-
trarily large k such that ogr—1 < 1), |le — eax—1|| < 1 and par_1(z) = 1;

(D) for every k > 1, par, = por—1 and egr, = —eap_1.
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For this, it suffices to take 67, é; and ¢; from Lemma 2.8 with ¢ replaced by /2
and let 09]—1 = 09] .= é’l, ©21—-1 = P21 ‘= (ﬁl, €911 = él and €9 = 7él.

We set fo:=0, Hy := {w > 0}, wp := ; min(l,w,p%lo) and use Lemma 2.7 to
find fj,w;, Hj,v;, j =1,2,... such that

(E) Hj is open, E C H; C H;_y and f; € Lip(R") N C'(H;);

(F) w;j € C(R™,[0,00)) N C(Hj,(0,00)) and w; < ; min(1,w;-1, p,);

(G) 1fi = fi-1l Swj—1 and fj(x) = fj—1(x) when p;(z) = 0;

(H) if h: R® — R and |h — f;| < 2wj, then for every « € H; one may find
0 <7 < wj—1(x) such that sup, <, [h(z+y) = h(z) — (fj(2), y)| < aj7;

(1) Wy R™ = [0,1],0 < ¢ < ;1,_, and v = o) on Hj;

() 15(2) = f11(@) — b5(@)es | < 031,50y (@) for every @ € B

(K) 1£22) — 2l < 1) + S0,y ti(ades — 2l + Xy 011 gm0y () for all
z € R"” and a.e. x € R™.

Notice that (F) implies w; < 2°7Jw; for j > 4, and so also w; < 277.
Consequently, by (G), f; converge uniformly to a function f : R™ — R and
Ilf — fil < Zz] w; < 2w;. We show that f has the required properties.

Notice that (I) and (D) imply that

1/’21'71(17)621'71 + 7/121'(@621' = *(7/121'71(!17) - 1/)21'(517))]1H2¢,2\H2i (17)621',
and this vector has norm at most 1z, ,\#,, (), as condition (I) implies
0 <o <oillpy,, | =@2i-11lH, , <thoi1 <21 <1

(cf. (2.7)). Hence (K) with z =0 and (A) give

k 2k
5k @) = || D (ai(x)eai + i1 (2)ezi1) ‘ +Y 0ilips0)(2)
i=1 i=1
2k
< Z ]1H2i—2\H2i (‘r) + Z 0i]l{<p¢>0} (l‘) <l+4e
] i=1

for almost every x. Since (E) shows that fo is Lipschitz, Lip(for) < 14¢, and
we conclude that Lip(f) <1+ e.
For every i > 1 and x € E C Hy; C Hai—1, (I), (D) and (J) imply
1f26(x) = faio (@)
=[(f2:(2) = faim1(x) — p2i()ea) + (f2i-1(x) = fo;_2(x) — paim1(2)ezi—1 )|

<092il{py, 503 (%) + 02i-11 4, >0y (2).
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Since >, 0;1ip;503(2) < € by (A), the restrictions of f3, to E converge point-
wise to a function v : E — R™ and |Ju(z)| < e for x € E.

Suppose © € E, e € N(E,z), |le]]| < 1 and n > 0. By (C) there is k
such that 272% < n, || f3,(z) — w(@)|| < i, lle — ears1ll < 41, O2r41 < yn and
pak+1(x) = 1. Since x € E C Hopy1, the latter immediately implies 1og41(2) = 1
by (I). Since |f — fort1| < 2war11 and (J) gives

[ fori1(x) = (for(2) + earyr) || < o241,

we conclude that (H) provides 0 < r < war(x) < 27%kwg < 7 such that for
every [ly|| <,

|f(z+y) — f(2) = (u(z) + e y)]
<Ifx+y) = f(@) = (a1 (@), )] + [ fae2 (@) — (for(@) + earrn) [y
+ 1 for (@) — w(@)Iyll + llez+1 — ellllyll
< (0241 + O2pg1 + /4 +n/d)r < nr.

Since 1 > 0 may be arbitrarily small,

) it sup @0 = F@) = et u@.nl _
™0 yll<r r

which is the main statement we wished to prove. The estimate of the lower and

upper derivatives is an immediate consequence: if e € N (F,x) and |le]| < 1, we

use (3.1) for e and —e to infer
DT f(w;y) = Dy f(x3y) 2 (e +ul@),y) — (—e+ul@),y) = 2e,y).

Proof of Corollary 1.10. We are given E = |J,.~, Ex C R"™ where Ej, are disjoint
cone unrectifiable Fy, sets, and Ny = N (Ej,z) N B(0,1) for z € E}.

Write By = (J;», Hk,; where Hy, ; are closed cone unrectifiable sets, and let

Fyj:=|JHri and  Ej; = Hy;\ Fr,
i<j

so that Ej; are pairwise disjoint over all (k,j). Let cx; = 27779 and
w (%) == ey min(1, dist?(z, Fy ;)). By Theorem 1.9 there are Lipschitz func-
tions fi ; : R™ — R such that Lip(fx ;) < 2, |fx,;] < wk,; and

D7 frj(x;y) — D+ frj(w3y) > 2sup{{e,y) 1 e € N (B, 2), [le]l < 1}
> 2 sup (e, y)

eEN,

for # € Hy ; and y € R"; the last inequality follows from N, C N(E} ;, ).
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Apply Lemma 2.2 to w = wk j+1, H = {wk,j+1 > 0}, ¢ = fr,j, ® = 0 and

¢ = 2 to find Lipschitz functions g ; : R™ — R such that g ; € C*{wg j+1 > 0},

lgk,; — fr;l < wijt1 and Lip(gr,;) < 3. We observe that g ; is differentiable

at every « ¢ Hj, ;. Indeed, for such an x, if wy ;(x) =0, i.e., z € Fj; C Fj jy1,
then gi j(z) = fr j(x) = 0 as wg, ;(z) = wi j+1(z) =0, and
95,5 ()] < 2ex4lly — =]|* < [ly — 2)?,

using upper estimates for |gi ; — fr ;| and |fx ;|, and x € F} ; C Fy j+1; hence

i ; () = 0. If, however, x ¢ Hy, j and wy j(z) > 0, then = ¢ Ej ; U Fj, ;, hence

wg,j+1(x) > 0 and so it follows that g ; is C'! on a neighbourhood of x. We also

observe that for every x € Hj ; and y € R", we have x € Fj, j 11, and therefore

98,5 () — frjW)] < crjr1lly — ]|* and hence gy, ;(2) = fr,;(z) and

(3:2) D*gr,j(x:9) =Dy gnj(z:y) = D fij(25y) = Dy fij(239) > 2 Sup (e,y)-
eENy

Summarising, g, ; is differentiable at every x ¢ H}, ; and is not differentiable at

any © € Hy, j, moreover, it satisfies (3.2) at such points .

We let
f= ch,tgs,t and Ay ;= Z Cs,tGst-
(s:t) (s,)#(k.J)

Since for any (s,t), if x ¢ H,, then the function g, is differentiable at x, and
since we have Z(s,t) Lip(cs,tgs,t) < 00, we infer that f is differentiable at any
z & U5 ) Hst = E and hy; is differentiable at any « € Hy,; U (R™\ E).

Let x € E}, and find j such that z € Hj, ;. Then for every y € R",

D¥ gy j(2;y) — Dignj(aiy) = 2 sup (e, )

by (3.2), and so, since f = cg jgk,; + hr,; and hg; is differentiable at z, we
conclude that

D7 f(x;y) — Dy f(a;y) > 2k, sup (e,y).
ecNg

Proof of Corollary 1.11. We are given a set £ C R" that is a countable union of
(not necessarily disjoint) cone unrectifiable F,, sets. Since each of these F, sets
is a countable union of closed cone unrectifiable sets, we can write E = (J;-; Fj,
where F}, are closed and cone unrectifiable. Hence E = | J;—; By, where
Ep:=F\ | JF
J<k

are disjoint cone unrectifiable F, sets, and it suffices to take the function f
obtained from Corollary 1.10 used with these sets .
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Proof of Corollary 1.12. We are given a Radon measure p on R"™ and
a p-measurable map T : R" — [J' _  G(n,m) such that for every unit vec-
tor e and « € (0, 1), the set {x : Ce o NT(x) = {0}}, where

Ceo i={u: [(u,e)| > alull},

is the union of a p-null set and a set E with weo(E) = 0. We show that
there are cone unrectifiable F, sets Ej such that p(R™ \ U, Ex) = 0 and
T(z)t € N(x, Ey) for every x € Ej,. Then the function f from Corollary 1.10
will have all the required properties.

By Lusin’s Theorem, p-almost all of R™ is covered by the union of disjoint
closed sets Fj such that for each k, the restriction of T to F} is continuous.
For every rational a € (0,1) and u from a countable dense subset @ of the unit
sphere in R™ write

{z:CuanT(z)={0}} =Zy,0aUEy,aq,

where
W Zuo) =0 and wya(Eye)=0.

Letting Ej, be F, subsets of Fk\Uua Z,o satistying p(F\ Ex) = 0, we just need
to show that T'(z)t C N (x, Ey,) for & € E). For this, assume x € Ey, e € T'(x)*
and € € (0,1), and choose u € @ and rational @ € (0,1) so that C. . C Cy 0
and Cy o NT(x) = {0}. By continuity of T" on Fj, there is r > 0 such that
Cua NT(y) = {0} for every y € B(z,r) N Fy,. Hence B(z,r) N Ey, C E, o and
We,e(B(z,7) N ER) < wy,o(Fya) = 0.

Proof of Theorem 1.13. Let E be the given uniformly purely unrectifiable set.
Pick a sequence e dense in the unit ball of R” such that ||eg|| <1 —27*.
Let fo =0, Hy =R", wo =1 and n, = 2751, When fi_1, Hp_1 and wy_;
have been defined, we use Lemma 2.9 to find fr, Hx and wy := £ such that
(a) E C Hy C Hy—1, wi, € C(R™,[0,00)) NC(U, (0,00)) and wy, < Jwi—1;
() [fx — fe—1] < wr—1, Lip(fr) < max(Lip(fx—1), [lexl]) + nx and
fr € CY(Hy);
(¢) ifx€e E and h : R™ — R satisfies |h— fi| < 2wy, thereis 0 < r < wi—1(x)
such that supy, <, |h(z +y) — h(z) — (ex, y)| < mer.

Notice that wy = 1 and the last inequality in (a) imply w; < 27k, and
wp < 27 for j > k > 0. From (b) we see by induction that Lip(f;) < 1—-27F"1.
Hence the inequality |fr — fr_1| < wpy < 27FF!
some f:R"™ — R with Lip(f) < 1.

implies that f; converge to
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Given any z € F, e € R™ with |le|| < 1, and € > 0, there are arbitrarily
large k such that |ler, — e|| < ¢ and n, < e. Inferring from (b) that

If = fil < ij < ZQj*kwk < 2wy,

Jj=k Jj=k

we use (c) to find 0 < r < wi_1(z) < 275! such that

sup [f(z +y) — f(z) — (e, y)| < mer < er.
llyll<r

Since |lej, — el| < &, we conclude that sup, <, |f(z +y) — f(z) — (e,y)| < 2er.
As € > 0 is arbitrary and k& may be arbitrarily large,
iint sup 9~ 5@ = (e
™0 lyll<r r

:0,

which is the statement (1.5) of the Theorem. The estimate of upper and
lower derivatives follows by using this with e = y/|ly|| and e = —y/|ly| to
get D¥ f(x;y) > [lyl and D f(z;y) < —|ly||, respectively.

4. Examples

The argument behind our first example has already been used many times,
starting with [22], to find points of differentiability or almost differentiability
of Lipschitz functions. See, e.g., [10, 13] or [4, Example 4.7] for an example
showing that in Corollary 1.12 the constant ¢ = ¢(x) cannot be bounded away
from zero.

Example 4.1: There is a compact set £ C R? and a continuous mapping
r€E —e, €{e€R?:|e|| =1} such that N(E,x) = {te, : t € R} for ev-
ery x € E and whenever f : R? — R has Lip(f) < 1, there is z € E such that
Df(x,e,) < 1. Consequently, in Theorem 1.9 we cannot take e = 0.

Proof. Let ¢ : R — R be a C' function such that ¢(—1) = (1) = 0,
¢ (=1)=¢'(1) =0 and p(s) > 0 for s # +1. Denote g = 0 and ¢ = ¢/k,
and let

E :={(s,0r(s):s€[-1,1], k=0,£1,£2,...}.
For x € E, x = (s,¢x(s)) let uy and e, denote the unit vectors in the direc-
tions of (1, gp?c( )) d (—¢}.(s),1), respectively. Then e, € N(E,z) and, since
¢'(=1) = ¢'(1) = 0, the map x € E — e, is continuous.
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Suppose f : R? — R has Lip(f) < 1. Consider any x € E \ {(—1,0),(1,0)}
such that a := f/(z,u,) exists and Df(x;e,) = 1. Then

flax+tey) — flx — atuy)

lim sup
t—0 t
= lim sup f@+tes) = flo) — lim flo —atug) = f(z) =1+ad?
t—0 t t—0 t
Hence

1 > Lip(f) > limsup /(7 F162) = f(@ —atwa)| _a®+1
im0t |z +tes) = (v —atue)| Va2 +1
which gives f/(z,u,) = 0.

If f is a function satisfying the conclusion of Theorem 1.9 with € = 0, then
for every k, x = (s, pr(s)) satisfies the above assumptions for a.e. s € (—1,1).
Since f is Lipschitz, we infer that s — f(s, pr(s)) is constant on [—1,1], and
hence f is constant on E. Consequently, when s € (—1,1) and x = (s, ¢0(s)),
ez = (0,1) and so

lim flx+tey) — f(x) < lim dist(z + te,, E)

= ()7
t—0 t t—0 |t|

as dist(z + te,, B)/|t] < (k+1)/(2k(k + 1)) = 1/(2k) when [t| is between
o(x)/(k+ 1) and p(x)/k. This contradicts Df(x;e,) = 1.

Our second example is related to Zahorski’s description of non-differentiability
sets of real-valued functions of a real variable which was already mentioned in
the introductory remarks to Corollaries 1.10 and 1.11. Recall first that the set
of points of non-differentiability of any real-valued function f : R™ — R is easily
seen to be of the type Gs,: just write it as

U ﬂ {z: (3 >0)3u,v € B(z,r))|f(x +u)— flz+v) = {e,u—v)| >er}

€>0 ecR™
where € runs over positive rational numbers and e over elements of a dense
countable subset of R™. The main argument in Zahorski’s [27] proof of the
converse when n = 1 (both in the general and in the Lipschitz case) constructs,
for a given G5 Lebesgue null set E C R, a function f: R — R with Lip(f) =1
which is differentiable at every point of R\ E and at every point of E has upper
derivative 1 and lower derivative —1. (For a more modern treatment of this

construction see [15].)
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While it is not clear what an exact analogy of Zahorski’s result for n > 1
should be, one may at least hope that its analogy holds for uniformly purely
unrectifiable sets, namely that for every uniformly purely unrectifiable G, set
E C R” there is a Lipschitz function f : R™ — R such that E is precisely
the set of points at which f is non-differentiable in any direction. We do not
know whether this is true or not, but the following example shows that in this
situation the argument based on uniform discrepancy between upper and lower
derivatives fails in a very strong sense. Recalling that every uniformly purely
unrectifiable set is contained in a Gy uniformly purely unrectifiable set, the
example provides a G5 uniformly purely unrectifiable set such that not only
for it, but even for any bigger G5 uniformly purely unrectifiable set there is no
function analogous to the one from Zahorski’s main argument.

Example 4.2: There is a uniformly purely unrectifiable set A C R? such that
for any set £ D A and any c¢ > 0 there is no Lipschitz function f : R?> — R
such that

(a) DF f(ayy) — Dy f(asy) > clly|| for every x € E and y € R%;
(b) f is differentiable at every point x of R? \ E.

Proof. By [9] there is a universal differentiability set D C R?, i.e., a set such
that every real-valued Lipschitz function on R? has a point of differentiability
belonging to D, such that there is a Lipschitz h : R> — R for which the set A of
points € D such that h is differentiable at x, is uniformly purely unrectifiable.
Suppose E O A and Lipschitz f : R? — R satisfy (a) and (b). For a small
e € (0,¢/(4Lip(h))) consider the function g := f +eh. If € E, (a) shows that
for some y € R,

Dt g(z;y) — Dyg(x;y) > (c — 2eLip(h))]|y[| > 0.

If x € D\ E, g is the sum of the function f that is differentiable at x and of the
function eh that is non-differentiable at z; hence it is non-differentiable at x.
Consequently, the Lipschitz function g has no point of differentiability at D,
contradicting that D is a universal differentiability set.

Remark 4.3: The reason for considering a uniform non-differentiability condi-
tion such as (a) was explained in the text before the Example. Notice that,
if (a) were replaced just by non-differentiability of f at every point of E, the
statement of the Example would be false: we would use Theorem 1.13 to find
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a function ¢ that is non-differentiable at every point of A and define F as the
non-differentiability set of g. On the other hand, it is easy to find uniformly
purely unrectifiable sets £ O A for which there is no Lipschitz function non-
differentiable exactly at points of E, as such E need not be Gs,. For the set A
from [9] which was used in the proof of the Example 4.2 we can take E = A as it
is not difficult to see that A is not Gs,, although it is F,5 since A is the intersec-
tion of D with the set of points of differentiability of h and D used in [9] is Gs.
It may be of interest to notice that the fact that A is not a non-differentiability
set of any Lipschitz function f may be seen directly from the properties of A, D
and h: for any such f the Lipschitz function f 4 h would be non-differentiable
at any x € D\ A as f is differentiable and h is not differentiable at such x;
and f 4+ h would be non-differentiable at any x € A as f is not differentiable
and h is differentiable at such x. As in the proof of the Example 4.2, this is a
contradiction as D is a universal differentiability set.

Our final example is related to the already pointed out fact that E is uniformly
purely unrectifiable if and only if there is 0 < 7 < 1 such that w.,(E) = 0
for every unit vector e. When considering general non-differentiability sets, a
natural analogy of this statement would say that for any set £ C R™ satisfying
We.n(E) = 0 for some unit vector e and some 0 < 7 < 1 there is a real-valued
Lipschitz function f on R™ that is non-differentiable at any point of £. We show
here that this is false; recall however that [3] shows (directly, not using [8]) that
for any such set E there is an R"-valued Lipschitz function f on R™ that is
non-differentiable at any point of E.

Example 4.4: For every n € (0,1) and a unit vector e € R? there is a universal
differentiability set £ C R? such that we,,(E) = 0.

Proof. Let L; be an enumeration of all rational lines in R", J be the set of those
indexes j for which the direction u of L; satisfies |[(u,e)| < in and &;; > 0 be
such that 3, ;7 < co. It is easy to see that

E = ﬂ U{:I: dist(z, L) < &5}
i jed
satisfies we,(£) = 0. The fact that E is a universal differentiability set has
been often mentioned, but does not seem to be documented in the literature.
We therefore explain the argument.
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Recall from [12], [13] or [22] that, given any Lipschitz g : R™ — R, a procedure
leading to a point of differentiability of g may be described as follows. One
starts with an arbitrary 6o > 0 and (zg, o) from the set D of pairs (z,u) where
x € R", u is a unit vector, and there is j = j(x, w) such that # € L; and u is the
direction of L. Recursively, when (zy, er) has been defined, one first chooses an
arbitrarily small 0541 > 0 and then (z11,er4+1) € D satisfying rather delicate
conditions about which we need to know only that zx41 € B(ag,0k41),

Dg(wpy1,ery1) > Dg(ay, ex)

and that they imply that the sequence xj, converges to a point of differentiability
of g.

Returning to our set F, given any Lipschitz f : R™ — R, choose (zg,eq) € D
so that |(eg,e)| < yn and let g(z) := f(z) + c(z, eo) with ¢ > 64Lip(f)/n?; the
choice of such large ¢ guarantees that Dg(x,u) > Dg(xzg;eo) implies

0<1— (ueo) < i(Df(:z:;u) — Df(z0;e0)) < 2Lip(f)/c < 312772,

so that [|u — eq|| < }n, hence

1
[{u,e)] < Jlu = eoll + (e, €)] < .

This will imply that in the recursive construction ji := j(zg,ex) € J, and so
we can choose 01 such that

B(xk,6k+1) C B(ij,Eka) n B(mk,ék).

Hence the limit of the zj, which is a differentiability point of g and so of f,
belongs to E.
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