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BEST CONSTANTS FOR LIPSCHITZ QUOTIENT MAPPINGS
IN POLYGONAL NORMS

OLGA MALEVA AND CRISTINA VILLANUEVA-SEGOVIA

Abstract.  We investigate the relation between the maximum cardinality N of the level sets of a
Lipschitz quotient mapping of the plane and the ratio between its Lipschitz and co-Lipschitz constants,
with respect to the polygonal norms, and establish that bounds of 1/N previously shown to be sharp
for Euclidean norm stay sharp for polygonal n-norms if and only if # is not divisible by 4.

§1. Introduction. This paper is motivated by a desire to understand how the properties
of Lipschitz quotient mappings, in particular cardinality of point preimages, depend on the
norm of the space. For a pair of two normed spaces (X, || - ||x) and (Y, || - |ly), we consider
mappings f: X — Y which are Lipschitz and satisfy an additional, ‘dual’ property of being
co-Lipschitz. Namely, a mapping f is Lipschitz quotient if there exist 0 < ¢ < L < oo such
that B, (f(x)) C f(B,(x)) € B.,(f(x)) for any x € X and all » > 0. If only left (or right)
inclusion is satisfied for all x € X, the mapping f is called c-co-Lipschitz (respectively, L-
Lipschitz). The infimum of all such L is called the Lipschitz constant of f, denoted by Lip(f);
and the supremum of all such c is called the co-Lipschitz constant of f, denoted by co-Lip(f).
Here B, (z) denotes the open ball centred at 7 of radius p. We also consider pointwise versions
of Lipschitzness and co-Lipschitzness.

Definition 1.1. Amap f: (X, || - llx) = (Y, | - |ly) is called pointwise Lipschitz at x € X,
if there exists an L > 0 such that the L-Lipschitz condition for f at x is satisfied in some open
ball centred at x, i.e. if there exists an R > Osuch that f (BX (x)) € B} (f(x)) forallr € (0, R).
For any such L, we will say that f is pointwise L-Lipschitz at x. Similarly, we say that f is
pointwise co-Lipschitz at x if there exist ¢ > 0 and R > 0 such that BZ, (fx)y <cf (Bf.‘ (x))
for all » € (0, R). For any such ¢, we then say that f is pointwise c-co-Lipschitz at x.

The notion of co-Lipschitz mappings was originally introduced in [3, 4, 10] but their first
systematic study should be attributed to [1, 5], where the authors reached very significant
results concerning the structure of such mappings. The results support the intuition that
Lipschitz quotient mappings are a non-linear analogue of linear quotient mappings between
Banach spaces. One particular feature that will be important for us is point preimages under
Lipschitz quotient mappings. Under a linear quotient mapping X — Y, each point preimage
is an affine subspace of X of dimension dim(X) — dim(Y). Itis shown in [6] that for Lipschitz
quotient mappings with constants ¢ and L close enough to each other, point preimages cannot
be (d + 1)-dimensional, where d = dim(X) — dim(Y). However, without the constraint on
c and L, it is shown in [2] that a Lipschitz quotient mapping R® — R? may have a point
preimage which contains a 2-dimensional plane. It is still an open question whether point
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preimages under a Lipschitz quotient mapping f between finite-dimensional spaces of equal
dimension n > 3 can be 1-dimensional.

It is, however, a strong result of [5] that every Lipschitz quotient mapping from R? to
R? can be viewed as a reparameterization of a complex polynomial in the sense that there
are a homeomorphism 4 of the plane and a polynomial P of one complex variable such that
f = P o h, see Theorem 2.4 below. This immediately implies that point preimages are finite,
without any assumption on the constants. Moreover, see Corollary 2.5, this shows that any
Lipschitz quotient mapping of the plane is N-fold for some N > 1, in the following sense.

Definition 1.2. Let N > 1 be a positive integer. A mapping f: X — Y is called N-fold,
if max,cy #f ~!(y) = N, in other words, the cardinality of preimage of each y € Y does not
exceed N and there is at least one point for which it is exactly N.

From [6, 7] it transpires that the number N is dictated by the ratio ¢/L of co-Lipschitz
and Lipschitz constants of f. Conceptually, N appears to represent the number of connected
components of a point preimage under a Lipschitz quotient mapping; see [8, 9] where a
sharp upper bound on such a number is obtained as a function of ¢/L for mappings R? —
R!, where the preimage is not O-dimensional. In our case, it follows from [6, Theorem 2]
and [7, Theorem 1] that if an N-fold Lipschitz quotient mapping f: (R?, || - ||) — R, ] - |
is considered in the case when the two norms coincide, || - ||x = || - lly = || - ||, then N < L/c.
In the case of the Euclidean norm | - |, this upper bound is sharp: the N-fold Lipschitz quotient
mappings fy defined by fy (re”) = re'™? satisfy N = L/c.

A natural question then is whether the same happens to other norms, i.e. whether for
any norm | - || on R? and any N > 1, there exists an N-fold Lipschitz quotient mapping
f: @2 -1) = (R?, | - |I) with constants L and ¢ such that N = L/c. In the present paper,
we answer this question in the negative and describe a large class of norms for which there
are no such mappings. To describe these, we consider the norms whose unit balls are given
by regular polygons with n sides, and refer to them as polygonal norms.

We show that if n is divisible by 4, then any 2 < N-fold Lipschitz quotient mapping in
a polygonal n-norm satisfies N < L/c, see Theorem 5.13, whereas all remaining polygonal
norms, with n congruent 2 modulo 4, actually possess N-fold Lipschitz quotient mappings
with N = L/c, see Theorem 3.19, Theorem 4.3 and Corollary 4.5.

In Definition 3.12 below, we generalise the above basic example of ‘Euclidean’ N-fold
Lipschitz quotient mappings with N = L/c to the case of polygonal norms and call such
mappings N-fold winding. The idea of N-fold winding maps has already been introduced in
[7, Section 3] where it was claimed that for all such mappings, with all n (and in particular,
n = 4 which corresponds to the £'-norm on the plane), it holds ¢/L = 1/N. The present paper
hence shows that this claim is only correct in cases when # is not divisible by 4. Moreover,
in Proposition 5.14, we obtain an upper bound for N (strictly less than L/c) for the N-fold
winding map in the case when the number of sides is divisible by 4.

§2. Preliminaries. We start by quoting a number of important statements that we are going
to use in this paper. The following two statements about Lipschitz mappings are standard.
Below we also follow [2] to prove Lemma 2.3, which is similar to Lemma 2.2 but is about
co-Lipschitz mappings.

LEMMA 2.1. Let X, Y be normed spaces and f: X — Y a continuous mapping. If f is a
Lipschitz mapping on A C X with Lipschitz constant L, then f is L-Lipschitz on A.
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LEMMA 2.2. Let X,Y be normed spaces, U € X be open and convex and L > 0. If
f: X — Y is pointwise L-Lipschitz at x for every x € U, then f|y is L-Lipschitz on U.

LEMMA 2.3. Letc > 0. If f: (R, || - ) = (R, ||| - |||) is continuous and is pointwise
c-co-Lipschitz at every x € R?, then f is (globally) c-co-Lipschitz on (R?, || - ).

Proof. Observe first that given any x € R? if R > 0 is the radius of the ball centred at x in
which the pointwise c-co-Lipschitz property is satisfied at x and |||y — f(x)||| < ¢R, then for
P = ¢llly = F@IIl, it holds

Y € By, s, (f ) C (B, (X)) 2.1
(as f is continuous, compact sets are mapped to compact sets, so co-Lipschitz property can
be used for closed balls).
We now show that f is a c-co-Lipschitz mapping on (R?, | - ||). Let xo € R?, r > 0 and
Yo € Be,(f (x0)). Consider the line segment £ = (f (xo), Yo] joining f (xo) with y, and let

A={zeL:ye f(B,,,, %)) Vye (f(x)zl}

As f is pointwise c-co-Lipschitz at xy, by (2.1) we have A # @. It is enough to show that A
is both open and closed in £, as then yy € £ = A, hence, as ry, f(,) = %lllyo — fxo)|ll <,
itholds yy € f (E,m.f &) (x0)) € f(B,(x0)), which finishes the proof. It remains to note that A
is open because f is pointwise c-co-Lipschitz at each point z € A, and A is closed because f
is continuous. U

The following statement is a consequence of [5, Theorem 2.8].

THEOREM 2.4. Let f: (R%, | - |I) = (R?, ||| - |||) be a Lipschitz quotient mapping. Then
f = P o h, where h is a homeomorphism of R*> and P is a monic polynomial (viewing R* as
a complex plane C).

COROLLARY 2.5. Any Lipschitz quotient mapping f: (R, || - ) — R2, ||| - |||) is N-fold
for some N > 1.

Note that any homeomorphism of the plane may either preserve or reverse the orientation.
We use this to make the following observation.

LEMMA 2.6. Let f: (R?, || - ) = (R%, ||| - |||) be a Lipschitz quotient mapping. Then
there exist a monic polynomial P and an orientation preserving homeomorphism h such that

(Poh)(z) = f(z) forallz € Cor (Poh)(z) = f(z) forall z € C.

Proof. Consider a monic polynomial P; and a homeomorphism 4, such that P; o by = f,
the existence of these is guaranteed by Theorem 2.4. If h; preserves the orientation, let
P = P, and h = h,. Otherwise, if &, reverses the orientation, then set 4(z) = h; (z), so that
the homeomorphism % preserves the orientation. Denote the coefficients of P, by ay, i.e.
Pi(z) = 2V + Y0 k", then put P(z) = 2V 4+ Y1 @z* so that f(z) = P(h(2)). O

Remark 2.7. In the present paper, our main concern is the relation between the maximum
cardinality N of a point preimage under the Lipschitz quotient mapping f: R?> — R? and the
ratio ¢/L of its co-Lipschitz and Lipschitz constants; therefore, we may, and will, without
loss of generality, assume that the decomposition of a Lipschitz quotient mapping f under
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consideration is always given by the monic polynomial P and an orientation preserving
homeomorphism #.

The next theorem collects important facts about Lipschitz quotient mappings; it is based
on [6, Lemmas 1-3] and assumes that the mapping is decomposed into the composition of
a monic polynomial and an orientation preserving homeomorphism. We only mention this
condition here; in statements in subsequent sections which use this theorem we will not
reiterate this condition.

Recall that Indg y, the index around O of the closed smooth curve y, is defined as ﬁ 55]/ %
Note for future reference that if P is a polynomial of degree N and y: [0, 1] — C is any
closed curve with index 1 around 0, such that all roots of P are contained inside y, which is
satisfied, for example, if there is an R > 0 such that |y ()| > R > |z| forall¢ € [0, 1] and all
z € P~1(0), then by Cauchy’s Residue theorem, the index of P o y around 0 is equal to N.

THEOREM 2.8. Letg: (R%, || - |I) = (R?, ||| - |||) be an N-fold Lipschitz quotient mapping
which can be written as a composition of a monic polynomial and an orientation preserving
homeomorphism. Then there exists a positive constant R such that for any p > R, the following
are satisfied:

(D) Mg = cllxll — M) for any x € 3B)1(0);
(2) Indg g(aB‘/L'” (0)) =N.

Here c is the co-Lipschitz constant of g, M = max{||z||: g(z) = 0} and in (2) the curve
BBL‘)'” (0) is considered as given by its orientation preserving parametrisation going in the
counter-clockwise direction around 0.

Proof. Let g = P o h, where P is a monic polynomial and 4 is an orientation preserving
homeomorphism. Fix R > M + 1, let p > R and x € 9B!1(0). As 0 € By (g(x)) S
g(EHg(X)WC(x)), we conclude that there exists z € g~ (0) such that [|x — z|| < |||g(x)]l|/c.
Hence [[[g(0)]]] = cllx — zll = c(llx]l = lizll) = c(p — M), and this verifies (1).

Part (2) follows from [6, Lemma 3]. O

We finish this section with the restatements of Lemma 3 and Theorem 1 from [7].

LEMMA 2.9 [7, Lemma 3]. If I": [0; L] — R? is a closed curve with |T'(t)|| > r for all
t € [0,L] and Indg " = N, then the length of T in the sense of the 1-dimensional Hausdorff
measure H' associated with || - || is at least NH' (3B,(0)).

THEOREM 2.10 [7, Theorem 1]. If f: (R?, || - ||) = (R?, || - ||) is an N-fold L-Lipschitz
and c-co-Lipschitz mapping with respect to || - ||, then ¢/L < 1/N.

§3. Polygonal norms and winding mappings. Definition 3.1. Forn > 4 even integer, a norm
in R?, whose unit ball centred at the origin B7(0) is a regular n-gon, is called a polygonal
n-norm.

A polygonal n-norm, whose unit ball has a vertex at (1,0), the point on the positive x-axis
at x = 1, will be denoted by || - ||..

When 7 is fixed, we may write B, (x) instead of B’ (x) to simplify the notation.

Remark 3.2. By the above definition, both the £,-norm and £ ,-norm are polygonal 4-norms.
However, only the £;-norm is denoted by || - ||4-
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Remark 3.3. Itis easy to see that all the results about Lipschitz and co-Lipschitz constants
of Lipschitz quotient mappings we obtain below for || - ||, hold for all polygonal n-norms
and, moreover, for all norms whose unit ball is a linear image of a regular n-gon. This is
simply because if U: (R?, | - ||,) — (R?, || - ||) is an isomorphism, then f: (R?, | - ||,) —
(R?, || - |I,,) is a Lipschitz quotient mapping if and only if g(x) = U (f (U ~'(x))) is a Lipschitz
quotient mapping (R?, || - [|) — (R?, || - ||), and their respective constants are equal. We use
this observation in Corollary 4.5 and Theorem 5.13.

‘We also fix some further notation.

Notation 3.4. Assume that an even integer n > 4 and a positive integer N > 1 are fixed. Let
VoVi ... Va1 = 0B7(0) be the regular n-gon with V; being at the point on the positive x-axis
at x = 1 and vertices going counter-clockwise. In what follows we denote e¢; = V; to be the
unit vector in the norm || - ||,, pointing to the vertex V;. We will treat the indices indicating the
vertex number modulo #n, so that e, = ¢y, e_; = ¢,_1, €tc.

Let .Z, = n|le; — eol|, denote the length of 3B} (0) in the sense of measuring distances
with respect to || - ||,. The exact value of %, can be computed via Lemma 3.6 below.

Foreachi € {0, ..., n — 1}, we divide each of the sides [V;, V,;1] of 3B’ (0) into N segments
of equal Euclidean (and || - ||,,-) length and denote the subdivision points by v; ;, where j €
{0,...,N}.Herev;o = V;and v; y = Vi11. Welete; ; be the || - ||,,-unit vector pointing to v; ;.

Forie{0,...,n—1}, je{0,...,N — 1}, we will also consider the open region R, ;
enclosed by the lines R e; ; and R_¢; j 1, where R, = (0, +00), and let

N-1 N-1
U= JRi;uJRyer;.
j=0 j=1

Effectively, I; is the open region enclosed by the lines R e; = Rie;pand Rye;r; = Riei .
We further write R, n(p) = (0,1, j) if pe Rye;j,and R, y(p) = (1,1, j) if pe R; ;. We
note that R, v (p) is defined for all nonzero p € R2. We will use this notation in Lemma 3.14.

For the rest of this section, we will assume that an even integer n > 4 and a positive integer
N > 1 are fixed.

Remark 3.5. Before we start working with the polygonal norms, we recall some basic
properties of a regular polygon P = 9B (x).
(1) The Euclidean length of a side of P is equal to 2r sin(7r /n).
(2) An apothem of P is a segment joining the centre x with the middle point of a side and it
has Euclidean length equal to r cos(mr /n).

This remark immediately implies the following statement.

LEMMA 3.6. The || - ||,-length of each side of the polygon 0B (0) is given by
(1) rlley — eolln = 2rtan(sm /n), if n is divisible by 4,
(2) rller — eoll, = 2rsin(w /n), if n is not divisible by 4.

Proof. (1) In this case, an apothem A, of 9B’(0) is parallel to its side, hence by
Remark 3.5 (2),

rller —eoll,  2rsin(w/n)
1A, reos(m/n)
Using || A, ||, = r, we get the desired identity.
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(2) This is by Remark 3.5 (1) because in this case a side of B, (0) is parallel to a segment
connecting zero with one of the vertices of dB) (0), which clearly has Euclidean length . [

We now define a notion analogous to polar coordinates in the Euclidean plane.

Definition 3.7. Let y; : [0, Z,] — 9B/ (0) be the 1-Lipschitz parametrization of dB/ (0),
such that y; (k|le; — egll,) = Vifor0 <k <n—1,y (%) =Vyand Indy y; = 1.

Given a non-zero point x in the plane, we say that (7, £) are the length coordinates of x under
the norm || - ||,,, if [|x||, = rand £ = (y; |[0.,.2%,))71 (x/7). We refer to £ as the angle component
of the length coordinates of x. The coordinates of the origin are defined to be (0,0). It is clear
that each pair (, £) € (R4 x [0,.%,)) U {(0, 0)} determines a single point in R?.

Definition 3.8. We introduce the following notation for ¢, £, € [0, .Z,):
p (L1, €2) = min{|{; — £,], £, — [€; — 2]} (3.1

and for any r, 7, > 0, call p(£, £,) the difference in angle between points (r;, £;) and
(r2, £2).

In the lemma below, we collect some straightforward facts about the notions introduced
above.

LEMMA 3.9. (1) The function p(£1, £») defined by (3.1) is a metric on [0, £,).
Q) Ifx,y € R%, |Ix|l, = |Iyll. = 7 > 0, x and y belong to the same side of 3B,(0), and £,
and L, are the angle components of x and y with respect to || - ||, then ||x — yll, = rp(£y, £,).

The following simple lemma gives a valuable property of how the norm || - ||, is related to
length coordinates.

LEMMA 3.10. Let x = (ry,¢y) be a non-zero point in the plane given in its
length coordinates with respect to || - ||, and o > 0. Then there is a ¢, € (0, £,/(2n)]
such that ¢, < o and for any non-zero y = (ry, £,), the following three assertions are
satisfied.

(1) Ifp(y, L)) < ¢y, then x/r, and y/r, are on the same side of 9B1(0) and ||x — y||, <
[y — ry| + rep (L, Zy)-

2) Ifllx —ylln < de = 1o /2, then p(£y, £y) < 2|Ix — yllu/7x < ¢x. Inthis case too, x/r,
and y/r, are on the same side of 9B (0). Moreover, if x/r, is not a vertex of 0B (0), then y/r,
is also not a vertex of dB;(0).

(3) Ift.#0and p(ly, £y) < Py, then £, # 0.

Proof. To define ¢, > 0, consider the following two cases. If £, /|le; — eo||,, is not integer,
i.e. the point (1, £,) is not a vertex of dB;(0), then set ¢, to be half of the minimum of o and
the two || - || ,,-distances between (1, £,) and the two vertices of the side of dB; (0) containing
the point (1, £,). If £,/]le; — eoll, 1s integer, i.e. the point (1, £,) is a vertex of dB;(0), let
¢ = % min{o, ||e; — epll,}. In both cases, ¢, is a positive value less than or equal to .%,/(2n)
and less than o. Let d, = r ¢, /2.

Let now x = (ry, £;) and y = (ry, £,) be two non-zero points. Let z = (r/r,)y = (ry, £,),
then ||y — zll, = |re — ryl.
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Note that if p(€,, £,) < ¢, then by the definition of ¢, the points x/r, = (1, £,) and
y/ry = (1, £,) are on the same side of dB; (0) and, moreover, (3) is satisfied. Hence the points
x = (ry, £;) and z = (ry, £,) are on the same side of 0B, (0), and so, by Lemma 3.9 (2),
we have ||x — z||, = r,p (€, £,). We thus conclude that [|x — yl|, < rep(by, £y) + |re — 1y,
which verifies (1).

To verify (2), we note that it always holds [lx — z||,, < [lx — yll, + [re — 1y < 2[lx — yllss
soif ||x — y|l, < dy, then ||x — z||,, < 2d, = ry@y, 1.e. [|x/ry — z/r¢|ln < ¢«. By the choice of
¢., this implies that x and z are on the same side of 9B, (0), and so, by Lemma 3.9 (2),
oy, £y) = lIx — zlla/re < 2|lx = ylla/7c < 2d/r. = ¢x. The points x/r, and y/r, are on the
same side of B, (0) because x and z are on the same side of B, (0). The last assertion of (2)
follows from the definition of ¢,. O

COROLLARY 3.11. If p € R?\ {0}, then for any & > O there exists § > 0 such that for any
y € Bs(p), the difference in angle between points p and 'y is less than ¢.

Proof. Let § = min{||pl|,/2, d,}, where d, is given by Lemma 3.10 (2), using o = ¢.
Then for any y € Bs(p) we have y # 0, hence, by Lemma 3.10 (2), ||p — yll, < d,, implies
oy, £y) < ¢, < e. Here £, and £, are the angle components of p and y, respectively, hence
the statement of the corollary is proved. 0

Our next goal is to define a mapping which behaves in an analogous way to the exponential
mapping f (re'?) = re?, but relative to the polygonal n-norm. We subsequently show that
in the case when n is not divisible by 4, this mapping realises the desired ratio 1/N, see
Theorem 3.19 and Theorem 4.3.

Definition 3.12. For an integer N > 1, we define the N-fold winding mapping for the norm
|| - lln» using the length coordinates, as fV(r, ) = (r, N¢ (mod .%,)). Here ¢ (mod .%,),
t € R, is equal to the value s € [0, %) such that (t — 5)/.%, € Z, as usual.

Of course, if N = 1, then fV = fn1 is the identity mapping, so ¢/L = 1. Hence it only makes
sense to study N-fold winding mappings for N > 2.

LEMMA3.13. LetO <i<n—1and0 < j<N—1,s = (Ni+ j) (mod n),r > 0. Then
the following properties are satisfied:

(1) fN(Ri ;) = U, (see Notation 3.4) and [V (Re; ;) = Rey;

(2) fN(rei;+1t(ei1 —e)) =res+Ni(es1 —e) and [N (rejjo1 —t(eiy1 —€;)) =
resy1 — Nt(egy1 — ey), foranyt € [0, r/N];

3) if llpilln = llp2lln = 1, the difference in angle between p, and p, is smaller than %N’
and the points fY(p1) and fN(p>) are on the same side of 3B, (0), then there exist
0<ig<n—1and0 < j <N —1suchthat py, pr eﬁi,j;

4 if q1,q2 € [reg, regi1l, p1 € [reij, reiji1), fY(p1) = qi and > = gy +1' (€541 — €5)
fort’ €0, r], then py = p1 +1'/N(eis1 — €;) € [re; j, re; j+1) and fY (p2) = g»;

(5) i Ipilla = Ipalla = rand py, p> € Rij, then .Y (p1) = £ (p2)lln = Nlip1 = palls

(6) if p1, p2 € Rij are such that py =r'e; j +1t'(ejy1 —€;) and py =r'e; j1 —t'(eip1 —
e, then v’ = lIpill, = Ipall, > 0 and 1’ € (0, /N);

(7) if p1, p2 € U; are such that py = r'e; +t'(ej1 —e;) and py = r'ei 1 —t'(ejr) — €;),
then r' = ||pilln = llp2lln > O andt’ € (0, r).
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Proof. (1) This follows from the fact that the angle component £ of a point x € R, ; satisfies
L4 j L <l <ife 4 (j4+ 1D e

W(IN+J)<£<W(IN+(J+I))’

thus the angle component of £V (x) belongs to (£ (iN + j), £ (iN + (j + 1))), modulo %,
which means £V (x) € U,.

For x € Re; ;, its angle component satisfies £ = %’(Ni + j), thus ,f’ (x) € Re;.

(2) Let x=re;;+1(eir1 —e) and y=re; i1 —t(e;y1 —e;). Since t € [0, ], we
see that x,y € [re;j, reij111 S Rijr s0 Y ) a = lxln = I1f Ol =yl =r and

N (x), fN(y) € U, by (1), hence £V (x), fN(v) € [rey, res1]. Furthermore, f (re; ;) = re;
and f (re; j+1) = resy1, hence fV is linear on [re; ;, re; j+1] and the desired identities are
satisfied.

(3) Assume that such i, j do not exist. This implies, because of the condition on angle
difference between p; and p», that at least one of p; or p», say pi, belongs to R;, ;, for some
i1, ji;then py € R;, ;. Hence, by (1), we have £ (p1) € Uyand £ (p1) ¢ U, acontradiction.

(4) This follows from statement (2) of the present lemma and linearity of f,iv on
[reij, rei j+1].

(5) For such py, p, there are t1, 1, € [0, r/N] such that py =re; ; +ty(eir1 — ), k=1, 2.
Then (2) implies the statement.

(6) Let r = ||p1lln, then p; = re; j + t(eiy1 — €;) with r > 0 and 0 < ¢t < r/N. Together
with the expression given in this part, we get (r —r')e; ; = (t' —t)(eiy1 —e€;). As the
vectors e; ; and (e;+; — e;) are not collinear, this implies 7’ = r > Oandt' =1 € (0,7/N) =
(0, ¥’ /N). The proof for p, is analogous.

(7) Similarly to (6), let p; = re; +t(e;r1 — ¢;) where r = ||p1]l,and0 <t < r. Thenr’ =
r>0and? =t € (0,r) = (0, r). The proof for p, is analogous. O

The following lemma describes images of some of the vertices of a small || -|,-
neighbourhood of a non-zero point p under the N-fold winding mapping /2.

LEMMA 3.14. Let p be a non-zero point in the plane. Then there exists A = A, > 0,
defined by (3.2) and (3.3), such that whenever § € (—A, A), the following are satisfied.
IfRun(p) = (1,1, j), i.e. pe R j for some 0 <i<n—1and0 < j <N —1, then for
s = (Ni+ j) (mod n) it holds that
(1) for A={p+de;, p+deir1, p+beij, p+deijr1} we have A C Ba(p) SR and
NA) S U,
(2) [l = lIplln + 8 for any x € A,
B3) S (p+deij) = £, (p) + bes,
@) fN(p+deij1) = f)(p)+ e
IfRun(p) = (0,1, j),i.e.pe Rye; jforsome0 <i<n—1and0 < j<N—1,then(3)
holds true, again for s = (Ni + j) (mod n).

Proof. Let A = A(p) > 0 be such that:

Ba(p) € R, if peR;j; (3.2)

A =|pll./2, if p € Re; ;. (3.3)

Let§ € (—A, A). For brevity, we write f instead of ,fv. Let ro = || plln-
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Assume first that R, y(p) = (0,1, j), i.e. p€ Rye;;, and let s = (Ni+ j) (mod n).
Notice that f(re; ;) = re; for any r > 0, so as p € R_¢; ;, we have p = rge; j, then f(p +
Se; j) = f((ro+8)e; j) = (ro + 8)ey, so (3) is satisfied. Here ro + 6 > 0 follows from the
choice of A in (3.3).

Consider now the case R, v (p) = (1,1, j),i.e. p € R; ;. Inthis case, for § € (—A, A) we
have A C BA(p) € R; j, hence by Lemma 3.13 (1), f(A) € U,; this verifies (1).

Note that as ||pll, =roand p € R; j, thereisat € (0, ro/N) such that

ro
p=roej+ e —e)=roe i1 — (ﬁ - l) (eir1 —ei) 3.4

and

. N i
p =roe; + <f + Vo%)(em — ;) = reiy| — (i’o N I t) (eir1 —ep). (3.5

We then get from (3.4) that
p+de ;= (ro+9d)e ;+t(eir1 —e);

;
p+dei i1 = (ro+ e jr1 — (ﬁ - t)(€i+1 —e),
and from (3.5) that

p+de;, = (ro+d)e; + (f + roli\/> (eir1 — €i);

N—j

- f) (eir1 —ep).

As ACTR;;, by Lemma 3.13 (6) and (7), we conclude that |p+de;ll, = Ilp+
Seijrilln = lp + deill, = lp + Seit1lln = ro + 8, which verifies (2) of the present lemma.
We also infer that we can use Lemma 3.13 (2) to get from (3.4) and (3.5):

p+dei = (ro+8)eiy1 — (i’o

V4
F(p) = roes + Nt (esp1 — €5) = roesyt — N(ﬁ0 - t)(es+1 —e);

f(p+de; ;) = (ro+8)e; + Nt(esy — e);

’
f(p+deijr1) = (ro+8)esr — N(ﬁo - l) (es41 — e5).
Identities (3) and (4) of the present lemma then immediately follow from the above. O

For the next lemma, we use the length coordinates to denote the points on the plane.

LEMMA 3.15. A sequence {x; = (ri, £x)}k>1 of points in the plane converges to x =
(r, £) # (0, 0) under the norm || - ||,, if and only if r, — r # 0 and p (€, £) — O.

Proof. The forward implication follows from Corollary 3.11.

Assume now that x = (r, £) and for x; = (¢, £;) we have rp, — r % 0 and p (€, ) —
0. Then for (sufficiently large) k > ko we have ry %20 and p(€, £) < ¢, (given by
Lemma 3.10 (1)). Hence, by Lemma 3.10 (1), for such k& we have 0 < ||xx — x|, < | —
rl 4+ rep Wy, £) — 0. O

Using Lemma 3.15, we immediately get the following.
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COROLLARY 3.16. The N-fold winding mapping Y for the norm | - ||, is continuous.

Proof. The mapping f~: (R, || - [l,) = (R%, |- [l,) is continuous at all x # 0 by
Lemma 3.15. To check continuity at x = 0, it is enough to notice that [|fN ()|, = Iyl
for all y € R O

Our aim now is to show that forany n > 4, the N-fold winding mapping f is 1-co-Lipschitz
under the norm || - ||,. We will do so in Theorem 3.19. Note that the value of the Lipschitz
constant of £~ is not always N (as in the case of the exponential mapping f(re’”) = re? for
the Euclidean norm), see Theorem 4.3 and Proposition 5.14. We first introduce some notation
we will be using.

Definition 3.17. Consider again R? equipped with || - ||,. Recall the Notation 3.4 for
ey, ...,e,_1.Foreache > 0,8 € (—e,e),peR?’andi=0,1,...,n—1,let
e )(e, 4, p,i) = 0be the unique A > 0 such that p + de; + A(e;r1 — €;) € IB:(p).
® A*(e, 4, p,i) = 0 be the unique A* > 0 such that p + de; — A" (e; 1 — ¢;) € 0B (p).
Here and below, the balls B, (p) are considered with respect to the norm | - || .
Note that the existence and uniqueness of values A (e, 8, p, i) and A* (¢, 8, p, i) follows from
the fact that p 4 de; belongs to the open ball B, (p) for any |§| < €. We also let A (e, €, p, i) =
A*(e, —e,p,i) =¢eand A(e, —¢, p,i) = A* (e, &, p,i) = 0.

The following technical lemma summarises the basic properties of A(e,d, p,i) and
A*(g, 68, p, D).

LEMMA 3.18. In the notation of Definition 3.17, the following assertions are true for any
e > 0.

(1) For any 6 € [—e¢, €] the values of (e, 8, p,i) and A" (e, 8, p, i) are independent of
peR?and of 0 < i < n— 1, so that the parameters p and i can be dropped.

(2) Foranyp e R%,0<i<n—lands € (—s, &) we have that . = \(g, 8) is the unique
A = 0 satisfying p + Sei 1 — A(eir1 — €;) € 9B (p), and A* = V*(¢, §) is the unique A* > 0
satisfying p + 8ei1 + A (eir1 — €;) € 0B (p).

(3) Foranyé € [—e, g] it holds that L (e, —8) = L* (¢, §).

(4) Foranyé € [—¢, ] and ¢ > 0 it holds that X(ce, §) = cA(e, §/c).

(5) Foranyéd € [0, ) we have A(g,8) =6 + A*(e, ).

(6) Forany$ € [0, ) we have A(g,8) > § and A(g,8) = A* (e, ), and equality in the
latter inequality occurs only if § = 0.

Proof. (1) The statement follows from translation invariance of the definition of A (¢, 6, p, i)
and A*(e, 8, p, i) and rotational symmetry of dB, (p) around p by 27 /n.

(2) Notice that, from the definition of A(e, &, p, i), the point p 4 Se; + A(eir1 —€;) =
p+ (8 — L)e; + re;jy is symmetric to the point p + §e; 1 — A(ej1 —e;) = p+ re; + (8 —
A)e;r1 with respect to the line through p in the direction (e; 4 €;11), as is B: (p).

Similarly, the point p 4+ de; — A*(e;31 — €;) = p+ (6 + A*)e; — L*e;4 from the definition
of A*(e, 8, p, i) is symmetric to p + de;1 + A*(eir1 —e€;)) = p+ (8§ + X)ei1 — A¥e; with
respect to the line through p in the direction (e; + e, 1), as is B.(p).

(3) If § = *e¢, then this follows from Definition 3.17. Hence assume |§| < .



126 0. MALEVA AND C. VILLANUEVA-SEGOVIA

Let A = A(e, —8) = A(g, —6,0,0) and A* = A* (e, 8) = A*(e, &, 0, 0). Then consider the
points P = —8ey + A(e; — ep) € 0B.(0) and P* = dey — L*(e; — ¢g) € dB.(0). Notice that
the point —P = §eg — A(e; — ¢() also belongs to 9B, (0), and so

Seg —t(e; —ey) € 0B (0) (3.6)

is satisfied with both # = A and r = A*. However, there exists a unique ¢ > 0 such that (3.6)
is satisfied, so we conclude A = A*.

(4) Let A = A(ce, ), ie. p+deg+ A(e; —ep) € 0Bee(p). Then p+ %(560 + Ale) —
e0)) = p+ (8/c)eg + L1(ey — eo) € B, (p). Hence A(e, §/c) = 11 = Li(ce, 8).

(5) For § = 0 the statement follows from (3), so assume § € (0, €). Let A = A (¢, §, 0, 0)
and 1* = A* (e, 8, 0, 0). Notice thatas 0 < 8§ < ¢, the closed ball B;(0) is a subset of the open
ball B, (0), hence 6e; = 0+ dep + §(e; — ep) € B:(0). The latter implies A > §. Also, §ep +
A(e; — ep) € dB.(0) by the definition of A, and §ey + A(e; — ep) = de; + (A — 8)(e1 — ep)
with A — § > 0, hence, by part (2) of the present lemma, we have A — § = A*.

(6) This follows from (5) as § > 0 and A*(g, §) > 0, and the fact that A*(e, §) = 0 only
if § = ¢. This value is excluded from the interval § € [0, ¢), hence A(e, §) > 6 for all § €
[0, &). O

Now we can prove that the N-fold winding mapping is a 1-co-Lipschitz mapping under the
norm ” ' ”n-

THEOREM 3.19. For any even n >4 and N > 1, the N-fold winding mapping fV,
considered as a mapping (R?, || - I,) = R2, || - |l,), is 1-co-Lipschitz.

Proof. This is clear in the trivial case N = 1, so we only need to prove the statement for
N > 2.

For convenience of notation, we write f for f~. By Corollary 3.16, f is continuous, hence
by Lemma 2.3 it is enough to show that for any p € R? there exists &y > 0 such that

fB:(p) 2 B:(f(p)) 3.7)

for any ¢ € (0, &y). Here and below all balls are considered with respect to the norm || - ||,
Notice that if p =0, this is trivially satisfied for any ¢y > 0 as f(B,(0)) = B,(0) =
B, (f(0)) for any r > 0.
Assume therefore

p#0. (3.8)

Let p = (rg, £p) be given in its length coordinates. This implies f(p) = (ry, £1), where the
angle component ¢, is defined by

¢, =N{y (mod. %)) €[0,.2,). (3.9)

To prove (3.7), it is enough to find &y > O such that for any ¢ € (0, &g) and any y = (r, m;) €
B.(f(p)), thereis an x € B.(p) such that f(x) = y. While gy will be defined later, depending
on the values of £ and £;, we explain now how the point x will be defined. Let

m+ N -1, ifty=0¢ =0andm > =%,
my={m — %, if 6o #0,¢; =0andm; > “1.%, (3.10)

n

mi, otherwise,
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and define

my = ]lv(m’1 + (Nt —¢€1)) and  x = (r,mp). (3.11)
We divide the proof into two cases. In each case, we show that mq € [0, .Z,), i.e. the definition
of x in terms of its length coordinates is valid. By (3.11) and Definition 3.12, it is clear that
lf @), =7 = |lyll, and the angle component of f(x) is equal to the angle component of y.
Indeed, use (3.10) and (3.9) to deduce m| = m; (mod .%,) and N¢; = £, (mod .Z,), then
use (3.11) to get

Nmy (mod .%£,) = (m} + N&y — £,) (mod .Z,) = (m; + N&y — £1) (mod .Z,) = m;.

Thus f(x) = (r, m;) = y. Therefore, it is enough to define &y > 0 and to verify that mg €
[0, %) and that x € B.(p) whenever y € B, (f(p)), forall ¢ € (0, &9).

In the proof, we will use Notation 3.4 which introduced || - ||,,-unit vectors e; and e; ;, where
0<i<n—land0 < j<N—-1.
Casel. ty = 0.

This means that p belongs to the positive side of the x-axis of R?, hence p = ryep and
f(p) = p,sot; =€ =0by (3.9).

By Corollary 3.11, find &y > O such that for any y € B, (f(p)) the difference in angle
between f(p) and y is less than .%,/(2n). Pick any ¢ € (0, &9) and assume y = (r, m;) €
B.(f(p)). Then p(my, £1) = p(my,0) < %,/ (2n) means that either m; € [0, Z,/(2n)) or
my € (L — L/ 2n), L.

If m; € [0,.%,/(2n)), then by (3.10), m} = m; and hence, by (3.11), my = m;/N €
[0, .Z,/n) so that x, p € Ro,;. We can apply Lemma 3.13 (5) to get £ > |y — pll, =
I1f ) = f(P)lln = Nllx = plin, hence |lx — pll, < &,1.e.x € B.(p).

If me(4—+%.%), then by (310, mi=m+©N-1% e (NL —
ﬁ,ﬁfn,NeZﬁl) and hence, by (3.11), my = m/ /N € (£, — %, L) sothatx, pe R_ i n_1.
We can then again apply Lemma 3.13 (5) to get ¢ > |[y—pl. = lfx) — f(P)l. =
Nlx — pll., hence ||x — p|l, < ¢, i.e.x € B.(p).

Casell. £y # 0.

Let R, n(p) = (€,1i, j),wheree =0o0r 1,0 <i<n—1and0 < j <N — 1. This means
p € Ri;jURLe; ;, hence, by Lemma 3.13 (1), we have f(p) € U; UR e, for s = (Ni + j)
(mod n), in other words

f(p) € [roes, roesy1). (3.12)

Let

& = ﬁmm {df(p),dp, l’ofo, FQ(Z, —ﬁo)}, (313)
where d, and d () are defined as in Lemma 3.10 (2) (of course, p # 0 and f(p) # 0by (3.8)).

Let &, = A > 0 be given by (3.2) or (3.3), depending on p, so that the conclusions of
Lemma 3.14 are satisfied.

Let now &3 > 0 be such that for any v € B, (0), the difference in angle between p 4 v and
pis less than .%,/(4nN), and the difference in angle between f(p) + v and f(p) is less than
%,/ (4nN). Existence of such ¢z follows from Corollary (3.11).

Finally, let &y = min{ey, &5, €3} and ¢ € (0, g9); pick any y € B.(f(p)) with length
coordinates (r, m;). We define x = (r, my) according to (3.11).
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As we have that ¢ < &; < dj(,), we see, by Lemma 3.10 (2) applied to the pair of points
f(p) = (ro, &) and y = (r, my), that

a:=p(m, &) < 2e/ro < ¢rp <L/ (2n), (3.14)
and also
S/ P, = (1, £1) and y/|lyll, = (1, my) are on the same side of dB1(0).  (3.15)
Moreover, Lemma 3.10 (2) implies that
if f(p) € (roes, roesy1), theny € Us N [rey, regi 1] = (rey, resi1). (3.16)

Our aim now is to show that mq € [0, .%,). Recall that £y # 0.

If m| = my, thenby (3.10) either £; # 0,0r¢; = Oandm; < %.Z}.Intheformercase, we
use {1 #0,a = p(£y,m;) < ¢y, from (3.14) and Lemma 3.10 (3) to conclude m; # 0 too,
thus |m; — £1] = p(my, £1) = a by Definition 3.8. In the latter case, we recall that by (3.14)
wehavea = p(my, £1) = p(m;,0) = min{m,, £, — m;} < %,/ (2n). Notice that 0 < m; <
%DZ} implies %, — m; > % > %, so we must have a = p(my, £1) = m; = |m; — £4].

We now further use (3.14) and ¢ < ¢; < lmin{roﬂo, ro( %, — EO)} to get a < 2¢/rg <

2
min{&), - Zo}, hence, by (3.11),
my = Lo+ (m; — £;)/N € (bg —a, Ly +a) € (0,.2)). (3.17)

If m) = m; — %, then by (3.10) we have ¢, =0 and m, € (%iﬂn,ﬁ,). This time a =
o(my, £1) = p(my,0) = min{m,, &, — m} = £, — my, hence, using again that ¢ < & <
%roﬁo and (3.14), we get a < 2¢/ry < £y, thus

my = Lo+ (m; — L) /N =ty — 5 € (0, ). (3.18)
We have thus shown in (3.17) and (3.18) that mq € (0, .£,), thus x = (r, mo) indeed gives the
length coordinates. It is left to show that x = (, mg) € B:(p).
We now use (3.12), (3.15) and (3.16) to conclude that either
p € (roei j, roei j+1), f(p) € (roes, roesy1) and y € (rey, regy 1), (3.19)
or f(p) = rpes, in which case

p=roe;;j and y € [reg, reg (], or (3.20)

p=roe;j and y € [re,_1, re,]. (3.21)

Hereincase s =0 welete_; = ¢,_;.
Denote 6 = r — ry. In case of (3.19), as |§| < & < &, we have by Lemma 3.14 (1)-(3)

If(p+38ei )l = llp+deijlln=Illpln+8=r=lyl

and
p+de;ij € (rej,re; 1) and f(p) + des = f(p + de; ;) € U. (3.22)

Together with (3.19), this implies that the points y and f(p + de; ;) are on the same side
[res, resy1] of 0B, (0) whenever p € (roe; j, roe;, j+1)-

Now, in case p = rpe; j, i.e. if (3.21) or (3.20) holds, we have f(p + de; ;) = rey, so it is
clear that y is on the same side of 9B, (0) as its endpoint re,;. Therefore, in any case, y and
f(p+de; ;) are on the same side of 9B, (0).

Recall that by (3.17) and (3.18),and as N > 2, we have |my — £y| < a and my # 0, whereas
by (3.14) and (3.13), wehave a = p(my, £1) < 2¢/ro < £o/(4nN) < £,/ (4nN). This means
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that the difference in angle between points x and p satisfies p(mog, €y) = |mg — £o] < a <
%,/(4nN). As we also have that |§] < ¢ < &3, we get that the difference in angle between
points p and p + 8e; ; is also smaller than .%;, / (4nN ). Hence, by Lemma 3.9 (1), the difference
in angle between points x and p + de; ; is smaller than .7,/ (2nN).

This, together with the fact that their images, f(x) =y and f(p + de; ;), are on the same
side of 0B,(0), implies, by Lemma 3.13 (3), that the points x and p + de; ; are in the same
regionﬁ*,*. Hence by Lemma 3.13 (5), we have ||y — f(p + de; ) ll, = Nllx — (p + e j) |l

To finish the proof that x € B, (p), we now consider three cases given by (3.19), (3.21)
and (3.20).

If (3.19) is satisfied, then

x,p+de. ;€ (rej, reijy1) CRij, (3.23)
so by (3.22) we may apply Lemma 3.13 (4) to f(p) and g, = y to get
y=f(p)+8e;+1t(ess1 —e5) (3.24)

forsomet € R. By (3.23) and Lemma 3.14 (3) we can now apply Lemma 3.13 (4) with p; = p
and ¢, = y to get

x=p+e;+ ]iv<e,-+1 —e)=p+de+ (81iv + Iivxem —e). (3.25)
If (3.20) is satisfied, then (3.24) and (3.25) hold, and ¢ € [0, A (g, §)). If (3.21) is satisfied,
then (3.24) would need to be modified, so we will leave this case until later. Meanwhile,
consider the case when (3.24) and (3.25) are satisfied with # > 0.

If +t >0, then, as y € B.(f(p)), we have 0 <t < A(e,8) by Definition 3.17 and
Lemma 3.18 (1).

Apply then A(g, 8) > 6 for all § € (—¢, ¢) (this follows from Lemma 3.18 (6) for § > 0
and is trivial for § < 0) to get

J Jj ot J
—A(e, [8]) < —18] < —I(Slﬁ <=+ —-< A(S,S)ﬁ +

A(e, )
N N N

i+ 1
= (e, 3)% < (e d).

(3.26)

If 81%, + % > 0, we have x € B.(p) as a consequence of (3.25) and because the right-hand

side inequality of (3.26) implies 5% + & < Ale, 8). If 8% + 4 <0, then § < 0, so the left-
hand side inequality of (3.26) and Lemma 3.18 (3) imply 51%, + sz > —A(e, =8) = —A*(¢g, §),
hence x € B.(p) by (3.25) and the definition of A* (e, §) (Definition 3.17 and Lemma 3.18 (1)).
This finishes the case (3.20), and (3.19) with ¢ > 0.

If (3.19) is satisfied and t < 0, let #/ = —¢ > 0. If we also have § < 0, then let §' = -3,
so from (3.25) and (3.24), it follows x = p + 8'e; j + j—\;(eir+1 —e)andy = f(x) = f(p) +
dey +1t'(egi1 — ey),wherei’ = (i +n/2) (mod n),j = (j+n/2) (mod n)ands’ = (s +
n/2) (mod n), so that e; = —e;, epy1 = —ejy1, €7 jy = —¢; j ey = —e; and ey | = —e,5y 1.
Asy € B.(f(p)),weconclude 0 < ¢’ < A(g, 8’), and (3.24) and (3.25) are satisfied with non-
negative ¢’ and &', instead of ¢ and §, respectively. Using 0 < ¢’ < A(g, 8) and (3.26), we
conclude that is satisfied too with ¢" and &'. It follows x € B, (p).

Ift/! =—t>0and § >0, then y € B.(f(p)) implies, using (3.24) and the definition of
A*(g, 8),that 0 < t' < A*(g, §). The expression (3.25) then becomes

—
x=p+de + (5%\/ - ﬁ) (eir1 —€i)
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and instead of (3.26) we have, using again Lemma 3.18 (6),

—t

—A*(e,8) < —t' < <6 — — <8= <38 < A(s,9), (3.27)

N N N N

which implies x € B.(p). Here we again use the right-hand side estimate in case 51‘%, -

and the left-hand side estimate in case & — 1IV < 0. This finishes (3.19) completely.
Finally, consider the case (3.21). In this case

y=f(p)+de; —t(es —es_1) witht > 0, (3.28)
so y € B.(f(p)) implies 0 <t < A(e,8) by Lemma 3.18 (2). If j =0, i.e. p=rpe;,
wehavex = p + 8e¢; — 1 (e; — ei_1) € [rei_1, re;],otherwisex = p 4 8e; j — 1 (eip1 —€;) €
[rei, rei1].

In the former case (p = roe) we have x € B.(p) by Lemma 3.18 (2) as 0 <t/N <t <
A(e, 8). If p # roe; (i.e. j = 1), then write again expression for x:

’

%209

t t
X =p+de;;— ﬁ(eiﬂ —e)=p-+de + (5N - N>(€z+1 —e;).

We consider the following three possibilities. The first one is when § > 0 and 8 £ — < >0,in
this case we use Lemma 3. 18(6)toget0 5— — <= <68 < A(e,8),hencex € B, (p) Asecond
possibilityi58 Oand(S — L < 0, in this case uset < A(g,6),j > land Lemma3.18 (5) to
get0 < 7 — 93y J M‘? 5) -0y ) = A*(e, 8)— A*(e, §),hencex € B, (p). Thelast possibility
is § < O, in Wthh case let 8’ =-8>0,thenx=p—38e;— (84 +5)(ew1 —e) =p+
8'er + (8'% + L) (esr1 — er), where we seti’ = (i +n/2) (mod n). Letalsos' = (s + n/2)
(mod n), then by (3.28)

y = f(P) + 56,\' - t(e.\' - eS*l) = f(P) + 8/6\" + [(e.\" - es’fl)-

As y € B.(f(p)), we have 0 <t < A*(e,8’) < A(e,8’) by Lemma 3.18 (2) and (6), and
8" > 0. This, together with 0 < §" < A(g, §') from Lemma 3.18 (6), implies that

. ¢ : 1
0<sl 4+ v < e, 8’)% < A(e, 8),

N
hence x = p+ 8'ey + (8% + %)(6[’+1 —ey) € B.(p).
This finishes the proof of (3.21). U

§4. Polygonal norms with 4m + 2 sides. 1In this section, we show that there are non-
Euclidean norms on the plane for which, as in the Euclidean case, for each N > 1, there
exists an N-fold Lipschitz quotient mapping f satisfying ¢/L = 1/N. Indeed, we show that
this is satisfied for all polygonal n-norms with n = 4m 4 2; the example of such a mapping
for || - ||, would be the N-fold winding mapping f defined in Definition 3.12. This section
is devoted to the proof of this result.

We already know, from Therorem 3.19, that £V is an N-fold 1-co-Lipschitz mapping. We
also know that any N-fold Lipschitz quotient mapping satisfies c/L < 1/N, see Theorem 2.10.
It remains to show that for any n = 4m + 2, the N-fold winding map f,{v SR ) —
(R?, || - ||,,) is an N-Lipschitz mapping. We first prove two additional properties of A (¢, §) and
A*(e, 8) (see Definition 3.17 and Lemma 3.18 (1)) that are satisfied only in case n = 4m + 2
and show that it is enough to check that f» is N-Lipschitz on Uyc,c, 1 (U< jcn—1 Rij)s
where R, ; are defined in Notation 3.4.
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LEMMA 4.1. Letn=4m+2, m > 1 and ¢ > 0. Then:
(1) A(e, -) is monotone increasing on [—e¢, 0] and is monotone decreasing on [0, €];
(2) NX(e,8) < A(Ne, ) and NA*(e,8) < A*(Ne, §) forall 6 € [—e,e]and N € N.

Proof. (1) ByLemma 3.18 (1), we may use that A(e, §) = A (g, §, 0, 0). Letting A = A (¢, §),
we can see that P = dep + A(e; — ep) € 0B, (0) runs vertically upwards along the boundary
of the regular n-gon from —eey = geyy11 to €€,41, as § € [—¢, 0] increases, hence A (e, -)
increases on [—¢, 0]. Let d = |le; — eplln, then A(g, -)|j0 .47 1S constant and on [ed, €], we
have that A (¢, -) decreases; hence A (¢, -) (non-strictly) decreases on [0, €].

(2) Use Lemma 3.18 (4) and the first statement of the present lemma to get A(Ne, §) =
Ni(e,8/N) = NA(e, 8). The inequality for A* then follows by Lemma 3.18 (3). O

The purpose of the next lemma is to allow us to verify only the pointwise Lipschitzness
of a mapping at points of a certain subset of the plane, in order to ensure that the mapping is

Lipschitz everywhere. The choice of the subset, | Jo<i<a—1 Ri ;. is dictated by the fact that
0<j<SN-1

the N- fold winding mapping f is linear in each of the regions R, j—we will later show that

£ is pointwise N-Lipschitz at each x € R; ;.

LEMMA 4.2. LetL >0, f: R, |- ) = R?, ||| - ||]) be continuous and pointwise L-
Lipschitz at every x € | o<i<n—1 Ri j. Then f is L-Lipschitz on the whole @R - .
0<j<N—-1

Proof. By Lemma 2.2 we know that f is (globally) L-Lipschitz on each of the open regions
Ri . By continuity of f, itis L-Lipschitz on the closure of each region R; ;, see Lemma 2.1.
As the closure of P = |Jo<i<n—1 Ri, ; is the whole R?, by Lemma 2.2, it remains to show

0<j<N—1
that f is pointwise L-Lipschjitz at the points x on the boundary of P. Indeed, if x € 3P and
is not zero, then for r small enough B, (x) intersects only ﬁ,»_y ;j and ﬁi, j+1 for some i and j
whilex € ﬁi.j N ﬁ,‘,j“ , hence pointwise L-Lipschitzness of f in each of these regions implies
[If(x) — fFO)IIl < L|lx — y|| for any y € B,(x). If x = 0, then for any r, we have that B, (0)
intersects all ﬁi, j while 0 € 9R; ; for all pairs (i, j). Hence, pointwise L-Lipschitzness of f
in each R, ; implies [[1£(0) — f()II| < Llly|l for any y € B, (0). 0

THEOREM 4.3. For n=4m+2,m > 1 the Lipschitz constant Lip(fN) of the N-fold
winding mapping £~ under | - ||, is equal to N.

Proof. For simplicity of notation, denote f¥ by f. It is clear that Lip(f) > N from
considering points x = ep and y = ¢g ;: f(x) = x and f(y) = ey, hence || f(y) — f(X)|l, =
N|ly — x]|,. Therefore, by Lemma 4.2, it is enough to show that £ is pointwise N-Lipschitz
at all points p € P := (Jo<i<n—1 Ri;-

0<j<N—1

Let p € P,say p € R; ; and define s = (Ni + j) (mod n). Denote the length coordinates
of p as (rg, £y). Take &g = A > 0 defined by (3.2) such that the conclusions of Lemma 3.14
hold and let € € (0, &y). Take x € B.(p), denote the length coordinates of x as (r, £). Let
8 :=r —rp, note that § € (—¢,¢) and x € R; ; hence x € (re; j, re; j+1) and f(x) € Us. By
Lemma 3.13 (1) f(B:(p)) S U;. We show that f(B:(p)) S Bne(p).

Denote by ¢, £», £3 and ¢4 the angle components of length coordinates of points p + §e;,
p+de; j,p+ 8e; jy1and p + ey, respectively. Note that for § > 0 we necessarily have £; <
£y < €3 < €4, and for § < 0 we have £4 < €3 < €, < £;. Also note that by Lemma 3.14 (1)
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and (2), all these four points have || - ||,-norm equal to r and all belong to R, ;, hence all are
on the same straight line segment (re; ;, re; j+1) and x € (re; j, re; j;1) too.

Casel1:5 >0and £ > {,.

The assumption ¢ > ¢, implies that ||x — (p +8e;)ll, = llx — (p + e ), as €2 = £,
in this case. As x, p+ de;, p+ de;; all have the same norm and belong to R; ;, we use
Lemma 3.13 (5) and Lemma 3.14 (3) to get

If(x) = (f(p) + 8e)lln =Nlx — (p+8ei ), < Nllx — (p+8e)ll, < Ni(e, 8).

The last inequality is satisfied since x € B.(p) N [re;, re;y1] and £ > £, > £; implies x =
(p+de;) +1t(eir1 — e;) for some ¢ € [0, A(g, §)). Using now Lemma 4.1 (2), we conclude
£ () = (f(p) + 8es)lln < A(Ne, §), whichimplies, as f(x) € f(p) + des + Ry (es1 — ey),
that f(x) € By:(f(p)).

Case?2:5 > 0and £ < £,.

In this case, we have |x — (p+8ei)|ln = lx — (p+8ei jr1)lln as £ < £y < €3 < 4y
Using again Lemma 3.13 (5) and Lemma 3.14 (4), we get

1f(x) = (f(p) + 8er)lln = Nllx — (p+8ei j+1)ln < Nlx — (p+8eir)lln < NA (g, 8).

The last inequality is satisfied by Lemma 3.18 (2), since x € B.(p) N [re;, re;+1] and
£ <ty <Ly implies x = (p+ Se;11) —t(ejr1 — e;) for some ¢t € [0, A(g, §)). Using now
Lemma 4.1 (2), we conclude | f(x) — (f(p) + desr1)lln < A(Ne, §), which implies, as
F() € F(p) +egit — Rileyrr — e,), that £(x) € Bye(f(p)), again by Lemma 3.18 (2).
Case3:5 <0Oand £ > £5.
The assumption £ > €3 implies that [|x — (p + deir 1) |ln = lIx — (p+ de; jr1)llnasls = £y
in this case. Using Lemma 3.13 (5) and Lemma 3.14 (4), we get

I1f ) = (f(p) + Sesi)lln = Nlix — (p+ e jr )l < Nlx — (p+ deir)ln < NA™ (g, 9).

The last inequality is satisfied by Lemma 3.18 (2), since x € B.(p) N [re;, re;+1] and
L > 4€3 > Lyimpliesx = (p+ de;y1) +1t*(eir1 — €;) for some t* € [0, L* (¢, §)). Using now
Lemma 4.1 (2), we conclude || f(x) — (f(p) + des+1)ln < A*(Ne, 8), which implies, as
f(x) € f(p)+desi1 + Ry (esr1 — e), that f(x) € Bye(f(p)).

Case4:5 < 0and £ < {3.

The assumption ¢ < ¢3 implies that ¢ < €3 < £, < £; in this case. Hence |x — (p +
Se)|ln = llx — (p+ de; ;) ||, therefore using again Lemma 3.13 (5) and Lemma 3.14 (3),
we get

1) = (f(p) +8e)lln =Nlx — (p+3e; lln < Nlx — (p+8e)lln < NA' (e, §).

The last inequality is satisfied since x € B.(p) N [re;, re;1], and £ < €3 < £, < £ implies
x = (p+de;) —t*(ejr1 — e;) for some t* € [0, L*(¢e, §)). Using now Lemma 4.1 (2), we
conclude | f(x) — (f(p) + dey)lln < A*(Ne, §), which implies, as f(x) € f(p) + de; —
Ry (eg+1 — e5), that f(x) € By:(f(p)). U

COROLLARY 4.4. Forn =4m+ 2 and m > 1, the ratio of the co-Lipschitz and Lipschitz
constants of the N-fold winding mapping, f~, under || - |, is equal to 1/N.

Proof. Follows from Theorem 3.19 and Theorem 4.3. U
COROLLARY 4.5. Letn = 4m +2andm > 1. If|| - || is a norm on R? whose unit ball is a

linear image of a regular polygon with n sides, then there exists a Lipschitz quotient mapping
g R, |- 1) — @R, || - ||) with ratio of constants ¢/L = 1/N.
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Proof. Let fV be the N-fold winding mapping for the n-norm || - ||,. From Remark 3.3,
Theorem 4.3 and Theorem 3.19, it follows that the mapping g: (R?, | - ) — R?, || - ),
defined as g = U o fV o U~!, is a Lipschitz quotient mapping with ratio of constants equal
to 1/N. Here U is an isomorphism (R?, || - [|,) — (R?, | - |). O

§5. Polygonal norms with 4m sides. In the previous chapter, we have shown that for any
polygonal norm with 4m + 2 sides and for any norm whose unit ball is a linear image of a
regular polygon with 4m + 2 sides, there exists an N-fold Lipschitz quotient mapping with
ratio of constants equal to 1/N. Now we are going to show that for all remaining polygonal n-
norms on the plane, i.e. whenever n is divisible by 4, every N-fold Lipschitz quotient has ratio
of constants strictly less than 1 /N, whenever N > 2. We first show in Theorem 5.12 that forn =
4mandeach N > 2 thereis no N-fold Lipschitz quotient mapping, under the norm || - ||,,, which
achieves the 1/N ratio of constants, and then concludes in Theorem 5.13 that the same is true
for all polygonal n-norms. We then show in Proposition 5.14 that the ratio of constants cy /Ly
of the N-fold winding map for the n-norm || - ||, is bounded above by py, = W It

is our conjecture that for any Lipschitz quotient map f: (R?, || - |l,) — (R, || - [l,), the ratio
of its co-Lipschitz and Lipschitz constants does not exceed py.,, see Conjecture 5.15.

Throughout the section we will be working with the n-norm || - ||,,, and with the Euclidean
norm denoted by | - |, as usual. Recall Notation 3.4 which we will be using in the next lemma.
Also, recall the notion of length coordinates introduced in Definition 3.7.

LEMMA 5.1. Let n =4m, m > 1 be integers. For r > 0 and 0 < a < rlle; — egl|,, let
P = (r,.%, —a/r) and P, = (r, a/r) be two points on the sides [re,_1, reg] and [rey, re|] of
0B,(0), respectively, given in their length coordinates. Then ||P; — P> ||, = 2a cos®(r /n).

Proof. Notice that ||P; — rey||, = a for i = 1, 2 by the definition of the angle component
of length coordinates. As [P}, P;] is a vertical line segment and D = [re,,, res,] is a vertical
diameter of 9B, (0), we get

1Py —Polln P — P
DIl Dl
so [P — P, = |P — B|, as ||D||,, = |D|.
On the other hand, applying Remark 3.5 (1) and Lemma 3.6 (1), we get

leo — eil 2sin 7
[reg — P;| = llreo — Pill» = - =acos(w/n).
lleo — erlln 2tan >
Hence [|P; — P>||, = |P; — Ps| = 2|reg — Pi| sin(“52%) = 2acos’ (w /n). O

Notation 5.2. Recall Notation 3.4. Forany 0 <i<n—1and0 < j <N —1letwy;y; =
e; j. Denote the angle between R wy and R, w1 as oy. Of particular importance for us will
be o. Note that the values of oy depend on n and N; we will, however, suppress these indices
for convenience of notation.

LEMMA 5.3. Let n=4m, m > 1 and N > 2 be integers. Let further o be the angle
ZwoOwy, as defined in Notation 5.2. Then
2
5 tan 7

< 2 tan
2 27 XN
1+ (- 5)tan” &

tan oy =

ERE]

(5.1)

In particular, if n = 4, then tan oy = ﬁ
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the straight line segment [e, ¢ ],

tan(% — o) B

N
N1

hence

tan g = tan(- — (= — o)) =

N[=

tan 7 — tan(7- — o)

1 —

Proof. Notice that from the right triangle Ow; W, where W = % is the middle point of

’

=l

2 14
Ntan n )

1 + tan 7 tan (> — @) - 1+ —%)tan -

LEMMA 5.4. Letn =4m, m > 1 and N > 2 be integers and let r > 0. Using Notation 5.2,
consider the intersection point swy between the line R, w; and the vertical line through re.

(5.2)

Then

[reo — seill, = rtan Z(2 + tan = tan ap).

s =r(1 +tan 7 tan ay),

(5.3)

||}’€0 — Swj ”n = rtan oy,

(5.4)

Proof. As the straight line segment [swy, req] is vertical and n is divisible by 4, we conclude

that ||reg — swy||,, = |rep — swi| = rtan o, proving (5.3).
Since w; € [ep, e1], the angle between w; — ey and the x-axis is equal to % — 7—1 hence

s —r =|sey — reyg| =

|reg — swq|

bi1

s

t = =

2

= rtanagtan =,
n

which implies (5.2).
Now let d := ||rey — seq||,, consider the polygon dB;(rey), containing se;, and denote by

Q its 7 th vertex. Let H be the intersection point between the horizontal line through se; and

the vertical line through re(, notice that
/HE\Ey = % —

where E; = se;, i =0, 1.

T
n’

(

Using (5.5), (5.2) and |seg — se;| = 2ssin 7 from Remark 3.5 (1), we get

|reo — H| = cos -|seq — sej| = (2sin - cos T-)s, and

|se; — H| = tan -|reg — H| — |sey — reg| = 2 sin? Ts—(s—r)

= 2rsin® (1 +tanaptan 7-) — rtan o tan 7.

Finally, as ZE1QH = 7 — -, we use (5.7) to get

|H — Q| = tan T |se; — H| = 2rsin2%tan%(l +tanag tan ) — r tan o tan” -

We therefore obtain, using (5.6) and (5.2),

d=|reg — Q| = |reo —H| + |H — Q]

= (2sin - cos T)s + 2r sin’ Ztan - (1 +tan g tan 7-) — rtan e tan’ z

5.5)

(5.6)

5.7
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= (2rsin 7 cos 7-) (1 + tan g tan 7-) + 2r sin’ % tan 7 (1 + tan o tan 7-) — rtan o tan’ -
= 2rsin 7 (1 + tan g tan 7-) (cos - + sin - tan 7-) — rtan & tan’ -
= 2rtan - (1 + tana tan 7-) — r tan o tan’ -

= 2rtan % + rtan g tan’ ”’—1

which proves (5.4). U
Note that in the following lemma, we assume m > 2 as sec(27m /n) is undefined for n = 4.

LEMMA 5.5. Letn = 4m, m > 2 be integers. For u > 0 define
ap :=ucos(2w/n) and a; := usec(2m /n) (5.8)

and let a € [ay, a1). Assume further p € R, ey and g € R e. Then

(1) ae; belongs to the (5 + 1)th side of dBjue,—ae, |, (Ueo);

(2)  llueo —qlln = llueo — aeyll,, whenever ||qll, > a;

(3) lp—aeilln = llueo — aey ||, whenever ||pll, = u;

@) llp—qlln = llueg — aei ||, whenever ||pll, = uand a1 = lliqll, > a.

Proof. (1) Notice that the constants ag, a; are defined by (5.8) in such a way thata;e; — ueg
is vertical and its angle with ape; — ueq is equal to 27” Consider T € [ueq, aje;] such that the
triangle formed by ueo, ape; and T is isosceles, hence the Euclidean distance |7 — ueg| =
lape; — ueg| = usin(27m /n). On the other hand, the orthogonal projection of a;e; — age; on ey
is equal to (a; — ag) cos(27 /n), and the line through age; and T is at 7t /n with the horizontal
direction, thus

lage; — T| = (a; — ap) cos(2m /n)/ cos(w /n) = u(l — cosz(Zn/n))/cos(yr/n)
= 2usin(2w /n) sin(w /n) = 2 sin(mw /n)|uey — T.

Hence it is readily verified by Remark 3.5 (1) that age; is the (7 + 1)th vertex of
OB)ueo—aper 11, (U€0)-

For an arbitrary a € [ay, @], we now have that the line through ae; parallel to ape; — T
intersects [ueg, aje;] between T and a;e;, hence the statement follows.

(2) Notice that if ¢ = A := ae,, then (2) is satisfied trivially. Assume thus ||g||,, > a. Let
d = |luey — aey||,,, consider the polygon 9B, (uey), denote its (;’{)th vertex by Q and let H
denote the intersection point between the horizontal line through A and the vertical line through
uey.

Since ap < a < ay, by (1) we know that A belongs to the (% + 1)th side of the polygon
0B, (uey), therefore ZHAQ = 7 /n. On the other hand, since g € R, e; and ||q|, = a, we
have /ZHAq = 27” > = Thus, g ¢ B;(uep), since g belongs to the closed half plane above the
line AQ implying (2).

(3) Assume that p € R ¢ is such that ||p||, > u and let d’ = ||p — ae;||,. Let H' denote
the intersection point between the horizontal line through A and the vertical line through p.
Also denote by Q' the (7)th vertex of the polygon 3By (p).

Notice that if 0 < ZQ'pA < 27 /n, then A belongs to the (7 + 1)th side of the polygon
9By (p). In this case, we have that A, Q, Q' are on the same straight line and

ZpOA=2; /AQH = ZAQH' =% —Z and ZH'AQ' = ZHAQ = Z. (5.9)
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Itis also clear thatif Z/Q'pA > 27 /n, then A is not on the (% + 1)th side of 3By (p), so instead
of the last two equations in (5.9), we have:
ZH'AQ' > ZHAQ =~
So Q is below the line AQ’. In both cases we have:
d'=lp—Al.=Ip— Q> lueg — Q| = lluey — aeill, = d,

as p and ue( belong to the x-axis and Q' is higher than Q, implying (3).

(4) Assume that g € Roe; is such that a < ||gll, < a;. Use (3) with a = ||q||,, to get
lp— qll, = llueo — ql|»- Joining this with (2) for an arbitrary a € [ao, a;], we get the desired
inequality. ]

COROLLARY 5.6. Let n =4m, m > 1 be integers. For any r > 0, if p € Ry eq and g €
R ey are such that || pll,, llgll, = r, then |p — qll, > 7%,

Proof. For n =4, m =1 we know that || - ||4 is the £;-norm, so we can easily calculate
distances, indeed for p = (x, 0) and g = (0, y), given in Cartesian coordinates, with x, y > r
we have:

1
Ip—qlla = x|+ Iyl = 2r = Zr,,%,

Assume now thatm > 2andlet p € R egand g € R, e be as in hypothesis of the corollary.
Then r' := min{||g||,, | pll.} = r. As the unit ball By (0) is symmetrical with respect to the
bisector of Ze;0ep, we may assume without loss of generality that ' = || p|,,. Hence we can
apply Lemma 5.5 (2), using a = u = r’ as in this case p = uey, a € [ag, a1] trivially and
lgll. = ¥ = a. We get:

<,

1
Ip— qlln = llueo — qlln > lluey — aeill, = r'lleg —eill, = V/7 > Zr.,%.

O

Notation 5.7. In subsequent statements, we will use the following notation. For any » > 0
and 0 < i < n— 1 wedenote D; = Rye; and D! = [r, +00)e;; we also let D" = U;’;OI Dr.

For a point p € R? we will also use notation dist,, (p,S), where S = D;, D} or D" to denote
the quantity inf{||p — x||,, : x € S}.

LEMMA 5.8. Let n=4m, m>1, 0<i<n—1 be integers. If P € R* is such that
1Pl sin(27 /n) = 2dist, (P, D;), then the point Q = ||P||,e; satisfies Q € Dy, [|Qlln = IPlln
and ||P — Q|| < sec?( /n)dist, (P, D).

Proof. Asthe norm is invariant with respect to the rotation by 277 /n, we may assume without
loss of generality that i = 0. Denote r = ||P||,,. Let Q; = re; and Q = rey. The statement is
straightforward if m = 1, i.e. || - ||, is the £;-norm.

Assume therefore m > 2. As d := dist,(Qy, Dy) is equal to the Euclidean distance from
Q) to Dy, which, by Remark 3.5 (1), is equal to 2r sin(;r /n) cos(zw /n) = |P||, sin(2w /n) =
2dist, (P, Dy), we conclude that either P € [reg, req] or P € [re,_1,reg]. Let H € Dy
be the point such that PH is vertical, then |P — H| = ||P — H||, < dist, (P, Dy), thus
|P — Q| < sec(r/n)dist, (P, Dy). Then by Lemma 3.6 (1) ||[P — Q|l, = |P — Q] sec(w/n) <
sec” (r /n)dist, (P, Dy). U
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The next proposition shows that if an N-fold Lipschitz quotient mapping has the ratio
of its co-Lipschitz and Lipschitz constants with respect to | - ||,, equal to 1/N, then it must
map corners re; of its ball of radius r centred at the origin close to the rays R e;, for all r
big enough. Eventually we will use it to show that any such Lipschitz quotient mapping is
‘close’ to the N-fold winding map whose ratio of constants is strictly less than 1 /N, leading to
contradiction. We will assume in the next proposition that the Lipschitz quotient map keeps
the orientation, see Remark 2.7, in the sense that its decomposition f = P o h consists of a
monic polynomial P and an orientation preserving homeomorphism #.

PROPOSITION 5.9. Let n = 4m for somem > 1, andlet f: (R%, || - ) = (R?, || - ||,) be
an L-Lipschitz and c-co-Lipschitz N-fold mapping which satisfies f(0) = 0. Ifc/L = %, then
there exist positive constants k (defined by (5.13)) and R such that for all p > R and p € D?,
it holds dist,, (f (p), D?") < k, where p' = c¢(p — M) and M = max{||z||, : f(z) = 0}.

Proof. Consider the mapping g(x) := f(x)/L; note that g is a 1-Lipschitz, 1/N-co-
Lipschitz mapping that maps zero to zero. It is then enough to find R; and «; which
work for g and ¢ = 1/N, and to let R = Ry, k = Lk;. Indeed, this is because g(z) =0
if and only if f(z) =0, so that M = max{||z||, : f(z) = 0} = max{]|z]|, : g(z) = 0}, and
1f(p) = Lp'll. = Llig(p) — p/ll, for p € D and p/ € Dx @M,

Let R, be given by Theorem 2.8 applied to g. Let p > R; and p € D”; set p’ = Iiv(,o —M).
As p = re; is a vertex of 9B, (0) for r = ||p|l, = p, we may perform a rotation of an integer
multiple of 27 /n without affecting the Lipschitz and co-Lipschitz constants of g, and assume
without loss of generality that p = re.

Set

2nM

U= Sin2r /n)

and let a := dist, (g(rep), ]DV’/). If a = 0, there is nothing to prove as x; > 0. Assume a > 0,
i.e. g(reo) ¢ D*'; we first show that

a<rle) —eilln (5.10)

By Theorem 2.8 (1), we know that r' := | g(reg) ||, > %(r — M) > p/, therefore, since

g(rep) is not in D', we have that g(reo) lies between two of the lines D, say g(rep) lies in
one of the regions U, 0 < s < n — 1. Hence, g(rep) € (re, r'esi1), so that

0<a< ||g(reo) - r/eS”l‘t < ||r/es+l - r/es”n = r/lle] —eoln-

Since g is a 1-Lipschitz mapping and g(0) =0, we have r’' = ||g(reop)|l, < |lreoll, =7,
therefore (5.10) follows.

Let, as in Lemma 5.1, P; and P, be on the sides [re,_1, reg] and [reg, re1] of dB,(0),
respectively, such that [|P; — regll, = a. Let y : [0, p.£,] — 0B,(0) be the 1-Lipschitz
parametrization of the boundary of the polygon B,(0) with starting point at P; so that
y(0) = Py, y(a) =rep, y(2a) = P, and Indgy = 1. Let g; = g(P); as ||Pl, =1 = p, it
follows, by Theorem 2.8 (1), that |g1 ., llg21l, = 0’ = %(p — M), and, by 1-Lipschitzness
of g and Lemma 5.1 that

lg1 = @21l < IPy = Poll, = 2acos® (z /n). (5.11)
LetU = U, \ B, (0). Since g and y are 1-Lipschitz, for any ¢ € [0, 2a]
lg(y (1)) — g(reo) ., = g(y (1)) — g(y (@)lln < It — al < a = dist, (g(rep), D),
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so as g(rep) €U and |g(y ()|, = p' for all ¢ € [0, p.Z,], we conclude that (go
¥)([0, 2a]) € U. Moreover, since the region U is convex, it follows [q;,q2] = [(go
¥)(0), (go y)(2a)] CU. Let ¢ : [0, 2a] — [q1, g2] be a linear parametrisation, and define

o)), if2a<t < 5.
We thus have that IndyI" = Indo(goy) =N and ||I'(t)|l, = p’ for all . Hence from

Lemma 2.9, we infer that

, 1
lg1 = q21ln +length, (g © ¥ )li2ap.20) 2 N(p'Zn) =N+ (p = M)Z, = (p — M) Z,.
Therefore, using again that g and y are 1-Lipschitz, and (5.11), we get

0L, — 2a > length, (g0 ¥ |pa.z,p) = Lu(p — M) — 2acos’( /n).

LM _ 2nM
2sin’(/n) ~ sin(2w/n)’

Hence we conclude that 0 < a < where the last equality follows from

Lemma 3.6 (1), therefore

2nM
dist, (g(p), DY Py =g < — 2 = (5.12)
sin(27 /n)
To finish the proof of this proposition is now enough to define the constant
2nM
K:=L——. (5.13)
sin(2m /n)
O

LEMMA 5.10. Letn = 4m for somem > 1, N > 2 andlet f: (R?, || - ||,) = ®R> |- |l,)
be an N-Lipschitz and 1-co-Lipschitz N-fold mapping which satisfies f(0) = 0. Then for any
T > 0 and ¢ > 0 there exist positive constants Ry, k1 > T such that for each p > Ry, if

dist, (f (pwo), Dy M) < k1, (5.14)
then
dist, (f (pwe), D} (o m)) < (14 &)k (5.15)

forall1 <k < nN — 1, where wy, are defined in Notation 5.2.

Proof. Let M = max{||z]l, : f(z) =0} and let R be the maximum of values given by
Theorem 2.8 and Proposition 5.9 for f. Define

Ky = max{T,NM.%,/¢}, (5.16)
and
Ry = 1 4+ max :R, T, SnGr /@) —|—M}, (5.17)

let p > Ry, and assume, as in the hypothesis of the present lemma, that (5.14) is satisfied.
Consider y : [0, p.£,] — 3B, (0) to be a 1-Lipschitz parametrisation of 3B, (0) with y (0) =
Y (pL,) = pey = pwy.

By Theorem 2.8 (2), Indy(f o ) = N, hence there exists a continuous parametrisation
0 : [0, p-Z,] — R of the Euclidean argument of (f o ) ([0, p-%£,]) which satisfies
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6(0) = arg(f o ¥)(0);
0(t) (mod 27) = arg(f oy)(t) forallt € [0, pZ,];
0(pZ,) =60(0) +27N.
As the co-Lipschitz constant of f is equal to 1, we have ||[(f o ¥)(O)|l, = |f (owo) . =

o — M by Theorem 2.8 (1), thus || f (pwo)|l,, > bm(ﬂ’(w by (5.17), and so, by (5.14), we get

that 0(0) € (—/(2n), w/(2n)). Foreach 1 < k < Nn — 1, let us define the values

2

f = sup {t €10, p. 2] - 0(t) = k—”}, and
n
(5.18)

_ kpZ,
"N n
Notice that 0 <t < -+ < t,y_1 < p-Z,, 0(t) = kZ and 0(t) > k= foranyt € (t, p-Z,].
This, in particular, implies (5.19) below, while the definition of s; implies (5.20), for all
1<k<<nN-1:

Sk

(f o ¥)(t) € DY Hog - (5.19)
y (sk) = pwy. (5.20)
We also conclude, foreach 1 < k < nN — 2,
(o —M).Z,
N (tev1 — 1) = length, ((f o ¥)[t, tr+1]) = — (5.21)

Indeed, the left-hand side inequality follows from the fact that (f oy) is N-Lipschitz,
and to prove the right-hand side inequality, we use (5.19) and Theorem 2.8 (1) to get
(foy)) e D™ i =k, k+ 1, and then apply Corollary 5.6. Using the fact that

i (mod n)?

6(0) € (—m/(2n), w/(2n)) and
dist, ((f 0 )(0), D§M) = dist, (f (pwo), Df ™) < «i,

we similarly conclude that

t; 2 length, ((f o ¥)[0,#1]) > ———  — k3, and
. P (5.22)
-M n
N(pﬁ - t”N—l) = lengthn((f o V)[tnN—la /021]) > (p—n ) — K.

Let 1 < j < nN — 1. Summing up the inequalities (5.21) over 1 < k < j — 1 and over
Jj < k < nN — 2 with, respectively, first or second inequality from (5.22), we get
-M)Z,
Nt; > lengthn(fo y[0, tj]) > ju — k1, and
n

-M 9%1
N(pZ, —1;) > length, (f o vlt;, p-Z]) > (WN — j)% _

Therefore, using N > 2 and k| > M.Z, from (5.16), we get, using the definition of s
from (5.18),

=ML ML, Kk K1
t_j>NT"_ﬁ:s_j— nN”+ﬁ >s‘,-—(M,§fn+ﬁ>
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i (o—M)YZ K UM)Z, ki
tj<p$z_(n_ﬁ)T+ﬁ=M$1+Sj—T+N
K
<SJ+M$7+NI
We thus conclude that

K1
N

Hence, using (5.19) and (5.20), and, additionally, that (f o y) is N-Lipschitz, we conclude
that for 1 <k <nN —1,

dist, (f (0we), D} "tnoa ) < N 0 ¥)(s6) = (f 0 ¥) @)l < Nlse — il < k1 + NM L,

(mod n)

and we get (5.15) using (5.16). (]

|t —s;j| < MZ, + (5.23)

Remark 5.11. One can see that if, instead introducing «; in (5.16), we simply assume
dist,, (f (pwy), DgiM) < T in (5.14), we would get, instead of (5.15), that

dist, (f (pwo), D) < T + NM.Z,.

With the last two results in hand, we are now able to show that the ratio of constants of any
N-fold Lipschitz quotient mapping under a 4m-norm is strictly less than 1/N.

THEOREM 5.12. Letn = 4mforsomem > 1,andN > 2.If f: (R, || - l,) = R%, || - [I)
is an L-Lipschitz and c-co-Lipschitz N-fold mapping, then c/L < 1/N.

Proof. By Theorem 2.10, we know that ¢/L < 1/N. Hence if the conclusion of the present
theorem is not satisfied, then ¢/L = 1/N. Without loss of generality, we may assume further
that f(0) =0, c=1 and L = N (replace f(z) by (f(z) — f(0))/c), thus we may apply
Proposition 5.9 and Lemma 5.10.

By Theorem 2.8 and Proposition 5.9 there exists R > 0 and a constant « such that whenever
r > R and ||p|l, =r, we have ||f(p)|l, = c(r — M) = r — M and, moreover, there exists
j=jr)e{0,1,...,n— 1} such that

dist, (f (reo), DN (moa m) < K- (5.24)

Let R =R +3nk /%, + M. Since we may perform a rotation of the image by —j (R)ZT”
radians without changing the Lipschitz and co-Lipschitz constants of f, we can assume without
loss of generality that j(R) = 0, i.e. dist,(f(Reo), Dg_M) < k. As the length of a side of
0B,_y(0) is (r — M).%,/n > 2k for r > R and f(rey) : [R, o0) — R? is continuous, we
use (5.24) to conclude by Corollary 5.6 that j(r) = j(R) =0 forall » > R, i.e.

dist, (f (rep), D(’)_M) <k forall r 2 R. (5.25)

By Lemma 5.10 this implies that there exist Ry > R and x; > « such that forany r > Ry and
any 1 < k < nN — 1 we have dist, (f (rwy), D,’;_M) < 2k; for the definition of «; see (5.16),
where we set T =k and ¢ = 1.

Now we set the new constants

Ky = 2K secz(n/n);

2n 2
8 =14 max { —«psec™(w/n), M +

Z (5.26)

tan(r[/n)Kz} :
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R — . RIS oM, 48 ’ M + §cos(2m /n)
sin(27 /n) tan? (7 /n)tancay’ 1 — cos(2m /n)

and pick r > max{R, Ry, R*}.

Consider first the case n = 4. In this case the norm || - ||,, coincides with the £;-norm.
Consider the pair of points rep and swy, as in Lemma 5.4. Let f (reg) = (x1, y1) and f (sw;) =
(x2, y2) be givenin Cartesian coordinates. Thenx; > r — M —k > r — M — kjand |y;| < k1,
hence |xi| — [yi1| =2 r — M — 2ky; [x2| < 261 and y, > s — M — 2k, hence [y2| — x| = 5 —
M — 4ky. Thus, we can use (5.26), Lemma 5.4 (5.3) and Lemma 5.3 to get

If Gswy) — f(reo)lln = |x1 — x| + [yt — y2| = (r +5) — 2(M + 3k1)

2N —1 2(M + 3k1)
- >
N—1 R

a contradiction since f is N-Lipschitz. Here we used that by (5.2) of Lemma 5.4s = r(1 +
tan 7 tanag) = rN/(N — 1) as tan 7 = tan 7 = 1 and, by Lemma 5.3, tanap = 1/(N — 1),
followed by r > R* > 6k + 2M.

Let now n > 4. The remaining proof is organised as follows. We first check that at least
one of the two points P, = f(rw;), i = 0, 1 belongs to §r+5 (0). We then consider two cases,
P, € B,,5(0) fori = 0 ori = 1, and get a contradiction in each of the cases. This completes
the proof of this theorem.

Assume first |P;||, > r 4+ § for both i =0, 1. As dist,(P;, D;) < 2k, by (5.26) we have
2dist, (P;, D;) < ||Pill, sin(2w /n), so we may apply Lemma 5.8 to get that W; = ||P;||.e; €
D; are such that |W;|, = ||Pll, > r + & and ||P, — W;||,, < 2k sec’*(m/n) = k2, i =0, 1. By
Corollary 5.6 we have ||Wy — Wi||,, > %(r + 8).%,, hence also using (5.26) and .Z, < 2n
(easily seen from Lemma 3.6), we get

=r = Nrtanoay = Nlreg — swy |,

2, Z,
r =Nr— = Nrlwo — will, 2 I f (rwo) — fw) ., = 1Po — Pilla
n nN
<z, <z,
= [Wo —Will, — 22 > (7’+5)7 — 2K > V7,

a contradiction.

Case 1.m >2and Py = f(rep) € B,15(0).

In this case dist, (f(rep), DS_M) Kk<kpandr+68 2| f(reg)llp, =r—M >r —34, as
82> M. As 2k; < (r — M) sin(2w /n) from (5.26), we may apply Lemma 5.8 to get that the
point Q = [|f (reo) leo € Dy is such that [Qll, = IIf (reo)ll, € (r — 5, r + 8), hence ||Q —
reoll, < 8, and || f(reo) — Qll, < k1 sec’(r /n). This implies, using (5.26)

£ (reo) — regll, < 8 + 1 sec? (mw /n) < 28. (5.27)

Now (going back to the domain of f), let sw; be the intersection point between R, w)
and the vertical line through reg, as in Lemma 5.4. As s > r > Ry, we get from the choice
of Ry that Lemma 5.10 holds for f and ¢ = 1, so that dist, (f (sw;), Di‘M) < 2«1, and from
Theorem 2.8 (1), s’ = ||f (swy)|l, = s — M. Since s — M > r — M, we get from (5.26) that
(s — M) sin(2w /n) > 4k, so we may apply Lemma 5.8 to get

ILf (swi) = s'erlln < 2k sec? (o /n). (5.28)
Apply (5.27) and (5.28), following by 2« sec? (7 /n) < § from (5.26), to get
I f(reo) — f(swi)ll, = lIs'er — regll, — llreg — f(reg)lln — lls’er — fsw)ll,  (5.29)

> |Is’er — reoll, — 28 — 2« sec”(w /n) = |Is'er — regll, — 38.
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We now plan to use Lemma 5.5 (2) foru = r,a = s — M and g = s'e;. Let us first verify that
its conditions are satisfied. We have already mentioned above that s' > s — M, so it remains
to check that

s—M

cos(2m /n) < < sec(2m /n). (5.30)

Let us now recall the results of Lemma 5.4. By (5.2), s/r = 1 +tan 7 tanatg. As M/r <
tan 7 tan o by the choice of R*, we only need to verify that # <sec(2m/n). As N = 2,
we get from Lemma 5.3 that 0 < tan oy < tan % hence

S
sec%” > iﬂ =l—|—tan2%> 1—|—tana0tan%=—.
cos> - r

This allows us to use Lemma 5.5 (2) to conclude that ||req — s'e|l, = ||[reg — (s — M)eq||,.-
This last inequality, used together with (5.29), gives us:

Il f(reo) — f(swi)lln = llreo — (s — M)eqll, — 38 = |lreg — seqll, — M — 38
= |lreg — seq||, — 46.

We now apply (5.4) of Lemma 5.4 to the above inequality, following by the estimate for R*
from (5.26), then Lemma 5.3 and (5.3) of Lemma 5.4, and conclude that

Il f(reo) — f(swi)l, > rtan Z(2 + tan Z tan atg) — 48 > 2r tan =
> Nrtanoy = N||reg — swi||,,

a contradiction as f is N-Lipschitz. _
Case2.m=>2,Py= f(reyg) ¢ B,15(0) and P, = f(rw;) € B,15(0).
First we note that if we let u = r + 8§, a = r — M and qy, a; be defined as in (5.8), then

u, a, ag, a; satisfy the assumptions of Lemma 5.5. (5.31)

Indeed, a < r < u < q is trivial and ay < a because r > R*, see (5.26). By Lemma 5.5 (1),
we conclude that the point ae; is on the (ﬁ + 1)th side of the polygon B, (uey), where d =
lueo — aey||,.

Consider the vertical line through uey and let Q denote the (ﬁ)th vertex of dB, (ue() that
belongs to this vertical line. Let further H be the intersection between the horizontal line
through ae; and the segment [ueq, Q]. Finally, let V = vey be the intersection between the
x-axis and the vertical line through ae; .

Using that v = acos 2,—1”, we conclude

2
|Q—H|= (u—v)tan T = (u—acos%)tan%,

H — uey| = |ae; — vey| = asin 2= = atan Z(cos 2 + 1),
n n n

so that
d=1|Q—H|+ |H — ue| = (u+a)tan%.
Hence, as u + a = 2r + § — M, using Lemma 3.6 (1) and (5.26), we conclude
| (r+8)eo — (r — M)eyll, = llueo — aeyll, = d (5.32)

= Q@r+8—MyanZ =rlleg—eill, + 6 —M)yanZ > rleg — el + 2.
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Now, from (5.25) we know that f(rep) is at most k-far from the ray Dy and, in this case, we
have || f(reg)|l, > r + 8, so applying again Lemma 5.8, as (r + §) sin(2w /n) > 2k, we get
that Qy = || f (rep)|leo satisfies

Il f(reg) — Qoll, < Kk sec (n/n) < K7 sec (7‘[/}’!) < K. (5.33)

We also use Lemma 5.10 to get dist,,(f (rw1), D) < 2«y, hence as r — M < || f(rw)|l, <
r+ 6 and (r — M) sin(2w /n) > 4k, we use Lemma 5.8 to get that for Q| = || f (rwy)|l.ei
we have

£ rwy) — Qi < 2 sec? (7w /n) = ks. (5.34)

Recall that in (5.31) we verified the general conditions of Lemma 5.5 for u = r + § and
a=r—M.Letnow p= Qp and g = Q,. It is readily seen that ||p||, = ||f(reo)|l» = u and
ar > u > llgll, = IIf rw)l, > a, s0 apply Lemma 5.5 (4) to get

100 — Qilln = I(r +8)eg — (r — M)en ||,
hence, using in addition (5.32),

Qo — O1lln = rlleo — e1lln + 2x2.
Combining the above inequality with (5.33) and (5.34), we conclude

If (reo) — frwd)lln > 1Qo — Oilln — 262 = rlleo — eilln = Nlreo — rwi |-
This is not possible since f is N-Lipschitz. O

We derive now the more general result.

THEOREM 5.13. Let n = 4m for some m > 1 and N > 2, and let || - | be a norm on R>
whose unit ball is a linear image of a regular n-gon (for example, any polygonal n-norm). Then
any N-fold Lipschitz quotient mapping f: (R?, || - ||) — (R, || - ||) has ratio of constants c/L
strictly less than 1/N.

In particular, this includes the cases of the £, and £, norms.

Proof. This follows from Theorem 5.12 and Remark 3.3. O

We have shown then that for every norm whose unit ball is a linear image of aregular polygon
with 4m sides, every N-fold Lipschitz quotient mapping with N > 2 satisfies ¢/L < 1/N. A
natural question is what is the upper bound for this ratio.

PROPOSITION 5.14. If n = 4m for some m > 1, then the Lipschitz and co-Lipschitz
constants, Ly and cy, of the N-fold winding mapping f : (R*, || - |l,) — (R?, || - |l,) satisfy
Ly > N+ (N — 1) tan*(%) and cy = 1. Hence,

CN 1
N+(N—1)tan( )

and

Proof. Firstnotice that cy = 1 by Theorem 3.19. To prove that Ly > N + (N — 1) tan? (%),
consider the pair of points rey and swy, as in Lemma 5.4. By Lemma 5.4, we have that ||rey —
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wey ||, = r tan &, where oy is defined in Notation 5.2. As f (rey) = rep and fV (sw) = sey,
we apply again Lemma 5.4 to get

I (reo) — £ (swi)ln = lreo — seql, = rtan Z (2 4 tan Z tan ap).
Hence, using (5.1) from Lemma 5.3
tan 7 (2 + tan 7~ tan o) tan 7

Lip(f,) > =2 +tan’ T =N+ (1 - 2)tan*Z) +tan> 2
tan o tan o

=N+ (N —1)tan’ Z.

The upper estimate for N is then obtained by a simple rearrangement. O
The following conjecture is a generalisation of Theorem 5.13 and Proposition 5.14:

CONJECTURE 5.15. Let n = 4m for m > 1 defines a polygonal n-norm || - || on R?.
If f: R%, |- ) = (R, || - |) is an L-Lipschitz and c-co-Lipschitz N-fold mapping, then

L ,m L T
N < —cos™ — 4 sin” —.
c n n

The equality is achieved for an appropriately rotated mapping f = f, where f" is the N-fold
winding mapping defined by Definition 3.12.

References

1. S.Bates, W. B. Johnson, J. Lindenstrauss, D. Preiss and G. Schechtman, Affine approximation of Lipschitz functions
and nonlinear quotients. Geom. Funct. Anal. 9 (1999), 1092-1127.

2. M. Csornyei, Can one squash the space into the plane without squashing? Geom. Funct. Anal. 11 (2001), 933-952.

3. M. Gromov, Metric Structures for Riemannian and Non-Riemannian Spaces (Progress in Mathematics), Birkhauser
(Boston, 1997).

4. 1. M. James, Introduction to Uniform Spaces, Cambridge University Press (Cambridge, 1990).

5. W. B. Johnson, J. Lindenstrauss, D. Preiss and G. Schechtman, Uniform quotient mappings of the plane. Michigan
Math. J. 47 (2000), 15-31.

6. O. Maleva, Lipschitz quotient mappings with good ratio of constants. Mathematika 49 (2002), 159-165.

7. O.Maleva, Point preimages under ball non-collapsing mappings. In Geometric Aspects of Functional Analysis, Israel
Seminar 2001-2002 (Lecture Notes in Mathematics 1087) (eds V. D. Milman and G. Schechtman) Springer (Berlin,
2003), 148-157.

8. 0. Maleva, Components of level sets of uniform co-Lipschitz functions on the plane. Proc. Amer. Math. Soc. 133(3)
(2005), 841-850.

9. B.Randrianantoanina, On the structure of level sets of uniform and Lipschitz quotient mappings from R” to R. Geom.
Funct. Anal. 13(6) (2003), 1329-1358.

10. G. T. Whyburn, Topological Analysis, Princeton University Press (Princeton, NJ, 1958).

Olga Maleva, Cristina Villanueva-Segovia,

School of Mathematics, Departamento de Matemdticas,

University of Birmingham, Facultad de Ciencias,

Edgbaston, Universidad Nacional Auténoma de México,
Birmingham, B15 2TT, Ciudad Universitaria, Ciudad de México 04510,
UK. Mexico

Email: o.maleva@bham.ac.uk Email: cristina.vs @ciencias.unam.mx

Mathematika is owned by University College London and published by the London Mathematical Society. All surplus
income from the publication of Mathematika is returned to mathematicians and mathematics research via the Society’s
research grants, conference grants, prizes, initiatives for early career researchers and the promotion of mathematics.


mailto:o.maleva@bham.ac.uk
mailto:cristina.vs@ciencias.unam.mx

	1 Introduction
	2 Preliminaries
	3 Polygonal norms and winding mappings
	4 Polygonal norms with sides
	5 Polygonal norms with sides
	References

