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Abstract We prove that in a Euclidean space of dimension at least two, there exists
a compact set of Lebesgue measure zero such that any real-valued Lipschitz function
defined on the space is differentiable at some point in the set. Such a set is constructed
explicitly.
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1 Introduction
1.1 Background

A theorem of Lebesgue says that any real-valued Lipschitz function on the real line is
differentiable almost everywhere. This result is sharp in the sense that for any subset
E of the real line with Lebesgue measure zero, there exists a real-valued Lipschitz
function not differentiable at any point of E. The exact characterisation of the possible
sets of non-differentiability of a Lipschitz function f: R — R is givenin [11].

For Lipschitz mappings between Euclidean spaces of higher dimension, the inter-
play between Lebesgue null sets and sets of points of non-differentiability is less
straightforward. By Rademacher’s theorem, any real-valued Lipschitz mapping on R"
is differentiable except on a Lebesgue null set. However, Preiss [8] gave an example of
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aLebesgue null set E in R", forn > 2, such that E contains a point of differentiability
of every real-valued Lipschitz function on R”.

In particular, [8] shows that the latter property holds whenever E is a Gs-set in
R"—i.e. an intersection of countably many open sets—such that E contains all lines
passing through two points with rational coordinates. However, this set is dense in R”.

In the present paper we construct a much “smaller” setin R” forn > 2—a compact
Lebesgue null set—that still captures a point of differentiability of every Lipschitz
function f: R" — R.

It is important to note that though, setting n = 2, any Lipschitz function f: R? — R
has points of differentiability in such an extremely small set as ours, for any Lebesgue
null set E in the plane there is a pair of real-valued Lipschitz functions on R? with no
common points of differentiability in E [1].

Only a few positive results are known about the case where the codomain is a space
of dimension at least two. Forn > 3, there exists a Lebesgue null set in R”, namely the
union of all “rational hyperplanes”, such that for all ¢ > 0 every Lipschitz mapping
from R” to R"~! has a point of e-Fréchet differentiability in that set; see [7].

1.2 Previous research

Let us say a few words about why the method of [8] does not yield a set with the prop-
erties we are aiming for. Indeed, [8, Theorem 6.4] says that every Lipschitz function
defined on R” is differentiable at some point of a Gs-set E if E satisfies certain con-
ditions, in particular for any two points #, v € R" and any n > 0, the set E contains a
large portion of a path that approximates the line segment [u, v] to within n|ju — v||.
The closure of such a set E is the whole space R".

There is, however, a stronger version of [8, Theorem 6.4] that only requires a local
version of this condition for the same conclusion to hold: namely for every ¢ > 0
and every x € E there is a neighbourhood of x in which any line segment I can be
approximated to within €|/| by a curve in E. Let us explain why the closure of any
Gs-set with this property has non-empty interior and hence is of positive measure.

Indeed, by this “local approximation” property there is an open ball B intersecting
E and a positive n, such that each open U C B that intersects £ contains a point
x" € U N E with the following property: any line segment / C B through x’ of length
at most 7 is pointwise |/|/2-close to a curve inside E. It follows that E is dense in B.

Thus in order to construct a closed set of measure zero containing points of dif-
ferentiability of every Lipschitz function, we introduce crucial new steps, outlined in
Subsect. 1.4. Before describing our approach we need some preliminaries.

1.3 Preliminaries
Given real Banach spaces X and Y, a mapping f: X — Y is called Lipschitz if there

exists L > Osuch that || f(x) — f(»)|ly < L|lx — yl|lx forall x, y € X. The smallest
such constant L is denoted Lip(f).
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A compact null set containing a differentiability point 635

If f: X — Y isamapping, then f is said to be Gateaux differentiable at xg € X if
there exists a bounded linear operator D: X — Y such that for every u € X, the limit

, fxo+tu) — f(xo)
1m

t—0 t

(1.1)

exists and is equal to D(u). The operator D is called the Gateaux derivative of f at
the point xo and is written f’(xo). If this limit exists for some fixed u we say that f
has a directional derivative at xq in the direction u and denote the limit by f”(xo, u).

If f is Gateaux differentiable at xy and the convergence in (1.1) is uniform for « in
the unit sphere S(X) of X, we say that f is Fréchet differentiable at xo and call f”(xg)
the Fréchet derivative of f.

Equivalently, f is Fréchet differentiable at x¢ if we can find a bounded linear oper-
ator f/(xop): X — Y such that for every ¢ > 0 there exists a § > 0 such that for any
h € X with ||h]| < § we have

I1f (xo + 1) = f (x0) = f'(xo) (W < el

If, on the other hand, we only know this condition for some fixed ¢ > 0 we say that
f is e-Fréchet differentiable at xo. Note that f is Fréchet differentiable at x¢ if and only
if it is e-Fréchet differentiable at x( for every ¢ > 0. In [5,6] the notion of e-Fréchet
differentiability is studied in relation to Lipschitz mappings with the emphasis on the
infinite dimensional case.

In general, Fréchet differentiability is a strictly stronger property than Gateaux dif-
ferentiability. However the two notions coincide for Lipschitz functions defined on a
finite dimensional space; see [2].

We now make some comments about the porosity property and its connection with
the Fréchet differentiability of Lipschitz functions. Recall first that a subset A of a
Banach space X is said to be porous at a point x € X if there exists A > 0 such
that for all § > O there exist » < § and x’ € B(x, 8) such that » > A||x — x| and
B(x’,r) N A = . Here B(x, 8) denotes an open ball in the Banach space X with
centre at x and radius §.

A set A C X is called porous if it is porous at every x € A. A set is said to be
o-porous if it can be written as a countable union of porous sets. The family of o-
porous subsets of X is a o-ideal. A comprehensive survey on porous and o -porous
sets can be found in [14].

Observe that for a non-empty set A the distance function f(x) = dist(x, A) is
Lipschitz with Lip(f) < 1 but is not Fréchet differentiable at any porosity point of the
set A [2]. Moreover if A is a o-porous subset of a separable Banach space X we can
find a Lipschitz function from X to R that is not Fréchet differentiable at any point of
A. This is proved in [9] for the case in which A is a countable union of closed porous
sets and, as per remark in [2, Chap. 6], the proof of [10, Proposition 14] can be used
to derive this statement for an arbitrary o -porous set A.

The set S we are constructing in this paper contains a point of differentiability of
every Lipschitz function, so we require S to be non-o-porous. Such a set should also
have plenty of non-porosity points. By the Lebesgue density theorem every o -porous
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subset of a finite-dimensional space is of Lebesgue measure zero. We remark that the
o-ideal of o-porous sets is a proper subset of that of Lebesgue null sets. In order to
arrive at an appropriate set that is not o-porous, has no porosity points and whose
closure has measure zero, we use ideas similar to those in [12,13,15].

1.4 Construction

We now outline the method we use to prove that the set S we construct contains a
differentiability point of every Lipschitz function.
Given a Lipschitz function f: R" — R, we first find a point x € S and a direction
e € §"~!, the unit sphere of R”, such that the directional derivative f’(x, e) exists and
is locally maximal in the sense that if ¢ > 0, x’ is a nearby point of S, ¢’ € §"lisa
direction and (x’, ¢’) satisfies appropriate constraints, then f/(x’, ') < f'(x, e) + &.
We then prove f is differentiable at x with derivative

D) = f'(x,e){u, e).
A heuristic outline goes as follows. Assume this is not true. Find > 0 and a vector A

with small norm such that | f (x +A) — f(x) — f'(x, e){A, e)| > n||A||. Then construct
an auxiliary point x + & lying near the line x 4 Re and calculate the ratio

lf(xr+24) = fx +h)]
[ — Al '

We find that this is at least f’(x, ) + & for some ¢ > 0. By using an appropriate mean
value theorem [8, Lemma 3.4], it is possible to find a point x” on the line segment
[x +h, x4+ 1] and a direction ¢’ € §"! such that f'(x’, ¢’) > f’(x,e)+¢and (x/, ¢')
satisfies the required constraints. This contradicts the local maximality of f”(x, ¢) and
so f is differentiable at x.

Since f’(x, e) is only required to be locally maximal for x in the set S, it is nec-
essary to ensure the above line segment [x + &, x + A] lies in §, if we are to get a
contradiction. It is therefore vital to construct S so that it contains lots of line segments.

Crucially, instead of just one set, we introduce a hierarchy of closed null sets M;,
indexed by sequences i of real numbers that are subject to a certain partial ordering.
For any point x in M; the required line segments [x 4 %, x 4+ A] can be found in every
set M; where j is greater than i in the sense of the partial order. Subsequently we
prove in Corollary 5.2 that each set M; contains a point of differentiability of every
Lipschitz function. The desired set S can then be taken equal to the intersection of any
of the M; with a closed ball.

1.5 Structure of the paper

Section 2 is devoted to the description of the partial ordered set and the layers M;.
The existence of line segments close to any point in a previous layer is verified in
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Theorem 2.5. In Sect. 5 we will show that this condition is sufficient for any Lipschitz
function to have a point of differentiability in each layer.

In Sect. 3 we show in detail how to arrive at a pair (x, ¢) with “almost maximal”
directional derivative f/(x, ¢). By a modification of the method in [8] we construct
a sequence of points x,, and directions e, € $"~! such that f has a directional
derivative f’(x,,, ey) that is almost maximal, subject to some constraints. We then
argue that (x,,) and (e;,) both converge and that the directional derivative f'(x, e) at
x = limy,— o0 Xy in the direction e = lim,,,_ €5, 1S locally maximal in the required
sense. We eventually show x is a point of differentiability of f.

The convergence of (x,,) is achieved simply by choosing x,,11 close to x,,. The
convergence of e, is more subtle; we obtain this by altering the function by an appro-
priate small linear piece at each stage of the iteration. Then picking (x;,, €;;) such
that the mth function f;, has almost maximal directional derivative f,, (xn, ey) can
be shown to guarantee that the sequence (e,,) is Cauchy.

In Sect. 4 we introduce a Differentiability Lemma 4.3, showing that under certain
conditions such a pair (x, e), with f’(x, ¢) almost maximal, gives a point x of Fréchet
differentiability of f.

Finally in Sect. 5 we verify the conditions of this Differentiability Lemma 4.3 for
the pair (x, e) constructed in Sect. 3, using the results of Sect. 2. This completes the
proof.

1.6 Related questions

To conclude the introduction let us observe the following. Independently of our con-
struction, one can deduce from [3,4] that there exists a non-empty Lebesgue null set £
in the plane with a weaker property: E is F,—i.e. a countable union of closed sets—
and contains a point of sub-differentiability of every real-valued Lipschitz function.

Indeed, in [3] it is proved that there exist a non-empty open set G C R?, a dif-
ferentiable function f: G — R and a non-empty open set £ C R? for which there
exists a point p € G such that the gradient V f(p) € Q but V f(g) ¢ Q2 for almost
all ¢ € G, in the sense of two dimensional Lebesgue measure. In other words, the set
E = (Vf£)~1(2) N G is a non-empty set of Lebesgue measure zero. Note that V f is
a Baire-1 function; therefore the set £, which is a preimage of an open set, is an F,,
set. Now [4, Lemma 4] implies that any Lipschitz function /: R?> — R has a point of
sub-differentiability in E.

2 The set

Let (N,)r>1 be a sequence of odd integers such that N, > 1, N, — oo and > ﬁ =

00. Let G be the set of all sequences i = (i(’)),zl of real numbers with 1 < i < N,
forall » and i) /N, — 0 as r — oo.
We define a relation < on G by

i< j if(vrG"” > i) and i > ccasr » oo
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and
ixjifi<j ori=j.

Fori, j € G suchthati < j, we denote by (7, j) the set {k € ©:i < k < j} and by
[, jltheset{k € G:i <k < j}.

Recall that a partially ordered set—or poset—is a pair (X, <) where X is a set and
<isarelation on X suchthat x < x forallx € X,ifx <yandy <xforx,y e X
then necessarily x = y and finally if x, y,z € X withx < yand y < zthenx < z.

A chain in a poset (X, <) is a subset C € X such that for any x, y € C we have
x < yory < x. Wesay (X, <) is chain complete if every non-empty chain C € X
has a least upper bound—or “supremum”—in X.

We write x < yif x < y and x # y. We call (X, <) dense if whenever x,y € X
with x < y we can find z € X such that x < z < y. Finally, recall that an element x
of X is minimal if there does not exist y with y < x.

The following lemma summarises basic properties of (S, <).

Lemma 2.1 (S, <) is a non-empty partially ordered set that is chain complete, dense
and has no minimal element.

Proof 1t is readily verified that (&, <) is a poset and that & # ¢ since it contains
the element (1, 1, 1,...). Given a non-empty chain C = {i, | « € A} in G, the
supremum of C exists and is given by i € G where i) = infyeq i,gr) ; hence (G, x)
is chain complete. To see that (&, <) is dense, note thatif i, j € & withi < j then
i <k < j where k € & is given by k") = /i) j)_ Finally given [ € &, we can
find m € & with m < [ by taking m"”) = \/I®)N,. Therefore (&, <) has no minimal
element. This completes the proof of the lemma.

We begin by working in the plane R?.
Denote the inner product (, ) and the Euclidean norm || - ||. Write B(x, §) for an
open ball in (R?, || - ||) with centre x € R? and radius § > 0. Further let Boo(c, d/2)

be an open ball in (R?, || - llso), i.€. an open square with centre ¢ € R? and side d > 0.
Finally, given x, y € R2 we use [x, y] to denote the closed line segment

{A=Mx+2ry|0<A <1} SR

Letdy = 1.Foreachr > 1setd, = m and define the lattice C, € RZ:

Cr =dr_; ((% %) +ZZ). 2.1)

Suppose now i € &. Define the set W; € R? by

Wi = R\ U U B~ (c, %i(’)d,) . (2.2)

r=1ceC,
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Note that each W; is a closed subset of the plane and W; € W; if i < j. From
i < N, we see that W; # @—for example (0,0) € W;. We now claim that the
Lebesgue measure of W; is equal to 0.

For each r > 0 we define sets D, and R, of disjoint open squares of side d, as fol-
lows. Recall dy = 1. Let Dy be the empty-set and Ry = {U} be a singleton comprising
the open unit square:

U:{(x,y)eR2|O<x,y<l}.

Divide each square in the set R,_j into an N, x N, grid. Let D, comprise the
central open squares of the grids and let R, comprise all the remaining open squares.
By induction each square in D, and R, has side d, and the centres of the squares in
D, belong to the lattice C,. For each m > 1 we have from (2.2) and i N >1,

wi <R\ | | Bo (c, %d,)

r=1ceC,

so that
m J—
winu U\ JUJDr=JRm.
r=1

and, as the cardinality of the set R,, is equal to (le —-1... (N,%l — 1) and each square
in R,, has area d,%l, we can estimate the Lebesgue measure of W; N U:

1 1
w,inU|<{l——1})...{1——).
. '—( N%) (- x2)

This tends to 0 as m — o0, because ﬁ = 00. Therefore the Lebesgue measure
|[W; N U| = 0. Furthermore, from (2.1) and (2.2), W; is invariant under translations
by the lattice Z2. Hence |W;| = 0 forevery i € &.

Let

W= U Wi

ie&
i<(1,1,1,...)

As (1,1,1,...) is not minimal and W; # @ for any i € &, we observe W is not
empty. The following theorem now proves that for any point x € W there are line
segments inside W with directions that cover a dense subset of the unit circle. We
say e = (e1, e) € S! has rational slope if there exists (p, g) € Z* \ {(0, 0)} with
pe1 = qe.

Theorem 2.2 Forany i, j € & withi < j,e > 0and e € S' with rational slope
there exists §o = 8o(i, j, &, ¢) > 0 such that whenever x € W; and § € (0, dy), there
is a line segment [x', x" + 8e] € W; where ||x" — x|| < &8.
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Proof First we note that without loss of generality we may assume that ¢ < 1 and
lea| < le1| where e = (e, e2). Write ex/e; = p/q with p,q € Z and g > 0. Now
observe that if y € R? then the line y + Re has gradient p/q € [—1, 1] and if it
intersects the square By (c, d/2),

(y2 — ) — § (i —en)| <d 23)

where y = (y1, y2) and ¢ = (c1, ¢2).
Fromi < j,wehavesup,, {((—:; < lsothatwecanfindy > Osuchthat{((—::; <l1-y
for all m. Put p,, = i"d,, /4. Since d,, = Nyy1dmy1 andi®™ > 1foreachm > 1,

. . .o Ny
P/ Pmst = (" Nyy1) /i "D > HWILfl.(,;"—:D > 1
so that p,; N\ 0. Let kg be such that
j(m) 77 (m)
JI T < ey /16
[j(m)/Nm < (59)"! for all m > k. 2.4

We set 6o = pk, and let § € (0, dp). Since py — 0, there exists k > kg such that

Pk =8 > Prt1-
Let C,, be given by (2.1) and set

Tw = | Boolc, j™dn/2)

ceCpy

so that W; = (=1 R2\T).

Fix any point x € W;. Define the line £, = x 4+ (0, 1) + Re C R? to be the vertical
shift of x + Re by A. We claim thatif m > k + 1 and I C R is a closed interval of
length at least 4 j ™ d,,, we can find a closed subinterval I’ C I of length jd,, such
that the line ¢, does not intersect 7, for any A € I'.

Take I = [a, b]. We may assume there exists A € [a,a + j(m)dm] such that ¢,
intersects Boo(c, j™d,, /2) for some ¢ € C,y,;if not we can take I’ = [a, a+ j™d,,].
Write ¢ = (cy, ¢2) and x = (x1, x2). Note that from (2.3) we have

(2 +A—c2) — g @1 —cn)| < j™d,.

Let I’ = [» +2j™d,, A +3j"d,] C I.Suppose that 1’ € I’ and that ¢’ € C,y,.
We may write ¢’ = (¢}, c)) = (c1,¢2) + (1, b)du—1 where I1,l, € Z. Then if
pli # qla,
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A compact null set containing a differentiability point 641

p
(2 + 1" —ch) — g(m —cp)

> dy — W =l > j™dy

‘Pll —qb

(2 +r—cp) — g(x] —c1)

as |ply —qlb| = 1 and dyy—1 = Npdy > 5¢j"™d,, from (2.4). On the other hand if
pl1 = ql, the same inequality holds as

(2 + A —ch) — s (x1 —¢f)

>V = Al — > j™dy,.

(xz+x—cz>—§(x1—c1)

Therefore by (2.3) the line £,/ does not intersect Boo(c’, j™d,, /2) for any ¢’ € Cy,
and any A" € I’. Hence the claim.

Note that for m > k+ 1 we have j"d,, > 4j™+tDq, | from (2.4). Subsequently,
by the previous claim, we may construct a nested sequence of closed intervals

[0,4; % Vg 1D [yt D hya 2 -+

such that || = j(’”)dm and ¢, does not intersect T, for A € I,,,.
Picking A € (1,441 Im We have

0<xr=<4j Vg, < Tdk+1 = EpPk+1 < &8

using (2.4) again.

Set x’ = x + (0, 1) so that ||x’ — x|| = A < &8. Note that [x’, x’ + Se] does not
intersect Ty, form > k + 1 as [x/, x’ + 8e] C ¢; and A € I,,. Now suppose m < k.
From & < 1 we have A < § < pr. If ¢ € C,, then we observe that [x’, x" + §e] does
not intersect Boo(c, j(’”)dm/Z) as x € W; is outside B (c, i(’")dm/Z) and

1

(m) L m) jm
)‘+8§2pk§2pm=Elmdmlplemdm l_i(_m)

L. :

Therefore [x', x" 4+ 8e] does not intersect T}, for any m > 1 so that [x, x"+8e] € W;.
This finishes the proof.

We now give a simple geometric lemma and then prove some corollaries to Theo-
rem 2.2. Given e = (¢!, €2) € S! we define e+ = (—¢2, e!) so that (el, e) = 0 for
anye € § L and, given xp € R2 and ey €S 1 then x € R2 lies on the line x0 + Reg if

and only if (eé-, x) = (e(J)-, X0).
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Lemma 2.3 Suppose that x1,x2 € R2,e1,e0 € SY a1, a0 > O, the line segments
l1,1p given by L, = [xXm, Xm + omen ] intersect at x3 € R2 and that

[x3 —aen, x3 +aepn] Sy,  (m=1,2) (2.5)
where o > 0. If x|, x}, € R2 and e, e, e S are such that

12, — xm||<_|(€2 e1)| and (2.6)

llep, ez, e1)] 2.7

8(ary +az)

for m = 1,2, then the line segments I}, l} given by I, = [x,,, x,, + ane,,] intersect
at a point xy € R2 with x5 — x3]l < a.

Proof As (ezl, e1) = —(ell, e>) we may assume, without loss of generality, that the
inner product (ej-, e1) is non-negative. From (2.5) we can write x3 = X, + A e, for
m=1,2witha < A, < a,, —a. Now note that as x| + Aje; € [, we have

(ey, x1 + Ate1) = (&5, x2)

so that
1 1 1 @ 1
ey, x; + A1+n§a e —(62,x2>=ﬂ5<62,61) (2.8)

for m = £1. Using (2.6) and (2.7) we quickly obtain from (2.8)

1
<e; X+ (xl + 5oz) e’1> — (et xh) =0 (2.9)
1
and <e’2L x|+ ()\1 - 50{) e’1> (e, xh) < 0. (2.10)

Indeed, for 7 = %1,

1
((62 X+ T 0!)61) (e5", XZ))—((BZL,M + G+ rswen) - <62L,X2))

1
= <e/2J-’ (x; —Xx1) — (xé —x2) + ()»1 + 7'[506) (6/1 — 81)>

|
+ <(e’2L —ey), (x] — x2) + (M +n§a) el>;
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A compact null set containing a differentiability point 643

the norm of the first term is bounded by

1
lxp — x1ll + llx) — x2ll + )»1+7T§0l ey —enll
o o o
<2—(ey, —(e7, < —(ey,e1),
< 16<62 el)+a18(a1+a2)(62 e1) < 4(32 er)

and the norm of the second term is bounded by

1
WQ—QHOMr<QH+M1+n§m)

e
< 81 T o) (e, e1)((a1 +a2) + 1)

A

a1
= 4<62 ael)'

Hence by (2.9) and (2.10) there exists

I ! 1 / / 1 / /
X3 € | x|+ )»1—501 el,xl—l—(kl—i—za)el <l (2.11)
with (e’zl, x5 = (e’f‘, x5) so that we can write
Xy = x5+ Ayes (2.12)
for some )‘/2 € R. Since x3 = x1 + Aje and (2.11) imply
/ / / 1 / 3
I = x3ll <l = xill + At lef = el + salefl < Ja

and x3 = x2 + Azep and (2.12) imply

1
/ / / / U
lx3 — x3ll > |45 — A2| — [lx; — x2|l — Azlley —eall > [Ay — Azf — 7%

we get
A5 — Ao] < 3 + !
— o+ -a=o.
2T =0Ty
It follows that
x5 € [x) + (k2 — a)es, x5 + (A2 + a)ey] C 15

since @ < Ay < ay —a. Therefore xj € I{ N1} with [|x§ — x3]| < %a < « as required.
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Corollary 2.4 Suppose i, j € S withi < jand e > 0.

1. There exists 61 = 61, j, &) > 0 such that whenever 5 € (0,81),x € W; and
e € S, there exists a line segment [x', x' + 8¢'] C W; where x' € R2,¢ e §!
with ||x" — x|| < &8 and ||e' — e|| < .

2. There exists 6 = 82(i, j, &) > 0 such that whenever § € (0,82),x € Wi,u €
B(x,8) and e € S! there exists a line segment [u', u’ + 8e¢'] C W; where u' e
RZ, ¢’ € S' with |u' —u|| < &8 and |’ —e|| < e.

3. Forvy, va, v3 € R? there exists 83 = 83(i, j, &, v1, v2, v3) > Osuchthat whenever
8 € (0, 83) and x € W; there exist v/, v}, v} € R2 such that v, — vl < & and

[x + v}, x + 8v5] U [x + 8vy, x + 8vy] C W;.

4. There exists 4 = 64(i, j, &) > 0 such that whenever § € (0, 64), v, V2, V3 are in
the closed unit ball D* of R? and x € W; there exist v}, V5, V5 € R2 such that
v, — vl < & and

[x + v}, x 4+ 8v5] U [x + 8vy, x + 8vy] € W;.
Proof 1. We can find a finite collection of unit vectors in the plane
e|, e, ...,e € s!
with rational slopes such that st c Ulsxir B(eg, €). Let

81 = min 80(i,j, &, es)s
l<s<r

where dg is given by Theorem 2.2. Then for any § € (0, 51),x € W; and e € St
find e; with |le; — el < €. As § < o(i, J, €, e5) there exists a line segment
[x', x" 4+ 8es] € W; with [x” — x|| < &8 as required.

2. Pickany k € G withi < k < j. Let

8 =min(81(i, k, €/3), 81(k, j, e/3)).

Suppose that § € (0, §3) andu € B(x, §). Wecan write u = x+38' f with0 < §' <
sand f € S'. Then there exists x’ € R?, ' € S! such that [x', x’ + 8] € W
with |x" — x|| < &§/3 and || f' — fI| < /3. As x' + 8" f' € W we can find
u' € R?, ¢ e S such that [u/, u’ + 8¢'] € W; with [|u' — (x' + 8" f)| < &8/3
and ¢’ — e| < ¢/3. Then

Il —ull < llu' — "+ 8" Ol + " = x|+ 81 f = fll < &8
as required.
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3. Without loss of generality, we may assume that vy, v, v3 are not collinear and
] .
that [lvg ||, lvzll, [lvall < 7. Write

vz =V +tHel = v+ hep (2.13)

where 0 < 11,1 < % and ef,er € S!. As vy, vo, v3 are not collinear, the vectors
e1 and e are not parallel so that (ezL, e1) # 0. We may assume ¢ < 1, fp. Set

33 =8, j,n),
where = |(e5, e1)le. Let § € (0, 83). Write
Xm = X + 0vyy, (m=1,2) (2.14)

and put l,,, = [Xp, X + 28t em]. As || X, — x|| < 83, by part (2) of this Corollary
we can find x|, x5 € R? and e, e, e St with [|x), — xml < 18, e, —eml <1
and [x,,, x;, + 8e,,] € W; form = 1,2. Then as t;, 1 < % we have [, € W;
where [/, = [x,,, x,, + 28tye), ] form =1,2.

Note that (2.13) and (2.14) imply that x 4+ §v3 = x,,, + Styey form = 1,2.
Therefore x3 = x 4 dv3 is a point of intersection of /1 and /;. The conditions of
Lemma 2.3 are readily verified with «,,, = 261, and @ = €6 so that lﬂ, lé intersect
at a point x§ with [xj — x3| < 8. Writing now x;, = x + 8v;, form = 1,2, 3
we have ||v), — vy || < &, since ||x), — xp || < &6, and

[x + v}, x + 8v5] U [x + 8vy, x + 8vy] C W;.
4. Take wy, w, ..., w, in D? with D? C Ulgsgr B(wy, £/2). Set

S84 = min 83, J, /2, wy, Wy, Wyy).
1<s1,50,83<r

This finishes the proof of the corollary.
Letn > 2. Fori € G define M; € R" by

M; = W; x R"2. (2.15)

Let || - || denote the Euclidean norm on R”. We use [x, y] € R” to denote a closed
line segment, where x, y € R".

Theorem 2.5 The family of subsets {M; C R" | i € &} satisfies the following three
statements.

(1) Ifi € G then M; is non-empty, closed and has measure zero.
(i) Ifi,j € Gandi < jthen M; C M;.
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(i) Ifi,j € ©Gwithi < j and ¢ > 0, then there exists « = a(i, j, &) > 0 such
that whenever § € (0, @), uy, up, uz are in the closed unit ball D" of R" and
x € M;, there exist u', ul, uy € R" with ||u,, — u,| < & and

[x + u'y, x + Su5]U [x + Sufy, x + Susr] € M.

Proof Recall that for each i € &, W; is a non-empty closed set of measure zero
and that W; € W; whenever i < j. Hence (2.15) implies (i) and (ii). For (iii),
let o« = 84(i, j, €) from Corollary 2.4, part (4) and § € (0, o). Suppose x € M; and
um € D",m =1,2,3. Writex = (x’, y) and u, = (v, hp) withx’ € W;, vy, € D?
and y', h,, € R" 2.

By Corollary 2.4, part (4), we can find v, v}, v} € R2 with v, — vmll < e and

[x" + 8v], X+ 8v3] U [x" + 8vs, x" + §v5] € Wj.
Then setting u,, = (v/,, hy) we have |u), — uy| = ||V}, — vmll < € and

[x+8u/1,x+8u/3]U[x+8u/3,x+8u/2] CM;.

3 A point with almost locally maximal directional derivative

In this section we work on a general real Hilbert space H, although eventually we
shall only be concerned with the case in which H is finite dimensional. Let denote
the (, ) inner product on H, || - || the norm and let S(H) denote the unit sphere of H.
We shall assume that the family {M; € H | i € &} consists of closed sets such that
M; € M; whenever i < j, where the index set (&, <) is a dense, chain complete
poset.

For a Lipschitz function #: H — R we write D" for the set of all pairs (x, e) €
H x S(H) such that the directional derivative h’'(x, e) exists and, for eachi € &, we
let Df’ be the set of all (x,e) € D" such that x € M;. If, in addition, h: H — R is
linear then we write ||/ || for the operator norm of #.

Theorem 3.1 Suppose fo: H — R is a Lipschitz function, ip € G, (xo,e9) €
Difoo, 80, s, K > 0 and jo € & with iy < jo. Then there exists a Lipschitz func-
tion f: H — R such that f — fo is linear with norm not greater than u and a pair

(x,e) € D;, where ||x —xoll < doandi € (io, jo), such that the directional derivative
f'(x,e) > 0 is almost locally maximal in the following sense. For any ¢ > 0 there

exists 8o > 0 and j. € (i, jo) such that whenever (x', ¢') € D{E satisfies

@) lx" = x[l <8, f'(x,€) = f(x, e) and
(i) foranyt e R

(O +1e) = f() = (Fx+1e) = FD] < KV /(€)= f/(x, ol
3.1

then we have f'(x',e") < f'(x,e) + e.
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We devote the rest of this section to proving Theorem 3.1.

Without loss of generality we may assume Lip(fp) < 1/2 and K > 4. By replacing
eo with —eg if necessary we may assume fé(xo, ep) > 0.

If & is a Lipschitz function, the pairs (x, e), (x/, ¢’) belong to D" and 0 > 0 we
write

(x,e) < (x',¢€) (3.2)
(h,o)

ifh'(x,e) <h'(x',¢')and forall t € R,

((h(x' +te) — h(x')) — (h(x + te) — h(x))| < K (a + VR e) =W (x, e)) Itl.

We shall construct by recursion a sequence of Lipschitz functions f,,: H — R,
sets D, € D0 and pairs (x,, e,) € D, such that the directional derivative S (xn, en)
is within A, of its supremum over D,,, where X, > 0. We shall show that f = lim f,
and (x, e¢) = lim(x,, e,) have the desired properties. The constants §,, will be used
to bound ||x;, — x;,,|| for n > m whereas o, will bound ||¢;, — ¢, || and ¢, will control
| fu — full forn > m.

The recursion starts with fy, ig, jo, X0, €0, 8o defined in the statement of Theo-
rem 3.1. Let o9 = 2 and fp = min(1/4, u/2). For n > 1 we shall pick

s Ons tns Ay Dy Xy ey €y iy Jins O

in that order where

— ip, jn € Gwithiy_| < iy < ju < Jau—1,

— D, are non-empty subsets of Do C H x S(H),
— Op, tyy Ay €, 6 > 0,

— fa: H — Rare Lipschitz functions,

— (xu,en) € Dy.

Algorithm 3.2 Given n > 1 choose

(D) fux) = fa—1(x) + ta—1(x, €en—1),

(2) ou €(0,0n-1/4),

(3) 1y € (0, min(ty—1/2, 04—1/4n)),

@) A €(0,1,0,/2),

(5) Dy, to be the set of all pairs (x, ¢) such that (x,e) € Dif "= Dif % for some
i€ (ip—1, jn—l)a lx — xp—1ll < 8p—1 and

(Xn—1,€n—1) =< (x,e)
(fn,0n—1—¢)

for some ¢ € (0, 0,,_1),
(6) (xu,e,) € Dy suchthat f,(x,e) < fi(xy, en) + A, for every (x, e) € Dy,

(7) &, € (0,05,—1) such that (x,_1, ;1) = (xn, en),
(fn:sOn—1—6n)
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8) iy € (in—1, jn—1) such that x, € M; ,

9)  Jju € (in, jn—1) and
(10) 68, € (0, 6y—1 — llxn — xn—111)/2) such that for all ¢t with |¢| < &, /e,

[(frn (X +ten) — fuGn)) = (fu(xn—1 +ten—1) — fu(xn—1))]
< (fGns €n) = fr(Xn—1, €a—1) + on_1)ltl. (3.3)

Note that (5) implies that (x,_1,e,—1) € Dy, and so D, # (; further as f, is
Lipschitz we see sup, ,\cp, f,(x, ) < 0o. Therefore we are able to pick (x,, e,) €
D,, with the property of (6).

The definition (5) of D,, then implies that ¢, and i, exist with the properties of
(7)—(8). Further, we have ||x, — x,_1] < é,—1 and

f,:(xn, ep) > .fr:(-xn—lv en_1). (3.4)

These allow us to choose §, as in (10).

Observe that the positive sequences oy, t,;, Ay, 6n, &x alltend to 0: 0, € (0, ,,—1/4)
by ), tn € (0, 1y—1/2) by 3), hn € (0, 1,0.2/2) by (4), 8, € (0, 8,—1/2) by (10) and
en € (0, 0,—1) by (7). Further from (10),

B(xp, 8,) € B(xp—1,6n—-1)- (3.5

Note that (1) and (3) imply f,(x) = fo(x) + (x, Z;(l) tre) and, as the Lipschitz

constant Lip(fp) < % trr1 < /2 and 19 < l, we deduce that Lip(f,,) < 1 for all n.

Let &, > 0 be given by
e, = min(e, /2, oy_1/4). (3.6)
Lemma 3.3 The following three statements hold.

(i) Ifn>1and (x,e) € Dy, then

(Xn—1,€n—1) = (x,e).
(fna"'n—lfs;,)

(i) Ifn > 1then Dy4+1 C Dy,
(iii) Ifn > 0and (x,e) € Dy, then |le — ey < op.

Proof For n = 0, condition (iii) is satisfied as op = 2. Now it is enough to check
that if n > 1 and the condition (iii) is satisfied for n — 1, then conditions (i)—(iii) are

satisfied for n. The Lemma then will follow by induction.
Assumen > 1and ||/ — e,_1|| < 0,1 forall (x’, ') € D,.. Then we have

llen —en—1ll < on—1 3.7
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as (x,, ey) € D,. Now fix any (x, e¢) € D, 4+1. Using (1) and (5) of Algorithm 3.2 and
(e, en) <1 we get

A= fr;(xv e) — fr:(xna en)
= fo1(x,€) —tnle, en) — frp1(Xn,€n) + 1y
> fri(x.€) = fioy (X en) =0, (3.8)

so that
Lux,e) = fr(xn, en) = f(xn—1, €n—1)
by (3.4). If we let B = f, (x,e) — f,(xy—1, e,—1) We have
K(WB—~A) = B~ A= f(u en) = f (-1, 1),

since K > 4and 0 < A < B <2, using Lip(f,;) < 1 in the final inequality. Together
with (3.8) this implies that

G en) = fyConat en)) + K\ f1o1 (v €)= 1,y Ganen) < KVB. (3.9)
In order to prove (i), we need to establish an upper estimate for
|(fn(x +ten—1) = fu(x)) = (fa(Xn—1 +1en—1) — fu(xn-1))I. (3.10)
For every |t| < §,/&p, using

|(fn(x +tey) — fn(x)) - (fn(xn +tey) — fn(xn))|
= |(fur1(x +ten) — fur1(x) — (fur1(xn +1en) — frr1(xn))]

< K (o0 + S (o0 = fr G ) I

and (3.3), we get from (3.9)

[ ten1) = Fa() = (furut + ten=1) = fuxn-)]
< oultl+ K (00 + VI 060 = FiGramts enmn)) 1] + llew = ent] - I

Using (3.7) and K > 4 we see that the latter does not exceed

K (G,H/Z +on+ /1 (x €)= fr(xn1, en71)) It
= K (0wt — & + VI 0 &) = fiGamt, ean)) I

as o, < 0,_1/4 by (2) of Algorithm 3.2 and &), < 0,,_1/4 by (3.6).
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Now we consider the case || > §,/¢,. We have from (7) of Algorithm 3.2 that
(Xn—1, €en—1) < (xn, en). Using this together with
(fn>0n—1—¢n)

max {| f (x) — fa (x|, [ fu(x +ten—1) — fulxn +tep—1)}
S lx = xull <80 < &nlt] < Keylt|/4

we get

[(fu(x +ten—1) — fu(x)) = (fuCxn—1 +ten—1) — fu(xu—1))I
<K (011—1 —&n/2+ \/f,;(xns ep) — fr;(xn—17 en—l)) 7]

< K (01— &) + /i &) = fiGat en ) It

because f, (xn, €,) < f,(x, e) from (3.8). Thus (i) is proved.
Further, for (x, e) € D,4; we have x € B(x,,,) € B(x,—1, éy—1), using (3.5),
and x € M; where

i € (in-i-l, jn+1) C (in, Jn)

Hence (x, e) € D, follows from (i). This establishes (ii).
Finally to see (iii), let (x, e) € D,y and recall that (5) of Algorithm 3.2 implies
Soi1Gens en) < f, o (x, e). By (1) of Algorithm 3.2, this can be written

fy:(xna en) + thien, en) < fri(xa e) +tyie, en).

Since (x, e) € D, by (ii), we have f,(x,e) < f,(xn,e,) + A,. Combining the two
inequalities we get t, < t,(e, e,) + A,. Hence (e, e,) > 1 — X, /1, so that

le — enl®> =2 —2(e, en) < 2hn/ty < 0

using (4) of Algorithm 3.2.
This completes the proof of the lemma.

We now show that the sequences x;,, e, and f,, converge and establish some prop-
erties of their limits.

Recall first that i, < i, < j, < ju—1 forallm > 1. The set {i, | n € N}
is thus a non-empty chain in &. Therefore, it has a supremum i € &. Further, as
in € (mg1s jmy1) forn > m +2, weknow i € [ipy1, jms1] S (m, jm) for all m.

Lemma 3.4 We have x,, — x, e, — e and f,, — f where

(i) f: H — Risa Lipschitz function with Lip(f) < 1,
1) f — fmislinearand || f — fmll < 2ty for all m,
(i) x € Mj, |x —xpll < 8m and e — el < o,
(iv)  f'(x, e) exists, is positive and f,, (Xp, em) /7 [/ (x,€),
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V) (Xm—1,em—-1) = (x,e) and

(fm»o'm—l_s,/n)

(vi) (x,e) € Dy, for all m.

Proof Letting f(x) = fo(x) + (x, Zk>0 trer) we deduce f, — f and (i), (ii) from
Sa(x) = fo(x) + (x, Z;(l) trer), Lip(fy) < land 1,11 <1t,/2.

For n > m, by parts (ii) and (iii) of Lemma 3.3 we have (x,, ;) € Dy+1 € D41
and |le, — enll < ow. The former implies ||x, — x| < &, by the definition of
Dy +1. As 8, and oy, tend to O, the sequences (x,) and (e;,) are Cauchy so that they
converge to some x € H and e € S(H) respectively. Taking the n — oo limit we
obtain ||x — x|l < 8, and |le — e || < 0y,. The former implies x € B(x,,, 6;,) <
B(xp—1,8m—1) forallm > 1, using (3.5).

To complete (iii), note that from (8) of Algorithm 3.2 we have x, € M;, € M; for
all n, as i, <i.Now x,, — x and M; is closed so that x € M;.

We now show that the directional derivative derivative f’(x, e) exists.

For n > m we have (x,,, e;,) € D;,;+1; therefore by part (i) of Lemma 3.3 we know

(Xm—1, em—1) = (Xn, en). (3.11)
(fmvamfl_gin)

Now the sequence ( (X, en)) is strictly increasing and is non-negative as fj(xo, eo) >
0 and f;(xn,en) < fri1(nsen) < foo i (nt1,eng1). It is bounded above by

Lip(f,) < 1 so that it converges to some L € (0, 1]. As || f — full — 0 we also
have f'(x;,,e,) — L and f,;_H (x,, e,) — L. Note then that for each fixed m,

fr:l('xl’lﬂ en) — fy:,(xmflv em—1) —> Sm,
n—00

where

sm = (fm _f)(e)+L_fy:,(xm—la em—1) m 0. (3.12)

As f) (xn,en) > fr,(Xxm—1, em—1) from (3.11) we have s, > 0 for each m. Taking
n — oo in (3.11) we thus obtain

[(fm(x +tem—1) = fmn (X)) = (fn(Xm—1 +tem—1) — fn(m—1)| < rmlt]  (3.13)
for any ¢t € R, where
rm = K(om—1 — €, + /sm) = 0. (3.14)
Using || f — fmll = 2tm, lle — em—1ll < om—1 and Lip(f) = 1:

[(f(x+te) — f(x) = (finom—1 +tem—1) — finEXm—1)| < (rm + 2ty + o1 12].
(3.15)
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Let & > 0. Pick m such that

Im + 2ty +0om—1 < ¢/3 and |f;;1(xm71: em—1) —L| <¢/3 (3.16)
and 6 > 0 with

[ fn (X1 +tem—1) — fin(Xm—1) — fr;/l(xm*l’ em—1)t| < elt|/3 (3.17)
for all # with |t| < §. Combining (3.15), (3.16) and (3.17) we obtain

|f(x +1e) — f(x) — Lt| < ¢lt]
if || < 8. Hence the directional derivative f’(x, e) exists and equals L. As L > 0 and
Sn(xn, ey) is an increasing sequence that tends to L, we get (iv).
Note further that, as f;;, — f is linear, the directional derivative f,, (x, e) also exists
and equals (f;, — f)(e) + L. Hence from (3.12)
Sm = fr::('xs e) — fyi,(xm—lv em—1).

As s,, > 0 for all m, we conclude that f,;l (x,e) > f,;l (Xm—1, em—1) for all m. Further
from (3.13) and (3.14),

|(fin(x +tem—1) — fm (X)) = (fin (Xm—1 + tem—1) — fmn (Xm—1))|
= K (0wt = e + /I (600 = [ Gt en—D)

for any 7. Hence

(Xm—1, em—1) < (x,e).
(S Om—1—Ely)

This establishes (v). Finally (vi) follows immediately from (iii), (iv), (v) and the
facti € (i, jm)-

Proof of Theorem 3.1 From Lemma 3.4 (i)—(ii) the Lipschitz function f: H — R is
such that f — fpis linear and || f — fo|| < 2fo < p.Recall thati € (i,,, j,,) for all m;
in particular i € (ip, jo). By parts (iii) and (iv) of Lemma 3.4 we see that (x, ¢) € Dif
and f/(x,e) > 0.

We are left needing to verify that the directional derivative f'(x, ¢) is almost locally
maximal in the sense of Theorem 3.1.

Lemma 3.5 Ife > O then there exists 5, > 0 and j. € (i, jo) such that whenever

(x,e) < (x',¢€)
(f,0)
with ||x" — x|l < 8z and x" € M., we have f'(x',¢') < f'(x,e) +¢.
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Proof Pick n such that
n>4/Je and Ay, t, < e/d. (3.18)
Let j. = j, € (i, jo). Find 6, > 0 such that
8¢ < On—1 — llx — xp—1l (3.19)

and

[(fux +1te) — fu(x)) — (fu(xn—1 +ten—1) — fu(xn—1))]
< (fa(x,€) = fr(xn—1,en—1) + op_1)lt| (3.20)

for all ¢ with |¢| < &./¢],, where &), is given by (3.6). Lemma 3.4 (iii) and the fact
that f,(x,e) — f,(xp—1, en—1) = 0 from Lemma 3.4 (v) guarantee the existence of
such J;.

Now suppose that

(x,e) = (', €,
(f,0)
[x" —x|| <8 and x' € Mj,, (3.21)

f'(x', ey = fl(x,e) +e.

We aim to show that (x’, ¢’) € D,. That will lead to a contradiction since, together
with (6) in Algorithm 3.2 and Lemma 3.4 (iv), this would imply

fox' ey < frolxn,en) +an < fl(x,€) + Ay

so that
fl(x ey < fl(x,e) + Ay + 21,

by Lemma 3.4 (ii). This contradicts (3.18) and (3.21).
Since (3.19) and (3.21) imply x" € B(x,—1, 8,—1) and x" € M, with j. = j, €
(in—1, ju—1), to prove (x, €’) € D, it is enough to show that

(Xn—1, €n—1) < (', ¢); (3.22)
(fnson—1—¢,/2)

see (5) in Algorithm 3.2.

First, note that f;, (x", ) — f1 (x,e) > f'(x', €)= f'(x,&)=2| fa—fl = e—4t, >
0, so that f, (x', e') > f,(x,e) > f,(xn—1, en—1).

Let A= f'(x",¢) — f'(x,e) and B = f,(x',¢') — f,(x,e). We have A > ¢ and
B > 0; therefore by (3) of Algorithm 3.2, Lemma 3.4 (ii) and (3.18)

N el LT
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Further, let C = f(x', ¢) — f,(xn—1, en—1). Since f, (xy,—1,en—1) < fi(x,e) and
the Lipschitz constant Lip( f;;) does not exceed 1, we have 0 < B < C < 2, so that

KvVC—KvVB>C—B=fl(x,e) = fl(Xn_1,en—1)

as K > 4. Hence

(fhx,e) — i1, en1) + K/ (X €)= f(x,e)
< KVC—KVB+KWB+0,_1/4)
=KGfi(x', €)= fl(Xn—1, en—1) + 0u_1/4). (3.23)

In order to check (3.22), we need to obtain an upper estimate for
I(fa " +ten—1) = fu(x") = (fun—1 +1en—1) = fulxa—1)!. (3.24)
If |¢| < 8¢/¢),, we can use

[(fu(x"+1€) — fu(x") — (fu(x +1€) — f(x))]
= |(f(x +te) — fF(x) — (f(x +te) — f)] < K/ f/(x,e) — f(x,e)lt]

and (3.20) to deduce that (3.24) is no greater than

(fu(x,€) = fr(xn-1, en—1) + on-1)lt|
+ KV ) = fx et + lle —enll - 2]

since Lip(f;) < 1. Using (3.23), |le — ep—1]| < Gn,l,eﬁl < op—1/4and K > 4 we
get that the latter does not exceed

K (001 = e/24+ VI = Gt ean) Il

On the other hand, for |#| > 8 /¢, we have 2|lx — x'|| < 2¢},|t| < Ke),|t|/2 so, using
this together with Lemma 3.4 (v), Lip(f,) < 1 and f, (x,e) < f,(x', ¢’), we get

[+ ten-1) = fuD) = (o Gint + 10-0) = fuCia)
<20 = xll+ K (01— &)+ V70 &) = FyCant en ) Il

= K (0wt = /24 VI ) = FiGaut en)) It

Hence

(Xn—1, €n—1) < (', e
FurOn1—8}/2)

and we are done.

This finishes the proof of Theorem 3.1.
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4 A differentiability lemma

As in the previous section, we shall mostly work on a real Hilbert space H, though our
eventual application will only use the case in which H is finite dimensional. Lemma 4.2
is proved in general real Banach space X. Given x, y in a linear space we use [x, y]
to denote the closed line segment with endpoints x and y.

We start by quoting Lemma 4.1, which is [8, Lemma 3.4]. This lemma can be
understood as an improvement of the standard mean value theorem applied to the
function

Vis) —y(=s)  ¥(s)+ (=)

h(t) = @(t) —1t % >

Roughly speaking, this “generalised” mean value theorem says thatif 4 (s) = h(—s) =
0 and h(§) # O then there is a point T € [—s, s] such that the derivative h'(7) is
bounded away from zero by a term proportional to |2(£)|/s and (4.1) holds. The latter
inequality essentially comes from the upper bound for the slope |h(t +¢) — h(7)|/|¢|
by (MA')(t), where M is the Hardy-Littlewood maximal operator.

We use this statement in order to show in Lemmas 4.2 and 4.3 that if f/(x, e) exists
and is maximal up to & among all directional derivatives of f satisfying (4.21), at
points in a §.-neighbourhood of x, then f is Fréchet differentiable at x. Lemma 4.2,
which follows from Lemma 4.1, guarantees that if there is a direction # in which
f(x + ru) — f(x) is not well approximated by f'(x, e)(u, ¢) then we can find a
nearby point and direction (x', ¢), satisfying the constraint (4.21), at which the direc-
tional derivative f’(x’, €’) is at least as large as f'(x, e) + ¢, a contradiction.

Lemma 4.1 Suppose that €] < s < p,0 < v < 3%,0 > 0and L > 0 are real
numbers and that ¢ and  are Lipschitz functions defined on the real line such that

Lip(p) +Lip(yy) < L, o(t) = ¥ (¢t) for |t| > s and (&) # ¥ (&). Suppose, moreover,
that ' (0) exists and that

1Y (1) — ¥ (0) —ty'(0)| < oLt]

whenever |t| < p,

p > sy/(sL)/(vlg(&) — ¥ (&),

and
o <} (M)2
=< L .
Then thereisat € (—s, s) \ {§} such that ¢'(t) exists,

¢'(®) = ¥ (0) +vlp&) — ¥ (©)/s,
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and

(T +1) — () = @ @) =Y O0)] <40 +20v)V[¢'(t) =¥ (OIL|z|  (4.1)

foreveryt € R.

Lemma 4.2 Let (X, || - ||) be a real Banach space, f: X — R be a Lipschitz function
with Lipschitz constant Lip(f) > 0 and let ¢ € (0, Lip(f)/9). Suppose x € X, e €
S(X) and s > 0 are such that the directional derivative f'(x, e) exists, is non-negative
and

2

y I
[f(x +te) — f(x) = f(x,e)| < T60Lip(/)

2] 4.2)

for|t| < s4/ %. Suppose further & € (—s/2,s5/2) and ) € X satisfy

|f(x+A) — f(x +&e)| = 240e¢s, “4.3)
£
I~ el <5 [ 4.4)
|lrse + Al £
s+ &~ aLip(f) )

form = £1. Then if 51, s2, A’ € X are such that

2
max(|ls; — sel|. [|s — sel)) < ms (4.6)
and
[ " — 4.7
16Lip(f)

we can find x' € [x —s;,x + MU [x + A, x + s2] and ¢’ € S(X) such that the
directional derivative f'(x’', ') exists,

(x> fl(x,e)+e 4.8)
and for all t € R we have

I(f(" +1e) = f(XN) = (f(x +1e) = f(x))] 4.9)
< 25/(f'(x',¢') — f'(x, e)Lip(f)]t].

Proof Define constants L = 4Lip(f), v = 8—10, o= 28% and p = s\/%. Let
V(1) = f(h(1)) and (1) = f(g(1)), (4.10)
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where #: R — X is a mapping that is affine on each of the intervals (—oo, —s/2] and
[s/2,00) with h(t) = x +tefort € [—s/2,s5/2] and h(—s) = x — 51, h(s) = X + 52
while g: R — X is amapping thatis affine on [—s, §]and on [&, s] with g(§) = x+ A
and g(¢) = h(z) for [t] > s.

A simple calculation shows that (4.6) implies

/ max(llsy — sell, lls2 — sell) g2
A (1) —ell <2 B < T60Lip(/ )2 (4.11)
fort e R\ {—s/2,5/2}.
Now the derivative of g is given by
ron _ fHs)/E +s) fort e (—s,8),
“”—[W—mw@—n fort € (&.5). @12
Fort € (—s, &),
/ A+ se A" = Al + llsy — sell
‘g () — Ty <2 .
€ &2 €
< + <
~ 8Lip(f)  160Lip(f)* ~ 4Lip(f)
using |£| < 5/2, (4.6), (4.7) and ¢ < Lip(f). Hence
€
' 1 4.13
gl <=1+ ) (4.13)

and

, &
g () —ell = 3‘/Lip(f)' (4.14)

The former follows from (4.5) and the latter from

oMl _, F
T s L)

using (4.4) and |£| < s/2. A similar calculation shows that (4.13) and (4.14) hold for
t € (&,s) too. Finally, these bounds are also true for |f| > s by (4.11), since then
g =na@.

We now prove that &, s, p, v, 0, L, ¢, ¥ satisfy the conditions of Lemma 4.1.

We clearly have |£§] <5 < p,0 <V < 3%,0 > 0and L > 0. From (4.11) and
(4.13) we have Lip(h) < 2 and Lip(g) < 2. Hence, by (4.10), Lip(¢) + Lip(y) <
4Lip(f) = L. Further, if || > s then g(t) = h(¢) so that ¢(z) = ¥ (¢).

Now as § € (—s/2,5/2),

HA—i—se_ H_Hk—ée
E+s T 1 E+s
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lp&) — v @] =1f(x+1)— f(x+&e)
> |f(x+2) — f(x+&e) —Lip(/Hlr— 1|
> 24085 — i—z > 160¢s (4.15)

by (4.3). Hence ¢ (&) # v (£).
From (4.10) and the definition of &, we see that the derivative v'(0) exists and

equals f/(x,e). For |t| < p = s,/ 2L—8, we have from (4.2)

2

, &
[f(x+te) — f(x) = f(x,e)| < T60Lip(/)

Il
so that, together with (4.11),

1Y (1) = ¥ (0) — 19" (O)] = [ £ (h(1) — f(x) = f'(x, e)t]
< |f(x+te) = f(x) = f'(x, )| + Lip(HIh{) — x — te]l

2 g2
< - [t] + - |7]
160Lip( f) 160Lip( f)

— oLt

Finally, using (4.15),

sL sL
N <s =p,
Vvle@) =¥ @1 ~ | g5(160es)

3 (Iso(f) — w(s)|)2 1 (16Oes)2 B
vl i/——2) > ——(—) =o.
sL — 803 sL

Therefore, by Lemma 4.1, there exists T € (—s, s) \ {£} such that ¢’(t) exists and

¢'(0) =Y (0) +vlp@E) =Y (©)/s = f'(x.e) +2¢ >0 (4.16)

using (4.15) and ¥'(0) = f'(x, ¢) > 0. Further, by (4.1)

(@ +1) = p(0) = W) — Y O)] <5/(¢' () — f'(x, e)Llt|  (4.17)

for every t € R.
From (4.14) and ¢ < Lip(f)/9 we have g’'(¢r) # Oforany ¢ € (—s, s) \ {¢}. Define

x'=g(r)ande’ = g'(v)/l1g' (D). (4.18)
The point x’ belongs to

(=5, H\{ED = (x =51, x + ) U (x + 2/, x + 52).
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Further, since the function ¢ is differentiable at 7, the directional derivative f'(x’, ¢’)
exists and equals ¢'(7)/|lg’(t)|l. Now by (4.13), (4.16) and Lip(¢) < 2Lip(f) we
have

2¢' (1)

lg" (Il < m,

so that

9’0 — fl(x,e)

flx ey — flix,e) = > (4.19)

Hence (4.8) follows from (4.16).
Together with L = 4Lip(f) and the definitions of ¢, v, x’, the inequalities (4.17)
and (4.19) give

[(f(g(r + 1) = f&x') = (f(h(0)) = f(x))]
<20/ (f'(x', €)= f(x, e)Lip(f)ltl. (4.20)

Using (4.11), (4.14) and ¢ < Lip(f) we obtain

lg(t +1) — g(z) —te] <3 ﬁm,
£
I(6) = hO) —tell <\ [

for all ¢. Using g(t) = x’, h(0) = x and the Lipschitz property of f,

|f(g(r +1)) — f(x"+te)| < 3V/eLip(f)lt],
|f(h(0)) — f(x +re)| < eLip(f)lt]

for all ¢.
Putting these together with (4.20) we get

I(fF(x' +1e) — fF(X)) — (f(x +1e) — f(x))]
< 20J/(f'(x',€¢') — f'(x, e)Lip(f)lt| + 3v/eLip(f)lt| + +/eLip(f)lt|
<25/ (f'(x',€') — f'(x,e)Lip(f)lt|

ase < f'(x',e') — f'(x, e). This is (4.9). We are done.

Lemma 4.3 (Differentiability Lemma) Let H be a real Hilbert space, f: H — R be
a Lipschitz function and (x,e) € H x S(H) be such that the directional derivative
f'(x, e) exists and is non-negative. Suppose that there is a family of sets {F; € H |
& > 0} such that
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(1) whenevere, n > Othere exists 5, = 84(e, n) > Osuchthatforanys € (0, §,) and
ut, uz, u3 inthe closed unit ball of H, one can find u'y , w,, u’y with ||u,, —un|l < n
and

[x + dul, x + 8ul] U [x + Sufy, x + Sub] C F,

(2) whenever (x',e") € Fy x S(H) is such that the directional derivative f'(x’,e’)
exists, f'(x',e) > f'(x,e) and

I(f(" +1e) = fF(XN) = (f(x +1e) — f(x))]
<25/ (f'(x, €)= f(x, e)Lip(f)lt] (4.21)

foreveryt € R then
&', e) < fl(x,e)+e. (4.22)
Then f is Fréchet differentiable at x and its derivative f'(x) is given by the formula
') = f'(x,e)(h, e) (4.23)

forh € H.

Proof We may assume Lip(f) = 1. Lete € (0, 1/9). It is enough to show there exists
A > 0 such that

|f(x 4+ ru) — f(x) — f'(x,e)u, e)r| < 1000e'/?r (4.24)

forany u € S(H) andr € (0, A).
We know that the directional derivative f/(x, e) exists so that there exists A > 0
such that

2

, &
|f(x+1e) = f(x) = f(x,e)] < Teo ! (4.25)

whenever |f| < 8A /e. We may pick A < 8,(g, 82/320)81/2/4.

Assume now, for a contradiction, that there exist » € (0, A) and u € S(H) such
that the inequality (4.24) does not hold:

|f(x +ru) — f(x) — f/(x, e){u, e)r| = 1000 /?r. (4.26)

Define u; = —e,up = e, u3 = 81/2M/4,S = 48’1/2;’,5;‘ = (u,e)r and A = ru.
From ||u,,|| < 1, condition (1) of the present Lemma and

s < 4e712A < 5,(¢, £2/320),
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there exist ', u5, uy with |Ju), — || < £2/320 and
[x —s;,x +X]U[x + A, x +s] C F,, 4.27)

where 51 = —su/, s2 = su) and A" = su’.

We check that the assumptions of Lemma 4.2 hold for f, ¢, x, e, s, &, A, 51, 52, A/
in the Banach space X = H. First we note (4.2) is immediate from (4.25) as s/2/¢ <
8r/e < 8A/e. We also have |£] <r < s/2ase < 1. Further |§] <r < 8A/¢ so that
we may apply (4.25) with t = £. Combining this inequality with (4.26) we obtain

2
| f(x 4+ ru) — f(x + Ee)| > 1000e'/%r — l%m > 960¢e!/?r = 240es.
Hence (4.3). As |A — &e|| = rllu — {(u, e)e|| < r < s/ we deduce (4.4).
Now observe that for 7 = =+1,

wse + A r
=e+
s+ & s+ &

(I/l - <I/l, 6)6)

and, as the vectors e and u — (u, e)e are orthogonal and ||zs + &|| > s/2, we obtain

&
2(s/2)2 =l+g

Tse + A
s+ &

This proves (4.5).

Since |lu), — up| < €2/320, (4.6) follows from the definitions of uy, us, s1, 5.
Further as A" = su’y and = ru = su3 we have |A" — 4| < se%/320 < es/16. Hence
4.7).

Therefore by Lemma 4.2 there exists x’ € [x — s, x +A']JU [x + A/, x + s2] and
e’ € S(H) such that f/(x’, e’) exists, is at least f’(x, ¢) + ¢ and such that (4.9) holds.
But x’ € F, by (4.27). This contradicts condition (2) of the present Lemma. Hence
the result.

5 Proof of main result

Letn >2and M; C R" (i € G) be given by (2.15).

Recall that, by Theorem 2.5 (i)—(ii), the sets M; are closed, have Lebesgue measure
zeroand M; € M; if i < j. Here (&, <) is a non-empty, chain complete poset that is
dense and has no minimal elements, by Lemma 2.1.

The following theorem shows that if g: R” — R is Lipschitz the points of differ-
entiability of g are dense in the set

M = U M;.

ie&
i<(1,1,1,...)
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Theorem 5.1 Ifk,l € Swithk <1 andy € My,d > O then for any Lipschitz func-
tion g: R" — R there exists a point x of Fréchet differentiability of g with x € M;
and ||x — y| <d.

Proof We may assume Lip(g) > 0. Let H be the Hilbert space R". As in Sect. 3, for
a Lipschitz function 7: R” — Randi € G we let Dlh be the set of pairs (x, e) €
M; x §"~! such that the directional derivative 4’ (x, e) exists.

Take ip € (k,/) and jo = [. By Theorem 2.5 (iii) we can find a line segment
£ < M, N B(y, d/2) of positive length. The directional derivative of g in the direc-
tion of £ exists for almost every point on £, by Lebesgue’s theorem, so that we can pick
a pair (xg, eg) € D;% with ||xg — y|| < d/2.Set fo = g, K = 25,/2Lip(g), 80 =d/2
and u = Lip(g).

Let the Lipschitz function f, the pair (x, e), the element of the index set i € (ip, /)
and, for each ¢ > 0, the positive number §, and the index j. € (i,/) be given
by the conclusion of Theorem 3.1. We verify the conditions of the Differentiability
Lemma 4.3 hold for the function f: R" — R, the pair (x, ¢) € Dif and the family of
sets {F. C R" | ¢ > 0} where

Fe = M;, N B(x, 8;).

We know from Theorem 3.1 that the derivative f’(x, e) exists and is non-negative.
To verify condition (1) of Lemma 4.3, we may take ¢ > 0, n € (0, 1) and put

8% = min(a (i, je, 1), 8¢/2),

where « (i, j, n) is given by Theorem 2.5 (iii), noting 6 (1 + 1) < 2§, < 4, for every
6 € (0, §4). Condition (2) of Lemma 4.3 is immediate from the definition of F; and
Eq. (3.1) as Lip(f) < Lip(g) + n = 2Lip(g) so that 25,/Lip(f) < K.

Therefore, by Lemma 4.3 the function f is differentiable at x. So too, therefore, is
g as g — f is linear. Finally, note that x € M; € M; and

lx =yl < llx = xoll + llxo — yll <0 +d/2 =d.

Corollary 5.2 If n > 2 there exists a compact subset S C R" of measure 0 that
contains a point of Fréchet differentiability of every Lipschitz function g: R" — R.

Proof Letl € G. As [ is not minimal we can find k < [. Now M} # @ so that we
may pick y € My. Let S = M; N B(y,d) where d > 0. We know S is closed and
has measure zero. As it is bounded it is also compact. If g: R” — R is Lipschitz
then by Theorem 5.1 we can find a point x of differentiability of g with x € M; and
lx —y|l <d,sothatx € S.
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