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Abstract

We consider a model for complex networks that was introduced by Kri-
oukov et al. [14], where the intrinsic hierarchies of a network are mapped into
the hyperbolic plane. Krioukov et al. show that this model exhibits clustering
and the distribution of its degrees has a power law tail. We show that asymp-
totically this model locally behaves like the well-known Chung-Lu model in
which two nodes are joined independently with probability proportional to
the product of some pre-assigned weights whose distribution follows a power
law. Using this, we further determine exactly the asymptotic distribution of
the degree of an arbitrary vertex.

keywords: mathematical analysis of complex networks, hyperbolic geometry, degree dis-
tribution

1 Introduction

The term “complex networks” describes a class of large networks which exhibit the
following fundamental properties:

1. they are sparse, that is, the number of their edges is proportional to the
number of nodes;

2. they exhibit the small world phenomenon: most pairs of vertices are within
a short distance from each other;

3. asignificant amount of clustering is present. The latter means that two nodes
of the network that have a common neighbour are somewhat more likely to
be connected with each other;



4. their degree distribution is scale free, that is, its tail follows a power law. In
fact, experimental evidence (see [1]) suggests that many networks that emerge
in applications have power law degree distribution with exponent between 2
and 3.

The books of Chung and Lu [10] and of Dorogovtsev [11] are excellent references
for a detailed discussion of these properties.

Over the last 15 years a number of models have been developed whose aim was to
capture these features. Among the first such models is the preferential attachment
model. This is a class of models of randomly growing graphs whose aim is to
capture a basic feature of such networks: nodes which are already popular tend to
become more popular as the network grows. It was introduced by Barabasi and
Albert [2] and subsequently defined and studied rigorously by Bollobés, Riordan
and co-authors (see for example [5], [4]).

Another extensively studied model was defined by Chung and Lu [8], [9]. Here
every vertex has a weight which effectively corresponds to its expected degree and
every two vertices are joined independently of every other pair with probability that
is proportional to the product of their weights. If these weights follow a power-
law distribution, then it turns out that the resulting random graph has power-law
degree distribution.

All these models are nonetheless insufficient in the sense that none of them
succeeds in incorporating all the above features. For example the Chung—Lu model
although it exhibits a power law degree distribution, provided that the weights of
the vertices are suitably chosen, and average distance of order O(loglog N), when
the exponent of the power law is between 2 and 3 (see [8]) (with N being the
number of nodes of the random network) it is locally tree-like around a typical
vertex. That is, for most vertices the following holds: if we fix any given
positive integer d, then with high probability the neighbourhood within
distance d contains no cycles. This is also the situation in the Barabdsi-Albert
model. Thus, it seems that there is a “missing link” in these models which is a
key ingredient to the process of creating a social network. It seems plausible that
the factor which is missing in these models is the hierarchical structure of a social
network.

Real-world networks consist of heterogeneous nodes, which can be classified into
groups. In turn, these groups can be classified into larger groups which, in turn,
belong to larger groups and so on. For example, if we consider the network of
citations, whose set of nodes is the set of research papers and there is a link from
one paper to another if one cites the other, there is a natural classification of the
nodes according to the scientific fields each paper belongs to (see for example [6]).
In the case of the network of web pages, a similar classification can be considered
in terms of the similarity between two web pages. That is, the more similar two
web pages are, the more likely it is that there exists a hyperlink between them
(see [15]).



This classification can be approximated by tree-like structures representing the
hidden hierarchy of the network. The tree-likeness suggests that in fact the geom-
etry of this hierarchy is hyperbolic. One of the basic features of a hyperbolic space
is that the volume growth is exponential which is also the case, for example, when
one considers a k-ary tree, that is, a rooted tree where every vertex has k children.
Let us consider the Poincaré disc model. If we place the root of an infinite k-ary
tree at the centre of the disc, then the hyperbolic metric provides the necessary
room to embed the tree into the disc so that every edge has unit length in the
embedding.

Recently Krioukov et al. [14] introduced a model which implements this idea.
In this model, a random network is created on the hyperbolic plane (we will see
the detailed definition shortly). In particular, Krioukov et al. [14] determined the
degree distribution for large degrees showing that it is scale free and its tail fol-
lows a power law, whose exponent is determined by the parameters of the model.
Furthermore, they consider the clustering properties of the resulting random net-
work. A numerical approach in [14] suggests that the (local) clustering coefficient!
is positive and it is determined by one of the parameters of the model.

The aim of our contribution is to show that when N (the number of vertices
of the underlying graph) is large, then locally this model behaves like the
Chung-Lu model. In particular, we show that as the size of the network becomes
large, the probability that two vertices are joined by an edge is given by the product
of appropriately defined weights of these vertices. Thereby, we are able to determine
the exact distribution of the degree of a given vertex and also show that the number
of vertices of a given degree is concentrated around its expected value.

1.1 Random graphs on the hyperbolic plane

The most common representations of the hyperbolic space is the upper-half plane
representation {z + iy : y > 0} as well as the Poincaré unit disc which is simply
the open disc of radius one, that is, {(u,v) € R? : 1 —u? —v? > 0}. Both spaces
are equipped with the hyperbolic metric; in the former case this is ﬁdy2 whereas
in the latter this is E% %, where ( is some positive real number. It can
be shown that the (Gaussian) curvature in both cases is equal to —¢? and the two
spaces are isometric, that is, there exists a bijection between the two spaces which
preserves (hyperbolic) distances. In fact, there are more representations of the 2-
dimensional hyperbolic space of curvature —¢? which are isometrically equivalent
to the above two. We will denote by Hf the class of these spaces.

It can be shown that a circle of radius r around a point has length equal to
2% sinh {r and area equal to %—g(cosh ¢r—1).

We are now ready to give the definitions of the two basic models introduced
in [14]. Consider the Poincaré disc representation of the hyperbolic plane with
curvature K = —(2, for some ¢ > 0. For a real number v > 0, let N = pe¢f/2

IThis is defined as the average density of the neighbourhoods of the vertices



— thus R is a function of N which grows logarithmically in N. The parameter v
controls the average degree of the random graph. We create a random graph by
selecting randomly N points from the disc of radius R centred at the origin O,
which we denote by Dgr. The distribution of these points is as follows. Assume
that a random point u has polar coordinates (r,0). Then 6 is uniformly distributed
in (0, 27], whereas the probability density function of r, which we denote by p(r),
is determined by a parameter o > 0 and is equal to

sinh ar
p(r) = A aR =1 (1.1)
When a = ¢, then this is the uniform distribution. An alternative way to define
this distribution is as follows. Consider the Poincaré disc representation of H? and
let O be the centre of the disc. Next, consider the disc D; of radius R around O’
and select N points within D, uniformly at random. Subsequently, the selected
points are projected onto Dr preserving their polar coordinates. The projections
of these points onto Dg follow the above distribution.
This set of points will be the vertex set of the random graph and we will be
denoting this random vertex set by V. We will be also treating the vertices as

points in the hyperbolic space indistinguishably.

1. The hard model Two vertices are joined by an edge, if they are within (hy-
perbolic) distance R from each other (see Figure 1).
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Figure 1: The disc of radius R around v in Dp

2. The soft model We join any two distinct vertices u, v with probability
1
exp (ﬁ %(d(u, v) — R)) +1

Puv =

)

independently of every other pair, where 8 > 0 is fixed and d(u,v) is the
hyperbolic distance between u and v. We denote the resulting random graph
by G(N;v, ¢, a, B).



Figure 2 illustrates three examples of the hard model with N = 500 vertices on
the hyperbolic plane of curvature —1. The parameter « has been set to 3/4,1 and
3, respectively. We observe that as a increases, the vertices tend to be located far
from the centre of Dg. Also, the closer to the centre a vertex is, the larger its
degree is. This is the case since those vertices that are closer to the centre cover a
larger area of Dg. We will make these observations precise later.
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Figure 2: A random network on the hyperbolic plane (hard model with N = 500,
¢(=1and a=3/4,1,3/2 in a clockwise order)

In some sense, the soft model can be seen as an approximate version of
the hard model. In the latter, two vertices become adjacent if and only if their
hyperbolic distance is at most R. This is almost the case in the former model. If
d(u,v) = (1 + )R, where § > 0 is some small constant, then p, , — 0, whereas if
d(u,v) = (1 = )R, then p,, — 1, as N — oo.

Also, the hard model can be viewed as a limiting case of the soft model as
S — oo. Assume that the positions of the vertices in Dgr have been realized. If
u,v € Vi are such that d(u,v) < R, then when 8 — oo the probability that u and v
are adjacent tends to 1; however, if d(u,v) > R, then this probability converges to
0 as B grows. Rigorous results for the hard model were obtained by Gugelmann
et al. [12], regarding their degree distribution as well as the clustering coefficient.

The present paper will focus on the soft model and, in particular, on the degree
distribution of a given vertex for all values of 5. The central structural features of
the resulting random graph heavily depend on the value of 8. In particular, when
¢/a < 2 we shall distinguish between three regimes:

1. B > 1 the random graph G(N;v, (, a, ) has constant average degree depend-
ing on 3, ¢ and «.



2. B =1 the average degree grows logarithmically in N.
3. B < 1 the average degree of G(N;v,(,a, ) grows polynomially in N.

Hence, we focus on the § > 1 regime, as this gives rise to sparse graphs, and in
this case we determine the limiting degree distribution of a given vertex precisely.
For this regime Krioukov et al. [14] argue that the tail of the degree distribution
scales as a power law with exponent equal to 2«/¢ + 1, for {/a < 2. Hence, any
exponent greater than 2 can be realized.

The soft model has an additional parameter 8 which turns out to control the
clustering coefficient. In particular, in joint work with E. Candellero [7], we show
that when 3 > 1, the (global) clustering coefficient 2 takes with high probability a
specific value that depends only on «,( and . This value is given by a multiple
integral of a function that takes only «,( and 8 as parameters. As we shall see
in the present paper, the parameter v can tune the average degree of the resulting
network. In other words, given the values of o and ¢ which determine the exponent
of the power law, the average degree as well as the clustering coefficient can be
determined independently.

The soft model has also a statistical mechanical interpretation. The parameter
B > 0 is interpreted as the inverse of the temperature of a fermionic system where
particles correspond to edges. The distance between two points determines the
strength of the interaction that is incurred by the pair. In particular, the
strength of the interaction among the pair {u,v} is w, , = % (d(u,v) — R).

An edge between two points corresponds to a particle that “occupies” the pair.
In turn, the Hamiltonian of a graph G on the N points, assuming that
their positions on Di have been realized, is H(G) = Zu’v Wy, vCu,vs Where ey, 4
is the indicator that is equal to 1 if and only if the edge between u and v is present.
(Here the sum is over all distinct unordered pairs of vertices.) Each graph G has
probability weight that is equal to e ##(%) /7 where Z = [, (14 e Pwur)
is the normalizing factor also known as the partition function. The analysis of Park
and Newman [16] shows that in this distribution the probability that u is adjacent
to v is equal to 1/(e#“= + 1). Hence in this context, we have w,, , = %(d(u7 v)—R).
See also [14] for a more detailed discussion.

Notation Wherever necessary we will abbreviate the standard Landau notation as
follows. For two functions f, g on the natural number, we will write f(N) < g(IN),
meaning that there are positive constants cq, co such that for all N € N we have
c19(N) < f(N) < cag(N). (This is equivalent to f(N) = O(g(N)).) Analogously,
we write f(N) < g(N) (resp. f(N) Z g(N)) if there is a positive constant c
such that for all N € N we have f(N ) < ¢g(N) (resp. f(N) > cg(N)). In the
standard Landau notation, this is simply f(N) = O(g(N)) and f(N) = Q(g(V)),

respectively. Also, we write f(N)/g(N) = 1+o0(1), if f(N)/g(N) —» 1 as N — co.

2This is the density of triangles contained in the network as a fraction of paths of length two.



1.2 Some geometric aspects of the two models

It is not very hard to show that setting the threshold distance equal to R is the
appropriate choice. The proof of this fact relies on the following lemma which
provides a characterization of what it means for two points u, v to have d(u,v) <
(14 9)R, for § € (—1,1), in terms of their relative angle, which we denote by 6, ,.
For this lemma, we need the notion of the type of a vertex. For a vertex v € Vy,
if r, is the distance of v from the origin, that is, the radius of v, then we set
t, = R —r, — we call this quantity the type of vertex v.

Lemma 1.1. Let 6 € (—1,1) be a real number. For any € > 0 there exists an
Ng > 0 and a cg > 0 such that for any N > Ny and u,v € Dg with t, + t, <
(1 =18)R — co the following hold.

o If 040 <2(1—¢)exp (g(tu ity — (1 5)3)), then d(u,v) < (1+ 0)R.

o If0uy>2(1+¢)exp (g(tu by — (1 5)3)), then d(u,v) > (1+ 0)R.

The proof of this lemma can be found in the appendix.

For the sake of simplicity, let us consider temporarily the (modified) hard model,
where we assume that two vertices are joined precisely when their hyperbolic dis-
tance is at most (1 4+ d)R. Let u € Vy be a vertex and assume that ¢, < C (in
fact, as we shall see shortly, if C' is large enough, then most vertices will satisfy
this). We will show that if § < 0, then the expected degree of u, in fact, tends to
0. Let us consider a simple case where § satisfies % <1—10] <1. As we will see
later, with probability that tends to 1 as N — co (asymptotically almost
surely — a.a.s.) there are no vertices of type much larger than %R. Hence, since
t, < C, if N is sufficiently large, then we have %R < (1 —|8])R =ty — ¢co. By
Lemma 1.1, the probability that a vertex v has type at most %R and it is adjacent
to u (that is, its hyperbolic distance from w is at most (1 + §)R) is proportional to

e5(tutts—(1=0)R) /1 If we average this over ¢, we obtain

Ctu/2  [3aR - _
e /z eayu/Qasmh(a(R ty))
B Jo

Priu~o|ty] x ——— dt,
rlu ol e5(1-9) cosh(aR) — 1
tu/2 R a(R—t,
et / agn €
™~ es(U=OR [, cosh(aR) — 1
S / * etz gy, 252 oo (1
es(1-OR [ v N1-9 N)’

Hence, the probability that there is such a vertex is o(1). In other words, most
vertices will have no neighbors.

A similar calculation can actually show that the above probability is €2 (%) .

Thereby, if 0 < § < 1, then the expected degree of u is of order N7 > % A
more detailed argument can show that the resulting random graph is too dense



in the sense that the number of edges is no longer proportional to the number of
vertices but grows much faster than that.

As a final comment on the type of a vertex, we will show in Lemma 2.1 that the
definition of the density function p implies that the type of a vertex is approximately
exponentially distributed. More precisely, the probability that the type of a vertex
exceeds t is approximately equal to e~**. As we shall see, this implies that a.a.s.
all vertices have their types less than %R + w(N), where w(N) — oo as N — oo
(cf. Corollary 2.2). A weaker implication of the exponential law is that for any
€ > 0 there exists a C such that all but an € fraction of the vertices have type at
most C. That is, all but a small fraction of the vertices have their type bounded
by C.

1.3 Results

The main results of this paper describe the degree of a typical vertex of G(V; v, (, a, )
when N is large . For a vertex u € Vy we let D, denote the degree of u in
G(N;v,(,a,B). Let F be a cumulative distribution function and let X be a non-
negative random variable whose distribution is F'. We say that a random variable D
follows the mized Poisson distribution with mizing distribution F, if D follows the
Poisson distribution with parameter equal to the random variable X. We denote
this distribution by MP(F). If Yy is a non-negative random variable parameterized
by N that takes integral values, we write that Yy % D to denote that as N — oo
we have Pr[Yy = k] — Pr[D = k], for every integer k > 0.

Theorem 1.2. If § > 1 and (/o < 2, then
D, % MP(F),

where MP(F') denotes a random variable that follows the mized Poisson distribution
with mizing distribution F such that
K> 2a/¢

F(t)1<t

for any t > K, where K = 2‘;‘“_”4 % cse (%) and F(t) =0 otherwise.

In particular, as k and N grow
20 p2a/¢ - (20/c41)
Pr[Du:k:} =5 KR +o(1),

that is, the degree of vertex u follows a power law with exponent 2a/¢ + 1.

We also show a law of large numbers for the fraction of vertices of any given
degree in G(N;v,(, «,3). We write that the random variable Yy ~ a, where a is
a real number to denote that for any ¢ > 0 with probability — 1, as N — oo, we
have Yy = (1 £ ¢€)a.



Theorem 1.3. For any k let Ny denote the number of vertices of degree k in
G(N;v,(,a,B). Let f>1 and (/o < 2. For any fized integer k > 0, we have

% ~ Pr[MP(F) - k}

The distribution of the degree of a given vertex changes abruptly when g < 1.

It is not hard to see that when 8 < 1, the random graph G(N;v, (, a, ) stochas-
tically contains a G(N,v?/2N?) Erdés-Rényi random graph. Indeed, for any two
distinct points u,v € Vy if r,,r, denote their radii in Dg, then d(u,v) < ry, + 7,
— this follows from the triangle inequality. Thereby, we have

(Tu +7ry — R) = B 7(R — by — tv)~

- - B[Sttt
Puyw =2 = 5 T .
exp (5 %(R—tu—tv))-l—l 2 N

If R—t, —t, <0, then p,, > 1/2. Hence, in general, for any two distinct
u,v € Vi, the probability that they are joined is

1 o5 (tutty) d . I
wo 2 = — | A > —,
Pov =5 V|V TN NP

for N that is large enough. Hence, if 8 < 1, the random graph G(N;v,(, «, 3)
is a.a.s. connected and, moreover, it has bounded diameter (cf. Theorem 10.10
in [3]).

When g = 1, our analysis implies that the expected degree of a vertex u of type
t, is proportional to (R — t,)e$*/2. Hence, most vertices will have degree that is
proportional to R. This will become more explicit at the end of Section 3.

As we stated above, the proof of these results relies on showing that G(N; v, (, a, 5)
locally behaves as the Chung-Lu model when N is large. This is made precise
in Lemma 2.4. In particular, when 8 > 1, we show that the probability that two

. Ctu /2 gCtoy /2 .
vertices u,v are adjacent is proportional to “—=+——. Similar expressions, but
with different scaling in terms of N, are derived for 8 <1 (cf. Lemma 2.4).

1.4 Outline

We begin our analysis in Section 2 with some preliminary results which will be
used throughout our proofs. In that section also, we prove the key Lemma 2.4. In
Section 3, we prove Theorem 1.2 and we continue in Section 4 with the analysis
of the asymptotic correlation of the degrees of finite collections of vertices for
B > 1 and (/o < 2 and the proof of Theorem 4.1. Its proof immediately yields



Theorem 1.3 with the use of Chebyschev’s inequality.

2 Preliminaries

The next lemma shows that the type of a vertex is essentially exponentially dis-
tributed.

Lemma 2.1. For any v € Viy we have
Pr{tv < x} =1-e*+0 (Nfza/c) ,

uniformly for all0 <z < R.
Proof. We use the definition of p(r) and write
R .
sinh(ar) cosh(aR) — cosh(a(R — x))
Pr|t,<z|= dr =
r[ - m] O[/Rfm cosh(aR) —1 " cosh(aR) —1

We set © = e~*® and t = e~*®, whereby the above expression can be re-written as

u—!—l/u—t/u—u/t.

P [tv< }:
fllo=® 1/utu—2

The latter expression can be further written as follows:

u+1/u—t/u—u/t_1_t/u—|—u/t—2

1ju+u—2 1/u4u—2
_q t/u+tu— 2t —tu+ 2t +u/t — 2
N Lju+u—2
tu — —
gt 2t —u/t+2
Tju+u—2

For N large enough the last fraction is at most
2u(tu + 2) < 6u,

as tu <1 But u = O (N~2%/¢), whereby
Pr[tv Sx} :1—e*°“+0(N*2“/<). (2.1)

O

Now, let us set g = %R + w(N) where w(N) — oo as N — oo but w(N) =
o(R). The above lemma immediately yields the following corollary.

Corollary 2.2. If (/a < 2, then a.a.s all vertices v € Vi have t, < xg.

10



Proof. Note that zg = £ log N — 1 logv + w(N). For a vertex v € Vi applying
Lemma 2.1, we have

Prft, > a0] =m0 (N20) —o ().

since (/a < 2. The corollary follows from Markov’s inequality. O

We will also need an estimate on the distance between two points in the case
their relative angle is not too small (this is the typical case).

Lemma 2.3. Assume that 0 < (/a < 2 and let h : N — R such that h(N) — co
as N — oo. Let u,v be two distinct points in Dr such that t,,t, < xo, with 6,

denoting their relative angle. Let also OAW, = (eiQC(R*t“) + e’zC(th”))l/z. If
BNy < O <,

then

. 2
2 auv euv
d(u,v):?Rf(tqutU)qLE 1ogsin< 2’ )+O ( : > ,

uniformly for all u,v with R —t,, — t, > h(N).

Proof. Let us set first r, = R —t,, and 7, = R — t,, - these are the radii of u and
v, respectively, in Dr. We begin with the hyperbolic law of cosines:

cosh(¢d(u,v)) = cosh(ry,) cosh({r,) — sinh({ry,) sinh(¢ry,) cos(y,v)-

Since R — t,, — t, > h(N), it follows that both r,,r, — 0o as N — oo. Thus the
right-hand side of the above becomes:

cosh(¢ry,) cosh(¢ry) — sinh(¢ry,) sinh(¢ry) cos(by,,) =

C(ru+ry)
- 1 ( (14 e726m) (14 e %)
(- %) (L—em™m) cos(@u’v)) (2.2)
C(rutry)
- 6T<1 B Cos(au,v) + (1 + COS(au,U)) (efzcru + 672(7‘1,)

) (e—2<<ru+m>) )

—2C¢x

By the convexity of the function e , we have

e~ Clrutre) — pm2¢ e < (6725“ + 67207)) <62 . (2.3)

u,v

DO | =

11



Thus, the previous estimate can be written as

eS(rutry)

cosh({d(u,v)) = 1

(1 — c08(0uw) + (1 4 cos(0y.)) ézv + O (éiv)) .
If 6, , is bounded away from 0, then clearly 1 — cos(6,,,) dominates the expression
in brackets. Now assume that 6,, = o(1). It is a basic trigonometric identity

2
that 1 — cos(f,.,) = 2sin? (0“7”) Then 1 — cos(byn) = 9“'“(1 —o0(1)). But the

2

assumption that 6,, > éuﬂ, again implies that also in this case 1 — cos(fy..)
dominates expression in brackets. Thus,

eC2R—(tu+ty))

cosh(Cd(u,v)) = ——— (1 —cos(fy)) |14+0 ( : )

4

~ 2
C2R—(tutty)) 0 )
=S () (o (52)

Now, we take logarithms in (2.4) and divide both sides by ¢ thus obtaining;:

. 2
1 2 0 0
1 1— —2¢d(u,v) | IR—_+t — 21 . w,v )
d(u,v)+ c og ( e ) R—t,—t,+ c ogsin | — +0 s
(2.5)

—2¢d(u,v) - We derive this from

We now need to give an asymptotic estimate on e
(2.4) as well. For N large enough, we have

2
C2R=(tutts)) 0 1 (2.3) 1 0
Cd(uw) < € in2 [(Zuv ) > L C@R—(tu+t) g2 X L u,v
¢ = 1 Sm<2>326 woe = 33 \g. ]

from which it follows that

‘log (1 - e*QCd(uw))‘ -0 (Zu,v>4

Substituting this into (2.5) completes the proof of the lemma. O

Let Py = % fow Du,pd0 - this is the probability that two points v and v are
connected by an edge, conditional on their types. For an arbitrarily slowly growing
function w : N — N we define

D
Dg,)w = {{u,v} I= ( 2R> Sy, ty <o, R—1t, —t, Zw(N)}.

Also, we let ﬁg?w denote the complement of this set in Dgr. For two points u,v €

12



Dr we set A(ty,t,) = exp (% (R — (ty +tv))). The following lemma gives an
asymptotic estimate on p,,,, for all values of 5, in terms of A(t,,t,), whenever
{u,v} € Dgi}.

Lemma 2.4. Let 8 > 0. There exists a constant Cg > 0 such that uniformly for
(2)
all u,v € Dy, we have

(I+o()£s,  fB>1

~ CplnAy ., .
Puv = (1 +0(1)) BAuyv =, afg=1.

Ato) 2, ifp<1
In particular,
%csc(%), if8>1
Cp = %7 ifB=1
r(52 .
Frtg 1<

Proof. Throughout this proof we write A, ,, for A(t,,t,). Recall that

1
exp (8 §(d(u,v) — B)) +1

Puw =

We will estimate the integral of p,, , over 8, ,. When 0, , is within the range given
in Lemma 2.3 we will use the estimate given there. In particular, we shall define
éu,v > éu,v and split the integral into two parts, namely when 0 < 6, ,, < éu,v and
when éuw < 0y < . The parameter éu,v is close to A;ﬁ). Note that the following
holds.

Claim 2.5. If R —t, —t, > w(N), then

A7l >0,

u,v

We postpone the proof of this claim until later. 3
Let w(NV) be slowly enough growing so that in the following definition of 6, ,,

we have 6, > éu,v, when 3 > 1, and éu,u = o(A;_g), when 8 < 1. We set

ALl .
b, = oy 821
’ w(N)AZL ifp<1

U,V

13



Thus when 9~u,v <0y, <7, we use Lemma 2.3 and write

exp <B g(d(u,v) _ R)> -C eﬁ%(R*(tqu)HB logsin(eu,u/Q), (2.6)

N
where C =1+ 0O ((zf“) ) By Claim 2.5 and the choice of the function w(V),

w,v

we have that C =1+ o(1).
We decompose the integral that gives p,, , into two parts which we bound sep-

arately. i
1 T 1 Ou v 1 T
ﬁu,v = - / pu,vde = - / pu,vde + = / pu,vde- (27)
i 0 ™ 0 Vs éuﬂ’
The first integral can bounded trivially as follows:
O 1 .
u,v - A f >1
/ pu,vd& < eu,u = 0( u,v) ’ 1 B o (28)
0 0(AzR), ifp<1

We now focus on the second integral in (2.7). We will treat the cases f < 1 and
B > 1 separately, starting with the former one.

<1
Recall that 9~u7v is such that éum > A;}). Thus, we write

™ ™ 1 1+ o(1) /’T 1
u vda = / = df
/éu,vp ’ d.., CAyusin? (2) +1 Avo oo, sin® (%) +o (A;ff,)
1+ 0(1) /7r 1 1+ o0(1) /’T 1
Adw  Jau, sin” () Adw  Jo sin’ (§)

Substituting the estimates of (2.8) and (2.9) into (2.7) we obtain

Puw = (1+0(1)) % (/O” sinﬁl(e)(ﬂ) A; : (2.10)

(2)

(2.9)

uniformly for all u,v € D’ . Finally, note that

™ 1 /2 1 F(%)
/O ERCRTAY (g>d9=2/0 7sinﬁ(0)d9:ﬁ7r (1—§).

B=>1
We use the inequality sin 6 < 6, which holds for all 6 € [0, 7], and obtain an upper

14



bound on the right-hand side of (2.6).

¢ 550ttt [Pun)” s (fun)’
exp BE(d(u,v)—R) < CePs ute T =C Ay, T .

Using this bound we can bound the second integral in (2.7) from below as follows.

™ s 1
Du,vd0 2/ de. 211
/é b0 C A, (8)° 41 @211)

u,v

We perform a change of variable setting z = C'/# A, , g. Thus with C’ = C/8 /2
the integral on the right-hand side of (2.11) becomes

T 1 11 C'mAu 1
o = = / dz. 2.12
.o AL, (1 O A Jo, A (212

We now provide an estimate for the integral on the right-hand side of (2.12) for
any 8 > 1 - its proof is elementary and we omit it.

Claim 2.6. Let g1(N) and g2(N) be non-negative real-valued functions on the set
of natural numbers, such that g1(N) — 0 and g2(N) = 00 as N — co. We have

g2(N)
a@y 27 +1

We take g1(N) = C'Aypbun = C'Jw(N) = 0 and go(N) = C'mAy., — oo,

since u,v € Dg’iﬂ and we obtain through (2.11):

(1+0(1)) f° Fdz, if B>1

(I1+o0(1)Ingy(N),  if f=1

1+0(V) a5 as Jo wpde iB>1

[ Pu,wdd > . (2.13)
Ou,v nAuw i
(1 + 0(1)) 012/6 lAfiJ; ) if B =1

To deduce the upper bound we will split the integral into two parts. For an

e € (0,m), we write
[ Du,0d0 = / Du,vdl +/ Du,pdl. (2.14)
[ 6 e

u,v u,v

We will bound each one of the integrals on the right-hand side separately.

For the first integral we will use (2.6) together with the bound sinf > 6 — 63,
which holds for any 6 < &, provided that the latter is sufficiently small. More
specifically, we let ¢ = ¢(N) = 1/w(N); so Ay ,e(N) — 00 as N — co. We shall
also use (1 — #%)% > 1 — B2, Thus (after a change of variable where we replace

15



0/2 by 0) for sufficiently large N, we have

€ e/2 1 e/2 1
PRy wsa [ a0
O un/2 CAuw(0—03)8 +1 u.0/2 CAYLOP(1 — B62) +1

e/2 1
< 2/ 3 do.
Ouu/2 CAu,veﬁ(l - ﬂ82/4) +1

We change the variable in the last integral setting z = [C/(1 — 552/4)]1/B Ay 0.
Thus, we obtain:

(29 9 Bo 1
/ pu,vde S 1/8 / 3 dZ,
g [C(1 = Be2/4)) 7 Ay S 27 H 1

u,v

where By = [C(1 — 652/4)]1/6 Ay .oBun/2 and By = [C(1—pe?/4)] 1/6 Aywe/2.
We have By = o(1) whereas, By = [C(1 — 552/4)]1/ﬂ Ay we/2 — 00. So, Claim 2.6
yields:
. (1+0(1) 22— [fo w7mdz ifB>1
/ Pupdd < | , (2.15)
7

u,v h’lAu v 1
(1+o0(1)) 2T ifg=1

uniformly for all u,v € Dg’)w. The second integral in (2.14) can be bounded easily.

™ ™ 1 1
o= | i0=0(—) =otart)
/5‘ p ’ £ CAE’U smﬁ(9/2) +1 ((Au,1)5)5> ( ’ )

Hence, uniformly for all u,v € Dg}w

we have

i (14 o0(1)) % I —Zﬁlﬂdz, ifg>1
/ Puvdf < ) (2.16)
Buo (1+0(1)) 2oAus =1

u,v

Thereby, (2.7) together with (2.8) and (2.13),(2.16) yield the lemma for g > 1.

Finally, note that when 8 > 1 we have fooo ﬁ

We now conclude the proof of the lemma with the proof of Claim 2.5.

dz = %csc (%)

Proof of Claim 2.5. We will show that A;}, > éu,'u- We will show that

1
g (R—(tu+ 1)) + 5 log (e*%(R*t“) + e*QC(R*t’”)> <

—(w(N)—i—l.

5 (2.17)
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Adding and subtracting R inside the brackets in the first summand, we obtain:

g _ 1 —2¢(R—tw) —2¢(R—ty)
2(R (tu+tv))+210g<e +e )
R 1 1 _ _ _ _
= —% +3 (C(R—ty) + (R —1ty)) + 5 log (e 2(R—tu) 4 o= 2(R tv>) .

For notational convenience, we write a = ((R —t,) and b = {(R — t,,). Without
loss of generality, assume that a < b. Thus, the above expression is now written as

CR 1 1 —2a —2b
—7+§(a+b)+§log(e 24 em?)
(R 1 —2(b—a) (R 1 —2(b—a)
= 2l log(l ) [P S @]
5 —&-Q{b a+log(l+e )}_ 5 +2[b a+e

Note that b —a = ((ty, — ty) < C(R—ty, —w(N) — t,) < ( (R — w(N)). Therefore,

C —2a —2b
24— — < 2 7y 0.
+ (CL + b) + = log (e +e ) 00

3 The asymptotic distribution of the degree of a
vertex

In this section, we prove Theorem 1.2. Let us fix some u € V. We will condition on
the position of v in Dg; in particular, we will condition on ¢, and the angle 8,,. In
this section as well as later, we will be writing p(t) for asinh(a(R—t))/(cosh(aR)—
1) — this is the density function of the type of a vertex. The re-use of notation at
this point should be causing no confusion.

Let us fix first ¢, and 6,, such that t, < xo and 6, € (0,27]. (Recall that by
Corollary 2.2 we have that a.as. t, < z9 = (R/(2a)) + w(N) for all u € Vy.)
Denoting by V3¢ the set Viy \ {u}, we write D, = ZveV;; I, where I, is the
indicator random variable that is equal to 1 if and only if the edge {u, v} is present
in G(N;v,(,a,B). Note that conditional on t, and 6, the family {Iuv}vevje, is a
family of independent and identically distributed random variables.

We begin with the estimation of the expectation of I, for an arbitrary v € Vy
conditional on ¢, and 6,.

Lemma 3.1. Let > 1 and {/a < 2. Let also u,v € Viy be two distinct vertices.
Then uniformly for all t, < xo and 6,, € (0,27], we have

(Ctu/2

Pr|l,=1]ty,0,|~K ,
r | I

17



where K = ziafc % csc (%)

Proof. We write p(t,,t,) for p, . as the latter depends only on ¢, and t,. Hence,
we have

R
Pr Lw =1 ‘ tuaau:| = / ﬁ(tuatv)p(tv)dtv
0

R—ty—w(N) R
0 R—ty—w(N)
(3.1)

The second integral can be bounded as follows.

R R
h(a(t, N))) — h(0
/ Bt to)p(t) b S/ p(ty)dty = cosh(a(t, +w(N))) — cosh(0)
R—ty—w(N) R—ty—w(N) cosh(aR) — 1
) e )y [ |
cosh(aR) —1 N2a/¢ N
(3.2)

For the first integral we use the estimates obtained in Lemma 2.4. We set K7 :=
(1 + 0(1))05.
We have:

R—t,—w(N) R—t,—w(N) 1
D(ty, toy ty)dt, = K ——— p(t,)dt,
/0 P(tus t)p(ts) 1 / T A

B ctu)2 R—t,—w(N) 7£(R7tv)
= Kje e 3 p(ty)dt,
0

R—t,—w(N) .
= aKleCtu/Q/ oS-ty Sh(a(R—t))
0 cosh(aR) —1

ol " “# sinh(aty)d
T ce— T2 osi ty)dty,.
! cosh(aR) — 1 /tquw(N) ¢ sinh(at,)

Note that uniformly for w(N) < ¢, < R we have sinh(at,) = (1 — o(1))e* /2.
Hence the last expression in (3.3) becomes

aKy eStu/2 R -
1+0(1 s=a)tegp,
(1+0(1)) 2 cosh(aR) -1 /tquw(N) ‘

(/a<2,t, <o 2a 2 aarr
24 (1+0(1))2a—< e
200 eStu/2 2aqu Stu/2
T 2a—CeR2Z T 2a—C N
oCtu/2

~Kv
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Thus the lemma follows. O
It is clear that the proof of the above lemma yields also the following corollary.

Corollary 3.2. Let 8 > 1 and 0 < {/a < 2. Then uniformly for all t,, < xg, we

have
St/

N b

Pr[fm, — 1|t |~ K
where K is as in Lemma 3.1.

We close this section with a remark on the 8 = 1 case. We use again Lemma 2.4
and we have

Pr(ly,, =1]t,0.] =

R—ty,—w(N) R=tu=w(N) 1y A(to. b
/ pltus top(t )it = K, | InAfturto) g
0 0

Aty ty)
R—ty—w(N)
- / (g(R — ty — tv)) em 8 R—tut) (it Ydt, =
0
1 R—tu—w(N) —S(R—tu—t,) o
= o =1, (R =t = ta) e 300 sinb(a(R = )by,

(3.4)

As above, uniformly for 0 < t, < R —t, — w(N) we have sinh(a(R —t,)) =
(1 —o(1))e*(F=t) /2. Hence the last expression in (3.4) becomes

_ 1 /Rtuw(N) (R—t, — 1) 6,%(thu7tv)+a(R7tv)dtU
cosh(aR) J,

aty,

R—ty,—w(N
= 67/ - )(R—tu—tv)e—%<R—tu—tv>+a(R—tu—tv>dtv
cosh(aR) J,

eatu R—t, 7w(N) ¢

= —— R—t,—t, (Oﬁé)(Rituit”)dtv

cosh(aR) /0 ( Je

aty, R—t,,

= 67/ zele=8)7dy

cosh(aR) Jo, v

R—t, Ctu/2
= e o(F-tu) / zelo=5)7 gy < e~ (Bti)(R — tu)e<°‘_%>(R_t“) = (R — tu)ie .
w(N) N

Therefore, the expected degree of a vertex u is (R — t,)e$*/2. In particular, if t,
is bounded by a constant, the expected degree grows logarithmically in V.

3.1 The asymptotic distribution of D,

Let ﬁu be a Poisson random variable with parameter equal to T, := Zvevﬁ Pr| I, =

1] tu} ~ KeStu/2 Recall that the total variation distance drv (X1, X2) between
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two non-negative discrete random variables is defined as > -, |Pr[X; = k| =
Pr[X5 = k]|. We prove the following lemma.

Lemma 3.3. Conditional on the value of t,,, we have
dry (Du, Du) = o(1),

uniformly for all t, < R/2 —w(N).

Proof. Recall that D, = ZveVN“ I, and conditional on t, and 6, this is a sum
of independent and identically distributed indicator random variables. Keeping ¢,
fixed, this is also the case when we average over 6, € (0,2n]. Thus conditioning
only on t,, the family {7, }yevy is still a family of i.i.d. indicator random variables,
whose expected values are given by Lemma 3.1.

By Theorem 2.9 in [13] and Corollary 3.2 we have for N sufficiently large

drv(DuDu) < Y Pr[[uv —1 tur < 2KN<

oCR/A—Cw(N) /2 ) 2
veVy

N

1
= 2Ne @) N o(1).

O
For any integer k > 0 we have
1 R 27
Pr[Du - k} - 7/ / Pr[Du k| tu,eu}p(tu)dtudeu
27T 0 0
1 27
_ / Pr[Du — k| tu,eu}p(tu)dtudeu (3.5)
2m tu<R/2—w(N) JO
1 27
+— / Pr[Du =k | tu,eu}p(tu)dtudeu.
21 Ji,>R/2—w(N) Jo
We bound the second integral as follows.
/ Pr[Du k| tu}p(tu)dtu < / p(ta)dty = o(1).  (3.6)
R/2—w(N)<ty R/2—w(N) <t

We will use Lemma 3.3 to approximate the first integral.

/ Pr[Du k| tu]p(tu)dtu - / Pr[[?u - k}p(tu)dtu +o(1)
tu<R/2—w(N) tu<R/2-w(N)

- / Pr[f)u = k]p(tu)dtu +o(1).
tu<R

(3.7)
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But recall that Pr[ﬁu = k} = Pr[Po (Ty) = k} Let Kn = (1 + o(1))K denote

the factor of e¢*+/2 in the expression of T,. If t < K, then Pr[Tu < t} — 0 as

N — oo. However, for any ¢t > K we have

Pr{Tu gt] :Pr[tu <2 lni} :a/g " sinh(a(R — @)
0

¢ Ky cosh(aR) — 1
R .
B sinh(ax)
B a/R_? In ot cosh(aR) — 1dx
1 2 t K\€
= |cosh(aR) —cosh (aR— = In— )| =1— (= 1).
cosh(a ) —1 {cos (aR) — cos (aR c n KN>:| < ; ) +0(1)

In other words,
Pr{Tu < t} — F(t), as N — oco.

Thus,
/ Pr[Du:k\tu}p(tu)dtu%Pr{MP(F):k}, as N — 0.
tu<R/2—w(N)

The above together with (3.6) and (3.5) complete the proof of Theorem 1.2.

3.1.1 Power laws

We close this section with a simple calculation proving that Pr[MP(F) = k} has

power-law behaviour with exponent 2a,/¢ + 1 as k grows.

Lemma 3.4. We have

2
Pr[MP(F) = k} = ?O‘K%/C k=20/¢1 g5 kN — oc.

Proof. The pdf of F(t) for t > K is equal to QTQ K2e/€/t=2¢/¢=1 and equal to 0
otherwise. Thus we have

es} k
Pr[MP(F) = k| = 20 prase [Tt U mrascry,
¢ K k!
— 2£ KQa/{ l Ooeft tk72a/<71dt
¢ kS (3.8)
2 1 K
— 2% g2/¢ = [Pk - 2a/¢) — ot ph—2a/C1 g |
¢ Rl ;
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Note now that the last integral is O(K*) and therefore, as k — 0o, we have

foK e—t th+2a/C+1 gy o Ke k
k! B k '

Now using the standard asymptotics for the Gamma function we have

T(k—2a/¢) = (1+0(1)\/2m(k — 20/C — 1) e FH20/CH1 (| — 20/¢ — 1)F72/¢7

and also k! = (1 + o(1))v2rke *k*. Thus,

L(k—20/0) _ sajcrn (1 200N e
o = (1+o(1))e 1= — k

= (1+0(1)) E—(2a/¢+1)

Thus, (3.8) now yields as k — oo

Pr[MP(F) - k} - 2?0‘ K20/¢ p=(2a/¢1) (1 1 (1)),

4 Asymptotic correlations of degrees

In this section, we deal with the correlations of the degrees for the case where
B >1and (/a < 2. We show that the degrees of any finite collection of vertices
are asymptotically independent.

Theorem 4.1. Let f > 1 and {/a < 2. For any integer m > 2 and for any
collection of m pairwise distinct vertices vi,..., v, their degrees D, ,...,D,,

are asymptotically independent in the sense that for any non-negative integers
ki,...,kn we have

‘Pr[Dvl = ki,...,D,, = km} —Pr{Dvl - kl} ---Pr[Dvm - ka = o(1).
(4.1)

The proof of the above theorem together with Chebyschev’s inequality yield the
concentration of the number of vertices of any fixed degree and complete the proof
of Theorem 1.3.

We proceed with the proof of Theorem 4.1. Let us fix m > 2 distinct vertices
V1,...,0n and let kq,...,k, be non-negative integers. The proof of Lemma 2.4
suggests that there exists a specific region around each vertex such that if another
vertex is located outside it, then the probability that the two vertices are joined
becomes much less than the estimate given in Lemma 2.4. In other words, this
region is where a vertex is most likely to have its neighbours in — see Figure 3.
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Definition 4.2. For a vertex v € Vy, we let A, be the set of points {w € Dg
tw < X0, 0uw < min{m, 0], ,}}, where 0}, , := w(N)A; . We call this the vital area
of vertex v.

vital area
Figure 3: The vital areas of vertices in Dg

We begin our analysis proving that the vital areas A,,, for i = 1,...,m, are
mutually disjoint with high probability. We let & be this event. Though m is
meant to be fixed, the following claim is also valid for m growing as a function of
N.

Claim 4.3. Let m > 2 be fized. Then Pr{gl} =1-o(1).

Proof. Let i € {1,...,m} and assume that t,, < R(1 — (/(2a)) — 2w(N). Consid-

ering all points w € A,, the parameter 0, ,, is maximised when t,, = 2. So let

92, be this maximum, that is,

~ 1-¢/(20)
b, = A e (§ 1+ a0)) =) (57) 7 ez gser

Observe that our assumption on ¢,, implies that

Ctoi/2 < o5 (155) =G N) — N1=¢/(20) ;—Cw(N)

whereby é{) = o(1). Thus for ¢ # j, with ¢,,,t,; < R(1 —(/(2a)) — 2w(N) =: &g
we have A,, N A, # 0 if

o, < i 9~7’J]. () (%)1—4/(260 eCw(N)/2 (eCtW/Q + eCti,j/z) '

The probability that this occurs for two given distinct indices i, j is crudely
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bounded for N large enough using Lemma 2.1 as follows:

1 v\ 1-¢/(2a) 2o (o
- v Cw(N)/2 Cto, /2 Cto; /2
w(N) ( N) e /0 /0 (e +e ) p(to,)plto, )dty, dty,

™

2 1-¢/(2a Zo oo
< Qi w(N) (1) ¢/(2a) eCw(N)/Q/ / (eg‘tvi/Q + Sty /2) o~ Otv; g0ty dt,,dt,,
0 0

T N

402 v\ 1-¢/(2a) o ¢

I - Cw(N)/2 —(a—f)m
<— w(N)(N) e /O e (o=35)v gy

402 2 v\ 1-¢/(20)
< = N) (= Cw(N)/2.
S e v )(N) ¢

Also, by Lemma 2.1 for a vertex v we have

«

Pr{tv >R (1 - ;) - 2w<N)} — e—oR(1-35)+200(N) | (N—2a/()

14

_ (N> T e 4 (206

14

(N> i) (20400 4 0 (=206

Thus the probability that there exists a pair of distinct vertices v;,v; with i,j =
1,...,m such that A,, N A,, # () is bounded by

N o
m20 (N?(C/()%c) ec‘”(N)m) + mO (Nl_%eQO‘“(N)> =o(1).

O

We assume that m > 2 is fixed and we condition on the event that ¢,, < z¢ for
alli =1,...,m (which we denote by 77) as well as on the event £;. By Corollary 2.2
and Claim 4.3 both events occur with probability 1 — o(1).

For a vertex w & {vi,...,v,} we denote by A}’ the event that w is located
within A,, and it is adjacent to v;. In what follows, we will be omitting the
superscript w, whenever this is clear from the context.

Now, let us consider the event that k; vertices satisfy the event A,,, for i =
1,...,m, whereas all other vertices do not. We denote this event by A(k1, ..., km).
Also, for every i = 1,...,m let fl;“ be the event that a certain vertex w is located
outside A,, and is adjacent to v;. We let By be the event Uwepgarvm um, flvw,
that is, the event that there exists a vertex w € Viy \ {v1, ..., v, } which is adjacent
to v;, for some ¢ = 1,...,m, but it is located outside A,,. Thus conditional on
&1 N Ty, if the event By is not realized, then the event that vertex v; has degree k;,
for all ¢ = 1,...,m is realized if and only if A(ky,..., k) is realized. Using the
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union bound, we will show that
Pr[Bl] = o(1). (4.2)

(We will show this without any conditioning.) Thereby, we can deduce the follow-

ing:

Pr{DUl =ki,...,D,. :km} :Pr[Dvl =K1y, Dy =k | 81,7'1} +o(1)
2 Pr[ Dy, = ki, Dy, =l | €073 B1 | +0(1)

:Pr[A(kl,...,km) | 51,71,5*1} +o(1)

:Pr:A(/cl,...,km)E | 51,7;}/Pr[3i|51,ﬂ +o(1)

— Pr[ A(k1, ... k), By | 51,71} +o(1)

- Pr:A(k:l,...,k;m) | 51,71} —Pr[A(kl,...,km),Bl | gl,ﬂ +o(1)

= Pr[ A(ky, ... k) | gl,ﬂ +o(1).
] (4.3)

We will show further that Pr[A(kl, vy km) | &y 7'1} is asymptotically equal to
the product of the probabilities that D,, = k;, over i =1,...,m.

Lemma 4.4. Let 8> 1 and {/a < 2. Assume that m > 2 and kq,...,ky, >0 are
integers. Then we have

Pr| Alkr, ... km) | 51,71} NﬁPr[Dui :k}
i=1

Proof. Note that if the positions of v1, . . ., v, have been fixed, then U2, { AY }weV;}l ----- vm
is an independent family. Thus, assuming that the positions (ty,, 0y, ), - -, (ts,,, 0v,,)
of v1,...,v,, in D have been exposed so that £ N Ty is realized, we can write

N—Zzl1 ki
W)

(4.4)

Pr[ A1, o) | (B 00,)s o (F0,) | =

<k1k2 .. -NN_—mZ:,’il k,-) [H Pr[AUi o, rl] (1 — ;Pr[flyi

i=1

We now proceed by giving an estimate for Pr [.Ayi | Lo, ] . That is, we will calculate

the probability that a vertex w ¢ {vi,...,vn} is located within A4,, and it is
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adjacent to v;. Setting z(, = min{zg, R — t,, — w(N)}, we have

[

1 o min{ﬂ',é;%w}
tvi:| = */ / pvi,wp(tw)dgdtw
T™Jo Jo

1 zg éLtw 1 o min{méi}i’w}
*/ / pv-wp(tw)dedtw'i‘*/ / pv~wp(tw)d0dtw~
™ Jo 0 v ™ ) 0 o

Lo

(4.5)

Pr {Avi

The second integral is bounded as in (3.2). In particular, it is bounded from above

by
r (o, /2 2a/¢
/ Poswp(te)dty = O [ ™ (@ > .
R—ty;, —w(N) N

Regarding the first integral, we argue as in (2.8), (2.15) and (2.12). Recall that for
B > 1, we defined 0,, ., = w(lN) AL

v ,W "

0 Oui o 0
/ pvi;wde = / p"-’i7wd9 + [ pvi’wde = / pvi;wde to (A;jw) .
0 0 6 0

Vi,w v ,w

For the first integral, we imitate the calculation in (2.12), expressing p,, ., using
Lemma 2.3 and applying the transformation z = C'*/# A, w g. We obtain

é/
vy w Cﬁ
wdf ~ ,
L s ~

where Cj is as in Lemma 2.4 for 8 > 1.
Thereby, as in (3.3), the first integral in (4.5) becomes

1 [7o [l %o 2avCg eStoi/?
- vi Pt )dOdt, ~ C, AZY p(ty)dty, ~
T et o [ Attt ~ SR

With K = 2avCs/(2a — (), as it was set in Lemma 3.1 for 8 > 1 and substituting
the above estimates into (4.5) we obtain

oCto, /2

= (4.6)

Pr[.Avi | tm} = (1+0(1) K

Under the assumption that t,, < R/2—w(N), we have e¢*i/2/N = o (717z)- Thus,
ift,, <R/2—w(N),foralli=1,...,m

m N=32 ki m
(1 - ZPY[AW | to, ]) = exp <(1 +0(1)) KZeCtvi/2> .4
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Recall now that T;, = Zvevg;
any integer k > 0 we have

Pr[[uv =1 tu} and Lemma 3.3 implies that for

Pr[Du — k| tu} - Pr{Po(Tu) - k} +o(1).

Assume now that the function @(N) is such that
i. uniformly for t,, < &(N) we have T, = Ke¢*/2 4 o(1);
ii. @(N) <min{R/2 —w(N),zo};
ifi. @(N) — oo as N — oc.

Substituting the estimates in (4.6) and (4.7) into (4.4) we obtain that uniformly
for all (ty,,...,ty,,) € [0,0(N)]™ and all ,,,,...,0, € (0,2x] such that & NT; is
realized:

Prl Ak Ji) | (s 00,)s o (s B0,) | ~

ﬁ <]gllk exp (_(1 + 0(1))Ke<t“i/2> ~ ﬁPr[Dvi =k | to, }7 (*5)

by Lemma 3.3. Also, a first moment argument shows that the probability that
there exists an index ¢ with 1 < ¢ < m such that t,, > ©(N) is o(1). Hence,
averaging over all (¢,,,0,,), for i = 1,...,m, on the measure conditional on & N7y,
the lemma follows. O

We conclude the proof of (4.1) with the proof of (4.2).

Lemma 4.5. For any 8 > 1 and any (/o < 2 we have
Pr[Bl] = o(1).

Proof. For ¢ € [m], assume that t,, < R — w(N). Corollary 2.2 implies that this
holds for all 7 € [m] with probability 1 —o(1). Now, for a given w € V3*"»"", the
probability of the event AY , conditional on t,,, can be bounded as follows:

v

B 1 R—ty, —w(N) T R
ey | posttisar, [ Pussop(tu) b
0 6

m R—t,, —w(N)

’
Vi,w

(4.9)

(Here p(-) denotes the density function of the type of a vertex.) The second integral
can be bounded as in (3.2) - uniformly for ¢,, < R —w(N) we have

R oCto, /2 29/¢
/ Do, wp(te)dty, = O | e [ ——— . (4.10)
Rty —w(N) N
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Regarding the first integral, we use the estimate obtained in Lemma 2.3 to bound
the inner integral. With C' as in the proof of Lemma 2.4, we have

™ 7r 1 1 " 1
pwdd = 99 < (0"
/“, Puiw /9 , CAY wsin (§) +1° 7 CAY /0 ,sin” (5)

’ /
vi,w vy, v ,U

g p " B ~ AL
P T T i
07Pd) < ————— 0 P =0 1),
CAT /9 T CB-1)ALL (w(N)ﬁ_1>

vi,w

sin(

INGE
e
[\

Thus, the first integral in (4.9) becomes

1 R—ty,—w(N) o7
— / / Doy P (b )dOdL,,
0 é

™ ’

v W

1 oCtoi /2 R—t,,—w(N)
:O(w(N)ﬂl N ) /0 et 2 p(ty )dt, (4.11)

(33) 1 efhnl?
B w(N);-t N )7

Now, we take the average of each one of the bounds obtained in (4.11) and (4.10),
respectively, over ¢,,. To this end, we need the following integral, whose simple
calculation we omit. We have

R-w(N) O(R) fA=a
At _
/0 <oyt = {@(1) if A= (/2.

Thus, the bound in (4.10) is O (e**™) L) and that in (4.11) is O (m)

Since (/a < 2, both terms are o( N ~!). Therefore, the union bound implies that
Pr[Uyeyprom ULy A2 | = o(1). (4.12)

O

Thus, the estimates obtained in Lemmas 4.4 and 4.5 substituted in (4.3) imply
(4.1).

5 Conclusions

This paper considers a model for complex networks that is based on mapping
the intrinsic heterogeneity of a complex network into the hyperbolic plane. In this
mapping, there is an implicit notion of the “weight” or the “importance”
of a vertex that is expressed by its type: vertices of high weight, that
is, the hubs of a network have high type and vice versa. This model
was introduced by Krioukov et al. [14] as a way to express basic properties of
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complex networks, such as power law degree distribution and clustering, as a result
of the underlying hyperbolic geometry. We have shown that locally this model
asymptotically reduces to the Chung-Lu model and from that we derive the
exact degree distribution.

However, the deeper understanding of this model requires analysis of the global
or long range properties. One needs to consider the diameter of the components of
resulting network as well as the typical distance between two vertices that belong to
the same component. Another important direction has to do with the distribution
of components. Is there a component that covers a positive fraction of the
vertices, or is the random network fragmented into small components?
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A  Proof of Lemma 1.1

Using (2.2) we obtain

cosh(¢d(u,v)) <

C(2R=(tu+t,))
T (1 — cos(By.0) + 2 (efzc(mm n 672<<R7tv>> L0 (G*QC(QR*(tu+tu)))) .

Since t,+t, < R—cy, the last error term is O(N~*). Also, it is a basic trigonometric
9121. v

identity that 1 — cos(f,,,) = 2sin? (Q“T“) The latter is at most —5>. Therefore,
the upper bound on 0, , yields:

cosh({d(u,v)) <

C2R—(ty+ty 2
ST (B o) o (1))

4 2 N4
eC(2R=(tu+ty))
L (2(1 — )28 tutte—(1=0)R) 4 o (efzcmftu) 4 644(3—%))) o)
- 4
C(1+0)R 1

=(1- 5)276 5 13 (eC(t“t”) + eC(t”ft“)) +0(1)

eC(1+8)R eC1+8)R eC+0)R
< (1—¢)? I +O(1)<T’
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for N sufficiently large and co such that e~ < Le, since ¢, +t, < (1 —|0])R — co
and t,,t, > 0. This implies that t, — t,,t, — t, < (1 + 6)R — ¢y and, therefore,
L (efltumto) 4 Clto=tu)) < 1 (C40)R=co 4 (C(1+0)R—co) < eS0T Algo gince
cosh(¢d(u,v)) > $e¢4w) it follows that d(u,v) < (1+ 8)R.

To deduce the second part of the lemma, we consider a lower bound on (2.2)
using the lower bound on 8, ,:

2R (tu+t))

cosh({d(u,v)) > (1 —cos(buw)) +0(1)

4
eS2R—(tu+ty)) (A1)

> —— (1 — cos (2(1 + s)e%(t”““*(l*‘s)R))) +0(1).

Using again that 1 — cos(#) = 2sin* (§) we deduce that
1 — cos (2(1 4 s)e%(mri'tv*(lfé)]?)) — 2Sin2 <; 4(1 4 6)26C(tu+tu(15)R)> .

Since t, +t, < (1 —|§|])R — co, it follows that t, +t, — (1 — §)R < —cg. So the
latter is

for N and cg large enough, using the Taylor’s expansion of the sinus function around
0. Substituting this bound into (A.1) we have

€>2 oC1+0)R +O()

cosh(Cd(u, v)) > (1 +3 5

Thus, if d(u,v) < (14 J)R, the left-hand side would be smaller than the right-hand
side which would lead to a contradiction.
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