Packings in dense regular graphs

Daniela Kühn Deryk Osthus

Abstract

We prove that for all α, c > 0 and for all bipartite graphs H all but at most αn vertices of every cn-regular graph G whose order n is sufficiently large can be covered by vertex-disjoint copies of H. If the vertex-classes of H have different size, then even all but a constant number of vertices of G can be covered. This implies that for all c > 0 and all r ≥ 4 there exists a constant C such that in every cn-regular graph G all but at most C vertices can be covered by vertex-disjoint subdivisions of K_r. We also show that for r = 4, 5 one can take C = 0.

1 Introduction, results and open problems

Given two graphs H and G, an H-packing in G is a collection of vertex-disjoint copies of H in G. It is perfect if all of the vertices of G are covered. Improving earlier bounds of Alon and Yuster [3], Komlós, Sárközy and Szemerédi [13] proved that given a graph H of chromatic number χ, there exists a constant c such that every sufficiently large graph G whose order n is divisible by |H| and whose minimum degree is at least (1 − 1/χ)n + c has a perfect H-packing. This bound is best possible up to the value of c. However, Komlós [9] showed that if we only want an H-packing covering almost all of the vertices of G, then in many cases a significantly smaller minimum degree suffices: given α > 0 and a graph H of chromatic number χ, every sufficiently large graph G of minimum degree at least (1 − 1/χ^′)n has an H-packing covering all but at most αn vertices. Here χ^′ is the critical chromatic number of H, which is defined as (χ − 1)|H|/(|H| − σ), where σ denotes the minimum size of the smallest colour class in an optimal colouring of H. It is easy to see that χ − 1 < χ^′ ≤ χ and that χ^′ is closer to χ−1 if there is an optimal colouring where one of the colours is used comparatively rarely. Again, the bound on the minimum degree is best possible (but Komlós conjectured that the error term αn can be reduced to a constant depending only on H).

Here we show that if we restrict our attention to packings of bipartite graphs H in (almost) regular graphs G then any linear bound on the minimum degree suffices. Given a ≥ b, we say that a graph G is (a ± b)-regular if its minimum degree is at least a − b and its maximum degree is at most a + b.

Theorem 1 Given a bipartite graph H and constants 0 < c, α ≤ 1, there exist positive numbers γ = γ(c, α) and n_0 = n_0(H, c, α) such that every (cn ± γn)- regular graph G of order n ≥ n_0 has an H-packing which covers all but at most αn vertices of G.

The complete bipartite graph G = K_{a,2a} (and H := C_4 say) shows that the restriction to almost regular graphs G is necessary. Also the restriction to bipartite graphs H is obviously necessary if c ≤ 1/2. Our next result shows that if H has unequal vertex classes, then we can obtain an H-packing covering all but a constant number of vertices.

Theorem 2 Given a bipartite graph H whose vertex classes have different size and a constant 0 < c ≤ 1, there exist γ = γ(H, c) > 0 and C = C(H, c) such that every (cn ± γn)-regular graph G has an H-packing which covers all but at most C vertices of G.

As the complete bipartite graph G = K_{k,ℓ} (with k − ℓ = γn say) shows, we cannot hope for such a result if H has equal vertex classes. However, it could help to restrict one’s attention to regular graphs G:

Question A Is it true that for every c > 0 and every bipartite graph H there is a constant C = C(c, H) such that every cn-regular graph G has an H-packing which covers all but at most C vertices of G?

It is easy to see that in both Question A and Theorem 2 (even if we only consider regular graphs there too) the bound on the number of uncovered vertices must depend on H and c (consider the disjoint union G_r of r complete graphs whose order is k|H| − 1 for some positive integer k). Thus in contrast to the result of Komlós, Sárközy and Szemerédi mentioned above one cannot hope for a perfect packing when |H| divides n. Moreover, the graphs G_r (with r → ∞) show that in both Theorem 2 and Question A the requirement that the vertex degrees are linear is necessary. On the other hand, it may be true that the bound on the minimum degree in Theorem 1 can be improved. Since our proof of this theorem relies on Szemerédi’s Regularity lemma, it seems that this would require a rather different approach from ours though. Note that if H contains a cycle, the bound on the minimum degree of G must of course depend on n. However, in the special case when H is a tree, it can be chosen to be independent of n: Kelmans, Mubayi and Sudakov [8] proved that for every α > 0 and every tree T there exists a constant d_0 = d_0(α, T ) such that for all d ≥ d_0 every d-regular graph G has a T -packing which covers all but at most αn vertices of G. Theorem 2 is related to a problem of Verstraëte on packings of subdivisions in regular graphs. Given graphs H and G, a T H-packing in G is a collection of vertex-disjoint subdivisions of H in G (which are not required to be isomorphic).

Question B (Verstraëte [16]) Denote by f(d, H) the supremum over all β ≤ 1 for which every d-regular graph G has a T H-packing covering at least β|G| of its vertices. Is it true that lim sup_{d→∞} f(d, H) = 1 for every graph H?

Verstraëte [16] observed that lim inf_{d→∞} f(d, H) ≥ 1/2 and that by Petersen’s 2-factor theorem (see e.g. [15, Thm. 6.2.4]) Question B has a positive answer if H is a triangle. By the result in [8] it also holds for trees. Our results provide further indication that Question B might have a positive answer. In particular, Theorem 2 immediately implies the following (let H be the graph obtained by subdividing each edge of K_r exactly once).

Corollary 3 Given an integer r ≥ 4 and a constant 0 < c ≤ 1, there exist γ = γ(r, c) > 0 and C = C(r, c) such that every (cn ± γn)-regular graph G has a T K_r-packing which covers all but at most C vertices of G. □

For r = 4, 5 we can even guarantee a perfect packing:

Theorem 4 For all 0 < c ≤ 1 there exist positive numbers γ = γ(c) and n_0 = n_0(c) such that every (cn ± γn)-regular graph G of order n ≥ n_0 has a perfect T K_r-packing for r = 4 and r = 5.

It turns out that for r ≥ 6 the vertex degrees in Corollary 3 have to be linear and that Theorem 4 does not extend to r ≥ 6 (Proposition 12). However, as in Question A, it may help to consider only regular graphs G:

Question C Given r ≥ 6 and 0 < c ≤ 1, does every cn-regular graph of sufficiently large order n have a perfect T K_r-packing?

As for Theorem 1, it is possible that in both Theorem 4 and Question C the condition on the minimum degree can be relaxed. On the other hand, at the end of Section 5 we give an example which shows that for all r ≥ 3 we need a minimum degree of at least √ n/2, even if G is regular.

A result of Jørgensen and Pyber [7] implies that Question B has an affirmative answer if we do not require the subdivisions of H to be disjoint: Let t(H) be so that every graph of average degree at least t(H) contains a subdivision of H. Jørgensen and Pyber proved that the edges of every graph G can be covered by at most 10^4 t(H)|G| subdivisions of H and edges. Hence if the minimum degree of G is large compared with t(H), then almost all of its edges must lie in a subdivision of H (and thus, if G is regular, also almost all of its vertices). In the case when H = K_r, Lemma 2.3 of [7] implies that if G is 2-connected and has minimum degree at least t(K_{r+1}), then even all edges (and thus also all vertices) of G lie in a subdivided K_r. Using this, it is not hard to show that for all ε > 0 there exists an r_0 = r_0(ε) such that for all r ≥ r_0 every graph G of minimum degree at least (1 + ε)t(K_{r+1}) has at most ε|G| vertices and at most εe(G) edges that do not lie in a subdivision of K_r. (Consider the block tree T of G and use that all vertices and edges which lie in blocks corresponding to leaves of T are contained in a subdivided K_r.) In other words, to cover almost all of the vertices of G with (not necessarily disjoint) subdivisions of K_r we only need a minimum degree which is slightly larger than the average degree required for the mere existence of a subdivided K_{r+1}.

This paper is organized as follows. In the next section we introduce some notation and the tools (Regularity lemma and Blow-up lemma) which we will need later on. In Section 3 we prove Theorem 1. In Section 4 we extend the argument to obtain Theorem 2. In the final section we then derive Theorem 4 from Theorem 1. Since our proofs of Theorems 1–4 can be derandomized by standard techniques (see e.g. [2]) and since both the Regularity lemma and the Blow-up lemma have algorithmic proofs (see [1] and [12]), it is easy to verify that the packings guaranteed by Theorems 1–4 can be found in polynomial time.

2 Notation and tools

Throughout this paper we omit floors and ceilings whenever this does not affect the argument. We write e(G) for the number of edges of a graph G, |G| for its order, δ(G) for its minimum degree, Δ(G) for its maximum degree and d(G) := 2e(G)/|G| for its average degree. We denote the degree of a vertex x ∈ G by d_G(x) and the set of its neighbours by N_G(x). Given disjoint A, B ⊆ V (G), an A–B edge is an edge of G with one endvertex in A and the other in B, the number of these edges is denoted by e_G(A, B) or e(A, B) if this is unambiguous. We write (A, B)_G for the bipartite subgraph of G whose vertex classes are A and B and whose edges are all A–B edges in G. More generally, we often write (A, B) for a bipartite graph with vertex classes A and B. A subdivision of a graph H is a graph T H obtained from H by replacing the edges of H with internally disjoint paths. The branch vertices of T H are all those vertices that correspond to vertices of H. We usually write ‘disjoint’ instead of ‘vertexdisjoint’.

We will use the following well-known bound on the number of edges in a K_{s,t}-free graph (see e.g. [4, Ch. VI, Thm. 2.2]).

Theorem 5 For all s ≤ t there exists a constant c_{s,t} such that every bipartite graph G = (A, B) with at least c_{s,t}|G|^{2−1/s} edges contains a copy of K_{s,t} with s vertices in A and t vertices in B.

Moreover, we will need the following Chernoff bound (see e.g. [2, Cor. A.14]).

Lemma 6 Let X_1, . . . , X_n be independent 0-1 random variables with P(X_i = 1) = p for all i ≤ n, and let X := ∑_n i=1 X_i. Then for all γ > 0 there exists a positive β(γ) so that P(|X − E X| > γE X) ≤ 2e^{−β(γ)EX} . Our proof of Theorem 1 is based on the Regularity lemma and that of Theorem 2 also employs the Blow-up lemma. In the remainder of this section we collect all the information we need about these results (see [14] and [10] for surveys). Let us start with some more notation. The density of a bipartite graph G = (A, B) is defined to be d(A, B) := e(A, B) |A||B| . Given ε > 0, we say that G is ε-regular if for all sets X ⊆ A and Y ⊆ B with |X| ≥ ε|A| and |Y | ≥ ε|B| we have |d(A, B) − d(X, Y )| < ε. Given d ∈ [0, 1], we say that G is (ε, d)-super-regular if all sets X ⊆ A and Y ⊆ B with |X| ≥ ε|A| and |Y | ≥ ε|B| satisfy d(X, Y ) > d and, furthermore, if d_G(a) > d|B| for all a ∈ A and d_G(b) > d|A| for all b ∈ B. Proposition 7 Every ε-regular graph G = (A, B) of density at least d > 2ε can be made into an (ε/(1 − ε), d − 2ε)-super-regular graph by deleting ε|A| vertices of A and ε|B| vertices of B.

Proof. As G is ε-regular there are less than ε|A| vertices in A whose degree is at most (d − ε)|B|; and similarly there are less than ε|B| vertices in B whose degree is at most (d − ε)|A|. It can be easily checked that the graph obtained from G by deleting these vertices of small degree (as well as possibly some other vertices to make up the required number) is (ε/(1 − ε), d − 2ε)-super-regular. □ We will use the following degree form of Szemerédi’s Regularity lemma for bipartite graphs which can be easily derived from the classical version. Proofs of the latter are for example included in [5] and [6]. The fact that the regularity partition can be required to refine the given bipartition (A, B) follows immediately from the proof of the Regularity lemma.

Lemma 8 (Regularity lemma) For every ε > 0 there exists an N = N(ε) such that for every number d ∈ [0, 1] and for every bipartite graph G = (A, B) with |A| = |B| there exist partitions of A into A_0, A_1, . . . , A_k and of B into B_0, B_1, . . . , B_k and there is a spanning subgraph G^′ of G such that the following holds: • k ≤ N, • |A_0 ∪ B_0| ≤ ε|G|, • |A_1| = · · · = |A_k| = |B_1| = · · · = |B_k| =: L, • d_G′ (x) > d_G(x) − (d + ε)|G| for all vertices x ∈ G,

• for all 1 ≤ i, j ≤ k the graph (A_i, B_j )_G′ is ε-regular and has density either 0 or > d.

The sets A_i and B_i (i ≥ 0) are called clusters. A_0∪B_0 is called the exceptional set. Given clusters and G^′ as in Lemma 8, the reduced graph R is the bipartite graph whose vertices are A_1, . . . , A_k and B_1, . . . , B_k (so we omit A_0 and B_0 here) and in which A_i is joined to B_j whenever (A_i, B_j)_G′ is ε-regular and has density > d. Thus A_iB_j is an edge of R if and only if G^′ has an edge between A_i and B_j .

We will also use the following special case of the Blow-up lemma of Komlós, Sárközy and Szemerédi [11].

Lemma 9 (Blow-up lemma) For all d > 0 and all integers Δ there exists a positive number ε_0 = ε_0(d, Δ) such that for all ε ≤ ε_0, all integers a, b and every subgraph H of K_{a,b} with Δ(H) ≤ Δ each (ε, d)-super-regular bipartite graph G = (A, B) with |A| = a and |B| = b contains H as a subgraph.

3 H-packings covering all but a small fraction of vertices

The strategy of our proof of Theorem 1 is as follows. Given G, we will first find a spanning bipartite subgraph G^∗ = (A, B) whose vertex classes have equal size and which is still ‘almost regular’ (see Proposition 10; we may assume that |G| is even). We then apply the Regularity lemma to G^∗. As G^∗ is ‘almost regular’, the reduced graph R has a matching M which misses only a small fraction of its vertices (Lemma 11). But as each edge e ∈ M corresponds to an ε-regular graph G_e of sufficiently large density, we may successively apply Theorem 5 to pull out disjoint copies of H as long as an ε-fraction of the vertices remains uncovered in each of the vertex classes of G_e. Thus the copies of H can be chosen in such a way that we obtain an H-packing which covers a large fraction of the vertices of each G_e (and hence of G).

Proposition 10 Given γ, c > 0 with 2γ < c ≤ 1, there exists n_0 = n_0(γ, c) such that every (cn ± γn)-regular graph G of even order n ≥ n_0 contains a spanning bipartite subgraph G^∗ = (A, B) such that |A| = |B| and |d_G∗ (x) − d_G(x)/2| ≤ γn for every vertex x ∈ G.

Proof. Consider a random bipartition of V (G) into sets A and B = V (G) \ A which is obtained by including every vertex x ∈ G into A with probability 1/2 independently of all other vertices of G. Call a vertex x ∈ G bad if | |N_G(x) ∩ A| − d_G(x)/2| > γn/2. As E (|N_G (x) ∩ A|) = d_G(x)/2 and γn/2 ≥ γd_G(x)/2, Lemma 6 implies that P(x is bad) ≤ 2e^{−β(γ)dG (x)/2} ≤ 2e^{−β(γ)cn/4}. Hence if n is sufficiently large, then the expected number of bad vertices is at most 2ne^{−β(γ)cn/4} < 1/2. Thus Markov’s inequality implies that

P(there is a bad vertex) ≤ 1/2.

Moreover, applying Lemma 6 again, we get P(| |A| − n/2| > γn/2) ≤ 2e^{−β(γ)n/2} < 1/4. Thus with probability at least 1/2 − 1/4 > 0 there is an outcome A, B with | |A| − n/2 | ≤ γn/2 for which no vertex of G is bad. We may assume that |A| ≤ |B|. But then in the bipartite graph G^∗ obtained from (A, B)_G by moving (|B| − |A|)/2 ≤ γn/2 vertices from B to A, every vertex x ∈ G satisfies |d_G∗ (x) − d_G(x)/2| ≤ γn 2 + γn 2 = γn, as required. □

Lemma 11 Given positive numbers c, d, ε and γ with c > γ + d + 2ε and a (cn ± γn)-regular bipartite graph G = (A, B) with |A| = |B|, let A_0, A_1, . . . , A_k and B_0, B_1, . . . , B_k be the clusters of a partition of V (G) as given in Lemma 8. Let R be the corresponding reduced graph. Then R contains a matching of cardinality at least k(1 − 2(γ + d + ε)/c).

Proof. Given I ⊆ {1, . . . , k}, let J be the set of all integers j ≥ 1 such that in R the vertex B_j lies in the neighbourhood of {A_i | i ∈ I}. We will show that |J| ≥ |I|(1 − 2(γ + d + ε)/c)). Then by the defect form of Hall’s matching theorem (see e.g. [6, Cor. 2.1.3]) the bipartite graph R contains a matching of cardinality at least k − 2k(γ + d + ε)/c, as required.

Let I^′ ⊆ A be the union of all A_i with i ∈ I and define J^′ ⊆ B to be the union of all B_j with j ∈ J. Let L and G^′ be as in Lemma 8. Recall that if x ∈ A_i ⊆ I^′ and if y is a neighbour of x in G^′ lying in B_j for some j ≥ 1 then A_iB_j is an edge of R and thus j ∈ J and y ∈ J^′. As δ(G^′) ≥ δ(G) − (d + ε)n ≥ (c − γ − d − ε)n, this shows that e_G′ (I^′, J^′) ≥ ∑ i∈I |A_i|[(c − γ − d − ε)n − |B_0|] ≥ |I|L(c − γ − d − 2ε)n. But on the other hand, e_G′ (I^′, J^′) ≤ e_G′ (A, J^′) ≤ ∑ j∈J |B_j |(c + γ)n = |J|L(c + γ)n

and so |J| ≥ |I| · 1 −^{γ+d+2ε}_c 1 +^γ_c ≥ |I| · ( 1 − γ + d + 2ε c ) ( 1 − γ c )

≥ |I| · ( 1 − 2(γ + d + ε) c ) , as required. □

Note that in the proof of Lemma 11 we cannot apply Hall’s matching theorem directly to the reduced graph R since R is not necessarily almost regular.

Proof of Theorem 1. Clearly, it suffices to consider the case when H = K_{s,t} where s ≤ t. By deleting one vertex of G if necessary, we may assume that the order n of G is even. We will prove the assertion for γ := αc/50 and for sufficiently large n_0. Apply Proposition 10 to G to obtain a spanning bipartite (cn/2 ± 2γn)-regular subgraph G^∗ = (A, B) with |A| = |B|. Set ε := γ, d := 2ε and apply Lemma 8 to G^∗ to obtain clusters A_0, A_1, . . . , A_k and B_0, B_1, . . . , B_k. Let L and G^′ be as in Lemma 8 and let R be the reduced graph. Then by Lemma 11, R has a matching M missing at most 8k(2γ + d + ε)/c = 40εk/c vertices of R. Recall that for every edge e = A_iB_j of M, the graph (A_i, B_j )_G′ is ε-regular and has density > d = 2ε. So if n (and thus L) is sufficiently large, then we may successively apply Theorem 5 to pull out disjoint copies of K_{s,t} from (A_i, B_j )_G′ as long as there are at least εL vertices left in each of its vertex classes. Additionally, we may require that the vertex class of the K_{s,t} of size s lies alternately in A_i and in B_j. In this way we get a K_{s,t}-packing in (A_i, B_j )_G′ that covers all but at most 2εL + t of its vertices. Proceeding similarly for each edge of M, we have found a K_{s,t}-packing of G for which the number of uncovered vertices is at most |A_0 ∪ B_0| + L|V (R) \ V (M)| + (2εL + t) · e(M) ≤ εn + 40εkL c + 3εLk ≤ 44εn c < αn (since t ≤ εL if n is sufficiently large), as required. □

4 K_{s,t}-packings covering all but a constant number of vertices

Before proving Theorem 2, let us first sketch the idea. Similarly as in the proof of Theorem 1 we first choose an almost regular bipartite graph G^∗ ⊆ G, apply the Regularity lemma to G^∗ and choose a large matching M in the reduced graph R. Then we make every bipartite graph corresponding to some edge A_iB_j of M into an (ε^′, d^′)-super-regular graph (A^′_i, B^′_j)_G′ by adding a small fraction of vertices to the exceptional set A_0 ∪ B_0 (see Proposition 7). We could now apply the Blow-up lemma to these super-regular graphs to obtain a K_{s,t}-packing that misses only a constant number of vertices in each of them. But then we would still be left with the exceptional vertices. So instead we proceed as follows. We first assign each exceptional vertex x ∈ A_0 ∪ B_0 to one of the super-regular graphs in which x has many neighbours in such a way that to each super-regular graph we assign only a small number of exceptional vertices. If (A^′_i, B^′_j )_G′ is such a super-regular graph, then successively for each exceptional vertex x assigned to it we fix a K_{s,t} which contains x but has all its other vertices in (A^′_i, B^′_j)_G′ . Furthermore, all these K_{s,t}’s are chosen to be disjoint and so that the sizes of the remaining subsets of A^′_i and B^′_j differ at most by a constant. Having dealt with the exceptional vertices, our aim now is to apply the Blow-up lemma to the remainders of the super-regular graphs in order to find disjoint K_{s,t}’s that cover all but constantly many vertices. The only problem is that although the remainders of the super-regular graphs are still large, they may now contain vertices of small degree and thus need no longer be super-regular. But by being careful in the choice of the K_{s,t}’s containing the exceptional vertices, this can also be fixed. So let us now turn to the details.

Proof of Theorem 2. Clearly, it suffices to prove the theorem for the case when H = K_{s,t} where s < t. Moreover, by deleting one vertex of G if necessary, we may assume that |G| =: n is even. Set γ := c^3/4000t, d := γ and ε := min{γ/8, ε_0(d/4, t)/4}, where ε_0 is as defined in Lemma 9. By making C larger, we may assume that the order n of G is sufficiently large compared with c, s and t. We will show that G contains a K_{s,t}-packing which covers all but at most 2tN(ε) vertices, where N(ε) is as defined in Lemma 8. As indicated before, we start similarly as in the proof of Theorem 1. First we apply Proposition 10 to G to obtain a spanning bipartite (cn/2 ± 2γn)-regular subgraph G^∗ = (A, B) with |A| = |B|. Next we apply Lemma 8 to G^∗ to obtain clusters A_0, A_1, . . . , A_k and B_0, B_1, . . . , B_k. Let L and G^′ be as in Lemma 8 and let R be the reduced graph. Then by Lemma 11, R has a matching M covering all but at most 8k(2γ + d + ε)/c ≤ 32γk/c vertices of R. Let L^′ := (1 − ε)L. As for every edge A_iB_j of R the graph (A_i, B_j )_G′ is ε-regular of density > d, we may apply Proposition 7 to find sets A^′_i ⊆ A_i and B^′_j ⊆ B_j such that |A^′_i| = |B^′_j| = L^′ and such that the graph (A^′_i, B^′_j )_G′ is (2ε, d − 2ε)-super-regular. Denote by M^′ the set of all pairs A^′_iB^′_j for which A_iB_j is an edge of M. Let A^′_0 be set of all those vertices in A that do not lie in some A^′_i and define B^′_0 similarly. Then |B^′_0| = |A^′_0| ≤ |A_0| + L · |V (R) \ V (M)| 2 + εL · |M^′| ≤ εn + 16γkL c + εkL ≤ 18γn c . Given a vertex x ∈ A^′_0 ∪ B^′_0 and a pair A^′_iB^′_j ∈ M^′, we say that A^′_iB^′_j is xfriendly if x has at least cL^′/4 neighbours in A^′_i ∪ B^′_j (in the bipartite graph G^∗). Denoting the number of x-friendly pairs in M^′ by N_x, we have N_xL^′ + |M^′| · cL^′ 4 ≥ d_G∗ (x) − |N_G∗ (x) ∩ (A^′_0 ∪ B^′_0)| ≥ cn 2 − 2γn − 18γn c > cn 4 , and therefore, as |M^′| ≤ n/2L^′, N_x > cn 4L^′ − c|M^′| 4 ≥ cn 8L^′ . But setting α := 300γ/c^2, this shows that

|A^′_0 ∪ B^′_0| αL^′ ≤ 36γn cαL^′ < N_x for every x ∈ A^′_0 ∪ B^′_0. This implies that we can successively assign every vertex x ∈ A^′_0 ∪ B^′_0 to an x-friendly pair in M^′ in such a way that to each pair there will be assigned at most αL^′ vertices.

Consider any pair A^′_iB^′_j ∈ M^′ and let A^{′′}_i (respectively B^{′′}_j ) denote the set of all those vertices in A^′_0 (respectively B^′_0) that are assigned to A^′_iB^′_j . So every vertex x ∈ A^{′′}_i has at least cL^′/4 neighbours in B^′_j and similarly every vertex in B^{′′}_j has at least cL^′/4 neighbours in A^′_i. Let G_{ij} be the bipartite graph obtained from (A^′_i, B^′_j )_G′ by adding all vertices in A^{′′}_i ∪ B^{′′}_j and all edges of G^∗ between these vertices and A^′_i ∪ B^′_j.

We now choose bipartitions S_A, T_A of A^′_i and S_B, T_B of B^′_j such that in the graph G_{ij} each vertex in A^′_i ∪ A^{′′}_i has at least a third of its neighbours in each of S_B and T_B, and such that similarly each vertex of B^′_j ∪ B^{′′}_j has at least a third of its neighbours in each of S_A and T_A. The following simple probabilistic argument shows the existence of such bipartitions. Consider a random bipartition S_A, T_A of A^′_i which is obtained by including every vertex x ∈ A^′_i into S_A with probability 1/2 independently of all other vertices of A^′_i. Given a vertex y ∈ B^′_j ∪ B^{′′}_j , set n_y := |N_{Gij} (y) ∩ A^′_i|. Thus, if y ∈ B^′_j , then n_y > (d − 2ε)L^′ since (A^′_i, B^′_j)_G′ is (2ε, d − 2ε)-super-regular. Also, if y ∈ B^{′′}_j , then n_y ≥ cL^′/4 > (d − 2ε)L^′. Call y ∈ B^′_j ∪ B^{′′}_j bad if either

|N_{Gij} (y) ∩ S_A| < n_y/3 or |N_{Gij} (y) ∩ S_A| > 2n_y/3. Since the expected number of neighbours of y in S_A is n_y/2, Lemma 6 implies that P(y is bad) ≤ 2e^{−β(1/6)ny /2} ≤ 2e^{−β(1/6)(d−2ε)L′ /2} ≤ 2e^{−β(1/6)γL′ /4}. So if n is sufficiently large, then the expected number of bad vertices in B^′_j ∪ B^{′′}_j is at most 2L^′ · 2e^{−β(1/6)γL′ /4} < 1. Thus there exists an outcome S_A, T_A for which no vertex in B^′_j ∪ B^{′′}_j is bad, i.e. a bipartition of A^′_i having the required properties. The existence of S_B , T_B follows similarly.

Recall that every vertex x ∈ A^{′′}_i (respectively x ∈ B^{′′}_j ) has at least n_x/3 ≥ cL^′/12 neighbours in S_B (respectively S_A) and cL^′ 12 − |A^{′′}_i ∪ B^{′′}_j |t ≥ cL^′ 12 − αtL^′ = cL^′ 12 − 300γtL^′ c^2 ≥ cL^′ 12 − cL^′ 13 ≥ 2εL^′. Moreover, the graph (A^′_i, B^′_j )_G′ ⊇ (S_A, S_B )_G′ is (2ε, d − 2ε)-super-regular, so we may apply Theorem 5 for each vertex in x ∈ A^{′′}_i ∪ B^{′′}_j in turn to find a K_{s,t} in G_{ij} which contains x and has all its other vertices in S_A ∪ S_B and such that all these K_{s,t}’s are disjoint for different vertices x ∈ A^{′′}_i ∪ B^{′′}_j . Denote the sets of those vertices in A^′_i and B^′_j that do not lie in such a K_{s,t} by A^∗_i and B^∗_j . Note that we may assume that the K_{s,t}’s were chosen in such a way that | |A^∗_i | − |B^∗_j | | ≤ t − s. Since firstly in the graph G^′ every vertex in A^∗_i (respectively B^∗_j ) has more than (d − 2ε)L^′/3 ≥ dL^′/4 neighbours in T_B ⊆ B^∗_j (respectively in T_A ⊆ A^∗_i ), since secondly the graph (A^′_i, B^′_j )_G′ ⊇ (A^∗_i , B^∗_j )_G′ is (2ε, d − 2ε)-super-regular and since thirdly both A^∗_i and B^∗_j have size at least L^′ − αtL^′ ≥ L^′/2, the graph (A^∗_i , B^∗_j )_G′ is still (4ε, d/4)-super-regular. So recalling the choice of ε, we may apply Lemma 9 to (A^∗_i , B^∗_j )_G′ to find disjoint copies of K_{s,t} that cover all but at most 2(t−1) vertices of (A^∗_i , B^∗_j )_G′ . Together with the K_{s,t}’s chosen earlier we have found a K_{s,t}-packing in G_{ij} that covers all but at most 2(t − 1) of its vertices. Proceeding similarly for each pair in M^′, we have found a K_{s,t}-packing in G for which the number of uncovered vertices is at most |M^′|2(t − 1) < N(ε)2t. □

5 Perfect T K_4- and T K_5-packings

Proof of Theorem 4. We only consider the case when r = 4 in detail, the proof for r = 5 works similarly. Set s := ⌈4/c⌉ and α := c/16s. We will prove the theorem for γ := min{c/2, γ(c, α)}, where γ(c, α) is as defined in Theorem 1, and for sufficiently large n_0. First we apply Theorem 1 to obtain a K_{s,s}-packing M which covers all but at most αn vertices of G. Let X be the set of all remaining vertices.

We now successively assign each vertex x ∈ X to a K_{s,s} in M such that x has at least two neighbours in one of the colour classes of the K_{s,s} and such that these K_{s,s}’s are distinct for different vertices in X. This can be done since for each x ∈ X d_G(x) ≥ cn − γn ≥ cn 2 ≥ 4sαn + n s > |N_G(x) ∩ X| + 2s|X| + 2n |K_{s,s}| and thus after each step for the vertex x ∈ X to be considered next there must be a K_{s,s} in M to which no vertex in X has been assigned yet and such that x has at least two neigbours in one of its colour classes.

As s ≥ 3, it is easy to see that we can choose a spanning subdivision of K_4 in each K_{s,s} of M to which we have assigned no vertex of X. Similarly, for every copy (A, B) of K_{s,s} in M to which we have assigned a vertex x ∈ X we can choose a subdivision of K_4 which contains x and all vertices in (A, B). Indeed, we may assume that x has two neighbours in A. These will be two of the branch vertices (which will be connected by the path of length 2 through x), we choose any other vertex in A as third branch vertex and any vertex in B as the fourth one (Fig. 1). In the case r = 5 we proceed similarly except that we now choose an additional branch vertex from B (Fig. 1). □

PSfrag replacements

Figure 1: A spanning subdivision of K_4 (left) and K_5 (right). The white vertices are the branch vertices.

The graph K_{n,n+1} immediately shows that we cannot hope for a perfect T K_r-packing if r = 3. The following proposition states that this is also the case for all r ≥ 6 and thus the graph consisting of a disjoint union of K_{n,n+1}’s shows that for r ≥ 6 the vertex degrees in Corollary 3 have to be linear.

Proposition 12 For all integers n and r ≥ 6 each T K_r-packing in K_{n,n+1} misses at least one vertex.

Proof. First consider the case when r is even, say r = 2ℓ. Let A and B be the vertex classes of K_{n,n+1}. Consider any subdivision T of K_r in K_{n,n+1}. Let k ∈ Z be so that that ℓ + k branch vertices of T lie in A and ℓ − k branch vertices lie B. Then, no matter how the edges of K_r are subdivided, |V (T ) ∩ B| − |V (T ) ∩ A| = ℓ − k + ( ℓ + k 2 ) − (ℓ + k) − ( ℓ − k 2 ) = (r − 3)k. But this implies that in every T K_r-packing in K_{n,n+1} the difference between the number of covered vertices in A and the number of covered vertices in B is divisible by r − 3 ≥ 3 and hence cannot be 1. So there exists no perfect T K_r-packing.

In the case when r is odd, r = 2ℓ + 1 say, we let k be such that ℓ + k + 1 branch vertices lie in A to obtain |V (T ) ∩ B| − |V (T ) ∩ A| = (2k + 1)(r − 3)/2 which gives us the same conclusion. □

To conclude this section, we give an example of a regular graph G which shows that for a perfect T K_r-packing (where r ≥ 3) a minimum degree of at least √ n/2 is necessary. Let k ≥ 3 be an odd integer and let H be the graph which is obtained from a K_{k,k−1} by including (k − 1)/2 independent edges in the larger vertex class. So all vertices of H have degree k except for one vertex of degree k − 1. Let G be the graph which consists of k disjoint copies of H together with a new vertex x that is joined to the vertices of degree k − 1 in all copies of H (Fig. 2). So x does not lie in a subdivision of K_r, G is k-regular and |G| = k(2k − 1) + 1.

PSfrag replacements

Figure 2: A regular graph of minimum degree at least √ n/2 and no perfect T K_r-packing.

References

[1] N. Alon, R.A. Duke, H. Lefmann, V. Rödl and R. Yuster, The algorithmic aspects of the Regularity lemma, J. Algorithms 16 (1994), 80–109.

[2] N. Alon and J. Spencer, The Probabilistic Method (2nd edition), Wiley- Interscience 2000.

[3] N. Alon and R. Yuster, H-factors in dense graphs, J. Combin. Theory B 66 (1996), 269–282.

[4] B. Bollobás, Extremal Graph Theory, Academic Press 1978.

[5] B. Bollobás, Modern Graph Theory, Graduate Texts in Mathematics 184, Springer-Verlag 1998.

[6] R. Diestel, Graph Theory, Graduate Texts in Mathematics 173, Springer- Verlag 1997.

[7] L.K. Jørgensen and L. Pyber, Covering a graph by topological complete subgraphs, Graphs and Combinatorics 6 (1990), 161–171.

[8] A. Kelmans, D. Mubayi and B. Sudakov, Asymptotically optimal treepackings in regular graphs, Electronic J. Combin. 8 (2001), #R38.

[9] J. Komlós, Tiling Turán theorems, Combinatorica 20 (2000), 203–218.

[10] J. Komlós, The Blow-up lemma, Comb. Probab. Comput. 8 (1999), 161– 176.

[11] J. Komlós, G. N. Sárközy and E. Szemerédi, Blow-up lemma, Combinatorica 17 (1997), 109–123.

[12] J. Komlós, G. N. Sárközy and E. Szemerédi, An algorithmic version of the blow-up lemma, Random Struct. Alg. 12 (1998), 297–312.

[13] J. Komlós, G. N. Sárközy and E. Szemerédi, Proof of the Alon-Yuster conjecture, Discrete Math. 235 (2001), 255–269.

[14] J. Komlós and M. Simonovits, Szemerédi’s Regularity Lemma and its applications in graph theory, Bolyai Society Mathematical Studies 2, Combinatorics, Paul Erdős is Eighty (Vol. 2) (D. Miklós, V. T. Sós and T. Szőnyi eds.), Budapest (1996), 295–352.

[15] L. Lovász and M.D. Plummer, Matching Theory, Annals of Discrete Math. 29, North-Holland 1986.

[16] J. Verstraëte, A note on vertex-disjoint cycles, Comb. Probab. Comput. 11 (2002), 97–102.

Version 26 November 2002

Daniela Kühn Mathematisches Seminar Universität Hamburg Bundesstraße 55 D - 20146 Hamburg Germany E-mail address: kuehn@math.uni-hamburg.de

Deryk Osthus Institut für Informatik Humboldt-Universität zu Berlin Unter den Linden 6 D - 10099 Berlin Germany E-mail address: osthus@informatik.hu-berlin.de