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ABSTRACT. We prove that if T1,...,T, is a sequence of bounded degree trees so that T; has
i vertices, then K, has a decomposition into 74,...,7,. This shows that the tree packing
conjecture of Gyérfds and Lehel from 1976 holds for all bounded degree trees (in fact, we can
allow the first o(n) trees to have arbitrary degrees). Similarly, we show that Ringel’s conjecture
from 1963 holds for all bounded degree trees. We deduce these results from a more general
theorem, which yields decompositions of dense quasi-random graphs into suitable families of
bounded degree graphs. Our proofs involve Szemerédi’s regularity lemma, results on Hamilton
decompositions of robust expanders, random walks, iterative absorption as well as a recent
blow-up lemma for approximate decompositions.

1. INTRODUCTION

For a collection of graphs H = {H1,...,Hs} and a graph G, we say H packs into G if there
are pairwise edge-disjoint copies of Hy, ..., Hs in G. If every edge of G lies in one of these copies,
then we have a decomposition of G into H. Packing and decomposition problems are central to
combinatorics and related areas. Famous early instances of such problems involve Steiner triple
systems as well as Hamilton decompositions: Kirkman’s theorem on the existence of Steiner
triple systems translates into decompositions of cliques into triangles (subject to divisibility
conditions) and Walecki’s construction provides an analogue of this for decompositions into
Hamilton cycles. A celebrated theorem of Wilson [31, 32, 33] generalizes Kirkman’s theorem
to decompositions of cliques into arbitrary subgraphs F' — this forms one of the cornerstones
of design theory. These results now are part of a major area, with connections to coding and
information theory, as well as extremal combinatorics and algorithms.

Classical results on packings and decompositions have often been limited to symmetric struc-
tures, as these allow for the exploitation of these symmetries or the use of algebraic techniques.
Probabilistic approaches are having an increasing impact on the area, and enable the construc-
tion of packings in more complex or general settings. In particular, in this paper we build on
such approaches to obtain optimal results on packing suitable families of bounded degree graphs
into quasi-random graphs. This provides the first instance of optimal packing and decomposi-
tion results involving general families of large (but sparse) structures which are not necessarily
symmetric.

1.1. Packing trees into complete graphs. The famous tree packing conjecture of Gyarfas
and Lehel has driven a large amount of research in the area.

Conjecture 1.1 (Gydrfas and Lehel [15]). Given n € N and trees Ty ..., T, with |T;| = i, the
complete graph K, has a decomposition into copies of T1,...,T,.

The conjecture has been verified for several very special classes of trees (see e.g. [7, 15, 16,
29, 35]). Bollobas [5] showed that one can pack T1,..., T, 5 into Ky (and that a better bound

would follow from the Erdds-Sés conjecture). Balogh and Palmer [4] showed that one can pack
Ty _ni/aj1gs- -+ Tno1 into K. Zak [35] showed (amongst others) that one can pack the final five

n

trees into K,. Fishburn [11] verified that the set of degree sequences of the trees 17, ..., T, can
be “packed” into the degree sequence of K,,. Bottcher, Hladky, Piguet and Taraz [6] were able
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to prove that we can obtain a near-optimal packing if one restricts to bounded degree trees.
More generally, they showed that if 77, ..., Ts have bounded degree, satisfy |T;| < (1 —¢)n, and
Siie(T;) < (1—¢)(3), then Ty, ..., T pack into Ky,. Messuti, Rédl and Schacht [27] generalized
this to separable families of graphs (which also includes minor-closed families of graphs). This
was further improved by Ferber, Lee and Mousset [10], who obtained near-optimal packings of
spanning copies of separable bounded degree graphs into K,. Finally, Kim, Kithn, Osthus and
Tyomkyn [19] proved that such a result in fact holds for all bounded degree graphs: if Hy, ..., H
have bounded degree and Y°;_; e(H;) < (1 —¢)(5), then Hy,..., H, pack into K,. Note that
if we place no further restrictions on the H;, then we cannot ask for an actual decomposition.
However, in the setting of the tree packing conjecture, we do obtain such a decomposition in
the current paper.

Theorem 1.2. For all A € N, there are N € N and ¢ > 0 such that for alln > N the following
holds. Suppose that for each i € [n], we have a tree T; with |T;| =i and suppose A(T;) < A for
all i > en. Then K, decomposes into T1,...,T,.

Note that this implies Conjecture 1.1 for all bounded degree trees. (In fact, we do not require
the first en trees to have bounded degree.) We will deduce Theorem 1.2 from Theorem 1.7 in
Section 10.

For bounded degree trees, we actually obtain the following more general result which has less
restrictive assumptions on |T;|. For a family H = {Hi,..., Hs} of graphs we write e(H) :=
> i1 e(Hi).

Theorem 1.3. For all A € N and 6 > 0, there is N € N such that for all n > N the following
holds. Suppose that T is a collection of trees such that
(1) |T| <n and A(T) <A forallT €T,
(ii) there are at least (1/2+ 8)n trees T € T such that dn < |T'| < (1 —d)n, and
(iti) e(T) = (3).
Then K,, decomposes into T .

Another beautiful open problem in the area of tree decompositions is Ringel’s conjecture
(which in turn would follow from the notorious graceful labelling conjecture).

Conjecture 1.4 (Ringel [28]). Given n € N and a tree T on n+ 1 vertices, the complete graph
Kop+1 has a decomposition into 2n + 1 copies of T.

The conjecture has been verified for several very special classes of trees. A dynamic survey is
maintained by Gallian [12]. Note the results in [6, 10, 19, 27] imply an approximate version of
Conjecture 1.4 for bounded degree trees. Recent progress on Conjecture 1.4 (and its bipartite
analogue) for random trees was obtained in [8, 26]. Snevily [30] showed that Ringel’s conjecture
holds if we replace Ka,11 by K, where m = Q(n?), which improved a bound of Yuster [34].
Recently Ringel’s conjecture was generalized to allow for more than one tree by Bottcher, Hladky,
Piguet and Taraz.

Conjecture 1.5 ([6]). Given n € N, suppose T is a collection of trees such that |T| <n+1 for
alTeT. If e(T) < e(Kans1), then T packs into Kopi1.

Note that Theorem 1.3 immediately implies that Ringel’s conjecture holds for all bounded
degree trees. In fact, by concatenating small trees into large ones if necessary, one can easily use
Theorem 1.3 to show that the more general Conjecture 1.5 holds for all bounded degree trees,
too.

Corollary 1.6. For all A € N, there is N € N such that for all n > N the following holds.
Suppose T is a collection of trees such that |T| < n+ 1 and A(T) < A for ol T € T. If
e(T) < e(Kant1), then T packs into Kopy1.

1.2. Quasi-random graphs. We actually prove our results in the setting of dense quasi-random
graphs, which we now define. Let G be a graph and let u,v € V(G). We denote by dg(u) the
degree of u and by dg(u,v) the size of the common neighbourhood of v and v. We say a graph
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G on n vertices is (g, p)-quasi-random if dg(u) = (1 + €)pn and dg(u,v) = (1 £ &)p?n for all
distinet vertices u,v € V(G).

The next theorem is the main result of this paper (and implies all other results stated in the
introduction). It states that we can decompose a dense quasi-random graph into a family of
bounded degree graphs as long as this family contains sufficiently many trees which are not too
small and not too large.

Theorem 1.7. For all A € N and § > 0, there are N € N and € > 0 such that for alln > N
and all p € [0,1] the following holds. Suppose G is an (&, p)-quasi-random graph on n vertices,
and H,T are sets of graphs satisfying

(i) |J] <nand A(J) <A forall J € HUT,
(ii) for all T € T, the graph T is a tree and dn < |T| < (1 —d)n,
(iii) |T| > (1/2+ d)n, and
() e(H) +e(T) = e(G).
Then G decomposes into HUT.

Observe that p > ¢ by (ii)—(iv) and that Theorem 1.7 immediately implies Theorem 1.3.

A construction which shows that the upper bound in (ii) cannot be omitted completely (even
if # = () is described in [6]. The bound in (iii) also arises naturally: suppose 7 consists of
n/2 — 1 paths, the collection of graphs H consists only of Eulerian graphs, and G is a regular
graph of odd degree on n vertices. Then we can satisfy e(HUT) = e(G), but G will not have a
decomposition into H U 7.

In Section 10.2 we use Theorem 1.7 to deduce Corollary 1.8. Corollary 1.8 implies that for
trees of bounded maximum degree (an analogue of) Ringel’s conjecture holds even in the dense
quasi-random setting. Note that Corollary 1.8 immediately implies Corollary 1.6.

Corollary 1.8. For all a, A,pg > 0, there are N € N and € > 0 such that for all n > N and
p > po the following holds. Suppose G is an (g, p)-quasi-random graph on n vertices. Suppose
that T is a collection of trees such that each T € T satisfies |T| < (1 — a)pn, A(T) < A and
e(T) <e(G). Then T packs into G.

A related result of [19] guarantees a near-optimal packing of a collection of bounded de-
gree graphs (which are allowed to be spanning) into quasi-random graphs. The results in [19]
are actually proved in the even more general setting of e-regular graphs (so they significantly
strengthen the classical Blow-up lemma of Komlés, Sarkézy and Szemerédi [22]). In combi-
nation with Szemerédi’s regularity lemma these results will be a crucial tool in our proof (see
Theorem 6.8 and Theorem 10.2 for the precise statement of the results from [19] that we use).

Note that the results of this paper hold for dense quasi-random graphs. It would be very
interesting to find out if it is possible to extend them to the sparse (quasi-)random setting (see
e.g. [3] for partial results).

2. OUTLINE OF THE ARGUMENT

2.1. The tree packing conjecture. Suppose our aim is to pack trees T1,..., T, with |T;| =i
and A(T;) < A into G = K, i.e. we have the setting of Theorem 1.2 with uniformly bounded
degrees. Our proof develops an “iterative absorbing approach” going back to [21].

Roughly speaking, an absorbing approach to find an optimal packing means that we first find
and remove an absorbing graph G,ps from the host graph G. In our case, we would then aim to
find a near-optimal packing ¢ of most of the trees T; into G — E(Gaps), which leaves some sparse
remainder Grey of G uncovered. The properties of G,ps then should ensure that we can find
an optimal packing of the remaining trees into Gaps U Grem, altogether leading to an (optimal)
packing of 11, ...,7, into G.

A recent result of [19] allows us to find the near-optimal packing required in the second step
above. However, it is far from clear how to construct such an absorbing graph Gaps. The
iterative absorbing approach replaces the single absorbing step with a sequence of steps, each
designed (amongst others) to reduce the number of uncovered “leftover edges”. The argument
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is still concluded with an absorbing step, but the small size of the leftover and the added control
over its location now makes this step feasible.

To be more precise, we consider a sequence V(G) = Ap 2 A1 D ... DO Aj of sets with
|Air1] < |A;] and such that |Ay| ~ n'/? (see Section 10.1). After the ith step of the iteration,
we will ensure that any edges of G not covered so far lie inside A; and that this leftover is still
sufficiently dense, when viewed as having vertex set A;.

We can achieve this as follows. We split {T1,...,T,} into sets To, ..., Ta—1 such that each T;
contains approximately |A;| trees of order at most |4;|. Assume we have packed ToU...U T;_1
in such a way that

(a) all edges in G;_1 := G[A;_1] — E(G]A;]) are covered and

(b) most edges in G[A4;] are not covered.
Our aim then is to find a packing of most of the trees in 7; into G; := G[A4;] — E(G[Ai+1]) using
the results from [19]. However, a direct application of the results in [19] to G; would produce a
leftover which is too dense. Thus instead we apply Szemerédi’s regularity lemma to G; in order
to obtain a very efficient decomposition of G; into a bounded number of blown-up cycles (see
Section 5). We can then use a random walk algorithm as well as the results in [19] to obtain
a very efficient packing of most of 7; into these blown-up cycles (see Section 6 and Step 2 in
Section 8) and thus into G;.

Roughly speaking we next use the “unpacked” trees in 7; to cover the remaining edges of
G; greedily. To achieve this, we will make use of a small number of edges from G;;1, but
need to be very careful that we do not affect the structure of G;+1 too much. This task of
covering the remaining edges is divided into several steps. For example, one step consists of
covering all remaining edges induced by A; \ A;41. Another step consists of adjusting the parity
of the degrees of the remaining graph. (We achieve this by embedding a leaf onto a vertex of
“incorrect” parity.) The tools for carrying out these steps are provided in Section 7. Eventually,
we have now packed 7; in such a way that (a) and (b) hold with ¢ replaced by i + 1.

After A iterations we arrive at a final leftover graph G’ on Aj, which is almost complete.
So we have a very restricted leftover, but have so far no method for carrying out the actual
absorption step. In order to prepare for this, we actually run the iterative process on a slightly
modified set of trees: we choose an arbitrary collection 7* of m trees from Ty, ..., T,/ (Where

m is slightly smaller than (‘AZA‘)) and remove a leaf £+ from each T* € T*. Let zp+~ be the
vertex incident to £7+. When carrying out the above iteration we do not embed 7™ € T* but
instead we embed T™ — ¢7+ in such a way that zp« is embedded into Ay (and no other vertex of
T* is embedded into Ay).

This means that after A iterations, we have embedded all (modified) trees 71, ..., T, except
for the leaves {7« (and their incident edges) of the trees in 7*. Also, the uncovered leftover
graph G’} has exactly m = |7™| edges. Thus in order to complete the absorption step it remains
to assign these edges to the images of T — {7+ in a suitable way. Hence each edge of G’y will
be the image of zp«fp+ for some T € T*. (This is the reason why we embedded zp+ into Ap.)
This assignment is carried out by considering a suitable “out-regular” orientation of G. We
prove the existence of such an orientation in Section 9. Note that in this process, the role of the
final absorbing graph G is played by the images of the modified trees in 7*.

2.2. The general setting. We now discuss the additional ideas needed to prove Theorem 1.7.
It turns out that considering a quasi-random graph G instead of K, does not affect the argument
significantly. Moreover, the family of graphs H of bounded degree in Theorem 1.7 can easily be
packed (with a quasi-random remainder) using the results of [19]. What does make a difference
is that the family 7 of trees in Theorem 1.7 consists entirely of trees of linear size whereas the
iterative absorption argument outlined in the previous section only makes sense if in the ith
iteration the trees to be embedded have order at most |A4;| = |G|.

To overcome this problem, we run the iterative absorption with suitable subtrees of the original
trees. More precisely, in the Oth iteration, we start by packing almost all of the trees, but from
a small proportion of the trees F' € T, we cut off a small subforest F* and denote by 7 the set
consisting of all the F*. We then embed each F' — V(F*) into G[Ap \ A1]. In the first iteration,
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we proceed similarly for 77, i.e. most forests in 7' are embedded in their entirety, but from the
others we cut off small subforests which together form 72, most of which we pack in the second
iteration and so on.

A significant difficulty with this approach is of course that if we embed a tree in several
iterations, then the subforests embedded in the various rounds must fit together. To achieve
this we carefully embed the “intersection points” (or “roots”) of these subforests in a separate
step.

2.3. Organisation of the paper. In Section 3, we introduce some notation, collect some
probabilistic tools, introduce Szemerédi’s regularity lemma, and prove some basic results on
packings and decompositions. In Section 4, we prove a result on near-optimal decompositions of
suitable graphs into long cycles. In Section 5, we combine this with Szemerédi’s regularity lemma
to obtain near-optimal decompositions of suitable graphs into blown-up cycles. In Section 6, we
combine the results of [19] with a random walk algorithm to find efficient packings of trees into
blown-up cycles. In Section 7, we provide tools for covering a sparse set of leftover edges with
trees. In Section 8, we then combine the results from Section 3-7 to prove the iteration lemma,
which forms the core of the proof of Theorem 1.7. In Section 9, we prove an orientation lemma
which will be important in the final absorbing step. In Section 10, we repeatedly apply the
iteration lemma and then finally apply the orientation lemma to prove a version of Theorem 1.7
where we require H = () (see Theorem 10.1). We then derive Theorem 1.7 itself (using a result
from [19]). We also derive Corollary 1.8 and Theorem 1.2 from Theorem 1.7.

3. PRELIMINARIES

3.1. Basic definitions. For a,b,c € R we write a = bt cif b—c < a < b+ c¢. In order
to simplify the presentation, we omit floors and ceilings and treat large numbers as integers
whenever this does not affect the argument. The constants in the hierarchies used to state our
results have to be chosen from right to left. More precisely, if we claim that a result holds
whenever 1/n < a < b <1 (where n € N is typically the order of a graph), then this means
that there are non-decreasing functions f* : (0,1] — (0, 1] and g* : (0,1] — (0, 1] such that the
result holds for all 0 < a,b < 1 and all n € N with a < f*(b) and 1/n < g*(a). We will not
calculate these functions explicitly. Hierarchies with more constants are defined in a similar way.

For N € N, we define [N] := {1,..., N}. We define ()k() ={AC X :|A| =k}

We simply refer to “graphs” when we consider simple, undirected and finite graphs, and refer
to “multigraphs” as graphs with potentially parallel edges, but without loops.

Let G be a multigraph and let u,v € V(G) and U,V C V(G) such that U NV = (). We write
G[U, V] to denote the bipartite (multi-)subgraph of G induced by the edges joining U and V" and
let eq(U,V) := e(G[U,V]). We extend eq(U, V) to sets U, V' which are not necessarily disjoint
by defining

eq(U, V) i=eq(U\V,V)+eqa(V\UUNV)+2e(GUNV]).

In addition, let deng(U, V) :=eq(U, V) /(|U||V]).

We define dg 7 (v) :== |{e € E(G) : e = uv,u € U}|. If G is simple, we let dg,y(u,v) == |{w €
U :uw,vw € E(G)}|. We denote by Ng(v) the set of all neighbours of v and by Ng(u,v) the
set of all common neighbours of u,v. We define Ng[v] := Ng(v) U{v}.

Given E C E(G), we write V(E) for the set of all endvertices of edges in E. It will sometimes
be convenient to identify a set of edges E C E(G) with the subgraph H of G such that V(H) =
V(F) and E(H) = E. In particular, we write A(E) for A(H).

We say a set I C V(G) in a graph G is k-independent if for any two distinct u,v € I, the
distance between u and v in G is at least k. Thus a 2-independent set is just an independent
set. We say an edge set M is a k-independent matching if any two edges in M have distance at
least k. Note that a 2-independent matching is an induced matching.

Given a packing of H = {Hi,...,H} into G, we can naturally associate a function ¢ :
Uney V(H)U E(H) — V(G) U E(G) with such a packing and we also say ¢ packs H into G.
For simplicity, we write ¢(H) := Upey ¢(H). Given H € H, we sometimes abuse notation a
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little and view ¢(H) both as a subgraph of G' and as a subset of V(G). We say H decomposes G
or G has a decomposition into H if H packs into G and e(G) = e(H) where e(H) := > ;cq e(H).
We say that a function f on domain dom(f) is consistent with a function g if f(z) = g(x) for
any = € dom(f) Ndom(g). We say that a function f is consistent with a collection of functions
{g1,...,gm} if f is consistent with g; for every i € [m].
We say that a bipartite graph G with vertex partition (A, B) is e-regular if for all sets A" C A,
B’ C B with |A'| > ¢|A|, |B’| > ¢|B|, we have

|deng(A’, B') — deng(A, B)| < e.
Moreover, G is (g, d)-regular if for all sets A’ C A, B’ C B with |A’| > ¢|A|, |B'| > ¢|B|, we have
|deng(A’, B') — d| < e.

If G is (g,d)-regular and dg(a) = (d £ ¢)|B| for all a € A and dg(b) = (d £¢)|A| for all b € B,
then we say that G is (e, d)-super-regular.

We say a multigraph G is (8, a)-dense if any two (not necessarily disjoint) sets U,V C V(G)
with |U|, |[V| > B|G| satisfy

deng(U,V) > a.

A bipartite graph with vertex partition (A, B) is (e, p)-quasirandom if for any two distinct
vertices u,v € A, we have d(u) = (1+¢)p|B| and d(u,v) = (14 ¢)p?|B| and for any two distinct
vertices u,v € B, we have d(u) = (14 ¢)p|A| and d(u,v) = (1 £ )p?|A|.

We say a partition (Vi,...,V}) of a set V' is an equitable partition if ||V;| — |Vj|| < 1 for all
i,7 € [k]. We refer to a graph G as having equitable partition (Vi,...,Vy) if (V4,...,V}) is an
equitable partition of V(G). Note that in this case we still allow G to have edges joining two
vertices in V; for i € [k].

For k,¢ € N with ¢ > 3, we define an ¢-cycle k-blow-up as the graph C(¢, k) with vertex set
consisting of the disjoint union of Vi,...,V, such that |V;| = k for all i € [¢]. Moreover, the
edge set consists of all edges uv with u € Vj,v € Vj;1 for i € [¢], where we consider the index
i modulo ¢ (and we will always do this in such a case). We refer to the sets V; as the clusters
of C(¢,k), and refer to ¢ as the length of the cycle blow-up. Sometimes we omit the “¢” if we
speak about an ¢-cycle k-blow-up for some /.

A spanning subgraph Gy of C(¢, k) is internally k'-reqular for some k' € N if G1[V;, Vi11] is
K'-regular for all ¢ € [¢]. A spanning subgraph Gy of C({,k) is an (g, d)-(super)-regular ¢-cycle
k-blow-up if G2[V;, Vit1] is (g, d)-(super)-regular for all i € [¢].

3.2. Probabilistic tools. We frequently use random processes to show that (sub-)graphs with
certain properties exist. To this end, we will use several concentration inequalities which we
introduce now. A sequence Xo,..., Xy of random variables is a martingale if X is a fixed
real number and E[X,, | Xo,...,Xn—1] = Xp—1 for all n € [N]. We say that the martingale
Xo, ..., Xn is e-Lipschitz if | X,, — X,,—1] < ¢ holds for all n € [N]. Our applications of Azuma’s
inequality will involve exposure martingales (also known as Doob martingales). These are mar-
tingales of the form X; := E[X | Y1,...,Y;], where X and Y3,...,Y; are some previously defined
random variables.

Theorem 3.1 (Azuma’s inequality [2, 17]). Suppose that A,c > 0 and that Xo,..., XN is a

c-Lipschitz martingale. Then
2

P[| Xy — Xo| > A] < 2e3n:2.

For m,n, N € N with m,n < N, the hypergeometric distribution with parameters N, n and

m is the distribution of the random variable X defined as follows. Let S be a uniformly chosen

random subset of [N] of size n and let X := |S N [m]|. The first part of the following lemma is
essentially same as Corollary A.1.7 in [1] and the second part is from [18].

Lemma 3.2 (see [1, 18]). Suppose Xi,...,X, are independent random wvariables such that
PX; =0] =p; and PIX; = 1] =1 —p; for alli € [n]. Let X := X1+ ---+ X,,. Then for
all t > 0, P[|X — E[X]| > #] < 2e%*/@") . Suppose Y has a hypergeometric distribution with
parameters N,n,m, then P[|Y — E[Y]| > t] < 2¢~*/(n)
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We say that (X¢)i>0 is a symmetric random walk on [¢] if X¢ € [¢] and for all ¢ > 1, we
have P[X; = Xy + 1] = P[X; = X;—1 — 1] = 1/2, independently of Xj,..., X;_1, where X; is
considered modulo /.

Lemma 3.3 (see [20]). Let £ > 3 be an odd integer. If (X¢)i>0 is a symmetric random walk on
[], then there is a 0 < v < 1 and an integer to > 0 such that for every i € [{] and every t > to,

1+41
L

3.3. Regularity and quasi-randomness tools. In this section we collect several basic state-
ments involving graph regularity and quasi-randomness as well as some of their consequences.
The following three propositions follow easily from the definition of (g, d)-regularity.

P[X;, = i] =

Proposition 3.4. Let 0 < ¢ < § < d < 1. Suppose G is an (g,d)-reqular bipartite graph
with vertex partition (A, B) and A" C A, B' C B with |A'|/|Al,|B'|/|B| > 6. Then G[A’, B'] is
(e/d,d)-regular.

Proposition 3.5. Suppose n € N with 1/n < ¢ < d < 1. If G is an (e,d)-regular bipartite
graph with vertex partition (A, B) and n = |A| < |B|, then there is a matching of size at least
(1—¢)ninG.

Proposition 3.6. Suppose G is an (e,d)-regular bipartite graph with vertex partition (A, B)
and B' C B with |B'| > ¢|B|. Then all but at most 2¢|A| vertices in A have degree (d & ¢)|B’|
in B'.

The following result follows easily from Proposition 3.4 and 3.6.

Proposition 3.7. Suppose {,n € N and 1/n < ¢ < d < 1. Then every (e,d)-regular ¢-cycle
n-blow-up contains a (6¢, d)-super-reqular ¢-cycle (1 — 4e)n-blow-up.

We will also use the next result from [9]. (In [9] it is proved in the case when |A| = |B| with
16'/5 instead of €!/6. The version stated below can be easily derived from this.)

Theorem 3.8. Suppose n € N with 1/n < ¢ < a,p < 1. Suppose G is a bipartite graph with
vertex partition (A, B) such that |A| = n, an < |B| < a™'n and at least (1 — 5¢)n?/2 pairs
u,v € A satisfy d(u),d(v) > (p — €)|B| and d(u,v) < (p+ €)?|B|. Then G is €'/S-regular. In
particular, if G is (¢, p)-quasi-random, it is ('/5, p)-super-reqular.

The next three propositions involve basic properties of quasi-random and of (8, a)-dense
graphs which follow easily from the definitions.

Proposition 3.9. Suppose ¢ < 1/10. Let G be a (g, p)-quasi-random graph on n vertices. Let
U CV(G) be a set of vertices with |U| > (1 —¢)n and let Eq, B2 be collections of edges on V(G)
such that A(Ey) < en and A(Es) < en. Then (G U Ey)[U] — Es is (10p~2¢, p)-quasi-random.

Proposition 3.10. Suppose n € N with 1/n < f < p < 1. If G is a (B, p)-quasi-random graph
on n vertices, then it is (ﬂl/G,p — 51/6)—dense.

Proof. Let V := V(G) = {v1,...,v,} and V' = {v},... v}, }. Consider the bipartite graph H
with bipartition V' UV’ such that v;v; € E(H) if and only if v;u; € E(G). Observe that H is
(B, p)-quasi-random. Hence, by Theorem 3.8, H is (3'/%, p)-super-regular. Let Uy, Uy C V with
UL, |Us| > BY/6n. Let U} = {v} : v; € Uz}. We conclude that deng(Uy, Usz) = deny (Uy,Uj) >
p— (Y6, Thus G is (Y%, p — B1/6)-dense. O

Proposition 3.11. Suppose 0 < o, <1 and C > 1. If G is a (B, «)-dense graph on n vertices
and G’ is a spanning subgraph of G such that dg(v) — dg(v) < CBn for all v € V(G), then G’
is (CBY?, o0 — BY/?)-dense.

The next result is a slight extension of Szemerédi’s regularity lemma. We will apply it in
Section 5.
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Lemma 3.12. Suppose M, M' n,s,t e N, 1/n < 1/M <« 1/M' < e < 1/t K f K a,1/s,d <
1. Suppose G is a graph on n wvertices with equitable partition (Uy,...,Us). Then there is a
k € N such that G has a vertez partition (Vo, V1, ..., Vi) satisfying the following, where we write
dij := deng(V;, Vj):

(I) M' < k<M,

(11) |Vo| < en,

(II1) Vi = ... =|Vil,

(IV) for every i € [k], the graph G[V;,Vj] is (e,d;j)-reqular except for at most ek indices
Jj € [K].

(V) for every i € [k], there exists a unique j € [s| such that V; C U; and L := |{i : V; C
Uit = {i: Vi C Uy} is odd for all j,j" € [s].

Let Ry be the multigraph on [k] such that Ry contains an edge ij with multiplicity |td;;] if and
only if G[V;,V;] is (e, d;j)-reqular and d;; > 1/tY/2. Then the following hold:

(VI) For each j € s|, let UJR = {i € [k] : V; C Us}. If dgu,;(v) = (d £ B)|Uj| for every
v € V(Q), then for every i € [k] we have

dp, yr(i) = (d£3B)t|US|.

(VII) If G is (B, «)-dense, then Ry is (20, ta/2)-dense.

Proof. As (I)-(V) are standard, we omit the proof. Let d}; := d;; if G[V;, Vj] is (e, d;j)-regular
and d;; > 1/tY/? and let di; = 0 otherwise. We first show (VI). So assume that dgu,(v) =

(d + 5)|U; | for all v € V(G). Let e;; be the number of edges between V; and U; in G and let
= V1| =--- = |Vk|. Note that m = (1 £ e)n/k. Then

ey = Y dau;(v) £ eq(Vi) = (d+38/2)|Uj|| Vil
veV;

= (d£3p/2)(Uf|n £ en)n = (d + 28)|US*n*. (3.1)

By (IV), there are at most ekn? edges between V; and all those Vjs for which G[V;,V}/] is not
(¢,d;j)-regular. Moreover, there are at most k72 /t'/? edges between V; and all those Vjr for
which d;; < 1/t1/2. Furthermore, eq(V;,U; N Vp) < enn. Thus

eij = Z di; 2+ (ekn? + kn?/tY? + enn)
j EUR

72 =2 =2
, ND 2kn
—_— E td 1/2 thvUJR(Z)T + tlﬁ (32)
7 EUR

By combining (3.1) and (3.2), we obtain
dp, yn(i) = (d £ 38)HUS,
which implies (VI).

To prove (VII), let W, W' C V(R;) with [W|, [W'| > 26|R;| = 28k. Thus | U, e Vil, | Usew Vil =
Bn. Since G is (8, «)-dense, this implies that

eG<Um, U Vz‘)Za

iEW ieW’

> o W||W'[m2. (3.3)

U v

ieW

U v

ieW’
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On the other hand,

(v) kW a2
ec (U vi, U V) < Y dgmttek|WR + ‘tl/L”

W iew! iEW,i'eW’
n?  2k|W|n?
< > (ltdi] + 1)7 + 151/2’
iEW,i W’
=2 1172
N IWIWn
< eRt(WW)T+T‘ (3.4)
By combining (3.3) and (3.4), we obtain
er (W, W') = at|[W|[W'| = 2P |W[[W| = ta|W|[W| /2.
Thus Ry is (28, ta/2)-dense. O

In Section 3.5 and Section 10 we will use the following version of the Blow-up lemma of
Komlds, Sarkézy and Szemerédi (see Remark 8 in [22]).

Theorem 3.13. Suppose r,n,A € N and 1/n < ¢ < d,dy,1/A,1/r < 1. Let H be an r-partite
graph with A(H) < A with vertex partition (X1,...,X,) and let G be an r-partite graph with
vertex partition (Vi,...,V;) such that | X;| = |Vi| € {n,n + 1} for all i € [r]. Suppose that
G[Vi, Vj] is (e,d)-super-reqular for each i # j € [r]. Let X' be a subset of V(H) with |X'| <en
and for each i € [r] and v € X' N X;, let A, C V; with |Az| > don. Then there exists an
embedding ¢ : H — G such that ¢(x) € A, for all x € X'.

3.4. Graph packing and decomposition tools. In this subsection we will collect some results
about packings and decompositions of graphs that we will use later on. We start with three
simple results about splitting an (g, d)-regular or a (3, «)-dense graph into suitable edge-disjoint
subgraphs.

Proposition 3.14. Let k,n € N and 1/n < ¢ < d,d',1/k < 1. Let G be a bipartite graph
with vertex partition (A, B) such that |A| = |B| = n. If G is (e,d)-regular and d'k < d, then
there exist edge-disjoint (2g,d')-reqular spanning subgraphs G1, ..., Gy of G such that dg(u) <
(1 —kd'/d)n +n?/3 for allu € AU B, where G' := G — Ule E(G)).

Proof. We colour each edge of G with colour i € [k] with probability d’'/d and with colour
0 with probability 1 — kd’/d at random independently from all other edges. Let G; be the
graph consisting of the edges of colour ¢. Straightforward applications of Lemma 3.2 show that
G1,..., Gy, are (2, d')-regular and dey(u) < (1 — kd' /d)n +n?/3 for all w € AU B with positive
probability, in particular, such graphs exist. O

Proposition 3.15. Suppose k,n € N with 1/n < 1/k,a,5,d <1, and f < «a,d. Let G be a
(B8, ka)-dense multigraph on n vertices whose edge multiplicity is at most k. If dg(v) = k(d£5)n
for all v € V(Q), then G can be decomposed into k spanning edge-disjoint (simple) graphs
G1,...,Gy such that for each i € [k], the graph G; is (B, — ()-dense and dg,(v) = (d £ 25)n
for allv e V(G).

Proof. For every set E of ¢ parallel edges of G, we choose an ¢-subset of [k] uniformly at random
and label every edge in E with a distinct member of this ¢-subset. For each i € [k], let G; be the
spanning subgraph of GG consisting of all edges with label i. Lemma 3.2 shows that the G; have
the desired properties with probability at least 1/2, in particular, such a decomposition exists.

O

In Section 5, we will need to find an approximate decomposition of an almost regular graph
into long but not quite spanning cycles. As an intermediate step, the following lemma gives a
decomposition into “almost” spanning almost regular subgraphs.

Lemma 3.16. Suppose D,k,n € N with 1/n < d,1/k,«,5,1/D <1, and p < «,d,1/D, and
D >6. Let G be a (B, ka)-dense multigraph on n vertices whose edge multiplicity is at most k.
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Suppose that (Uy,...,Up) is an equitable partition of V(G) such that dgy,(v) = (d = B)k|U;|
for allv € V(G) and i € [D]. Then we can decompose G into {Gg : S € (lgjz]g)} such that for
all S € (1)
(1) Gg is a (28, kaD™?%)-dense multigraph with V(Gg) = U,cq Ui, and
(II) dgy(v) = (d+ Qﬁ)k‘(D;l)_ln for allv € U;cq Us.
, —1
In particular, e(Gg) = (1 + 52/3)(137) e(G).

Proof. We show that a suitable random decomposition produces a decomposition as desired with

positive probability. We randomly label every edge of G with a set from ( lglz }3) according to the

following rules. For each i € [D] and each edge in G[U;], choose a set uniformly at random from
{S:1eS¢ (I[DDJ?))}. For i,j € [D] with i # j and each edge in G[U;, U;], choose a set uniformly
at random from {S:i,j € S € (g:i]g)}.

For each S € ( D[[i]:,)), let Gs be the random (multi-)subgraph of G with vertex set (J;cg Ui
whose edge set is the set of all edges with label S. Therefore, for all S € ( 1[)]2}3) and u € U; with
1 € S, we obtain

D-1\"" D—2\""
Bldas (] = () daw()+ () _2) doy,e 0

B 6(d + B)kn 6(D —4)(d + B)kn
~ D(D-1)(D-2)(D-3) D(D-2)(D-3)(D—4)

_ <D - 1> " B)in.

3
Let S € (D[IZ]?)) and W, W' C ;g Us with |[W/|,|W’'| > 28|U,cq Uil > Bn. Observe that every
edge in G[|J,c g Us] is contained in Gg with probability at least 2D, Thus, as G is (83, ka)-dense,

Elegs (W, W')] > 2D 3ka|W||W'|.
Straightforward applications of Lemma 3.2 lead to the desired result. O

We call a path of length 2 a seagull and a graph consisting of the vertex-disjoint union of
k seagulls a flock of seagulls of size k or just a flock of seagulls or a flock. Moreover, let the
vertices of degree one of a seagull be its wings. The following simple proposition guarantees a
decomposition of a suitable bipartite graph into edge-disjoint flocks of seagulls.

Proposition 3.17. Let G be a bipartite graph with vertex partition (A, B). Suppose every vertex
in B has even degree. Then G can be decomposed into at most 3A(G) edge-disjoint flocks of
seagulls with wings in A.

Proof. Since every vertex u € B has even degree, we can decompose the edges incident to
u into dg(u)/2 edge-disjoint seagulls with wings in A. Let {Si,...,S:} be a corresponding
decomposition of G into seagulls. Let H be the graph with vertex set {S1,...,5;:} and edge set
{S:S; : V(S;) NV (S;) # 0}. Thus we have A(H) < 3A(G)— 1. Hence we can properly colour
by using 3A(G) colours, and each colour class gives rise to a flock of seagulls. Thus there exists
a decomposition of G into 3A(G) edge-disjoint flocks of seagulls. O

The following observation will be used to find suitable partitions (e.g. of flocks of seagulls).

Proposition 3.18. Let X be a set of size n and let w: X — [0, M]. Let w(X') := > .y w(x)
for all X' C X. For each m < n, there is a partition of X into Xq,..., X, such that | X;| <
[2n/m] and w(X;) < 2w(X)/m + M for all i € [m].

Proof. Let X1,...,X], be disjoint subsets of X such that | X/| < [2n/m] and w(X]) < 2w(X)/m+
M for all i € [m] and subject to these conditions such that ||J/~; X/| is maximal. Observe that
such sets exist as the collection of m empty sets satisfy the first two conditions.
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If | J" | X! = X, there is nothing to show. Otherwise, let z € X \ " X/. Since ", |X/| <
| X | —1, there are more than m/2 indices ¢ € [m] such that | X]| < [2n/m]. Since > ", w(X]) <
w(X), there are at least m/2 indices i € [m] such that w(X]) < 2w(X)/m. Thus there exists
i € [m] such that | X! U {z}| < [2n/m] and w(X] U {z}) < 2w(X)/m + M. However, then
Xty X{_ 1, XjU{z}, X ,..., X}, contradicts the choice of X7,..., X/ . O

3.5. Extending a partial embedding. In this section we provide three results that allow
us to extend partial embeddings to proper embeddings. The first one is only for forests and
requires only very mild assumptions. The second one is based on the Blow-up lemma and
requires stronger assumptions but works for general graphs. The third one provides a tool for
embedding a collection of edges where one endpoint has already been embedded.

Lemma 3.19. Suppose n,k € N. Let G be a graph on n vertices such that dg(u,v) > k for
every pair of vertices u,v. Let F' be a forest on k vertices. Let I C V(F') be a 3-independent set
in F'. Then for any injection ¢' : I — V(G), there exists a function ¢ consistent with ¢' which
embeds F' into G.

Proof. Let v1,...,v; be an ordering of V(F) such that for every i, the vertex v; has at most one
neighbour in {v1,...,v;-1}, say v,(), if this neighbour exists. Note that for all i € [k], we have
dp(v;) <1, since I is 3-independent. We define ¢(v) := ¢'(v) for every v € I. We sequentially
determine ¢(v;) for the remaining vertices according to the order vi,...,vx. So assume that
v; ¢ I and we have already determined ¢(v) for each v € {v1,...,v;_1} UI.

If dpr(v;) = 0, then we let ¢(v;) be some vertex in V(G) \ ¢({v1,...,vi—1} UI) if v,y does
not exist and otherwise let ¢(v;) be some vertex in Ng(¢(vqa))) \ ¢({v1, ..., vi—1} U T), which
exists as 0(G) > k.

If Np(v;) N1 = {u} for some vertex u, then we let ¢(v;) be some vertex in N := Ng(o(u)) \

d({v1, ..., vi_1} U I) if v,(; does not exist and otherwise let ¢(v;) be some vertex in N’ :=
Ne(@(va@iy), d(w))\é({v1, - - ., vi—1}UI). Such a choice is always possible, because min{|N|, [N'|} >
k—(k—-1)>1. O

Lemma 3.20. Suppose n,A € N and 1/n < ¢ < p,1/A < 1. Let G be an (g, p)-quasi-random
graph on n vertices. Let H be a graph on n vertices with A(H) < A. Let I C V(H) be a
3-independent set in H with |I| < en. Then for any injection ¢’ : I — V(QG), there exists a
function ¢ consistent with ¢’ which embeds H into G.

Proof. Let U := ¢'(I). As I is a 3-independent set, dy (z) < 1 for any x € V(H) and
dp,1(z) =1 for at most A|I| < Aen vertices z. Apply the Hajnal-Szemerédi theorem to obtain
an equitable partition (Xi,...,Xa41) of H — I such that X; is an independent set of H for all
i € [A+1]. Consider a partition (Vi,...,Vay1) of V(G)\ U such that | X;| = |V;| for i € [A+1]
chosen uniformly at random. Straightforward applications of Lemma 3.2 and Theorem 3.8 show
that the following hold with probability at least 1/2:

(GV1) G[V;, V] is (7, p)-super-regular for all distinct 4, j € [A 4 1], and

(GV2) dg v, (u) > pn/(2(A+1)) for all w € U and i € [A 4 1].

In particular, there exists a partition (Vi,...,Vay1) of V(G)\ U such that | X;| = |V;| and both
(GV1) and (GV2) hold.

For each x € X; for which x € Ng(y) for some y € I, we let A, := Ng(¢'(y)) NVi. Thus
|Az| > pn/(2(A +1)). Apply the Blow-up lemma (Theorem 3.13) to find an embedding ¢” of
H — I into G — U such that ¢"'(z) € Ay C Ng(¢/(y)) whenever z € Ny (y) for some y € I. Then
we obtain the desired embedding ¢ by defining ¢ := ¢’ U ¢”. O

The next result will be used to embed edges of trees where one endpoint has already been
embedded. The role of the graph H is to help us avoid collisions between edges belonging to
the same tree.

Proposition 3.21. Suppose A,m,s € N. Let G be a graph, let A C V(G), and let uy, ..., upnp
be a sequence of (not necessarily distinct) vertices of G. Let Wy, ..., Wy, be sets of vertices and
let H be a graph on [m| satisfying the following:
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(1) dg.a(ui) — Wil > 3A +m/s+s for all i € [m],

(ii) |{i € [m] : v =w;}| <A for any v € V(G), and

(11i) A(H) < A.
Then we can choose distinct edges u1v1, . . ., UmVm in G such that |{i € [m] : v =v;}| < s for all
ve V(Q) and v; € A\ W; for alli € [m] and v; ¢ {u;,v;} wheneverij € E(H).
Proof. We sequentially choose v;. Assume that we have chosen vy, ...v;—1 such that
(a)i—1 vj € (Ng(uj) N A)\ W; and ujv; # ujvy for any j # j/ <i—1,
(b)i—1 {i <i—1:v=uv;}| <sforanyve V(G), and
(c)i—1 v; ¢ {uj,v;} whenever jj' € E(H) and j # 5/ <i—1.
Consider the set (Ng(u;) N A)\ W;, which contains at least 3A +m/s+ s vertices by (i). Among
those are
at most A — 1 vertices w such that w = vj,u; = u; for some j <1i— 1, by (ii),
at most s vertices w such that w = uj,u; = v; for some j <i—1, by (b);_1,
at most m/s vertices w such that |{j <i—1:w =wv;}| =s, and
e at most 2A vertices w such that w € {u;,v;} for j € Ng(i), by (iii).

Therefore, by (i), we can choose a vertex v; satisfying (a);, (b); and (c);. O

4. APPROXIMATE CYCLE DECOMPOSITION

The aim of this section is to show that every (f, «)-dense almost regular graph on an odd
number of vertices has an approximate decomposition into Hamilton cycles and a few very long
odd cycles (see Lemma 4.5). In Section 5, we will apply this result to the reduced graph obtained
from Szemerédi’s regularity lemma.

The main idea for the proof is based on that of Theorem 4.1 in [14]. We will use results from
[23],[24] and [25] which imply that robustly expanding graphs enjoy very strong Hamiltonicity
properties. To state these, we first need to introduce the concept of robust expansion. For
0 <v<r7<1,agraph G on n vertices and S C V(G), we define the v-robust neighbourhood
RN, c(S) of S as the set of all those vertices of G which have at least vn neighbours in S. We
call G a robust (v, T )-expander if

|RN,.G(S)| > |S|+vn for all S C V(G) with 7n < |S| < (1 —7)n.
We will use the following two results about Hamilton cycles in robust expanders.

Theorem 4.1 ([25]). Suppose n € N and 1/n < v < 7 < o < 1. Then any robust (v,T)-
expander G on n vertices with §(G) > an contains a Hamilton cycle.

The following result guarantees a Hamilton decomposition in an even-regular robust expander.
It is derived in [24] from a digraph version in [23].

Theorem 4.2 ([23, 24]). Suppose n € N and 1/n <« v < 7 < a < 1. If G is an an-
regular robust (v, T)-expander on n vertices such that an is even, then G can be decomposed into
Hamilton cycles.

The next observation shows that in a (3, «)-dense graph every not too small set of vertices
induces a robust expander.

Proposition 4.3. Suppose n € N and 1/n < f < a,v < 1. Let G be a (B, «)-dense graph on
n vertices. If U C V(G) with |U| > ~yn, then G[U] is a robust (af3,25/v)-expander.

Proof. Consider a set S C U with 28n < (28/4)|U| < |S| < (1 —28/y)|U| < |U| —2pn. Let
T :={velU:dgs(v) <apn}. This implies that

apn|T|  afn  «
d S, T) < < — < —.
enc(5T) < g < 26m < 2
As G is (B, a)-dense, we conclude that |T'| < fn. Thus
[RNag,co) ()| = [U\NT| = [U| = fn = |S| + ap|U|.

Therefore, G is a robust (af,23/v)-expander. O
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Next, we show that every (3, a)-dense graph can be “approximated” by an Eulerian graph.

Proposition 4.4. Suppose n € N and 1/n < f < o < 1. Let G be a (8, «)-dense graph on n
vertices with §(G) > an. Then G contains an Eulerian subgraph G' such that A(G—E(G")) < 3.
In particular, e(G — E(G")) < 3n/2.

Proof. Let M be a maximal matching in the subgraph of G induced by the vertices of odd
degree. Let X be the set of all vertices of odd degree which are not covered by M. Thus
X is an independent set (of even size) and hence |X| < fn as G is (5, «)-dense. We write
X = {z1,y1,..., 2k, Yr}. Since 6(G) > an and G is (B, a)-dense, for every i € [k], there are
at least a3n?/3 edges joining N(x;) and N(y;) which do not lie in M. Thus there are at least
a3n /6 internally vertex-disjoint paths of length 3 between x; and y; which are edge-disjoint from
M. Since an/6 > Bn > 2k, we can choose vertex-disjoint paths P, ..., Py in G — M such that
P; is a path of length 3 between z; and y;. Then G’ :== G — (M U Ule E(P;)) is an Eulerian
subgraph of G with A(G — E(G")) < 3. O

Lemma 4.5. Supposen,r € Nand1/n < f < a,1/r <1 andn is odd. Let G be a (S, a)-dense
Eulerian graph on n vertices with 6(G) > an and A(G)—46(G) < pn. Then G can be decomposed
into Hamilton cycles and at most 2rfn odd cycles of length at least (1 — %)n

To prove Lemma 4.5, we will sequentially remove the edges of suitable odd cycles until the
remaining graph is regular. We can then obtain a Hamilton decomposition of the remaining
graph via Theorem 4.2. The argument builds on ideas from [14].

Proof. Given any V' C V(G) such that |V’| is even, we say (Vi,..., V) is a fair k-partition of
V' with respect to G if the following hold:

(a) |Vi| is even for every i € [k,

(b) [[Vil = [Vjl| <2, and

(c) da.v,(v) > dgyr(v)/k —n?3 for all v € V(G) and i € [k].

First, note that any set V' C V(G) such that |V’| is even has a fair k-partition. (To see this,
choose a partition satisfying (a) and (b) uniformly at random and apply Lemma 3.2 to show
that (c) holds with probability at least 1/2.) Now we sequentially construct nested collections
Co:=0 CCy C--- CCs of edge-disjoint odd cycles and spanning subgraphs Gy := G 2 G1 2
-+ D G5 of G such that G4 is regular and for all 0 < ¢ < s the following hold:

()i E(Gi) — E(Git1) = ercm\ci E(C) and |Ciy1 \ Ci| < 2,
(ii); dg,(v) —dg,,, (v) < 4r — 2 for every v € V(G),

(ii)i (A(Gi) = 6(Gi)) — (A(Git1) = 0(Giy1)) = 2, and

(iv); |C| > (1 = 25)n for every C € Cipy.

Suppose that for some j > 0 we have already defined collections Cy € C; C --- C C; of edge-
disjoint odd cycles and a sequence Gy 2 G1 D --- D Gj of graphs satisfying (i);—(iv); for all
0 <i < j. If Gj is regular, then we may set s := j, so assume that G is not regular. Since
A(G) — 6(G) < pn, (iii); for i < j implies that j < pn/2. This together with (ii); for i < j
implies that

da(v) —dg,(v) < 2rpn. (4.1)
By Proposition 3.11, the graph G is (2rBY/2, a/2)-dense. Thus Proposition 4.3 implies that
for any set V! C V(G) with |[V'| > an/5 and any graph G' C G,;[V’]
with A(G;[V'] — E(G")) < 4r, the graph G'|V'] is a robust (arB/2/2, B1/3)- (4.2)
expander.

Let M; be the set of all vertices of maximum degree in G; and let Z; := V(G) \ M;. Note
that dg,(u) — dg,(v) > 2 for every pair of vertices u € M;,v € Z;, since G (and thus Gj) is
Eulerian. Pick x € M; and let

Z, . Zj if ’M]’ is Odd7
' ZjU{x} if |M;] is even.



14 FELIX JOOS, JAEHOON KIM, DANIELA KUHN, AND DERYK OSTHUS

Note that |Z’| is even, because n is odd. Let (Vi,...,V,) be a fair r-partition of Z’ with
respect to G. Next we show how to define G4 and C;1;. We will choose the cycles in Cjy1\ C;
one by one. Assume we have already defined edge-disjoint odd cycles C,...,Ci—1 in G; for
some t € [r]. Consider the graph

G = Gi[V(G)\ Vi] — UE

By (4.1), part (c) in the definition of an r-fair partition, and §(G) > an, we conclude that
da; @)\ (v) > an/3. Hence §(Gjt) > an/3 — 2r. This together with (4.2) implies that we
can use Theorem 4.1 to obtain a Hamilton cycle C; in G;;. We repeat this procedure until we
have defined C1, ..., C,. Note that |C¢| > (1 — 1/r)n —2>(1—-1/(r—1))n for each t € [r].
If |M;| is odd, then we let Cj1 :=C;U{C1,...,Cr}, and Gjy1 := G —J;_; E(C;). Then we
ave 2 -2 ifvg M
r— if v ;
dGJ( ) dG’J+1( ) { o if v i Mj:
so each of (i);—(iv); holds.
If |M;| is even, we will define additional cycles Cy1,...,Cy, as follows. Let (Uy,...,U,) be
a fair r-partition of V(G) \ {z}. Assume for some r +1 < ¢ < 2r we have already defined
additional edge-disjoint odd cycles Cy41,...,Ci—1 in G — U: 1 E(C;). Consider the graph

Gl o= G5[V(G)\ U] — UE

By (c), we obtain (G’ ;) > an/3—4r. As before we can use Theorem 4.1 to obtain a Hamilton cy-
cle C; in G;-J. We repeat this process until we defined C, ..., Cy,. Let Cj11 := C;U{C1,...,Co },
and Gj+1 = Gj - U?Ll E(CZ) Thus

4r — 4 1fU¢M7
dG( ) dG7+1( ) { 4r — 2 lferMj7

so each of (i);—(iv); holds.

Hence, by repeating this procedure, we can obtain a regular graph G5 and a collection Cg of
edge-disjoint odd cycles of length at least (l—ﬁ)n. Also |Cs| < 2rs < 2rfn, since s < fn/2+1.
Observe that G, is Eulerian as G is Eulerian. By (4.2) and Theorem 4.2, G can be decomposed
into a collection C’' of Hamilton cycles. Now C := Cs UC’ is the desired decomposition of G. [

5. DECOMPOSING A GRAPH INTO CYCLE BLOW-UPS

The main result in the current section (Lemma 5.1) guarantees a near-optimal packing of
blow-ups of long cycles into a (3, a)-dense graph which is close to being regular. Results in
Section 6 will allow us to obtain a near-optimal packing of trees into blow-ups of long cycles. So
together these results guarantee a near-optimal packing of trees into a (3, «)-dense graph which
is close to being regular. The fact in (R1) that none of the cycle blow-ups is (close to) spanning
will be important when we apply Lemma 5.1 in the iteration lemma in Section 8.

Lemma 5.1. Suppose D, M, M’ ,n,t € N with 1/n < I/M < I/ M' K e < 1/t € f < a <
d,1/D < 1 and let D be even with D > 6. Let T := ([[)D_]g). Suppose that G is a (B, a)-dense
graph on n vertices with equitable partition (Uy,...,Up) such that dgy,(v) = (d + B)D~In for
allv € V(G) and all i € [D]. Then there exist a set Vy C V(G) with |Vo| < en, an integer T
with M' <T < M, and for each S € T a set Cg such that the following properties hold (writing
C:=UgezCs):
(R1) for every S € I, the set Cs is a set of (2, 1/t)-super-reqular cycle (1 —¢)f-blow-ups such
that C C G for each C € Cg, the length of each C € Cg is odd and at least (1—7/(2D))T
and such that V(C) C (U,cq Ui) \ Vo for each C € Cs,

(R2) the cycle blow-ups in C are pairwise edge-disjoint,
1

(R3) e(Cs) = (1 £ BY2)(]) " e(G),
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(R4) dg(v) — Y ecde(v) < 3n/tY? for every v € V(G)\ Vo. In particular, e(C) > e(G) —
on? 1112,

To prove Lemma 5.1, we apply Szemerédi’s regularity lemma to obtain a reduced multigraph
R™. We then apply Lemma 4.5 to obtain an approximate decomposition of R™ into long odd
cycles. This then translates into the existence of the desired super-regular cycle blow-ups in G.
The reliance on Szemerédi’s regularity lemma has the drawback that we have a small exceptional
set Vp which is not part of the cycle blow-ups. On the other hand the packing is very efficient:
by (R4) the leftover density can be chosen to be much smaller than the input parameters «, 3
of G.

Proof. In this proof, given a graph H, we set dg(v) :: 0 whenever v ¢ V(H). We apply the
regularity lemma (Lemma 3.12) to the graph G with €2 playing the role of € to obtain a partition
(Vo. Vi, -+, V1) of V(G) such that, writing d;; := deng(V/, V}),

(i) M'<T < M,

(ii) |Vg| < &2n,

(i) Vi =...=[Vp| = n,

(iv) for each i € [I'], the graph G[V/,V]] is (€2, d;;)-regular except for at most £I" indices
j € [I'], and

(v) for each ¢ € [I'], there exists a unique j € [D] such that V; C U; and, writing U JR = {i:
V! C U;}, we have |Uf| = |UJR] for all j € [D] and |U{?| is odd.

Moreover, let R be the graph with vertex set [I'] where two vertices i, j are joined by an edge if
dij > 1/tY? and G[V/, Vil is (€2,d;;)-regular. Construct a multigraph R™ from R by replacing
each edge ij in R by |d;;t] edges. Observe that (U, ..., UE) is an equitable partition of V (R™).
Then

(Vi) dpm pr(i) = (di3ﬂ)t!UJR| for all i € [I'] and j € [D] and

g
(vii) R™ is (2, ta/2)-dense.

For every ij € E(R), we use Proposition 3.14 to find |d;;t] disjoint edge sets E}J, . ,EiL;lijtJ
of G[V/, V]] such that Ek- induces a (2¢2,1/t)-regular graph for every k € [|d;;t]].
Let Ej; := E(G[V/,V]])\ Utd”tJ Ek for any ij € E(R). Note that, also by Proposition 3.14,

for every edge ij € F(R)

3n’
Let ¢ : E(R™) — {Elk] 1ij € E(R),k € [dijt]} be a bijection such that for every e € E(R™)
which joins i and j, we have ¢(e) = EZ for some k € [|d;;t]].

The proof strategy is now as follows. We first use Lemma 3.16 to decompose R™ into a
collection {R%'}ser of simple graphs such that V(RZ) = (J;cq U for each S € Z. For each
S € Z, we then apply Lemma 4.5 to find a set Dg of edge-disjoint long odd cycles which together
cover almost all edges of RZ'. Via the map ¢ each cycle C' € Dg corresponds to a (2¢2,1/t)-
regular cycle blow-up ¢(C). The set Cg is then obtained from {¢(C) : C' € Dg} by modifying
each ¢(C) slightly to obtain a cycle blow-up which is super-regular and in which all the clusters
have equal size. In this last step we have to be careful since we need to ensure that (R4) holds.

By Lemma 3.16 and (vi) as well as (vii), we can decompose the multigraph R™ into a collection
of graphs { R }sez, such that for each S € Z the following holds:

(a) RZ is (68, D 3ta/2)- dense with V(RY) = UzES UER,
(b) drp(j) = (d£68)("5") " HD = (d+ 6p) P YDIR®|/(D — 3) for every j € V(R®),

(5.1)

and .
Dy —
() e(RY) = (1 £ 38%%)(2) " e(R™),
We next use Proposition 3.15 to decompose R into ¢ simple spanning graphs Rg1,..., Rs;

such that for all S € Z and i € [t] the following hold:
(a') Rg, is (683, D73a/4)-dense, and
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. 1L .
(b") drg,(j) = (d+ ﬂ2/3)(D3 1) D|Rs;|/(D — 3) for every j € V(Rg;).
Using Proposition 4.4 for each S € Z, we obtain Eulerian graphs R’Syl, . 7R/S,t such that
R, C Rg; for all i € [t] and

A(Rs; — E(Rg;)) < 3. (5.2)

Note that since D is even and |U{*| = T'/D is odd (by (v)), it follows that |Rs;| = (D —3)I'/D
is odd for all S € Z and i € [t]. Observe that 6(Ry;) > D=3a|Rg,;|/5 for every i € [t] by (b'),
and that Ri?,z’ is still ([33/4, D=3a/5)-dense. Thus for every S € Z, we can apply Lemma 4.5 with
2D + 1, 83/5 and D~3a/5 playing the roles of r, § and a to decompose Ry, ..., Ry, into a set
Dg of odd cycles of length at least (1—1/(2D))(D—3)|Uf| > (1—7/(2D))T'. Let D := [Jgc7 Ds.
Thus all the cycles in D are pairwise edge-disjoint.

Recall that for every e € R™ joining ¢ and j, we have ¢(e) = Ef} for some k € [|d;;t]]. For
every C € D, let ¢(C) = UeeE(c) ¢(e) be the cycle blow-up in G induced by the edges in
Ueer(c) @(e). Then ¢(C) is a (2¢2,1/t)-regular cycle n/-blow-up. Moreover, for all S € Z and
v € V(G), we have

(5.2)
D deey(v) =D dge(v) £ 3tn. (5.3)
CeDg eGRg"

In the remainder of the proof we show how to modify the cycle blow-ups ¢(C) (for C' € D)
so that they satisfy (R4). First observe that

D| < 2t (5.4)

Indeed, every C' € D has length at least (1 —7/(2D))I" > 5I'/12 and thus ¢(C) contains at least
n?/(3tT') edges while e(G) < n?/2.
By Proposition 3.7, for each C' € D, the graph ¢(C) contains a (12¢2, 1/t)-super-regular cycle
(1 — 8¢2)n/-blow-up ¢*(C). For every i € [[], let
Wi i={ueV/:[{CeD:ue V(@) \V($'(C)} >7°T}.

Thus the sets W; contain all those vertices in V; that get deleted too often when making the
cycle blow-ups super-regular. Then

(5.4)
[W;|e' /2T < 8¢%n/|D| < 1630/

and hence |W;| <en/(2T). Let Vp := W1 U...UWp UV and let V; := V/\ V. Thus |Vp| < en,
and by construction for each v € V(G) \ V), we obtain

HCeD:vedp(C)Y—|{CeD:veV(p*(C))\ Vo}| </ (5.5)
Also for all C € D and v € V(¢*(C)) \ Vo, we have
2
dy() (v) = dge(o) vy (v) = . (5.6)

Write D = {C4,...,Cy,}. For each r € [m], let C|. := ¢*(C,) — Vp. Note that for each j € V(C,),
we obtain

VC) NV 2 V@ (C) NV = Wl 2 (1 =83 - 2> (1-9)% (57)

We claim that we can find cycle (1 — €)g-blow-ups CY,...,Cy, such that for all r € [m] the
following hold:

(al), CV is an induced subgraph of CY,
(a2), C!'is a (2¢,1/t)-super-regular cycle blow-up, and
(@3), {r'e[r] :ueV(C,)\V(C/)} < 10etl for all u € V(G) \ Vo.
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Suppose that for some r € [m] we have already constructed C7,...,C/_; such that (al),—
(a3),s hold for all 7" < r. Next we construct C/. For each i € V(C,), consider the set Bl C V;
defined by

Bl ={ueV;i:|{r <r:ueV(C.L)\V(C))} > 8tI'}.

Since
r—1 r—1
5.4)
|Bf|-8etl < > |(V C’)\V(C”))ﬂV|<an/F < 2ten,
r'=1 r'=1

we have |B]| < n/(4T"). Thus we can choose any set B. of size |V(C.) N V| — (1 —&)n/T in
(V(C.)nV;) \ Bl and define
cl=c.- |J B

1€V(CY)

Then C) satisfies (al),—(a3),. (In order to check (a2),, use that |B]| < en/T' and |W;| <
en/(2T").) By repeating this procedure, we obtain a collection {CY,...,C/} satisfying (al),—
(a3), for all r € [m].

Let C := {CY,...,Cl'} and let Cs := {C) : C, € Dg}. We now verify that C and Cg with
S € T satisfy (R1)—(R4). Note that C7,...,C/ are edge-disjoint subgraphs of G and that for
each r € [m] and every v € V(G), we trivially have dcv (v) < der(v) < dg(c,)(v) < 3n/I'. Thus,
for fixed S € Z and v € V(G) \ Vb, we obtain

S do(v) Oy (dC, )ilOatI‘ 3?
Clrecs CleCs
(5.4),(5.5),(5.6) 2en
= > (d¢(CT)( )ir) < 12p. T —i—2£tn+30£tn>
Cr€Dgs
(5.3),(5.4) 7el/2p
= Z d¢(e) (U) + <3t7’Ll + 9
eERY
_= Z d¢(e Zl:451/2 (58)
eERY

Hence for each v € V(G) \ Vo, we obtain

dodop(v) = Y Y der(v) (5;8)2 > doey(v) £ 40

crec SET CreCs SeT \eeRm
= Y dyey(v) £4|Z|EVn.
ecR™
Given v € V(Q) \ Vo, let i(v) € T be such that v € V’( )- Then
— Z dc;/(v) < Z d¢(e +4’I‘€1/2
cree e€ER™
< da.vyuvy,, (V) + > de,v(v)

JEMNNE[i(v)]
+ Z A, (v) + 4|Z|e?n
JENR(i(v))
(i), (i

<

),(5.1
2e2n + Tn/ 112 + 2T - 0/ + T - 30/ (2tY/?) + 4|Z|eYn

3n/t1/2. (5.9)

IN I/\

This shows (R4).
Since |Vp| < en and by (5.8), for every S € T we conclude that e(Cs) = (1 £ B)e(¢(RY)).

Furthermore, by (c), we obtain that e(¢(RY)) = (1 £ 4,62/3)(§)71€((Z)(Rm)). Since e(G) =
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e(¢(R™)) & 3n?/tY/? by (5.9), altogether this implies (R3). Note that (R1), (R2) follow directly
from our construction of the cycle blow-ups. O

6. PACKING TREES INTO CYCLE BLOW-UPS

The main result of this section is Lemma 6.9, which states that we can obtain a near-optimal
packing of a given collection of bounded degree forests into an e-regular cycle blow-up. The key
ingredient for this is Theorem 6.8 which is (a special case of) the main result in [19]. Theorem 6.8
achieves a near-optimal packing of suitable regular bounded degree graphs. In order to be able
to apply this, we need to pack bounded degree trees into regular bounded degree subgraphs of
cycle blow-ups. This is achieved by Lemma 6.6 and 6.7.

At the beginning of this section, we also make some simple observations about trees that are
used in later sections. Let us start with some notation. We write (7),r) for a rooted tree T'
with root r. For a vertex v in (7,7), let T'(v) be the subtree of T' containing all vertices below
v (including v), that is, all vertices u such that the path between w and r in T contains v.
Moreover, let T'(v,t) be the subtree of T'(v) induced by all vertices in distance at most ¢ from v.

6.1. Simple results about trees. In this subsection we collect simple results concerning k-
independent sets in trees and partitions of trees into certain subtrees.

Proposition 6.1. Suppose n,t,k, A € N\ {1}. Suppose that T is a tree on n vertices with at
most t leaves, A(T) < A, and X C V(T) is a k-independent set in T'. Then
(1) T contains at least n — 2t vertices of degree 2, and
(II) T contains a k-independent set Y O X of size at least (n — 2t)/AF such that Y \ X
consists of vertices of degree 2.

Proof. To prove (I), note that if T has at most ¢ leaves, it has at most ¢ — 2 vertices of degree
at least 3. To prove (II), we greedily add vertices of degree 2 in T' to X to obtain a maximal
k-independent set Y with this property. Clearly, |Y| > max{(n — 2t — | X|AF)/AF 0} + |X| >
(n —2t)/AF. O

The next proposition follows easily from a greedy argument.

Proposition 6.2. Suppose n,k, A € N\ {1} and let G be a graph on n vertices with A(G) < A
and §(G) > 1. Suppose X is a k-independent set of G and X C Z C V(G). Then the following
hold.

(I) There exists a k-independent set Y such that X CY C Z and |Y| > |Z|/AF.
(II) G contains a k-independent matching M with |M| > e(G)/(2A%) > n/(4AF).

The next result guarantees a subtree T'(y) of roughly prescribed order inside a rooted tree
(T, ) such that the distance between T'(y) and z is not too small.

Proposition 6.3. Suppose n,Ak € N and 1/n < o < 1. Let (T,x) be a rooted tree on n
vertices with A(T) < A. If a < A7F/2, then there exists a vertex y € V(T) such that the
subtree T(y) of T satisfies

(1) an < [T(y)] < aAn, ond
(II) the distance between x and y is at least k.
Note that the definition of T'(y) implies that T'— V(T (y)) is always a tree.
Proposition 6.4. Suppose A,n € N with 1/n < < o < 1/A and ¢ € [2]. Let F be a
collection of forests such that

(i) each F € F consists of two components K+, K%,
(it) K} has a root x', for every i € [2] and every F' € F,
(iii) |KFE|, |K#| > an, and
(i) |F| <n and A(F) < A.
Then for every F € F, there exists a subforest Tr of F' such that
(I) Tr consists of ¢ components Tx, ..., T&,
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(I1) for each i € [c], we have Th = K&.(y%) for some yt € V(KL), in particular, F — V (Tr)
is a forest consisting of two components,

(III) Tr has distance at least 5 from {x, 22},

(IV) A=18n/2 <|TL| < ABn for all F € F and i € [c], and

(V) Xorpere(Tr) = pn|lF| £ n.

Proof. For each F € F and j € [c}, we apply Proposition 6.3 to K l{ﬂ to obtain vertices yg, Q% €
V(K7,) and subtrees T = K7.(y7) and T}, = K{;(g)ﬁ,) such that

(1) c_lA_lﬁn < |T;Z| < ¢ 1'Bnand ¢~ 1pn < |T]7\ < p_lAﬁn, and

(2) both T¢ and T} have distance at least 5 from a7%,.
Let Ty, := UEC}:1 Tg and Tp := UE(L Tf; We write 7 = {Fi,...,Fjr} and consider S; :=

Sy e(Tr) + X e(Th). Then 0 < Sii1 — 8; = e(Tr,,,) — (T}, ) < nand Sy < fn|F| <

Si7 by (1). Thus there exists 0 <t < |F| such that S; = Bn|F| £ n. Let

T Tp, ifi<t,
B\ 1y ifi>t+ 1

Then ) pcre(Tr) = S¢ = Bn|F| £ n, so we obtain (V). Conditions (I)-(IV) follow from (1)
and (2). O

6.2. Trees in a cycle blow-up. In this subsection, we find a near-optimal packing of a set F
of bounded degree forests into an e-regular cycle blow-up. The first step is to find a suitable
embedding of a single tree (see Lemma 6.6). To analyze the corresponding embedding process,
we consider a suitable partition into subtrees, which is given by Proposition 6.5.

Proposition 6.5. Suppose n,A € N\ {1} and n >t > 1. Then for any rooted tree (T,r) on
n vertices with A(T) < A, there exists a collection S of pairwise vertex-disjoint rooted subtrees
such that
(I) S CT(s) for every (S,s) € S,
(IT) t < |S| < 2At for every (S,s) € S, and
(1) Us,5es V(S) = V(T).

Proof. We use induction on n for fixed ¢t. If t < n < 2At, then S := {(T,r)} is as desired. So let
m > 2At and assume the proposition holds for all n < m — 1. Consider a rooted tree (T, r) on
m vertices. Choose y at maximal distance from r in T" subject to |T'(y)| > ¢. This implies that
t < |T(y)| < At. Consider T":=T — V(T(y)). Since t < m — At < |T’'| < m — 1, by induction,
we obtain a collection &’ of pairwise vertex-disjoint rooted subtrees satisfying (I)—(III) with 7"
playing the role of T". Then it is clear that S := &’ U {(T(y),y)} satisfies (I)-(III). Thus the
proposition holds for all n > t. O

Recall from Section 3 that we write C(m,¢) for an ¢-cycle m-blow-up. The next result
describes how to embed a bounded-degree tree into a cycle blow-up in a uniform way, i.e. we
embed approximately the same number of edges into every “blown-up edge” of C(m, ¢). We will
achieve this by considering a symmetric random walk on the cycle of length /. Note that for
Lemma 6.6 it is crucial that ¢ is odd.

Lemma 6.6. Supposen, A, € N with 1/n < 1/A,1/0 < 1, where { is odd. Let m := % + bgngn.

Let T be a tree on n vertices with A(T) < A and let G := C(¢,m). Then there is an embedding
¢ of T into G such that ¢(T) contains at most m edges between any two clusters of G.

Proof. Choose an additional constant § such that 1/n < 6 <« 1/¢. Pick v € V(T) and
apply Proposition 6.5 to (T,u) with n'=9 playing the role of t to obtain a collection S =
{(S1,81),.-.,(Sk,sk)} of vertex-disjoint rooted subtrees such that

e S; CT(s;) for every i € [k],

e n0/(2A) < k <n?,

o |S;| <2An'9 and
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o U, V(5:) = V(D).

We may assume that the (S;, s;) are labelled in such a way that the distance of sy, ..., s, from
the root u of T' is non-decreasing. We will assign the vertices of T one by one to some cluster
of G in such a way that the vertices of S; are assigned before the vertices of S;11, and such
that within S; we assign the vertices in breadth-first order, starting with s;. To choose our
assignments, we consider the following random process. For every edge e of T" we pick a label
X, € {—1,1} independently and uniformly at random. We assign s; to a cluster of G uniformly
at random. Assume that we have already assigned some vertices of T to clusters of G and next
wish to assign x to a cluster. Let V; be the cluster assigned to the ancestor y of x. Assign x to
Vi1 if Xy = —1 and to Vi1 otherwise. Note that this assignment of vertices of T' to clusters
induces an assignment of the edges of T' to the pairs (V;, Vi41) of clusters. We will show that
with positive probability for all i € [¢] both the number of vertices of T assigned to V; and the
number of edges of T' assigned to the pair (V;, V;11) is at most m. This then implies that the
assignment corresponds to the required embedding of T" into G.

We first show that with probability at least 1 — n~! the number of vertices assigned to V,
is at most m for fixed € [¢]. (Then a union bound over all r € [¢] completes the proof for
the statement about the vertices.) We denote by ¢ : V(T) — {Vi,...,V;} the assignment
of the vertices produced by the random process described above. For each i € [k], let S} :=
S; — V(T (s;, (logan)/2)). Thus S/ is a subforest of S; and |S;| — |S!| < Alegan)/2 = pl/2 and

k
Z]Sﬂ =n+ kn'/? = n £ nl/?9, (6.1)
i=1
Let X be the total number of vertices assigned to V. and for each i € [k] define X; to be the
number of vertices of S/ assigned to V;. Note that

k k k
X< SNS+> X <nlPP 43", (6.2)
=1 =1 =1

Consider the exposure martingale Y; := E[Zle X; | X1,...,X;]. Thus Yy = E[Z?Zl X =
Zle \S§|/£ Given any assignment ¢(s1),...,¢(s;) of s1,...,s;, by Lemma 3.3, there exists
0 <~ =~(f) <1 such that for each v € Js_; S,

1 + ~(loga m)/2
PIO(0) = Vi | 6(s1), -, 6(s0)] = ——————.

log v

Note that since § < 1/¢ and v = ~(¢), we have ylogan)/2 — p2lgs < p =% Hence for any
i,7 € [k] with i < 7,

(1+n=9)]5
E[X; | Xi,...,X;] = #f

Let i € [k] and z1,...,7;,2; € NU {0} be such that x; < [S7] for each j € [i] and 2} < |S].
Let & be the event that X1 = z1,...,X; = x; occurs, and let £’ be the event that X; =
Tly--- ,Xi,1 = IEl;l,Xi = .CE; Then
k k

X; | €| <l — i+ D |BIX; | €] - E[X; | €7
-1 j=it+1

k
E|) X;|€|-E
Jj=1 J

k
1 _ _
<Isil+ > 5o [aEns) - @£ 0 )]s
j=i+1

k
(6.1)
<2An' 0 4070 Y IS) < 4AnY

j=it+1
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Therefore, Y; is a 4An'~-Lipschitz martingale. Thus by Lemma 3.1 and (6.1), we conclude that

7 _(n/Blog?n)?
<e 2k(4An1—90)2 < =
2log?n n

k
P Zxﬁé%i
=1

Together with (6.2), this implies that with probability at least 1 — n~!, the assignment ¢ uses
at most m vertices in V.

In order to prove the corresponding statement involving the edges of T', observe that by
Lemma 3.3 for any edge xy € Uk E(S!,) such that z is an ancestor of y, we have

=t

Plp(e) € E(Vy, Vig1) | ¢(s1), ..., B(si)]
= Plp(x) = Vo, Xoy = 1| @(s1), -, 0(50)] + P[o(2) = Vi1, Xay = =1 [ ¢(s1), .., 0(s4)]
1 + H(logan)/2
D E—
Similar arguments as before lead to the desired statement. (I

The previous lemma shows that a tree can be embedded “uniformly” into a blow-up of an
odd cycle. The next lemma allows us to combine such “uniform” embeddings of several trees
and pack them together into a graph which is an internally regular blow-up of a cycle. The
lemma is a special case of Lemma 7.1 in [19]. Recall that a spanning subgraph H of C(¢,m) is
internally k-regular if H[V;, Viy1] is k-regular for all ¢ € [¢] (where Vi, ...,V are the clusters of
C(¢,m)).

Lemma 6.7 ([19]). Suppose n,A,l,k,s € N with 1/n < 1/s < 1/A and 1/n < 1/k, and ¢
divides n. Suppose that 0 < & < 1 is such that s*/3 < €k. Let G = C(¢,n/l) and let V1,...,Vy
be the clusters of G. Suppose that for each j € [s|, the graph Lj is a subgraph of C(¢,n/¢) with
clusters X1 ..., XZ such that A(L;) < A and for each i € [{], we have

5 S kn
> eyl X)) = (=36 £ (6:3)
j=1

where XZH = X{. Then there exist an internally k-reqular subgraph H of G and a function ¢

which packs {L1,...,Ls} into H such that qb(XZ]) C V;. Moreover, writing J; :== H[V;,Vit1] —
H(LyU---U L) for each i € [{], we have A(J;) < 4€k + 25273,

Theorem 6.8 is a special case of Theorem 6.1 in [19]. Theorem 6.8 guarantees a near-optimal
packing of the internally regular graphs given by Lemma 6.7 into a super-regular cycle blow-up.
An important feature is that Theorem 6.8 (iii) also allows for a small proportion of vertices to
be embedded into a given “target set”.

Theorem 6.8 ([19]). Suppose n,k,l,s € N with 1/n < ¢ < a,d,dp,1/k <1 and 1/n < 1/,
and ¢ divides n. Suppose s < k%(l — a/2)n and the following hold.
(i) G is a (g,d)-super-reqular £-cycle %-blow-up with clusters Vi,...,V,.
(i) H = {Ha,...,Hs}, where each H; is an internally k-regular subgraph of C(¢,n/l) with
clusters Xq,...,X,.
(iii) For all j € [s] and i € [{], there is a set Yij C X; with \YZ]| <en/l and for each y € Yij,
there is a set Ai C V; with |Al| > don/?.
Then there is a function ¢ packing H into G such that for all j € [s] and i € [€] the vertices of
H; in X; are mapped to V; and such that ¢(y) € Ai for ally € Ylj U---u ng.

We deduce the next lemma from Lemma 6.6, Lemma 6.7 and Theorem 6.8. It guarantees a
near-optimal packing of a set of rooted forests into a cycle blow-up which is compatible with
given embeddings of the roots into a “root set” R.

Lemma 6.9. Suppose n,{,A € N with 1/n < 1/l < ¢ < a,n,1/A,d,dy < 1, and ¢ is odd
and divides n. Suppose that G is a graph, F is a collection of forests, and R is a set with
V(G) N R =0 satisfying the following:
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n

(a1) G is an (g,d)-super-reqular £-cycle % -blow-up with clusters Vi,...,Vy,
(a2) G’ is a graph with R C V(G') C V(G)U R such that |[Ng:(u) N V(G)| > don for each
u € R,
(a3) for every F € F, we have nqn < |F| < (1—n)n, F has c¢(F') components where c¢(F) < 2A
and A(F) < A,
(a4) e(F) = (1 —2a £ a)e(G),
(a5) for every F € F, there is a set v(F) = {rk,... ,T;(F)} of vertices belonging to distinct
components of F,
(a6) there is a set U' C V(G) with |U’'| < n'/? and for every F € F, there is a set X}, C V(F)
with | X5 < n'/?, and
(a7) there is a function ¢' : {15 : c € [c(F)],F € F} — R such that |¢'~*(v)| < €Y/2 for every
v € R and ¢/ (1) # ¢ (r%.) whenever ¢ # ¢
Then there exists a function ¢ which is consistent with ¢ and packs F into G U G’ satisfying
the following:
(A1) A(G — E(6(F))) < 10adn/t,
(A2) ¢(V(F)\r(F))NR =10 for every F € F, and
(A3) ¢(Xp)NU" =0 for every F € F.

To prove Lemma 6.9 we apply Lemma 6.6 separately to all the components of F'—r(F) for all
F € F to obtain a “uniform” embedding into a blown-up cycle. We also split F into Fi, ..., Fs
and use Lemma 6.7 for all i € [t] to pack together these uniform embeddings of F' € F; into
internally regular graphs H;. The graphs H; are then packed into G via Theorem 6.8.

Proof. For each F € F, let F* := F — r(F). Then the forest F* has at most 2A% components.
Choose an integer k and a constant £ such that ¢ < 1/k < £ < «a, . Let
F*
to= M' (6.4)
(1—3&kn
We partition F into Ji,...,F; such that > pcz e(F™) = (1 — 3§ & £/2)kn for all i € [t]. Note
that nn|F;| < e(F;) < (1 —¢&)kn by (a3) and so

[Fil < k. (6.5)
Note that by (a4), we have

(1 —2a=+4a/3)e(G) _ (1 —2a/3)(1+e)dn?/t _ d
t= < < —(1—-a/2)n. .
1-39)kn  — (1—38)kn < gt a/2n (6.6)
We claim that for each 7§, there is an index j(F,c) € [¢] such that
(i) [Na (&' (r5)) N Vi(re)l = dolVj(r,e/2 and
(i) j(F,c) # j(F', ) if one of the following holds:
(j1) F,F' € F; for some i € [¢] and (F,c) # (F', ),
(72) ¢'(rf) = ¢/ (rfy) and (F,c) # (F', ).
Indeed, we can choose the j(F,c) greedily. When choosing j(F,c) for F' € F;, the number
of choices excluded by (j1) is at most 2A|F;| and the number of choices excluded by (j2) is
at most ¢1/2 by (a7). Hence the total number of excluded choices is at most 2A|F;| + £1/2 <
2Akn~1 4+ 012 < dyl/3 by (6.5). On the other hand, by (a2), for each ¢ there are at least dof/2
indices j € [¢] such that [N/ (¢ (r$)) NV;| > do|V}|/2. This proves the claim.
For each F' € F; and each component J of F*, we apply Lemma 6.6 to J in order to find a
partition (X7{,...,X;) of V/(J) such that for each j € [/,
o X/ <l

logn*

6(]) n . . A
J e(J[X]‘.],XJJ,]) = { Oe + pen 17— 5[ =1 (mod ¢),

From this, by rotating the indices and taking disjoint unions of the components, we obtain a
partition (X{,..., X[") of V(F*) such that

otherwise.
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F
(al) |Xj | <n/e,
e(F™*)

wixF xFy = a5 if[j =5 =1 (mod ¢),
(a2) e(F7[X}, X;) { 0 otherwise,

(a3) Np(ry) € X5

Note that for each j € [¢],

@ F* k
S e xfa) 2 Y a9 sea g™
Fe]:i FE]:Z'

Moreover, |F;|?/3 < €k by (6.5). Thus we can apply Lemma 6.7 with |F;| playing the role of
s, in order to obtain a function 7; packing {F* : F' € F;} into H;, where H; is an internally
k-regular subgraph H; of C(¢,n/¢), such that 7; maps XJF into the jth cluster X; of C(¢,n/¢)
for every F' € F; and every j € [¢]. Also for all x € V(H;) we have
dp,(x) = Y drypey(@) < 8¢k + 4| F 3 < 12¢k. (6.7)

FeF;
Note that 7;(Np(r$)) N7i(Np/(r%)) = 0 for all F # F' € F; and ¢ € [¢(F)], ¢ € [¢(F")] by (41).
For all F' € F;, c € [¢(F)] and € Np(r%), let

A%(z) :== Ne(¢'(r%)) N Vj(re)-
Thus |A%(z)| > don/(2¢) by (i). For all i € [t], let

Yie= |J [n(Xp\r(0)u 7i(Nr(re))
FeF, c€le(F)]
Then Y; C V(H;) and |Y;| < | Fi|(n'/? + 2A2) < en/l by (a6) and (6.5).
For all i € [t], j € [{] and y € ¥; N X, we let
i = L AR )\U" iy € Ti(Np(rf)) for F € Fi,c € [e(F)),
y V;\U’ otherwise.

Note that (a3) implies 75(Np(r%)) € Xj(p). So the sets Al are well-defined since the pair
(F,c) is unique by (j1). Moreover, |A}| > don/(3() for each y € Y;. Together with (al) and
(6.6), this means that we can apply Theorem 6.8 to G and H := {Hy, ..., H;} with dy/3 playing
the role of dy in order to find a function ¢” which packs H into G such that for all i € [t] and
j € [£] the vertices of H; in X; are mapped to V; and such that ¢"(y) € A} for all y € Y;. For
€ Uper V(F), we let

b(x) = ¢"(ri(x)) ifxeV(F)\r(F) for some F € F;,i € [t],
] 9 (x) if x € r(F) for some F € F;,i € [t].

Then for all F' € F; and € Np(r%),
¢(a) = ¢"(ri(2)) € AL,y € AR(2) € Nor(6(rf))-
Moreover, if F, F' € F, ¢ € [e(F)],c € [c(F")], (F,¢) # (F',¢) and ¢(r$) = ¢(r%,), then (52)
implies
$(Np(r5)) NG (Np (1)) = 0.

Thus ¢ packs F into G U G’ such that ¢ is consistent with ¢’ and (A2) holds. Again, (A3) also
holds since A7 ) NU" = for all z € X. To show (Al), let G” := G — E(¢(F)). Then for each

vertex v € V(G)
(6.7) noo<o
der(v) = dg(v) = Y dg(v) < Q(d*f) =) (2k — 12¢k)

FeF i=1
(6<4) 2(d+e)n  (2—128)e(F) (a<4) 10adn
- 1 1-2n — £
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Thus (A1) also holds. O

7. COVERING PARTS OF GRAPHS WITH TREES

In this section we present four results which will be used in Section 8. In each of these lemmas
we use a collection of trees or forests to cover certain given sets of edges of a graph G. In the first
lemma, we are given a small “exceptional” set Vj C V(G) and a collection F of small forests,
each consisting of two components. The lemma guarantees a packing of F which covers almost
all edges of GG incident to Vj, but not too many edges incident to any vertex in V(G) \ V.

Throughout the section, we write S(c) for a star with centre c.

Lemma 7.1. Suppose n,A € N and 1/n < e K n < dp < 1/A <1/2. Let G be a graph on n
vertices and let Vo C V(G) with |Vo| < en. Let F be a collection of forests with |F| = (1/2+¢)n
and A(F) < A for every F € F. Let {Wr}rer be a collection of vertex sets with W C V(G)
for every F' € F. Suppose
(c1.1) dg(u,v) > 63n/2 for all u,v € V(G)\ Vo,
(c1.2) for every F € F, the forest F consists of two components Tk, T2 such that nmm/A <
T < 0?4 for alli € 2],
(c1.8) for every F € F, there is a 5-independent set Ry := {yn, Y%, 2k, 2%} such that yt., 2% €
V(TL) and there is an injective function T : Rp — V(G) \ (Vo U Wg) such that |{F :
u € 1p(Rp)}| <en for each u € V(G),
(c1.4) [Wr| < A2, and
(c1.5) {F € F :u e Wp}| <en for every u € V(G).

Then there is a function T packing F into G which is consistent with {Tr}per such that

(C1.1) T(F)NWp =0 for all F € F,
(C1.2) dr(r)(v) < n'B3n for all v € V(G) \ Vo, and
(C1.3) dr(r)(v) > dg(v) — e'/2n for all v € Vj.

When we apply Lemma 7.1 in Section 8, F' will be a part of a larger forest. The remaining
parts of this larger forest are attached to F' at the “root set” Rp.

Proof. We write F = {F1,...,Fi}, 7] := 7, and pr(u,i) := |[{¢' € [i] : u € 7),(RE,)}| for all
i € [t] and u € V(G). Thus (c1.3) implies that for all i € [t] and u € V(G),

pr(u,i) < en. (7.1)

We use an algorithmic approach and iteratively find an embedding of F; € F into G.
To be precise, we will construct embeddings 71, . .., 7+ and define sets A;, X; C V(G)\(VoUWE,)
for all ¢ € [t] such that for all ¢ € [t] the following hold:

(A2); For all u € V(G) \ Vp, let

pa(u,i) = {i' € [i] 1w € Ay \ (Xy Ui/ (RF,))} and px (u,i) = {i' € [i] : v € Xy }|.

Then pa(u,i) < n'/?n and px(u,i) < en.

(A3); Let G; :=G — U;;ll E(7j(F})). Then dg, a,(u,v) > 2n*/4n for every u,v € V(G) \ Vp.

(A4); 7; embeds Fj into G;[(Vo \ Wr,) U A; U X;].

(A5); Let W} :={v e Vo \Wg : dGi,V(Gi)\(VouWFi)(U) > Aen +4}. Then W/ C 7;(F;) and for
every w € W/, the vertex 7, !(w) is a non-leaf of F;.

(A6)i Xi = Noy() (W)

(2

We will then show that 7 := U;Zl 7; satisfies (C1.1)—(C1.3). In particular, (A5);—(A5); will
ensure that (C1.3) holds.
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Assume that for some ¢ € [t] and all j < i we have constructed 7;, A;, X; satisfying (Al),-
(A6),. Note that for u,v € V(G) \ Vo, we have

(A4)1—-(A4);—1

\Y]

dGi(U,'U) dG(U, U) - Z A(pA('LU,Z— 1)+pX(waz_ ]-) +pR(w7Z_ 1))
we{u,v}
(C1‘1)7(7'1)7(A2)i—1 2 1/2 2

> 62n)2 — 2A0"*n — 4Aen > 62n/3. (7.2)
Next we show how to choose an embedding 7; and sets A;, X; C V(G)\(VoUWFE,) satisfying (A1)~
(A6);. Let B :={w € V(G)\ Vp : pa(w,i — 1) > n*/?n/2}. Then |B| < 2(n'/?n)~" > j<ilAil <
2171/6n, because (Al)j holds for all j < 7 and since ¢« < t < n. Consider a set A’ of 172/3n —4
vertices in V(G) \ (Vo U BUWFE, UT/(RF,)) chosen uniformly at random. Note that for any two
distinct vertices u,v € V(G;) \ Vo, we have

\%

dGi—(VOUBUWFZ.UTi’(RFi))(u7 U) dGi (u7 ’U) - 2771/677’ - |V0 U WFZ U T;(RFZ)‘

(7.2

~

,(cl.4) 9 o016, e
> 05n/3 —2n°n —en — A* —4
> 63n/4.

A straightforward application of Lemma 3.2 shows that for any two distinct vertices u,v €

V(G)\ Vo,
dg,a(u,0) > 0?3050 /8 > 2% *n (7.3)

with probability at least 1 — n~3. Thus there is a choice of A’ that satisfies (7.3) for all u,v €
V(G)\ Vo. Let A; := A’ U7/(Rp,) for this choice. Then clearly (Al); and (A3); hold.

We write W/ = {wi,...,w,}. Note that r < |Vp| < en. Consider the set V,;(F;) of all
non-leaf vertices of F;. Then |V, (F;)| > |T}Z]/A > nn/A? > AS(r +4) by (c1.2). Recall that
Rp, is a 5-independent set in F;. So by Proposition 6.2 (I), there exists a 5-independent set
IURFE, C V,(F;)URF, of F; with |I| =r and INRE, = (). Write I = {v1,...,v,} and note that
no vertex in I is a leaf of Fj.

To ensure (A5);, we will construct 7; in such a way that 7;(I) = W/. To see that this can
be done, recall that the definition of W/ gives that dGi,V(Gi)\(VoUWFi)(w) > Aen + 4 for all
w € W/. Thus there is a collection of vertex-disjoint stars S(w1),...,S(w,) in G;, where S(w;)
has dp,(v;) leaves which avoid Vo U Wg, U 7/(Rp,). Let X; be the set of all these leaves of
S(w1),...,S(wr). Let ¢” be the bijection between I and W/ defined by ¢"(v;) := w; for every
j € [r]. Let J:= Np,(I) and let ¢' : JU Rp, — X; UT/(Rp,) be a bijective function consistent
with 7/ such that for every j € [r],

¢'(NF,(vj)) = V(S(w;)) \ {w;}.

Let F} := F; — I. Note that J U Rp, is a 3-independent set in F;. Moreover, (A3); and
(c1.2) imply that any two vertices u,v € V(G)\ Vy satisfy dg, a,ux, (u,v) > 2n3/*n > |F!|. So
we can apply Lemma 3.19 with |4; U X;|, |F/| playing the roles of n, k, to obtain a function ¢;
embedding F into G;[A4; U X;] which is consistent with ¢'. Let 7 := ¢; U¢”. Thus 7; embeds F;
into G;[(Vo\ Wg,)UA;UX;] and satisfies 7, ' (W/) = I and X; = Ny, (r)(Wy). Hence (A4);—(A6);
hold.

Note that by definition of A’, for any u € V(G) \ Vo, we obtain that pa(u,i) < n/?n. Since
E(1j(F;)) N E(1j:(Fj)) = 0 whenever 1 < j < j' <14, (A6); implies px (u,) < da,v,(u) < [Vo| <
en for each u € V(G) \ Vp. Thus (A2); holds. This shows that we can construct 7; such that
(Al)Z*(AG)Z hold.

Let 7 := |Ji_, 7;. Then 7 packs F into G and is consistent with {7}.} pe#. Clearly (C1.1) holds
by (A4)1—(A4);. Moreover, by (A2);, (Ad)1—(A4); and (7.1), we have d.(r)(v) < A(pa(v,t) +
px(v,t) + prv,t)) < n'/3n for all v € V(G) \ Vp and thus (C1.2) holds.

Note that (A5); implies for every w € W/ that

dGi ('LU) - dGi-H(w) > 2. (7'4)



26 FELIX JOOS, JAEHOON KIM, DANIELA KUHN, AND DERYK OSTHUS

To show (C1.3), assume for a contradiction that there is a vertex v € Vj which does not satisfy
(C1.3), i.e. that dg,,, (v) > €'/?n. Then

(cl.5)
Hie[tl:veW/H>t—|{ie[t]:veWg} > n/2-2en.
Together with (7.4) this yields that dg,, (v) < dg(v) —n + 4en, which is a contradiction to the
assumption that dg, , (w) > el/2q, O

Given a collection of trees T, a graph G with vertex partition (A, B) such that G[B] is sparse,
every vertex in B has many neighbours in A, and G[A] is quasi-random, the following lemma
allows us to find a packing of 7 into G’ which covers all edges of G[B].

Lemma 7.2. Suppose n,A € N\ {1} and 1/n € ¢ € §y € 61 < v < 1/A,p < 1. Let G

be a graph on n wvertices and A be a set of at least d1n vertices of G. Let B := V(G) \ A,

H := G[A, B], and let T be a collection of trees with A(T) < A for every T € T. Suppose

(c2.1) G[A] is (v'/1°, p)-quasi-random,

(c2.2) A(G[B]) < 262n,

(c2.83) dg(u) > 61]A|/20 for every u € B,

(c2.4) &*n < |T| <114,

(c2.5) every T € T satisfies S1n < |T| < p?|A|/2 and has a root yr; moreover, there is a set
Wr C V(G) with |Wr| < A? and a function 75 : {yr} — A\ Wr, and

(c2.6) {T € T :uwe Wr}| <en for every u € V(G).

Then there is a function T packing T into G which is consistent with {7} }reT such that

(C2.1) E(G[B)) C E(7(T)) and

(C2.2) WrN1(T) =0 for each T € T.

Proof. We write T = {T1,...,Ti} and let 7, := 77, for every i € [t]. Our proof strategy is as
follows. We first decompose G[B] into t edge-disjoint small matchings My, ..., M; such that
Wr, NV (M;) = 0 for all i € [t]. We then choose a suitable matching N in 7; — {yr,} and embed
T; into G in such a way that N is mapped to M; and yr, is mapped to 7/(yr,).

For every edge e € E(G), let w(e) := |{i € [t] : W, NV (e) # 0}|. Hence w(e) < 2en by (c2.6).
For every set of edges £ C E(G), we define w(E) := Y _.pw(e). Observe that (c2.4) and (c2.5)
imply that w(E) < A%yn for any matching E.

By (¢2.2), the graph G[B] has an edge colouring using at most 3dan colours. This gives rise
to a partition of the edge set of G[B] into matchings M7, ... ,Méézn. We apply Proposition 3.18
to M/ in order to split M/ into ¢ := 52_1/2/3 possibly empty matchings Mf, .. ,Mg such that
|M]’| < 355/271 and w(MJ’) < 355/2 “2A2%yn + 2en < 55/211/2 for all i € [3d2n] and j € [q].

Note that ¢-3d2n < t by (c2.4). So by adding empty matchings to {M;}i€[3§gn},j€[q} if necessary,
we obtain a collection M = {M;, ..., M;} of matchings partitioning E(G[B]) such that for all
i € [t], we have

|M;| < 365*n and w(M;) < 63/*n/2. (7.5)
By (¢2.2), observe that for every v € V(G)
{i € [t] : v e M} < 2dan. (7.6)

Also recall [M| = |T| = t. Consider an auxiliary bipartite graph H with vertex partition (7, M)
such that T;M; € E(H) if Wy, N V(M) = (. Then, for every tree T' € T, we conclude

(7.6) (c2.5)
dn(T) > |M| = [{i € [f]: Wr 0 V(M) £ 0} > t—26m|Wr| > 1/2.
Furthermore, dy(M;) = |T| — w(M;) > t/2 for every i € [t] by (7.5). Thus H has a perfect
matching. By relabelling, we may assume that T1M;, ..., Ty M, is a perfect matching in H and
hence W, NV (M;) = 0 for every i € [t].
Next, we iteratively construct edge-disjoint embeddings 7; so that for all i € [¢] the following
hold:
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(P1); 7; embeds T; into G[(AU V(M;)) \ Wr,] and
(P2); E(ri(Ti)) N E(G[B]) = M;.
Assume for some i € [t] we have defined 71,...,7;—1 so that 7; satisfies (P1); and (P2); for
all j <i. Let G; :=G — U3;11 E(1j(T})). Consider any v € B. If v € 7;(Tj), then (P1); implies
that v € M;. Hence,

(7.6) (2.3)
da,,a(v) = dga(v) —262An = 61]A[/25. (7.7)

We write m; := |M;| and M; = {ujvi, ..., Un,Um, }. By (7.5) and (7.7), there is a collection of
stars {S(u;), S(v;)}jem,) in Gi so that all these stars are disjoint from each other and each star
has A leaves in A\ (Wrp, U {7/(yr,)}). Let ujl, . ,ujA be the leaves of S(u;) and let vjl-, . ,vjA
be the leaves of S(v;).

Let F; be the forest obtained from 7; by first removing all vertices of distance at most 4 from
yr, and secondly removing all isolated vertices. Note that |F;| > §1n — 2A° > 4A%m; by (c2.5)
and (7.5). Thus by Proposition 6.2, F; has a 5-independent matching N = {x121,...,Zm,;2m, }-
We will construct 7; in such a way that edges x;z; are mapped to uj;v; for each j € [m;]. To
achieve this, let 7// be an injective function mapping Nr,(z;) \ {z;} to the leaves of S(u;) and
Nr.(2;) \ {z;} to the leaves of S(v;) for every j € [m;] and so that 7/ (yr,) := 7/(yr,). Let

m; m;
J = g (@) \ {251 U [ (V1 (z) \ {53
j=1 j=1
Note that J U {yr,} forms a 3-independent set in F} :=T; — V(N) by the choice of N.
For each v € A, by (c2.4), we obtain

da(v) — dGi(v) <A <tA < Ay|A].

This together with (c2.1) and Proposition 3.9 implies that G;[A\Wr,] is (v, p)-quasi-random.
In particular, dg, a\wr, (u,v) > p?|A|/2 > |F]| for any u,v € A\ Wr, (where the final inequality
follows from (c2.5)). Thus Lemma 3.19 implies that there exists a function ¢; embedding F
into G;[A \ Wr,] consistent with 7;". Let 7; : V(T;) — G; be

u;j if z = z; for some j € [m;],
7i(2) == ¢ vj if z = z; for some j € [m;],
¢i(z) otherwise.

Then 7; satisfies (P1); and (P2);. Let 7 := |J_, 7. By construction, (C2.1) and (C2.2) hold. O

Given a collection T of trees and a graph G with a vertex partition (A, B) such that B is
independent and G[A, B] has very few edges, the next lemma guarantees a packing of 7 into G
which covers all edges of G between A and B. The purpose of the lemma will be to adjust the
parity of the leftover degrees of the vertices in B prior to applying Lemma 7.4.

Lemma 7.3. Suppose n,A € N\ {1} and 1/n < e < 0; < v < 1/A,p < 1. Let G be a graph

on n vertices and A be a set of at least v*n vertices of G. Let B := V(G) \ A, H := G[A, B,

and let T be a collection of trees with A(T) < A for every T € T. Suppose

(c3.1) G[A] is (v'/1°, p)-quasi-random,

(c3.2) B is an independent set of G,

(¢3.3) |[E(H)| < 6in and |E(H)| + 2en < |T| < 7|4,

(c3.4) every T € T satisfies 2A* < |T| < p?|A|/2 and has a root yr; moreover, there is a set
Wr C V(G) with |Wr| < A? and a function 75 : {yr} — A\ Wr, and

(¢3.5) {T € T :uw e W U{r:(yr)}} < en for every u € V(QG).

Then there is a function T packing T into G which is consistent with {75 }rer such that E(H) C

E(r(T)) and WpN7(T) =0 for every T € T.

Proof. We write T = {T1,...,T;} and E(H) = {ujv1,...,u,vr} with u; € A for all i € [k]. Let
7; := 77,. For each i € [k], we choose j; € [t] such that v; & Wy, ,u; ¢ Wr, U {7} (yr;,)} and
J1,---,Jk are all distinct. This is possible using a greedy approach, since t > k + en + en and
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by (¢3.5). By relabeling, we may assume that v; ¢ W, and u; ¢ Wr, U{7/(yr,)}. For k <i <t,
let u; be an arbitrary vertex in A\ (Wr, U {7, (yr;)})-

We sequentially construct 71, ...,7; such that for all i € [¢]

(E1); 7; is consistent with 7/ and embeds T; into G; — Wy, where G; := G — U;;ll E(7;(13)),
(E2); if i € [k], then E(7;(T;) N H) = {uv;},
(E3); if i € [k], then 7;(T;) \ {vi} € A, and if i > k, then 7;(T;) C A.

Assume that for some ¢ € [t| we have constructed 71, ..., 7;—1 such that (E1);—(E3); hold for
all j <i. By (¢3.3), dg(v) — dg,(v) < At < Ay|A| for all v € V(G), and hence G;[A\ W] is
(vY/11, p)-quasi-random by (¢3.1) and Proposition 3.9. Let £; be a leaf of T} which has distance
at least 4 from yr,, and let z; be the unique neighbour of ¢; in T;. Such a leaf exists, since
IT;| > 2A%. Let
o { B0 e

T ifi e [t]\ [k].
Let 7/ (yr,) == 7](yr,) and 7)'(z;) == u,.

Observe that {yr,,x;} forms a 3-independent set of 7/ and for any u,v € A\ Wy, we have
de,, awy, (U, v) = p?|A[/2 > |T]| by (c3.4). Apply Lemma 3.19 to T}, G;[A\Wr;] and 77, to obtain
a function ¢; embedding 77 into G;[A \ Wr,] which is consistent with 7/". Let 7; : V(T;) — G
be defined by

(2) = { U if . =4¢; and i € [k],
TiE) = ¢i(x) otherwise.

Then (E1);—(E3); hold. Define 7 := |Ji_, 7;, then 7 is consistent with {7}}7c7 and E(H) C
E(r(T)). O

The following lemma is a variant of Lemma 7.3 in which G[A, B] is allowed to have more
edges than in Lemma 7.3. It guarantees a packing of 7 into G which covers all edges between
A and B apart from precisely one edge at every vertex of odd degree in B. In particular, once
we have adjusted the parity of the leftover degrees of the vertices in B via Lemma 7.3, we can
cover all remaining leftover edges via Lemma 7.4. The proof of Lemma 7.4 is more difficult than
that of Lemma 7.3 since the covering is more “efficient”: while in Lemma 7.3 we used one tree
for each leftover edge, here each tree covers a linear number of leftover edges.

Lemma 7.4. Suppose n,A € N\ {1} and 1/n < e < 01 < v < 1/A,p < 1. Let G be a graph

on n vertices and A be a set of at least v*n vertices of G. Let B := V(G)\ A, H := G[A, B,

and let T be a collection of trees with A(T) < A for every T € T. Suppose

(c4.1) G[A] is (v'/1°, p)-quasi-random,

(c4.2) B is an independent set of G,

(¢4.3) A(H) < 261n,

(ch4) ;"n < |T| <14,

(c4.5) every T € T satisfies 51/471 < |T| < p?|A|/4 and has a root yr; moreover, there is a set
Wr C V(G) with |Wr| < A? and a function 75 : {yr} — A\ Wr, and

(c4.6) {T € T :uwe W U{r(yr)}} < en for every u € V(G).

Then there is a function T packing T into G which is consistent with {7} }reT such that

(C4.1) writing H* := H — E(7(T)), we have dg+(v) <1 for every v € B,

(C4.2) WpN7(T) =0 for every T € T, and

(C4.3) drey(v) is even for all v € B.

Proof. We define B° := {v € B, dy(v) is odd} and t := |T|. For each v € B°d we select an
edge e, joining v and A, and let E° := {e, : v € B°d}. We define G’ := G — E°4. Our
packing 7 of 7 will cover all edges in G’[A, B] (but no edges from E°d4). This will ensure that
(C4.1) and (C4.3) are satisfied.

We let T2 = {Tl, 17, Ty, Ts,... ,TtQ,TfQ} be a maximal collection of an even number of trees

in 7 which have at least (ﬁ/gn leaves. Let 71 = {T1,...,Ty,} := T \ T? such that T; has at
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most 5%/372 leaves for all i < t; — 1. Let f :=t; + to — min{1,¢;}. Next we define a collection
F ={F1,...,Fy} of forests. For every i € [to], let

Fi:=T,UT?, W/ := Wiz UWre, W= W/ u {7‘,}1 (yTi)’Té“f (yrs)}-
For every to < i < f, let
Fi =T ,, Wi/ = Wity, Wi= Wz’/ U {Ti;“i,tz (yTi—tg)}'

Thus if ¢t; > 1, then T3, is the only tree which is not part of any forest in F. The proof
strategy now is as follows. We first decompose G'[A, B] into a collection S of edge-disjoint flocks
of seagulls (recall that these were defined in Section 3.4). For every flock of seagulls in S, we
use one forest F' € F to cover it. Note that either F' has many vertices of degree 2 or F' is the
union of two trees both having many leaves. Accordingly we will cover the vertex of degree 2 of
every seagull by a vertex of degree 2 in F' or by two leaves from two distinct components in F'.

For every seagull Z in G, let w(Z) := |{i € [f] : W:NV(Z) # 0}|. By (c4.6), we conclude
w(Z) < 3en. For every flock S of seagulls, let w(S) := Y, qw(Z). Recall that in G’ every
vertex in B has even degree. Thus by (c4.3) and Proposition 3.17, there is a partition of
E(G'[A, B]) into 6611 edge-disjoint flocks S',..., S of seagulls with wings in A. For each
i € [661n], by (c4.5), we have w(S?) < (A? 4+ 1)t. Thus for each i € [651n], we can use
Proposition 3.18 to partition S’ into ¢ := 51_1/2/60 (possibly empty) disjoint flocks S%, ..., Sé
such that |S| < 406;*n and w(S7) < 1208)/*(A2 + 1)t + 3en < 6,/n/100 for all j € [q].

Note that ¢ - 661n < ¢t/10 by (c4.4). By adding empty flocks to {Sg}ie[tﬁam],je[q] if necessary,
we obtain a collection of edge-disjoint flocks S := {S1,...,S;/19} partitioning F(G'[A, B]) with

1S5 < 4061/%n, and w(S;) < 81/*n/100 (7.8)
for all j € [t/10].

Let H be an auxiliary bipartite graph with vertex partition (F,S) such that F;S; € E(H) if
W; NV (S;) =0. Since (t —1)/2 < f < t, we have

dy(S;) > |F| —w(S;) > (¢t —1)/2 — 61/*n/100 > /10 = |S].
Thus H contains a matching covering S. By relabelling we may assume that F;S; € E(H) for
all i € [t/10]. Let S arise from S by adding empty flocks Si1041, -+ Sf-

We will greedily construct embeddings 71, ..., 7 such that for each i € [f] the following hold:

(P1); 7; packs the components of F; into G; — W/ where G; := G’ — UZ L E(ri(Fy)),
(P2); E(1i(F;)) N E(G'[A, B]) = E(S;), and
(P3); if i € [to], then 7; is consistent with T%i U T:’Fi<> and if to < i < f, then 7; is consistent with
-
Note that if i € [to], i.c. if F; consists of two components T;, T¢, then 7;(T;) and 7;(T¢) are not
necessarily vertex-disjoint, thus 7; may not be an embedding of F;.

Suppose for some ¢ € [f], we have constructed 7y, ..., 71 satisfying (P1);—(P3); for all j < 1.
We will now construct 7. Since dg a\w:(v) — dg, aw?(v) < Ai < At < Av[A] for each v € A
by (c4.4) and |W/| < 2A2% by (c4.5), we can apply Proposition 3.9 to conclude from (c4.1) that
Gi[A\ W] is (y*/'1, p)-quasi-random and so for any two vertices u,v € A\ W/

d, aw; (us0) > p?lA|/2 > |F. (7.9)

Let s :=|S;| and write S; = {ujviwy, . .., usvsws}. Let us first consider the case when s = 0.
Let ¢ € [2] be the number of components in F; and T, ..., T be these components. By (7.9),
we can apply Lemma 3.19 to each component 17 of Fj to find a function ¢r; which embeds 77
into G;[A\ Wj] which is consistent with 77,; (y7s) for each j € [c] such that the sets E(pr; (T7))
are pairwise edge-disjoint for different j 6 [c]. (If ¢ = 2, then in order to find ¢72 we apply
Lemma 3.19 to G;[A\W/] = E(¢71(T1)).) Let 7; := ¢pn U+ - -Ugre. Then 7; satisfies (P1),—(P3);.

Suppose next that s > 0 and F; is a tree, i.e. t2 < i < f. Thus F; has at most 5%/371 leaves. By
(7.8) and (c4.5), we have s < 40(51/2n < (|Fi| — 261/3 )/A5. Thus Proposition 6.1 implies that
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there exists a 5-independent set I := {yr,, y1,...,ys} in F; such that I\ {yr,} is a set of vertices
of degree 2 in Fj. For each j € [s], let {z;, 2;} := Np,(y;). Then J := {x1, 2z1,..., 25, 2zs} U{yr }
is a 3-independent set in F; — (I \ {yr,}). Let

u; if v = x; for some j € [s],
d(v) == wj if v = z; for some j € [s],
TIITZ(sz) ifU:yFi.

By (7.9), we can apply Lemma 3.19 to find a function ¢’ which is consistent with ¢ and embeds
F; — (I\{yr}) into G;[A\ W/]. For every v € V(F;), let

() = vj if v = y; for some j € [s],
L) ifveVIE) = I\ {yr})-
Then 7; satisfies (P1),—(P3);.
Suppose next that s > 0 and Fj is a forest with two components 7,72, i.e. i € [t2] and
{T", 7%} = {T;,T?}. Thus T",T? both have at least (5i/3n leaves. For each ¢ € [2], let

Ze:={z € V(T°) : z is a neighbour of a leaf} U {yre}.

Hence |Z.| > 5%/371/A > A3(s+1) by (7.8). Thus Proposition 6.2 implies that each Z. contains
a 3-independent set I := {yre,yy,...,ys}. For each j € [s], let 2§ be a leaf of T adjacent to y§
and write X¢ := {zf,...,2$}. Let

u;j ifv= y% for some j € [s
d(v) =< wj if v =y;7 for some j € [s

The(yre)  if v = ype for some ¢ € [2].

J,
]

I

If 77, (yr1) = 772 (yr2), then let F be the tree we obtain from F; by identifying ym and yre.
Otherwise let F/ := F;. By (7.9), we can apply Lemma 3.19 to find a function ¢ which is
consistent with ¢ and embeds F/ — (X! U X?) into G;[A\ W/]. Let

PR if v € {z}, 22} for some j € [s],
miv) = { Sv) ifve V(E) - (X'UX?).

Then 7; satisfies (P1);,—(P3);.

Suppose now that we have defined 71,...,77. If t; = 0, then 7 := sz:1 7; satisfies (C4.1)—
(C4.3). If t; > 1, then there is a single tree T' € T which is not yet embedded. In this case
let Gyy1 = G’ — U;-c:l E(1j(Fj)). We once again use Lemma 3.19 to find a function 774

which embeds T into G11[A \ Wr| and is consistent with 75 (yr). Then 7 := Ulf;rll 7; satisfies
(C4.1)~(C4.3). O

8. ITERATION LEMMA

In this section we state and prove the key lemma of this paper. Given a suitable graph G*
on a vertex set V', a small set A C V', and a suitable set of forests, we can cover all edges of G*
incident to the vertices in V'\ A with these forests without using many edges of G* inside A. In
Section 10 we will apply this lemma iteratively to obtain our main result. More precisely, the
above graph G* will be the union of graphs G,G’, H; and Hy, where G will be the “leftover”
from the previous iteration step, and H; and Hy are graphs we set aside at the start to ensure
that each iteration can be carried out successfully. We will cover GU H; U H entirely (see (®1)).
Roughly speaking the leftover of G’ from the current iteration step will play the role of G in the
next iteration step, which is why we aim to use it as little as possible in the current iteration

(see (92)).

Lemma 8.1. Suppose D,A,n e Nwithl/n < ¢ € 63 K 01 K 1% <7< <L a,1/D,1/A,p,d <
1 such that D > 6 is even and A > 3. Suppose G,G', Hy, Hy are four edge-disjoint graphs on a
set V and A, R CV satisfying the following:

(91) |V| =mn, |Al =vn, |R| =en, ANR =0, and A is an independent set in G U H; U Ha,
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(92) G is (B, a)-quasi-random with V(G) =V and G’ is (v*/3, p)-quasi-random with V (G') =
A,
(93) Hi is a (4e,d1)-quasi-random bipartite graph with vertex partition (A,V \ A), and
(94) Ha is a graph on V with A(Hy) < 36an/2 such that dg,(u,v) > 283n/3 for any two
distinct vertices u,v € V.
Suppose F is a collection of rooted forests so that each F' € F consists of two components
(Th,rk), (T2, r%) and F satisfies the following:
(/1) |F| = (1/2 + d)n,
(f2) |[F| < (1 —4/D)n, A(F) <A, and |T%|,|T2| > yn for all F € F,
(13) e(F) = e(G) + e(Hy) + e(Ha) + (372 £22)n?, and
(f4) there is a function ¢' : {r% : F € F,c € [2]} — R such that |¢/"*(v)| < &2 for any
v € R and ¢/ (r}.) # ¢/ (r%) for any F € F.
Then there exists a function ¢ which is consistent with ¢' and which packs F into GUG'UH1UHy
such that

(®1) E(G)U E(H1) U E(Hz) € E(¢(F)) and
(®2) for every v € A, we have dging(F)(v) < fyi/QlA\.

We structure the proof into several steps. In the “preparation step”, Step 1, we partition F
into several subsets. We also apply Lemma 5.1 to obtain an approximate decomposition of G
into suitable cycle blow-ups. Unfortunately, Lemma 5.1 also returns a small exceptional set Vj
of vertices which is not part of the cycle blow-ups. Furthermore, we partition each forest F' € F
into a large subforest F' and a small subforest F' — V (F).

In Step 2, we apply Lemma 6.9 to the cycle blow-ups obtained in Step 1 to approximately
cover the edges in E(G) with the set of large subforests. Crucially, the density of the leftover of
G (i.e. the uncovered part) is insignificant compared to the density of Hs. In this step we will
also use some edges of Hj in order to satisfy the restrictions on the packing given by (f4). In
the following steps we cover the remaining edges with the small subforests. In order to avoid an
overlap between the embeddings of the small and large subforests, we equip V with an equitable
partition (Uy,...,Up) and make sure that for each F' € F the large subforest F of F uses at
most D —3 parts U; while the remaining three parts are reserved for the small subforest F —V(Z*:' )
of F'. In order to maintain a symmetric setting, we actually partition F into (?) subsets and
carry out the above procedure for every choice of D — 3 sets in (Uy,...,Up).

In Step 3, we prepare a link between the large and the small subforests by embedding the
roots of each small subforest F' — V (F) (i.e. those vertices of F' — V(F) which attach to F') into
some U; which is not used by its corresponding large subforest E.

In the remaining steps we make use of the small subforests in the following way. In Step 4,
we use Lemma 7.1 to cover almost all edges incident to the exceptional set V. In Step 5, we
cover all the edges induced by V' \ A via Lemma 7.2. In Step 6, we make use of Lemma 7.3 to
ensure that the number of uncovered edges incident to each vertex in V' \ A is even. In Step 7,
we use Lemma 7.4 to cover all remaining edges between A and V '\ A. In each of these four steps
we make use of the fact that the leftover of G forms an insignificant part of the total current
leftover.

Proof of Lemma 8.1. We start with the preparation step.

Step 1. Preparation. In this step, we partition G,G’, Hy, Hy, the underlying vertex sets,
and F into structures which are suitable for applications of the packing and embedding lemmas
proved in Section 6 and 7. We additionally choose M, M’ € N and a constant 1 such that
1/n < 1/M < 1/M' < ¢ <1< 8. Let D:= () and let Z := (}PL) = {S1,...,55}. Thus
IZ| = D.

We select an equitable partition (Uy,...,Up) of V'\ R satisfying the following:

(Ul) (U1nA,...,UpNA) is an equitable partition of A, and

(U2) for every J € {G,G’', Hy, Ha}, every u,v € V and 4, j € [D], we have

(i) |dsu, (w) = dyy; (u)] < en,
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(ii) |dJ’UimA(’LL) - dJ’Uij(’U,)| < En, and
(ili) |duv, (u,v) — dyu, (u,v)| < en.
Such an equitable partition exists as an equitable partition of V'\ R chosen uniformly at random
subject to (Ul) satisfies (U2) with probability at least 1/2 by Lemma 3.2. For a set S C [D],
we define
US = U Ul
€S

For each I € [D], let
Ar:=ANUp)s, and By := (Upps, UR) \ A. (8.1)

We make the following observation (which follows from (g3), (Ul), (U2) and the fact that
|R| = en).

For alli € [D] and I € [D], the bipartite graphs H1[U;|, H1[U; U R], Hi[A; U Bj] and

Hy[Ar U (Br\ R)] = H1[Ujp)\s,] are (eY/2,61)-quasi-random. (82)

Observe that G — R is (20, a)-quasi-random by (g2), and thus (5'/7, a/2)-dense by Proposi-
tion 3.10. Thus we can apply Lemma 5.1 with the following graphs and parameters.

object/parameter ‘G—R ‘ e/(1—e¢) ‘ 55 ‘ BT ‘ a/2 ‘ ! ‘ D ‘ (Uy,...,Up) ‘ M ‘ M’
playingtheroleof‘ G ‘ € ‘ t ‘ 5 ‘ « ‘d‘D‘(Ul,...,UD)‘M‘M’

Therefore, there exist an exceptional set Vy C V' \ R, with
[Vo| < 2en, (8.3)

a positive integer I" with M’ < T < M, and collections of cycle blow-ups Cg (one for each S € T)
such that the following properties hold, where we write C := (Jgc7 Cs:

(R'1) for every S € Z, the set Cg is a set of (3¢, 83 )-super-regular cycle (1 — 2¢)&-blow-ups such
that C' C G for each C € Cg, the length of each C' € Cg is odd and at least (1—-7/(2D))T
and such that V(C) C Ug \ V for each C € Cg,

(R’2) all cycle blow-ups in C are edge-disjoint from each other,

(R'3) e(Cs) = (1 £ /"D 1e(G) for all S € Z,

(R'4) da(v) — Y cec de(v) < 463n for v € V' \ (Vo U R). In particular, e(C) > e(G) — 263n?.

Because we split G — R into D collections Cg of graphs, we also seek a corresponding partition
of F into Fi,..., Fp such that

(F1) |F7| > (1/24d/2)D~'n for all I € [D],

(F2) e(Fr) = e(Cs,) + (372 £ 272)D~'n? for all I € [D).

It is not difficult so see that such a partition exists. Indeed, for all I € [D], assign I' € F to Fr
with probability e(Cs,)/e(C), independently of all other F' € F. Then straightforward applica-
tions of Theorem 3.1 show that this random partition satisfies (F1) and (F2) with probability
at least 1/2.

We will cover the edges of G, H1, Ho in several steps, mainly via applications of Lemma 6.9 and
Lemma 7.1-7.4. For the applications of Lemma 7.1-7.4 we need to reserve an appropriate col-
lection of forests. Accordingly, for every I € [f)], we partition F; into sets F7, f?Q,f}sl,ffar, FO
such that

n ar
#=3| ] R = 1ER = 1A = 8.9

and let

D
FPr o= ]—“}52 u]—"}s1 U Fr, Fo.— Fr\ (FJUF]") and F& = U .7-"1§ for € € {n, d2, 01, par, v, 0}.
=1
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Such a partition exists by (F1) and since

(29, + 65 %)n + 3 MH < (1/2+d/2)D ™ n.

Note that
2vin < |F*| < 3vin. (8.5)

We will use subforests of the forests in F" to cover almost all the edges at the exceptional set
Vo U R in Step 4, subforests of the forests in F° to cover all remaining edges inside V' \ 4 in
Step 5 (these edges will consist mainly of edges in Hy). We will use subforests of the forests
in F7 U FP¥ to resolve parity issues in Step 6, and subforests of the forests in F%' to cover all
remaining edges between A and V'\ A in Step 7 (these edges will consist mainly of edges in Hy).
The forests in FV are simply the forests which play no specific role in Step 4-7.

In Step 2, we will use Lemma 6.9 to embed the bulk of F into the cycle blow-ups in C.
Accordingly, for every F' € F we now define a “large” subforest F' of F' which is embedded by
Lemma 6.9. (The remaining subforests are used to cover the remaining edges by applications of
Lemma 7.1-7.4, as described above.) For every F' € F, we will also define a set X containing
all those vertices of F' which attach to F — V(F).

More precisely, for each I € [ﬁ], we proceed as follows. For each F' € ]:?, we define F := F
and Xp := 0.

We now construct F and Xp for all F € ]-?*. Let
_e(Fr) — (1= 63)e(Cs,) (F2) (342 +592/2)D~'n?

|77 |n 77" In '
Then (8.5) implies 2A72 < 87 < 7x. Recall from (f2) that each F' € F consists of two components
(Th,rk), (TE,r%) of order at least yn. Thus for all F' € F;* we may apply Proposition 6.4 with

1, Br,v playing the roles of ¢, 3, to choose a subtree Th(yp) =: Ty of F such that T has
distance at least 3 from 7“}7,

5[ : (86)

v2n < T | < Aven, (8.7)
and

D e(TF) =e(Fr) — (1 - 63)e(Cs,;) £ n. (8.8)
FeFl*

For each F' € FJ*, we let F' := F — V(T¥), and let 2 be the unique vertex in F' which is
adjacent to yp in F. We view yp as the root of T/ and let Xp := {zp}.

Next we consider any forest F' € F;. By Proposition 6.4 (applied with 2,7, playing the
roles of ¢, 3, &), for every c € [2] we can choose a subtree T (y%) of T with

nm/(248) < |Ti(yr)| < Ann (8.9)

such that the distance from r§, to y% is at least 5. Again, we view y$. as the root of TH(y%).
Let F := F — V(Th(yk) UT2(y%)). For each ¢ € [2], let % be the unique vertex in F which
is adjacent to y% in F and define Xp := {z},2%}. In addition, for all ¢ € [2] and F € F}, we
choose one leaf ¢, of T7(y%) at distance at least 6 from y$ and let 2% be the neighbour of ¢5.
Hence

{yk, 2L, y%, 22} is a 5-independent set in F. (8.10)

Embedding ¢%. appropriately in a separate step will help us to change the parity of its image
vertex in the leftover graph if required. For this it is essential that (% is in fact also a leaf of
the original forests F' € F". This is also the reason why we need to remove two subtrees in this
case (rather than one): In total we need to reserve 2|F"| leaves in order to be able to deal with
possible parity problems later on, but if /' is a path, then we cannot find a single small subtree
which contains both leaves of F.

Note that in all cases we have |Xp| < 2 and that Xp N (Ng[rk] U Np[r%]) = 0. Recall that

Flr = .7-"}52 U }“}51 UFP™. For all § € {d2,01,par} and F € .7-"15, let TE := TJ". For easier
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referencing, given & € {n, 7, 2,1, par} and F' C F € .7-"}5, we sometimes write yg for yp. For
example, if £ € {dy,01,par} and F' = Tg, then this allows us to directly refer to yp as yp.
Analogous conventions apply to zp, xllm, x%, y}p, y%, 25, zF,E}m, 6% accordmgly

We introduce the following families of forests for every I € [D]. Recall that the first three
families refer to the “large” subforests and the other families to the “small” subtrees and forests.
]:I£ ={F:Fe ]:5} for £ € {n, V4, 92, 61, par, 0},

= {F F e .7:[}

./r. UI:l"TI {F.FE.F},
Zﬁ = {T§ :F e ]-'f} for £ € {74, 2,01, par},
Fi = A{(Tpyp) — p) U (TR(E) — (3) - F € FJ},
o T¢ .= U?:l 915 for £ € {7x,d2,01, par},
o F .= ID:1 F].

The set F contains all forests which we will embed in Step 2 using Lemma 6.9. The forests in
F inherit their roots from their corresponding supergraphs in F. As every component of F' € F
has at least yn vertices (by (f2)) and e(F) < n? (by (£3)), we also conclude

IFl=|F[ <~ 'n. (8.11)
For later reference we note that
(8.4) n n
J FN =3 — | =(1xe)—. 8.12
2= s | | e (8.12)

Moreover, (f2), (8.7), and (8.9) imply that
yn < |F| < (1—4/D)n forall F € F,
Vin <|T| < Ayen for all T € 7€ and € € {7, 62, 61, par}, (8.13)
nn/(3A) < |T| < Ann  for every component T of each forest in Z".

By (8.12) and (8.13), for all T € D, we have e(F}) > e(F)) — 2Ann|F)| > e(F]) — n*/*n.
By (22) and (R’3), we conclude e(Cs,) > (1 — B/ (1 — B)D~*an?/2 > pn?. Thus
(F)= [ eF) = 3 (e@E)+1) | + eF) £ + (7)) L

FeF™

(1 -85 £n'")e(Cs,).

(8.14)

Next we need to fiecide which forests will be embedded into which cycle blow-up in C. For
this, for each I € [D] we proceed as follows. We write Cs; =: {Cr,1,...,Cr}. Note that by
(R'1) for every i € [c}],

Sgn? 205m>
27 < )< 1
T e(Cr;) < (8.15)
Together with (R'2), this implies that
IC| < 265 °T. (8.16)

Moreover, (8.14) and (8.15) imply that we can select a partition of F; into .7:"171, ... 7-7:-1,4 such
that for all i € [¢}]

e(Fri) = (1= 63 +29'/?)e(Cr). (8.17)
Finally, (8.13), (8.15), and (8.17) allow us to conclude that for all I € [D] and i € [¢/]

25§1n2 1 <

~ n
|fl,i| < T f

(8.18)
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Step 2. Approximate covering. In this step, we find an approximate covering of the edges
of G. To make the leftover sufficiently small, we will actually do this by finding an approximate
covering of the cycle blow-ups C7; defined in Step 1 (which themselves cover almost all edges of
G). Recall that assumption (f4) prescr1bes an embedding ¢’ of the roots of all F € F and thus of
the roots of all F' € F. Ideally, we want to pack the forests FeF 1,; without their roots into Cr ;
in such a way that the edges incident to their roots are present in H;. However, one dlfﬁculty
is that for a root r of F, the vertex ¢'(r) might not have neighbours in V(C’I,i). Therefore,
we introduce an intermediate step. We only pack the forests without their roots and without
the neighbours of the roots into C;; and embed the neighbours of the roots onto appropriate
vertices to complete the packing. We arrange this so that all edges incident to a neighbour of a
root are mapped to edges in Hi.

More precisely, recall that we denote the roots of each F' € F by r}p and r%. We will now
extend the domain of the function ¢’ to

{p1,..-spm} ={x € Np(ry):c€ 2], F € F}.
We will achieve this via Proposition 3.21. Note that by (8.11),
m < 2Ay !n. (8.19)
For each i’ € [m], let Fy € F be such that py € Fy. Then |{i’ € [m] : Fy = F}| = dp(rs) +
dp(r%) for each F' € F. Let H™IX be the graph on [m] such that /5’ € HM if F, = Fj.
Thus A(H™eX) < 2A. For each i’ € [m)], let
@ = {7k, s13,} 0 Ny (py) and s i= &',

For each v € R, we obtain [{i' : v = uy}| < A{F € F :v € ¢'({rk,r2})}| < Ae=2 by (f4).
Next, for each i’ € [m], we define sets of vertices W/, and W)/ which we want to exclude as
possible images of py. Let I ( "),i(i') be the numbers defined by Fy € F, 1(i),i(iry- We define

NHl( )ﬂAﬂUSI( o

= N, (uy) NAN Uip)\s;(,,» and
0 ={we W} dH, V(Cpan A (W) < 071}
Note uy € R C V \ A by (f4). Thus (U2) and (g3) imply that
[Wh| > (61 — 4€)|A| - 3/D — en > 62n. (8.20)
Theorem 3.8 and (g3) imply that Hi[A, V\A]is (¢!/7, 6;)-super-regular. Observe that IV (Criryiin)\
Al > (1 -7/2D))r-(1— 26)* —an > n/3 by (R'1) and (gl). Together with Proposition 3.4

this implies that the graph H; [W,, V(Craniary) \ Al is (e 178 §1)-regular. Thus |[W//| < 2¢/%n,
by Proposition 3.6, and therefore

N / " T _ o9-1/8 (8.19),(8.20) -2 -1 -1
du, a(uy) — Wy UW| > [Wy| —2e/°n > 3Ae™“+m/fe e .

Thus we can apply Proposition 3.21 with the following graphs and parameters.

object /parameter ‘ H;y ‘ Hindex ‘ Ae? ‘ A ‘ m ‘ el ‘ W/, UW/
|

playing the role of ‘ G ‘ H A ‘ A ‘ m ‘ S Wi ‘ Ui
We obtain v, ..., v, so that

(al) vi € (ANUpps, ) \ Wi,

(a2) ujvy,. .., Unvy are distinct edges in Hy, and

(a3) [{i' :v=wvy}| <e lforallve Aand vy ¢ {ujr,vjr} if Fy = Fj.
Let E' := {uyvy : ¢/ € [m]} and H{ := Hy — E'. Thus

A(H, — E(H}) =A(E') <e '+ Ac? <2Ae72 (8.21)
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Given a vertex x € F, recall that Np[z] = Np(z)U{z}. Moreover, we write N2 [z] for the set of
all vertices having distance at most 2 from z in F. Now let ¢/(p;/) := vy for all i’ € [m]. Note
(a3) implies that ¢' is injective on Ng[rk] U Np[r%] for any F € F. Also the domain of ¢’ is
{zr € Np[r%] : c€ [2],F € F} and for any v € V we obtain

(8.21)
67 (0) SAE) < 28672 (8.22)
For all I € [D] and i € [¢}], let
Ry;:={¢'(x): x € Np(r$) for some F € Fy; and ¢ € [2]}.

Note that for all v € Ry, there exists i’ € [m] such that v = vy, I = 1(i'), and i = i(i'). Then

Rri C ANUpps, (8.23)
by (al). Thus R;; NV (Cr;) =0 by (R'1). Also for all v € Ry, we have
(8.21) s (al) 9
dHLV(CI,i)\A(U) Z dHl,V(CM)\A(U) — 2Ae Z (51n/2. (8.24)

Recall that Xz was defined together with F in Step 1. For each F € F, we let
Xp = (NE[rp] \ Nelrp]) U (NR[rE]\ Ne[ri]) U Xp.
Thus | X5| < 2A?%. Now we sequentially pack the forests in .7:"1’1- into Cr; U H; according to the
lexicographic order! on the set of tuples {(I,4) : I € [D],i € [¢}]}.
More precisely, for each tuple (/,4) in turn we will construct functions 7 consistent with ¢
which embed each F € F. 1 into Cr; U Hy such that the following properties hold:

(Pl)Li A(C[J' — Uﬁe]}“ E(TF(F))) § 206871/1“,

(P2)7; Tp(F — (]\[F[T}i] UNp[r?])) € Cr; and thus V(74(F — (Np[rk] U Np[ri])) € Us, \ Vo
for every F' € Fy,,

(P3)r,; for any vertex v € V, we have

~ ~ 2
F e U f[’,i’ :UGTI}(X};‘) < ?n,

(I <(11)

(P4)[7i TF(F — {’I”llp,?"%v}) - C[ﬂ' U H-/W’ where E(]:,I, Z) = U([’,i’)<([,i) UFEJ:']/,Z'/ E(TF(F)) and
H}z := H{ — E(F,I,i). Moreover, the graphs TF(F ) are pairwise edge-disjoint for
different F € .7:"”

Assume that for some (7,4) we have already constructed 7z consistent with ¢’ for all FeFpy

with (I',7) < (I,1) such that (P1)p i—(P4)p ; hold. Let U' C V(Cr;) be the set of vertices

which lie in 74(X?%) for at least n/T forests F' € Fp with (I',i') < (I,4). Since |X}| < 2A2
for any F' € F, (8.11) implies that

2A2%~~1n 9

— =T (8.25)

Let £ be the length of C7,;. Hence, by (R'1), £ is odd and ¢ > (1 — 7/(2D))I'. In particular,

together with (R’1) and (8.13), this implies (1 —42)|Cr;| > |F| for any F € F ;.

Let F:= F — {rk,r%} and let Fr; := {F: F € F7;}. We wish to apply Lemma 6.9 with the
following graphs and parameters.

U] <

object/parameter | Cr; | Fri | Hy [V(Cri)\ A, R | € | 63/2] 63 |63/3 ]~
playing the role of | G | F G’ ¢ a |d| dy | n
object/parameter | ¢ | R;;| Np(rp)UNp(r%) [U' | Xi [A] 3¢
playing the role of | ¢ | R r(F) Ul X |A] ¢

lWe use < to equip tuples of reals with a lexicographic ordering; that is, (I,i) < (I’,#')if I < I' or I = I’ and
1 <4'. For convenience, let (I,0) := (I —1,¢7_1) and (I,c; + 1) := (I +1,1).
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So we need to verify conditions (al)—(a7) of Lemma 6.9. Condition (al) holds by (R'1). For any
v € Rr;, by (P2)p i and (P3)p i for (I',7) < (I,1i), we obtain

3 on (8.22),(8.24) §24 52 Cri
dir,  vicrnav) = d v, nav) — Al Yo)| - T 17 > 1|3’|,

v

which verifies (a2). Condition (a3) follows from (f2), (8.13) as well as the fact that each F has
at most two components and F' = F — {rL,r%}, (a4) follows from (8.17), (a5) is trivial from
the definition of F' and %, and (a6) follows from (8.25) and the definition of X%4. Also (8.22)
implies that |¢/~!(v)| < 2Ae72 < (Y2 for each v € Ry, and as remarked before (8.22), ¢’ is
injective on Np(rk) U Np(r%) for any F € F, which verifies (a7).
Thus Lemma 6.9 gives a function T#, . which is consistent with ¢’ and which packs F 1,i into
CriU H},i[V(CI,i) \ A, Ry ;] so that
(A/1> A(Cl,i — E(Tﬁ”<ﬁ[7i))) S 5(5371/6,
(A'2) 72 (V(F)\ (Np(r}) UNp(r}))) N Ry =0 for every F € i, and
(A'3) 7z, (Xp)NU’ =0 for every FeFr
Define 74 := T]:-I’JF and 75 =T U1 12y
Next we verify (P1);,—(P4);,. Properties (A'1) and (A’2) directly imply (P1);, and (P2)z,.
For any vertex v € U’" and F' € Fy;, (A’'3) implies that v ¢ 7x(X}). If v € V'\ V(Cr;), then by

(P2)7,; we also have that v ¢ 7:(X}). Thus for each v € U'U (V \ V(Cr;)), by (P3)p# with
(I',i") < (1,4), we have

~ ~ ~ ~ 2
F e U f[’,i’ :UGT}jﬂ(ij) = F e U .F]/Vi/ :UETﬁ(X}w) < ?

(I <(1,3) (I'3")<(1,3)
On the other hand, for each vertex v € V(Cy;) \ U’, by definition of U’ we have
Fe U ‘7:—[/,1-/ :UETF(X%) <f+’]}]i
(i< i)

So (P3)7, holds. Observe that (P4);; holds by construction.
Let 7 := Upc 7 75 Note the properties (P2);; and (P4);; imply that 7 packs F into H; U{JC
and is consistent with ¢’. Let us define the leftover graphs.

G':= G — E(7(F)) and H} := H| — E(7(F)). (8.26)
This with (P1)7,; and (R’4) imply that for every v € V' \ (RU V)),

we have

2068
den (v) < 2003m

Hence 7 forms a (very efficient) approximate cover of the edges of G. Note (P2);; implies that
for any vertex v € V and F € F, we can only have dz g g, (v) > 0if v € F(NZ[ré]) (for some
¢ € [2]) which in turn only holds if v € ¢/(Np[r%]) or v € 7(X}). By (8.22) the former holds for

at most 2Ae 2 forests F' € F and by (P3)r, the latter holds for at most 2n/T forests F € F.
Since A(F) < A, it follows that

A(H, — E(H})) = A(E(7(F)) N Hy) < AQ2Ae™2 +2n/T) < en. (8.28)

(8.16)
¢l +463n < 5063n. (8.27)

Thus H 11 inherits all the relevant properties of Hy. We proceed with a few observations. Recall
that for all F € FO, we have F = F. Thus 7 actually packs F into H UJC. On the other hand,
for all forests F' € F7* U F", the function 7 only packs a proper subgraph of F' into H; U |JC.
In the next few steps we will extend this by packing the forests in 77 U.%#". As a preliminary
step towards this, we embed the roots of these forests via a function 7/ in Step 3.
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Step 3. Embedding the roots of the forests in .77 U.%#". In this step, we define the
function 7/ which, for every I € [D], embeds the roots {y%: F € ZJ,c € 2]} U{yr: F € I}
into ANU; for some i ¢ Sy (recall that their neighbours % and xF have already been embedded
in the previous step as they belong to F) We stress here that one key point is the following.
Given I € [D] and F € F7*, in Step 2 the subforest F' of F was embedded into Us, (apart from
its roots rllp, r% which are mapped to R and the neighbours of those roots which are embedded
into AN Uppg, by (8.23)), while the forest F' — V(F) € 77 will be embedded into Ubps; -
So after we have chosen a suitable image 7/(yr) of the root yp of F' — V(F) inside Up\s; s
any embedding of F — V(F) into Up)\s, which is consistent with 7/'(yr) and which avoids
F(N(rg) U N(r%)) yields an embedding of F. For F € F] the strategy is similar, but slightly

more complicated.
Consider F' € F. For any F' C F, we define

Wpr = 7(Np[rp] U Nr[rg]) = ¢/ (Nplrp] U Ne[ri]). (8.29)

(So for example, if F' € F7* and T is the subtree of F' belonging to .77+, then this allows us to
refer directly to Wr as Wr.) Note that by (f4), (P2);,; and (8.23), for all F' € Fr, we have

F(F)N (Upps, NVo) = Wp\ #({rp,r5}) and #(F)NR=7({rp,r%}) € Wr. (8.30)

As discussed above, we need to avoid Wr when defining 7 in the current step. Note

Wr| < 2A +2 < A% (8.31)
Furthermore, (8.22) states that for all v € V/,
HF e F:veWp)}| <2Ae72 <73 (8.32)

Consider any I € [D]. Recall from (8.12) that |Z}| = |F}| = 3[n/(6D)
such that {7,5’, "} = [D] \ S;. Split the forests in .#] into three sets .7 (
size [n/(6D)] and define

. Let {j,5',7"} be
n 7

_ —

i iEFeZN),
J(F)=4q j it FeF/(2),
i i F e Z0(3).
In a similar way we define j(7T') for the trees T in the families 9]51, 9[52, TP (again, assigning

each of the three possible values in [D]\ St to a third of the trees in each of these families). For
each i € [D], let
o Fin.={F e Z":j(F)=i} and
o T4 =T € F%:j(T) =i} for all £ € {7,61,09,par}.
Thus (8.30) implies the following:
Foralli € [D] and F € FTUF*, let F' be the unique subforest of F belonging

to F1UT. If F € FMU T, then #(F) N (Ui UV UR) = Wp. (8.33)
Moreover, since |R|, |[Vp| < 2en,
. D—1\[ n U; UVy U R
W = | =1 +5De)t— 2= 34
- <D—3> {GDW (1£5D¢) 2 (8.34)

For each i € [D] in turn, we will now use Proposition 3.21 to define a function 7" packing
{zpyr : F € 7"} U {atyk, 2%y% : F € 4} into G’ U H{ such that yp,yh, y% € ANU; and
7' is consistent with 7. Hence assume that for some i € [D] we have already determined 7' for
all F' € U;;ll (FIn U FI37%) such that

A(E]) < e®n (8.35)
for all j < 4, where

El = |J (a7 ce2hu |J {7 @r)yr))

FeZim Fegivx
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Let G} := (G'"UH{}) — U;;ll El. By (2), (g3), (U2), (8.28) and (8.35), for every v € V, we have
det yna(v) = 6170/ (2D) —en — De*n > 67n. (8.36)
Write {F), ..., Fp,} = F and {T7",..., Ton} == T4, Let uj := %(m},]n), U 4j = %(:1:%,;,)
for each j € [mi] and ugm,+; = ?(a;Tjw) for each j € [mg]. We define W := Wy, 4, := WF]?V if

J € [m1] and Wop 4 := Wy if j € [ma]. By (P3)r; and the definition of X, we conclude
J
that for any v € V, we have

{j€2mi+ma]:v=u}=|{Fe€F" :v=7(r)}+{Fe€F":vei{rp,at})| < 2n/T.
(8.37)

Let H" be the graph on [2m; + mg] such that jj’ € H" if j' = j + m; and j < ms. Note
that for all j € [2m1 + mg], we have

(8.3),(8.31),(8.36) (8.12)
det vnalug) — Wil = [V > 6in— A% —2en > 60 In+ (2my +ma) /et 47t

Thus we can apply Proposition 3.21 with the following parameters and graphs.

object/parameter ‘ G} ‘ H}“dex ‘ 2n/T ‘ ANU; ‘ 2m1 + mao ‘ g1 ‘ W; UV ‘ u;j

playing the role of ‘ G ‘ H ‘ A ‘ A ‘ m ‘ S ‘ W; ‘ Uj
We obtain a sequence of vertices vy, ..., Vam,+m, such that the following hold:
(BL) wivi, ..., U2my+mgV2m,+m, are distinct edges in G},

(B2) vj ¢ {u;, v} whenever |j — j'| =mq and j, 5’ € [2my],
(B3) vj,vmy 45 € (Ui N A)\ (W U Vo) for all j € [m] and vgmy 45 € (Ui N A)\ (Wrae U Vo)
for all j € [mg], and
(B4) every vertex v € V satisfies |{j € [2m1 +ma] : v =v;}| <e L.
We define 7/ (y1.n) := vj, 7' (yFn) := Um,+; for all j € [my] and T’(yij*) = Vg, +j for j € [ma].
Let ’ ’
E} = {ujv; : j € [2mq + ma]}.
Then (8.37) and (£4) imply that A(E%) < 2n/T +e~! < £2n as required in (8.35). By repeating
this procedure for every i € [D], we define 7’ as desired. We claim that 7’ satisfies the following
properties:
(v1) for every F € F7U F* and every y € {yr, Yy, y%}, we have 7/(y) ¢ 7(F); moreover,
' (yL) # 7' (y%) for each F € F7,
(72) for any v € V, there are at most ¢! forests F € .#7U .77 such that v = 7/(y) for some
y € {yr v Ui} ‘ ,
(v3) for all j € [D] and F € F7" U T3 every root y of a component of F' satisfies
m'(y) € (U N A)\ (Wr U V), and
(v4) if I € [D] and F € .#; U 7", then every root y of a component of F' satisfies 7/(y) €
A\ Wrp = (AN U[D}\S;) \ Wg.
(75) for all T € T+, we have that 7(z7)7'(yr) is an edge of G’ U H{ and for all F € %" and
c € [2], we have that 7(2%)7'(y%) is an edge of G' U HY.
Indeed, (v1) follows from (52), (83) and (8.33), (72) follows from (44), while (v3) and (v4) both
follow from (£3) and (v5) follows from (51).
Let E; := Uizl E%. We conclude from (8.35) that

A(Ey) < De?n < en. (8.38)
Let
G?:=G - E, G*:=G' and H}:=H] - E;. (8.39)
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Following on from (8.26), these updates track the edges of G’, G and H; which are still available
after this step. We use (8.2), (8.28), (8.38) and Proposition 3.9 to conclude the following.

~

For all j € [D] and I € [D], the bipartite graphs H:[U;] = H?[U; N A, U; \ A], H{[U; U

B
8.40
R) = H}U; N A, (Uj UR)\ A] and H2[A; U By] are (¢'/3,61)-quasi-random. (8.40)

Step 4. Covering almost all the edges incident to the exceptional set. Property
(8.27) shows that in Step 2, we have covered almost all edges of G incident to vertices in
V\ (Vo U R). In the following step, we use the forests in .#" to cover almost all edges incident
to Vo U R. We will achieve this through several applications of Lemma 7.1.

For each i € [D], we consider the graph

G(i) == (G° U H)[U; URU V] — E((G* U Hy)[RU Vp)).

Observe that G(1),...,G(D) are pairwise edge-disjoint. Note that by (U2) and (g4), any two
vertices u, v € U; satisfy

de iy (u,v) > 385n/(5D). (8.41)
Recall that in Step 3 we partitioned .#" into F11, ... FP1. For each F € .Z"", we choose two

distinet vertices qi, g% in (U; N A) \ (Wrp U Vo U7 ({yk,y%})) uniformly at random. Note that
by (Ul) and (8.31),

(8:3)
(U; N A\ (WrUVoUT {yk,y2 )| > D 'yn —2en — 2A% > 4%n

and recall that || is given by (8.34). Thus by straightforward applications of Lemma 3.2,
with probability at least 1/2, for each v € U; N A, we have

{F e 7 v e {qh b }}] < n?>. (8.42)

Thus there exists a choice such that (8.42) holds for all vertices v € A. Recall from Step 1 that
for all F € Z%" and ¢ € [2], the vertex z% is the unique neighbour of the leaf ¢5.. We define
7'(2%) == ¢% for all F € 7" and c € [2]. For all i € [D], we now wish to apply Lemma 7.1 with
the following graphs and parameters.

object/parameter | G(i) | F" | |[U; U RU V| WUR 5D¢e n
playing the role of | G F n Vo € n
object/parameter | 2 A W T/|{y},y%72}mz%} {ybvat | {25, 2%}
playing the role of | d A Wr T {ypyat | {25, 2%}

Assumptions (c1.1)—(c1.5) of Lemma 7.1 hold in the above set-up, as (8.41) implies (c1.1), (8.13)
implies (c1.2), (8.10), (72), (v3), and (8.42) imply (c1.3), (8.31) implies (c1.4), and (8.32) implies
(c1.5). Also (8.34) ensures that .#%" contains the appropriate number of forests.

From Lemma 7.1 we obtain a function 7' packing .#*" into G (i) which is consistent with 7/
such that the following properties hold:
(Q1.1); V(r(F)) CU; URUV, and 7' (F) N Wg = () for every F € .F1,
(Q1.2); dynigimy(v) < n'/3|U; U RU V| for all v € U; \ (Vo U R), and
(QL.3)i drnizimy(v) = dg(v) — e'/3|U; U R U V| for every v € Vo UR.

For every F' € Z%" and F € F" such that F"' is the unique subforest of F belonging to .#", (8.33)
and (Q1.1); imply that 7(F) N 7'(F') = (. Together with (v5) this means that 7(F) U7 (F’)
yields an embedding of F — {¢%, (2}

We apply Lemma 7.1 for every i € [D] and let 7" := UZ‘Z1 7!, Thus 7" packs .Z" into G*U H.

Moreover, the function 7 U 77 packs {F — {¢L, (2} : F € F"} into GUG’ U Hy U Hy. Let
G3 .= G? - B(r"(FM), G"®:=G", H}:= H} and Hj := Hy — E(7"(F")). (8.43)
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Following on from (8.39), these updates track the edges which are still available after this step.
Let

Gy :=GPUGPUH}UHS. (8.44)

Thus G5 is the graph consisting of all the leftover edges. By (Q1.2); for each i € [D], every
v eV \ (Vo UR) satisfies

dyn(zny (v) < an/?’\U URU V| < 2n'/3n. (8.45)
=1

y (Q1.3); for each ¢ € [D], every v € RU V) satisfies

desum (v <Zal/3yU URUVy|+ |RU V| <  9e1/3y, (8.46)
=1

Inequality (8.42) implies that for every vertex v € V, we have

HF e Z":verm"({zh 221} < n??. (8.47)

Step 5. Covering the remaining edges in V' \ A. Recall that E(G3) is precisely the total
set of uncovered edges at this point. Next we pack the trees in 7% into G3 so that they cover
all edges in G%[V \ 4] and so that the packing is consistent with 7/; that is, 7/ prescribes the
image of the root yr of every tree T € .7%. Lemma 7.2 is the mam tool for this step.

More precisely, we will sequentially construct functions 7'{52, ..., 722 which are consistent with

7" and such that T;SQ packs 9]62 into G3. For I € [D], let D

I-1

Gi.p = G3lAr U Bl = | B2 (7).

=1
(Recall from (8.1) that A = ANUppg, and By = (Upps, U R) \ A.) We will construct the
functions 7'?2 such that they satisfy the following properties:
(Q2.1); (%) C Gy,
(Q2.2)1 B(G3,[B1)) € E(7*(7]?)), and
(Q2.3); WrN72(T) =0 for all T € 7.

Assume that for some I € [D] we have already defined 7{52, . sz 1 Which are consistent with

7' and so that T?? satisfies (Q2.1);—(Q2.3)s for each I’ < I. Recall from (8.43) that H} = H?.
By (8.4) and (8.40), we obtain for every vertex v € By that

dos 14,50(0) > diggpa,(v) = D AIF?| > 01 Ar]/2 = DAGY n > 61| Ar/3. (8.48)
r<i
Note that G'[A;] — E(G3 ;) consists of those edges of G'[A/] which have been used by the packing
so far. More precisely, (8.39), (8.43) and the fact that G5[A;] = G"[A[] (see (g1)) together imply
that E(G'[A/] — E(G3 ) is the union of the edges in G3[A;] — E(G3 [[A1]) C oA T (%(52)
and of E(G'[A] — E(G"[A/])) C E;. Thus (8.4) and (8.38) imply that

A(G'[AL] - E(G5)) < ADSY*n +en < +*|A4].

In a similar way, it follows that for each j € [D], we have A(G'[ANU;] — E(G5[ANU;))) <en
and that A(G'[Ar] — E(G5[Ar])) < en. Using (g2), (U2) and Proposition 3.9, we conclude for
each j € [D] that

G3[A1l, G5 ([Ar] and G5[ANUj] are (Y4, p)-quasi-random. (8.49)
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Note that for each v € By \ (Vo U R), we have

(82),(g3)
dG;,,BI(U) < deys,(v) < dgsumg B, (v) < dgium,, B, ()

(8.27),(g4),(U2) ) 5
< 5005 + 2 02|Uipps, | + ||

< 2(52’14[ U B[‘
Moreover, for each v € By N (Vo U R), we have

(8.46)
<

des 5, (v) < das B, (v) < dgaupg (V)

2:13p < 209|Ar U By|.
Thus
A(G3 1[Br]) < 262|Ar U By|. (8.50)
We now wish to apply Lemma 7.2 with the following graphs and parameters.
object /parameter ‘ G5, ‘ 9162 ‘ Ar ‘ |A; U Byl ‘ De ‘ O ‘ 01 ‘ ~ ‘ A ‘ P ‘ YT ‘ 7—/|{ZIT} ‘ Wt
playing theroleof | G | T | A | n e ||o|v|Alplyr| 7 |Wr

Observe that condition (¢2.1) of Lemma 7.2 follows from (8.49), (¢2.2) from (8.50), (c2.3) from
(8.48), (c2.4) from (8.4), (c2.5) from (8.13), (8.31) and (y4), and (c2.6) from (8.32). Thus

Lemma 7.2 gives us a function 7}52 which is consistent with 7/, packs 262 into G35 ;, and satisfies

(Q2.1),-(Q23)1. A
Assume now that for all I € [D] we have defined such a function 7'?2. Let 792 := U?Zl 7?2.

Note that for every edge uv € E(G5[V'\ A]), there exists (a smallest) I’ € [D] such that u,v € By.
Thus (Q2.2); implies that uv € 7°2(.7%) and so

E(G3[V \ A]) C 7%2(7%). (8.51)

Property (Q2.3); for all I € [D], (8.30) and the fact that 752(9[52) C Ujp)\s, U R together ensure

that for each F' € F%2, we have 79 (F — V(F)) N 7(F) = (. Together with (75) this means that
7 U 7% packs the forests in F% into G U G’ U H; U Hy. We define

Gt =G - E(r%(T%)), G*:=G"®—E(r*>(T%)),
Hi == H} — E(r%2(7%)) = H? — E(r®(7%)) and Hj:= H3 — E(t%2(7%)).  (8.52)

This follows on from the previous update in (8.43) and again tracks the current set(s) of leftover
edges. To track the total set of leftover edges, let

Gi = G*UG*UH{UHS =G5 — E(12(7%)). (8.53)
Note that
Ss( b 5o BB o1y
A(T2(T92)) < AT < DA n. (8.54)
Thus by (8.49), (8.54), and Proposition 3.9 for every I € [D] and j € [D], we obtain
Gi[A[] and GE[ANU;] are (v, p)-quasi-random. (8.55)

By (g2), (g4), (8.27), (8.46), we have
A(G* UG UHHU; N A, (U; UR)\ A]) < 63/ *n.
Thus together with (8.40), (8.54), and Proposition 3.9, we obtain that
GilU; N AU\ Al and G3[U; NA,(Uj UR)\ A] are ((5;/3, 01)-quasi-random. (8.56)
Step 6. Resolving the parity. Note that by (8.51) and (8.53), in the current leftover graph
G every edge is incident to a vertex in A. We would like to cover the edges of G}[A,V \ A]

via Lemma 7.4. For this, we first need to ensure for each v € V' \ A that the number of edges
incident to v which have not been covered yet is even. To achieve this, in this step we extend the
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current packing by defining 77(¢%,) for all ¢ € [2] and F' € F". (Recall that by the end of Step 4

we have already defined the packing of {F — {¢},,¢%} : F € F"}.) This will already resolve most

of the parity problems. Note that by (8.12), the total number of leaves of the form ¢ is close

to n, so we do have sufficiently many of them for this purpose. We then define 7P*" which packs

TP into GU G’ U Hy U Hy. This then takes care of the remaining (comparatively small) set of

parity problems. Recall that for each F' € F7, the vertex z% denotes the neighbour of /4 in F'.
For all i € [D], let

Vvedd .=y e U\ A dg; (v) is odd}.

For any v € Vi‘)dd, our aim is to find a tree F' € F so that v can play the role of £, in F. This
will ensure that the degree of v in the resulting remaining subgraph of G is even. Recall that
for all i € [D],c € [2] and F € Z"", as described in Step 4, 77(z%) € U; N A is the image of z&
in our current packing.

Consider the set

U7 ={(u,F,c) :u e UiNA,u=71"(25),c € [2], F € F'}.

Thus (1 +~Y2)|U; \ A| > 2|75 = |U?| > (1 — €Y/?)|U; \ A| by (8.34). We define a bipartite
graph H® with vertex partition (U7, U; \ A) and edge set

E(H") := {(u, F,c)v:uv € E(G}),c€[2],v & T"(F)UWg, F € F1}.

By (8.13) and (8.31), |F| + |Wg| < n'/?n for each F € .Z". This together with (8.56) implies
that for all (u, F,c), (v, F', ') € U? with u # v/, we have

dyi((u, F,e)) = (1 £ 8,/)61[Ui \ A £ 0?0 = (14 26,/%)6,|U; \ A, (8.57)

dys((u, Fye), (W, F', ) = (14 63/ 3)82|U \ Al £ 2020 = (1 £ 263820 \ 4. (8.58)

By (8.47), the number of pairs (u, F,¢), (v/, F',c') with v = v is at most 25;/3|Uf|2. Thus

(8.58) holds for all but at most 255/3\Uf|2 pairs (u, F.,¢), (u/, F',) and hence Theorem 3.8

implies that H' is (55/20,51)-regular. Now Proposition 3.5 in turn implies that H![UZ?, V4]

contains a matching M; of size at least |V,°44| — 255/ Op,

Next we define 77(¢%.) for all F € 1. For each edge (u, F,c)v in M;, let 77((%) := v. We
will now embed the remaining “unused” leaves /¢ inside A using Proposition 3.21. In this way,
they do not affect the parity of the vertices outside A. Let E} := {uv : (u, F,c)v € M;,i € [D]}.
Then

A(E)) <n?/3 (8.59)
by (8.47) and the fact that dpy (v) <1 for any vertex v € Upp; \ A. Note that
Gi[ANU;] = (G — E)[ANU;).
For each i € [D], let
Fmatch . —{(F e): (u, F,¢) € M; for some u € ANU;},
gpmmatch . _{(p c): (F,c) ¢ Frath p e #0 ¢ e [2]}.
Thus we have already defined 77(¢%) for all (F, c) € FRah and i € [D]. Let {(F},c1), ..., (F;ﬁlg, Cmt )} =

Fhnmatch and let u; j := T”(Z;ji) for all j € [m;]. Then
J

(8.4)

m; _ |yiunmatch’ < 2’.7?7’ < 2n. (8.60)

Let H[MeX be the graph on [m/] such that jj’ € E(H[mdex) if F; = F;, Then A(Hrdex) <1,
Let

W} = 7"(F})U Wi (8.61)
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Note that by (8.13) and (8.31), \WJ’\ < 2Ann + A2 < '/?n. Since GE[ANU] is (v1/5, p)-quasi-
random, by (8.55), and since u; ; € AN U;, this implies that

i 2 1/2 (8.60) 2/3 1. 2/3 2/3
dGZ’AmUi(ui,j)—|Wj|2fyn—n n > 3n*° 4+ m;/n° +n7.

We now apply Proposition 3.21 with the following parameters and graphs for each i € [D].

object/parameter ‘ Gi[ANUj] ‘ H/index ‘ n?/3 ‘ ANU; ‘ m, ‘ n?/3 ‘ W ‘ Ui j

]

playingtheroleof‘ G ‘ H ‘A ‘ A ‘m‘ S ‘Wj‘uj

(Condition (ii) of Proposition 3.21 follows from (8.47).) We obtain distinct edges w; 1vi,1, - - - , Ui m! Vim?
in G;[ANU;] such that for each j € [m}], v;; ¢ W;, and for each v € A,

(6, ) -0 = vig}| < 0P (8.62)

and such that v;; # v,y if F; = F;, Since A N U; are disjoint for different ¢ € [D], each
application of Proposition 3.21 gives us distinct edges.

For each ¢ € [D] and j € [m}], let 7'77(5??) := v;;. Then TW(Z;{?) ¢ T"(F;) by (8.61). In
J J

addition, T"(Eifi) # T”(ﬁizcj). Altogether, this defines 77(¢%,) for all F' € F". Using (8.33) and
J j
(Q1.1);, it is easy to see that 77 U 7 now packs F" into G UG’ U Hy U H,.
Let B} := {u; v : t € [D],j € m;}. Let E4 := Ej U EY, so (8.47), (8.59) and (8.62) imply
that

A(E,) < 3n?/3. (8.63)

In what follows, we use Lemma 7.3 and the trees in 7P?" to adjust the parity of those vertices
in V' \ A which were not involved in the above matching approach (in particular, we now also
adjust the parity of the vertices in R). Let

Gt =Gl —Ey (8.64)
and for each i € [D], let
ypar . {ue (U;UR)\ A:dgs(u) isodd} ifi=1,
© 7 {ue Ui\ A dg:(u) is odd} if 1 £ 1.
As |R| = en and |V°4| — |M;| < 25%/2071, this implies that |[V;"*| < 36;/2071. Let G} =
Gi[ANUy, (U1 UR)\ A] and G} := GE[ANU;,U; \ A for i > 2. For each i € [D], we let
{u;l’ . ,u; m//} = V’ipar.

Observe that (8.56) and (8.63) imply dgs any, (ug’j)Z(S%n > 3+m! /n?34+n?3. Let H consist
of m/ isolated vertices. We can apply Proposition 3.21 with the following parameters and graphs.

object/parameter ‘ G? ‘ H ‘ 1 ‘ ANU; ‘ m) ‘ n?/3 ‘ 0 ‘ ul

7 2,7

playingtheroleof‘G‘H‘A‘ A ‘m‘ S ‘Wz‘uj

We obtain a set of distinct edges Ef := {u
dp (u) =1 for all u € V;"*. Furthermore,

i1 J € [mf]} in G} such that A(Ef) < n?/3 and

B = [V < 38,/*'n < 82n. (8.65)

Now we wish to extend each e € E! into a tree from Z%P% such that all other edges of this
tree lie in A (note that it is not possible to proceed in this way for Vi"dd directly as |Vl-°dd\ may
be much larger than |7 %P|). To achieve this, for each i € [D], we apply Lemma 7.3 with the
following graphs and parameters. Let Uj := U; U R and U] := U; for i > 2. (Recall that 7/(yr)
was defined in Step 3 and the domain of 7/ on T € 7P is exactly {yr}.)
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object/parameter | GE[ANU;JUEL | 74P | o | U! £ o
playing the role of G T | v | V(G) € 01
object/parameter ANU; P Al yr | Tlye | Wr
playing the role of A P Al yr | Wr

Note that (8.55) and (8.63) together with Proposition 3.9 imply condition (¢3.1) of Lemma 7.3,
and (8.51) implies (¢3.2), (8.65) and (8.4) imply (¢3.3), and (8.13), (8.31) and (y3) imply (c3.4).
Condition (¢3.5) holds because of (8.32) and (72). Thus Lemma 7.3 gives a function 77" packing
THPA into GE[A N U;] U EL which is consistent with 7/ and satisfies E{ C E(77*(7%Pa)) and
P(T) N Wr = 0 for every T € TP, We let 7P := UD 7P Note that

7 i=1T;

8.4)
A(TP¥(TPa)) < A|TPH| g DA~n. (8.66)
Moreover, using (8.33) and (75) it is easy to see that 7U 7P?" packs FP*" into GUG' U Hy U Hy.
Let
G§ := Gi — E(rP™(TP%)) = G} — Eq — E(TP¥(TP™)). (8.67)
After the updates in (8.53) and (8.64), G§ consists of the current set of leftover edges in G U
G’ U Hy U Hy. Note that by (8.55), (8.63), (8.66), and Proposition 3.9 for each I € [D],

GiAq] is (Y9, p)-quasi-random. (8.68)

By construction every vertex in V'\ A has even degree in G§.

Step 7. Covering the edges between A and V \ A. We finally complete the proof by
covering the edges in G§[A,V \ A] (i.e. all remaining edges between A and V' \ A) by the trees

in 791, Again, we embed the trees sequentially according to the order 9151, .. ﬂ 01 Assume
that for some I € [D] we have already defined functions Tf L 7'[ 1 such that for all I' < I,
the function 7';5,1 packs Z‘fl into GY,, where

G =Gj - U E(T35(Tp)
I'"=1

Recall from (8.1) that By = (Upps, UR) \ A. Note that (g2) implies G§[Ar, Bf] € G'UH, U Hs.
Thus (8.27), (8.46), (g3), (g4) and (U2) imply that

A(GS[Ar, Br)) < 261|Ar U Byl. (8.69)
In addition, G4[A/] is (vY/7, p)-quasi-random by (8.68), Proposition 3.9 and the fact that

-1
8.4)
A 7272 < AP E ADyn < n.
I'=1

Now for each I € [ﬁ], we apply Lemma 7.4 with the following graphs and parameters.

object/parameter ‘ G?[A[ U Bj] ‘ 9[61 ‘ Ar ‘ 01 ‘ ~ ‘ A ‘ P ‘ yr ‘ 7'/|{yT} ‘ W ‘
playing the role of | G T Ao~y |Alp|lyr| 7 |Wr]

€
5

Observe that condition (c4.1) of Lemma 7.4 holds since G$[A;] is (v/7, p)-quasi-random, (8.51)
implies (c4.2), (8.69) implies (c4.3), (8.4) implies (c4.4), (8.13), (8.31), and (v4) imply (c4.5), and
(8.32) and (v2) give us (c4.6). Lemma 7.4 provides a function T}Sl packing 9[61 into G$[A; U B]
which is consistent with 7/ and satisfies

(Q4.1); dG?H,A[(U) <1 for every v € By,

(Q4.2)r Wrn T}Sl (T) =0 for every T € 9[61, and
(Q4.3)1 dgs 4(v) — dG?+17A(v) is even for all v € V'\ A.
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Indeed, to check (Q4.3); note that for all v € By we have dge 4\4,(v) = dG?erA\AI (v), that
des A, (v) — dG?+17AI (v) is even by (C4.3) of Lemma 7.4, and that for all v € (V' \ A) \ By we

have dgs 4, (v) = dG?H:AI (v).

Let 701 := U?:l T}sl, then 79 packs 79 into G and is consistent with 7/. Moreover, recall
that A;U By = Ujp)\s, U R. This together with (v5), (8.30), and (Q4.2); implies that 7 U 70
packs F into GU G’ U Hy U Hy.

Let

si=G5— E(r™(77) = GY, . (8.70)

After the previous update in (8.67), this is the (final) set of edges left over by the packing we
defined so far. We claim that for all v € V'\ A, we have dgz(v) = 0. Assume for a contradiction
that there is a vertex v € V' \ A, with dgz(v) > 0. Thus dgz a(v) > 0 by (8.51). Moreover,
daz,a(v) > 2, since v has even degree in Gg = GS and (Q4.3); holds for all I € [D]. Let
i,4',i* € [D] be such that v € U; UR, and v has a neighbour in Uy N A and another neighbour in
UyNAin G%. Consider I € [D] such that S; € [D]\{i,#,i*}. Then dgs | a,(v) 2 daya, () > 2,
which is a contradiction to (Q4.1); and proves the claim. (This is the point where we use that
81/ =D—3)

We define ¢ := 7 U 77U 7% U 7% U P2 Thus ¢ packs F into G UG’ U Hy U Hy. The
above claim and (gl) imply (®1). Since the sequence of all updates of the leftover edges is
given by (8.26), (8.39), (8.43), (8.52), (8.53), (8.64), (8.67), and (8.70), we have E(G' N¢(F)) C
EiUEL U (0 Urd2 urPan)(77+). As | F7+| < 3Dv.n by (8.5), we conclude by (8.38) and (8.63)
that each v € A satisfies

1/2

derngr)(v) < dp, (v) +dg,(v) + AlT | <en+ 3n? 4+ 3D A~ < 4./ Al.

This implies (®2). Note that here we make crucial use of the fact that when we packed the

collection of forests which contain many trees (i.e. F and Z M) we did not use any edges of
G’ O

Recall that the aim of Step 2 was to find a near-optimal packing of trees which cover most of
the edges of G. Since G is quasi-random one could directly apply the results of [19] to achieve
this. In other words, it would seem much more straightforward to apply Theorem 10.2 from [19]
directly to obtain such a packing, rather than proving and applying the results in Section 6—
8, which are based on more technical results from [19] and on Szemerédi’s regularity lemma.
However, the seemingly more straighforward approach would lead to the leftover density after
Step 2 being too large (compared to that of Hy and Hj) for the remaining steps to be feasible.

9. ORIENTATIONS WITH REGULAR OUTDEGREE

The following lemma states that every quasi-random graph has an “out-regular” orientation
if the average degree is an even integer. We will need Lemma 9.1 at the very end of the proof of
our main theorem where we need to embed only a single leaf for each tree in a given collection of
trees. It will turn out that such an “out-regular” orientation of the remaining uncovered graph
G will give rise to a valid embedding. We use d(G) to denote the average degree of a graph G.

Lemma 9.1. Suppose n,d € Noand 1/n < < p < 1. If G is a (B, p)-quasi-random graph on
n vertices such that d(G) = 2d, then G has an orientation such that every vertex has exactly d
outneighbours.

Proof. We start by introducing for any graph H a function Z(H) which measures the distance

of the degree sequence of H to a d(H )-regular degree sequence. We define

Z(H):= Y l|d(v)—d(H)|.

veV(H)
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Since G is (B, p)-quasi-random, we have A(G) — §(G) < 2pBn and thus Z(G) < 2pBn?. We
iteratively construct a sequence of graphs G = Go 2O G1 D ... D G5 (for some s € NU{0}) such
that G is regular and for all j € [s] the following hold:

(D1); d(Gy) = 2(d = j),

(D2); A(G;) = 8(G;) < A(Gj1) — 8(Gy1) and Z(Gy) < Z(Gj1),

(D3); A(G)) = d(Gj) < A(Gj-1) = 8(Gj1) — L or Z(Gj) = Z(Gj-1) — p*n/2,

(D4); Gj—1 — E(G;) has an orientation such that every vertex has outdegree 1, and

(D3); A(Gj-1 = B(Gy)) < 3.
Having defined such a sequence G = Gy 2 G1 2 ... 2 G, by (D1)s the graph G is Eulerian and
so has an Eulerian circuit W. By orienting W consistently and orienting edges in Gj_1 — E(G})
as in (D4); for each j € [s], this leads to the desired orientation of G.

Note that (D1)g trivially holds and we view (D2)o—(D5)¢ as being vacuously true. Suppose

that for some i > 0 we have already defined graphs Go,...,G; such that (D1);—(D5); hold for
all j <. By (D2); and (D3); for every j <1, we conclude that

i < (p*n/2) Z(G) + (A(G) — 6(Q)) < 48p~n + 2pBn < 68p~ 'n. (9.1)

If G; is regular, then set s := i. Suppose next that G; is not regular. We show how to define
Git1-

The fact that (D5); holds for all j < i, together with (9.1) implies that dg, (v) > dg(v) —3i >
da(v) —188p~'n. Thus G; is (8'/2, p)-quasi-random by Proposition 3.9, and hence (812, p/2)-
dense, by Proposition 3.10.

Let U be the set of vertices of maximum degree in G; and let V' be the set of vertices of
minimum degree in G;. Let t := min{|U|, |V|,p?’n/4}. Let U" := {uy,...,u;} C U and V' :=
{v1,...,v} CV. Because G; is (8'/2, p)-quasi-random and thus dg, (u,v) > (1 — /2)p?n > 3t
for all u,v € V(G;), there is a set W' := {wy,...,w¢} C V(G)\ (U'UV’) such that P; := ujw;v;
is a path in G; for all j € [t].

As Gy is (BY'2,p/2)-dense, by Proposition 4.3, the graph G’ := G; — (V' UW’) is a robust
(p61/12/2,4ﬁ1/12)—expander and 6(G') > (1 — 61/2)])71 — 2t > pn/3. Thus, by Theorem 4.1, G’
has a Hamilton cycle C. Let Gi41 = G; — E(C) — U§:1 E(Pj). It is easy to see that Gij1
satisfies (D1);+1, (D4)i+1 and (D5)i41.

As, by (D1);, the average degree of G is an integer, we have §(G;) + 1 < d(G;) < A(G;) — 1.
Moreover, (D1);41 implies d(Git1) = d(G;) — 2. It is easy to check that together with our
construction of G, this implies that |de, (v) — d(G;)| > |da,,, (v) — d(Giy1)] for all v € V(G),
and hence (D2);41 follows.

If t = min{|U|, |V}, then A(Giy1) — §(Giv1) < A(G;) — §(G;) — 1 holds and if t = p*n/4,
then Z(Gjy1) = Z(G;) —p*n/2. Thus we have (D3);11. This completes the construction of G;41
satisfying (D1)i+1-(D5)it1. O

10. PrROOF OF THEOREM 1.7

In this section we prove Theorem 1.7. In Section 10.1 we first state and prove Theorem 10.1
(which is weaker than Theorem 1.7). We extend Theorem 10.1 to Theorem 1.7 in Section 10.2
by combining it with a result from [19].

10.1. Optimal tree packing.

Theorem 10.1. For all A € N and § > 0, there exist N € N and € > 0 such that for alln > N
the following holds. Suppose G is an (e, p)-quasi-random graph on n wvertices and T a set of
trees satisfying
(i) A(T) <A andon <|T|<(1—=06)n forallT €T,
(1) |T| > (1/2+6)n, and
(111) e(T) = e(Q).
Then T packs into G.
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Note that the conditions of the theorem imply that p > 4.

We will use an iterative approach for the proof of Theorem 10.1. As explained earlier, in
each iteration step, we will apply Lemma 8.1 to cover most of the current leftover graph with
forests. To this end, we introduce a vortex of a quasi-random graph (a similar notion was already
introduced in [13] to underpin the iterative absorption process carried out there). Suppose G
is an (e, p)-quasi-random graph on n vertices and 1/n < ¢ < 7 < p. A ~-vortex of G is a
collection of vertex sets Ao, ..., A, Ro, ..., Ra_1 such that

(V1) Ay C...C Ay =V(G),

V2) |Ai| = [¥'n] = n4,

) na < n'/3 and A is minimal with respect to this,

) Ri C A;\ A1 and |R;| = [en;]| for every i € {0,...,A — 1},

) dg.a;(v) = (1 £ 3¢/2)p|A;i| and dg 4, (u,v) = (1 £ 3¢/2)p?|A;| for all i € {0,...,A} and
all distinct u,v € V(G), and

(V6) dg g, (u) = (1£2¢)p|R;| and dg g, (u,v) = (142e)p?|R;| for every i € {0,...,A—1} and

all distinct u,v € V(G).

Is is not difficult to see that G has a v-vortex, as the following random process produces
a ~y-vortex with probability, say, at least 1/2. Let A and n; be defined as in (V2) and (V3).
Consider a random partition (Uy,...,Up) such that |Up| = np and |U;| = n; — niqq for every
i€{0,...,A—1}. Let 4; := Uﬁ\:z Uj. Then (V1)—(V3) hold. Lemma 3.2 shows that (V5) holds
with probability at least 1/2. Now it is easy to construct a y-vortex of G, as we only need to
find suitable sets R;. Indeed, random sets Ry, ..., Ry—1 where R; C U; and |R;| = |en;| have
the desired properties with probability at least 1/2, by Lemma 3.2. In particular, such sets exist
and (V6) holds.

We make the following observations, which follow directly from the definition of a vortex:

e for each i € [A], the bipartite graph G[A4;_1 \ 4;, A;] is (2¢, p)-quasi-random, and
e G[A;_1] — E(G[A;]) is (v*/%, p)-quasi-random by Proposition 3.9.

When applying Lemma 8.1 in the proof of Theorem 10.1, A;y1 will play the role of A and R;

the role of R.

(

(V3
(V4
(V5

Proof of Theorem 10.1. First, we choose the following constants:
0<I/NKLePhH K <1<y pKi,1/A.

In view of the statement of Theorem 10.1, we may assume 1/A < §/2 by increasing the value of
A if necessary. Let GG be a graph satisfying the conditions of Theorem 10.1. As observed above,
p > 0 and G contains a ~vy-vortex Ag,..., Ax, Ro,..., Ra—1.

Note that for all distinct 4,5 € {0,...,A — 1}, the graphs G[4;] — E(G[Ai+1]) and G[A;] —
E(G[Aj+1]) are edge-disjoint. For every ¢ € {0,...,A — 1}, we decompose G[A4;] — E(G[Ai+1])
into three spanning subgraphs G;, Hi, Hi such that

(H1); Hiis a (4e,81)-quasi-random bipartite graph with vertex partition (A; \ Air1, Air1),
(H2); dpi(u) < 3d2n;/2 and dp; (u,v) = 203n;/3 for any two vertices u,v € A;,
(H3); G;is (v*/2, p)-quasi-random and if i < A—2, then dg;, g, (v) > p|Ri+1]/2 for any vertex
v € A; \ Ait1, and in addition, if ¢ = 0, then dg, r,(v) > pen/2 for all v € V(G), and
(H4); A;41 is an independent set in Hi U Hi U G;.
It is not difficult to see that such a decomposition exists. Indeed, if we assign any edge in
G[A; \ Air1, Aiy1] to HY with probability 6;/p, to H} with probability da/p, and to G; with
probability 1 — (§1 + 82)/p and any edge in G[4; \ A;+1] to Hi with probability d2/p, and to G;
with probability 1 — d2/p, then we obtain graphs satisfying these conditions, with probability at
least 1/2.

Let Gp := G[Ap]. Before we proceed with an inductive argument, we carry out the following

preparation step.

Preparation step. We will first remove a leaf from those trees which will play a role in the
final absorbing step and embed the remainder of these trees into G in a suitable way. For this,
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let tp be an integer such that

tana = e(G[An]) — 392031 £ na_1, (10.1)
and consider an arbitrary collection of trees
T ={17,.... T ,,} € T. (10.2)

Let £ be aleaf of T}* and z} be the unique neighbour of ¢} in T*. For each i € [tana], let T ; ==
Ty =07 and Ty == {Ts1,. .., Tutany t- Let o7,... vf ,, be asequence of not necessarily distinct
vertices such that every vertex in Aj appears in the sequence exactly ¢ times. We sequentially
construct functions ¢z, ; which pack Tk ; into Go[(Ao \ A1) U{v; }] such that ¢, ,(2]) = v}. (The

embedding of /7, ..., ¢; An , will be deferred until the final step.) Assume that for some i € [tan4]
we already have constructed ¢r, ,,...,¢r, ,_,, and let
i1
G(i) := Gol(Ao \ A1) U {v}}] — | E(or. (T3 ))-
j=1

Note that [Ty ;| < (1 —0)n < (1 —7)n+1=|(Ao \ A1) U{v/}|. For any v € V(G(i)), we have
day (v) = da) (v) < [A1] + Atana < 2yn and hence G(i) is (v*/%, p)-quasi-random by (H3)o and
Proposition 3.9. Thus we can apply Lemma 3.20 to obtain ¢r, ; such that

¢r.,(27) = v and ¢, (Ti) C (Ao \ A1) U {v}. (10.3)
Repeating this process for every i € [tana] gives rise to functions {@r, ; }icjt,n,)- We define
¢_1:= (Z)T*’1 Uu...u ¢T*,tAnA and

Gy := Go — E(¢-1(T+)). (10.4)
Then G, g is (’yl/ 3 p)-quasi-random as
da,(v) — da, o (v) < Atany < n®/* (10.5)

for all v € V(Gyp). Similarly, G o[Ag \ A1] is also (v/3, p)-quasi-random.

For each tree T' € T \ T*, we select an edge ep = rilpr% such that T" — er consists of two
components of size at least én/(2A) > n/A? (it is easy to see that such an edge exists). We also
select |7\ T*| arbitrary edges {e. : T € T\T*} in G, o[Ro] such that A({e], ..., e\lT\T*|}) <e 2
By (10.5) and (H3)o we can greedily select these edges. Next we define ¢’ ; by ¢’ (er) := e/
for all T € T\ T*. We also extend ¢_; be setting ¢_1(er) :== ¢’ (er). Let F%:=T —ep. We

view the endvertices of e as the roots of Fr?. Define
FOo={EY:TeT\T}, 0:=Guo—{ep: TeT\T*} and Gf:=Go— E(Gp). (10.6)

We point out that G} is (82, p)-quasi-random.
We say a function @ packs a family H of graphs perfectly into a graph H if 1) packs H and
every edge of H is covered. Thus

¢—1 packs To U{er: T € T \ T*} perfectly into Gj. (10.7)

Thus G{j consists of the edges of Gy that have been covered in this step and G, denotes the
(uncovered) leftover of Gy. Moreover, assumption (iii) of Theorem 10.1 implies that

e(F) = e(T) =e(T") =T\ T

= (e(Go) + e(HY) + e(Hy) + e(G[A1])) — (e(Tx) + tana) — [T\ T
10.6),(10.7
WO o(Gh) + e(HY) + e(HS) + e(GlAI]) — tana.
This completes the Preparation step.

We proceed with an inductive approach. We will define a packing of F° step by step. In the
tth step we will be given a collection F* consisting of those subforests of the forests 79 which
(apart from their roots) are not embedded yet. For each F' € F! we will embed either a part of
F or the entire forest F' in such a way that all the edges of G — E(Gj)) incident to a vertex in
Ap \ Ayqq are covered. The key tool for this is Lemma 8.1. In the (¢ + 1)th step we will then
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continue with the collection F**! consisting of all those subforests which are still not embedded
yet. We will denote by ¢; the packing of the subforests defined by the end of Step t. The roots
of each F' € F'*! will already be embedded into Ryy1 C Asr1 \ Asra by ¢ (but as described
above, no other vertex of I’ will be embedded yet).

More precisely, for each 0 < ¢t < A, we will define a packing ¢;_1 and a collection F* of rooted
forests so that the following hold:

(E1); There is a (5%, p)-quasi-random spanning subgraph G} of Gy and if t < A — 2, then G
satisfies dgr g, ., (v) > p|Rit1]/5 for any vertex v € Ay \ Ary1.

(E2); Ift = A, then F' = (), and if t < A—1, then F* consists of rooted subforests of the forests
in 79 and |F?| > (1/2+ 1/A)n;. Moreover, each F € F! satisfies |F| < (1 —1/A)n; and
consists of two components (KL, rL), (K%,r%) with |[KL|, |[KZ| > pA~3n,/5.

(E3); For each F € Ft, no vertex of F—{rk,r%} is embedded by ¢:—1 and ¢y_1(rk), pr—1(r%) €
Ry. Let ¢j_4 : {r% : c € 2], F € F'} = R; be defined by ¢}_;(r%) := ¢¢—1(r%). Then
1913 ()| < e72 for every v € R;.

(E4); For each F' € F!, let F°8 be the unique forest in F° with FF C F°'8. Let F*! be the
collection of all those F’ € F° for which F* does not contain a subforest of F’. If t > 1,
then ¢;_; is consistent with ¢;_o and packs FO' U {F°Te — (V(F)\ {rk,r7%}): F € Ft}
perfectly into

t—1 t—1
(G — BE(GY)u | Giu|J(H{ U HY) UG, = (G — BE(GY)) U (G — E(G[A]UGY)).
i=1 i=0

Moreover, for each F' € F! we have Ay N ¢y_1(F°8 — V(F)) = (.
(E5); If t < A — 1, then e(F?) = e(G}) + e(H}) + e(HE) + e(G[A41]) — tana.

Note that (E1)o—(E5)o hold. (To check (E2)g, note that |7*| = tany < n3/* and recall that
1/A < §/2.) Hence suppose that 0 < ¢ < A — 1 and that we have defined ¢;_; and F*
satisfying (E1);—(E5);. Our aim of Step ¢ is to show that there is a function ¢; consistent with
¢1—1 and for all F € F! there is a subforest F* C F so that (E1);1—(E5);41 hold, where
Fil:={F - V(F*): F € F'}. In particular, for each F' € F*, the function ¢; will embed F*
as well as the two roots of F'—V (F*) into G, U H{ U H5 UGy 1, but will embed no other vertices
of F — V(F*). For some of the F' € F! we will have F' = F*. Those forests F will be embedded
in Step .2, while the part F'* of all those F’ with F' # F* will be embedded in Step ¢.1.

Note that 7% consists of those forests in F° which have been completely embedded prior to
Step t.1. Also we remark that G} is the subgraph of G; which has not been covered prior to
Step t.1. The graphs G}, H!, and H} will be covered entirely in Step ¢.

Step t.1. If t = A — 1, let F := Ft, FA := () and GA1 = G'\_;. Then (10.1) and (E5)a—1
imply
e(F) = e(FA1) = e(GM ) + e(HY Y + e(HY 1) + 3203y £naa. (10.8)
We proceed to Step ¢.2.
From now on we assume that ¢ < A — 1. In what follows we prepare the set F‘*! for the

next iteration step. For this, we choose an arbitrary sub-collection ' C F* of A2yn; = A?ng
forests and let F := F¢\ F'. Then

|F| > (1/2 4+ 1/A)ng — A2yng > (1/2 +1/(2A))n,. (10.9)

The forests in F will be embedded in Step t.2. via Lemma 8.1, and F!*! will consist of
subforests of the forests in F'. The set J* of remaining subforests of the forests in F’ will be
embedded greedily in the current Step ¢.1. In particular, we will have FO*+1 = FOl y F where
FOt is as defined in (E4);. Since t < A — 1, (V5) and (10.1) give us

e(GlAp+1]) — tana = (L £42)pn 1 /2 — tana = (L £4*)pni,, /2.
Thus
e(G[Ai1]) — tana — 3v2n?

r_
g e

— 1/4y Pl 1/4y TP
(L )mgnt A+ 5A3
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By Proposition 6.4 with and ', pA=3/5, n; playing the roles of 3, a, n, we can find a subforest
F of each F € F' such that

(P1) both F and F* := F — V(F) consist of two components,
(P2) each component of F has size between A~ 3pn,,1/5 and A~ 'pn,yq, and
(P3) F does not contain rk or r2.
(P4) Moreover, let F'*1 := {F : F € F'}. Then e(Ft*!) = Y rer e(F) = e(G[Ai11]) —
tANA — 37*nt2 + ny.
Note that (E2); implies that for all F' € F’, we have

|F*| < |F| < (1—1/A)n,. (10.10)

For each F' € F' and c € [2], let 7% be the unique vertex of F' in the component of F' containing

7% which is adjacent to a vertex in V(F*) in F. Note that (P2) implies that F**! satisfies
(E2)41 with r¢ playing the role of rf. For every c € [2], let 2% be the unique neighbour of 7%
in V(F*) in F.
Let {Fy,...,Fp}:=F and F*:={F*: F € F'} = {F},...,F%}. Note that
e(F') = e(F*) + e(FT) 4 2m. (10.11)

Recall from (E2); that r};i and r%i are the roots of Fj and thus, by (P3), the roots of F;*. In
what follows, for all i € [m], we construct embeddings ¢+ satisfying the following:

(QL)i ¢py U---Udpr packs {FY,..., F}} into Gi[A; \ Ag41] such that ¢ is consistent with

¢,_, for all j € [i], and

(Q2)s p(v.1) < =2 for any v e A\ Ay, where p(u,i) = [{j € 1] : v € b (b a3 ).

(Q3)i ¢ry (F7) N Re = {¢r_1({rp,, 75 D}
Assume for all j < i we have constructed ¢; satisfying (Q1);—(Q3);. Now we construct ¢p,.
Recall that

m = |F'| = Aty = Ay (10.12)
Let
B = {'U S At\(At+1URt) 3p("U,i— 1) > 672 o 1}
Hence |B| < |F'|/e™! = eA%yn; < eny. Define

i—1
Gy(i) == G4\ (A1 UBU (R A1 (I i DI = U B (s (F))).
j=1
Note that
i—1
A E(¢r: (F}))) < Am = APyn,. (10.13)
j=1

Thus G}(3) is (82, p)-quasi-random by (E1); and Proposition 3.9. In addition, (V2), (V4) and
(10.10) imply |G}(i)| > (1 =~ — 2)n; > |Ff|. So we can apply Lemma 3.20 (with {r 7% }
playing the role of I) to obtain a function ¢p+ packing F;" into G (i) which is consistent with
#,_1. Thus (Q1); and (Q3); hold, and (Q2); follows from the definition of B and (E3);.

By repeating this procedure for every i € [m], we obtain a collection of functions {¢r+ }ic(m
satisfying (Q1);—(Q3); for every i € [m]. We let ¢f := ¢pprU---Udpy . Let GL := Gy — E(¢; (F*))
and observe that G is (3%/2, p)-quasi-random by (10.13), (E1); and Proposition 3.9.

Now for each F' € F', we will embed the roots r% and r% of F so that their embedding satisfies
(E3)¢41. Let uj := d),’f(x};,]) and U4 = ¢f (:L%J) for each j € [m]. Note that by (Q2),, no vertex
occurs more than e~2 times in the list w1, ..., ugm,. Since ngF;(FJ?*) NRey1 C qﬁF;« (F]*) NAi1 =10
for all j € [m], (E1); implies that for each vertex u; we have dgt g,,,(uj) = dgy R,,,(u;) >
pengi1/5 > 372 4+ 2m/e 2 + 72
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Let H™ be the graph on [2m] such that ij € E(H™?) if i = j + m. Hence we can apply
Proposition 3.21 with the following parameters and graphs.

object/parameter ‘ Gt ‘ Hind ‘ g2 ‘ R ‘ 2m ‘ g2 ‘ 0 ‘ Uj
playingtheroleof‘ G‘ H ‘ A ‘ A ‘ m ‘ s ‘

From Proposition 3.21, we obtain vi,...,ve, € Ry such that E := {uv; : i € [2m]} is a
collection of distinct edges in Gt, and we have v; # v; 1, for every i € [m]. Moreover, for any
v € Ryy1, we have |{i € [2m] : v = v;}| < e 2. Thus A(E) < e72. We extend ¢} and define a
new function ¢; by setting for all i € [m]

gbf(rllﬁl) = (;52(7’%) := v; and gZ)Z(r%) = gb;(r%) = Uty (10.14)
Thus |¢] ' (v)| < e72 for every v € Ryy1. As for each i € [m] we will not embed any vertex of
F;— {r 3 r%} in Step ¢, this will imply that (E3);+1 holds. Moreover, note that for every i € [m)]
N ~ P1 £y (QL):
A N6 (F = V(E) D A nor () ‘Yo, (10.15)
Let
G' =Gl -

Since Gt is (%2, p)-quasi-random and A(E) < =2,
G" is (B, p)-quasi-random. (10.16)

Note that G! is the current leftover of the graph G given in (E1); and e(G}) = e(G?)+e(F*)+2m.
Hence

(F) = eF)—elF)
2 (Gt e(HY) + e(H) + e(GlAra)) — tana — o(F)
= e(GY) 4 e(F*) + 2m + e(HY) + e(HL) + e(G[At41]) — tana — e(F))
WOILD o(@t) + e(HY) + e(HY) + 37an? £ . (10.17)

We proceed to Step t.2., where we pack F into G* so that the packing is consistent with ¢} ;.

Step t.2. Let Gy be a (73, p/2)-quasi-random subgraph of the graph G;;; (described in
(H3)¢41) such that, if ¢t < A — 3, then for any vertex v € Ayy1 \ A¢y2, we have

A\~ B(Grir) Russ (V) 2 PIRis2l/5. (10.18)

Such a subgraph of G4 exists as a random subgraph chosen by including every edge of Gy
independently with probability 1/2 has these properties with probability at least 1/2, by (H3);41.
Now we apply Lemma 8.1 with the following parameters and graphs.

object /parameter | G* Gt—H HY | HY | Apr | Ry | F | my € o1
playing theroleof | G | G’ | Hy | Hy| A R |F| n € 01
object/parameter | do | s ~v | B p |10A|A|p/2|1/(2A) | ¢)_4
playing the role of | 0o | 4 ~v | B a D |[A] p d ¢

Observe that (g1) holds by (V2), (V4) and (H4);, (g2) holds by (10.16) and our choice of Gy 1,
(g3) holds by (H1);, and (g4) holds by (H2);. Furthermore, (f1) holds by (10.9) if t <A —1, or
(E2)p—1 if t = A—1, (£2) holds by (E2);, (£3) holds by (10. 17) or (10.8), and (f4) holds by (E3);.

We obtain a function qSt packing F into G' U Gt+1 U H} U HY consistent with ¢, ; such that

(1), E(G') U E(H}) U E(H}) C E(¢4(F)), and o
(®2); for all v € Ay, we have dg, 5 o (v) < 3/*[ A,
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Let ¢ := ¢f Uy Ugy—1. By (H3)41 and (®2);, we conclude that G, := Gyp1 — E(e(F)) is
(82, p)-quasi-random. Thus (E1)¢41 holds, by (10.18). We have already observed that (E2);11
and (E3);+1 hold. Property (E4);y; follows from (10.15), (®1); and (E4);. In particular, note
that in Step ¢ we have now covered the (previous) leftover G of G; which was not covered prior
to Step t. The graphs H} and H{ are covered entirely in Step ¢ and G} 41 is the (new) leftover
of Gi41, which will be covered in Step t + 1. To check (E5);41, note that (E4);41 implies that

e(F') — e(F1) = e(G}) + e(HY) + e(HS) + e(Gra1) — e(Ghy ) (10.19)
Thus if t < A — 1, then
e(F*) = e(F') = (e(F') — e(F)

E5)¢,(10.19
(ES) é ) e(G[AH-l]) - e(Gt—H) + e(Gngl) — tAna

= e(Gha) +e(HIT) + e(HS) + e(GlAra]) — tana.
This verifies (E5)¢41.
If t = A — 1, then we proceed to the Final step. Otherwise we proceed to Step (¢ + 1).1.

Final step. Recall that Gy = G[A,]. Since FA = (), properties (E4);—(E4), imply that ¢a_1
is consistent with ¢_; and packs FON = FY perfectly into

A—-1 A-1
(G- B(@GY) U | Giu | (U HY UGh = G = (B(Gh) U E(GH)).
=1 =0

Together with (10.7), this implies that ¢a—1 U¢p_1 packs T, U (T \ T*) perfectly into G — E(G'y).
In particular, the current set of leftover edges is given by G’,. Recall that the trees in 7, were
obtained from those in 7* = {T7,..., T}, } by deleting the edges z;¢; for all i € [tana]. In
particular,

e(GY) =e(Q) —e(T, U(T\TH) =e(T) — (e(T") —tana) —e(T\ TF) = tana. (10.20)

We will now extend our current packing to a packing of 7 into G by embedding all these edges

Since |G| = |Aa| = na, by (V2), (10.20) implies that d(G)\) = 2t5. Recall that G, is
(8%, p)-quasi-random, by (E1),. Thus by Lemma 9.1, G\ has an orientation D such that every
vertex in V(G'\) = Aa has exactly t5 out-neighbours. For a vertex v € V(G), we denote by
N7 (v) the set of out-neighbours of v. By (10.3) and our choice of the vertices v}, for each
v € Ap, we have |{i € [tana] : ¢_1(2]) = v}| = to = |N}(v)|. Thus there is a bijection
7ot {0 po1(2F) = v} — Np(v). Let

G-1(67) =Ty, () (&)

Then E(G\) = {¢p—1(2])p—_1(€}) : i € [tana]} and this completes the partial embedding of T* to a
complete one for every T* € T* (indeed, recall that T\ ; = T —¢; and ¢_1 (T ;)NAx = {p—1(2})}
by (103)a thus Tgb,l(z:‘)(g;k) §é ¢*1(T*,i))‘

Now, by construction, ¢_1 U ¢_1 packs 7 into G. [l

10.2. Proof of Theorem 1.7 and its consequences. To prove Theorem 1.7 we need The-
orem 1.2 from [19]. It allows us to pack a suitable collection of bounded degree graphs into a
quasi-random graph G, and guarantees a near-optimal packing, i.e. almost all edges of G are
used by the packing.

Theorem 10.2. Suppose n,A € N with 1/n < ¢ < p,a,1/A < 1. Suppose H is a collection

of graphs on n vertices with A(H) < A for all H € H and (1 —2a)(5)p < e(H) < (1 —a)(y)p.

Suppose that G is an (g, p)-quasi-random graph on n vertices. Then there exists a function ¢
which packs H into G such that A(G — E(¢(H))) < 4apn.
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Proof of Theorem 1.7. We choose ¢,&’ and N such that
1/N < e < e < 4§,1/A.

Let p’ be a real number such that e(H) = p/(3). Note that by assumptions (ii)—(iv) of Theo-
rem 1.7, we have p’ < p — 4. Let G’ be a subgraph of G such that
(Z1) G — E(G") is ('/2,p — p' — £’*)-quasi-random, and
(Z2) G"is ('/?,p' + €”?) quasi-random.
Note that G’ exists, as a random subgraph of G obtained by independently including each edge
with probability (p’ 4 £'?)/p has these properties with probability at least 1/2, by Lemma 3.2.
Since ¢ < &’,1/A, we can use Theorem 10.2 to find a function ¢4 packing H into G’ such

that
, 6/2
A(G - E(¢H(H)>) <4 m
Define Gy := G — E(¢(H)). Then Gy is (¢/, p — p)-quasi-random by Proposition 3.9, (Z1), and
(10.21). Note that e(G1) = e(T). Now we apply Theorem 10.1 to G; and 7 to complete the
proof. O

(0 +*)n = 4en. (10.21)

Next we deduce Corollary 1.8 from Theorem 1.7.

Proof of Corollary 1.8. We may assume A > 2 and o < 1/3. Let N € N and € > 0 be the
constants given by Theorem 1.7 for the parameters A and § := ppa/2. We may assume that
e < a,po. We add arbitrary trees on at most (1 — a)pn vertices with maximum degree at most
A to T to obtain a set of trees T’ so that e(T’) = e(G). For two trees T,T" € T’ of order at
most dn, we choose leaves £ of T and ¢ of T’, delete both T' and T” from 7’ and add the tree
obtained from T and T” by identifying £ and ¢'. Then every tree in 7" still has maximum degree
at most A and its order is at most max{2n, (1 —a)pn} < (1 — a)pn, since o < 1/3 and pg < p.
By repeating this process, we may assume that every tree in 7’ but at most one has at least
dn vertices and at most (1 — a)pn < (1 — §)n vertices. Let T C T’ consist of all trees having
at least dn vertices. Let H := T'\ T”. Then |H| < 1. Note that 7" and H satisfy conditions
(i)—(iv) of Theorem 1.7. Thus 7" U H packs into G, and a packing of 7/ = 7" UH into G
naturally gives a packing of 7 into G. O

Finally we deduce Theorem 1.2 from Theorem 1.7.

Proof of Theorem 1.2. Let N and ¢ be such that the statement of Theorem 1.7 holds with A,
1/10, 5e¢ playing the roles of A, §, e. We may assume that ¢ < 1/100. Next we iteratively pack
the trees 11,...,T., into Gy := K, in such a way that we cover less than 2en edges incident to
each vertex.

Let t € {0,...,en — 1}. Suppose we have already packed T7,...,T; into G via a function 7
such that §(Gy) > (1 — 2¢)n, where Gy := G — Ui_; BE(n(T;)). Let X; C V(G) be the set of
all vertices with degree less than (1 —¢)n in G;. Observe that | X| < 23", e(T;)/(en) < en.
Thus we can choose an arbitrary embedding of T;41 into Gy — X; (as 6(Gy — X¢) > |Ti+1], such
an embedding exists). Then 0(Gty1) > (1 —2¢)n. This shows that we can pack 717, ..., T, such
that 0(Gepn) > (1 — 2¢)n.

In particular, G, is (5be,1)-quasi-random. Hence we can apply Theorem 1.7 with 7 :=
{Tn/107 c. 7Jﬂlgn/lo}, H = {Tgn.‘,—l, NN 7Tn/10717 T97’L/10+17 NN ,Tn}, 6= 1/10, and obtain a packing
of HUT into G.,, which completes the proof. O
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