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ABSTRACT. We provide a combinatorial characterization of all testable properties of
k-graphs (i.e. k-uniform hypergraphs). Here, a k-graph property P is testable if there
is a randomized algorithm which makes a bounded number of edge queries and distin-
guishes with probability 2/3 between k-graphs that satisfy P and those that are far
from satisfying P. For the 2-graph case, such a combinatorial characterization was
obtained by Alon, Fischer, Newman and Shapira. Our results for the k-graph setting
are in contrast to those of Austin and Tao, who showed that for the somewhat stronger
concept of local repairability, the testability results for graphs do not extend to the
3-graph setting.
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1. INTRODUCTION

The universal question in the area of property testing is the following: By considering
a small (random) sample S of a combinatorial object O, can we distinguish (with high
probability) whether O has a specific property P or whether it is far from satisfying P?
In this paper we answer this question for k-uniform hypergraphs, where a hypergraph H
is k-uniform if all edges of H have size k € N. For brevity, we usually refer to k-uniform
hypergraph as k-graphs (so 2-graphs are graphs).

We now formalize the notion of testability (throughout, we consider only properties P
which are decidable). For this, we say that two k-graphs G and H on vertex set V with
[V| = n are a-close if |GAH| < a(}), and a-far otherwise’. We say that H is a-close
to satisfying a property P if there exists a k-graph G that satisfies P and is a-close to
H, and we say that H is a-far from satisfying P otherwise.

Definition 1.1 (Testability). Let k € N\ {1} be fized and let g, : (0,1) — N be a
function. A k-graph property P is testable with query complexity at most g if for every
n € N and every o € (0,1) there are an integer q;, = qi.(n, o) < qx(c) and a randomized
algorithm T = T(n,«) that can distinguish with probability at least 2/3 between n-vertex
k-graphs satisfying P and n-vertex k-graphs that are a-far from satisfying P, while
making q;, edge queries:

(i) if H satisfies P, then T accepts H with probability at least 2/3,

(ii) of H is a-far from satisfying P, then T rejects H with probability at least 2/3.
In this case, we say T is a tester, or (n,a)-tester for P. We also say that T has query
complezity q).. The property P is testable if it is testable with query complexity at most
qx for some function gy : (0,1) — N.

Property testing was introduced by Rubinfeld and Sudan [42]. In the graph setting,
the earliest systematic results were obtained in a seminal paper of Goldreich, Goldwasser
and Ron [23]. These included k-colourability, max-cut and more general graph parti-
tioning problems. (In fact, these results are preceded by the famous triangle removal
lemma of Ruzsa and Szemerédi [43], which can be rephrased in terms of testability of
triangle-freeness.) This list of problems was greatly extended (e.g. via a description in
terms of first order logic by Alon, Fischer, Krivelevich, and Szegedy [4]) and generalized
first to monotone properties (which are closed under vertex and edge deletion) by Alon
and Shapira [10] and then to hereditary properties (which are closed under vertex dele-
tion), again by Alon and Shapira [9]. Examples of non-testable properties include some
properties which are closed under edge deletion [24] and the property of being isomor-
phic to a given graph G [5, 18], provided the local structure of G is sufficiently ‘complex’
(e.g. G is obtained as a binomial random graph). This sequence of papers culminated
in the result of Alon, Fischer, Newman and Shapira [5] who obtained a combinatorial
characterization of all testable graph properties. This solved a problem posed already
by [23], which was regarded as one of the main open problems in the area.

The characterization proved in [5] states that a 2-graph property P is testable if and
only if it is ‘regular reducible’. Roughly speaking, the latter means that P can be char-
acterized by being close to one of a bounded number of (weighted) Szemerédi-partitions
(which arise from an application of Szemerédi’s regularity lemma). Our main theorem
(Theorem 1.3) shows that this can be extended to hypergraphs of higher uniformity.
Our characterization is based on the concept of (strong) hypergraph regularity, which
was introduced in the ground-breaking work of Rodl et al. [21, 38, 39, 41], Gowers [26],
see also Tao [44]. We defer the precise definition of regular reducibility for k-graphs to

lwe identify hypergraphs with their edge set and for two sets A, B we denote by AAB the symmetric
difference of A and B.
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Section 3.6, as the concept of (strong) hypergraph regularity involves additional features
compared to the graph setting (in particular, one needs to consider an entire (suitably
nested) family of regular partitions, one for each j € [k]). Accordingly, our argument re-
lies on the so-called ‘regular approximation lemma’ due to Rédl and Schacht [39], which
can be viewed as a powerful variant of the hypergraph regularity lemma. In turn, we
derive a strengthening of this result which may have further applications.

Instead of testing whether H satisfies P or is a-far from P, it is natural to consider
the more general task of estimating the distance between H and P: given a > > 0, is
H (o — f)-close to satisfying P or is H a-far from satisfying P? In this case we refer to
P as being estimable. The formal definition is as follows.

Definition 1.2 (Estimability). Let k € N\ {1} be fired and let g : (0,1)2 = N be a
function. A k-graph property P is estimable with query complexity at most gy, if for every
n € Nandallo, f € (0,1) with0 < § < o there are an integer q;, = q;.(n, o, 8) < qi (e, B)
and a randomized algorithm T = T(n,«, ) that can distinguish with probability 2/3
between n-vertex k-graphs that are (o — )-close to satisfying P and n-vertex k-graphs
that are a-far from satisfying P while making q, edge queries:

e if H is (o — B)-close to satisfying P, then T accepts H with probability at least
2/3,
e if H is a-far from satisfying P, then T rejects H with probability at least 2/3.
In this case, we say T is an estimator, or (n,«, 3)-estimator for P. We also say that
T has query complexity q,.. The property P is estimable if it is estimable with query
complezity at most qi for some function gy : (0,1)> — N,

We show that testability and estimability are in fact equivalent. For graphs this goes
back to Fischer and Newman [19].

Theorem 1.3. Suppose k € N\ {1} and suppose P is a k-graph property. Then the
following three statements are equivalent:

(a) P is testable.
(b) P is estimable.
(¢) P is regular reducible.

In Section 11, we illustrate how Theorem 1.3 can be used to prove testability of a
given property: firstly to test the injective homomorphism density of a given subgraph
(which includes the classical example of H-freeness) and secondly to test the size of a
maximum ¢-way cut (which includes testing ¢-colourability).

Previously, the most general result on hypergraph property testing was the testability
of hereditary properties, which was proved by Rodl and Schacht [37, 40], based on deep
results on hypergraph regularity. In fact, they showed that hereditary k-graph properties
can be even tested with one-sided error (which means that the ‘2/3’ is replaced by ‘1’ in
Definition 1.1(i)). This generalized earlier results in [12, 30].

The result of Alon and Shapira on the testability of hereditary graph properties was
strengthened by Austin and Tao [11] in another direction: they showed that hereditary
properties of graphs are not only testable with one-sided error, but they are also locally
repairable? (one may think of this as a strengthening of testability). On the other hand,
they showed that hereditary properties of 3-graphs are not necessarily locally repairable.
Note that this is in contrast to Theorem 1.3.

2 Suppose P is a hereditary graph property and € > 0. We say that a graph G is locally J-close to P
if a random sample S satisfies P with probability at least 1 — §. A result of Alon and Shapira [9] shows
that whenever G is locally d-close to P for some () > 0, then G is e-close to P. The concept of being
locally repairable strengthens this by requiring a rule that generates G’ € P only based on S such that
|GAG'| < en? with probability at least 1 — 4.
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An intimate connection between property testing and graph limits was established by
Borgs, Chayes, Lovész, Sés, Szegedy and Vesztergombi [15]. In particular, they showed
that a graph property P is testable if and only if for all sequences (G,,) of graphs with
[V(Gy)| = oo and 00(Gp, P) — 0, we have di (G, P) — 0. Here d5(G, P) denotes the
cut-distance of G and the closest graph satisfying P and d; (G, P) is the normalized edit-
distance between G and P (see also [33] for more background and discussion on this).
Another characterization (in terms of localized samples) using the graph limit framework
was given by Lovasz and Szegedy [34]. Similarly, the result of R6dl and Schacht [37]
on testing hereditary hypergraph properties was reproven via hypergraph limits by Elek
and Szegedy [17] as well as Austin and Tao [11]. The latter further extended this to
directed pre-coloured hypergraphs (none of these results however yield effective bounds
on the query complexity).

Lovész and Vesztergombi [35] recently introduced the notion of ‘non-deterministic’
property testing, where the tester also has access to a ‘certificate’ for the property P.
By considering the graph limit setting, they proved the striking result that any non-
deterministically testable graph property is also deterministically testable (one could
think of their result as the graph property testing analogue of proving that P = NP).
Karpinski and Marké [29] generalized the Lovész-Vesztergombi result to hypergraphs,
also via the notion of (hyper-)graph limits. However, these proofs do not give an explicit
bounds on the query complexity — this was achieved by Gishboliner and Shapira [32] for
graphs and Karpinski and Marké [28] for hypergraphs.

Another direction of research concerns easily testable properties, where we require
that the size of the sample is bounded from above by a polynomial in 1/«. (The bounds
coming from Theorem 1.3 can be made explicit but are quite large, as the approach
via the (hyper-)graph regularity lemma incurs at least a tower-type dependence on 1/a,
see [25].) For k-graphs, Alon and Shapira [8] as well as Alon and Fox [6] obtained positive
and negative results for the property of containing a given k-graph as an (induced)
subgraph. For an approach via a ‘polynomial’ version of the regularity lemma see [20].

Recent progress on property testing includes many questions beyond the hypergraph
setting. Instances include property testing of matrices [1], Boolean functions [2, 7],
geometric objects [3], and algebraic structures [13, 20, 22]. Moreover, property testing
in the sparse (graph) setting gives rise to many interesting results and questions (see
e.g. [14, 36]). Little is known for hypergraphs in this case.

The paper is organized as follows. In the next section, we outline the main steps of
the argument. In Section 3, we explain the relevant concepts of hypergraph regular-
ity, in particular we introduce the regular approximation lemma of R6dl and Schacht
(Theorem 3.8). In Section 4, we prove and derive a number of tools related to hyper-
graph regularity, in particular, we describe a suitable ‘induced’ version of the hypergraph
counting lemma. In Section 5, we use this counting lemma to show that testable proper-
ties are regular reducible. In Section 6, we show how Lemma 6.1 implies that satisfying
a given regularity instance is testable. In Section 7, we then show that estimability is
equivalent to testability. In Section 8, we combine the previous results to show that
regular reducible properties are testable. Sections 9 and 10 are then devoted to the
proof of Lemma 6.1. Finally, in Section 11 we discuss applications of our main result
and illustrate in detail how to apply Theorem 1.3.

2. PROOF SKETCH

In the following, we describe the main steps leading to the proof of Theorem 1.3.
While the general strategy emulates that of [5], the hypergraph setting leads to many
additional challenges.
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2.1. Testable properties are regular reducible. We first discuss the implication
(a)=(c) in Theorem 1.3. (Note that the statement of (c) is formalized in Section 3.6.)
The detailed proof is given in Section 5. The argument involves the following concepts. A
regularity instance R = (g, a, da ;) consists of a regularity parameter ¢, a vector a € N k=1
determining the ‘address space’ of R, and a density function dg; on the address space
described by a. (In the graph case, a equals the number of parts of the regularity
partition and the address space consists of all pairs of parts.) We say a k-graph H
satisfies R if there is a family of partitions & = {2171 (where 221 is a partition
of V(H) and 221 is a partition of all those i-sets which ‘cross’ 2()) so that & is an
e-equitable partition of H with density function dg . (In the graph case this means that
2 = 2 is a vertex partition so that all pairs of partition classes induce e-regular
bipartite graphs.) Then a property P is regular reducible if there is a bounded size set
R of regularity instances so that H is close to satisfying some R € R if and only if H
satisfies P (see Definition 3.15).

Goldreich and Trevisan [24] proved that every testable graph property is also testable
in some canonical way (and their results translate to the hypergraph setting in a straight-
forward way). Thus we may restrict ourselves to such canonical testers. More precisely,
an (n,a)-tester T = T(n,«) is canonical if, given an n-vertex k-graph H, it chooses a
set Q of g = ¢ (n,«) vertices of H uniformly at random, queries all k-sets in @, and
then accepts or rejects H (deterministically) according to (the isomorphism class of)

H[Q]. In particular, T has query complexity (qli“). Moreover, every canonical tester is
non-adaptive.

Let P be a testable k-graph property. Thus there exists a function g : (0,1) — N such
that for every n € N and a € (0, 1), there exists a canonical (n,«)-tester T = T(n, )
for P with query complexity at most gx(«). So T samples a set @ of ¢ < gr(«) vertices,
considers H[Q], and then deterministically accepts or rejects H based on H[Q]. Let Q
be the set of all the k-graphs on ¢ vertices such that T accepts H if and only if there is
Q' € Q that is isomorphic to H[Q].

Now let Pr(Q, H) denote the ‘density’ of copies of k-graphs Q € Q in H (see Sec-
tion 3.1). As T is an (n, a)-tester, Pr(Q, H) > 2/3 if H satisfies P and Pr(Q,H) < 1/3
if H is a-far from P. The strategy is now to apply a suitable ‘induced’ version (Corol-
lary 4.10) of the hypergraph counting lemma (Lemma 4.5). Corollary 4.10 shows that
Pr(Q, H) can be approximated by a function /C(Q, da 1), where da j, is the density func-
tion of an equitable partition &2 of H. Accordingly, for a suitable small ¢ > 0 and all
a € N*~1in a specified range (in terms of a, g;(a) and k), we define a ‘discretized’ set
I of regularity instances (e, a, dq ) such that dg ;(-) only attains a bounded number of
possible values. Now setting R(n, o) := {R € 1:IC(Q,dqa)) > 1/2} leads to the desired
result, as Corollary 4.10 implies IC(Q, da i) ~ Pr(Q, H) if H satisfies (¢,a,da ). (In the
actual argument, we consider some k-graph G obtained from the regular approximation
lemma (Theorem 3.8) rather than H itself.)

2.2. Satisfying a regularity instance is testable. In this subsection we sketch how
we prove that the property of satisfying a particular regularity instance is testable. This
forms the main part of the proof of Theorem 1.3 and is described in Sections 6, 9 and 10.
Suppose H is a k-graph and @ is a subset of the vertices chosen uniformly at random.
First we show that if H satisfies a regularity instance R, then with high probability H[Q)]
is close to satisfying R. Also the converse is true: if H is far from satisfying R, then
with high probability H[Q] is also far from satisfying R.
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The main tool for this is Lemma 6.1 (which is proven in Sections 9 and 10). Roughly
speaking, it states the following.

Suppose H is a k-graph and Q a random subset of V(H). Then with high
probability, the following hold (where 6 < g¢).

o If 01 is an eo-equitable partition of H with density function dap, then
there is an (g0 + 9)-equitable partition of H|Q| with the same density
function dg .

o If U5 is an eg-equitable partition of H[Q]| with density function daj,
then there is an (eg + 9)-equitable partition of H with the same density
function dg .

The key point here is that the transfer between H and H[Q)] incurs only an additive
increase in the regularity parameter 9. This additive increase can then be eliminated
by slightly adjusting H (or H[Q)]).

The key ingredient in the proof of Lemma 6.1 is Lemma 10.1. Roughly speaking,
Lemma 10.1 states the following.

Suppose the following hold (where ¢ < § K g).

e Hi is a k-graph on vertex set Vi and 21 is an e-equitable partition of
Hy with density function dy j.
e Hs is a k-graph on vertex set Vo and 2o is an e-equitable partition of
Hy with the same density function dy2 ..
e 01 is an gg-equitable partition of Hy with density function dyo j .
Then there is an (g9 + 0)-equitable partition Oy of Ha, also with density func-
tion dyo .

In other words, if two k-graphs both have some ‘high quality’ regularity partition with
the same parameters, then any ‘low quality’ regularity partition transfers from one to
the other, with only a small additive increase in the regularity parameter. The proof of
Lemma 10.1 relies on a strengthening of the regular approximation lemma (Lemma 9.1),
which we derive in Section 9. Lemma 9.1 is also a useful tool in itself, for example, we
apply it in the proof of Corollary 11.3.

To prove Lemma 6.1, we will apply Lemma 10.1 with H playing the role of H; and
with the random sample H[Q] playing the role of Hy (and vice versa). It is not dif-
ficult to deduce from Lemma 6.1 that satisfying a given regularity instance is testable
(Theorem 6.4).

2.3. The final step. We now aim to use Theorem 6.4 to show that (c)=-(a) in Theo-
rem 1.3, i.e. to prove that a regular reducible property P is also testable (see Section 8).
As P is regular reducible, we can decide whether H satisfies P if we can test whether
H is close to some regularity instance in a certain set R. To achieve this, we strengthen
Theorem 6.4 to show that the property of satisfying a given regularity instance R is actu-
ally estimable (the equivalence (a)<(b) is a by-product of this argument, see Section 7).
Having proved this, it is straightforward to construct a tester for P by appropriately
combining |R| estimators which estimate the distance of H and a given R € R.

3. CONCEPTS AND TOOLS

In this section we introduce the main concepts and tools (mainly concerning hyper-
graph regularity partitions) which form the basis of our approach. The constants in the
hierarchies used to state our results have to be chosen from right to left. More precisely,
if we claim that a result holds whenever 1/n < a < b < 1 (where n € N is typically
the number of vertices of a hypergraph), then this means that there are non-decreasing
functions f : (0,1] — (0,1] and g : (0,1] — (0,1] such that the result holds for all
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0<a,b<1andallneNwith a < f(b) and 1/n < g(a). For a vector x = (ay,..., ),
we let x, := {ai,...,ar} and write [|X[|cc = max;cg{a;}. We say a set E is an i-set
if |E| = i. Unless stated otherwise, in the partitions considered in this paper, we allow
some of the parts to be empty.

3.1. Hypergraphs. In the following we introduce several concepts about a hypergraph
H. We typically refer to V.= V(H) as the vertex set of H and usually let n := |V|.
Given a hypergraph H and a set @ C V(H), we denote by H[Q] the hypergraph induced
on H by Q. For two k-graphs G, H on the same vertex set, we often refer to |GAH]| as
the distance between G and H. If the vertex set of H has a partition {V4,...,V;}, we
simply refer to H as a hypergraph on {Vi,...,V;}.

A partition {V1,...,Vy} of V is an equipartition if |V;| = |V;| £ 1 for all i,j € [¢].
For a partition {Vi,...,V;} of V and k € [{], we denote by Kék)(Vl, ..., Vy) the com-
plete (-partite k-graph with vertex classes Vi,..., V. Let 0 < XA < 1. If |Vj| =
(1 £ XN)m for every i € [{], then an (m, ¥, k,\)-graph H on {Vi,...,V;} is a spanning
subgraph of K ék)(Vl, ..., Vp). For notational convenience, we consider the vertex par-
tition {V1,...,Vy} as an (m, ¥, 1, \)-graph. If |V;| € {m,m + 1}, we drop A and sim-
ply refer to (m, ¢, k)-graphs. Similarly, if the value of A is not relevant, then we say
H C Kék)(Vl, ..., Vp) is an (m, £, k, *)-graph.

Given an (m, ¢, k, x)-graph H on {V1,...,V;}, an integer k < i < ¢ and a set A; € (m),

7

we set H[A;] := H[Uycp, V). If2 <k <i</land H is an (m, £, k, *)-graph, we denote
by KCi(H) the family of all i-element subsets I of V(H) for which H[I] = K (k)

./, where
K i(k) denotes the complete k-graph on i vertices.

If HY is an (m, ¥, 1,*)-graph and i € [¢], we denote by K;(H") the family of all
i-element subsets I of V(HW) which ‘cross’ the partition {Vi,...,V;}; that is, I €
Ki(HM) if and only if [T N V| < 1 for all s € [(].

We will consider hypergraphs of different uniformity on the same vertex set. Given an
(m, ¢, k—1, \)-graph H® =1 and an (m, ¢, k, \)-graph H®) on the same vertex set, we say
H® = underlies H® if H®) C K,(H®=1); that is, for every edge e € H*) and every
(k — 1)-subset f of e, we have f € H (k=1) " If we have an entire cascade of underlying
hypergraphs we refer to this as a complex. More precisely, let m > 1 and £ > k > 1 be
integers. An (m, ¢, k, \)-complex H on {Vi,...,V;} is a collection of (m,?, j, \)-graphs
{HUYE_ on {Vi,...,V;} such that HU~Y) underlies HU) for all i € [k] \ {1}, that is,
HU) C K (HU-Y). Again, if |V;| € {m,m+ 1}, then we simply drop A and refer to such
a complex as an (m, ¢, k)-complex. If the value of A is not relevant, then we say that
{H(j)};?:l is an (m, ¢, k, *)-complex. A collection of hypergraphs is a complex if it is an
(m, £, k, *)-complex for some integers m, ¢, k.

When m is not of primary concern, we refer to (m,?,k, \)-graphs and (m, /¢, k, \)-
complexes simply as (¢, k, \)-graphs and (¢, k, A)-complexes, respectively. Again, we also
omit A if |V;| € {m, m + 1} and refer to (¢, k)-graphs and (¢, k)-complexes and we write
the symbol ‘*’ instead of A if A is not relevant.

Note that there is no ambiguity between an (¢, k, A\)-graph and an (m, ¢, k)-graph (and
similarly for complexes) as A < 1.

Suppose n > ¢ > k and suppose H is an n-vertex k-graph and F is an {-vertex k-graph.
We define Pr(F, H) such that Pr(F, H)(,) equals the number of induced copies of F
in H. For a collection F of {-vertex k-graphs, we define Pr(F, H) such that Pr(F, H) ()
equals the number of induced ¢-vertex k-graphs F' in H such that F' € F. Note that the
following proposition holds.
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Proposition 3.1. Suppose n,k,q € N with k < ¢ < n and G and H are n-vertex k-
graphs on vertex set V. and F is a collection of q-vertex k-graphs. If |GAH| < V(Z),
then

Pr(F,G) = Pr(F,H) £ ¢"v.

3.2. Probabilistic tools. For m,n, N € N with m,n < N the hypergeometric dis-
tribution with parameters N, n and m is the distribution of the random variable X
defined as follows. Let S be a random subset of {1,2,..., N} of size n and let X :=
[SN{1,2,...,m}|. We will use the following bound, which is a simple form of Chernoff-
Hoeffding’s inequality.

Lemma 3.2 (See [27, Remark 2.5, Theorem 2.8 and Theorem 2.10]). Suppose X1, ..., Xy
are independent random variables such that X; € {0,1} for all i € [n]. Let X :=
X1+ -+ X,. Then for all t > 0, P[|X — E[X]| > ] < 22/, Suppose Y has a
hypergeometric distribution with parameters N,n,m, then P[|Y — E[Y]| > t] < 2e~2*/n.

The next lemma is easy to show, e.g. using Azuma’s inequality. We omit the proof.

Lemma 3.3. Suppose 0 < 1/n<1/q < 1/k<1/2 and 1/q < v. Let H be an n-vertex
k-graph on vertex set V. Let Q) € (V

q) be a g-vertex subset of V' chosen uniformly at
random. Then

¢* q —1%
P [\H[Q]] = Lim) V<k>} > 1 - 2e w2,

3.3. Hypergraph regularity. In this subsection we introduce e-regularity for hyper-
graphs. Suppose £ > k > 2 and Vi,...,V, are pairwise disjoint vertex sets. Let H®) be
an (¢, k,*)-graph on {Vi,...,V}, let {i1,...,ix} € ([ﬂ), and let H*=1 be a (k, k—1,)-
graph on {V;,,...,V;, }. We define the density of H®) with respect to H*=1 as

HE) K, (HE-D . —
aE® | B0y = { e K EHED) >0
0 otherwise.

Suppose € > 0 and d > 0. We say H® is (e, d)-regular with respect to H =1 if for all
Q=Y ¢ H*=Y with

Kk (QF)| > e[lCp (H*)|, we have |[H® 0 K (QFD)| = (d + &)[KKe(QF)).

Note that if H®) is (€,d)-regular with respect to H®1 and HED £ @, then we
have d(H®) | H#=D) = d + e. We say H®) is e-regular with respect to H* =1 if it is
(e, d)-regular with respect to H®=1 for some d > 0.

We say an (£, k, *)-graph H®) on {V4,...,V;} is (e, d)-regular with respect to an (£, k—
1, %)-graph H*=1) on {W,...,Vy} if for every A € ([f;]) H®) ig (e, d)-regular with respect
to the restriction H*~D[A].

Let d = (da,...,d;) € RESL. We say an (£, k, *)-complex H = {H(j)}g?:l is (e,d)-
reqular if HU) is (e,d;)-regular with respect to HU=Y for every j € [k] \ {1}. We
sometimes simply refer to a complex as being e-regular if it is (e, d)-regular for some
vector d.

3.4. Partitions of hypergraphs and the regular approximation lemma. The
regular approximation lemma of R6dl and Schacht implies that for all k-graphs H, there
exists a k-graph G which is very close to H and so that G has a very ‘high quality’
partition into e-regular subgraphs. To state this formally we need to introduce further
concepts involving partitions of hypergraphs.

Suppose A O B are finite sets, o7 is a partition of A, and 4 is a partition of B. We
say & refines 4 and write o < A if for every A € & there either exists B € % such
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that A C Bor AC A\ B. The following definition concerns ‘approximate’ refinements.
Let v > 0. We say that o7 v-refines % and write of <, £ if there exists a function
f:o — BUI{A\ B} such that

Do AN A < vlAl

Aco/
We make the following observations.

o of <A if and only if o7 <9 AB.
e Suppose of o', " are partitions of A, A'; A" respectively and A" C (3.1)
ACA If ot <, " and o' <, A", then of <, A".

We now introduce the concept of a polyad. Roughly speaking, given a vertex partition
W) an i-polyad is an i-graph which arises from a partition 22(®) of the complete partite
i-graph IC;(& (1)). The (i+1)-cliques spanned by all the i-polyads give rise to a partition
P of Kiy1(P M) (see Definition 3.4). Such a ‘family of partitions’ then provides a
suitable framework for describing a regularity partition (see Definition 3.6).

Suppose we have a vertex partition 221 = {Vi,...,V;} and £ > k. For integers
k < 0" < 0, we say that a hypergraph H is an (¢, k, *)-graph with respect to 220 if it is
an (¢, k,*)-graph on {V; : i € A} for some A € ([f,]).

Recall that Kj(@(l)) is the family of all crossing j-sets with respect to 2. Suppose
that for all i € [k — 1]\ {1}, we have partitions 22 of K;(22(1)) such that each part of
21 is an (i,1)-graph with respect to (1), By definition, for each i-set I € K;(2(V),
there exists exactly one P() = PO(I) € 22() so that I € P®. Consider j € [¢] and any
J € Kj(2W). For each i € [max{j, k — 1}], the i-polyad P (J) of J is defined by

POy = {P@(I) Te (i) } : (3:2)

Thus P(i)(J) is a (j,4)-graph with respect to 2(1). Moreover, let

. o max{j,k—1}
P(J) = {P@(J)}i:1 : (3:3)
and for j € [k — 1], let
P = {POI) T € K2} (3.4)

We note that () is the set consisting of all (2, 1)-graphs with vertex classes Vg, V; (for
all distinct s,¢ € [¢]). Moreover, note that if PU) e 22U) it follows that there is a set
J € Kjy1(2W) such that PY) = PU(J). Since J € K;1(PY)(J)), we obtain that
K11 (PY9)) # ¢ for any PU) ¢ 20).

The above definitions apply to arbitrary partitions 22 of K;(2(1)). However, it will
be useful to consider partitions with more structure.

Definition 3.4 (Family of partitions). Suppose k € N\ {1} and a = (a1,...,a_1) €
N1 We say P = P(k —1,a) = {2, ... 2F =D} s o family of partitions on V if
it satisfies the following for each j € [k — 1]\ {1}:
(1) 2W is a partition of V into ay > k nonempty classes,
(i) 2Y) is a partition of Kj(@(l)) into nonempty j-graphs such that
o 2U) < {;cj(p(jfl)) : PU-D e 2U-D) and
o |{PU) e 20U) . pU) C Kj(P(j_l))}| = a; for every PU-1 ¢ -1,
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We say & = P(k — 1,a) is T-bounded if ||aljoc < T. For two families of partitions
P = Pk —1,a”) and 2 = 2(k — 1,a?), we say & < 2 if 2U) < 20) for all
jelk—1]. Wesay & <, 2if 20) <, 20) for all j € [k —1].

As the concept of polyads is central to this paper, we emphasize the following:
Proposition 3.5. Let k € N\ {1}, a € N*=1 gnd 2 = P(k — 1,a) be a family of
partitions. Then for all i € [k — 1] and j € [a1], the following hold.

(i) if i > 1, then 2D is a partition of K;(PM) into (i, i, *)-graphs with respect to
408
(i) each PO e 20 s qn (i 4+ 1,1, *)-graph with respect to 20,
(iii) for each j-set J € K;j(2W), P(J) as defined in (3.3) is a complex.

We now extend the concept of e-regularity to families of partitions.

Definition 3.6 (Equitable family of partitions). Let k € N\ {1}. Suppose n > 0 and

a=(ay,...,a5_1) € NF7L Let V be a vertex set of size n. We say a family of partitions
P =P(k—1,a) onV is (n,e,a, \)-equitable if it satisfies the following:
(1) a; > 77_17

(i) 2N ={V; :i € [a1]} satisfies |Vi| = (1 + N)n/ay for all i € [a1], and
ii) if k > 3, then for every k-set K € K,(2W) the collection P(K) = {PU) (K)}f;ll
is an (g,d)-regular (k,k — 1,%)-complezx, where d = (1/ag,...,1/ax_1).

(iii

As before we drop A if |V;| € {|n/a1], |n/a1]| + 1} and say & is (1, ¢, a)-equitable.
Note that for any A < 1/3, every (n, ¢, a, A)-equitable family of partitions & satisfies

(‘2) \ Kp(2W)| < k?n@). (3.5)

We next introduce the concept of perfect e-regularity with respect to a family of
partitions.

Definition 3.7 (Perfectly regular). Suppose ¢ > 0 and k € N\ {1}. Let H*) be a
k-graph with vertez set V and let &2 = P(k — 1,a) be a family of partitions on V. We
say H®) is perfectly e-reqular with respect to & if for every PE=1) ¢ pk=1) ype graph
HW®) s e-reqular with respect to p-1),

Having introduced the necessary notation, we are now ready to state the regular
approximation lemma due to Rodl and Schacht. It states that for every k-graph H,
there is a k-graph G that is close to H and that has very good regularity properties.

Theorem 3.8 (Regular approximation lemma [39]). Let k € N\ {1}. For all n,v > 0
and every function ¢ : NF=1 — (0,1], there are integers toy := tsg(n,v,e) and ng :=
n3g(n,v,€) so that the following holds:
For every k-graph H on at least n > ng vertices, there exists a k-graph G on V(H)
and a family of partitions P = P(k —1,a”) on V(H) so that
(i) 2 is (n,e(a”),a”)-equitable and to-bounded,
(ii) G is perfectly e(a”)-regular with respect to &, and
(ili) |GAH| <v(}).

The crucial point here is that in applications we may apply Theorem 3.8 with a
function ¢ such that e(a”’) < ||a”||2}. This is in contrast to other versions (see e.g. [26,
41, 44]) where (roughly speaking) in (iii) we have G = H but in (ii) we have an error
parameter ¢/ which may be large compared to |[a” |3}

We next state a generalization (Lemma 3.9) of the regular approximation lemma
which was also proved by R6dl and Schacht (see Lemma 25 in [39]). Lemma 3.9 has two
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additional features in comparison to Theorem 3.8. Firstly, we can prescribe a family of
partitions £ and obtain a refinement & of 2, and secondly, we are not only given one
k-graph H but a collection of k-graphs H; that partitions the complete k-graph. Thus
we may view Lemma 3.9 as a ‘partition version’ of Theorem 3.8.

Lemma 3.9 (Roédl and Schacht [39]). For all 0o,s € N, k € N\ {1}, all n,v > 0,
and every function e : N*=1 — (0,1], there are p = uzo(k,0,s,m,v,6) > 0 and t =
tso(k,0,8,mv,e) € N and ng = nzg(k,o0,s,m,v,6) € N such that the following hold.
Suppose
(Ol)sg V is a set and |V| =n > ny,
(02)39 2= 2(k,a?) is a (1/a, u,a?)-equitable o-bounded family of partitions on V,
(03)39 #H) = {ka), . .,Hﬁk)} is a partition of (Z) so that A% < k),
Then there exist a family of partitions P = P(k — 1,a”) and a partition 4*) =
{ng), cey ng)} of (‘g) satisfying the following for every i € [s] and j € [k — 1].
(Pl)39 2 is a t-bounded (n,e(a”),a”)-equitable family of partitions, and a;@ divides
9”
J )
(P2)39 K -< {Q(J = 1,
(P3)s.9 G is perfectly e(a?)-regular with respect to 2,
(P4)3.9 2321\62 a® |<:y("y and
(P5)39 ¥®) < Q<k and it HY C Ku(20), then GF) C Kp(20).
In Lemma 3.9 we may assume without loss of generality that 1/u,t,n¢ are non-
decreasing in k, 0, s and non-increasing in 7, v

3.5. The address space. Later on, we will need to explicitly refer to the densities
arising, for example, in Theorem 3.8(ii). For this (and other reasons) it is convenient to
consider the ‘address space’. Roughly speaking the address space consists of a collection
of vectors where each vector identifies a polyad.

For a, s € N, we recursively define [a]® by [a]® := [a]*~! x [a] and [a]! := [a]. To define
the address space, let us write ([aﬁﬂ)< ={(a1,...,ap) €[]’ 1 a1 < - < ag}.

Suppose k', 0,p € N, £ > k', and p > max{k’ — 1,1}, and a = (a1,...,ap) € NP. We

define /
Ak —1,a) = (m;]) x kﬁl[aj](f)

Jj=2

2
Recall that for a vector x, the set x, was defined at the beginning of Section 3. Note

that if & > 1, then each X € A({,k' — 1,a) can be written as x = (x1), ... x* 1),
. 4
where x(1) € ([ag])< and xU) ¢ [aj](j) for each j € [K' — 1]\ {1}. Thus each entry of the

vector xU) corresponds to (i.e. is indexed by) a subset of ([ﬁ]). We order the elements of

to be the (¢, k')-address space. Observe that A(l,(),a) = [a1] and A(Q,l,a) = ([“ﬂ)<.

both ([f]) and (x%l)) lexicographically and consider the bijection g : (xi.l)) — ([ ]) which

J
(4)

(1)
preserves this ordering. For each A € (X] ) and j € [k’ — 1], we denote by x;;’ the entry

of x(9) which corresponds to the set g(A).

3.5.1. Basic properties of the address space. Let k € N\ {1} and let V' be a vertex
set of size n. Let Z(k — 1,a) be a family of partitions on V. For each crossing ¢-set
L € Ki(2WM), the address space allows us to identify (and thus refer to) the set of
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polyads ‘supporting’ L. We will achieve this by defining a suitable operator x(L) which
maps L to the address space.

To do this, write 21 = {V i € la1]}. Recall from Definition 3.4(ii) that for
j € [k—1]\ {1}, we partition K;(PU~D) of every (j — 1)-polyad PU—1) ¢ 20~V into a;
nonempty parts in such a way that 22\ is the collection of all these parts. Thus, there is
a labelling ¢U) : 20) — [a;] such that for every polyad PG~ ¢ =1 the restriction
of 1) to {PV) € 20) . pU) C ICj(P(jfl))} is injective. The set ® := {¢(?), ... o=}
is called an a-labelling of 2(k —1,a). For a given set L € Ko(2W), we denote cl(L) :=
{i: V;nL#0}.

Consider any ¢ € [a1]. Let j/ := min{k — 1,¢ — 1} and let j” := max{j’, 1}. For every
t-set L € Ko(2 M) we define an integer vector %(L) = (x(V(L),...,xU")(L)) by

o xX(D(L):= (au,...,0q), where oy < ... < oy and LN Vg, = {va, },
e and for i € [j'] \ {1} we set

| o o | (3.6)
x(L) = (60(PD) : {uy: A€ A} € PO, PO e 200)

A€ (Cl(iL)) :

Here, we order (Cl( )) lexicographically. In particular, x((L) is a vector of length (f)
By definition, %(L) € A(¢, j',a) for every L € K,(2(")) with ¢, ;' as above. Our next
aim is to define an operator x(-) which maps the set PU=1) of (7 — 1)-polyads injectively
into the address space A(j,j — 1,a) (see (3.7)). We will then extend this further into a
bijection between elements of the address spaces and their corresponding hypergraphs.
However, before we can define x(-), we need to introduce some more notation.
Suppose j € [k —1]. For x € A((,k' —1,a) and J € K;(2W) with cl(J) C XS}), we

define xf;) = x({() J): Thus from now on, we may refer to the entries of xU) either by an

)
index set A € (* ;.1 ) or by a set J € K;(2W).

Next we introduce a relation on the elements of (possibly different) address spaces.
Consider x = (xI, x®) ... x* -1y e A0,k —1,a) with ¢ < £ and k" < k’. We define
§ o1 X if

oy =y, y® .. yF Dy AW K" —1,a),
° y(l) C xgl) and
i (1)
o ng) ygj) for any A € (y; ) and j € [k — 1]\ {1}.

Thus any y € A(E’, k" —1,a) with y <p y»_1 X can be viewed as the restriction of X to
an ('-subset of the f-set x\". Hence for % € A0,k —1,a), there are exactly ( é) distinct

integer vectors y € A(¢, k" —1,a) such that y <p gr—1 %. Also it is easy to check the
following properties.

Proposition 3.10. Suppose & = P(k — 1,a) is a family of partitions, i € [a1] and
i' :== min{i, k}.
(1) Whenever I € K;(2W) and J € K;(2N) with I C J, then %X(I) <;4_1 %X(J).
(ii) If J € K;j(2W) and § <; 11 %(J), then there exists a unique I € (‘Z]) such that
v =x(I).
Now we are ready to introduce the promised bijection between the elements of address
spaces and their corresponding hypergraphs.
Consider j € [k] \ {1}. Recall that for every j-set J € K;(2W), we have %(J) €
A(j,7 — 1,a). Moreover, recall that K;(PU=1) # @ for any P(J D e 0= and note
that x(J) = x(J') for all J,J € K;(P (] D) and all PU~D e 2U-1. Hence, for each
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PU-1) ¢ 26D we can define
%(PU=V) 1= %(J) for some J € K;(PU~Y). (3.7)
Let
A(j,j— La), ={x¢ A(j,7—1,a) : 3PU=Y € U= guch that x(PU~Y)
= {x € A(j,j —1,a) : 3J € K;(2WY) such that x = %(J)},
A(G.g = 1a)g = A, — 1a) \A(j.j — 1,a) 4.

Clearly (3.7) gives rise to a bijection between 2U~1 and A(j,j —1, a).p. Thus for each

Il
>
——

xeA(j,j— 1,a)4p, we can define the polyad PU-D(x) of X by
PUD(x) := PU=D such that PV~ € 20~ with x = %(PU~Y). (3.8)

Note that for any J € K;(2WM), we have PU=D(x(J)) = PU=1(J).

We will frequently make use of an explicit description of a polyad in terms of the
partition classes it contains (see (3.12)). For this, we proceed as follows. For each
b€ [a1], let PU(b,b) :=Vj. For each j € [k—1]\ {1} and (%,b) € A(j,j — L, a)p x [aj],
we let

PU(x,b) := PY ¢ 2 such that ) (PW) = b and PV C I;(PUY(x)). (3.9)

Using Definition 3.4(ii), we conclude that so far PU) (%, b) is well-defined for each (%, b) €
A(j,j —1,a)4p x [a;] and all j € [k — 1]\ {1}.
For convenience we now extend the domain of the above definitions to cover the

‘trivial’ cases. For (%,b) € A(j,j —1,a)y X la;], we let
PY(x,b) := 0. (3.10)

We also let P (a,b) := @ for all a,b € [a1] with a # b. For all j € [k — 1] and

x € A(j+1,j,a)g, we define

PIx) = | PU)(y,x(yf({)). (3.11)
¥<j,-1% :

To summarize, given a family of partitions & = Z(k — 1,a) and an a-labelling ®,
for each j € [k — 1], this defines PU)(%,b) for X € A(j,j — 1,a) and b € [a;] and PU) (%)
for all x € fl( j+1,4,a). For later reference, we collect the relevant properties of these
objects below. For each j € [k — 1] \ {1}, it will be convenient to extend the domain of
the a-labelling ¢ of 2U) to all j-sets J € Kj(@(l)) by setting ¢\ (J) := ¢U)(PW)),
where P\ e 2209) is the unique j-graph that contains J.

Proposition 3.11. For a given family of partitions & = P(k — 1,a) and an a-
labelling ®, the following hold for all j € [k — 1].

(i) PU(): A(j + Lj,a)z — 29 is a bijection.

(ii) For j > 2, the restriction of PY)(-,-) onto A(j,j —1,a)4p x [aj] is a bijection

onto :@(J’). o
(iii) x € A(j +1,4,a),p if and only if le+1(P(J)(§<)) # .
(iv) Each % € A(j+1,j,a) satisfies
POz = | P(j)(y,xsgl)). (3.12)
¥<5,i-1%
)(%,b) : % € A(j, 7 — 1,a),b € [a;]} forms a partition of K;(2W).
(%)) :x € A(j +1,7,a)} forms a partition of Kj41(2W).
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(vii) {PUTD(%,0) : X € A + 1,5,a),b € [a11]} < {Kjn(PU(X)) : & € A(j +
Lj,a)}. ,
(viii) If 2(k—1,a) is T-bounded, then | 2| < |A(j+1,j,a)| <T? "1 and | 2D| <
7%,
(ix) IfKjp1(PY(%)) # 0 for allx € A(j+1,74,a), then PU(-) : A(j+1,7,a) — PU)
is a bijection and, if in addition j < k — 1, then PUTD(. .) : A(] + 1,j5,a) x
[aj 1] — 2UFD s also a bijection.
(x) A(j,j —1,a)g = 0 for all j € [2] and thus PY(.) and PP(-,.) are always
bijections. R R R
(xi) ! 2 < 2(k—1,a2), then {IC;1(PO()) : % € AG+1,j,a)} < {K;31(QD) () :
x€A(j+1,5,a%)}.
Proof. Observe that (i) and (ii) hold by definition. Note that x € A(j + L, j,a)p
if and only if x = %(J) for some J € K;j1(2M) if and only if there exists a set
J € Kjz1(PY(%)). Thus (iii) holds. To show (iv), by (3.11), we may assume X €

A+ 1,5, a).p. Thus we know that K;11(PY)(%)) contains at least one (j + 1)-set J
and x = x(.J). By (3.2), we have

PO&) =PI = | PO
(]

1€(5)
By Proposition 3.10(ii), we know that y <;; 1 %X if and only if y = x(I) for some
I e (j) Consider any j-set I C .J. Recall that PU~D(x(I)) = PU=D(I), and thus
I € K;j(PU=Y(x(I))). Together with (3.9) this implies that PU)(I) = PU)(x(I), $¥)(I)),
where PU)(I) is the unique part of 22U) that contains I. Since ¢\9)(I) = ¢U)(PU)(I)) =
x)(.J)r holds by (3.6), we have
PO (% U PU(I U PO (%(1),xY(J);) = U P(j)(y’x;ji)l))‘

IE(J) Ie(j) <) j-1%

This shows that (iv) holds. It is easy to see that (i), (ii), (ili) and Definition 3.4(ii)
together imply (v), (vi) and (vii). If Z(k —1,a) is T-bounded, (i) implies that

. . I I :
P9 <|AG+ 1@ <[al ) < J[20T) <72
=1 i=1

Thus for j € [k — 1]\ {1}, we have | 20U)| < aj|9'7( )| <T?. Also |2W)| =a; < T,
thus we have (viii). Statement (ix) follows from (i), (ii) and (iii). Property (x) is trivial
from the definitions.

Finally we show (xi). Suppose J € ICJH(P(J)( ) N ICJ+1(Q(j)(§f)) for some x €
A(j+1,j,a) and §y € A(j + 1,j,a?). Then (iii) implies that PU)(x) = PW(J) and
QU(y) = QW (J). Since Z < 2, we have PU)(I) C QW) (I). Thus

U PU(T) C U QU(I) (3:2) QW) ().
Ie() Ie(3)
Thus we have Kjy1(PY)) C K;51(QYW(J)). This implies (xi). O

We remark that the counting lemma (see Lemma 4.5) will enable us to restrict our
attention to families of partitions as in Proposition 3.11(ix). This is formalized in
Lemma 4.6.
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For je[k—1],¢> j+ 1 and for each x € fl(ﬁ,j, a), we define the polyad of X by
NP Ay (3.12) N
PO = |J POF =" | PU)(z,xZ{)). (3.13)
Y<j+1,5% Z<ji-1%
(Note that this generalizes the definition made in (3.8) for the case ¢ = j + 1.) The

following fact follows easily from the definition.

Proposition 3.12. Let & = P(k — 1,a) be a family of partitions. Let j € [k — 1] and
¢>j+1. Then for every L € Kg(,@( )) there exists a unique X € A(f,j,a) such that
L € Ky (PY)(%)).

Note that (3.9) and (3.13) together imply that, for all j € [k—1] and x € A(j+1, 7, a),

P& =< |J PO®3) (3.14)
ij—O—l,i)A( ZE[]]
is a (j + 1, j)-complex. Moreover, using Proposition 3.11(iii) it is easy to check that for
each x € A(j +1,j,a) with IC]H(P(J (X)) # 0, we have (for P(J) as defined in (3.3))

P(x) = P(J) for some J € K 1(2W). (3.15)

3.5.2. Constructing families of partitions using the address space. On several occasions
we will construct PU)(x,b) and PU)(X) first and then show that they actually give rise
to a family of partitions for which we can use the properties listed in Proposition 3.11.
The following lemma, which can easily be proved by induction, provides a criterion to
show that this is indeed the case.

Lemma 3.13. Suppose k € N\ {1} and a € N*=1. Suppose 221 = {V;,...,V,}
is a partition of a vertex set V. Suppose that for each j € [k — 1]\ {1} and each
(%,b) € A(j,7 —1,a) x [a;], we are given a j-graph P'9)(x,b), and for each j € [k]\ {1}
and x € A(j,j —1,a), we are given a (j — 1)-graph ]5’(]_1)(32). Let
P'D(b,b) := V, for all b € [a1], and
PV = {PO(%,b): (%,0) € A(j.j — L.a) x [aj]} for all j € [k~ 1]\ {1}.

Suppose the following conditions hold:
(FP1) P'(M (b, b) # 0 for each b € [a1]; moreover for each j € [k — 1]\ {1} and each

(x b) € A(j,7 — 1,a) x [aj], we have P'U)(x, b)#@
(FP2) For each j € [k — 1]\ {1} and x € A(j,j — 1,a), the set {P'D(x,b) : b € [a;]}

has size aj and forms a partition of IC]-(P’(] 1)(x)).
(FP3) For each j € [k —1] and X € A(j + 1,4,a), we have

PR = J PO
v<5,i-1X v

Then the a-labelling ® = {¢W}=) given by ¢ (P (x,b)) = b for each (X,b) € Aliyi—
1,a) x [a;] is well-defined and satisfies the following:
(FQl) 2 = {20 f;ll is a family of partitions on V.
(FQ2) The maps PY)(-,-) and PY)(-) defined in (3.8)=(3.11) for &, @ satisfy that for

each j € [k — 1]\ {1} and (%,b) € A(j,j — 1,a) x [a;], we have

PO(,b) = P'V)(%,0),
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and for each j € [k — 1] and x € 121(] +1,7,a) we have
POz) = PV (3).
3.5.3. Density functions of address spaces. For k € N\ {1} and a € N*~! we say a

function dy , : Ak, k —1,a) — [0,1] is a density function of /l(k,k — 1,a). For two
density functions dell’ . and dg?k, we define the distance between dzli’k and dg’k by

k=1,
dist(dly d2,) =W Lo ) S Jdlu %) — d2, ).
i=1 %€ A(k,k—1,a)

k
Since |[A(k,k—1,a)| = (9H) Hf:_; ai("), we always have that dist(d;k,dg’k) < 1. Suppose
we are given a density function da 1, a real € > 0, and a k-graph H (k). We say a family
of partitions 2 = P(k — 1,a) on V(H®) is an (g, da 1)-partition of H®) if for every
% € A(k,k—1,a) the k-graph H®) is (g, dq 1, (X))-regular with respect to P (x). If 2
is also (1/a1,¢,a)-equitable (as specified in Definition 3.6), we say & is an (¢, a,da k)-
equitable partition of H®). Note that

if p(k_l)(-) : A(k:,k: —1l,a) — P s a bijection, then H® is perfectly e-
reqular with respect to & if and only if there exists a density function da, such (3.16)
that & is an (e, da )-partition of H&)

3.6. Regularity instances. A regularity instance R encodes an address space, an as-
sociated density function and a regularity parameter. Roughly speaking, a regularity
instance can be thought of as encoding a weighted ‘reduced multihypergraph’ obtained
from an application of the regularity lemma for hypergraphs. To formalize this, let
€3.14(+,) : N x N — (0, 1] be a function which satisfies the following.

e £314(+, k) is a decreasing function for any fixed k € N with lim;_,o €3.14(¢, k) = 0,
e £3.14(t,) is a decreasing function for any fixed ¢ € N,
e s314(L k) < t‘4k54_5(1/t, 1/t,k —1,k)/4, where £4 5 is defined in Lemma 4.5.

Definition 3.14 (Regularity instance). A regularity instance R = (¢,a,day) is a triple,
where a = (a1,...,a5-1) € N1 with 0 < & < e314(||a]lo0, k), and day is a density
function of A(k, k—1,a). A k-graph H satisfies the reqularity instance R if there exists
a family of partitions &2 = P(k — 1,a) such that & is an (e, a, da i)-equitable partition
of H. The complexity of R is 1/e.

Since €314 depends only on ||al|« and k, it follows that for given r and fixed k, the
number of vectors a which could belong to a regularity instance R with complexity r is
bounded by a function of r.

Definition 3.15 (Regular reducible). A k-graph property P is regular reducible if for
any B > 0, there exists an r = r315(8,P) such that for any integer n > k, there is a
family R = R(n, 8,P) of at most r regularity instances, each of complexity at most r,
such that the following hold for every a > B and every n-vertex k-graph H :

e If H satisfies P, then there exists R € R such that H is 5-close to satisfying R.
e If H is a-far from satisfying P, then for any R € R the k-graph H is (o — f3)-far
from satisfying R.

Thus a property is regular reducible if it can be (approximately) encoded by a bounded
number of regularity instances of bounded complexity. We will often make use of the
fact that if we apply the regular approximation lemma (Theorem 3.8) to a k-graph H to
obtain G and 2, then a” together with the densities of G' with respect to the polyads
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in (k-1 naturally give rise to a regularity instance R where G satisfies R and H is
close to satisfying R.

Note that different choices of €3 14 lead to a different definition of regularity instances
and thus might lead to a different definition of being regular reducible. However, our
main result implies that for any appropriate choice of €314, being regular reducible
and testability are equivalent. In particular, if a property is regular reducible for an
appropriate choice of €3 14, then it is regular reducible for all appropriate choices of €3 14,
and so ‘regular reducibility’ is well defined.

4. HYPERGRAPH REGULARITY: COUNTING LEMMAS AND APPROXIMATION

In this section we present several results about hypergraph regularity. The first few
results are simple observations which follow either from the definition of e-regularity
or can be easily proved by standard probabilistic arguments. We omit the proofs. In
Section 4.2 we then derive an induced version of the ‘counting lemma’ that is suitable
for our needs (see Lemma 4.9).

In Section 4.3 we show that for every k-graph H, there is a k-graph G that is close to
H and has better regularity parameters. As a qualitative statement of this is trivial, the
crucial point of our statement is the exact relation of the parameters. In Section 4.4 we
make two simple observations on refinements of partitions and in Section 4.5 we consider
small perturbations of a given family of partitions. In Section 4.6 we relate the distance
between two k-graphs and the distance of their density functions.

4.1. Simple hypergraph regularity results. We will use the following results which
follow easily from the definition of hypergraph regularity (see Section 3.3).

Lemma 4.1. Suppose m € N, 0 < ¢ < a®> < 1 and d € [0,1]. Suppose H®)
is an (m,k,k,1/2)-graph which is (e,d)-reqular with respect to an (m,k,k —1,1/2)-
graph H*=1. Suppose Q¥ c HEY gnd H'® C H® such that \/Ck(Q(k_l)N >
oK (H*=D)| and H'™®) is (e, d')-regular with respect to H*Y) for some d' < d. Then
(1) Ke(HED)\ H®) 4s (e,1 — d)-regular with respect to H*=1)
(i) H® g (E/a d)-regular with respect to Q%=1 and
(iit) H®\ H'®) s (2¢,d — d')-regular with respect to H*=1),

Lemma 4.2. Suppose m € N, 0 < ¢ < 1/100, d € [0,1] and v < £'°. Suppose H*)
and G%) are (m, k,k,1/2)-graphs on {Vi,...,Vi}, and H*®D gnd GE=D gre (m,k, k—
1,1/2)-graphs on {V4,...,Vi}. Suppose H®) is (¢, d)-regular with respect to H*~ 1) If
IKe(HE=D)| > 12mF | HOAGH | < vmP and |[HEDAGED| < vmF=1, then G( )
is (¢ + V3, d)-regular with respect to G*=1,

Lemma 4.3. Suppose 0 < ¢ < 1/k,1/s. Suppose that H}k), ... ,Hs(k) are edge-disjoint

(k, k, *)-graphs such that each Hi(k) is e-regular with respect to a (k, k—1, %)-graph H*=1.
Then |J;_, HZ-(k) is se-reqular with respect to H*=1)

We will also use the following observation (see for example [39]), which can be easily
proved using Chernoff’s inequality.

Lemma 4.4 (Slicing lemma [39]). Suppose 0 < 1/m < d,e,po,1/s and d > 2. Suppose
that

o H®) is an (e,d)-regular k-graph with respect to a (k — 1)-graph H*=1),
o [Kp(HE=DY| > mF/logm,

® Piy---,Ds ZPO and Zlepi <1
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Then there exists a partition {Hék),Hl(k), e ,Hﬁk)} of H®) such that Hi(k) is (3e,pid)-
reqular with respect to H*=1) for everyi € [s], and Hék) is (3¢, (1= pi)d)-regular with

respect to H&=1),

4.2. Counting lemmas. Kohayakawa, R6dl and Skokan proved the following ‘counting
lemma’ (Theorem 6.5 in [31]), which asserts that the number of copies of a given K ék) in
an (e,d)-regular complex is close to what one could expect in a corresponding random
complex. We will deduce several versions of this which suit our needs.

Lemma 4.5 (Counting lemma [31]). For all v,dy > 0 and k,,mo € N\ {1} with k < ¢,
there exist ey := e4.5(7,do, k,£) < 1 and mqg := ng5(7,do, k,£) such that the following
holds: Suppose 0 < X\ < 1/4. Suppose 0 < & < ey and mg < m and d = (da,...,d) €
RE=L such that d; > do for every j € [k]\ {1}. Suppose that H = ~[H(j)}§?:1 is an (g,d)-
regular (m, ¢, k,\)-complex, and HY) = {Vi,...,Vi} with m; = |V;| for every i € [{].
Then

Ko HY)] = (1) [[ 7 - [ ms
§=2 i=1

Recall that equitable families of partitions were defined in Section 3.4. Based on
the counting lemma, it is easy to show that for an equitable family of partitions &
and an a-labelling ®, the maps PU1(.) : A(j,j — 1,a) — 20~ and PO(.,.) :
A(j,j—1,a) x [aj] = PU) defined in Section 3.5 are bijections. We will frequently make
use of this fact in subsequent sections, often without referring to Lemma 4.6 explicitly.

Lemma 4.6. Suppose that k,t € N\ {1}, 0 < A < 1/4 and /3 < e3.14(t, k) and
a=(a,...,ax_1) € [t]*1 and |V| = n with 1/n < 1/t,1/k. If ? = P(k —1,a) is a
(1/a1,¢e,a, A)-equitable family of partitions on V', and & with an a-labelling ® defines
maps PU=D(.) and PU=V(.,.), then the following hold.
(i) For each j € [k — 1], P(j)(-) : fl(] +1,7,a) = PD) s a bijection and if j > 1,
then PU(-,-) : A(j,j — 1,a) x [a;] — PU) is also a bijection. In particular,
A(jaj_laa):A(jvj_laa)yé@' R R
(ii) For each j € [k—1]\{1} andx € A(j+1,j,a), P(x) is an (&, (1/az,...,1/a;))-
reqular (j + 1, j, \)-complex.

Note that in Lemma 4.5 the graphs H®)[A] for A € (i) are all (g, dy)-regular with

respect to H#~D[A]. In view of Lemma 4.4, we obtain the following corollary, which
allows for varying densities at the k-th ‘level’.

Corollary 4.7. For all v,dy > 0 and k,¢ € N\ {1} with k < £, there exist gy =
e17(7, do, k, £) and mg := ng7(v,do, k, £) such that the following holds: Suppose 0 < \ <
1/4. Suppose d' > dy, 0 < e < ey and m > mq for each i € [{], and d = (da, . ..,dk_1) €
R¥=2 such that d; > dy for each j € [k — 1]\ {1}. Suppose H = {H(j)}?:1 is an
(m, £, k, X)-complex, HY = {Vi,...,V;} with m; = |V;| for every i € [€], and for every
Ae (i), the complex H[A] is (e, (da, .. .,dx_1,pn))-reqular, where py is a multiple of d'.

Then
k—1 %

l
KoHO) = (1% T s [Ld L
=1

Ae(y) 7P

Note that in the above lemma, some pj are allowed to be zero.
Let F be an ¢-vertex k-graph and H = {H(])};‘f’:1 be a complex with H) = {Vq,...,V,}.
For a bijection o : V(F) — [{], we say an induced copy F’ of F'in H®) is g-induced if
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for each v € V(F) the vertex of F” corresponding to v lies in V(). Let IC,(F,H) be

the number of o-induced copies F’ of F in H®*) such that F’ is contained in an element
of ICg(H(k_l)).

Lemma 4.8 (Induced counting lemma for many clusters). Suppose 0 < 1/m < ¢ <
v, do, 1/k, 1/ with k € N\ {1} and suppose that

e F' is an L-vertex k-graph,

do < dj <1—dq for every j € [k —1]\ {1},

o H= {H(j)}g‘-’zl is an (m, £, k)-complex with HV = {Vy,... V,},

for each A € ([i]), the complex H[A] is an (e, (da, .. .,dg_1,pn))-reqular (m, k, k)-
complex, and

o:V(F) —[l] is a bijection.

Then

Hpa(e) H (1 — Do(e) 1:[ §J ’

eckF e¢F,le|=k

Proof. We select ¢ € N such that 1/m < ¢ < 1/q < v,dp,1/k,1/¢ and define 7Y —
K (HE=D)\ H®) | We also define an (m, ¢, k)-graph H' on {V,...,V;} so that for each
e € (V(F)) we have

H®[g(e)] ifecF,
ﬁ(k)[a(e)] otherwise,

H'[o(e)] :== {

and let H' := J, (Vi) H'[o(e)]. Note that H*~1) underlies H’. Observe that there

is a bijection between the set of all o-induced copies F’ of F*) in H®*) such that F’ is

contained in an element of ICg(H(kfl)) and the set of copies of Kék) in H'. Fore € (VSCF)),
we define

po.(e) ife e F,
pa(e) : 1 —ps(e) otherwise.

By Lemma 4.1(i), for each A € ([ﬁ]), the set {H(j)[A]};?;llU{H’[A]} isan (g, (dg, ..., dx—_1,p)))-
regular (m, k, k)-complex. It suffices to show that

k-1
i) = | I sh<n |- [LdV - mt (4.1)
re(?) =2

We apply the slicing lemma (Lemma 4.4) to find for each A € ([g) a subgraph H{[A]
of H'[A] which is (3¢, |qp |/q)-regular with respect to H~D[A]. Similarly, for each
Ae ([ ]) we apply Lemma 4.4 to the graph K (H*~D[A])\ H’[A]. In combination with
Lemma 4.3 this gives a supergraph H5[A] of H'[A] which is (6¢, [gp/]/q)-regular with
respect to HF=1[A].
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]

Let H! := UAe(V]) HI[A] for each i € [2]. Observe that |[K,(H)| < |Ke(H')| <
k
|ICo(HY)|. By Corollary 4.7 with v/2,1/¢,1/q playing the roles of v, d’, dy, respectively,

o= (1= 2) T laphl/a- T4 - and
re() =
74
k)l < (1+5) T1 fahl/a- TT 4 - m.
A<l =

Note that for each A € (f;), we have p/y —1/q < |qp)\|/q and [¢p/\1/q < p)\ +1/¢. Thus
we obtain (4.1) as required. O

The previous lemma counts o-induced copies of a k-graph F. However, ultimately,
we want to count all induced copies of F. Let us introduce the necessary notation for
this step.

Suppose k,¢ € N\ {1} such that ¢ > k and suppose a € N*~1. Suppose that da, :

A(k,k — 1,a) — [0,1] is a density function. Suppose F is a k-graph on ¢ vertices.
Suppose X € A((,k —1,a) and o : V(F) — xM is a bijection. Let A(F') be the size of
the automorphism group of F'. We now define three functions in terms of the parameters
above that will estimate the number of induced copies of F' in certain parts of an e-regular

k-graph. Let

10(F dago o) = ] das® [] (- dax@)[[a; ",
V<k,k—1%, V<k,k—1%, Jj=2

yea(F) vy go(F)

IC(F,dgp,X) := A(lF) > IC(F,da, %,0),

1
IC(F, dy ) = @1) S IO(F,da.%).
%€ A(k—1,a)

We will now show that for a k-graph H satisfying a suitable regularity instance R =
(e,a,da ), the value IC(F,day) is a very accurate estimate for Pr(F, H) (recall the
latter was introduced in Section 3.1). The same is true if F' is replaced by a finite family
of k-graphs (see Corollary 4.10).

Lemma 4.9 (Induced counting lemma for general hypergraphs). Suppose 0 < 1/n <
e << 1/t,1/ay < v,1/k,1/0 with 2 < k < (. Suppose F is an {-vertex k-graph and a €
[t]*=1. Suppose H is an n-vertex k-graph satisfying a reqularity instance R = (g,a,da ).
Then

Pr(F, H) = IC(F, da ) £ .

Proof. Since H satisfies the regularity instance R, there exists a (e, a, dak)-equitable
partition & = Z2(k — 1,a) of H (as defined in Section 3.5.3). Let 21 = {V;,...,V,,}
and m := |n/ai|. We say an induced copy F’ of F in H is crossing-induced if V(F') €
Ke(22M) and non-crossing-induced otherwise. Then by (3.5),

there are at most % (;) non-crossing-induced copies of F. (4.2)

The strategy of the proof is as follows. We only consider crossing-induced copies of F', as
the number of non-crossing-induced copies is negligible. For each x € A(¢,k —1,a), we

fix some bijection o between V (F') and xg). By Lemma 4.8, we can accurately estimate
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the number of o-induced copies of F'. By summing over all choices for X and ¢ and
taking in account which copies we counted multiple times, we can estimate the number
of crossing-induced copies of F in H.

For each X € A(f, k—1,a), we consider the (k—1)-polyad P*~1D(x) = US’Sk,kqfc PE-1)(3)
as defined in (3.13). By Proposition 3.12, for every crossing-induced copy F’ of F' in
H, there is a unique X € A(ﬁ,k — 1,a) such that F’ is contained in some element of
Ke(PED(%)) -

Consider any x € A(¢,k —1,a) and a bijection o : V(F) — xV. Let

:{ U P9 } and H (%) == H (%) U {H N Kp(PF D (%))}

Z<k % iE[k*l]

Hence H(x) is an (¢, k)-complex and H'(x) is an (¢, k — 1)-complex. Note that H'(x) =
Uy<irix P(y), where P(¥) is as defined in (3.14).

Lemma 4.6 implies that each P(y) = ’H’(fc)[yil)] is (¢,(1/ag,...,1/ak_1))-regular
(if £ > 3). Furthermore, since & is an (e, a, d, )-equitable partition of H, for each
e e ("} VIE )) the k-graph H[o(e)] is (e, dar(y))-regular with respect to PE-D(g) =
Pl D(x )[U s Vil, where y is the unique vector satisfying y <j 1 %X and yfk ) = ole).

Thus, by applymg Lemma 4.8 with H(%),a;*,v/(30!),das(¥) playing the roles of
H, d;, Vi Dy )5 We conclude that (with IC,(F,H (%)) defined as in Lemma 4.8)

k=1
5 N R ¥ —(
I1C,(FH(X)) = [T dar® J] (- dan(d)+ - e G) e
Y<k,k—1X, V<, k—1%, =2

yMeo(F) vy o (F)

= [10(F,d fca)ilf[a_(f)
- 9 a,k7 9 36' L J

Next we want to estimate the number of all crossing-induced copies of F' in H which lie
in some element of Kg(P*~1(%)). Observe that we count every copy of F exactly A(F)
times if we sum over all possible bijections . Therefore, the number of crossing-induced
copies of F in H which lie in some element of Ko(P*~D (%)) is

11?)20;100(17,7{(&)):@; IC(F, dg s, %, 0) i—Ha G)

T -
= IC(F,da’k,fc):tgnaj i) m.

Jj=2
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4
Note that [A(¢,k —1,a)| = (%) Hf;% a](-j) and (%)m’ = (1+~/10)(}), because 1/a; <

v, 1/¢. Hence the number of crossing-induced copies of F' in H is

e
D IC(F, dg o, %) % % e G}

®€A(lk—1,a) Jj=2

) ¥ ~(3) 4
— Y IC(Fdap, %) | m‘ £ 3 IIe; 1Ak —1,a)m*
x€A(lk—1,a) Jj=2

n
—c(rdu) £/}
This together with (4.2) implies the desired statement. O

In the previous lemma we counted the number of induced copies of a single k-graph
F in H. It is not difficult to extend this approach to a finite family of k-graphs. For a
finite family F of k-graphs, we define

IC(F,dag) ==Y  IC(F,day). (4.3)
FeF
Corollary 4.10. Suppose 0 < 1/n < e < 1/t,1/a1 < v,1/k,1/0 with 2 < k < £. Let

F be a collection of k-graphs on £ vertices. Suppose H is an n-vertex k-graph satisfying
a regularity instance R = (£,a,dy ) where a € [t]*~1. Then

Pr(F,H) =IC(F,daj) £ .

Proof. For each F' € F, we apply Lemma 4.9 with ~/ 2(@ playing the role of v. As
4
|F| < Q(k), this completes the proof. O

4.3. Close hypergraphs with better regularity. In this subsection we present sev-
eral results that show in their simplest form that for an (¢ + 0)-regular k-graph H, there
is a k-graph G on the same vertex set such that |HAG)| is small and G is e-regular. The
key point is that we seek an additive improvement in the regularity parameter. Our
approach in the following sections relies heavily on this (see the proof of Lemmas 6.2
and 6.3).

Lemma 4.11. Suppose 0 < 1/m < § K v < e,1/k,1/s,dy < 1/2. Suppose that d; > dy
for alli € [s] and ;c1q di = 1. Suppose that
o H 1 js an (m, k,k — 1)-graph such that ]ICk(H(k_l))| > emF,
° Hl(k), cel Hs(k) are (m, k, k)-graphs that form a partition of Ky(H*=1), and that
. Hi(k) is (e + 8, d;)-regular with respect to H*=1Y) for each i € [s].
Then there exist (m, k, k)-graphs ng), . ng) such that
(Gl)a11 ng), .., G form a partition of Kj(H®*-1),
(G2)411 ng) is (e, d;)-regular with respect to H*=Y for each i € [s], and
(G3)411 |GZ(-k)AHi(k)] < vmF for each i € [s].
Ek) from Hi(k) by randomly
redistributing a small proportion of the k-edges of each Hi(k).

Roughly speaking, the idea of the proof is to construct G
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Proof of Lemma 4.11. First we claim that for Q=D C H*=D with [Kp(Q*~Y)| >
e|Kp(H* 1), we have

dHM | Q1) = d; & (= + 6'/2). (4.4)
Observe that if [KCr(Q¥D)| > (e + 6)|Kr(H*~D)], then this follows directly from the
fact that HZ(k) is (e + 8, d;)-regular with respect to H*~1),

So suppose that [ICp(QF1)| < (e + 8)|Kp(H*=D)|. Choose a (k — 1)-graph Q'*~1
such that Q*—1 C Q=1 € H*=1) a5 well as

Ke(@F)] = (e + ) (HFD)] and [Ki(Q*)\ Kp(QF)] < 26K, (HFD)].
Then for each i € [s], we conclude
[ N K@) = [HY 0 i@ D) & 20]icu (HE ).
The fact that Hi(k) is (¢ + 0, d;)-regular with respect to H*~1 implies that
H 0 K@) = (d £ (e + ) Kn(@F ).

From this we obtain (4.4). Our next step is to construct suitable random sets A, B1, ..., Bs C

le(H(kfl)). We define Gz(k) based on these sets and show that (G1)411—(G3)411 hold
with positive probability.
We assign each e € K (H* 1) to be in A := Uie[s} B; independently with probability

§1/3 and assign every edge in A independently to one B; with probability d;. For each
i € [s], we define

GM = EH®\ A)UB,.
Observe that (G1)4.11 holds by construction. Moreover,
E[E" A =0"3HP| and E[B|] = 8" 2d;|kr(HED)].
Thus Lemma 3.2 with the fact that |H Z-(k)| < mF implies that
PH® N Al < 263mF) > 1— 27" > 1 -1/(6s),

and
P[|B;| < 2673m*] > 1 — 2e77"m" > 1 - 1/(6s).

Hence with probability at least 2/3, we have ]Hi(k) NA| < 263m* for all i € [s] and
|B;| < 26'/3mF. This implies

P AE® | < |H® 0 A+ |Bi| < vm.
Thus (G3)4.11 holds with probability at least 2/3.

Furthermore, for each i € [s] and Q*~Y € H* =1 with K, (Q* V)| > | Kp(H*—D)| >

e2mF, we obtain

(H® 0 C(QED)) \ Al + E[IB: N K (QF1)]]
(1= 8"2)(di = (e + 81/2)) + 634, ) 1IC (@)
= (di % (e —8"2)|Kp(QFD)). (4.5)

EIGY N @D = E
(4.4)

Thus Lemma 3.2 implies that
]P)HGl(k) N ’Ck(Q(k_l))| — (d’L + 6)|Kk(Q(k_l)|] >1-— 26_5|’Ck(Q(k_1))|2/mk >1- 6_62mk.
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Since there are at most 214" "] < 2m" ™" distinct choices of Q%=1 using a union bound,
we conclude that with probability at least 1 — s2m" 'e=0°m" > 2/3 for all i € [s] and
Q¥ € H* =1 with Kp(Q¥1) > | (H* D), we have

. (k—1)
d G(k) (k=1)y _ (dl + E)“Ck(Q )|
N )]

=d; +e.

This implies that G(k) is (e, d;)-regular with respect to H*~1 and so (G2)4.11 holds with

probability at least 2/3. Hence G( ) ...7ng) satisfy (G1)4.11—(G3)4.11 with probability
at least 1/3. O

We now generalize Lemma 4.11 to the setting where we consider a family of partitions
instead of only k-graphs with one common underlying (k — 1)-graph.

Lemma 4.12. Suppose 0 < 1/n € 6 K v < ¢ < 1/2 and R = (¢/3,a,day) is a
reqularity instance. Suppose H®) is an n-vertex k-graph on vertex set V. Suppose that
P = P(k—1,a) is an (¢ + 0,a,dy ) -equitable partition of HW®) . Then there exists a
family of partitions 2 = 2(k — 1,a) and a k-graph G*) on V such that

(Gl)a12 2 is an (g, a, da)-equitable partition of G*) and

Proof. We define m := |n/a;|. Consider j € [k] \ {1} and x € A(j,j — 1,a). We claim
that

L 1278 gy .
K (PUDE) > 2 o (i > 12 (4.6)
=2

Indeed, this holds if j = 2, so suppose that j7 > 2. As R is a regularity instance, we
have ¢ + 0 < ||a||z es5(|al|l2L, [lallzl, 5 — 1,7) and Lemma 4.6(ii) implies that P(X) is
n (g,(1/ag,...,1/aj—1))-regular (m,j,j — 1)-complex. Thus we can apply Lemma 4.5
with P (%) playing the role of H to show (4.6).
Note that Lemma 4.6(i) implies that PU—1(.) : A(j,j—1,a) — 22U~ and PO(.,.) :
A(j,j—1,a) x [a;] — 2U) are bijections (except in the case when j = k for the latter).
We choose § < vy < 13 K -+ < Vpy1 = 2. For each X € A(k k—1,a), let

PO(%,1) = H® 0 K (PED(%)) and PO (%,2) == Kp(PED () \ B®.  (4.7)

In addition, we set ag := 2.

We proceed in an inductive manner. Let 2(1) := 221 and for each % € A(27 1,a),
let QW (%) := P (k). Assume that for j € [k] \ {1} we have defined {20 1 such
that
(Ql)4 1o {20 } 1 isa (1/a1,¢, (a1,...,aj—1))-equitable family of partitions and
(Q2)4 12 |P =D(x% )AQ =(x)| < v; /2001 for all i € [7]\ {1} and x € A(Z,Z —1,a).

Note that this holds for j = 2. Suppose x € A( J,j — L,a). If j < k, then for each
% € A(j,j —1,a) and b € [a;], we define

o PO (x,b) N K,;(QU-D(x itb e la; — 1],
Q') (%,b) = - {(j_z) : QYUY (%)) e [; ]
$(QVTV(X)) \ Upepo,—1 @V (%,0)  if b € aj.
If j = k, then we define

N

QV(%,1) := HY nK(QV (%)), and Q'V)(%,2) := Ky(QU™V (%)) \ HW



26 FELIX JOOS, JAEHOON KIM, DANIELA KUHN, AND DERYK OSTHUS
So for each j € [k] \ {1} and b € [a;], we obtain

(Q2)il2 2]/1/2

Q' (%,0) APV (%,)] < K;(PUV () A, (QV V()| < (4.8)

Next, we will apply Lemma 4.11 to find a partition 2\ of ICj(Q(l)). Fixx € A(j,j —
1,a). If j € [k — 1] \ {1}, then for every b € [a;] we define dj, := 1/a;. If j = k, then let
d1 = dan(}A() and dg =1- dl.

Since & is an (¢ + 9, a, da i )-equitable partition of H®) it follows that PU)(x,b) is
(e +6, dy)-regular with respect to PU—1(x) for each b € [a;]. (Here, we use Lemma 4.1(i)
in the case when j = k.) Thus Lemma 4.2 together with (4.6), (4.8) and (QQ)ZQ2 implies
that Q'U)(x,b) is (e + 6 + Vl/g ,dy)-regular with respect to QU1 (x).

By using Lemma 4.11 with QU= (%), Q') (x,1),..., Q"0 (x, aj),aj,db,s,é—i—l/;/g, Vjt1/2
playing the roles of H*~1) ka), . Hgk), s,d;, e, 6, v, respectively, we obtain QW) (x,1),

., QU) (%, a;) forming a partition of K; (Q(j_l)(fc)) such that QU (x,b) is (e, dy)-regular
Wlth respect to QU1 (%) and |Q'Y) (X b)AQ )(%,b)| < vjp1m? /2 for all b € [a;]. (A sim-
ilar argument as for (4.6) shows that QU~1 (X) satisfies the requirements of Lemma 4.11.)
By (4.8) we have that

|PU)(%,0) AQW) (%,b)| < |Q'Y(%,0)APY(%,b)] + Q"D (%, 0) AQY (%, b)| < vjp1m.
(4.9)

Suppose first that j € [k — 1] \ {1}. Define
20 = (QU)(x,b) : x € A(j,j — 1,a),b € [aj]}.

Thus {o@(i)}gzl forms a (1/a1,¢, (a1,...,a;))-equitable family of partitions since d, =
1/a; for all b € [a;]. Hence (Q1)%%) holds.
Furthermore, for each X € A(j + 1, j,a) we obtain a polyad

Q=)= [ @YX y,x 1>)

y<]] 1X
Then
50) (43 A D) (4 () (o ) () )y 4D i <2,
‘P (x)AQV(x)] < Z ‘P (y7xy(1))AQ (¥, y )| < (]+1)VJ+1m <V

¥<j-1%

and so (Q2)f{é holds.
Now suppose j = k. Let

a® .— (H(k)\Kk(Q(l)))U U oW
k€A(k,k—1,a)

By definition of dy,da, we obtain that {2®)}* | is an (e, a, da)-equitable partition of
G®). Moreover, since 22(1) = 21 we have that

R _ (H(k)\Kk(Q(l))>U(H(k)ﬂ U iCk(P"”)(fc)))

x€A(k,k—1,a)

(4.7) (H(k)\]ck(g(l))>u U PP&0).

xeA(k,k—1,a)
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Thus

(4.9)
HOAGH < Y PO, 1)AQW(%,1)] < |A<k,k—1,a)|uk+1m’“§u<’;>.

%€ A(k,k—1,a)

Indeed, the final inequality holds since vy11 = 12, since |A(k,k — 1,a)] < HaHgZ by

Proposition 3.11(viii), and the definition of a regularity instance implies that ¥ < & <
k

lall st .

4.4. Refining a partition. In this subsection we make two simple observations regard-
ing refinements of a given partition. The first one of these shows that we can refine a
family of partitions without significantly affecting the regularity parameters.

Lemma 4.13. Suppose 0 < 1/n < ¢ < 1/t,1/k with k,t € N\ {1}, 0 < n <1, and
a c N1 Suppose & = P(k — 1,a) is an (n,e,a)-equitable family of partitions on V
with |V| = n. Suppose b € [t]*~1 and a; | b; for alli € [k—1]. Then there exists a family
of partitions 2 = 2(k — 1,b) on V which is (n,e'/3 b)-equitable and 2 < 2.

It is easy to prove this by induction on k via an appropriate application of the slicing
lemma (Lemma 4.4). We omit the details.

The next observation shows that if 2 is an equitable partition of H and & < 2, then
we can modify H slightly to obtain G so that & is a equitable partition of G (where
the relevant densities are inherited from 2 and H).

Proposition 4.14. Suppose that 0 < 1/n < ¢ < ¢/ < 1/T,1/af < v < 1/k with
k€ N\ {1}, and a” € [T)*"!. Suppose that P = P(k —1,a”) is a (1/a{’, &' a”)-
equitable family of partitions on V, that 2 = 2(k —1,a%) is an (c,a%, da2 1)-equitable
partition of an n-vertex k-graph H*®) on V, and that 2 < 2. Let da2 1, be the density
function defined by

A dpo (%) if Ix€ A(k,k—1,a2) : Kp (PP D (3)) C Kp(QPF D (%)),

dyo 1 () = : . o .
’ 0 if Kip(PED(3)) N Kp(2W) = 0.

Let G®) .= H®) 0, (2M). Then

(i) & is an (',a”, da= 1)-equitable partition of G®),
(ii) [H®AG®| <v(}).

Proof. Note that (ii) follows from (3.5). We now verify (i). Since & < 2, by Propo-
sition 3.11(vi) and (xi), for each ¥ € A(k,k — 1,a”), either there exists a unique
%X € A(k,k —1,a%) such that Ki(P*D(y)) C Kp(Q*F V(%)) or Kp(P*D(3)) N
Kr(2W) = (. Suppose first that there exists a unique X € fl(k,k — 1,a?) such that
Kr(PED(3)) € Kp(Q*~D(%)). Then Lemma 4.5 implies that

k—1

Ku(PED@)] = (1= 1/4) [[(@)Ont = i@V @),

i=1
Together with Lemma 4.1(ii) and the fact that d,» (¥) = d,2 (%) and GPN(PED () =
H® N K (PHY(y)), this implies that G*) is (51/2,da9a’k(y))—regular with respect to
PE(g).

Now suppose that K(PED(3)) N Kp(2M) = 0. Since G®) C £,(20), we have
Ke(P*D(3) nG*) = §. Thus G*) is also (51/2,da97k(y))—regular with respect to
PE=1(3) since dy# 1(y) = 0. Since el/?2 < ¢/, altogether this shows that & is an
(¢/,a”,d, ;)-equitable partition of G, O
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4.5. Small perturbations of partitions. Here we consider the effect of small changes
in a partition on the resulting parameters. In particular, the next lemma implies that
for any family of partitions &, every family of partitions that is close to & in distance
is a family of partitions with almost the same parameters.

Lemma 4.15. Suppose k € N\ {1}, 0 < 1/n < v < ¢, and 0 < X\ < 1/4. Suppose
R = (¢/3,a,da ) is a regularity instance. Suppose V' is a vertex set of size n and suppose
G®) H®) are k-graphs on V with |GH AHK®)| < v(}). Suppose P = P(k —1,a) is a
(1/a1,¢€,a, A)-equitable family of partitions on V' which is an (e, da )-partition of H®)
Suppose 2 = 2(k — 1,a) is a family of partitions on V' such that for any j € [k — 1],
xe€A(j,j—1,a), and b € la;], we have

1P (%,6) AQW) (%,b)| < 1/<Z> (4.10)

Then 2 is a (1/ay,e + v'/% a, X + v'/)-equitable family of partitions which is an (e +
v1/6, da k)-partition of G*)

Proof. Let t := ||al|oc and m := |n/a1]. Note that since R = (¢/3,a,da ) is a regularity
instance, we have € < 3e3.14(t, k) < t_4k€4_5(1/t, 1/t,k—1,k). Thus Lemma 4.5 (together
with Lemma 4.6(ii)) implies for any j € [k — 1]\ {1} and x € A(j,j — 1,a) that

C;(PYU=D (%)) > (1 —1/t) Ha () (1—Xm) > 2m). (4.11)

Since & is a (1/a1,¢€,a, \)-equitable famﬂy of partitions, for each j € [k — 1]\ {1},
% € A(j,j—1,a), and b € [a;], the j-graph PU)(%,b) is (e, 1/a;)-regular with respect to
PU=D(x). Hence

[POR,b)] = (1/a; — ) |IC;(PUTD(%)] = €2/Pmd.

Observe that & does not provide a partition of Ki,(2(1)). We define such a partition
with a := 2 by setting, for each x € A(k,k — 1, a),

PR (x,1) := Kp(P* D (%)) n H® and P®)(%,2) := Kp(PF V(%)) \ H®)
Similarly, let

QW (%,1) := K (Q" V(%)) N GW and QW (%,2) := K(Q" V(%)) \ GV
Fix some j € [k]\ {1}, X € A(j,j — 1,a), and b € [a;]. Let
1/a; if j e[k —1],
d:=1 dai(X) ifj=kb=1, and

1—dop(%) ifj=kb=2.

Hence PY)(%,b) is (e, d)-regular with respect to PU~). (Here we use Lemma 4.1(i) if
j =k and b= 2.) Recall that (3.12) holds for both & and 2. Together with (4.10) this
implies that

PUORAQUIE) < vi([ ") < v
J =

Moreover, (4.10) also implies that |P( (x,0)AQ 9)(x b)| < 1/( ) < v/2mi, Thus, by
(4.11), we can use Lemma 4.2 with PU)(x,b), PU=D (%), QU)(x, b),@(j’l)(fc),yl/2 play-
ing the roles of H®) H*=1 Gk q-=1 3 to conclude that QU)(x,b) is (¢ + v'/6, d)-
regular with respect to Q) (x,b). Furthermore, (4.10) for j = 1 implies that each part
of 2 has size (1+ A+ vY?)n/a;. Thus 2 is an (1/ay, e + v/, a, A + v1/%)-equitable
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A~

family of partitions on V. Moreover, since Q¥ (x,1) = Kp(Q* V(%)) N G¥) | we know
that 2 is also an (¢ + v'/6, d, ;)-partition of G O

The following lemma shows that for every equitable family of partitions &2 whose
vertex partition 2() is an almost equipartition, there is an equitable family of partitions
with almost the same parameters whose vertex partition is an equipartition.

Lemma 4.16. Suppose 0 < 1/n < A < e <1, k € N\ {1}, and R = (¢/3,a,da)
is a regularity instance. Suppose P = P(k — 1,a) is a (1/ay,e,a, \)-equitable family
of partitions and an (g, da )-partition of an n-vertex k-graph H®) . Then there exists a
family of partitions 2 = 2(k —1,a) which is an (¢ + A/10, a, da i) -equitable partition of
H®),

Proof. Let m := |n/a1]. We write () = {V4,...,V,, }. Since 2 is a (1/a1,¢e,a, \)-
equitable family of partitions, we have |V| (1+ )\)m for all i € [a1], and Lemma 4.6
implies that for each j € [k —1], the function PU) () : A(j+1,7,a) = 2 is a bijection
and for each j € [k — 1]\ {1}, the function PU)(,.) : A(j,j —1,a) x [a;] = 2 is
also a bijection. Next, we fix the size of the parts in the new equitable partition 2 of
Vi=ViU---UV,,. For each i € [a1], let m; := [(n+i—1)/a1]. Thus m; € {m,m+1}.
Choose U; C V; of size max{|V;|,m;} and let Uj := U;¢(,,) Vi \ U;. We partition Ug into
UY,...,U], in an arbitrary manner such that |U]'| = m; — |U]|. For each i € [a1], let

Uy := U UU! and 2 .= {U,...,U,, }.

Moreover, let QW) (b,b) := U, for each b € [a1], and QU (b, V') := (§ for all distinct
b,V € [a1]. For each i € [a1], we have

|U; AVl < |1+ XN)m —m;| < dm+ 1.

For each X = (a1, a9) € A(2,1,a), let Q(X) := U,, UU,,. Note that {K2(QM (%)) :
x € A(2,1,a)} forms a partition of KCo(2(1).
Now, we inductively construct 23, Q(k D in this order Assume that for some
€ [k] \ {1}, we have already deﬁned {Q }J U with 20 = {QO(%,b) : x € A(i,i —
1,a),b € [a;]} and 200 = {QW (%) : x € A(i + 1,z,a)} for each i € [j — 1] such that the
following hold.
(Q1);_; Foreachi € [j—1],% € A(i,i—1,a) and b € [a;], we have | P (%, ) AQW (%, b)| <
20iIAnt.
(Q2);_1 Foreachi € [j—1]\{1} and x € A(4,i—1,a), the collection {Q¥(%,b) : b € [a;]}
forms a partition of K;(QU~1(x)).
(Q3);_1 Foreachi € [j—1]and % € A(i+1,4,a), we have Q) (%) = Us<i. 1% QY (y, ;521))'
Note that 2() satisfies (Q1);-(Q3);. Suppose first that j < k — 1. In this case we will
define 20) satisfying (Q1);~(Q3);. For each X € A(j,j — 1,a) and b € [a;], we define

N PO (x,b) NK; (QU*U(A)) ifbelaj— 1],
QY(x,b) := { K;(QU-D (%)) \Ube[a ] ) (x,b) otherwi;e.
Let
20 = (QU)(x,b) : x € A(j,j — 1,a),b € [aj]}.

Then for any fixed x € A(j,j — 1 ,a), it is obvious that QU)(x,1),...,QW(x, a;) forms
a partition of K;(QU~1(x)). Thus (Q2); holds.
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For each z € A(j + 1, j,a), let
Q) := |J QY32 m)

y<jj 12
Then (Q3); also holds.
Note that for any ﬁxed ( —1)-set J' € PU=D (%) AQU~V (%), there are at most (14+\)m
)

distinct j-sets in ;(PU~1 (%)) AK;(QU~ (%)) containing J'. Thus for x € A(j,j—1,a)
and b € [a;], we obtaln

|PD(,0)AQ) (%, )| 15 (PY=D (%) AK; QU™ (%))

(L+X)m|PU=D (%) AQV~V (%)

T Z 2m‘P(j_1)(§’a Xg()m)AQ(j_l)(}’a X(]()m)‘
V<j-1,j-2% ’
< 27 51an?.
Thus (Q1); holds and we obtain {o@(i)}gzl satisfying (Q1);-(Q3);. Inductively we obtain
2 = {20} satisfying (Q1)5—1-(Q3)k—1.

Note that since R = (£/3,a, da 1) is a regularity instance, we have ¢ < ||z eas(llall<d, lallzl, k—
1,k). Thus Lemma 4.5 (together with Lemma 4.6(ii)) implies for any j € [k—1]\ {1} and
(%,0) € A(j,j — 1,a) x [a;] that [PU)(%,b)| > £!/?n’. This with (Q1))1 shows that for
any j € [k —1]\ {1} and (%,b) € A(j, — 1,a) x [a;], the j-graph QU) (%, b) is nonempty.
Together with properties (Q2),_1 and (Q3)k_1 this in turn ensures that we can apply
Lemma 3.13 to show that £ is a family of partitions.

By (Q1)x—1 and the assumption that R = (¢/3, a,da 1) is a regularity instance, we can
apply Lemma 4.15 with 22, 2, H®) H®) X, X9/10 playing the roles of 22, 2, H®) G*) X v
to obtain that 2 = 2(k — 1,a) is an (¢ + A/10 a, d, x)-equitable partition of H*). O

4.6. Distance of hypergraphs and density functions. Recall that the distance
between two density functions was defined in Section 3.5.3. In this subsection we present
two results that relate the distance between two hypergraphs to the distance between
density functions of equitable families of partitions of these hypergraphs. The first result
shows that the distance of the density functions provides a lower bound on the distance
between the two hypergraphs (we will use this in the proof of Theorem 7.1). On the
other hand, Lemma 4.18 shows that the lower bound given in Lemma 4.17 is essentially
tight (this will also be applied in the proof of Theorem 7.1).

Lemma 4.17. Suppose 0 < 1/n < e < v,1/t,1/k and k € N\ {1}. Suppose a € [t]F~!
Suppose that G*) and H®) are k-graphs on vertex set V. with |V | =n. Suppose that &
is an (e, a, dfk)—equitable partition of G*) and an (¢, a, dgk)—equitable partition of H®*)
Then

-1
dist(dly, d$y) < [HF AGW) <Z> + .
Proof. For each x € A(k,k—1,a), by definition, G is (e, dga(&))—regular with respect
to P*=D(x) and H® is (e, di{a(fc))—regular with respect to P~ (x). Thus

= (df o (%) £ &)| K (P V()| and
= (dfly(%) £ &) | (PF 1 (%)).
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Hence
(15 (%) = dali (3] = 2¢) [KGu PPV (%)) < [(HPAGH) nic (PFD (%)) (4.12)
Since 1/n < ¢ < v,1/t,1/k, Lemma 4.5 (together with Lemma 4.6(ii)) implies that

k-1,
u(PED ) = (12 1;[1 o Gk, (4.13)

As {Kp(P* V(%)) : x € A(k,k — 1,a)} partitions K(2(1)) (by Proposition 3.11(vi)),

we obtain

dist(dS, d,) = k! Ha Z A5 (%) — di (%)]
ReA(k,k—1,a)
W [(HO AGH) 0 I (PED (50)]| + 2] (PH ()]
H Z Kk (PF=D(%))]
xeA(k k—1,a) k
(419) 3 EN(HBAGR) N K (PED(%))] 4 e1/2nF
- ) (1 —v/2)nk
R€A(k,k—1,a)
I H®AG®H) -1
< MIEPAGEL 2v _ gwag®) (™) 4o,
nk 3 k
which completes the proof. O

Lemma 4.18. Suppose 0 < 1/n < e < v,1/t,1/k and k € N\ {1}. Suppose a € [t]F~1
Suppose that H®) is an n-vertez k- graph and suppose that & is an (e, a, dfk)—equitable

partition of H®) . Suppose de s a density function of A(k k—1,a). Then there exists
a k-graph G%) such that 2 is a (3e,a,d" ) -equitable partition of G®) and

' Yak
|HBAGW| < (dist(dfy, dFy) +v) <Z> '

Proof. Suppose x € A(k‘,k — 1,a). By Lemmas 4.5 and 4.6(ii), and the assumption
1/n,e < v,1/t,1/k, we obtain

k-1,
u(PEDG) = (1) 1;[1 o Gk, (4.14)

We will distinguish the following cases depending on the values of dg x(X) and df’ p(X).
Case 1: |, (%) — d$, (%) < 2. Let GW) (%) := HW(%).
Case 2: dgk(fc) > dfk(ic) + 2e. Let

e [R50
TREINTACS

This definition implies that 1/2 < p; < 1. Note dH x(X) > 2e. Because of this and
(4.14), we can apply the slicing lemma (Lemma 4.4) to H®) N K (P*~1D (%)) to obtain
two k-graphs F( ) F(k) C H® N K, (P (%)) such that

° Fl( ) is (3¢ dH (X)p1)-regular with respect to ple— 1)( ), and

' Yak

. Fé ) i (3e, dfk(fc)(l — p1))-regular with respect to P*+=1 (k).
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Let

Fék) otherwise.

(k) a k(%)
G0 () = { F} dek( ; >1/2,

By construction, we have G®¥) (%) € H®) N Ky, (P plk— D(x)).
Case 3: dfk(fc) < dgk(ﬁc) — 2¢. Let

Similarly as before, 1/2 < pj < 1. Note 1 — dfk,(fc) > 2¢. Because of this, Lemma 4.1(i)
and (4.14), we can apply Lemma 4.4 with K (P*~1 (%)) \ H®), Pt-1 (%), 1 — df’k(fc)
and p) playing the roles of H®) H®*=D g and p;. Then we obtain two k-graphs
FP F® ¢ K, (PE-D (%)) \ H®) such that

. F(k) is (3, (1 — dgk(&))p’l)—regular with respect to P*~1D (%), and

. F(k) is (3¢, (1 — dfk(fc))(l — ph))-regular with respect to P10 (x).
We define

_ 4G %
\F® g 1_3;:8 >1/2,

Kr(PED(x)) \ Fék) otherwise.

Hence

H® 0K (P (3)) € 60 (3) C Ke(PED(3)).

In addition, G (%) is (3¢, dgk(&))—regular with respect to P*~1) (%), by Lemma 4.1(i).
We can now combine the graphs from the above three cases and let

G = ( U G(k)(fc)) U (H® N\ K(22M)).
xeA(k,k—1,a)

By construction, & is a (3¢, a, da «)-equitable partition of G®). In all three cases,

(HBAGH) N K (PR ()] < (Jdgx (%) — dgy (%)] + de) [k (P D ().

Therefore, we conclude

HPAGW] = > HPAGW) N K (PED (%))
xe€A(k,k—1,a)
< > (d ) — dZp ()| + de) K (PE ()
x€A(k,k—1,a)
(4.14) ” X R k=1 ok
< (1+Y) Y (G - &)+ 40 [T o (2) i
X€A(kk—1,a) =1

< (dist(d?y, dS,) +v) <Z>
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5. TESTABLE PROPERTIES ARE REGULAR REDUCIBLE

In this section we show one direction of our main result (Lemma 5.1). It states that
every testable k-graph property can be (approximately) described by suitable regular-
ity instances. (Recall that the formal definition of being regular reducible is given in
Definition 3.15.)

Lemma 5.1. If a k-graph property is testable, then it is reqular reducible.

Goldreich and Trevisan [24] proved that every testable graph property is also testable
in some canonical way. It is an easy exercise to translate their results to the hypergraph
setting, as their arguments also work in this case. Thus in the proof of Lemma 5.1 we
may restrict ourselves to such canonical testers.

To be precise, an (n, a)-tester T = T(n, «) is canonical if, given an n-vertex k-graph
H, it chooses a set @ of g, = qi(n, o) vertices of H uniformly at random, queries all k-sets
in @, and then accepts or rejects H (deterministically) according to (the isomorphism
class of) H[Q]. In particular, T has query complexity ( ) Moreover, every canonical
tester is non-adaptive.

Lemma 5.2 (Goldreich and Trevisan [24]). Suppose that P is a k-graph property which
is testable with query complezity at most q = qi(«). Then for alln € N and o € (0,1),
there is a canonical (n, a)-tester T = T(n, «) for P with query complezity at most (9qu)

To prove Lemma 5.1, we let Q be the set of all k-graphs which are accepted by a
canonical tester T for P. We then construct a (bounded size) set of regularity instances
R where the ‘induced density’ of Q is large for each R € R. We then apply the counting
lemma for induced graphs (Corollary 4.10) to show that R satisfies the requirements of
Definition 3.15.

Proof of Lemma 5.1. Let P be a testable k-graph property. Thus there exists a function
¢ (0,1) = N such that for every n € N and § € (0,1), there exists an (n, 3)-tester

T = T(n, ) for P with query complexity at most ¢, (5). By Lemma 5.2, we may assume
(by increasing ¢, (0) if necessary) that T is canonical. Since T is canonical, there exists
q = q(n, B) with ¢(n, 8) < ¢;.(8) such that given any k-graph H on n vertices T samples
a set @ of g vertices, considers H[Q], and then deterministically accepts or rejects H
based on H|[Q)].

Let Q be the set of all the k-graphs on ¢ vertices such that T accepts H if and only
if there is Q" € Q that is isomorphic to H|[Q)].

In order to show that P is regular reducible, it suffices to consider the case when
0 < 8 < 1/100. We fix some function z : N*~1 — (0,1) such that £(a) < ||a||-F for all
(at,...,ap—1) = a € N*=1 We choose constants e,,¢,n, and ng,T € N such that 0 <
g € 1/ng < e < 1/T < n < 1/q,3,1/k. In particular, we have ng > n3s(n, B¢7%, %),
T > t35(n, B¢7%,2) and e < Z(a) for any a € [T]F1.

For each ¢ € [ng] \ [k — 1], we let Q'(¢) be the collection of {-vertex k-graphs satisfying
the property P and we let I'(£) be the collection of regularity instances R = (&4, @, da )
such that

(R0)51 a=(£,1,...,1) € N*- and d, x (%) € {0,1} for every x € A(k,k — 1,a).
Let I be the collection of regularity instances R = (¢”,a, da ) such that

(R1)s € € {e,2¢,...,[(5(a))/2e e},
(R2)51 ac [T)*! and a; > 1!, and
(R3)5.1 dax(X) € {0,€%,2¢2,...,1} for every x € A(k,k — 1,a).



34 FELIX JOOS, JAEHOON KIM, DANIELA KUHN, AND DERYK OSTHUS

Observe that by construction |I| and |I'(¢)| are bounded by a function of g, k and
;. (B) for every £ € [no] \ [k —1]. Recall that IC(Q, da ) was defined in (4.3). We define

R(n, B) = {ReT(n): R=(",a,day) with IC(Q'(n),dar) >0} if n < ny,
ET U {R €T R= (¢, a,day) with IC(Q, day) > 1/2} if n > no.

In order to show that the property P is regular reducible, we need to show that for
every a > [ the following holds: every n-vertex k-graph H that satisfies P is S-close to
satisfying R for at least one R € R(n, ), and every n-vertex k-graph H that is a-far
from satisfying P is (a — )-far from satisfying R for all R € R(n, 3).

First of all, we consider the case that n € [ng] \ [k — 1]. Note that the only way for H
to satisfy R € R(n, ) is to have a partition 21 of V(H) into n singleton clusters and
the natural (n, 1, ..., 1)-equitable partition & arising from W) In this case, it is easy
to see that IC(Q'(n),day) > 0 if and only if H € Q'(n). Thus we conclude that every
n-vertex k-graph H that satisfies P satisfies R for at least one R € R(n,3), and every
k-graph H that is a-far from satisfying P is a-far from satisfying R for all R € R(n, ).

Now we suppose that n > ng and we let R := R(n, 3). First, suppose that a k-graph
H satisfies P, and thus T accepts H with probability at least 2/3. Hence

Pr(Q, H) > 2/3. (5.1)

Since |V(H)| > ng, by applying the regular approximation lemma (Theorem 3.8)
with H,n, fq %, playing the roles of H,n,v, e, we obtain a k-graph G and a family of
partitions & = 2 (k — 1,a”) such that
(Al)s, 2 is (n,8(a”),a”)-equitable for some a” € [T]F1,

(A2)5.1 G is perfectly Z(a”)-regular with respect to &, and
(A3)51 |GAH| < Bg"(})-

Let ¢/ := £(a”). By the choice of # and 7, we conclude that 0 < ¢’ < 1/[|]a”||o0 <
1/ay < 1/q,3,1/k and by the choice of £, we obtain ¢ < &’. Note that if a k-graph F is
(¢, d)-regular with respect to a (k — 1)-graph F’, then F is (¢”,d’)-regular with respect
to F' for some d’ € {0,e2,2¢2,...,1} and £” € {e,2¢, ..., [¢2c71]e} N [2¢',3¢'). Thus
there exists

Rg = (",a”,dJ»,) €1 (5.2)

such that G satisfies Rg.
Proposition 3.1 with (A3)5.; implies that

Pr(Q,G) = Pr(Q,H) — 3. (5.3)

Since 0 < ¢/ < 1/[|a”||oo < 1/a{ < 1/q,83,1/k, Corollary 4.10 implies that

(5.3) (5.1)
1C(Q,dS»,) > Pr(Q,G)—B > Pr(Q,H)—28 > 2/3-23>1/2.

By the definition of R and (5.2), this implies that Rz € R and so H is indeed [-close
to a graph G satisfying R, one of the regularity instances of R.

Suppose now that H is a-far from satisfying P. Since T is a canonical (n, 3)-tester,
we conclude

if a k-graph H' is B-far from satisfying P, then Pr(Q, H') <1/3. (5.4)

Assume for a contradiction that H is («— 3)-close to satisfying some regularity instance
Rp = (¢",b, dg x) € R. Thus there exists a k-graph F which satisfies Rr and which is
(a — B)-close to H. Since Rp € R, we obtain
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Then (R1)5.; and (R2)5.1 guarantee that we can apply Corollary 4.10 with Q, Rp,T',1/10
playing the roles of F, R,t,~ to conclude that

Pr(Q,F) > I1C(Q,df;) —1/10 > 1/2—1/10 > 1/3.

Together with (5.4) this implies that F' is S-close to satisfying P. Thus there exists a
k-graph F’ satisfying P which is S-close to F'. Since H is (a— 3)-close to F, we conclude
that F” is a-close to H, which contradicts the assumption that H is a-far from satisfying
P. This completes the proof that P is regular reducible. O

6. SATISFYING A REGULARITY INSTANCE IS TESTABLE

In this section we deduce from Lemma 6.1 that the property of satisfying a particular
regularity instance is testable. Suppose H is a k-graph and @ is a subset of the vertices
chosen uniformly at random. Lemma 6.2 shows that if H satisfies a regularity instance R,
then with high probability H[Q] is close to satisfying R. Lemma 6.3 gives the converse:
if H is far from satisfying R, then with high probability H[Q)] is also far from satisfying
R.

Lemmas 6.2 and 6.3 follow from Lemma 6.1. It implies that a family of partitions not
only transfers from a hypergraph to its random samples with high probability, but also
vice versa. Crucially, in both directions these transfer results allow only a small additive
increase in the regularity parameters (which can then be eliminated via Lemma 4.12).
We defer the proof of Lemma 6.1 to Sections 9 and 10.

Lemma 6.1. Suppose 0 < 1/n < 1/¢g < ¢ < d <eg<1andk € N\ {1}. Suppose

R = (2e0/3,a,da ) is a regularity instance. Suppose H is a k-graph on vertex set V

with [V]| =n. Let Q € (‘;) be chosen uniformly at random. Then with probability at

least 1 — e~ %1 the following hold.

(Ql)6.1 If there exists an (eg,a,da )-equitable partition Oy of H, then there exists an
(€0 + 0,a, da k) -equitable partition Oy of H[Q)].

(Q2)6.1 If there exists an (g0, a, da k) -equitable partition Oy of H|Q), then there exists an
(€0 + 0, a, da k) -equitable partition Oy of H.

Lemma 6.2. Suppose that 0 < 1/n < 1/q < ¢ < v < € and k € N\ {1}. Suppose
R = (e,a,day) is a regularity instance and H is an n-vertex k-graph on vertex set V.

that satisfies R. Suppose @ € (‘;) is chosen uniformly at random. Then H[Q)] is v-close
to satisfying R with probability at least 1 — e~ 1.

Proof. Choose 6 such that ¢ < 6 < v. Since H satisfies R, there exists an (e, a,da k)-
equitable partition ¢; of H. Thus Lemma 6.1 implies that with probability at least
1 — 7 there exists an (¢ + J, a, da )-equitable partition 0 of H|[Q].

Thus Lemma 4.12, with H[Q)], Q, ¢ playing the roles of HW®) V. n respectively, implies
that there exists a family of partitions 2 and a k-graph G on vertex set () such that 2
is an (e, a, da)-equitable partition of G and |GAH[Q]| < v({). Therefore, G satisfies
R and GQ)] is v-close to H[Q)].

Thus with probability at least 1 —e~“? the k-graph H[Q)] is v-close to satisfying R. O

Lemma 6.3. Suppose that 0 < 1/n < 1/¢ < ¢ < v < e, and k € N\ {1}. Suppose
R = (e,a,day) is a regularity instance. Suppose an n-vertex k-graph H on vertex set V

1s a-far from satisfying R, and Q) € (‘g) is chosen uniformly at random. Then H[Q)] is
v-far from satisfying R with probability at least 1 — e~ 1.

We say that R = (¢',a,day) is a relaved regularity instance if (2¢'/3,a,day) is a
regularity instance.
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Proof of Lemma 6.3. Choose ¢ and o such that ¢ € § < ¥ < o < ¢,a. Note that
2(e + Y0 +6)/3 < ¢, thus (2(c + /% + 6)/3,a,day) is a regularity instance. Let € be
the event that the following holds:

If H(Q) satisfies the relazed regularity instance R' = (e + 16 a,da ),
then H satisfies the relazed regularity instance R" := (e 4+ vV/6 + (6.1)
(5, a, daJc)'

By Lemma 6.1, we have P[€] > 1 — e~ “?. We claim that if £ occurs and H is a-far
from satisfying R, then H[Q)] is v-far from satisfying R. This clearly implies the lemma.

Suppose € holds and H|[Q)] is v-close to satisfying R. Then there exists a k-graph L
on vertex set @ which satisfies R and |[H[Q]AL| < v(f). This implies that there exists
an (e,a,ds i )-equitable partition &y of L. Thus Lemma 4.15 with &) playing the roles
of both & and 2 as well as L, H[Q] playing the roles of H*) G*) respectively implies
that H[Q] satisfies the relaxed regularity instance R’ = (¢ +v1/6 a, dqa ).

By our assumption (6.1), this means that H satisfies the relaxed regularity instance
R" = (e + 1Y%+ 6,a,da). Thus Lemma 4.12 with v'/6 + §, o* playing the roles of §, v
respectively implies that there exists a family of partitions 2 and a k-graph F' on vertex
set V' such that 2 is an (e, a, da x)-equitable partition of F and |[FAH| < o*(}) < o(}).
So F' satisfies the regularity instance R and F' is a-close to H. Thus H is a-close to
satisfying R, a contradiction to our assumption. Therefore, H[Q] is v-far from satisfying
R with probability at least P[] > 1 — e . O

Theorem 6.4. For all k € N\ {1} and all regularity instances R = (¢,a,day), the
property of satisfying R is testable.

Proof. Consider a € (0,1) and n € N. We choose ¢ = ¢g(a,e) € N and constants
v =v(a,e),¢c = c(a,e) > 0 such that 1/g < ¢ < v < ¢,a. Let H be a k-graph on
n vertices. Without loss of generality, we assume that n > gq. We choose a set () of ¢
vertices of H uniformly at random and accept H if and only if H[Q)] is v-close to satisfying
R. Then Lemmas 6.2 and 6.3 imply that with probability at least 1 — e~ > 2/3, this
algorithm distinguishes between the case that H satisfies R and that H is a-far from
satisfying R. This completes the proof. O

7. TESTABLE HYPERGRAPH PROPERTIES ARE ESTIMABLE

The notion of testability is similar to the notion of estimability. In fact, we prove that
for k-graphs these notions are equivalent. This generalizes a result in [19] where this
is proved for graph properties. The special case when P is the property of satisfying a
given regularity instance R will be an important ingredient (together with Theorem 6.4)
in the proof of Theorem 1.3 to show that every regular reducible property is testable.

Theorem 7.1. For every k € N\ {1}, a k-graph property P is testable if and only if it
s estimable.

To prove Theorem 7.1, it suffices to show that for k-graphs every testable property P
is estimable. As in Section 5 we can assume the existence of a family F of bounded size
and a canonical tester T for P which accepts its input H if and only if T samples some
k-graph in F.

We then consider the set F of regularity instances which correspond to a high density
of copies of the k-graphs in F. Our estimator Tg accepts H if a random sample H[Q)]
is sufficiently close to satisfying some R € F (see (7.6)).

Now suppose H is close to satisfying P. Then there is a k-graph F which satisfies
P and is close to H. Via the partition version of the regular approximation lemma
(Lemma 3.9) we can associate a high quality regularity partition & with F' (actually we
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consider some F” which is close to F') together with a suitable density function di % 1

Since F’ satisfies P, df 2k will give rise to a regularity instance Rr € F which is satisfied
by F. Via the regular approximation lemma and some additional arguments, it also
turns out that instead of H we can actually consider some G, to which we can associate
the same regularity partition & but with a density function daq@,k (which will also give
rise to a regularity instance Ry, ). By Lemma 6.1(i), & and dggz ., are inherited by
G.|Q] with high probability. We can also construct J on @ which is close to G.[Q]
and inherits & and df @k from F', and also satisfies Rp € F. But this means that the

estimator T will indeed accept H. See Figure 1 for an illustration.
If H is far from satisfying P, then we argue via Lemma 6.1(ii) rather than Lemma 6.1(i).

Proof of Theorem 7.1. Clearly, every estimable property is also testable. Thus it suffices
to show that given any n € N and o > 8 > 0 and any testable k-graph property P, we
can construct an (n, «, 8)-estimator.

Assume that P is a testable k-graph property. By Lemma 5.2, there exists a function
gr : (0,1) — N such that the following holds: For any n € N, there exist a canonical
(n,3/4)-tester T and an integer ¢’ = ¢'(n,8) < qx(8/4) such that, given any n-vertex
k-graph H, the tester T chooses a random subset @’ of ¢’ vertices of H and (determin-
istically) accepts or rejects H based on the isomorphism class of H[Q']. Let F be the
collection of ¢’-vertex k-graphs such that T accepts H if and only if H[Q'] induces one
of the k-graphs in F. Since T is a (n, 3/4)-tester, we conclude the following:

If H satisfies P, then Pr(F,H) > 2/3, and

if H is (B/4)-far from satisfying P, then Pr(F,H) < 1/3. (7.1)

Let 2 : N*~1 — (0,1] be a function such that z(a) < ||a||<* for every a € N¥~1. We
choose constants 7, v such that

0<n<vl/d,B,1/k. (7.2)

Let 1 : N*=1 — (0,1] be a function such that for any a € N*~1 we have u(a) <
lalls, n, v and

k _ K _
@) < pso(k, lallso, lallse, n,7.8),1/ts0(k, [alloo, llallss, 7,7, 8), es.14(l|alloc, k). (7-3)

In particular, we assume that
n(a) < g(b) for all a € N1 and b € [tz.9(k, ||al|co, Ha”ﬁi,n, v, &)kt (7.4)
Let T, ps, ¢, q,ng be numbers such that

T :=t38(n,v/2,p), pu:= ae?}i]ﬁfl (@), (7.5)

1/npg < 1/¢g < c < ps,v and ng > nss(n,v/2,u),n3o(k, T, T4k,77,1/,§).
Let R be the collection of all regularity instances R = (¢, a, da 1) satisfying the following.

(R1)7'1 €€ {:u*v 2,“*) ceey 1} and € < 5(3)1/2,
(R2)7.1 da(X) € {0,u2,2u2,...,1} for each x € A(k,k — 1,a).

Recall that IC(F,d, ) was defined in (4.3). Let
F:={R=(c,a,day)) € R: IO(F,day) >1/2 and a1 > n'}.

Note that |F| is bounded by a function only depending on £, k, and P.
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FIGURE 1. The proof strategy for Theorem 7.1 (Case 1).

Fix a@ > 8. As a next step we describe the algorithm Tg(n, «, 3) which receives an
n-vertex k-graph H as an input:

If n < ng, then Tg(n,a,B) considers the entire k-graph H and de-

termines how close H is to satisfying P. If n > ng, then Tg(n,a, )

chooses a subset QQ of q vertices of H uniformly at random. If H[Q] (7.6)
is (v — B/2)-close to some k-graph which satisfies a regularity instance

R e F, then Tg(n,«, ) accepts H, otherwise it rejects H.

Recall that ¢ and |F| are both bounded by a function of 3, k, and P. and so the query
complexity of Tg(n,a, ) is also bounded by a function depending only on «, 5 and k.

In the following we verify that Tg(n, «, ) distinguishes k-graphs which are (o — ()-
close to satisfying P and k-graphs which are a-far from satisfying P with probability at
least 2/3. If n < ng, then this is trivial to verify since we consider entire k-graph H.
Thus we assume that n > nyg.

Let us fix an n-vertex k-graph H. By (7.5), we can apply the regular approximation
lemma (Theorem 3.8) with H,n,v/2, u, T playing the roles of H,n,v,¢e,ty. Hence there
exists a k-graph G on V(H), a? € N¥~! and a family of partitions 2 = 2(k — 1,a%)
satisfying the following.

(GA) 2 s (n, u(a?),a?)-equitable and T-bounded,
(GB) G is perfectly p(a?)-regular with respect to 2, and
(GC) |GAH| < v(}).

Property (GB) implies that there exists a density function dfg ., such that for all
% € A(k,k—1,a?) the k-graph G is (u(a?), dg@,k(fc))—regular with respect to QD (k).
Thus

{Q(j) ;:11 is a (u(a"@), a?, dg@ i )-equitable partition of G. (7.7)

Case 1: H is (a — 3)-close to satisfying P.

Hence there exists a k-graph F' which satisfies P and which is (o — )-close to H. By
(7.1), we have the following:

Fis (a — B)-close to H and Pr(F,F) > 2/3. (7.8)
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We choose a suitable partition of the edges of F' and its complement by setting
{Ff’“,- FMY = {F K QU V(%) % € Alk.k — 1,a%)}\ {0},
(RO, ) = ({Ke @D @)\ F ik e Ak —1,a%)}
o{rven), () vetumn}) o

Note that by Proposition 3.11(viii), 2||14% | Let

T’ = ty0(k, [a? o, [la? ]2, 7, 1,3). (7.9)
Let
20— (K (QF V(%)) : x € A(k,k — 1,a?)}.

Clearly, {Fl(k), . ,FS(_’T_)S,} < 2) We apply the ‘partition version’ of the regular approx-
imation lemma (Lemma 3.9) with the following objects and parameters. Indeed this is
possible by (GA) and (7.3).

object /parameter ‘ {Q(j)}g?:l ‘ {Fl(k),... r® } ‘ k ‘ s+s ‘ n ‘ v ‘ z ‘ T ‘ a2 || o
‘ n|v ‘ € ‘ t o

’ " s+s’
playing the role of | {2U)}F_ H®) (k] s

|
We obtain a family of partitions 2 = 2(k — 1,a”’) and k-graphs {F} (k) S+f such that
(P1)71 2 is (n,2(a” ) ?)-equitable and T'-bounded,

(P2)71 2 < {20)}k

(P3)7.1 Fl is perfectly (a?’)-regular with respect to &2, and
(P Sy BV AR < (f).

Note that by (7.2)—(7.4)

Jl’

w@?) < 1/T".z(a”) and z(@”) < [|a”||t <1/af <1/af <n<v. (7.10)

Let F := (J5_, F/™. Then by (P4)7,

(3.5)
|IFAF'| < V<Z> FIF\Kn(2W)] < (v + k%) (Z) < 2”<Z>' (7.11)
By (P3)7.1 and Lemma 4.3

F' is perfectly sg(a”)-regular with respect to 2. (7.12)

Together with (7.8) and (7.11), Proposition 3.1 implies that
Pr(F,F') >2/3 —2¢%v > 2/3 — v'/2, (7.13)

Observe that so far we introduced a k-graph G that is very close to H and a k-graph
F’ that is very close to F', where G and F’ satisfy very strong regularity conditions. We
now modify G slightly to obtain G, so that & is an equitable partition of G,.

By (7.7), (7.10), (P1)7.1 and (P2)7.1, we can apply Proposition 4.14 with u(a?),z(a”?), v,
a7 |00, 2, {Q(j)}f;ll, G and de ., Playing the roles of ¢,¢',1v, T, 2, 2, H®) and da2
to obtain a density function dgg, i Ak, k—1,a7) — [0,1] and an n-vertex k-graph G
such that

(G41) Zis an (E(a”),a”, dgg k) equitable partition of Gy,
(GL2) |GAG,| < I/(Z)
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Let e, := &(a”). Since ||a?||« < T by (GA), it follows from (7.5) and (7.10) that
iy < p(a?) < e,. For each y € A(k,k —1,a%), let dﬁ‘gz L(¥) € {0, 2,242, ..., 1} such
that ’

dio (3) = d(F' | PE(9)) + .

Thus dfgz,k(y) satisfies (R2)7.1.

Let ¢* be a number satisfying (R1)7.; with a? playing the role of a and such that
6se, < €* < Tse,. Then by (7.12), & is an (¢*,a”, df:@ ,)-equitable partition of F’. So

F' satisfies the regularity instance Rp = (¢*,a”,d’,, ) and Rp € R. (7.14)

a? k
Also, (G,1) implies that G, satisfies the regularity instance Rg, = (e.,a7, dg@ L)
Note that (7.8), (7.11), (GC) and (G,2) together imply that G, and F’ are (a—f+4v)-
close. Thus Lemma 4.17 implies that
dist(dS ,,, dp ) < @ — B+ b, (7.15)

Recall that the algorithm Tg(n,«, ) chooses a random g¢-set @ of V(H). Define
events & and &7 as follows:
k
(&0) |GQIAH[Q] = |G AH| £ v (),
(£1) G.[Q] satisfies the regularity instance Ry, := (2e,,a”, S, i)

Lemma 3.3 implies P[€y] > 1 — ¢ *°%, and Lemma 6.1 implies P[€1] > 1 — ¢~?. Hence
2
P[f/’o A 51] >1—-2e" %> g (7.16)

It suffices to show that if & A & holds, then Tg(n,«a, ) always accepts H. Sup-
pose in the following that & A & holds. Then (&), (7.15) and Lemma 4.18 with
q, G [Q},dfg{k,df@’k playing the roles of n,H(k),df@k,dg@,k imply that there exists
a g-vertex k-graph J on vertex set () such that

(J1)71 Jis (o — B + 6v)-close to G«[Q], and

(J2)7.1 J satisfies the regularity instance Rp = (¢*,a”, d§97k).

To obtain (J2)7.1, we use that 6se, < €* < 7se,. Note that (&), (GC) and (G,2)
together imply

IGL[QIAHIQ]| < 4v (Z) . (7.17)

Together with (J1)71 and (7.2), this gives

J is (a — B/2)-close to H[Q)].
Moreover, note ¢* < ||[a?||7} < 1/a{ < v,1/¢',1/k by (7.2) and (7.10). Thus (7.14)
together with Corollary 4.10 implies that

(7.13)
IC(F,dls ) > Pr(F,F)—v > 2/3-2'2>1/2,

Since we also have Rp € R by (7.14) and a{’ > 1/n by (P1)7.1, it follows that Rp € F.
Thus there exists J which is (o — 3/2)-close to H[Q] and which satisfies Rr € F. Hence
(7.6) implies that Tg(n, «, 8) accepts H. Together with (7.16) this shows that whenever
H is (a — B)-close to satisfying P, then Tg(n, «, 3) accepts H with probability at least
2/3.

Case 2: H is a-far from satisfying P.
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Again, we may use Theorem 3.8 to show the existence of a family of partitions 2 =
9(k—1,a?) and a k-graph G on V satisfying (GA)—(GC). Then G satisfies the regular-
ity instance Rg := (u(a?),a?, dfg ,,) for some density function daGQk and (7.7) holds.
(By (7.3), R¢ is indeed a regularity }nstance.) Recall that Tg(n, a, 8) chooses a random

g-set Q of V(H). Define events &) and &] as follows.

k
(&) IGIQIAHIQ]| = L|GAH| £ v(]),
(£]) G[Q)] satisfies the regularity instance (2u(a?),a? de k:)

Thus, if £ occurs, then there exists a family of partitions 2’ = 2'(k — 1,a?) on Q
which is a (2;z(a”@),a"@,dgl*;2 ,)-equitable partition of G[Q]. Note that 2’ is |a2]| oo-

bounded. Lemma 3.3 implies P[E}] > 1 — e~¥"%, while Lemma 6.1 and (7.5) imply that
P&]] > 1 — e . Thus

PlEgAE] > 1 —2e7% > 2/3. (7.18)

So it suffices to show that if E) A &] holds, then Tg(n, «, 3) rejects H. Assume for a
contradiction that Tg(n, «, 8) accepts H. This implies that there exists a k-graph L on
@ so that

L is (o — 3/2)-close to H|Q] and L satisfies some regularity instance
R; €F.

Together with (R1)7.1, (7.2), and the definition of F, Corollary 4.10 implies that
Pr(F,L)>1/2—v. (7.20)

Our strategy is as follows. We aim to construct a k-graph M on V whose structure
is very similar to L. However, this is hard to achieve directly as L may not satisfy
sufficiently strong regularity assumptions. Thus we first approximate L by a suitable
k-graph L’. Similarly, we also approximate G (and thus H) by suitable k-graphs G’ and
G*. Based on this, we construct M which is (a — 3/2 + 10v)-close to H; that is, almost
as close as L and H[Q]. Based on (7.19) and (7.20), we verify that M is (8/4)-close to
satisfying P, yielding a contradiction to the assumption that H is a-far from satisfying
P.
Let

(7.19)

A~

(Liy o L) = {0 K@V R) k€ Atk k—1,a2))\ {0},
(Lot Doy} = ({ ke (O DGO\ Lk € Ak, k — 1,a‘2)}

o frve@), (§) e >UL>}) \ (0

Thus s + s’ < [[a2|| by Proposition 3.11(viii). Let Q’ — (0" V) ke
A(k,k —1,a2)}. Tt follows that {L1,..., Ly gy} < 2/®), Agaln, by (7.3) and (7.5) we
can apply the ‘partition version’ of the regular approximation lemma (Lemma 3.9) with
the following objects and parameters.

object/parameter | {2k | {Ly,... Loyo} | k| q|s+s [n|v]|e|T|]a?]s
playing the role of‘ {Q(j)};?:l ‘ HF) ‘ k ‘ n ‘ s ‘ n ‘ v ‘ ‘ t ‘ 0

m

We obtain a family of partitions 2’ = 2'(k —1,a”") and k-graphs {L}}*% such that

(P'1)71 2" is (n,8(a”"),a”")-equitable and T’-bounded, and a divides a;-} for each
ielk—1],

(P'2)7.1 &' < {2},

(P'3)71 L is perfectly #(a””)-regular with respect to &,
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(P71 305 | LiAL| < w(f).
Let L' := |J;_; L. Then the argument for (7.11) shows that

L’ is 2v-close to L. (7.21)
By (P’3)7.1 and Lemma 4.3 we have

L is perfectly se(a”’)-regular with respect to 2. (7.22)
Thus there exists a density function daL;,, . A(k,k—1,a”") — [0,1] such that 2’ is

an (sg(a?”), dg;}, ,)-partition of L’. Hence

L satisfies the regularity instance Ry, = (sg(a?”"), agz/,dg;), ) (7.23)

From Proposition 3.1, (7.20) and (7.21) we can conclude that
Pr(F,L') > Pr(F,L) —2¢"v > 1/2 - v"/? > 1/3 + 2. (7.24)
By (&1), (P'1)7.1, (P2)71, and the analogue of (7.10), we can apply Proposition 4.14
with 2u(a?), 2(a”?’), v, 2/, {Q’(j)}f;ll, G[Q], q and daGQ’k playing the roles of ¢, &/, v,
2, 2, H® n and da2 ), to obtain a k-graph G’ on Q and a density function dflﬁ,’
Ak, k —1,a”") = [0,1] such that
(G'1) 2 is an (£(a”"), df;ka)—partition of G,
(G'2) |'AGIQ]| < w(f).-
(G’3) dG(;-,,, (S’) — { di@,k(k) if 3x EAA(f%k - 1733) : ’Ck(Pl(k_l)@')) - ]Ck(Ql
aZk 0 it 5PV (9)) N g2y = 0.
For each x € fl(k, k—1,a?), let

k .

B) = {5 € Ak, k - 1,a”") : k(P (9)) < k(@ %))} (7.25)
Note that (GC), (&), (7.19), (7.21) and (G’2) imply that L’ is (o — 8/2 + 6v)-close to
G'. Since we also have (G'1) we can apply Lemma 4.17 to see that

dist(dJ5 1, 2o ) < o= B/2+Tv. (7.26)

Recall that by (P'1)7.1, a divides a”’ for alli € [k—1], and that 2 is an (1, u(a?), a?)-
equitable family of partitions on V' by (GA). So (recalling (7.3)) we can apply Lemma 4.13
with 2,a2,a?", u(ag)7 V playing the roles of &, a,b,e,V to obtain a family of parti-
tions &* on V satisfying the following.

(P*1)7, P* = P*(k—1,a”") is a (1/a?", u(a?)V/?,a?")-equitable family of partitions

onV.

(P*2)7.1 P* < 9.

Moreover, we choose an appropriate a”’ /—1abelling so that for all X € fl(k, k—1,a? ) and
y € A(k,k —1,a”"), we have
1 (9)) € Kp(O* (%)) if and only if § € B(K). (7.27)
By (7.7), (P*1)71 and (P*2)7.1, we can apply Proposition 4.14 with u(a?), #(a”’),
P*, 2, G and dgg ,, Playing the roles of ¢, g, P, 2, H and da2 j, to obtain an n-vertex

k-graph G* on V and density function df;,* = A(k,k —1,a?") — [0,1] such that
(G*1) 2* is an (g(a””),a””, df;,,,k)—equitable partition of G*,
(G*2) [GAGH| < v(}).

Kk(p*
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dSs (%) if ke A(k,k—1,a7): Ko (5

0 it k(P 3) N Ke(2m) = 0.
This together with (G’3), (7.25) and (7.27) implies that df;,, P = df;,, .- Using this
with (7.26), (G*1), and Lemma 4.18 (applied with G*, 2*,(a”"), v, dﬁlg,, ., Playing the

roles of H®) 2 ¢ v, dgk), we conclude that there exists an n-vertex k-graph M on
vertex set V' such that

(M1)71 M is (a — /2 + 8v)-close to G*, and
(M2)7.1 M satisfies the regularity instance Ry := (38(a””),a?”, dﬁlgl )

By (GC), (G*2) and (M1)7.1, we conclude that
M is (a — /2 + 10v)-close to H. (7.28)
On the other hand, by (7.23), (M2)7.1, and two applications of Corollary 4.10we have

(@) 4% ,(3) = { () € K@ (3),

’ 7.24
Pr(F, M) > IC(]:,deng,, L) —v>Pr(F L) —2v ( > ) 1/3.

Thus (7.1) implies that M is not (f/4)-far from satisfying P; that is, M is (5/4)-close
to satisfying P. Together with (7.28), this implies that H is (o« — /2 + 10v + 3/4)-close
to satisfying P. But a — 3/2 4+ 10v + /4 < « by (7.2), so H is a-close to satisfying
P, a contradiction. Thus as long as &) A & holds (which, by (7.18), happens with
probability at least 2/3), Tg(n,a, ) rejects H. This completes the proof that P is
(n, a, B)-estimable. O

8. REGULAR REDUCIBLE HYPERGRAPH PROPERTIES ARE TESTABLE

In this section we derive our main theorem from results stated and proved so far.

Proof of Theorem 1.3. By Lemma 5.1, (a) implies (c¢) and Theorem 7.1 implies that (a)
and (b) are equivalent. It remains to show (c) implies (a).

Suppose that a k-graph property P is regular reducible. Fix 0 < o < 1 and n > k.
We will now introduce an algorithm which distinguishes n-vertex k-graphs satisfying
P from n-vertex k-graphs which are a-far from satisfying P. Since P is a regular
reducible property, by Definition 3.15, there exists r := r315(a/4,P) and a collection
R = R(n,«a/4,P) of at most r regularity instances each of complexity at most r satisfying
the following for every n-vertex k-graph H. (Note that we may assume that r > 100.)

(R1)1.3 If H satisfies P, then H is «/4-close to satisfying R for some R € R,
(R2)13 If H is a-far from satisfying P, then H is 3a/4-far from satisfying R for all
ReR.

By Theorems 6.4 and 7.1, for any R € R, there exist a function g : (0,1) — N and an
algorithm Tr = T(n,«) which distinguishes n-vertex k-graphs which are «/4-close to
satisfying R from n-vertex k-graphs which are 3a/4-far from satisfying R with probability
at least 2/3, by making at most gi(«) queries.

Now we let T'; be an algorithm which independently applies the algorithm T exactly
6r + 1 times on an input n-vertex k-graph H and accepts or rejects depending on the
majority vote. Let T1,..., Tg.41 denote these independent repetitions. Let

X, 1 if T; accepts,
1 0 if T; rejects.

Let X .= Z?f{l X;. Suppose first that H is a/4-close to satisfying R. Then P[X;] > 2/3
by the definition of Tg, and so E[X| > 4r. Thus by Lemma 3.2 and the fact that » > 100,
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we obtain
P[T; accepts H =P[X >3r+1] >1— 26_% >1-— %
Similarly, if H is 3a/4-far from satisfying R, then E[X] < 2r + 1 and
P[T'; rejects H] =P[X <3r] >1— 26762%1 >1-— %

Observe that T, makes at most (6r + 1)gi(«) queries. We now describe our tester
T = T(n,«) which receives as an input an integer n > k, a real a > 0 and an n-vertex
k-graph H.

Run T’y on the input (n, H) for every R € R. If there exists R € R

such that T', accepts H, then T also accepts H, and if T, rejects H (8.1)
for all R € R, then T also rejects H.

Let us show that T is indeed an (n,a)-tester for P. First, assume that H satisfies
P. By (R1)13, there exists R € R such that H is a/4-close to R. So T, accepts H
with probability at least 1 — 1/(3r) and hence T accepts H with probability at least
1—1/(3r) > 2/3.

Now assume that H is a-far from satisfying P. By (R2); 3, the k-graph H is 3a/4-far
from satisfying R for every R € R. Thus for every R € R, the tester T'; accepts H with
probability at most 1/(3r). This in turn implies that T accepts H with probability at
most 1/3.

Therefore, T is an (n, «)-tester for P, which in particular implies that P is testable.

O

9. REGULAR APPROXIMATIONS OF PARTITIONS AND HYPERGRAPHS

The main aim of this section is to prove a strengthening of the partition version
(Lemma 3.9) of the regular approximation lemma. As described in Section 3.4, Lemma 3.9
outputs for a given equitable family of partitions 2 another family of partitions & that
refines 2. In Lemma 9.1 & has the additional feature that it almost refines a further
given (arbitrary) family of partitions &. Observe that we cannot hope to refine & itself,
as for example some sets in @) may be very small. We also prove two further tools:
Lemma 9.2 allows us to transfer the large scale structure of a hypergraph to another
one on a different vertex set and Lemma 9.3 concerns suitable perturbations of a given
partition. Lemmas 9.1-9.3 will all be used in the proof of Lemma 10.1.

Lemma 9.1. For all k,o € N\ {1}, s € N, all n,v > 0, and every function ¢ :

NF=L — (0,1], there are pu = pg1(k,0,5,m,v,6) > 0 and t = tg1(k,0,s,m,v,e) € N

and ng = ng1(k,0,s,n,v,e) €N such that the following hold. Suppose

(O1)g1 V is a set and |V| =n > ny,

(02)91 Ok —1,a%) = {6"(3')}?;11 is an o-bounded family of partitions on V,

(03)91 2 = 2(k,a?) is a (1/a, u, a?)-equitable o-bounded family of partitions on V,
and

(04)g, #F) = {ka), .. .,Hék)} s a partition of (Z) so that %) < ()

Then there exist a family of partitions P = P(k — 1,a”) and a partition 4*) =

{ng), e ng)} of (:) satisfying the following for each j € [k — 1] and i € [s].

(Pl)g1 2 is a t-bounded (n,e(a”’),a”)-equitable family of partitions, and a;@ divides
a?,

(P2)g.1 20 < 20) gnd 29 <, 0,

(G1)g.1 ng) is perfectly e(a”)-reqular with respect to 2,
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(G2)9.1 25:1 ‘ng)AHi(k)| < V(Z), and
(G3)g1 90 < 2®) and if HY € K(20) then G C K (20).

We believe that Lemma 9.1 is of independent interest and will have additional appli-
cations (for example, in addition to the proof of Theorem 1.3 we also apply it to derive
Corollary 11.3).

In Lemma 9.1 we may assume without loss of generality that 1/u,t,n¢ are non-
decreasing in k, 0, s and non-increasing in 7, v

To prove Lemma 9.1 we proceed by induction on k. In the induction step, we first
construct an ‘intermediate’ family of partitions {ZW} =l which satisfies (P1)g; and
(P2)g.1. The partitions .21, ..., Z* =1 are constructed via the inductive assump-
tion of Lemma 9.1 (see Claim 2). We then construct a partition .2*) via appropriate
applications of the slicing lemma (see Claim 3). Finally, we apply Lemma 3.9 with
L. ={Z (i)}le playing the role of 2 to obtain our desired family of partitions & and

construct ng) based on the k-graphs guaranteed by Lemma 3.9.

Proof of Lemma 9.1. First of all, by decreasing the value of 7 if necessary, we may assume
that n < 1/(10k!). We may also assume that v <.

We use induction on k. For each k € N\ {1}, let Lo (k) be the statement of the
lemma. Let Lg (1) be the following statement (Claim 1).

Claim 1 (Lg1(1)). For all 0,5 €N, alln,v > 0, there are t = tg1(1,0,s,v) := so[2v 2]
and ng = ng.1(1,0,s,v) € N such that the following hold. Suppose

(01)9 1 Vs a set and |V| =n > ny,

(02)8 20 s an equzpartztzon of V into a < o parts,

(03), M) = {Hl(l), cee ! } is a partition of V so that 1) < 21,

Then there exists a partition 2V of V satisfying the followmg

(P1)d4 P2 W) s an equipartition of V into ay’ <t parts, and ai? divides a’,
(P2)9.1 20 < 20 and 2V <, # W,

Proof. Write 21 = {Q; W e [a?]}. Let af = sa?[2v72], let m := mln{]Q( )\ i€

[a?]}, and let m/ := ||V|/a{’|. Thus \Q | € {m,m + 1} for each i € [a{?]. The sets in
2W) will have size m’ or m’ + 1. Note that

P P 4

;a1 V| aj / aj

m - — < =l =m<(m+1) —. 9.1
o2 Lllgz GTQJ ( ) o2 (9.1)

To obtain 21 we further (almost) refine s, For each i € [s], we define ¢; :=
HH ]/mJ We arbitrarily partition H(l) into Z(3,0),...,.Z(i,4;) such that |.Z(i,r)| =

m’ for all 7 € [¢;] and |.Z(i,0)| < m/. For each j € [a{], let Z£'(4,0) := UH}”QQQ) Z(i,0).

Let £} := [|-Z"(5,0)|/m']. We arbitrarily partition (4, 0) into ,,2””(],0),92”’(]',]1), s LG,
such that | Z'(j,7)| = m' for all r € [f}] and |£"(j,0)] < m'. Note that since
AV < 20) for all j € [af], we have

Q§1) _ U Hi(l) £"(5,0 U LG, r U 2i,r).
i Hfl)gQg.D re zl] Hi(l)gQ;l),rE[&]

Using (9.1) and the fact that |.2"(j,0)| < m/, it is easy to see that |.Z"(4,0)| < a{’/a? =
f;» + ZZ HZ(1)§Q§1) ;.

Hence, by distributing at most one vertex from .£”(j,0) into each of the sets in
{Z'(G,r) »r € G} u{ZL(,r) Hi(l) - Q;l),r € [4;]}, we can obtain a collection
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(LM (5,1),..., LW, a Ja?)} of sets of size m' or m’ + 1, which forms an equipartition
of Q§-1). Let

W = {LW(j,r): j € [af],r € [af [a]}.
Then (P1)§, holds. By construction, for each L) € 21 either there exists (i,7) €
[s] x [¢;] such that |[L() \ Z(i,r)| < 1 or there exists (j,7) € [af] x [¢;] such that
ILON\ Z'(,r)| < 1. In the former case, let f(L(V) := Hl-(l) and the latter case, let
f(LM) be an arbitrary set in (). Then

SO\ < 2O+ Y 12 <l + > £ (i,0)]
Lezp®) (o) ela]x[e)] jela2),HY <t
< af +safm <AV

The final inequality follows since n > ng. This and the construction of (1) shows that
P2V <o M) and 2V < 2. This shows that (P2)J ; holds and thus completes the
proof of Claim 1. U

So assume that & > 2 and Lg1(k—1) holds. Let us.9,t3.9,n3.9 be the functions defined
in Lemma 3.9. By decreasing the value of £(a) if necessary, we may assume that for all
a € N*~! we have

e(a) < 1/s,1/k,1/]|al|co- (9.2)

If k=2 let T := o T1[2072]. If k > 3, for each a € N*=2 let T = T(a,o0,v) =
max{||al|so, 0 T1[2072]}. If k > 3, then we also let 4/ : N¥=2 — (0, 1] be a function such
that for any a € N*~2_ we have

(@) <v,1/k 1/0,1/|[alls and u'(a) < (uso(k, T,25T% ,n,v/3,e%)%  (9.3)
For all k£ > 2, let

k _ .
bey = sot 11272 ) ) if k=2, (9.4)
max{tg1(k — 1,0,0* ,n,v/3, 1), 0" H1[2072]} if k>3,

which exists by the induction hypothesis. Choose an integer ¢ such that

l/t < 1/t3-9(k7 tk—1, 231{—17 , V/37 82)7 l/tkfla (95)
and choose p > 0 such that
1/75,/13.9(]{5,1—‘, 28T2k>nay/3a€2) if k= 2’
1< 1/t (a),e(@), poi(k —1,0,0% n,v/3,4)) if k> 3. (9.6)

for any a € [t]*2,a’ € [t]F!

Finally, choose an integer ng such that

1np < l/ng,g(k,tk,l,QStz:_I,n,y/?),gz), 1/ng1(k —1,0,0% R v),1/p. if k=2,
1/ngo(k, ty—1,2st;_y,m,v/3,€%),1/ng.1(k — 1,0,0* ,17,1//3,,u),1/,u if k> 3.
(9.7)

Suppose O(k — 1,a%), 2(k,a?) and #*) are given (families of) partitions satisfying
(01)9.1—(04)g.1 with u,t,ng as defined above. Write

oD = o), ok Dy and 20D = (Y, QY.
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ng_n Q(kfl)

(k=1)
M;

| — 1]

oﬁ’“‘”( >

Z(i,7,0)
ZL(i,j,7)

FIGURE 2. An illustration of the cascade of partitions in the proof of Lemma 9.1.

Let

- v - 1%
ol = (k " 1) \ Kpp_1 (6D, Qi’;ﬁf - <1<: i 1) \Kr_1(2W), and  (9.8)

2% .= (0% Qg.k_l) i€ [so+1],7 € [sg + 1]} \ {0}.

We also write (1) = {ng_l), . .,R(k_l)}. See Figure 2 for an illustration of the

sl/

relationship of the different partitions defined in the proof.
Since ¢ and 2 are both o-bounded, Proposition 3.11(viii) implies that

2
s" < (02k) <o". (9.9)
Now our aim is to construct a family of partitions .Z as follows.
Claim 2. There exist { £} and afng = (af,...,af |) € [tp_1]*"" satisfying the
following for all j € [k — 1], where a% := (af , ... ,ai{Q).
(L*1) { LYl forms an (77,u’(af)l/Q,a‘fng)—equitable tp—1-bounded family of parti-

. [® .« e
tions, and af divides a;z ,

(L*2) 20) < 20),
(L*3) £ <,,,5 O,

Note that if k& = 2, then the function x4’ is not defined, but in this case, p/(a” )1/2
plays no role in the definition of an equitable family of partitions (Definition 3.6) since
Definition 3.6(iii) is vacuously true.

Proof. First we prove the claim for k = 2. We apply Lg 1 (1) with 21, 20 §" v playing
the roles of 2, #(1) s, v. (This is possible by (9.7).) Then we obtain a partition .21
of V which satisfies (P1) ; and (P2)$ ;. Moreover, (9.4) implies that .2 is ¢;-bounded,
ie. afng € [tp_1]. Since 2 < ¢M) | this in turn implies (L*1)—(L*3).

Now we assume k > 3. First, we apply Lg1(k — 1) with the following objects and
parameters. (This is possible by (9.4) and (9.6)-(9.9).)
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object /parameter ‘ 1% ‘ {ﬁ(j)}f;f ‘ {@nkl ‘ k1) ‘ 0 ‘ s |'n ‘ v/3 ‘ W ‘ tr—1
playingtheroleof‘V‘ 7 ‘ 2 ‘ﬁf(k) ‘o‘s‘n‘ v ‘5‘ t

Then we obtain a family of partitions . = Z(k — 2,a%) and a partition .Z*~1 =

{M (k=1) ,...,M(,]f 1)} of (kv1) which satisfy the following for each i € [s"] and j € [k—2].

L/ .,Sf is ( i (a?),a?)-equitable and tj_;-bounded, and CL’@ divides a7

] )
( ) and 20 <, V3 o),

(L'1)
(L'2) £
) M;"" is perfectly p/(a®)-regular with respect to .2,
)
) A

(M1
(M2
(M3

zz uM(’“ VARV < (v/3)(,), and
5D < 9= and if RFTY € Ky (20), then MFY € Kp_y (20).

Thus {£LO}2 satisfies (L*1)~(L*3) for j € [k — 2] and it only remains to construct
LE=) | Let

t = max{||a?||s0, a_ 0" [2072]}. (9.10)

Thus £ is t-bounded and ¢ < min{t,_1,T(a%,0,v)} by (9.4). Write L*-2 =
{f)gk_Q),...,IA/gf_Z)}. Since .#*F—1) < 2k=1) by (M’3), for each j € [s"] there ex-
ists a unique g(j) € [sg + 1] such that M}k_l) - Qszj_)l)' For each i € [¢'], j € [¢"], we
define

Z(i,9) = Ko (L) noF0. (9.11)

For each i € [¢'], we define J(i) := {j € [¢"] : Z(i,7) # 0}. Note that Z(i,j) C Q;Izjf)l)
for all i € [¢].

Subclaim 1. For each i € [s'] and for each j € J(i), the (k — 1)-graph Q (k= 1)

(i (a?), d’g(j))—regular with respect to f)gk_2), where d’ ) € {1/aZ |, 1}.

Proof. First, note that since .Z < {20) one of the following holds.

Jl’

(LL1) There exists Q=2 e 2(*~2) guch that L C Q2.
r (k=2)
(LL2) Kpa(Li ) € () \ Kia(20).

If (LL1) holds, then by (I'1) and the fact that u < p/(a”?) < ||a”?||z* we can apply
Lemma 4.5 twice to conclude that

. (9.5),(9.6)
K1 (EF 2 > 6210 QD) 2 i3l Q2.

Note that, for each j € J(i), ngjf)l) is (1, 1/a_|)-regular with respect to Q*=2). To-
gether with Lemma 4.1(ii) this implies that QSZ)D is (u2/3,1/a ,)-regular with respect
to f)z(k_Z) for each j € J(7).

If (LL2) holds, j € J(i) implies that M;k_l) ¢ Kr_1(2W). Thus (9.8) means
that M(]c YN Q;;_:l) # (0, which implies g(j) = sg + 1. Also (LL2) implies that
Kr—1(L; (k 2) ) C QSQH' Thus Qg;;ll) is (0, 1)-regular with respect to fjgkq). This com-
pletes the proof of Subclaim 1. U
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Moreover, (M’1) implies that for each i € [¢'] and j € [s"], the (k — 1)-graph £ (i, j)
is p/(a?)-regular with respect to [:Ek_z), and thus it is (2u/(a?),d(ZL(i,5) | ﬁgk_Q)))—
regular with respect to ﬁz(k—2)' Let

af = a0 [2077), (9.12)
and afng = (af,...,a ). By (9.10), we conclude
Hafngnoo =t < min{tk_l,T(ag, o,v)}. (9.13)

Let ¢;j = |d(ZL(i,7) | ﬁl(-k_m)a;;{lj, so l;; = 0if j ¢ J(i). We now apply the slicing
lemma (Lemma 4.4) to £(4, ) for each i € [s'] and j € [s"]. We obtain edge-disjoint
(k — 1)-graphs £(i,,0),...,2(i,4,4; ;) such that

(£1) £0,5) = 2(i.4,0) VU2, 2 (i 4.7), A

(£2) Z(i,j,r) is (64 (a?),1/a |)-regular with respect to Lgk_% for each r € [¢; 4],

and
(Z3) £(i,7,0) is (64 (a ),d;]) -regular with respect to I:Ek_ ), where d; ; < 1/af .
Observe that (i, ,0) may not have density 1/ai ;. Since we would hke to achieve

this density for all classes, we now take the union of all these (k — 1)-graphs and split
this union into suitable pieces. For all i € [¢'] and p € [sg + 1], let

L= U Las0= (G0N Y )

i 9(i)= gir: g(d)=prelli ;]
Note that if p ¢ g( (i), then Z’(i,p) = (). So suppose that p € g(J(7)). Then

ZL'(i,p) is (W' (a¥)?/?3, E;p/afil)—regular with respect to ﬁg 2 for some (9.14)
4, €N '
Indeed Lemma 4.3 (applied with 3. oy,

implies that ;. o(j)=prefe. }X(z 4,r) is (i (a%)3/4, 2t gli)=p lij/af |)-regular with
respect to LE 2 In addition, by Subclaim 1, Kp_1(L; L2 ) N ka Vs (,u’(a'f),d;)—
regular with respect to LE 2 for some dy, € {1/aZ |, 1}. Note that (9.11) implies

U Z(i,j,r) € K (L) n QY.

g g(3)=p,relli,j]

lij < s ak < o* ak | playing the role of s)

So Lemma 4.1(iii) implies that (9.14) holds where ¢; , := af 1dp = 2 jig(j)=p lij- (Note
¢;, € N since d}, € {1/a2 |,1} and a? | | a ,.)
In addition, for all ¢ € [¢'] and p € g(J (7)), we have

S 5 - (hoy. . (99),9.12) )
L' (i,p)] < g 1(P)!'MT-|ICk,1(L§ NS VKL V(£ it )ka ).
k-1

(9.15)

Again, we apply the slicing lemma (Lemma 4.4), this time to Z'(i,p). By (9.14), we
obtain edge-disjoint (k — 1)-graphs £'(i,p,1),...,£'(i,p, Efi,p) such that

(£'1) Z'(i,p) = Uy £ (0,p,0), A
(L'2) L' (i,p,0) is (' (a%)/?, 1/ail)—regular with respect to Ll(-k_Q) for each ¢ € [é;?p].
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Thus for each i € [¢'], (9.11), (£1) and (£'1) imply that
U ({f(l,j, 7’) : J,r with g(.]) =p,TE [EZ,]]} U {"%/(iﬂ% 1)7 s ’Df/(i7p7€;7p)})
peg(J(i))

forms a partition of Kk_l(ﬁl(k_2)) into ai? | edge-disjoint (k— 1)-graphs, each of which is
(1 (a?)/?,1/af |)-regular with respect to f/gk_Q), where the latter follows from (.#2)
and (.£’2). We define
2® D= ) {ZLG,4r)rell;u U {ZGp0: e,
i€[s'],jeJ (i) i€[s'],p€g(J (1))

Then (L*1) follows from (L'1) and the construction of .Z*~1 (t,_;-boundedness follows
by (9.13)). Note that for all i € [s'], j € [s"], r € [li;], p € [sq + 1], £ € [(; ], we have

Z(i,j4,r) C ngj_)l) and &' (i,p, () C Qék_l), and so (L*2) holds.
Subclaim 2. Z¢-1) =<u/2 o1,

Proof. To prove the subclaim, we define a suitable function f_; : .Z*=D — gk-1),

For each j € [s"], let h(j) € [so + 1] be the index such that R(kfl) = (kjf)l) N Q,(kal)

for some p € [sg + 1]. For each i € [¢], j € J(4), r € [l; ], £ € [Z’ ol )] let
fee1(L(i,5.r) = O and fi1 (L5, g(3), 0) == O}

For fixed j € [s"], (9.11) and (£1) imply that

U ZG.jr)cmY. (9.16)
i€[s’],rell; ;]
Hence
S LEIN fa(LE) < STLL )\ fea (LG4 + Y 1L G, )
L(k*1)6f<k*1> 7.7 r )pv
. 16)
Zmﬂlwﬁw+2wzp
JEls”]
(9-15) (k=1)\ pk=1); | 2 7 (k=2) (k—1)
< SN REY 4y Zvckl QI
JE[s"] ,p

(M</2) v n e n <21 n
= s\k—1) """ \k-1) =5 \k-1)

The fact that af > =" and (3.5) together imply that |Kj_; (£ M) > 2(,",), so the
subclaim follows. O

This shows that (L*3) holds and completes the proof of Claim 2. O

Note that {3(1 }5= ! obtained in Claim 2 naturally defines .Z*~1. Write Z* 1 =
(k—1)

{L b ,ng }. We now construct .Z*) by refining ICk(LZ( )) for all i € [5.¢].
Claim 3. For eachi € [, there is a partition {L*) (i, 1), .. L(k) (i,a2)} of Ki(L; L= 1))
such that L®¥) (i, r) is (u/?,1/a)-reqular with respect to f/g for eachr € [a?]. More-
over, we can ensure that {L(i,r) : i € [3.],7 € [a]} < 2F).
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Proof. Since £ < 2 for each L(k Ve Pl D either Kx(L; L= 1)) C Kr(2W) or
GULE D) € (1) \ K2,

Suppose first that KCp(L; L= 1)) C ICk( ) As .,5,”(’“*1) < 21 there exists a
(unique) ng_l) e 2¢-1 such that L( ) ¢ Q . In addition, there are exactly
af many k-graphs Q) (j,1),...,Q k)(],ak) in 2) that partition le(Q(k 1)). For
each r € [af], let

L8 (i) = QW (. r) N Ku(LY).
Hence {L®)(i,1),...,L® (i,a)} forms a partition of Ky (Lj L= 1)). We can now apply
Lemma 4.5 twice and use (L*1) as well as (O3)g.1 to obtain that
R (L) > 62 1KR(Q V)]

Thus Lemma 4.1(ii), (0O3)g.; and (9.6) imply that L(k) (i,7) is (u'/?,1/a?)-regular with
7(k—1 2
respect to L; ]

Suppose next that we have Kk(ﬁ(k_l)) ( J\Kr(2 (1)), We apply the slicing lemma
(Lemma 4.4) with Kj (L, L= 1)) L(k 2 ,1, 1/ak playing the roles of H®) H* =1 g p; re-
spectively. We obtain a partition {L®)(i,1),..., L®)(i,a?)} of Ky (L( - )) such that
LW (i,r) is (u/?,1/a)-regular with respect to LE Y for each r € [a].

The moreover part of Claim 3 is immediate from the construction in both cases. U

Let

) for each r € la;7].

WO = (LW (i, r) si € [g],r € [af]}, a% = (af,...,af 1,a7) and % :={ZLV}

IO = (P 1 e 8], 1Y € 2®pu{HP\ K (2 W) si e [s]}) \ {0},

{Jfk), . .,Jgf)} = 7" and j/(i) := {5’ € [s)] : J;,k) C Hz-(k)} for each i € [s]. (9.17)

Then Z®) < 20) Let p, := p/? if k = 2 and p, == i/ (a®)/? > p'/? if k > 3. Then
by (L*1), Claim 3, and (9.13), we have
L, is a (1/af, px, a%*)-equitable t'-bounded family of partitions. (9.18)

Moreover, s; < 2st’?" by (9.13) and Proposition 3.11(viii). Also IHE < #*) and
{7/(1),...,5'(s)} forms a partition of [s;].
Our next aim is to apply Lemma 3.9 with the following objects and parameters.

object /parameter ‘f* ‘ I®) ‘ t ‘ t/ ‘ sy ‘ n ‘ v/3 ‘ g2 ‘ w
playingtheroleof‘ 2 ‘%”(k)‘t‘o‘ S ‘77‘ v ‘ € ‘ I

Indeed, we can apply Lemma 3.9: (9.7) ensures that (O1)s9 holds; by (9.3), (9.6),
(9.13) and (9.18), Z, satisfies (02)39. By construction, /(k 2% thus (03)39
also holds. We obtain # = 2(k — 1,a”) and 9'*) = {G] k) . G/S(f)} satisfying the
following.

(P'1) 2 is (n,e(a”)?,a”)-equitable and t-bounded, and a;z* divides CLJQ for all j €

k—1
(P'2) Eor ea]ch jelk-1], 20 < 20,
(P'3) G\ is perfectly e(a”’)?-regular with respect to & for all i € [s],
(P'4) Zze[w GBI ATP| < (v/3)(7), and
(P'5) @0 < 2®) and if I C K (2D), then G C Ky (2 D).

/
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Here we obtain (P'1) from (9.5). In addition, we also have the following.

Q(fv) is perfectly e(a”)?-regular with respect to 2 for all i’ € [sg +1]. (9.19)

)

Indeed, 21 < k-1 . 9k-1)  Thys for each P(k*I)A e P, either there
exists umque Q*-1 e 2k -1) guch that Ky(P*D) C Ku(QFD), or Kiy(P*-1) C
(%) \ Ki(2M).
In the former case, by two applications of Lemma 4.5 and (P’1), it is easy to see that
Ik (PED)] > 72" G (Q D).

Thus (03)g.; with Lemma 4.1(ii) and (9.6) implies that ngc) is £(a”)%regular with
respect to p=1),

Now suppose that Ky (P ) (Z) \ Kp(2 1)). If i/ € [sg|, then we have Qgﬁ) C
Kr(2W). Thus Q( N Kp(P*=D) =@, and Q( is (¢(a”)?,0)-regular with respect to
P Tf i = s + 1, then Q (Z) 20), thus QZ(./k) is (¢(a”)?,1)-regular with

respect to P~V Thus we have (9.19).

It is easy to see that (P’1) and (L*1) imply (P1l)g;. The statements (P’2), (3.1)
together with (L*2) and (L*3) imply (P2)g ;.

As . Z®) < 20) and (P'5) holds, we obtain ¥'*) < 2. For each i’ € [sq + 1], let

() ={j €ls;]: G C QW) and W(i') = {i e[s]: HP C QP}.

Note that {¢'(1), ... ¢ (so+1)} forms a partition of [ss]. Also by (04)g.1, {F'(1),... R (so+
1)} forms a partition of [s]. Moreover, both ¢'(i') and h/(i') are non-empty sets. For
each i’ € [sg + 1], we arbitrarily choose a representative h, € h/(i’).

Recall that j'(i) was defined in (9.17). For each 7’ € [sq + 1] and i € h'(¢') \ {h}, }, we

define
= U ¢ i gp=Q\ U @
J€5 ()N’ (1) Cen! (i")\ R,
Let
M= {G™ :ies)}.

By the construction, 4¥) forms a partition of (V) Moreover, we have the following:

Suppose that ' € [sq + 1], i € W (/) and j' € j'(i) N g¢'(i'). Then

k) - g® (9.20)
o=

Note that the construction of ¢, (P'3), Lemma 4.3, (9.2) and (9.13) together imply
that for each 7 € [sg + 1] and i € A/ (i) \ {h], }, ng) is perfectly e(a”)3/2-regular with
respect to Z. In particular, together with (9.19), Lemma 4.3 and Lemma 4.1(iii), this
implies that for each i’ € [sg + 1], Ggfl) is also perfectly e(a”)-regular with respect to
Z. Thus we obtain (G1)g 1. Z

By the deﬁnition of G(k) we conclude that for every i € [s], there exists i’ € [sg + 1]
such that G ) ¢ Q, ) Thus ) < 2k Moreover if H(k) C Kr(2W), then i € b/ (i')
for some i’ # sg + 1. Hence in this case G C Q( with ¢' # sg + 1, and so GZ(.k) -
K(2W). Thus (G3)g.1 holds.

We now verify (G2)g.1. Consider any edge e € G \H ") for some i € [s]. We claim
that

ee |J JP\G. (9.21)

J'€lsg]
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To prove (9.21) note that since _# (%) is a partition of (Z), there exists j’ € [s;] such that
e € Jj(,k ). So (9.21) holds if e ¢ G;.(,k). Thus assume for a contradiction that e € G;(,k).
Let i, € [s] be the index such that j' € j/(i.). Then J\) C H(.

Since {h/(1),...,h (sg+1)} forms a partition of [s], there exists i' € [sg+1] such that
ix € W/(i'). Thus e € J](,k) C Hl(f) C QE Hence Q) (k) A G 75 0. Since @' < (k)
this implies that G;(,k) C Qg,k ) and so 7 e g (@). Consequently, we have i, € W/(i') and
j € 7'(ix) Ng'(#). This together with (9.20) implies that e € G;-(,k) - Ggf). Since 4*) is
a partition of (‘;), this implies that ¢ = 7,. But then e € Hl(k) = HZ.(k), a contradiction.

This proves (9.21).
Then

921)
S e\ B DORPARAYES (9.22)

i€[s] J'€lsJ]

Since all of s#*) @k) /(k) and ¢'*) are partitions of (‘1;)7 we obtain

S AarM =23 16 B and Y (@GP AT =2 3 170\ ¢

i€[s] 1€|s] i€[s ] i€[ss]

Thus we conclude

P4)  /n
'NHP| =2 (k) Hk) 2y 'R ,
> e [=2> 167\ H S G < ()

i€s) i€ls] J'€ls ]

Thus (G2)g.;1 holds. O

Suppose we are given a (k — 1)-graph H on a vertex set V. In the next lemma we
apply Lemma 3.9 to show that, given a different vertex set V', there exists another
(k — 1)-graph F on V'’ whose large scale structure is very close to that of H.

Lemma 9.2. Suppose 0 < 1/m,1/n < e <v,1/0,1/k <1 and k,o € N\ {1}. Suppose
P =P (k—-1,a) and 2= 2(k —1,a) are both o-bounded (1/ay, e, a)-equitable families
of partitions of V and V' respectively with |V| = n and |V'| = m. Suppose that H*+~=1 C
Kr_1(2W). Then there exists a (k—1)-graph G*=1 C Kp_1(2WD) on V and a (k—1)-
graph F¢=D C Kp_1(2W) on V' such that

(F192 ’Hk IAGk 1’<I/(k 1)

(F2)g.0 d(Kp(GEDY | PE=D(2)) = d(K(FED) | Q¥-=D(2)) £ v for each z € Ak, k —
1,a).

To prove Lemma 9.2, we first apply Lemma 3.9 to obtain a family of partitions Z =
#(k—2,a”) and a k-graph G**~1 as in (F1)g5. We then ‘project’ Z onto V' (so that it
refines 2). This results in a partition .Z. We then apply the slicing lemma to construct
F®# =1 which respects . (and in particular has the appropriate densities).

Proof of Lemma 9.2. First suppose k = 2. Then HY C V. Let G := HM. Thus
(F1)g. holds. Recall that for each b € [ay], the vertex sets PV (b, b) and QY (b, b) denote
the b-th parts in 21 and 20| respectively. For each b € [a1], let F(M) (b, b) be a subset
of QM (b,b) with

FO )] = | ZHY 0 PO
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and let F( = Usela ]F( )(b,b). For each z = (a1, az) € A(2,1,a), we have

0 AW (s [FM (o, 01)||F D (a2, a9))|

A2 () | Q0 (@) =
([ HY N PO (ar,an)| £n/m)(|HY N PO (ag, a0)| £n/m)
B (n/ar £n/m)?
= d(Ka(GY) | P (2)) £ v.

Thus (F2)9,2 holds.
Now we show the lemma for k£ > 3. Let 1’ be a constant such that ¢ < ' < v,1/0,1/k.
Let ¢/ : N*=2 — (0, 1] be a function such that

£'(b) < v,1/0,1/k,1/||b||o for all b € N¥72, (9.23)
Let t :=t39(k —1,0,0% ,77 v,e'). Since ¢ < v,1/0,1/k,n’, we may assume that
0<e<usglk—1,o0, o, '), 1/t,min{'(b) : b € [t]*7?}, (9.24)
and we may assume that n,m > ng :=n3o9(k — 1,0, o4k,7]’, v,e’). Let

(HED, L HEDY = (D A g1 phel) ¢ gy gy,

{Hsf—ll)’ - Sisl)} <{p(k—1) \H(k:—l) . pl=1) ¢ gz(k—l)} U {(k‘Z 1) \Kk1<@(l))}> \ {0},

A0 = Y )

Hence k=1 is a partition of (k‘_/l) such that #7*F—Y < 2*=1) and s+ < 202" +1 <
0" by Proposition 3.11(viii). We first construct G*~1D. By (9.24), we may apply
Lemma 3.9 with the following objects and parameters.

object/parameter‘@‘%(k_l)‘o‘s—&—s"n"u‘e"k‘—l‘t
playingtheroleof‘a@‘ HF) ‘0‘ S ‘77‘1/‘5‘ k ‘t

We obtain Z = #(k—2,a”) and k1) = {ng 1 Ggis

(Rl)go Zis (1/,€'(a”),a”)-equitable and t-bounded and for each j € [k — 2], a; divides
o

} satisfying the following.

] )
(R2)g2 {2V} =% < {2V},
(R3)g.2 for each i € [s + 5], ng D g perfectly 5’(a‘%)-regu1ar with respect to %,
(Ra)or Y (G VA <u(,"), and
(R5)go 91 < =1 and if Hi(k_l) C Ki_1(2W), then Gl(-k_l) C K1 (22W).

Observe that af > n'~! by (R1)g. Thus
1/af < v,1/0,1/k. (9.25)

Let G := | J°_, G¥ Y. Then (F1)g5 holds and G*=1) C Kj_y (2W).

Next we show how to construct F*~1)_ To this end we define a family of partitions
% on V' which has the same number of parts as #Z. We apply Lemma 4.13 with
{Q(j)};:f, e,a” playing the roles of &, ¢, b to obtain .Z so that

L = Lk —2,a%) is an (f,e'/3,a”)-equitable family of partitions such that
2 <{22
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Let a’' := (ay,...,ar_3), where a := (a1,...,ax_1). By taking an appropriate a”-
labelling for .Z, we may also assume that for each x € A(k — 1,k — 2,a’),

ARK):={y € Ak — 1,k —2,a%) : R*2(y) c P+ (x)}

={y € Ak -1,k —2,a”) : L") (y) C Q"I (x)}. (9.26)
For each x € A(k —1,k—2,a') and y € A(x), Lemma 4.5 implies that
A kol p (9.24) k-1 P k-1
Kkt (E5 2@ = (1 =) [[@®) Cmb 1 727 80 40 [[0?) !
J 1 ]:1
> 311 (QF 2 (%)), (9.27)

We would like the relative densities of F(*~1) (with respect to the polyads of .Z) to reflect
the relative densities of G—1) (with respect to the polyads of #). For this, we first
determine the relative densities of G*~1 (see (9.32)). For each y € A(k — 1,k — 2,a%),
b € [ag—1], and the unique vector X with y € A(x), we define

Q¥ (,5) = QI (5, b) N Ky 1 (LH2(9)),
P (5.b) i= PED(%,b) N Koy (RED(3)). (9.28)

Since each QD (x,b) € 2~V is (¢,1/ay_, )-regular with respect to Q*~2)(x) for each
b € [ag—1], Lemma 4.1(ii) and (9.27) with the definition of A(%X) imply that

Q&k_l)(y, b) is (e2/3,1/ap_1)-regular with respect to L+—2)(y). (9.29)
Similarly,
Pfk_l)(y, b) is (€2/3,1/ap_1)-regular with respect to R*F=2)(3). (9.30)
For each y € A(k — 1,k — 2,a”) and b € [ag_1], let
G(¥,b) = G*D A pE (g ). (9.31)

Thus G(¥,b) C Ke_1(R*2(y)) by (9.28). Since 1) < 2(E=1) by (R5)g., we know
that G(y,b) is the union of some (k — 1)-graphs in {ng_l) N Kr_1 (R*=2(3)) : i € [s]}.
Thus (R3)go and Lemma 4.3 with the fact that £'(a”) < 1/s imply that G(y,b) is
¢'(a”)?/3-regular with respect to R*=2)(y). As G(y,b) C Pfkil)(y, b) and (9.30) holds,
there exists a number d(y,b) € [0,1/ax_1] such that

G(y,b) is (¢'(a”?)V/2, d(y,b))-regular with respect to R*=2)(y). (9.32)

Now we use the values d(¥, b) to construct F*~1). We apply the slicing lemma (Lemma 4.4)
with the following objects and parameters.

object/parameter ‘ Qik_l)(y,b) ‘ L(k=2) y ‘ 1/ak—1 ‘ max{d(y,b)ag_1,1 — d(y,b)ax—1} ‘ 1

>

playing the role of ‘ H® ‘ H*= d ‘ D1 ‘ s

By (9.29) we obtain a partition of Q(k 2 (y,b) into two (k — 1)-graphs such that for one
of these, say F(y,b), we have that
F(y,b) is (¢(a®)'/2 d(y,b))-reqular with respect to LE=2(y) and (9.33)
. k—1),n .
F(y,0) € Q¥ Y (3,0).

Let
F=1) .= U F(y,b).
yeA(k—1,k—2,a%),be[ay_1]
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Thus F&=1 C K, (20).

Now we have defined F**~1 and G*~1. It only remains to show that these two
(k — 1)-graphs satisfy (F2)g». Fix any vector z € A(k, k —1,a). Consider § and % such
that y € A(x) and x <j_1 42 2. By (3.12) we have

PrYE = ) PR U(w, z(k(l)l)). (9.34)

W<p—1.h_2?
By (9.26), y € A(x) implies that
Kie-1(R¥2(9)) € Kpa (PP (%)) and
Ki—1(R*2(9)) N Ky (PF2) (W) = 0 for w # %.
Also P (w, z(k(l)l)) - ICk,l(P(k”) (W)) whenever W <j_11_2 z. Together this im-
plies

Ak—1) (4 A(k—2) (o)) (9:34) k— A(k—2) (o1 (9:28) p(k— k
PED @)K (RE2)(9)) 7= PED (%200 )k (RO (9) =7 P (9,2000).
Thus
A (k—2) _ 1), (k=1)y 931) . (k=
GD 1 PN () 0 K (RED(3)) = 60D 0 PED (5, 0400) O GGy, 000).
(9.35)
Together with (R2)g o this implies that
— S(k—1) /A (k—
X<p_1,k—22 yEA(X
Similarly
_ Alk—1) /A ~ (k
F=D mQ(k 1)(Z) = U U (¥, 2 (1)1) .
X<p—1,k—22 JEA(X)
For each y € A(k — 1,k — 2,a%) let
(k—1)

. d(y,b) ify e A(x) for some X <;_j, 2z and b=1z ,
Aoz 5 1—1(Y) = { x

0 otherwise.
The properties (9.32) and (9.35) together imply that for each R(k-2) (y) € #*=2),
GE=1) 0 p=1)(3) is (6’(a°@)1/2,da@7i7k_1(y))—regular with respect to
RED ().
Analogously using (9.33), we obtain that for each L*=2(y) e £L*-2),
FED 0 Q-1 (3) is (¢/(a” )1/2,da@j’k_l(y))—regular with respect to
LE=2)(g).
In other words, Z is an (5’(a‘%)1/2,da@ik_l)—partition of GE=1 0 Pr=1)(z). From
(9.23) and (9.25), we know

e'(a”) < 1/a%||o < 1/af < v,1/0,1/k.

In particular, this means that G*~1 N P(kfl)(i) satisfies the regularity instance R :=
(¢'(a”)'/2, a”, da2 5 —1). Similarly, FE=1 0 Q-1)(z) also satisfies the regularity in-
stance R. Thus we can apply Lemma 4.9 twice with the following objects and parameters
once with G+~ P*=1)(z) playing the role of H and once more with F:—1nQ¢*—1)(z)
playing the role of H.
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object /parameter ‘ ' (a”?)1/? ‘ la” || 0o ‘ af v2o~4" ‘ a? | k—1 ‘ K,ikil)
playing the role of‘ € ‘ t ‘ ay ‘ vy ‘ a ‘ k ‘ F
Thus we obtain
|Ke(GHE1 0 PE1)(z))] k-1 4k
A = IC(K Y (dy 5 y) £ 170" and (9.36)
K F(kfl) N 3(k—1) (5 B
L QT @) _ IO ™, doe 1) £ 207" (9-37)

(%)
On the other hand, we can apply Lemma 4.5 to show that for every z € A(k:, k—1,a)

k=1
Kh(PED@)] = (1£02) [[a; k> 0 <Z> -

K (Q*D(2))] = (1+1?) H a;(?)mk > ot <TZ>
j=1

> <
T

This together with (9.36) and (9.37) implies that
d(Kp(G*Y) | PED(2)) = d(IC (FEY) 1 Q%1 (2) + v
(]

Suppose we are given two families of partitions &, & such that & almost refines &
and such that & is an equitable partition of some k-graph H. Roughly speaking, the
next lemma shows that there is a family of partitions ¢’ such that & < ¢’ and such
that ¢ is still an equitable partition of H (with a somewhat larger regularity constant).

Lemma 9.3. Suppose 0 < 1/m,1/n < e K v K ¢eg <1 and k € N\ {1}. Suppose

V' is a vertex set of size n. Suppose R = (50/2,aﬁ,daﬁ7k) is a reqularity instance and

O = 0(k—1,a%) is an (9,27, dao 1)-equitable partition of a k-graph H® on V. Suppose

there exists an (n,e,a”)-equitable family of partitions P = P(k —1,a”) on V such

that P <, 0. Then there exists a family of partitions 0" on V' such that

(0/1)9.3 A ﬁ/,

(02)93 0" is a (1/a, o + v/, a% v/ equitable family of partitions and an (¢ +
/20, dae i)-partition of H®),

(0'3)o.3 for each j € [k—1] and (%,b) € A(j, j—1,a%)x[a?], we have |0'V) (%,b) AOW (%, b)| <
vi/2 (7;)

We construct ¢’ by induction on j € [k — 1]. When constructing &’ =1 4 natural

approach is a follows. For a given class O (x,b) of 6U) we can let O'U)(%,b) consist

e.g. of all classes of 22\ which lie (mostly) in OU)(%,b). This is formalized by the

function f; in (9.38). However, this construction may not fit with the existing polyads

of PUD (ie. it may violate Definition 3.4(ii)). This issue requires some adjustments,

whose overall effect can be shown to be negligible.

2

Proof of Lemma 9.3. For any function f : A(j,j—1,a”) x [ai"] — A(j,j—1,a%) x [afL
let

d(f) = > |PY)(x,b) \ OY)(f(%,b))].

(%,b)€A(j,j—1,a%)x[a?]
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Note that & <, ¢ implies that for each j € [k — 1], there exists a function f; :
A(j,7—1,a7) x [af}] — A(j,j —1,a%) x [af] such that

d(f;) <v <"> . (9.38)

J
Moreover, note that since R is a regularity instance (see Definition 3.14), we have
co < |22 ess(a%|| 2, la?||zt, k — 1,k). Thus Lemma 4.5 and the definition of

an equitable family of partitlons (see Definition 3.6) imply that for any j € [k — 1]\ {1}

and (X,b) € A(j,j —1,a%) x [af],we have

N 1 ) 1/2 4
109 (%,b)| > 2Ha”\|%§n > e/ *nd. (9.39)

For each i € [a{], let

0'W(i i) = U PW(s,;s) andlet 0" :={0"M(ii): i€ [af]}.
s€[a{”],f1(s)=i
Note that (9.38) implies that |0'M(i,4)| = (1 + afv)n/af = (1 £ v/?)n/af. For all
distinet i,7’ € [a{], let O'D(i,i") := 0. Hence 0’V satisfies properties (0'1);—(0'4),
below. (Here, (0’2); and (O’4); are vacuous.) Assume for some j € [k —1]\ {1} we have
defined 0’1 ... ¢"U=1) satisfying the following for each i € [j — 1]:
(0'1); 0’ forms a partition of K;(0'W) and 20 < ¢,
(0'2); if i > 1, then ¢'0) = {0’ (%,b) : (%,b) € A(i,i — 1,a%) x [af]},
(0'3);
> 0" (%,b) \ OV (%,b)| < iwn',
(%,b)€A(i,i—1,29) x[a€]
(0'4); ifi > 1, then for each X € A(i,i—1,a7), the collection {O'® (x,1),...,0'™(x,a?)}
forms a partition of Ki(é’(z_l)(ﬁ)), where

A (i—=1) , . i
0" )= |J 06Ny x((l))).

y<i—1,i—2X

We will now construct ¢’ satisfying (0'1);-(0'4);. So assume that k£ > 3. Note that
(0'3);-(0'3);_1 with (9.39) shows that for any i € [j—1] and (%,b) € A(i,i—1,a%)x[a?],
the i-graph O'()(x,b) is nonempty. Together with (O'1);-(0'1);-1, (0'2); (0’2)] b
(0'3)1(0'3);_1, (0'4)1-(0'4);_1, (9.39), and Lemma 3.13 this implies that {&"()}7_}
forms a family of partitions. Let &” U=V be the collection of all the OV~ )(X) with
% € A(j,j —1,a%). Note that Proposition 3.11(iv) and (vi) implies that

{KJ(O'(j_I)(i)) X € A( j,j—1,a )} forms a partition of Kj(ﬁ”(l)). (9.40)
By Proposition 3.11(xi)
(G (PUDR) % € A, j— 1,a”)} < {0 D)%) i x € A j — 1,a%)}. (9.41)
Let X
A:={y e A(j,j—1,a”): K;(PUV(3)) C K;j(0'D)}.
Then (9.41) implies that
U K;(PUD(3)) = K;(0'). (9.42)
yeEA
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By (9.40) and (9.41), for each y € A, there exists g(y) € fl(j,j — 1,a%) such that
Ki(PID(3) € K507 (9(3).

Claim 1.

3P () \ K (0D (g(3)))] < (G — Lywnd.

yeA

Proof. Observe that by (9.41) for each x € A(j,j — 1,a7), we have

U K ) = K077V %)),

¥:9(@¥)=%
This implies that
DIPUTIENNK, O Vgl = D 1K (O (30)\ k(09D (5))].
yeA R€A(j,j—1,a9)

Any j-set counted on the right hand side lies in K;(6'M) and contains a (j — 1)-set
J € 06D (z,b)\ 0U=(2,b) for some 2 <;_1 ;_» % and b = xi@”. Note that (0'3);_
implies that there are at most (j—1)vn/~! such sets J. For such a fixed (j—1)-set J, there
are at most n j-sets in K;(0’'(1)) containing .J. Thus at most (j—1)vn/~'-n = (j—1)vn’
j-sets are counted in the above expression. This proves the claim. ([l

Ideally, for every x € A(j,j —1,a%) and b € [a;-{j], we would like to define 0’9 (x, b)
as the union of all PU)(y,V') for which f;(y,b) = (%,b) holds. However, we may have
iy, b) # (9(3),b) for all b € [af ]. This leads to difficulties when attempting to prove
(O’4);. We resolve this problem by defining a function f], which is a slight modification
of fj. To this end, let

={(5.V) € Ax[a]]: f;(5.V) # (9(3),b) for all b € [af]}.

Thus if (y,b) € W, then O (f;(3,8)) N K;(0OU=V(g(3))) = 0. This and the fact that
@ (y,¥) C K (P(] D(y)) imply that for (y,¥) € W
PY(y,6) N OV (f5(3,1) € K;(PUD(3)) \ ;09D (g(9))). (9.43)
We define a function f; : A x [a; 71 = A(j,7 —1,a%) x [a?] by

Fi§.1) = (9(y),b) for an arbitrary b € [ajﬁ] if (y,b') e W,
30 fi(y,b) otherwise.

For each x € A(j,j —1,a” ) and b € [a; 2], let

0" (x,b) := U P (3,1"). (9.44)
(3.0)eAX[a]:
F35)=(%.b)

Let ¢'7) be as described in (0'2);. By (9.40), (9.41), and the fact that fj is defined
for all A x [a”], we obtain (O'1);.
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We now verify (O’3);. For this, we estimate d(f}), namely
af = > PG\ 0V .))

($.V)€A(Gi—1,a7)x[aF]

< > |PD(3,6))\ O (f;(3,b))|
(y,b’)GA(j,j—l,agj)X[a;@]
+ Y PO, ) N0V (f(3.1)))|
(y.b)ew
(0.43) 50-1) (¢ SG-1)( (<
< d(fjHZ (i (PYH(3) \ K5 (OY ™V (g(3)))]
yEA
Claim 1 . (9.38) .
< dfy) + G- Dend < gund (9.45)
This in turn implies that
> 10'D (%,b)\ OY) (%, b))
(%,b)€A(j,j—1,a9)x[a?]
49 3 S PO, )\ 09 (x,b)

(Rb)EA(j.j—1,a0)x[af] () EAX[a?]:
F(3.6)=(x.b)
X . (9.45) .
= S PG\ OD(Fi(g V) < d(ff) < jvnd.
(¥.b)EAX[a]
Thus (O’3); holds.

Suppose X € A(j,j —1,a7) and b € [ajﬁ]. Note that PU)(y,b') C lcj(ﬁ(f*)(y)) C

Kj(é’(j_l)(g(y))) for eachy € Aand ¥V € [afﬂ}. Together with (9.44) and the defini-

tion of f}, we obtain that 0'0)(x,b) C Kj(é’(j_l)(fc)). By this and (9.40)—(9.42), the
collection {O')(%,1),...,0"V)(%x,a?)} forms a partition of ICj(OA’(Jil)(fc)). Thus (0’4),
holds.

By repeating this procedure, we obtain ¢’ ... ¢'¢=1 Let ¢ = {ﬁ’(j)}?’:ll. As
observed before (9.40), ¢" is a family of partitions. Properties (0'1);—(0'1);_; and
imply (O'1)g 3.

Note that (O’3); implies that for each j € [k—1] we have |IC]-(6’(1))AICJ-(6”(1))| < 2unl.
Thus for each j € [k — 1] and (%x,b) € A(j,j —1,a%) x [af], this implies that

0D (x,0)009(%,0)] < K@D a0+ Y |09(x,0)\ 09)(%,0)]
x€A(j,j—1,a),b€[af]
(0'3); .
< ’ (J+2vn < p1/? (n)
J

Thus we have (0’3)g 3. Finally, since R is a regularity instance, (0’3)g 3 enables us to
apply Lemma 4.15 with the following objects and parameters.

object/parameter | & | 6" | V2|0 | o | daoy | H® | HP
playing the role of‘ P ‘ 2 ‘ v ‘ A ‘ € ‘ da i ‘ H® ‘ G®)

This implies (0'2)g 3. O
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~

P < Oy
617 Ql Step 1 Step 3@1 < ﬁ{
1%} St
yl < Ql ﬂStep4
J

9y = ,@2-<ggz>yg<ﬁé = Oy

V2 Step 2 Step 5 Step 6

FiGUrE 3. The proof strategy for Lemma 10.1.

10. SAMPLING A REGULAR PARTITION

In this section we prove Lemma 6.1. In Section 10.1 we provide the main tool
(Lemma 10.1) for this result and in Section 10.2 we deduce Lemma 6.1.

10.1. Building a family of partitions from three others. In this subsection we
prove our key tool (Lemma 10.1) for the proof of Lemma 6.1. Roughly speaking
Lemma 10.1 states the following. Suppose there are two k-graphs Hi, Ho with ver-
tex set V1, Vs, respectively, and there are two e-equitable families of partitions of these
k-graphs which have the same parameters. Suppose further that there is another gg-
equitable family of partitions & for H;. Then there is an equitable family of partitions
Oy of Hy which has the (roughly) same parameters as ¢ provided ¢ < gy. Even more
loosely, the result says that if two hypergraphs share a single ‘high-quality’ regularity
partition, then they share any ‘low-quality’ regularity partition.

Lemma 10.1. Suppose 0 < 1/n,1/m < ¢ < 1/T,1/a < § < g9 < 1 and k €
N\ {1}. Suppose a® € [T]*~1. Suppose that R = (50/2,aﬁ,daﬁ,k) is a regularity

instance. Suppose Vi,Vo are sets of size n,m, and H{k),Hék) are k-graphs on Vi, Vs,

respectively. Suppose

Pl)ig1 21 = 21(k—1,a%) is an (¢,a2,d 2 ;. )-equitable partition of H(k),
a< .k 1

(P2)101 22 = 2o(k —1,a?2) is an (¢,a?, da2 j;)-equitable partition of Hék), and
(P3)101 Oy = O1(k —1,a%) is an (EQ,a(})?da@’k)—equz’mble partition of ka).
Then there exists an (g9 + 6,a7, dao 1)-equitable partition Oy of Hz(k).

A crucial point here is that the construction of &5 incurs only an additive increase
(by 0) of the regularity parameter of ;.

For an illustration of the proof strategy of Lemma 10.1 see Figure 3. Our strategy is
first to apply Lemma 9.1 to 21, 0 to obtain a family of partitions &7 that refines 2,
and almost refines 0 (see Step 1). Moreover, we refine 25 and obtain &5 in such a way
that &2, has the same number of partition classes as &1 (see Step 2). We then apply
Lemma 9.3 to construct a family &} of partitions that is very similar to &) and satisfies
Py < O (see Step 3). Then we analyse how 2 refines 0] (see Step 4). We then use
Lemma 9.2 to mimic this structure in order to build &% from &5 (see Step 5). Finally
in Step 6 we apply Lemma 4.16 to show that &) can be slightly modified to obtain the
desired 0.

Proof of Lemma 10.1. We start with several definitions. Choose a new constant v such
that 1/T,1/a¥ < v < 6. Let € : N¥=1 — (0,1] be a function such that for any
a=(a,...,ar_1) € N*71 we have 0 < Z(a) < v, ||al|<*. Now given &, we define

ti=tg1(k,T, T4k, 1/ai@, V,E).
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Observe that 0 < ¢ < 1/k,1/T,1/a?,v,1/t'. Thus we may assume that for any
ac [t']*1 we have
0<e<&@), ok, T, T 1/a2,v,5).
Step 1. Constructing &1 as a refinement of 2.
Let
k A(k=1)\ . A(k—1 5(k—1
D= Q) QY e 9V and

9\
2 (290 { () e }) v,

Since 2 is T-bounded, ]a@gk)] < T?" by Proposition 3.11(viii). Thus \Q’l(k)\ <1
Moreover, the fact that R is a regularity instance (and the definition of £314) implies
that a € [T]¥~!. We can apply Lemma 9.1 with the following objects and parameters.

object /parameter ‘ %] ‘ Oy ‘ Qi(k) ‘ {Q%i)}le ‘ T ‘ T4 ‘ 1/a? ‘ v ‘ z
playingtheroleof‘V‘ﬁ‘jf(k)‘ 2 ‘0‘ s ‘ n ‘5—:

Observe that 07, {Qgi)}le and Q’l(k) playing the roles of @, 2 and #¥), respectively,
satlsfy (01)9.1—(04)g1 in Lemma 9.1. We obtain a family of partitions &, = (k —
1,a”) such that the following hold.

(P11) 2 is (1/a?,E(a”),a”)-equitable and t-bounded, and afg divides a]y for each
jek-1]. 4 ‘
(P12) @f]) = Q?) and 99) =<y ﬁfj) for each j € [k — 1].

Let

e :=%@”), and o =af =af :=1.

Hence ¢/ < v, ||a”||Z* by the definition of €.

By (P12), foreach j € [k—1],y € A(j,7—1,a?), and Ve [ Z], either there exists X €
A(j,j—1,a2)and b € (a3 2] such that P( )(y,b’) C Q (x b) or P( )(y,b’)ﬂQl (%,0) =0
forallx € A(j,j—1,a ) and b € [a; Z]. This allows us to describe &) in terms of 2 in
the following way. For each j € [k —1], x € A(j,j —1,a?), and b € a3 2], we define

Aj(3,0) = {(F.V) € Aj,j — 1,a7) x [o7] : PPV (3,0) € QY (%,b)} and

Aj U Aj(%,b). (10.1)
%€A(jj—1,a ),be[a;@}
For each x € fl(k, k—1,a2), let

A®) = {3y € Ak, k —1,a”) : PFV(3) c QFF D (%)}, and

Ay = U Ap(%).
%€A(k,k—1,a2)
The density function d,2 ; for 2y naturally gives rise to a density function for ;.
Indeed, for each y € A(k,k —1,a”), we define
. dy2 1,(X) 1fy€Ak( ) for some % € A(k,k —1,a?) and
dy 1 (¥) := ’
0 ify ¢ Ay.
Recall that 2, is a (1/a?,¢',a”)- equltable family of partltlons 2 isa (1/af,e,a?)-
equitable family of partitions, and ¢ < &’ < v, [|a”||Z¥. Thus Lemma 4.5 implies that
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for each j € [k — 1],y € A(j+1,j,a”), and x € A(j + 1, 7,a?), we have
) J ) ‘ . J
K (PP (5))) = 1 £0) [[@”)" ) and 1K,41(QY (%)) = (1 £ ) [J(a?) T ni*L,
=1 =1
(10.2)

By (P11), foreach j € [k — 2],y € A(j +1,5,a”) and b € [a ]H] we have

J+1

PO (5,0)] = (107, £ 2a@”) K1 (PP 3)] = (1 £ 20) [[ (@)~ () nd . (10.3)
=1

It will be convenient to restrict our attention to the k-graph ng) which consists of

the crossing k-sets of H(k) with respect to Q(l) (rather than ka) itself).

Claim 1. Let G .= H{" nU, 4 Ku(P{"V(3)). Then

(G11) £ is an (5’,a],da97k)—eqmtable partition of ng).

(G12) |GV AR < v ().

Proof. Consider % € A(k,k —1,a%) and ¥ € Ay(X). Note that (10.2) implies that
KAV (s )2 &'@Y ”( >>| Also by (P1)10.1, H{" is (¢, dyo 4, (%))-regular with
respect to Q1 ( ). Thus by Lemma 4.1(ii) Hl(k) is (¢', dpe 1 (%))-regular with respect

to Pl(k‘”(y). Together with the definition of d,2 ;(¥) this in turn shows that for all

y € A(k,k—1,a”) we have that ng) is (¢, dy 1(¥))-regular with respect to Pl(’“*”(y).
Thus (G11) holds.
Note that (P12) and the definition of Ay imply that

.
6 an ¢ (1) \xuah)

Since 2; is (1/af,e,a?)-equitable and 1/a? < v,1/k, we obtain

(a2 5 6) = (2

This proves (G12). O

Step 2. Refining 25 into P which mirrors &y .

We have now set up the required definitions for the objects on V; and will now
proceed with the objects on Va. By using Lemma 4.13 with 2o, a?’, ¢/ playing the roles
of Z,b,t, respectively, we can obtain a (1/af el/3 a? )-equitable family of partitions
Py = Py(k —1,a”) such that Py < 2. By considering an appropriate a”-labelling,
we may assume that for each j € [k — 1], (,V) € A(j,j — 1,a”) x [a7] and (X,b) €

J
A(g, 75 — 1,3’02) X [a;@], we have

PO (3,¥) € QY (%,b) if and only if (§,1) € A;(x,b).
Again Lemma 4.5 and the fact that ¢’ < v, [|a”||Z* imply that for each j € [k — 1],
yeA(j+1,5,a”) and x € A(j + 1, 4,a?), we have
) J J
51 (PY @) = (1 £ ) [[(@”) U mi*t and [;:1(QF (30)] = (1 +») [[(a
i=1

=1

]+1)mj+1

(10.4)
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Let
k k A (k—1)
G =m0 | k(@)
YEAL
Similarly as in Claim 1, we conclude the following.
(G21) Py is an (¢/,a”, d,# )-equitable partition of ng).
(G22) |63 AHP| < v ().
Step 3. Modifying O, into O} with & < 0.

Recall that &7, <, 01 by (P12). We next replace &) by a very similar family of
partitions & such that &2, < ¢]. To this end we apply Lemma 9.3 with &1, %, playing
the roles of &, 2, respectively, and obtain &} = ¢ (k — 1,a?) such that
(Olll) P < ﬁi
(0'12) O is a (1/af, e + v'/?0,a% v1/?0)-equitable family of partitions which is an

(e0 + v/, dyo 4 )-partition of ah.
(0'13) for each j € [k—1] and (X,b) € A(j,j—1,a%)x [ajﬁ], we have |0'0) (%, ) AOVY) (%, b)| <
y1/2 (’;)

Note that since (g9/2,a%, dae ) is a regularity instance and v < g¢, we have

_4k _ _
eo+ v <%l - eas(la?lI a” I k — Lk).

Thus Lemma 4.5 implies for any j € [k — 1] and w € 121(] +1,4,a%), we have
K1 (O (W) > 20T, (10.5)
Also, (0'12) implies that for all j € [k — 2], w € A(j +1,7,a%) and b € [aﬁrl], we have
O, b)] = (1/afyy = 220) K1 (01 (W))] 2 <"1, (10.6)

Moreover, by (0’12), (0'13) and (G12), we can apply Lemma 4.15 with &7}, 07, Hl(k)
and ng) playing the roles of 2, 2, H*) and G®) to obtain that

0} is an (g9 + 202, dyo )-partition of ng). (10.7)
Step 4. Describing O} in terms of its refinement .

We now describe how the partition classes and polyads of ¢} can be expressed in
terms of Z7;. This description will be used to construct % from Z?3 in Step 5.

For each j € [k — 2], our next aim is to define Bj,1(W,b) for w € A(j + 1,7,a%) and
be [aﬁl] in a similar way as we defined A;;(x,b) for x € A(j+1,5,a?) and b € [%‘%1]
in (10.1). To this end, for each b € [a{], let

Bi(b,0) := {(t/.V) € A(1,0,a”) x [a’] : PV (¥, /) C O\ (b, b))}
For each j € [k — 1], let

N

Bjp1 = {ﬁ c A+ 1,5,a%): [u N ¥ (0, 8) € Bi(b,b)}] <1 for each b€ [a?]}.
Note that this easily implies that

€ B,y if and only if K;41(PY (1)) €Ki (V). (10.8)
Consider any j € [k — 1] and w € A(j + 1,7,a%). Let

Bi(w) = {a e A(j+1,4,a7) : K1 (PP () € a0 )} (109)
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Together with (O’11) and Proposition 3.11(xi) this implies that

Ye= U Gae?

aEBj11(W)

Kj11(0; (1)). (10.10)

Moreover, if j € [k — 2] and b € [a J+1} let
Bjaa(w,6) = { (0, 1/) € A(j +1,5,a”) x [a],] - PV V(@,¥) € 0V (w,0) }.
(10.11)
Thus (0’11), (10.2) and (10.5) imply that for all j € [k — 1] and w € A(j + 1,4,a%)

O |
‘B'_’_ (VAV)‘ > ‘,Cj-l-l(o 1J (W)N 1 1/2 H(ay>(7t1) (1012)

1 ) €0
’ 1+ ) Ty (@) C et~ 20 L

Similarly, (0’11), (10.3) and (10.6) imply that for all j € [k—1]\{1}, w € A(j,j—1,a%)
and b € [ajﬁ],

<

J

(1+20) [Ty () Ond pr
Note that by Proposition 3.11(xi) and (O'11), for each j € [k — 1], we have
SO N . A,0) - ~ Al .
{ja(PY(@) s d € A+ 1.4.a7)) < (K (07 (W) - W € A + 1,j,aﬁ(>}. |
10.14

1G-1) j .
|B,(W,b)| > 07 (.0 z%sg/i”l—[(af})(ibo. (10.13)

Together with (10. 8) and Proposition 3. 11(vi) applied to &7, this implies that u € Bj+1
if and only if 4 € BJH( w) for some w € A(j +1,7,a%). Thus for each j € [k — 1],
{Bj1(W): W € A(j +1,5,a%)} forms a partition of Bjy1. (10.15)

The following observations relate polyads and partition classes of ] and Z7. They
will be used in the proof of Claim 3 to relate &% (which is constructed in Step 5) and
Ps.

Claim 2. (i) For all j € [k—1]\ {1} and W € A(j,j —1,a%), we have
Bj(W,b) = Bj(W) x [a]].
be|

afﬁ}
J
(i) For all j € [k —1] and w € A(j +1,5,a7), we have

{({I,u&)l)) B 1(W),V <5 1u}g U Bj( zw(l)

<]] 1W

Proof. We first prove (i). Note that for all j € [k—1]\ {1}, (i, ') € A(j,j—1,a”) x [?]
and (w,b) € A(j,j —1,a%) x [j] with (&,b") € B;(W,b), we have

T w)).

Since P9 (@, 1) C K;(PUV (@), this means K; (P9~ (@) n ;07 (w)) # 0. By

(10.14) this in turn implies that IC;(P. 1( )(u)) - ICj(O’l(J 1)(w)), and thus @ € B;(W).
On the other hand, if & € B;(W), then (O’11) implies that for each ¥ € [a ]@] there exists

be [aj] such that P(J)( b)) C O/(j)(w b), and thus (a,d’) € Bj(w,b).

P (@, b) € 0 (w,b) C K;(0}
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We now prove (ii). Recall that for each w € A(j + 1,7,a7), o] (])( ) satisfies (3.12).
Together with (O’11) this implies that

2, G), 10.11 N
0wy = |J oY zw(;)( 20y U PO, 0. (10.16)

25w 25551 (9. 1)eB; (2 w))
z

*

Then

(@,¥) € {(¥,u')) s 0 € By (W), v <51 1}

N
>
—=
<0
=
—~
o>
N

UM 34 e A+ 1,5.a7) : K (B (@) € Ky (0 (w)), PP (9, 1)

G 3,0y e PO, ) x K (O (w)) : T C T
(3.2),:(o>’n) ()( W) C o (J)< )
L w)e (U Biaw )
2551w
This proves the claim. O

Step 5. Constructing 0% from Ps.

Together Bj(w,b) and B;j(w) encode how &} can be refined into 2;. We now use
this information to construct % from Z%5. Claim 3 then shows that this construction
indeed yields a family of partitions (whose polyads can be expressed in terms of those
of ;). Finally, Claim 4 shows that the partition classes are appropriately regular.

For each b € [af], we let

oMy = ) PV (10.17)
(b, b")eB1(bd)

We also let ﬁ {O/(l)(b b) : b € [af]}. Again, as in (10.8), this easily implies that
for each j € [k: 1]

L€ B,y if and only if K;41(PY (1)) C Kjpq(0)V). (10.18)
Note that for each b € [a{], by (0’12), we have that

oy = > B =02 )m/el. (10.19)
(b',b")eB1(b,b)

In analogy to (10.11), for each j € [k — 1]\ {1}, w € A(j,j — 1,a%), and b € [ajﬁ], we
define

o w,h) = |J PP@), (10.20)
(0,b')€B; (W,b)

and for each j € [k — 1]\ {1}, we let
03 = {0y (.0) : W € Aj.j ~ 1,a7),b € [af]}.

Moreover, let &) := {ﬁQ f . Note that since 22, is a family of partitions, 13

(10
and (10.20) imply that 02(j)(\?v,b) is nonempty for each j € [k — 1] \ {1} and (W,b) €

\_/
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fl( §,j—1,a%) x [a]iﬁ]. The construction of &% also gives rise to a natural description of
all polyads. Indeed, as in (3.12), we define for all j €lk—1]and w € A(j 41, j,a%)

oV = Y oPaw (}>) (10.21)
A<]J 1W
ey U PO, 1), (10.22)

55 (04)EB; (W)

Claim 3. 0} is a family of partitions on Va. Moreover, for all j € [k — 1] and W €
A(j+1,7,a%), we have
KinOP ) = | K (). (10.23)
ﬁGBj+1(W)
Proof. We will prove Claim 3 by applying the criteria in Lemma 3.13. For each j €

[k — 1)\ {1}, W € A(j,j — 1,a%) and b € [a7], let ¢ (047 (W, D)) :=b. Let £ € [k — 1]
be the largest number satisfying the followmg

(OP1), {ﬁ;(j)}gzl is a family of partitions,

(OP2), Let Ogj)(-, -) and O:@() be the maps defined as in (3.8)—(3.11) for {ﬁ’/U } * , and
{p}k_,. Then {¢W}_, is an (af, ..., af)-labelling of {&; /0) }4_1 such that for
each j € [£]\ {1} and (W,b) € A(j,j —1,a%) x [a ﬁ] we have

0 (.b) = 057 (w.b),
and for each j € [(] and w € A(j + 1,j,a%) we have
0V (w) = O (w).
It is easy to check that (OP1);—(OP2); hold and thus ¢ > 1. Since {ﬁ;(j) ?:1 is a family
v is well-defined for each j € [¢]. Claim 2(ii) now allows us to express

(the cliques spanned by) these polyads in terms of those of @éj ),

of partitions, é’é

Subclaim 1. For each j € [(] and w € A(j +1,j,a%), we have
KinOy )= | KB @).
WEB; 11 (W)

Proof. Consider j € [(] and W € A(j + 1, j,a%). Note that

U ]52(j)(ﬁ) (312) U U P (V,u (1))

ﬁGBj+1(\?v) ﬁEBJ+1( )V<]] 14
This together with (10.22) and Claim 2(ii) implies that Ugc s ) P57 (1) € 037 (w),
thus we obtain
U K@ @) k(057 (w)). (10.24)
WEB; 11 (W)
On the other hand, we have
(), xx (10.18) NP
U L@ @) =" i@ = | L0y w).  (10.25)

a€B; 11 WeA(j+1,5,a9)
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(Here the final equality follows from (OP1),, (OP2), and Proposition 3.11(vi) applied
to {O/(J)}E_1 ) Consider a (j + 1)-set J € /CJH(O (J)( )). Then by (10.25) there exists

u € BJH such that J € IC]H( (])( n).
We claim that u’ € BJH( ) Indeed if not, then by (10.15), there exists w’ €
A(j+1,j,a%)\ {W} such that 0’ € Bj+1(wl), thus we have
(10.24)
Je U K@ @) < K0y (w).

GEB; 11 (W)

Hence K 1(0, (])( )N IC]H(OQ( )( ’)) is nonempty (as it contains .JJ). However, since
{ﬁQ )}5:1 is a family of partitions, this contradicts Proposition 3.11(vi) and (ix). Hence,
we have w’ € Bj,1(W), thus J € Uses. e (W )Kj+1(]52(])(ﬁ)). The fact that this holds for

arbitrary J € IC]H(O i )( )) combined with (10.24) proves the subclaim. O

Now, if £ = k — 1, then &) is a family of partitions and Subclaim 1 implies the
moreover part of Claim 3. Assume that /¢ < k — 1 for a contradiction. Now we show
that {ﬁ;@)}gii and the maps {O;(j (), O’ ( )}Hl satisfy the conditions (FP1)—-(FP3)
in Lemma 3.13. Condition (FP1) follows from (OPl)g, (10.13) and (10.20). Condition
(FP3) also holds because of (10.21) and the assumption that ¢ < k — 1. Property
(OP1); implies that (FP2) holds when j € [(]. To check that (FP2) also holds for
j = £+ 1, consider w € A({ + 1,¢,a%). By Claim 2(i) and (10.13), we have that
{Br+1(W,1),..., Bep1(W, ae+1)} forms a partition of Byyi(W) x [a,] into nonempty
sets. Thus by (10.20) and Subclaim 1, {OQEH)( ,1),...,02(€+1)(v?7,af+1)} forms a
partition of Kg+1(0/2(£) (W)) into nonempty sets. Thus (FP2) holds for j = ¢+ 1.

Hence, by (10.17) we can apply Lemma 3.13 to see that (OP1)y41 and (OP2),4; hold,
a contradiction to the choice of £. Thus ¢ = k — 1, which proves the claim. O

By Claim 3, & is a family of partitions and (10.20) implies that %y < &). Consider
any j € [k —1] and W € A(j +1,5,a%). Note that

]
A15) s~ (10.10) ~(5) A (10.2) -{-1
K (OGN Y=Y Y (PP @) VE B ()| £ 0) [[ (@) ni
4B, 41 (W) =1
J
A1(3) , o vy (10.23) 507) 7 ayy | (10:4) (Y, g
K (O ) "= N K (B @) Y=Y 1By (w) (1 ) [J (@)U Imi
AEB;41(W) =
(10.26)

For notational convenience, for each w € A(k, k—1,a%), let
0P, 1) 1= GV N k(O V(W) and O (w, 1) := G 1 IC, (O (w)).
Claim 4. Fordllj e [k—1], w € A(j+1,5,a%) andb € [a g+1] we have that O/Q(j+1)(\fv, b)
is
e (g0 + 30120, 1/af+1) -regular with respect to OA/(. (W) ifj <k—2, and
o (e0+ 3V1/20,da@’k(€v)) regular with respect to Ol 1) (W) ifj=k—1.

Proof. To prove Claim 4, we will apply Lemma 9.2 (see (J1) and (J2) and the preceding
discussion), which allows us to transfer information about ¢} and &; to 0% and .
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Fixjelk—1],we A(j+1,5,a%),and b € [a g+1] Let

_{ Valn ifj <k-2,
4= { daﬁ,k(vAV) ifj =k—-1. (10.27)

Consider an arbitrary j-graph FU) C O;(j ) (W) with
Kir (FD)| > (e + 304/20) K111 (O ()] (10.28)

To prove the claim, it suffices to show that d(O (]+1)( ,b) | FU)) = d =+ (g0 + 301/%0).
For each y € A(] +1,j5,a”), let

a%’;l {V': (3,0) € Bjpa(w,0)}| ifj <k -2,
J

A(Y) = dao 1(¥) iy € By (W),j =k —1, (10.29)
0 ify ¢ Bjita(w),j=k—1.
Thus Claim 2(i) and the above definition implies that
ify ¢ Bj+1(W), then we have d(y) = 0. (10.30)

Subclaim 2. For ally € /l(j +1,4,a”) and each i € [2], we have that Ol(ﬁl)( ,b) is
("2, d(3))-regular with respect to 15}3)(5:).

Proof. First, we note that if j < k — 2, then by (10.11) and (10.20), for 7 € [2], we have
O;(j+1)(w’ b) N IC]+1(}A)Z(J)($,)) — U P(]+1)( b/)
b (y,')EBj1(W,b)

Together with (G11), (G21) and (10.29) this shows that O/(Hl)(\?v b) N Kjt1(P; Py (¥))
is the disjoint union of aﬁld( ¥) < ||a”|s hypergraphs, each of which is (¢, 1/a]+1)
regular with respect to PZ-(J )(y). Thus Lemma 4.3 together with the fact that & <
1/||a”||oo implies Subclaim 2 in this case.

If j = k—1, then we have b = 1. If § € By (W), then K(P" V() C Kp(O[F 7V (w))
by (10.9) and Claim 3. Thus

0w 1) N Kk(B D (9) = 67 n Ky (B (9).

Together with (G11), (G21) and (10.29) this implies Subclaim 2 in this case.
If y ¢ Br(w), then by (10.9), (10.14) and Claim 3 we have

O™ (w, 1) NK(B 7V (9) < k(O (W) N Kk (B (9)) = 0.
Since d(y) = 0 in this case, this proves Subclaim 2. O

In order to show that O;(jﬂ)(va, b) is (g0 4 3vY/?)-regular with respect to Oé(j)(ﬁv),
we will transfer all the calculations about hypergraph densities from the hypergraphs
on V5 to the hypergraphs on Vi, because there we have much better control over their

structure. To this end we first use Lemma 9.2 to show the existence of two hypergraphs
J () I 9 on V1, Vi, respectively, that exhibit a very similar structure in terms of their
6)) (7)

densities and where J;’ is very close to 'V @, Consequently, Jy7 also resembles FU).

More precisely, we now apply Lemma 9.2 with FU {3” {2 ® J_1,J playing the
roles of H*=1 2 9 k — 1 respectively (we can do this by (P11) (G21) and Claim 3).
We obtain ] graphs JQ( DK, (33( )) on V5 and J( DK, (39(1)) on Vj such that

(J1) |J2 | < V(J:), and
(12) d(Kjs1(J9) | P (3)) = d(Kja (7)) | PP(§)) £ for each y € A(j+1,5,a7).
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Our next aim is to estimate |ICj+1(J2(j))| in terms of |ICj+1(J1(j))].

K| = X U n KB )
yeA(+1.5.a2)
J ) .
e [[@) w0 | B 9)
=1 yeA(j+1,j,a?)
(J2)( 2) mdt1 () ) N
3 I PYE)| Y i) | PP )+ )
yeA(+1.5.a7)
mi+l . o o
- <1i3u>nj+l( > KK (@) £v 3 /cj+1<Pf”<y>>>
yeA(j+1.5.a7) YEA(j+1,4.a7)
(D) £ s 10.31
= (K () & s, (10:31)
Similarly, we obtain
O V@00 K] = 3 [O8 0 0 K () N K (P )|
yeA(j+1a7)
Subcl. 2 ~ j 57) 7~ N
= S (46 [ () NI (B 9)) | 4 |16 (B ()

YEA(j+1,5,22)

J
(10.4), (10 30) ( 1 :l:]/ H JJZrl mj—’_l Z d ]+1 ) | P])(y))) i€/1/4m‘j+1
i=1

YEB;11(W)

J2),(10.2 mitt N R ;
e (<1isv>nj+1 K (PP@)| Y 3K | P >>)i4vmﬂ+l

YEBj 41(W)

m/ ) %) 50) < i+
= x| Y AW [P N KPP @) |+ 4vm

VEBj11(W)

(10.30),Subcl. 2 mitt S, : N .
= (1+3v) =) ( Z ‘O/l(ﬁ-l) (W, b) N ICjJrl(Jl(J)) N (Pl(J)(y))) + 5umitt
yeA(j+15.a2)
1 . . ,
- I (‘O'l(”l)(v“v, b) N icj+1(J1<J))’ + 10vn71). (10.32)

Note that (J1) implies that
I a () A1 (FO)| < (?) < ot (10.33)

Since FU) C O’éj) (W) by assumption, (10.33) implies that

K1 () \ Ky (047 ()| < . (10.34)
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We can transfer (10.34) to the corresponding graphs on V; as follows:

(10.9) j NP
K1)\ Kjia (01 () > ) nka P )|
y¢Bj41(W)
(10.2) J
< G40 [[@?) O S dia () | PO)
i=1 Y¢Bj11(W)
(92) L (), ) -
< ) [[@?) Cni* S d(n (1) | BO(9)) |+ 2umd
i=1 YEBj1(W)
(10.4),(10.23)  pJ+1

< D U\ K (08 (w))| + 5vni ™
(10.34) ,
< 6un’ Tt (10.35)

Next we show that \le+1(J1(j)) N le+1(OA;(j) (W))| is not too small:

KD @V @n| T )] et
(10231) 775:1 ’leH(JQ(j))’ — 11pnit!
193 :;i ‘/cjﬂ( F(j>)’ — 12uni !
(10228) ::;11 (g0 + 30120 ‘IC O,(J)(w))’ — 12un/ T
TR ) a0 o)

Recall that d was defined in (10.27). We now can combine our estimates to conclude
that

O (W, b) M KCj4q (FO)

‘ (10.32),(1033) T/ (’01(”1)( b)) N K (Y ))| + 20an+1>

nJtl
10.7),(10.36),(0'12) mI 1 ;
WDIEHOTIIE L (@£ (20 4+ 2012)) K1 () 1K1 (O ()| 4 200m 1)
mit1 j
= @ o+ 202 (1 ()] = K () \ Ky (O (8))])  200m? ™
(10.31),(10.35) (d+ (0 + 20120 ‘IC Jz(y))‘ 4 40umi+L
(10.33)

L (d = (0 + 201/2)) ‘ICjH(F(j))‘ + 500mi*!
- (d+ (c0 + 301/2)) (/ch(F(J’))‘ . (10.37)

Here, we obtain the final inequality since (10.12), (10.26) and (10.28) imply |K;41(F )| >
e2m/*t and v < go. (10.37) holds for all FU) C O;(j)(vif) satisfying (10.28), thus
O;(Hl)(\fv, b) is (g0 + 30120, d)-regular with respect to Oé(j)(vAv). This with the definition
of d completes the proof of Claim 4. O

Claim 4 and (10.19) show that @} is a (1/a{,eo + 3v1/20 a% 2u1/20) equitable fam-
ily of partitions which is also an (g9 + 3v/ 20 d,e 1,)-partition of ng) (as defined in
Section 3.5.3). Note that (g9 4 3v1/20)/3 < /2, thus ((go + 3V1/20)/3,aﬁ,da@’k) is a
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regularity instance. Since |ng)AH2(k)| < 1/(7,?) by (G22), this means that we can apply
Lemma 4.15 with the following objects and parameters.

object /parameter ‘ 7 ‘ 0 ‘ v ‘ g0 + 3v1/20 ‘ dao ‘ Gék) ‘ Hék)
playing the role of‘ 32 ‘ 2 ‘ v ‘ € ‘ da k ‘ H®) ‘ G™

Hence 0 is also an (gq + 4v'/%0, dno 1)-partition of Hz(k).
Step 6. Adjusting O into an equipartition Os.

Finally, we modify &% to turn it from an ‘almost’ equipartition into an equipartition
0. For this we apply Lemma 4.16 with &}, Hék)eo +4p1/20 91/20, dae 1, Playing the roles
of 2, H®) ¢ ), da i respectively. This guarantees an (go + 3p1/200 50 dao 1;)-equitable
partition 05 of HQ(k), which completes the proof. O

10.2. Random samples. To prove our results about random samples of hypergraphs,
we will need the following lemma due to Czygrinow and Nagle. It states that e-regularity
of a random complex is inherited by a random sample (but with significantly worse
parameters).

Lemma 10.2 (Czygrinow and Nagle [16]). Suppose 0 < 1/mg,1/s,e < &' ,dp,1/4,1/k <
1 and k,0 € N\ {1} with £ > k. Suppose A = {HU) ?:1 is an (g, (da,...,dy))-reqular
(€, k)-complex with HY = {Vi,....Vi} such that d; € [do,1], and |V;| > mq for all
i € [(]. Let s1,...,s0 > s be integers such that |V;| > s;. Then for subsets S; € (‘S/Z)
chosen uniformly at random, {H[S; U Sy U---U Sy ;‘?:1 is an (¢', (da, ..., dy))-reqular
(¢, k)-complex with probability at least 1 — e™=*.

Note that in [16], the lemma is only stated for the case ¢ = k, but the case ¢ > k
follows via a union bound. The next lemma generalizes Lemma 10.2 and shows how an
equitable partition of a k-graph transfers with high probability to a random sample.

Lemma 10.3. Suppose 0 < 1/n < 1/qg< e <& <« 1/t,1/k, and k € N\ {1}. Suppose
that & = Z(k—1,a) is an (¢, a, da i) -equitable partition of a k-graph H on vertex set V
with |V| =n and a € [t}*=1. Then for a set Q € (‘g) chosen uniformly at random, with
probability at least 1 — 6*53‘1, there exists an (€', a, da 1)-equitable family of partitions 2

of H[Q).

The parameter ¢ in Lemma 10.3 will be too large for our purposes. But we can
combine Lemmas 10.1 and 10.3 to obtain the stronger assertion stated in (Q1l)s1 of
Lemma 6.1.

Proof of Lemma 10.3. We choose an additional constant v such that
0<e<v<<1/t1/ke.

Let Q be a set of g vertices selected uniformly at random in V. Write 22(1) = {Vq,...,V,,}
and let S; := QN V. For S = (s1,...,8q,) with Y7, s; = ¢ and s; € NU {0}, let £(S)
be the event that |S;| = s; for all i € [a;], and let

I:= {S s = (1j:€)i for each i € [al]}.
a

By Lemma 3.2, we conclude

5/2

P [\/ E(S)] > 1 — 2a1e /(010 > 1 _ g%, (10.38)

Sel
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Recall that for x € A(k,k — 1,a), P(X) denotes the (k,k — 1)-complex induced by %
in & as defined in (3.14) (as remarked at (3.14), for a family of partitions &2, P(x) is
indeed a (k,k — 1)-complex). Let

A= {% € A(k,k—1,2) : dap(%) = v} and G:= | (H N /ck(P<k—1>(>z)))u(H \ /ck(gzm)) .
xe€A
It is easy to see that G C H and |[GAH| < 2v(}).
For each x € A(k:, k—1,a), let

P(%) = P(x) U {G N /ck(ﬂ’f*l)(&))} .

Note that P'(%) is an (¢, (1/as, ..., 1/ax_1, dak(X)))-regular (k, k)-complex for each x €
A and P(X) is a (e, (1/ag, . ..,1/ap_1))-regular (k, k — 1)-complex for each X € A(k, k —
1,a).

For each x € A, we define the following event:
(E(x)) P'(%)[Q] is an (¢/2, (1/ag, ..., 1/aj_1,dax(X)))-regular (k, k)-complex.
For each X € A(k,k —1,a) \ 4, we also define the following event:
(E(%)) P(X)[Q] is an (¢/2,(1/ay,...,1)ax_1))-reqular (k, k — 1)-complex.
Note that for each x € A(k,k — 1,a) \ A, the event £(X) implies that P'(%)[Q] is
an (€'/2,(1/ag,...,1/ak_1,dar(X))-regular complex as dar(x) < v < ¢ and (G N
Kr(P*=1(%)))[Q] = 0. Thus we have that

/\fceA(k k—1,a) €(X) implies that 2(Q) is an (€'/2,da)-partition of
GlQl.

Consider any x € A. Since q is sufficiently large, we may apply Lemma 10.2 with the
following objects and parameters.

(10.39)

object/parameter ‘ P (%) ‘ Si ‘ 1/ay,...,1 /a1 ‘ da 1 (X) ‘ e’'/2 ‘ v/2
playing the role of‘ H ‘5’1‘ di,...,dp_1 ‘ dy, ‘ g ‘ do

We obtain for any fixed S € I, that
PE(X) | £(S)] > 1—e 4. (10.40)

In a similar way, for each x € A(k,k — 1,a) \ 4, we can apply Lemma 10.2 to P(X) to
obtain that (10.40) holds, too. Thus for each x € A(k,k — 1,a), we obtain

PER)] = S PE®) | ESIPES) + S PER) | ES)BIES)
Ssel S¢1
Y et EEE) B (- e - ey > 1 g
Serl

Let & be the event that
(H\G)[Q) < 3v (Z) (10.41)

Since |H \ G| < 2v(}}), we may apply Lemma 3.3 with n, H \ G, Q,v/2 playing the roles
of n, H, ), v to obtain

Pl&] >1—e 1.
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N k "
As |A(k,k —1,a)| < ¥ by Proposition 3.11(viii), we conclude

8/3

P (& A /\ Ex)| >1- eV g e > e
%€A(k,k—1,a)

q. (10.42)

A~

Now suppose that £(S) holds for some S € I and that & A /\)Eeﬁ(k,kfl,a) £(x) holds.
Then & induces a family of partitions Z[Q] on @ which is (1/a1,€’/2, a, €)-equitable.
Note ¢/ < 1/t,1/k, thus (¢'/6,a,day) is a regularity instance. Since v < ¢’ < 1/t, by
using (10.39), we can apply Lemma 4.15 with the following objects and parameters.

object/parameter | 2[Q] | 2[Q] | 3v | £//2 | dax | GIQ] | HIQ] | €
playing the role of‘ 7 ‘ 2 ‘ v ‘ € ‘da,k ‘ H® ‘ G®) ‘)\

This implies that 22[Q)] is an (1/a1,£’/2 + /7, a, v/ T)-equitable family of partitions
on Q which is also an (¢'/2 4 /7, d, 1 )-partition of H[Q).

Finally, since v < €', Lemma 4.16 implies that there exists a family of partitions
2 which is an (¢/,a, d, ;)-equitable partition of H[Q]. By (10.38) and (10.42), this
completes the proof. O

Next we proceed with the proof of Lemma 6.1. To prove (Q1)g.1, we first apply the
regular approximation lemma (Theorem 3.8) to obtain an e-equitable partition &2 of
a k-graph G that is very close to H. Lemma 10.3 implies that (with high probability)
G[Q] has a regularity partition &%, which has the same parameters as &1, except for
a much worse regularity parameter £/. However, we still have ¢/ < gy and thus we can
now apply Lemma 10.1 to G, G[Q] and £, P5, 01 to obtain an equitable partition
Oy of G[Q] which reflects ¢;. By Lemma 4.15, 05 is also an equitable partition of
H[Q]. To prove (Q2)s.1, we again apply Lemma 10.1 but with the roles of G and G[Q]
interchanged.

Proof of Lemma 6.1. Choose new constants 7, v so that ¢ < 1 < v < 0. Let & : Né=1
(0,1] be a function such that for all b € N¥~! we have

g(b) < [bJIE.

Let tg := t3.8(77, v, E).

By Theorem 3.8, there exists a tp-bounded (7,2(a -equitable family of parti-
tions 2, = P(k — 1,a”), a k-graph G and a density function da2 i, such that the
following hold.

(Gl)g1 2 is an (E(a”), da j)-partition of G, and
(G2)6.1 |GAH| < v(}).
(Here (G1)g follows from Theorem 3.8(ii), (3.16), and Lemma 4.6.)

Let £ :=2(a”) and T := ||a”||o. As to only depends on 7, v, g, we may assume that
¢ < e. Together with the choice of  and the fact that 1/7° < 1/a{’ <, this implies

7),a”)
)

0<l/n<l/g<ece<e<1/T,1/af <v<§<ey<l.
Additionally, we choose ¢’ so that
O<l/n<l/g<c<e<e < 1/T1/af <v<i<e <1, (10.43)
Let & be the event that

clasmiQ) <2(}).



A CHARACTERIZATION OF TESTABLE HYPERGRAPH PROPERTIES 75

Property (G2)g.1 and Lemma 3.3 imply that
Pl&] >1—e 1. (10.44)

Let &£ be the event that there exists a family of partitions %y = Py(k —1,a”’) which

is an (¢/,a”,d,» ;)-equitable partition of G[Q]. Since ¢ < ¢/, Lemma 10.3 implies that
a? k

Pl&] > 1—e 0. (10.45)
Thus (10.44) and (10.45) imply that
PlEgAE]>1—2e 0> 1 — e 4. (10.46)

Hence it suffices to show that the two statements (Q1)s1 and (Q2)g.1 both hold if we
condition on & A &7.

First, assume & A & holds and & exists as in (Ql)g.1. As v < § < g¢, we can apply
Lemma 4.15 with &4, 01, v, €o, day, H and G playing the roles of &, 2, v, €, dap,
H®) and G®), respectively, to conclude that @ is also an (g9 +6/3, da i )-partition of G.

Note that (g9 + 9/3)/2 < 2e0/3, thus ((e9 + 6/3)/2,a,da ) is a regularity instance.
By this and (10.43), we can apply Lemma 10.1 with the following objects and parameters.

object/parameter |n | ¢ |01 | 21| P | G | GIQl| € | T ]6/3 | e0+6/3 ]| daw s | dak

playing the role of ‘ n ‘ m ‘ %) ‘ 24 ‘ 25 ‘ Hl(k) ‘ HQ(k) ‘ 5 ‘ T ‘ 1) ‘ €0 ‘ da2 i ‘ dao j

Hence there exists an (g9 + 29/3, a, da 1 )-equitable partition &> of G[Q)]. Since & holds
and ¥ < 6§ < g, we can apply Lemma 4.15 with &s, O, 2v, €9 + 26/3, day, H[Q)]
and G[Q)] playing the roles of &, 2, v, €, dap, G®) and H® | respectively. Then we
conclude that 05 is an (g9 + 0, a, da ;)-equitable partition of H|[Q]. Thus & A &; implies
(Ql)g.1-

Now assume & A & holds and O exists as in (Q2).1. As v € § K g9, we can apply
Lemma 4.15 with 0y, Oy, 2v, €o, da, H[Q] and G[Q] playing the roles of &, 2, v, ¢,
da,k, H® and G, respectively. Thus &, is an (€0 +0/3,a,dy )-equitable partition of
G[Q]. By (10.43) and the fact that R is a regularity instance, we can apply Lemma 10.1
with the following objects and parameters.

object/parameter | g | n | Oy | P2 | 21 |GIQl| G | & |T|6/3|c0+6/3]|dawy | dan

playing the role of ‘ n ‘ m ‘ % ‘ 2, ‘ 2, ‘ Hl(k) ‘ H2(k) ‘ € ‘ T ‘ ) ‘ €0 ‘ da2 ‘ dao i

Thus there exists a family of partitions ¢; which is an (g9 + 20/3, a, da )-equitable
partition of G. By (G2)¢.; and the fact that v < § < gp, we can apply Lemma 4.15
with 01, 01, v, e0 +26/3, da ., H and G playing the roles of &, 2, v, ¢, da 1, G®) and
HW®) respectively. We conclude that & is an (€0 + 0,4, dq )-equitable partition of H.
Thus & A &1 implies (Q2)10.3- O

11. APPLICATIONS

In this section we illustrate how Theorem 1.3 can be applied, first to counting sub-
graphs, then to the maximum cut problem.

11.1. Testing the injective homomorphism density. We first show how to test
the (injective) homomorphism density, where a homomorphism of a k-graph F' into a
k-graph H is a function f : V(F) — V(H) that maps edges onto edges. Let inj(F, H)
be the number of (vertex-)injective homomorphisms from F into H and let tin;(F, H) :=

inj(F, H)/(n)jv(r)-
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Corollary 11.1. Suppose p,0 € (0,1), k € N\ {1}, and F is a k-graph. Let P be the
property that a k-graph H satisfies tinj(F, H) =p =+ 6. Then P is testable.

Before we continue with the proof of Corollary 11.1, we state a simple proposition.

Proposition 11.2. Suppose 0 < 1/n < v,1/k,1/¢ and v < a,1 — «a. Let F be an
l-vertex k-graph and H be an n-vertex k-graph. If tinj(F,H) = o+ v for some a €
(0,1), then there exists an n-vertex k-graph G with tij(F,G) = a £ 1/n and |GAH| <

(mra=ay) " (2)-

Proof. Suppose first that tinj(F,H) > o+ 1/n. Let € := (%”)1/5. By an averaging
argument, there exists a subgraph H’ of H on en vertices such that tiyj(F, H') > a+1/n.
Clearly, |H'| < €(}). Moreover, after removing all edges contained in H’ from H, we
reduce the number of injective homomorphisms from F to H by at least inj(F, H') >
a(en)y > v(n)e. Thus if instead we remove a suitable number of these edges iteratively,
we can reach a spanning subgraph G of H with tinj(F,G) = o+ 1/n as any single
edge removal decreases the number of homomorphisms by at most 2n~2. The case
tinj(F, H) < a — 1/n works similarly. O

Proof of Corollary 11.1. Let £ := |V(F)|. We may assume that |F| > 0 as otherwise
tinj(F, H) = 1 for every n-vertex graph H with n > ¢. By Theorem 1.3, it suffices to
verify that P is regular reducible.

Suppose 8 > 0. We may assume that § < p—6,1/¢if p—§ > 0 and 8 < 1—(p+9), 1/ if
p+d < 1. We write 8/ := g and " := 2~ (x )5’ We fix some function & : N¥=1 — (0, 1)
such that z(a) < ||a||2* for all (a1,...,ax_1) = a € N*~1. We choose constants ¢, 7,
and ng, T € N such that 1/ng < ¢ € 1/T < n < p,1/k,1/¢. In particular, we have
no > nzs(n, B€7%/2,8), T > t3s(n,"¢"%/2,2) and ¢ < Z(a) for all a € [T]*~!. For
simplicity, we consider only n-vertex k-graphs H with n > ng.

Let I be the collection of regularity instances R = (¢”,a, da ) such that

(R €” € {e,2e,..., [(E(a)) /e e},
(R2)11.1 a < [T)* ! and a; > n~ !, and
(R3)11.1 dar(%) € {0,62,2¢2, ..., 1} for every X € A(k,k —1,a).
Observe that by construction |I] is bounded by a function of 3, k and ¢. We define

Ri=< (" adag) €T > inj(F,J) - IC(J,dag) /0! =p+ (5 + )
J: |V(J)|=¢

First, suppose that an n-vertex k-graph H satisfies P. Then

1 .
i > inj(FJ)-Pr(J, H) = tinj(F, H) = p£ 6. (11.1)

T T V()|=¢
By applying the regular approximation lemma (Theorem 3.8) with H,n, 37¢~* /2, play-
ing the roles of H,n,v,e, we obtain a k-graph G and a family of partitions & =
P(k —1,a”) such that
(1) 2 is (n,2(a”),a”)-equitable for some a” € [T]F~1,
(IT) G is perfectly (a?)-regular with respect to 2, and
(II) |GAH| < Bt (}) /2.

Let &' := Z(a”). By the choice of & and 7, we conclude that 0 < &’ < 1/|]a”||o0 <
1/ay < B,1/k,1/¢ and by the choice of ¢, we obtain ¢ < ¢. Note that if a k-graph J is
(¢, d)-regular with respect to a (k — 1)-graph J', then J is (", d’)-regular with respect
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to J' for some d’' € {0,e2,2¢2,...,1} and € € {¢,2¢,...,[¢""/2e" e} N [2¢',3€/]. Thus
there exists
Rg = (",a”,dS ;) €1 (11.2)

such that G satisfies Rg.
For every ¢-vertex k-graph J, Proposition 3.1 with (III) and Corollary 4.10 imply that

1C(J,dS» ;) = Pr(J,G) + 8"/2 = Pr(J, H) + 8". (11.3)
Hence
1 nj(F,J) - IC(J.dC, ) () 1 inj(F, J) - (Pr(J, H) + 8"
a Wi(F ) AOU o) =0 D W) (Pr( H) £ )
J: |V (J)|=¢ J: |V (J)|=¢

LY 4 6+ 8). (11.4)
By the definition of R and (11.2), this implies that Rs € R and so H is indeed [-close
to a graph G satisfying R, one of the regularity instances of R.

Now we show that if & >  and H is a-far from P, then H is (o — f)-far from all
R € R. We prove this by verifying the following statement: if H is (o — 3)-close to some
R € R, then it is a-close to P.

Suppose H is (o — f§)-close to some R = (”,a,da ) € R. Then there exists a k-graph
G such that G satisfies R and |[HAGR| < (a—)(}). By the definition of R, we have
>0 = () - IC(J, dag) /00 = p £ (6 + B'). Similarly to the calculations leading
to (11.4), we obtain tinj(F,Gr) = p+ (§ + 25).

By Proposition 11.2, there exists a k-graph G such that t,j(F,G) = p £ 0 and
|GAGR| < (8/2)-(}). Therefore, G satisfies P and |[HAG| < |[HAGR|+|GrAG| < a(})
which implies that H is a-close to satisfying P. Thus, P is indeed regular reducible. [J

11.2. Testing the maximum cut size. We proceed with another corollary of Theo-
rem 1.3. For a given n-vertex k-graph H, we define the following parameter measuring
the size of a largest /-partite subgraph:

-1
maxcuty(H) := <Z> w m‘z% - {IKe(V1,..., Vo)) NH|}.
parti;.i.(;;l of V(H)

() B

AEA
k

We let

Thus ¢ ;(n) (Z) is the number of edges of the complete ¢-partite k-graph on n vertices
whose vertex class sizes are as equal as possible. In particular, any n-vertex k-graph H
satisfies maxcuty(H) < cgx(n).

Corollary 11.3. Suppose £,k € N\ {1} and ¢ = ¢(n) is such that 0 < ¢ < ¢gp(n).
Let P be the property that an n-vertex k-graph H satisfies maxcuty(H) > ¢. Then P is
testable.

Note that since the property of having a given edge density is trivially testable, it fol-
lows from Corollary 11.3 that the property of being strongly ¢-colourable is also testable
(in a strong colouring, we require all vertices of an edge to have distinct colours).

Before we prove Corollary 11.3, we need to introduce some notation and make a few
observations. For a given vector a € N¥~1  a density function da : fl(k:, k—1,a) — [0, 1],
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and a partition £ = {A1,...,Ag} of [a1], we define

-1,
cut(da g, £) := k! H a;(i) Z dak(X) and
i=1 %€A(k,k—1,a):
Xil)GKk(ﬁ)
maxcuty(da k) == max cut(da, L).

L is a partition

of [a1] with |£|=¢
Recall that if 22 = 2 (k — 1,a) is a family of partitions, then PM(1,1),..., PM (a1, a;)
denote the parts of 21,

Proposition 11.4. Suppose 0 < 1/n < ¢ < ~,1/T,1/k,1/¢. Suppose that a €
[T*=1 and & is an (e, a, da k)-equitable partition of an n-vertex k-graph H. Let L =
{A1, ..., Ag} be a partition of [a1] and for each i € [{], let U; := (Jy¢y, PO(X\,X). Then

n
\Kie(U1,...,U) N H| = (cut(dai, £) £ ) (k)
Note that the |Kx(Uy,...,Us) N H|(Z)71 is a lower bound for maxcut,(H).
Proof. For each x € A(k,k — 1,a) with xM e Ki(L), we apply Lemma 4.5 to P(X).

(Recall that P(x) was defined in (3.14) and is an (e, (1/ag, .. .,1/a;_1))-regular complex
by Lemma 4.6(ii).) Since H is (g, da x(X))-regular with respect to P*~1 (%), we obtain

Ki(Ur,....U)NH = Y [HNKy(P* V(%))
%€A(k,k—1,a):
xM ek (L)
= Y (das(®) £ e)|KK(PF V(%))
%€ A(k,k—1,a):
xRk (L)
k—1 ()
= Y (dap®) o)1 £7/2) [[a; 0
ReA(k,k—1,a): i=1
(D ek (L)
= (cut(da s, £) £ 7) (Z)
We conclude the final equality since cut(da, £) < 1. O

Proposition 11.5. Suppose that 0 < 1/n < v < 3,1/k,1/¢, and c = c(n) € [0, cor(n)].
If H is an n-vertex k-graph with maxcuty(H) > ¢ — v, then there exists an n-vertex
k-graph G with maxcuty(G) > ¢ and |[HAG| < B(}).

Proof. Since maxcuty(H) > ¢ — v, there is a partition {Uy,...,U;} of V(H) such that
IKi(Uy,...,U) NH| > (c—v) (Z) (11.5)

It is easy to see that there exists a partition {U7,...,U;} of V(H) such that

(U1) S, |U;AU!| < vsrn, and
(U2) |Kr(Uf, ..., U] > ¢(})-
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Since v < 3, we conclude

y4
(11.5),(U"1)
|Ke(U1,...,U) NH| > |Kg(Up,...,U) NH| — Z G AU Rt > T (e—p) (”)

i=1 k
Together with (U’2), this shows that we can add at most 3(}}) k-sets from Ky (U7, ..., U})\
H to H to obtain a k-graph G with maxcut,(G) > c and |HAG| < B(}). O

Proof of Corollary 11.3. By Theorem 1.3, we only need to show that P is regular re-
ducible. We assume that ¢ > k, otherwise maxcuty(H) = 0 for all k-graphs H. Suppose
8> 0.

Let £ : N¥=1 — (0,1) be a function such that (a) < |jal|z!,1/k,1/¢. We choose
constants &,n,v, and ng, T € N such that 0 < 1/ng < ¢ < 1/T < n,v < p,1/k,1/L.
For simplicity, we consider only n-vertex k-graphs H with n > ng.

Let I be the collection of regularity instances R = (¢”,a, da ) such that

(R1)113 " € {e,2¢,..., [(E(a))/2e e},
(R2)11_3 ac [T]k_l, and
(R3)11.3 dar(x) € {0,e%,2¢2,...,1} for every x € A(k,k — 1,a).
Observe that by construction |I| is bounded by a function of 3, k and ¢. We define

R = {(5", a,da k) € I: maxcuty(day) > c— 1/1/2} :

First, suppose that an n-vertex k-graph H satisfies maxcuty(H) > ¢. Then there exists
a partition {V1,...,Vy} of V(H) such that

KCe(Va, ..., Vo) N H| > C<Z> (11.6)
Let
D={v,..., V).
For each j € [k — 2] and given ¢, (3.4) naturally defines &), and we define
U = {K;,1(0W) : 0 € oV},

By repeating this for each j € [k: 2] in increasing order, we define a family of partitions

0 = 0k —1,a% = {0"}}] ; with a? = (£,1,...,1) € N*1. Let 2 = 2(k,a?)
be an arbitrary (1/a,1/ng,a?)-equitable family of partitions on V(H), where a? =
(¢,1,...,1) € N¥. It is easy to see that such 2 indeed exists. Let

(Hi,... H) = ({Q(k) nH:Q® e Q(’“)} {H\ICk( )}) \ {0},
(oo ey o= ({90100 e 20} UL (VI )\ cem um} ) oy
H ={Hy,...,Hg}.

Note that s’ < 2(@ + 2. Since |V (H)| > ng, we can apply Lemma 9.1 with the following
objects and parameters.

object/parameter | V(H) | O | 2|/
playing the role of‘ %4 ‘ % ‘ HF) ‘ 2o
Then we obtaip k-graphs G1,...,Gy partitioning (V(kH )) and a family of partitions
P = P(k—1,a”) such that
(1) 2 is (n,2(a”),a”)-equitable for some a” € [T]F~1,
10 20 <, oW
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(IIT) for each i € [s], G; is perfectly £(a”?’)-regular with respect to &, and
(IV) 32 |GiAH | < v(}).
Let ¢/ := 2(a”) and G := |J;_; G;. Lemma 4.3 together with (III) implies that G is
perfectly se’-regular with respect to &. Also (IV) implies that
IGAH| < V<Z> (11.7)
By the choice of ¢,  and 7, we conclude that 0 < ¢ < &/ < 1/[|a”||oo < 1/ay <n <
B,1/k,1/¢. Similarly as in the proof of Corollary 11.1, this implies that there exists
Rg = (",a”,d% ;) €1 (11.8)

such that G satisfies Rgq.
Note that (IT) implies that there exists a partition £ := {Ay, ..., A;} of [a{’] such that

L

SN IPOA N\ V| <o (11.9)

i=1 AeEA;

For each i € [£], let U; := Jyen, PM(X,\). Then we obtain

Prop; 11.4 (n

-1
cut(dis ., L)~ = k) Ke(Ut,...,U) NG|+ v

1 l
N I ICURSROREES 3) DILCEV VAT I

k =1 A€EA;
—1
(L9 (Z) Ko(Vas .. Vi) 1 H| = o2
(%6) c—v'/2,

By the definition of R and (11.8), this implies that Rs € R and so H is indeed [-close
to a graph G satisfying R, one of the regularity instances of R.

Now we show that if H is a-far from satisfying P, then H is (a—3)-far from all R € R.
Suppose H is (o — [3)-close to some R = (¢”,a,d, ) € R. Then there exists a k-graph
G such that Gp satisfies R and |[HAGR| < (o — f3) (Z) Thus there is an (¢”, a, da)-
equitable partition &’ of Gg. By the definition of R, we have maxcuty(da ;) > ¢ — V12,
By applying Proposition 11.4 with G, c—v'/2, 11/, da . playing the roles of H, c,, da,
we obtain that maxcuty(Gg) > ¢ — 2v/2. Since v < B,1/k,1/{ and ¢ € [0, ¢y (n)], we
can apply Proposition 11.5 with G, 2v1/2, B/2, ¢ playing the roles of H,v, 3, ¢ to obtain
a k-graph G’ such that |G’AGg| < (8/2)(}) and maxcuty(G) > c. Then

|HAG!| < |[HAGR| + |G'AGE| < (a— B+ 8/2) <Z> < a(Z)

Thus H is a-close to satisfying P. Therefore, P is indeed regular reducible. U
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