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ABSTRACT. We solve the existence problem for F-designs for arbitrary r-uniform hypergraphs F.
This implies that given any r-uniform hypergraph F', the trivially necessary divisibility conditions
are sufficient to guarantee a decomposition of any sufficiently large complete r-uniform hypergraph
into edge-disjoint copies of F, which answers a question asked e.g. by Keevash. The graph case
r = 2 was proved by Wilson in 1975 and forms one of the cornerstones of design theory. The
case when F' is complete corresponds to the existence of block designs, a problem going back to
the 19th century, which was recently settled by Keevash. In particular, our argument provides a
new proof of the existence of block designs, based on iterative absorption (which employs purely
probabilistic and combinatorial methods).

Our main result concerns decompositions of hypergraphs whose clique distribution fulfills
certain regularity constraints. Our argument allows us to employ a ‘regularity boosting’ process
which frequently enables us to satisfy these constraints even if the clique distribution of the
original hypergraph does not satisfy them. This enables us to go significantly beyond the setting
of quasirandom hypergraphs considered by Keevash. In particular, we obtain a resilience version
and a decomposition result for hypergraphs of large minimum degree.

1. INTRODUCTION

The term ‘combinatorial design’ usually refers to a system of finite sets which satisfies some
specified balance or symmetry condition. Some well known examples include balanced incomplete
block designs, projective planes, Latin squares and Hadamard matrices. These have applications
in many areas such as finite geometry, statistics, experiment design and cryptography.

1.1. Background. In this paper,' we consider block designs and more generally F-designs, which
can be conveniently defined using graph theoretical terminology. A hypergraph G is a pair (V, E),
where V' = V(@) is the vertex set of G and the edge set E is a set of subsets of V. We often
identify G with E, in particular, we let |G| := |E|. We say that G is an r-graph if every edge has
size 7. We let KT(LT) denote the complete r-graph on n vertices.

Let G and F be r-graphs. An F-decomposition of G is a collection F of copies of F' in G
such that every edge of G is contained in exactly one of these copies. (Throughout the paper,
we always assume that F' is non-empty without mentioning this explicitly.) More generally, an
(F,\)-design of G is a collection F of distinct copies of F' in G such that every edge of G is
contained in exactly A of these copies. As discussed in Section 1.2, such a design can only exist
if G satisfies certain divisibility conditions (e.g. if F' is a graph triangle and A = 1, then G' must
have even vertex degrees and the number of edges must be a multiple of three). If F' and G are
complete, such designs are also referred to as block designs. More precisely, an (n, f,r, A)-block
design (or r-(n, f, A)-block design) is a set X of f-subsets of some n-set V', such that every r-
subset of V' belongs to exactly A elements of X. The f-subsets are often called ‘blocks’. An
(n, f,r,1)-block design is also called an (n, f,r)-Steiner system. Note that an (n, f,r, A)-block
design is a (K](f), A)-design of Kq(f).

The question of the existence of such designs goes back to the 19th century. For instance,
Steiner asked in 1853 for which parameters Steiner systems exist. The first general result was due
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to Kirkman [26], who proved the existence of Steiner triple systems (i.e. triangle decompositions
of complete graphs) under the appropriate divisibility conditions. In fact, the existence conjecture
postulated that for any given parameters f, 7, A, the necessary divisibility conditions are sufficient
for the existence of an (n, f,r, A)-block design for all sufficiently large n. In a ground-breaking
series of papers which transformed the area, Wilson [47, 48, 49, 50] solved the existence problem
in the graph setting (i.e. when r = 2) by showing that for any graph F' the trivially necessary
divisibility conditions imply the existence of (F, \)-designs in K2 for sufficiently large n.

For » > 3, much less was known until very recently. Answering a question of Erdés and
Hanani [16], R6dl [40] was able to give an approximate solution to the existence conjecture by

constructing near optimal packings of edge-disjoint copies of Kj(f) in KT(LT), i.e. constructing a

collection of edge-disjoint copies of K () which cover almost all the edges of K,(LT). (For this,
he introduced his now famous R6dl nibble method, which has since had a major impact in
many areas.) His bounds were subsequently improved by increasingly sophisticated randomised
techniques (see e.g. [1, 46]). Ferber, Hod, Krivelevich and Sudakov [17] recently observed that
this method can be used to obtain an ‘almost’ Steiner system in the sense that every r-set is
covered by either one or two f-sets.

Teirlinck [45] was the first to prove the existence of infinitely many non-trivial (n, f,r, A)-block
designs for arbitrary » > 6, via an ingenious recursive construction based on the symmetric group
(this however requires f = r + 1 and A large compared to f). Kuperberg, Lovett and Peled [31]
proved a ‘localized central limit theorem’ for rigid combinatorial structures, which implies the
existence of designs for arbitrary f and r, but again for large A\. There are many constructions
resulting in sporadic and infinite families of designs (see e.g. the handbook [13]). However, the
set of parameters they cover is very restricted. In particular, even the existence of infinitely many
Steiner systems with r» > 4 was open until recently.

In a recent breakthrough, Keevash [23] proved the existence of (n, f,r, \)-block designs for
arbitrary (but fixed) r, f and A, provided n is sufficiently large and satisfies the trivially necessary
divisibility conditions. In particular, his result implies the existence of Steiner systems for any
admissible range of parameters as long as n is sufficiently large compared to f. The approach
in [23] involved randomised algebraic constructions and yielded a far-reaching generalisation to
block designs in quasirandom 7-graphs.

Here we develop a non-algebraic approach based on iterative absorption, which additionally
yields resilience versions and the existence of block designs in hypergraphs of large minimum
degree. Moreover, we are able to go beyond the setting of block designs and show that F-designs
also exist for arbitrary r-graphs F' whenever the necessary divisibility conditions are satisfied.

1.2. F-designs in quasirandom hypergraphs. We now describe the degree conditions which
are trivially necessary for the existence of an F-design in an r-graph G. For a set S C V(G) with
0 < |S| < r, the (r — |S|)-graph G(S) has vertex set V(G) \ S and contains all (r — |.S|)-subsets
of V(G) \ S that together with S form an edge in G. (G(S) is often called the link graph of
S.) Let 0(G) and A(G) denote the minimum and maximum (r — 1)-degree of an r-graph G,
respectively, that is, the minimum/maximum value of |G(S)| over all S C V(G) of size r — 1. For
a (non-empty) r-graph F', we define the divisibility vector of F' as Deg(F') := (dg,...,dy—1) € N",
where d; := ged{|F(S)| : S € (V(iF))}, and we set Deg(F); := d; for 0 < i < r — 1. Note that
do = |F|. So if F is the Fano plane, we have Deg(F) = (7,3,1).

Given r-graphs F and G, G is called (F, \)-divisible if Deg(F); | A|G(S)| for all 0 <i <r —1
and all S € (V(iG)). Note that G must be (F,\)-divisible in order to admit an (F, \)-design.
Indeed, suppose that F is an (F, \)-design of GG, and consider 0 <i <r — 1 and any S € (V(iG)).
Since every edge of G is covered exactly \ times, we have > ...~ |F'(S)] = A|G(S)|. Since
Deg(F); | |F'(S)| for all F’ € F by definition, we have Deg(F'); | A|G(S)|. For simplicity, we say
that G is F-divisible if G is (F, 1)-divisible. Thus F-divisibility of G is necessary for the existence
of an F-decomposition of G.



As a special case, the following result implies that (F, A)-divisibility is sufficient to guarantee
the existence of an (F, \)-design when G is complete and A is not too large. This answers a
question asked e.g. by Keevash [23].

In fact, rather than requiring G to be complete, it suffices that G is quasirandom in the following
sense. An r-graph G on n vertices is called (c, h, p)-typical if for any set A of (r — 1)-subsets of
V(G) with [A] < h we have (g4 G(S)] = (1 + ¢)pl4ln. Note that this is what one would expect
in a random r-graph with edge probability p.

Theorem 1.1 (F-designs in typical hypergraphs). For all f,r € N with f > r and all ¢,p € (0,1]
with

r

e < 09(p/2)h/(qr4q), where q := 2f . f' and h == 2" <q + T>7

there exist ng € N and v > 0 such that the following holds for alln > ng. Let F' be any r-graph on
f wvertices and let A € N with A < yn. Suppose that G is a (¢, h, p)-typical r-graph on n vertices.
Then G has an (F, X)-design if it is (F, \)-divisible.

The main result in [23] is also stated in the setting of typical r-graphs, but additionally requires
that ¢ < 1/h < p,1/f and that A = O(1) and F' is complete.

Previous results in the case when r» > 3 and F' is not complete are very sporadic — for instance
Hanani [21] settled the problem if F' is an octahedron (viewed as a 3-uniform hypergraph) and G
is complete.

In Section 9, we will deduce Theorem 1.1 from a more general result on F-decompositions in
supercomplexes G (Theorem 4.7). The condition of G being a supercomplex is considerably less
restrictive than typicality. Moreover, the F-designs we obtain will have the additional property
that |[V(F") N V(F")| < r for all distinct F’, F” which are included in the design. It is easy to
see that with this additional property the bound on A in Theorem 1.1 is best possible up to the
value of ~.

We can also deduce the following result which yields ‘near-optimal’ F-packings in typical -
graphs which are not divisible. (An F-packing in G is a collection of edge-disjoint copies of F’
in G.)

Theorem 1.2. For all f,r € N with f > r and all ¢,p € (0,1] with

¢ <0.9p"/(q"49), where q :=2f - f! and h := 2" (q—:r)’

there exist ng,C' € N such that the following holds for all n > ng. Let F' be any r-graph on f
vertices. Suppose that G is a (c, h, p)-typical r-graph on n vertices. Then G has an F-packing F
such that the leftover L consisting of all uncovered edges satisfies A(L) < C.

1.3. F-designs in hypergraphs of large minimum degree. Once the existence question
is settled, a next natural step is to seek F-designs and F-decompositions in r-graphs of large
minimum degree. Our next result gives a bound on the minimum degree which ensures an F-
decomposition for ‘weakly regular’ r-graphs F'. These are defined as follows.

Definition 1.3 (weakly regular). Let F' be an r-graph. We say that F' is weakly (so,...,Sr—1)-
reqular if for all 0 <7 <r—1and all S € (V(Z.F)), we have |F(S)| € {0,s;}. We simply say that
F is weakly reqular if it is weakly (sq, ..., sy—1)-regular for suitable s;’s.

So for example, cliques, the Fano plane and the octahedron are all weakly regular but a 3-
uniform tight or loose cycle is not.

Theorem 1.4 (F-decompositions in hypergraphs of large minimum degree). Let F' be a weakly
regular r-graph on f vertices. Let

6 7!

A T VT
There exists an ng € N such that the following holds for all n > ng. Suppose that G is an r-graph
on n vertices with §(G) > (1 — ¢%)n. Then G has an F-decomposition if it is F'-divisible.
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We will actually deduce Theorem 1.4 from a ‘resilience version’ (Theorem 9.3). An analogous
(but significantly worse) constant c$. for r-graphs F' which are not weakly regular immediately
follows from the case p = 1 of Theorem 1.1.

Note that Theorem 1.4 implies that whenever X is a partial (n, f,r)-Steiner system (i.e. a set

of edge-disjoint KJ(CT) on n vertices) and n* > max{ng,n/ C})(m} satisfies the necessary divisibility

conditions, then X can be extended to an (n*, f,r)-Steiner gystem. For the case of Steiner triple
systems (i.e. f =3 and r = 2), Bryant and Horsley [11] showed that one can take n* = 2n + 1,
which proved a conjecture of Lindner.

Theorem 1.4 leads to the concept of the ‘decomposition threshold’ df of a given r-graph F'.

Definition 1.5 (Decomposition threshold). Given an r-graph F, let g be the infimum of all
0 € [0,1] with the following property: There exists ng € N such that for all n > ng, every
F-divisible r-graph G on n vertices with §(G) > dn has an F-decomposition.

The results of Keevash [23] imply that if F' is complete, then 6 < 1. By Theorem 1.4, we
have 6 < 1 — ¢} whenever F' is weakly regular. It is not clear what the correct value should
be. We note that for all r, f,ng € N, there exists an r-graph G, on n > ng vertices with
0(Gp) = (1 = b, }Org_{ )n such that G,, does not contain a single copy of K(T), where b, > 0 only
depends on r. This can be seen by adapting a construction from [28] as follows. Without loss of
generality, we may assume that 1/f < 1/r. By a result of [43], for every r > 2, there exists a
constant b, such that for any large enough f, there exists a partial (N,r,r — 1)-Steiner system
Sy with independence number o(Sy) < f/(r — 1) and 1/N < b, log f/f"~!. This partial Steiner
system can be ‘blown up’ (cf. [28]) to obtain arbitrarily large r-graphs H, on n vertices with

a(Hy,) < f and A(H,) < n/N < b.nlog f/f7~!. Then the complement G,, of H, is K](f)—free
and satisfies §(G,,) > (1 — b, }OTg_{)n
Previously, the only explicit result for the hypergraph case r > 3 was due to Yuster [51],

who showed that if T' is a linear r-uniform hypertree, then every T-divisible r-graph G on n
vertices with minimum vertex degree at least (371 + o(1))(,",) has a T-decomposition. This is

asymptotically best possible for nontrivial 7. Moreover, the result implies that 7 < 1/2" 1.

For the graph case r = 2, much more is known about the decomposition threshold: the results
in [7, 19] establish a close connection between 07 and the fractional decomposition threshold
0% (which is defined as in Definition 1.5, but with an F-decomposition replaced by a fractional
F-decomposition). In particular, the results in [7, 19] imply that 0 < max{d},1—1/(x(F)+1)}
and that ép = 0 if F' is a complete graph.

Together with recent results on the fractional decomposition threshold for cliques in [6, 14],
this gives the best current bounds on dr for general F'. It would be very interesting to establish
a similar connection in the hypergraph case.

Also, for bipartite graphs the decomposition threshold was completely determined in [19]. It
would be interesting to see if this can be generalised to r-partite r-graphs. On the other hand,
even the decomposition threshold of a graph triangle is still unknown (a beautiful conjecture of
Nash-Williams [36] would imply that the value is 3/4).

1.4. Varying block sizes. We now briefly consider a more general notion of block designs, where
more than just one block order is admissible. Given n,r, A € N as before and A C N, we say
that X is an (n, A,r, \)-block design if X consists of subsets of an n-set V' such that |z| € A
for every € X and such that every r-subset of V' is contained in precisely A elements of X.
Similarly, given an r-graph G and a family of r-graphs I, we say that F is a K-decomposition of
G if every edge of G lies in precisely one F' € F and if F' € K for each F' € F. For instance, a
{K(gr) : a € A}-decomposition of K,(f) is equivalent to an (n, A,r, 1)-block design. We say that
G is K-divisible if ged{Deg(F); : F € K} | Deg(G); for all 0 < i <r — 1. Clearly, K-divisibility
is a necessary condition for the existence of a K-decomposition. Theorem 1.1 easily implies the
following result (see Section 9).

Theorem 1.6 (Designs with varying block sizes). For all f,r € N and p € (0, 1] there exist ¢ > 0,
h € N and ng € N such that the following holds for all m > ng. Let IC be a family of r-graphs of



order at most f each. Suppose that G is a (¢, h,p)-typical r-graph on n vertices. Then G has a
KC-decomposition if it is JC-divisible.

As a very special case, Theorem 1.6 resolves a conjecture of Archdeacon on self-dual embeddings
of random graphs in orientable surfaces: as proved in [3], a graph has such an embedding if it

has a {Ky, K5}-decomposition. (In this paragraph, we write K, for KT(E).) Note that every
graph with an even number of edges is { K4, K5 }-divisible. Suppose G is a (¢, h, p)-typical graph
on n vertices with an even number of edges and 1/n < ¢ < 1/h < p (which almost surely
holds for the binomial random graph G, if we remove at most one edge). Then we can apply
Theorem 1.6 to obtain a {K4, K5 }-decomposition of G. It was also shown in [3] that a graph has
a self-dual embedding in a non-orientable surface if it has a {K, : a > 4}-decomposition. Since
every graph is { Ky, K5, K¢}-divisible, say, Theorem 1.6 implies that almost every graph has a
{Ky, K5, Kg}-decomposition and thus a self-dual embedding.

1.5. Matchings and further results. As another illustration, we now state a consequence of
our main result which concerns perfect matchings in hypergraphs that satisfy certain uniformity
conditions on their edge distribution. Note that the conditions are much weaker than any standard
pseudorandomness notion.

Theorem 1.7. For all f > 2 and & > 0 there exists ng € N such that the following holds whenever
n>ng and f | n. Let G be a f-graph on n vertices which satisfies the following properties:

e for some d > ¢, |G(v)| = (d +0.016)n/ =t for allv € V(G);

o cvery vertex is contained in at least Enf copies of K](ci)l;

e |G(v) NG(w)| > &nf= for all v,w € V(G).
Then G has at least 0.01&n/ 1 edge-disjoint perfect matchings.

Note that for G = K,(If ), this is strengthened by Baranyai’s theorem [4], which states that Kflf )
has a decomposition into (?:}) edge-disjoint perfect matchings. More generally, the interplay
between designs and the existence of (almost) perfect matchings in hypergraphs has resulted in
major developments over the past decades, e.g. via the Rodl nibble. For more recent progress on
results concerning perfect matchings in hypergraphs and related topics, see e.g. the surveys [41,
52, 53].

We discuss further applications of our main result in Section 4, e.g. to partite graphs (see
Example 4.11) and to (n, f,r, \)-block designs where we allow any A\ < n/="/(11 - 7" f!), say
(under more restrictive divisibility conditions, see Corollary 4.14).

1.6. Counting. An approximate F-decomposition of KT(LT) is a set of edge-disjoint copies of F'
in Kff) which together cover almost all edges of Kff). Given good bounds on the number of

approximate F-decompositions of KT(LT) whose set of leftover edges forms a typical r-graph, one
can apply Theorem 1.1 to obtain corresponding bounds on the number of F-decompositions in
K (see [23, 24] for the clique case). Such lower bounds on the number of approximate F-
decompositions can be achieved by considering either a random greedy F-removal process or an
associated F-nibble removal process. Linial and Luria [33] developed an entropy-based approach
which they used to obtain good upper bounds e.g. on the number of Steiner triple systems. These
developments also make it possible to systematically study random designs (see Kwan [32] for an
investigation of random Steiner triple systems).

1.7. Outline of the paper. As mentioned earlier, our main result (Theorem 4.7) actually con-
cerns F-decompositions in so-called supercomplexes. We will define supercomplexes in Section 4
and derive Theorems 1.1, 1.2, 1.4, 1.6 and 1.7 in Section 9. The definition of a supercomplex
G involves mainly the distribution of cliques of size f in G (where f = |V(F')|). The notion is
weaker than usual notions of quasirandomness. This has two main advantages: firstly, our proof
is by induction on r, and working with this weaker notion is essential to make the induction
proof work. Secondly, this allows us to deduce Theorems 1.1, 1.2, 1.4, 1.6 and 1.7 from a single
statement.



6 S. GLOCK, D. KUHN, A. LO AND D. OSTHUS

However, Theorem 4.7 applies only to F-decompositions of a supercomplex G for weakly regular
r-graphs F' (which allows us to deduce Theorem 1.4 but not Theorem 1.1).

To deal with this, in Section 9 we first provide an explicit construction which shows that every
r-graph F' can be ‘perfectly’ packed into a suitable weakly regular r-graph F*. In particular, F™*
has an F-decomposition. The idea is then to apply Theorem 4.7 to find an F*-decomposition
in G. Unfortunately, G may not be F*-divisible. To overcome this, in Section 11 we show that
we can remove a small set of copies of F' from G to achieve that the leftover G’ of G is now F*-
divisible (see Lemma 9.4 for the statement). This now implies Theorem 1.1 for F-decompositions,
i.e. for A = 1. However, by repeatedly applying Theorem 4.7 in a suitable way, we can actually
allow A to be as large as required in Theorem 1.1.

It thus remains to prove Theorem 4.7 itself. We achieve this via an approach based on ‘iterative
absorption’. We give a sketch of the argument in Section 3.

As a byproduct of the construction of the weakly regular r-graph F™* outlined above, we
prove the existence of resolvable clique decompositions in complete partite r-graphs G (see The-
orem 9.1). The construction is explicit and exploits the property that all square submatrices of
so-called Cauchy matrices over finite fields are invertible. We believe this construction to be of
independent interest. A natural question leading on from the current work would be to obtain

)

such resolvable decompositions also in the general (non-partite) case. For decompositions of Kf?
into Kj(cz), this is due to Ray-Chaudhuri and Wilson [39]. For related results see [15, 34].

2. NOTATION

2.1. Basic terminology. We let [n] denote the set {1,...,n}, where [0] := (). Moreover, let
[n]o := [n] U{0} and Ny := NU {0}. As usual, ('}) denotes the binomial coefficient, where we set

(7;) :=0if ¢ > n or ¢ < 0. Moreover, given a set X and i € Ny, we write ()f ) for the collection of

all i-subsets of X. Hence, ()f) =0ifi > [X]. If F'is a collection of sets, we define J F' := U;cp [
We write AW B for the union of A and B if we want to emphasise that A and B are disjoint.

We write X ~ B(n,p) if X has binomial distribution with parameters n,p, and we write
bin(n,p,i) = (:‘)pl(l —p)"%. So by the above convention, bin(n,p,i) = 0if i > n or i < 0.

We say that an event holds with high probability (whp) if the probability that it holds tends to
1 as n — oo (where n usually denotes the number of vertices).

We write 2 < y to mean that for any y € (0,1] there exists an z¢ € (0,1) such that for all
x < zg the subsequent statement holds. Hierarchies with more constants are defined in a similar
way and are to be read from the right to the left. We will always assume that the constants in
our hierarchies are reals in (0, 1]. Moreover, if 1/ appears in a hierarchy, this implicitly means
that x is a natural number. More precisely, 1/ < y means that for any y € (0, 1] there exists
an zg € N such that for all x € N with x > x( the subsequent statement holds.

We write a = b+ cif b — ¢ < a < b+ c. Equations containing + are always to be interpreted
from left to right, e.g. b1 £ ¢1 = bo &+ co means that by — c; > by — ¢ and by + ¢1 < by + 3. We
will often use the fact that for all 0 < < 1 and n € N we have (1 £ z)" =1+ 2"z.

When dealing with multisets, we treat multiple appearances of the same element as distinct
elements. In particular, two subsets A, B of a multiset can be disjoint even if they both contain
a copy of the same element, and if A and B are disjoint, then the multiplicity of an element in
the union AU B is obtained by adding the multiplicities of this element in A and B (rather than
just taking the maximum).

2.2. Hypergraphs and complexes. Let G be an r-graph. Note that G(}) = G. For a set
S CV(G) with |S| <rand L C G(S),let SWL:={SUe : e € L}. Clearly, there is a natural
bijection between L and S'W L.

For i € [r—1]p, we define §;(G) and A;(G) as the minimum and maximum value of |G(S)| over
all i-subsets S of V(G), respectively. As before, we let §(G) := 6,—1(G) and A(G) = A,_1(G).
Note that 60(G) = Ao(G) = |G(D)| = |G].

For two r-graphs G and G’, we let G — G’ denote the r-graph obtained from G by deleting all
edges of G', and let GAG' := (G—G')U(G —G). We write G1 + G2 to mean the vertex-disjoint
union of G1 and Go, and t - G to mean the vertex-disjoint union of ¢ copies of G.



Let F and G be r-graphs. An F-packing in G is a set F of edge-disjoint copies of F' in G. We
let F(") denote the r-graph consisting of all covered edges of G, i.e. F(") = Uper .

A multi-r-graph G consists of a set of vertices V(G) and a multiset of edges E(G), where each
e € E(G) is a subset of V(G) of size r. We will often identify a multi-r-graph with its edge
set. For S C V(G), let |G(S)| denote the number of edges of G that contain S (counted with
multiplicities). If |S| = r, then |G(S)| is called the multiplicity of S in G. We say that G is
F-divisible if Deg(F')s| divides |G(S)| for all S C V(G) with |S| <r — 1. An F-decomposition
of G is a collection F of copies of I’ in G such that every edge e € G is covered precisely once.
(Thus if S C V(G) has size r, then there are precisely |G(S)| copies of F' in F in which S forms
an edge.)

Definition 2.1. A complex G is a hypergraph which is closed under inclusion, that is, whenever
¢ Cee G wehave ¢ € G. If G is a complex and i € Ny, we write G for the i-graph on V(G)
consisting of all e € G with |e| = i. We say that a complex is empty if ) ¢ G, that is, if G does
not contain any edges.

Suppose G is a complex and e C V(G). Define G(e) as the complex on vertex set V(G) \ e
containing all sets ¢/ C V(G) \ e such that e Ue’ € G. Clearly, if e ¢ G, then G(e) is empty.
Observe that if |e] = i and r > 4, then G(")(e) = G(e)""). We say that G’ is a subcomplex of G
if G’ is a complex and a subhypergraph of G.

For a set U, define G[U] as the complex on U N V(G) containing all e € G with e C U.
Moreover, for an r-graph H, let G[H] be the complex on V(G) with edge set

GH] = {e€ G : <ﬁ> C HY,

and define G — H := G[G") — H]. So for i € [r — 1], G[H]® = G® (since (¢) =0 € H when
le| < ). For i > r, we might have G[H]® G G, Moreover, if H C G"), then G[H]") = H.
Note that for an ri-graph H; and an ro-graph Ha, we have (G[H1])[Hz2] = (G[H2])[H1]. Also,
(G— Hy) — Hy = (G — Hy) — Hy, so we may write this as G — H; — Ho.

If G; and Gy are complexes, we define G1 N G2 as the complex on vertex set V(G1) NV (Ga)
containing all sets e with e € G1 and e € Go. We say that G1 and G are i-disjoint if ng) N GS)
is empty.

For any hypergraph H, let HS be the complex on V(H) generated by H, that is,

HS :={e CV(H) : 3¢ € H such that e C ¢'}.
For an r-graph H, we let H* denote the complex on V(H) that is induced by H, that is,

HY = {e CV(H) : <e> C H}.
r
Note that H<(") = H and for each i € [r — 1]o, H® is the complete i-graph on V(H). We let
K, denote the the complete complex on n vertices.

3. OUTLINE OF THE METHODS

Rather than an algebraic approach as in [23], we pursue a combinatorial approach based on
‘iterative absorption’. In particular, we do not make use of any nontrivial algebraic techniques
and results, but rely only on probabilistic tools.

3.1. Iterative absorption. Suppose for simplicity that we aim to find a K](f)—decomposition of
a suitable r-graph G. The Ro6dl nibble (see e.g. [1, 37, 40, 46]) allows us to obtain an approximate
Kj(f)—decomposition of G, i.e. a set of edge-disjoint copies of Kj(f) covering almost all edges of
G. However, one has little control over the resulting uncovered leftover set of edges. The basic
aim of an absorbing approach is to overcome this issue by removing an absorbing structure A
right at the beginning and then applying the Rédl nibble to G — A, to obtain an approximate
decomposition with a very small uncovered remainder R. Ideally, A was chosen in such a way

that AU R has a K](f)—decomposition.
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Such an approach was introduced systematically by Rodl, Ruciriski and Szemerédi [42] in order
to find spanning structures in graphs and hypergraphs (but actually goes back further than this,
see e.g. Krivelevich [29]). In the context of decompositions, the first results based on an absorbing
approach were obtained in [27, 30]. In contrast to the construction of spanning subgraphs, the
decomposition setting gives rise to the additional challenge that the number of and possible shape
of uncovered remainder graphs R is comparatively large. So in general it is much less clear how to
construct a structure A which can deal with all such possibilities for R (to appreciate this issue,
note that V(R) = V(@) in this scenario).

The method developed in [27, 30] consisted of an iterative approach: each iteration consists
of an approximate decomposition of the previous leftover, together with a partial absorption (or
‘cleaning’) step, which further restricts the structure of the current leftover. In our context, we
carry out this iteration by considering a ‘vortex’. Such a vortex is a nested sequence V(G) =
Up DUy D -+ D Uy, where |U;|/|Ui+1| and |Uy| are large but bounded. Crucially, after the ith
iteration, all r-edges belonging to the current leftover R; will be induced by U;. In the (i + 1)th
iteration, we make use of a suitable r-graph H; on U; which we set aside at the start. We first
apply the Rodl nibble to R; to obtain a sparse remainder R;. We then apply what we refer to
as the ‘Cover down lemma’ to find a K}T)-packing Ki of H; U R; so that the remainder R;q
consists entirely of r-edges induced by U1 (see Lemma 7.7). Ultimately, we arrive at a leftover
Ry induced by U,.

Since |Uy| is bounded, this means there are only a bounded number of possibilities Si, ..., S,
for Ry. This gives a natural approach to the construction of an absorber A for Ry: it suffices to
construct an ‘exclusive’ absorber A; for each S; (in the sense that A; can absorb S; but nothing
else). More precisely, we aim to construct edge-disjoint r-graphs Aj, ..., A, so that both A; and

A; US; have a K](f)—decomposition, and then let A := A;U---UA,. Then AU Ry must also have

a Kj(f)—decomposition.

Iterative absorption based on vortices was introduced in [19], building on a related (but more
complicated approach) in [7]. Developing the above approach in the setting of hypergraph de-
compositions gives rise to two main challenges: constructing the ‘exclusive’ absorbers and proving
the Cover down lemma, which we discuss in the next two subsections, respectively.

One difficulty with the iteration process is that after finishing one iteration, the error terms are
too large to carry out the next one. Fortunately, we are able to ‘boost’ our regularity parameters
before each iteration by excluding suitable f-cliques from future consideration (see Lemma 6.3).
For this, we adopt gadgets introduced in [6]. Moreover, the ‘Boost lemma’ enables us to obtain
explicit bounds e.g. in the minimum degree version (Theorem 1.4).

3.2. The Cover down lemma. As indicated above, the goal here is as follows: Given an r-
graph G and vertex sets U;+1 C U; in G, we need to construct H* in G[Ui]( ) so that for any
sparse leftover R on U;, we can find a KJ(CT)
Uit1. (In addition, we need to ensure that the distribution of the leftover edges within U;y; is
sufficiently well-behaved so that we can continue with the next iteration, but we do not discuss
this aspect here.)

We achieve this goal in several stages: given an edge e € H* U R, we refer to the size of its
intersection with U4 as its type. Initially, we cover all edges of type 0. This can be done using
an appropriate greedy approach, i.e. for each edge e of type 0 in turn, we extend e to a copy of

-packing in H* U R such that any leftover edges lie in

Kj(f) using edges of H*. In the next stage, we cover all edges of type 1, then all edges of type 2
up to and including type r — 1. When covering a given set of edges of type j, we will inductively
assume that our main decomposition result holds for j-graphs (note that j < r). For example,
consider the triangle case f = 3 and r = 2, and suppose j = 1. Then for each vertex v € U;\ U; 41,
we will inductively find a perfect matching (which can be viewed as a Kél)—decomposition) on
the neighbours of v in U;1;. This yields a triangle packing which covers all (remaining) edges
incident to v (note that these edges have type 1). The resulting proof of the Cover down lemma

is given in Section 10 (which also includes a more detailed sketch of this part of the argument).



3.3. Transformers and absorbers. Recall that our remaining goal is to construct an exclusive
absorber Ag for a given ‘leftover’ r-graph S of bounded size. In other words, both Ag U S as

well as Ag need to have a K](f)—decomposition. Clearly, we must (and can) assume that S is
K](f)—divisible.

Based on an idea introduced in [7], we will construct Ag as a concatenation of ‘transformers’:
given S, a transformer T can be viewed as transforming S into a new leftover L (which has
the same number of edges and is still divisible). Formally, we require that S UTg and Ts U L
both have a K](f)—decomposition (and will set aside Tg and L at the beginning of the proof).
Since transformers act transitively, the idea is to concatenate them in order to transform S into a
vertex-disjoint union of K](cr)
is trivially decomposable.

Roughly speaking, we approach this by choosing L to be a suitable ‘canonical’ graph (i.e. L

, i.e. we gradually transform the given leftover S into a graph which

only depends on |S|). Let S’ denote the vertex-disjoint union of copies of K ](f) such that S| = |9,
and let T's» be the corresponding transformer from S’ into L. Then it is easy to see that we could
let Ag ;== TsULUTs US’. The construction of both the canonical graph L as well as that of the
transformer T is based on an inductive approach, i.e. we assume that our main decomposition
result holds for r’-graphs with 1 <7’ < r. The above construction is given in Section 8.

4. DECOMPOSITIONS OF SUPERCOMPLEXES

4.1. Supercomplexes. We prove our main decomposition theorem for so-called ‘supercom-
plexes’. The crucial property appearing in the definition is that of ‘regularity’, which means
that every r-set of a given complex G is contained in roughly the same number of f-sets (where
f=|V(F)|). If we view G as a complex which is induced by some r-graph, this means that every
edge lies in roughly the same number of cliques of size f. It turns out that this set of conditions
is appropriate even when F' is not a clique.

A key advantage of the notion of a supercomplex is that the conditions are very flexible, which
will enable us to ‘boost’ their parameters (see Lemma 4.4 below).

Definition 4.1. Let G be a complex on n vertices, f € Nand r € [f — 1], 0 < ¢,d, £ < 1. We
say that G is

(i) (e,d, f,r)-regular, if for all e € G") we have
G (e)| = (d£e)n!

(ii) (&, f,r)-dense, if for all e € G we have
G e)] = &n’

(iii) (&, f,r)-extendable, if G() is empty or there exists a subset X C V(G) with |X| > ¢n
such that for all e € ()T{), there are at least &n/™" (f — r)-sets @ C V(G) \ e such that
(%) \ ey €60,

We say that G is a full (¢,&, f,r)-complex if G is

e (g,d, f,r)-regular for some d > ¢,

o (& f+r,r)-dense,

e (&, f,r)-extendable.
We say that G is an (g,€, f,r)-complex if there exists an f-graph Y on V(G) such that G[Y] is
a full (e, &, f,r)-complex. Note that G[Y]") = G(") (recall that r < f).

The additional flexibility offered by considering (g, &, f, r)-complexes rather than full (¢, &, f,r)-
complexes is key to proving our minimum degree result (via the ‘boosting’ step discussed below).
We also note that for the scope of this paper, it would be sufficient to define extendability more
restrictively, by letting X := V(G). However, for future applications, it might turn out to be
useful that we do not require X = V(G).
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Fact 4.2. Note that G is an (e,&, f,0)-complez if and only if G is empty or |G| > enf. In
particular, every (g,&, f,0)-complex is a (0,&, f,0)-complez.

Definition 4.3. (supercomplex) Let G be a complex. We say that G is an (g, &, f, r)-supercomplex
if for every i € [r]o and every set B C G with 1 < |B| < 2%, we have that (,c5 G(b) is an
(e,&, f —i,7r — i)-complex.

In particular, taking ¢ = 0 and B = {(}} implies that every (g,&, f,r)-supercomplex is also
an (g,&, f,r)-complex. Moreover, the above definition ensures that if G is a supercomplex and
b,b' € G, then G(b) N G(V) is also a supercomplex (cf. Proposition 5.5).

In Section 4.3, we will give some examples of supercomplexes. As mentioned above, the follow-
ing lemma allows us to ‘boost’ the regularity parameters (and thus deduce results with ‘effective’
bounds). It is an easy consequence of our Boost lemma (Lemma 6.3). The key to the proof is
that we can (probabilistically) choose some Y C GU) so that the parameters of G[Y] in Defini-
tion 4.1(i) are better than those of G, i.e. the resulting distribution of f-sets is more uniform.

f+r
Lemma 4.4. Let 1/n < ¢,&,1/f and r € [f — 1] with 2(2/)7e < ¢. Let ¢ == 0.9(1/4)F e 1
G is an (g,&, f,7)-complex on n vertices, then G is an (n=Y/3, €, f,r)-complex. In particular, if
G is an (g, &, f,r)-supercomplex, then it is a (2n~Y/3,&', f,r)-supercomple.

4.2. The main complex decomposition theorem. The statement of our main complex de-
composition theorem involves the concept of ‘well separated’ decompositions. This is crucial for
our inductive proof to work in the context of F-decompositions.

Definition 4.5 (well separated). Let F' be an r-graph and let F be an F-packing (in some
r-graph G). We say that F is k-well separated if the following hold:

(WS1) for all distinct F', F” € F, we have |V(F')NV(F")| <.

(WS2) for every r-set e, the number of F’ € F with e C V(F”) is at most k.

We simply say that F is well separated if (WS1) holds.

For instance, any Kj(f)—packing is automatically 1-well separated. Moreover, if an F-packing
F is 1-well separated, then for all distinct F', F" € F, we have |V(F') N V(F")| < r. On the
other hand, since F' might not be complete, we do not require |V (F') N V(F")| < r in (WS1)
as this would make it impossible to find a well separated F-decomposition of K,(f). The notion
of being well-separated is a natural relaxation of this requirement, we discuss this in more detail
after stating Theorem 4.7.

We now define F-divisibility and F-decompositions for complexes G (rather than r-graphs G).

Definition 4.6. Let F' be an r-graph and f := [V(F)|. A complex G is F-divisible if G(") is
F-divisible. An F-packing in G is an F-packing F in G(") such that V(F’) € GU) for all F' € F.
Similarly, we say that F is an F-decomposition of G if F is an F-packing in G and F(") = G().

Note that this implies that every copy F’ of F used in an F-packing in G is ‘supported’ by a
clique, i.e. GOV (F")] = Kj(f).

We can now state our main complex decomposition theorem.

Theorem 4.7 (Main complex decomposition theorem). For all r € N, the following is true.

(%) Let 1/n < 1/k,e < & 1/f and f > r. Let F be a weakly regular r-graph on f vertices
and let G be an F-divisible (g,&, f,r)-supercomplex on n vertices. Then G has a k-well
separated F'-decomposition.

Note that in light of Lemma 4.4, (%), already holds if ¢ < W We will prove (x), by
induction on r in Section 9. We do not make any attempt to optimise the values that we obtain
for k.

We now motivate Definitions 4.5 and 4.6. This involves the following additional concepts,
which are also convenient later.
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Definition 4.8. Let f := |V(F)| and suppose that F is a well separated F-packing. We let F<
denote the complex generated by the f-graph {V(F') : F' € F}. We say that well separated
F-packings Fi, Fy are i-disjoint if ]:F,]:; are i-disjoint (or equivalently, if |V (F') NV (F")| <i
for all F € F; and F" € F).

Note that if F' is a well-separated F-packing, then the f-graph {V(F’) : F' € F} is simple.
Moreover, observe that (WS2) is equivalent to the condition A,(F=<()) < k. Furthermore, if F
is a well separated F-packing in a complex G, then F< is a subcomplex of G by Definition 4.6.
Clearly, we have F(") C F=(") but in general equality does not hold. On the other hand, if F is
an F-decomposition of G, then F(") = G() which implies F() = F=(),

We now discuss (WS1). During our proof, we will need to find an F-packing which covers a
given set of edges. This gives rise to the following task of ‘covering down locally’.

(%) Given a set S CV(G) of size 1 <i<r—1, find an F-packing F which covers all edges of
G that contain S.

(This is crucial in the proof of the Cover down lemma (Lemma 7.7). Moreover, a two-sided
version of this involving sets S, S’ is needed to construct parts of our absorbers, see Section 8.1.)

A natural approach to achieve (%) is as follows: Let T € (V(iF)). Suppose that by using the
main theorem inductively, we can find an F(T)-decomposition F' of G(S). We now wish to
obtain F by ‘extending’ F' as follows: For each copy F’ of F(T) in F', we define a copy F}, of F
by ‘adding S back’, that is, F, has vertex set V(F’) U S and S plays the role of T' in F). Then
F/ covers all edges e with S C e and e\ S € F'. Since F' is an F(T')-decomposition of G(S5),
the union of all F would indeed cover all edges of G that contain S, as desired. There are two
issues with this ‘extension’ though. Firstly, it is not clear that F is a subgraph of G. Secondly,
for distinct F', F" € F', it is not clear that F, and F/ are edge-disjoint. Definition 4.6 (and the
succeeding remark) allows us to resolve the first issue. Indeed, if ' is an F(T')-decomposition of
the complex G(S), then from V(F’) € G(S)=, we can deduce V(F’) € GU) and thus that F?,
is a subgraph of G().

We now consider the second issue. This does not arise if F' is a clique. Indeed, in that case
F(T) is a copy of K}(f:.l), and thus for distinct F', F" € F' we have |[V(F')NV(F")| < r —i.
Hence |[V(F) NV (F!)| <r—i+|S| =r, ie. F, and F/ are edge-disjoint. If however F' is not a
clique, then F', F” € F' can overlap in r — i or more vertices (they could in fact have the same
vertex set), and the above argument does not work. We will show that under the assumption
that F’ is well separated, we can overcome this issue and still carry out the above ‘extension’.
(Moreover, the resulting F-packing F will in fact be well separated itself, see Definition 7.8 and
Proposition 7.9). For this it is useful to note that F(T) is an (r — i)-graph, and thus we already
have |V(F') NV (F")| <r —iif F' is well separated.

The reason why we also include (WS2) in Definition 4.5 is as follows. Suppose we have already
found a well separated F-packing F; in G and now want to find another well separated F-packing
JF5 such that we can combine /7 and F5. If we find 5 in G — ]:1(74), then fl(r) and ]-"2(T) are edge-
disjoint and thus /7 U Fo will be an F-packing in G, but it is not necessarily well separated. We
therefore find F5 in G — ]_-1(r) — FF(TH). This ensures that F; and F are (r 4 1)-disjoint, which
in turn implies that F; U F» is indeed well separated, as required. But in order to be able to
construct F, we need to ensure that G — ]_-1(r) — ]-"f(”l) is still a supercomplex, which is true if

A(]:l(T)) and A(]—"lg(Hl)) are small (cf. Proposition 5.9). The latter in turn is ensured by (WS2)
via Fact 5.4.

Finally, we discuss why we prove Theorem 4.7 for weakly regular r-graphs F'. Most import-
antly, the ‘regularity’ of the degrees will be crucial for the construction of our absorbers (most
notably in Lemma 8.25). Beyond that, weakly regular graphs also have useful closure properties
(cf. Proposition 5.3): they are closed under taking link graphs and divisibility is inherited by link
graphs in a natural way.

We prove Theorem 4.7 in Sections 6-8 and 9.1. As described in Section 1.7, we generalise this
to arbitrary F' via Lemma 9.2 (proved in Section 9.2) and Lemma 9.4 (proved in Section 11):
Lemma 9.2 shows that for every given r-graph F', there is a weakly regular r-graph F* which
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has an F-decomposition. Lemma 9.4 then complements this by showing that every F-divisible r-
graph G can be transformed into an F*-divisible r-graph G’ by removing a sparse F-decomposable
subgraph of G.

4.3. Applications. As the definition of a supercomplex covers a broad range of settings, we
give some applications here. We will use Examples 4.9, 4.10 and 4.12 in Section 9 to prove
Theorems 1.1, 1.2, 1.4, 1.6 and 1.7. We will also see that random subcomplexes of a supercomplex
are again supercomplexes with appropriately adjusted parameters (see Corollary 5.19).

Example 4.9. Let 1/n < 1/f and r € [f — 1]. It is straightforward to check that the complete
complex K, is a (0,0.99/f!, f, r)-supercomplex.

Recall that (c, h, p)-typicality was defined in Section 1.

Example 4.10 (Typicality). Suppose that 1/n < ¢,p,1/f, that r € [f — 1] and that G is a
(c,2" (f jr), p)-typical r-graph on n vertices. Then G* is an (g, &, f, r)-supercomplex, where
e:=2/""e/(f —7)! and £:=(1-2/Tle)p (7 )/fl

Proof. Let i € [r]p and B C G with 1 < |B| < 2. Let Gp = (yep G7(b) and np =
[V(G)\UB|. Letec€ G(T_z) To estimate |G f_z)( )|, we let Q. be the set of ordered (f — r)-
tuples (vi,...,vf_p) COHSlstlng of dlstlnct vertices in V(G) \ (e U J B) such that for all b € B,
(bueu{vl;ﬂ“"”ffr}) C G. Note that |G ( ) = |Qel/(f — 7). We estimate |Q.| by picking
v1,...,Vf_y sequentially. Solet j € [f —r] and suppose that we have already chosen vy, ...,v;_1 ¢
e UUB such that (*Vev-vimil) € @ for all b € B. Let D; = Upep (“PP10%=13). Thus
the possible candidates for v; are precisely the vertices in (g D, G(S). Note that d; := |D;| <
|B |(Tjﬁ Il), and that d; only depends on the intersection pattern of the b € B, but not on our
previous choice of e and v1,...,vj_1. Since G is typical, we have (1 & ¢)p%n choices for vj. We
conclude that

Q] = (12 ) p=i= din/ = = (1 £ 2/ "oy (f — r)infy ",

where dp = pzj:l i /(f—r)!. Thus, Ggis (2/~"'cdp, dp, f—i,r—i)-regular. Since Zf (P

({) — 1 we have 1/(f —7)! > dp > p|B|((r) V/(f=r) > pQT(J:)/(f —r)!. Similarly, we deduce
that G is ((1 —2/7"*lc)dp, f — i,r — i)-extendable. Moreover, we have

(1 — 2/~ (757

(f —1)!
Thus, Gp is (§, f+7r—2i,r—i)-dense. We conclude that Gp is an (¢,§, f —i,7—1)-complex. O

G ()] > nf > end

Example 4.11 (Partite graphs). Let 1/N < 1/kand 2 =r < f < k—6. Let V1, ..., Vi be vertex
sets of size N each. Let G be the complete k-partite 2-graph on Vi, ..., V,. It is straightforward
to check that G is a (0, k=7, f, 2)-supercomplex. Thus, using Theorem 4.7, we can deduce that
G has an F-decomposition if it is F-divisible. To obtain a minimum degree version (and more
generally, a resilience version) along the lines of Theorems 1.4 and 9.3, one can argue similarly
as in the proof of Theorem 9.3 (cf. Section 9).

Results on (fractional) decompositions of dense f-partite 2-graphs into f-cliques are proved
n [8, 10, 35]. These have applications to the completion of partial (mutually orthogonal) Latin
squares.

Example 4.12 (The matching case). Consider 1 = r < f. Let G be a f-graph on n vertices
such that the following conditions hold for some 0 < e < ¢ < 1:
e for some d > ¢ — ¢, |G(v)| = (d+e)nf~! for all v € V(G);
e every vertex is contained in at least én/ copies of K}Ql,
o |G(v)NG(w)| > énf~1 for all v,w € V(G).
Then G** is an (g,& — ¢, f, 1)-supercomplex.
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)

4.4. Disjoint decompositions and designs. Recall that a K}(f -decomposition of an r-graph

is an (K](f), 1)-design. We now discuss consequences of our main theorem for general (K}r), A)-

designs. We can deduce from Theorem 4.7 that there are many f-disjoint K](f)

see Corollary 4.14. This will easily follow from (%), and the next result.

Proposition 4.13. Let 1/n < ¢,&,1/f and v € [f — 1]. Suppose that G is an (g,&, f,r)-
supercomplex on n vertices. Let Yygeq be an f-graph on V(G) with A, (Yyseq) < enf™". Then
G — Yyseq 15 a (27 T2e,& — 227 e f r)-supercompler.

-decompositions,

We will apply this when Ky, ..., K; are K ](f)—packings in some complex G, in which case Y 50q :=
Uje[t} le(-f) satisfies Ay (Yysea) < t.

Proof. Fix i € [r]p and B € G® with 1 < |B| < 2. Let ng :==n — |JB|, G’ := MNoer G(0)
and G” := e (G — Yusea)(b). By assumption, there exists Y C G/~ such that G'[Y] is a full
(,&, f —i,7 —i)-complex. We claim that G"[Y] is a full (2"+2¢,& — 22" +e, f —i,r —4)-complex.

First, there is some d > & such that G'[Y] is (e,d, f — i,r — i)-regular. Let e € G'"~9. We
clearly have |G”[Y]/=9(e)| < |G'[Y]V = (e)| < (d + 5)ng_r. Moreover, for each b € B, there are
at most en/ ™" f-sets in Yy g that contain eUb. Thus, |G"[Y]V 9 (e)| > (d—s)néﬁr —|Blent ™" >
(d—e—1.1-2%e)nd " Thus, G"[Y]is (272, d, f — i, — i)-regular.

Next, by assumption we have that G'[Y] is (&, f +r — 2i,7 —i)-dense. Let e € G'""%). For each
b € B, we claim that the number Ny of (f +r —i)-sets in V(G) that contain eUb and also contain
some f-set from Yz.q is at most 2"enf %, Indeed, for any k € {i,...,r} and any K € Y, 5q with
|(eUb)N K| = k, there are at most n*~* (f +r —1i)-sets that contain eUb and K. Moreover, there
are at most (Z) Ak (Yused) < (;)nr_kAr(Yused) < (Z)Enf_k f-sets K € Yyseq with [(eUD)NK| = k.
Hence, N < >, nk—1 (Z)enf*k < £2'nf =%, We then deduce that

G [Y]H+=2 (e)] > gné—i B2 end " > gng—z‘ S A 22r+1€)n1;—i.

Finally, since G"[Y]"~) = G'[Y]"=), G"[Y]is (&, f — i, — i)-extendable. Thus, G — Yys¢q i
a (272¢,¢ — 22 te, f,r)-supercomplex. i

Clearly, any complex G on n vertices can have at most n/ =" /(f—r)! f-disjoint K}T)—decompositions.

Moreover, if G has A f-disjoint Kj(cr)—decompositions, then G(") has a (K](cr), A)-design.

Corollary 4.14. Let 1/n < ,&,1/f and r € [f — 1] with 10 - 7" < £ and assume that (%), is
true. Suppose that G is a K}T)—dwisible (e,&, f,r)-supercomplex on n vertices. Then G has enf="

f-disjoint K](f)—decompositions. In particular, G™ has a (K](f), \)-design for all 1 <\ < enf~".

Proof. Suppose that Ki,...,K; are f-disjoint K](f)—decompositions of G, where t < enf=".
By Proposition 4.13 (and the subsequent remark), G — U, ¢ IC§f) is a (27+2¢,& — 2% Fle f r)-

supercomplex. Since 2(2y/e)"2" 2 < ¢ — 22tle G — Uje[t] ICJ(.f) has a K}r)—decomposition Kii1
by (the remark after) (x),, which is f-disjoint from Ky, ..., ;. O

Note that Corollary 4.14 together with Example 4.9 implies that whenever 1/n < 1/f and
KT(LT) is K}r)—divisible, then K,(f) has a (K](f)7 A)-design for all 1 <\ < ﬁrﬂnf_r, which improves
the bound \/nf~" < 1 in [23].

Using (WS2), we can deduce that there are many f-disjoint F-decompositions of a supercom-

plex. This will be an important tool in the proof of the Cover down lemma (Lemma 7.7), where
we will find many candidate F-decompositions and then pick one at random.

Corollary 4.15. Let 1/n < ¢ < &,1/f and r € [f — 1] and assume that (x), is true. Let F' be
a weakly regular r-graph on f vertices. Suppose that G is an F-divisible (,&, f,r)-supercomplex
on n vertices. Then the number of pairwise f-disjoint 1/c-well separated F-decompositions of G
is at least £2nf=".
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Proof. Suppose that Fi,...,F; are f-disjoint 1/e-well separated F-decompositions of G, where
t < e?nf=". Let Yygeq := Uje[t] f]-g(f). By (WS2), we have A, (Yyseq) < t/e < enf~7. Thus, by
Proposition 4.13, G — Yseq is an F-divisible (2712¢, ¢ — 227 le, f,r)-supercomplex and thus has
a 1/e-well separated F-decomposition Fy11 by (*),, which is f-disjoint from Fi, ..., F;. O

5. TooLs

5.1. Basic tools. We will often use the following ‘handshaking lemma’ for r-graphs: Let G be
an r-graph and 0 < ¢ < k <7 — 1. Then for every S € (V(G)) we have

i

r—i\ "
(5.1 coi=(2,) X e

Te(V(): scT

Fact 5.1. Let L be an r-graph on n vertices with A(L) < «yn. Then for each i € [r — 1]y, we have
Ay(L) <n™t/(r —4)!, and for each S € (V(iL)), we have A(L(S)) < yn.

Proposition 5.2. Let F' be an r-graph. Then there exist infinitely many n € N such that Ky)
1s F'-divisible.

Proof. Let p := H;:& Deg(F);. We will show that for every a € N, if we let n = rlap +r — 1

then K,(f) is F-divisible. Clearly, this implies the claim. In order to see that Ky) is F-divisible,
it is sufficient to show that p | (77}) for all i € [r — 1]o. It is easy to see that this holds for the
above choice of n. O

The following proposition shows that the class of weakly regular uniform hypergraphs is closed
under taking link graphs.

Proposition 5.3. Let F' be a weakly regular r-graph and let i € [r —1]. Suppose that S € (V(Z.F)

and that F(S) is non-empty. Then F(S) is a weakly reqular (r — i)-graph and Deg(F(S)); =
Deg(F)it; for all j € [r —i—1]o.

Proof. Let sg,...,s,—1 be such that F' is weakly (so,. .., s,—1)-regular. Note that since F' is non-
empty, we have s; > 0 for all j € [r—1]y (and the s;’s are unique). Consider j € [r—i—1]y. For all
T e (V(I;(S))), we have |F(S)(T)| = |F(SUT)| € {0,si4+;}. Hence, F(S) is weakly (s;,...,sr—1)-

regular. Since F' is non-empty, we have Deg(F) = (so,...,Sr—1), and since F'(S) is non-empty
too by assumption, we have Deg(F(S)) = (si,...,sr—1). Therefore, Deg(F(S)); = Deg(F)i+;
for all j € [r —i — 1]o. O

We now list some useful properties of well separated F-packings.

Fact 5.4. Let G be a complex and F an r-graph on f > r vertices. Suppose that F is a k-well
separated F-packing (in G) and F' is a k'-well separated F-packing (in G). Then the following
hold.

(i) AF=UHY) < h(f — 7).
(i) If FO) and F'") are edge-disjoint and F and F' are (r + 1)-disjoint, then F U F' is a
(k + K')-well separated F-packing (in G).
(i) If F and F' are r-disjoint, then F U F' is a max{k, '}-well separated F-packing (in G).
5.2. Some properties of supercomplexes. We first state two basic properties of supercom-
plexes that we will use in Section 8 to construct absorbers.

Proposition 5.5. Let G be an (¢, &, f,r)-supercomplex and let B C GW with 1 < |B| < 2° for
some i € [r]o. Then (,ep G(b) is an (&,&, f —i,7 — i)-supercomplex.

Proof. Let i € [r —i]g and B’ C (Nyep G(b)) with 1 < |B/| <27, Let B* := {bUV : b€
B,V € B'}. Note that B* C G+) and |B*| < 217, Thus,

ARG EN AR

b'eB’ beB b*eB*
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isan (¢,&, f —i—1i',r —i—i)-complex by Definition 4.3, as required. O

Fact 5.6. If G is an (¢, &, f,7)-supercomplex, then for all distinct e,e’ € G, we have |G (e) N
GO > (€ —e)(n—2r) .

In what follows, we gather tools that show that supercomplexes are robust with respect to small
perturbations. We first bound the number of f-sets that can affect a given edge e. We provide
two bounds, one that we use when optimising our bounds (e.g. in the derivation of Theorem 1.4)
and a more convenient one that we use when the precise value of the parameters is irrelevant
(e.g. in the proof of Proposition 5.9).

Proposition 5.7. Let f,r' € N and r € Ny with f > r. Let L be an r’'-graph on n vertices with
A(L) < wn. Then every e € (VgL)) that does not contain any edge of L is contained in at most

f
min{2", (}52)!}77110*7" f-sets of V(L) that contain an edge of L.

V(L)

T
leUe'| < f and |eNne’| = i, there are at most (?:tﬁzil) <pf == (F = — ' 40)) f-sets of V(L)
that contain both e and €¢’. Moreover, since ¢’ Z e, we have i < 7’. Hence, by Fact 5.1, there are
at most (7)A;(L) < (’;)’ynrl_i/(r’ — i)l edges ¢ € L with |[ene’| =i. Let s := max{r 4+ — f,0}.
Thus, the number of f-sets in V(L) that contain e and an edge of L is at most

N (T S A )
Z”(i)(rf—i)!(f—r—ww:'y” Z(i)(f—r)!‘

i=s i=s

Proof. Consider any e € ( ) that does not contain any edge of L. For a fixed edge ¢’ € L with

fr ,
Clearly, ((]I/:?f)), < 1, and we can bound " ! (T) < 2". Also, using Vandermonde’s convolution,

1=s \1q

1 (I !
we have Y7 () ((]’;_7})), < % O

Fact 5.8. Let 0 < i <r. For a complex G, an r-graph H and B C G, we have

NG-mo=Ncvy-H- |J HS- |J HES - =JH®O.

beB beB SeUB SeUper (3) beB

If BZ (G — H)(i), then both sides are empty.

Proposition 5.9. Let f,r' € N and r € Ng with f > r and v > r. Let G be a complex on
n > r2"+ wertices and let H be an r'-graph on V(G) with A(H) < yn. Then the following hold:

(i) If G is (e,d, f,r)-regular, then G — H is (¢ + 2",d, f,r)-reqular.

i) If G is (&, f,r)-dense, then G — H is (§ — 2", f,r)-dense.

(i) If G is (&, f,r)-extendable, then G — H is (§ — 2", f,r)-extendable.
)

i
(v) IfG is an (g,&, f,r)-supercomplex, then G—H is an (e+22" 1y, €221y f 1) -supercomplex.

Proof. (i)-(iii) follow directly from Proposition 5.7. (iv) follows from (i)-(iii). To see (v),
suppose that i € [r]g and B C (G — H)® with 1 < |B| < 2'. By assumption, (),cp G(b) is
an (g,&, f —i,r — i)-complex. By Fact 5.8, we can obtain (,c5(G — H)(b) from (,c5 G(b) by
repeatedly deleting an (r’ — |S|)-graph H(S), where S C b € B. There are at most |B|2! < 22
such graphs. Unless |S| = r/, we have A(H(S)) < yn < 2vy(n — | B|) by Fact 5.1. Note that
if |S| = 7/, then S € B and hence H(S) is empty, in which case we can ignore its removal.
Thus, a repeated application of (iv) (with 7/ — |S|,r — i playing the roles of r/,r) shows that
Myep(G — H)(b) is an (e + 27Ty, £ — 2r+iHly f — 4 r — i)-complex. O
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5.3. Probabilistic tools. The following Chernoff-type bounds form the basis of our concentra-
tion results that we use for probabilistic arguments.

Lemma 5.10 (see [22, Corollary 2.3, Corollary 2.4, Remark 2.5 and Theorem 2.8]). Let X be
the sum of n independent Bernoulli random variables. Then the following hold.

(i) For allt >0, P(|X —EX|>t) < 2e~2°/",
(i) For all0 <e <3/2, P(|X —EX| > e¢EX) < 9e—¢2EX/3
(iii) Ift > TEX, then P(X >t) <e '

We will also use the following simple result.

Proposition 5.11 (Jain, see [38, Lemma 8|). Let X1, ..., X,, be Bernoulli random variables such
that, for any i € [n] and any x1,...,x,—1 € {0,1},

PX;=1|Xi=a1,...,Xi1 =x;-1) < p.
Let B~ B(n,p) and X := X1+ ---+ X,,. Then P(X > a) <P(B > a) for any a > 0.
Lemma 5.12. Let 1/n < p,a,1/a,1/B. Let T be a set of size at least an® and let (X;);ez be a
family of Bernoulli random variables with P(X; = 1) > p. Suppose that T can be partitioned into

at most Bn®~! sets Ty, ..., Iy, such that for each j € [k], the variables (X;)icz, are independent.
Let X := 3%, .7 X;. Then we have

P(|X — EX| > n Y/SEX) < e "

Proof. Let Jy := {j € [k] : |Zj| > n*/®} and T := [k] \ Ji. Let Y := Zz‘ezj X; and € :=n~1/5.
Suppose that |Y; — EY;| < 0.9¢EY; for all j € Ji. Then
X —EX|< > [V; —EY;| <n®°-Bn® '+ Y 0.9¢EY; < Bn*"*® + 0.9:EX < ¢EX.
j€E[k] JjEN
Thus,

Lemma 5.10(ii)

P(X —EX| > cEX) < Y P(|Y; —EYj| > 0.9¢EY;) < S 2 OSIEY; /3
jen Jje€N
< QBnaflefo.27n_2/5pn3/5 < e M

0

Similarly as in [20], Lemma 5.12 can be conveniently applied in the following situation: We
are given an r-graph H on n vertices and H’ is a random subgraph of H, where every edge of
H survives with some probability > p. The following folklore observation allows us to apply
Lemma 5.12 in order to obtain a concentration result for |H’|.

Fact 5.13. Every r-graph on n vertices can be decomposed into rn™~' matchings.

Corollary 5.14. Let 1/n < p,1/r,«. Let H be an r-graph on n vertices with |H| > an”. Let H'
be a random subgraph of H, where each edge of H survives with some probability > p. Moreover,
suppose that for every matching M in H, the edges of M survive independently. Then we have

P(|H'| - B|H'|| > n ' PE|H')) < e'".

Whenever we apply Corollary 5.14, it will be clear that for every matching M in H, the edges
of M survive independently, and we will not discuss this explicitly.

Lemma 5.15. Let 1/n < p,1/r. Let H be an r-graph on n vertices. Let H' be a random subgraph
of H, where each edge of H survives with some probability < p. Suppose that for every matching
M in H, the edges of M survive independently. Then we have

P(|H'| > 7Tpn") < rn"te” TPV,

Proof. Partition H into at most rn"~! matchings M, ..., M. For eachi € [k], by Lemma 5.10(iii)
we have P(|H' N M;| > Tpn/r) < e~/ since E|H' N M;| < pn/r. O



17

5.4. Random subsets and subgraphs. In this subsection, we apply the above tools to obtain
basic results about random subcomplexes. The first one deals with taking a random subset of
the vertex set, and the second one considers the complex obtained by randomly sparsifying G().

Proposition 5.16. Let 1/n < €,£,1/f and 1/n < v < p,1/f and r € [f — 1]o. Let G be
an (g,&, f,r)-complex on n wvertices. Suppose that U is a random subset of V(G) obtained by
including every vertex from V(G) independently with probability . Then with probability at
least 1 — e="'" the following holds: for any W C V(G) with |W| < wn, G[U A W] is an
(e +2n~ Y5 £ 32/3 ¢ — =5 _ 323 f r)-complex, where 7 := max{|W|/n,n"/3}.

Proof. If G is empty, there is nothing to prove, so assume the contrary.

By assumption, there exists Y C G such that G[Y] is (e,d, f,r)-regular for some d > ¢,
(&, f + r,r)-dense and (&, f,r)-extendable. The latter implies that there exists X C V(G) with
| X| > &n such that for all e € ()f), we have |Ext.| > én/ =", where Ext, is the set of all (f —r)-sets
Q C V(Q) \ e such that (Q;Je) \ {e} € G,

First, by Lemma 5.10(i), with probability at least 1 — 26*2”1/3, we have |U| = un +n?/3, and
with probability at least 1 — 227" | X N U| > u|X| — | X|*/3.

1/6

Claim 1: For all e € G, with probability at least 1 — e™"
2 1/5)) ()

Proof of claim: Fix e € G"). Note that E|G[Y])(e)[U]] = u/~"|GY ]V (e)] = (d % &)(un)/ .
Viewing G[Y]Y)(e) as a (f — r)-graph and G[Y]()(e)[U] as a random subgraph, we deduce with
Corollary 5.14 that

NG II(U] = (d £ (e +

1/6

PG D (U]l # (L0 P)(d £ e)(un)! ") < ™"

Claim 2: For alle € G, with probability at least 1—e~""'°, IGIYIYH) (e)[U]| > (6—n~15) (un)S .

Proof of claim: Note that E|GU+7)(e)[U]] = uf|GUH)(e)| > €(un)!. Viewing GU*7)(e) as a
f-graph and GU*7)(e)[U] as a random subgraph, we deduce with Corollary 5.14 that

1/6

B(IGU () [U]] < (1 n )¢ (un)) <

For e € ()f), let Ext. be the random subgraph of Ext. containing all Q € EFxt. with Q C U.
Claim 3: For all e € ()T(), with probability at least 1 — e~ """, |Extl| > (€ —n~'/5) (un)/ ",

Proof of claim: Let e € ()f) Note that E|Ext,| = u/~"|Ext.| > &(un)’~". Again, Corollary 5.14
implies that
1/6

B(|Bat)] < (1—n~V9)¢(un) ) < e

nl/ 2/3
)

Hence, a union bound yields that with probability at least 1 —e™ 7, we have |U| = un+n
X NU| > pu|X|—|X|??3 and the above claims hold for all relevant e simultaneously. Assume that
this holds for some outcome U. We now deduce the desired result deterministically. Let W C
V(G) with |W| < yn. Define G’ := G[U AW] and n’ := |[U AW|. Note that un = (1+£4u=15)n’.
For all e € G'"), we have

GO = G D] £ W]~ = (@t (e -+ 207+ LELy) g

= (d+ (e +2n~ Y0 + U3 (1 + 27" 4p~ AT
— (d:l: (€+2n—1/5 +,~y2/3))n/f—7"
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and
W]

\Gﬂﬁ“ﬂwﬂzuﬂﬂﬁﬂwawu—nvmﬁlzg_nﬂw_pﬁg v

)(pm
> (& =070 = IR = 2T apT )T > (6 = 0T = PR

so G'[Y] is (e + 20~ Y5 +32/3 d, f,r)-regular and (¢ —n='/5 —3%/3_ f 4 r r)-dense.

Finally, let X' := (XNU)\W. Clearly, X’ C V(G') and |X'| > (6 —n~1/5—32/3)n/. Moreover,
X/

. ), there are at least

for every e € (
|[Baty| — [WnS ="t > (6 = n=t/0 = 325"t

(f —r)-sets @ C V(G") \ e such that (Qfe) \ {e} € G'™. Thus, G’ (and therefore G'[Y]) is
(€ —n~Y/5 — 323 f r)-extendable. d

The next result is a straightforward consequence of Proposition 5.16 and the definition of a
supercomplex.

Corollary 5.17. Let 1/n €« v < p < e < &, 1/f and r € [f —1]. Let G be an (g,&, f,r)-
supercomplex on n vertices. Suppose that U is a random subset of V(G) obtained by including

every vertex from V(G) independently with probability (. Then whp for any W C V(G) with
|[W| < ~n, GIU AW] is a (2¢,€ — ¢, f,r)-supercomplez.

Next, we investigate the effect on G of inducing to a random subgraph H of G("). For our ap-
plications, we need to be able to choose edges with different probabilities. It turns out that under
suitable restrictions on these probabilities, the relevant properties of G are inherited by G[H]|.

Proposition 5.18. Let 1/n < e,v,p,§,1/f and r € [f — 1], i € [r]o. Let

(4
¢ = ().955102T(fj ) > O.95£p(8f) and vy :=1.1- 22(} L ))‘7.
—r)!

Let G be a complex on n vertices and B C G® with 1 < |B| < 2¢. Suppose that

Gp:= ﬂ G(b) is an (g,&, f —i,r —i)-complez.
beB

Assume that P is a partition of G\) satisfying the following containment conditions:

(I) For every b € B, there exists a class & € P such that bUe € &, for all e € Gg_i).
(IT) For every £ € P there exists Dg € Ny such that for all Q € Ggﬂ), we have that |{e €
E:3beB:eCbUQ} = Deg.
Let 3: P — [p,1] assign a probability to every class of P. Now, suppose that H is a random
subgraph of GU) obtained by independently including every edge of €& € P with probability B(E)
(for all € € P). Then with probability at least 1 — e*”I/S, the following holds: for all L C G(")
with A(L) < yn and all (r + 1)-graphs O on V(G) with A(O) < f=5"n,
ﬂ (GIH A L) —O)(b) is a (3 ++,& =+, f —i,r —i)-complex.
beB

Note that (I) and (II) certainly hold if P = {G(")}.
Proof. If Gg_i) is empty, then the statement is vacuously true. So let us assume that Gg_i)
is not empty. Let np := [V(G) \ UB| = |[V(Gp)|. By assumption, there exists ¥ C Ggﬂ)

such that Gg[Y] is (e,dp, f — i, — i)-regular for some dg > &, (&, f +r — 2i,r — i)-dense and
(&, f — 4,7 — i)-extendable. Define

-1
m:<Hmm> [T BE)"e.

beB EeP
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f r(f+r .
Note that pp > plPI() > p* ("") and thus ppdp > €. For every e € Gg D let

Q. :=GplY]U(e) and Q. := GpY]U+ 2 (e).

By assumption, we have |Q.| = (dg+£&)nh; " and | Q.| > £n{;i for all e € Gg_i). Moreover, since
GlY]is (& f —i,r — i)-extendable, there exists X C V(Gp) with |X| > {np such that for all
e € (r)_(i), we have |Ext.| > {ny ", where Ext, is the set of all (f —r)-sets @ C V(Gp) \ e such
that (29)\ {e} € G4 = GplY]r9.

We consider the following (random) subsets. For every e € Gg_i), let Q) contain all Q € Q.
such that for all b € B, we have (bU?Ue) \ {bUe} C H. Define Q, analogously with Q. playing
the role of Q.. For every e € (T)_(Z.), let Ext! contain all Q € Ext, such that for all b € B and
e e (?L_Jf) \ {e}, we have bU e’ € H.

1/6

Claim 1: For each e € Ggfi), with probability at least 1 —e "5 | |QL| = (ppdp + 3£)n£_r.
Proof of claim: We view Q. as a (f — r)-graph and Q. as a random subgraph. Note that
P(vbe B:bUee H) = [[PbUe e H) 2 T 8(&).
beB beB
Hence, we have for every Q € Q. that
P(vb € B: ("9 C H)
P(vbe B:bUe € H)

—1
- (H meb)) I1 P(e' € H)

beB e’'eG("): IbeB: e/ ChUQUe

P(Q € Q)

~1
— (H ﬁ(gb)> H (IB(E))He’GS: JveB: ' ChUQUE}|

beB EeP

@ (Hmeb)) [T 6B@E)Pe = ps.

beB EeP
Thus, E|QL| = pp|Qe|. Hence, we deduce with Corollary 5.14 that with probability at least
1— e "8 we have 9Ll = (1+¢)E|QL| = (ppdp + 3£)n];_r. -

1/6

Claim 2: For each e € Gg_i), with probability at least 1 —e™ "5 , |QL] > f/né_i.

Proof of cla}'m: We view O, as a (f — i)-graph and Q’e as a random subgraph. Observe that for
every QQ € Q., we have

P(Qe 0)) > pPI) -0 > 2 (77)

and thus E|Q| > pQT(ij)|Qe\ > pr(fjr)n{;i. Thus, we deduce with Corollary 5.14 that with
probability at least 1 — e™8° we have Q| > ¢ néﬁi. -

¥ 1/6

Claim 3: For every e € (,”,), with probability at least 1 — e "5 , |Ext]| > §'n£_r.

Proof of claim: We view Ext, as a (f — r)-graph and Ezt, as a random subgraph. Observe that
for every Q € Ext., we have
P(Q € Ext,) > plBK(f:;)_l) > pQT(fjr)

and thus E|Fzt]| > pQT(ij)|Exte\ > fpzr(f#)né_r. Thus, we deduce with Corollary 5.14 that

. o1 1/6 -
with probability at least 1 —e "5  we have |Ext,| > f’né " -
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_pl/8

Applying a union bound, we can see that with probability at least 1 — e , H satisfies
Claims 1-3 simultaneously for all relevant e.
Assume that this applies. We now deduce the desired result deterministically. Let L € G(") be
any graph with A(L) < yn and let O be any (r + 1)-graph on V(G) with A(O ) < f~"yn. Let
"= Nep(G[H A L] — O)(b). First, we claim that G'[Y] 1S (38 ++/,ppdp, f —i,7 —i)-regular.

Consider e € G'[Y]("=) . We have that |Q.| = (ppdp + 3¢)n’ ng

Claim 4: If Q € G'Y)U=9(e) A Q., then there is some b € B such that bUQUe contains some
edge from L —{bUe} or O.

Proof of claim: Clearly, Q@ € Gg[Y]~%(e). First, suppose that Q € G'[Y]/=9(e) — Q.. Since
Q ¢ Q., there exists b € B such that (bu(;?Ue) \{bUe} € H, that is, there is ¢’ € (bU?Ue) \{bUe}
with ¢ ¢ H. But since Q € G'[Y]/=9(e), we have ¢/ € H A L. Thus, ¢’ € L. Next, suppose
that Q € Q. — G'[Y]Y=(e). Since Q ¢ G'[Y]U~(e), there exists b € B such that bUQ Ue ¢
GIY|[H A L] — O. We claim that b U Q U e contains some edge from L — {bU e} or O. Since

bUQUe € G[Y], there is ¢ € (bugue) with ¢’ ¢ H A L or there is €’ € (bL?f%Je) with ¢/ € O. In

the latter case we are done, so suppose that the first case applies. Since e € G'[Y] (=) we have
that bUe € H A L, so ¢ # bUe. Thus, since @ € Q., we have that ¢/ € H. Therefore, ¢’ € L
and hence ¢’ € L — {bUe}. -

For fixed b € B, a double application of Proposition 5.7 implies that there are at most

f 5r
%'mf " f-sets that contain b U e and some edge from L — {bU e} or O. Thus, we

!
conclude with Claim 4 that |G'[Y]/=9(e) A Q.| < |B| - (fisf),) yn/=". Hence,

G'YII= )] = |Q £/ = (ppdp % (3 +)nfy ",
meaning that G'[Y] is indeed (3¢ + 7’,deB, f —i,r —i)-regular.
Next, we claim that G'[Y] is (¢ —+/, f +7 — 2i,7 — i)-dense. Consider e € G'[Y]"~). We have

that | QL] > &'ny, /7 Similarly to Claim 4, for every Q € O, — G'[Y]f*+7=2)(¢) there is some b € B
such that bU Q U e contains some edge from L —{bUe} or O. Thus, using Proposition 5.7 again
(with f + r — i playing the role of f), we deduce that

() O 10500

U ) f
(f—i) e (T

Q. — G'lY]VH=2(e)| < |BI-

and thus |G'[Y]U+7=2)(e)| > (¢ — +)nf; "

Finally, we claim that G'[Y] is (¢’ — 9/, f — i,r — i)-extendable. Let e € (T)_(Z) We have that
|Extl| > f’néﬁr. Let Ext. ¢ contain all Q € Ext, such that (?Ljf) \ {e} € G'[Y]""=9). Suppose
that Q € Ext, \ Ext. . Then there are ¢’ € (?Bf) \ {e} and b € B such that bUe’ ¢ H A L. On

the other hand, we have bUe’ € H as Q € Ext,. Thus, bUe’ € L. Thus, for all Q € Ext,\ Ext, ¢,
there is some b € B such that b U @ U e contains some edge from L — {bU e}. Proposition 5.7

( ) such Q. Thus,

(i) ,ynffr > (fl - 7')nf_r
TEDE v

implies that there are at most |B|

Ext. | > |Extl] — 2
’ e

We conclude that G is a (3¢ ++/,& — 4/, f —4,r — i)-complex, as required. O

In particular, the above proposition implies the following.

Corollary 5.19. Let 1/n < e,v,&,p,1/f andr € [f —1]. Let
(")

r

(f-mt"

¢ = 0.95¢p2 (7)) > 0.956p®) and v =1.1.2"



21

Suppose that G is an (g,&, f,r)-supercomplex on n vertices and that H C G") is a random

subgraph obtained by including every edge of G\") independently with probability p. Then whp the
following holds: for all L € G") with A(L) < yn, G[HAL] is a (3e+~, &' —+/, f,)-supercomplex.

5.5. Rooted Embeddings. We now prove a result (Lemma 5.20) which allows us to find edge-
disjoint embeddings of graphs with a prescribed ‘root embedding’. Let 71" be an r-graph and
suppose that X C V(T) is such that T[X] is empty. A root of (T,X) is a set S C X with
|S| € [r — 1] and |T(S)| > 0.

For an r-graph G, we say that A: X — V(G) is a G-labelling of (T, X) if A is injective. Our aim
is to embed T into G such that the roots of (7', X') are embedded at their assigned position. More
precisely, given a G-labelling A of (T, X), we say that ¢ is a A-faithful embedding of (T, X) into
G if ¢ is an injective homomorphism from 7T to G with ¢[x = A. Moreover, for a set S C V(G)
with |S| € [r — 1], we say that A roots S if S C Im(A) and |T(A7(S))| > 0, i.e. if A71(9) is a
root of (T, X).

The degeneracy of T rooted at X is the smallest D such that there exists an ordering vy, ..., vg
of the vertices of V(T') \ X such that for every ¢ € [k], we have

|T[X U{vy,...,v}(ve)| < D,

i.e. every vertex is contained in at most D edges which lie to the left of that vertex in the ordering.

We need to be able to embed many copies of (T, X) simultaneously (with different labellings)
into a given host graph G such that the different embeddings are edge-disjoint. In fact, we need a
slightly stronger disjointness criterion. Ideally, we would like to have that two distinct embeddings
intersect in less than r vertices. However, this is in general not possible because of the desired
rooting. We therefore introduce the following concept of a hull. We will ensure that the hulls are
edge-disjoint, which will be sufficient for our purposes. Given (7', X) as above, the hull of (T, X)
is the r-graph 7" on V(T) with e € T" if and only if eN X = 0 or e N X is a root of (T, X).

Note that T C T C K‘(/T()T) — g;), where K(ZT) denotes the complete r-graph with vertex set Z.

Moreover, the roots of (77, X) are precisely the roots of (T, X).

Lemma 5.20. Let 1/n < v < &, 1/t,1/D and r € [t]. Suppose that o € (0,1] is an arbitrary
scalar (which might depend on n) and let m < ayn” be an integer. For every j € [m], let Tj be an
r-graph on at most t vertices and X; C V(Tj) such that T;[X;] is empty and T; has degeneracy
at most D rooted at X;. Let G be an r-graph on n vertices such that for all A C (‘i(_ci)) with
|A| < D, we have |[(gec 4 G(S)| = &n. Let O be an (r + 1)-graph on V(G) with A(O) < yn. For
every j € [m], let A; be a G-labelling of (T, X;). Suppose that for all S C V(G) with |S| € [r—1],
we have that

(5.2) {j € m] : Aj roots S} < ayn’ 18— 1.
Then for every j € [m], there exists a Aj-faithful embedding ¢; of (Tj, X;) into G such that the
following hold:
(i) for all distinct j,j" € [m], the hulls of (¢;(Tj),Im(A;)) and (¢;(Tj),Im(A;)) are edge-
disjoint;
(ii) for all j € [m] and e € O with e C Im(¢;), we have e C Im(A;);
(iii) A(Ujepn ¢5(T5) < ay® n.

Note that (i) implies that ¢1(11),..., ¢m (L) are edge-disjoint. We also remark that the Tj
do not have to be distinct; in fact, they could all be copies of a single r-graph T.

Proof. For j € [m] and a set S C V(G) with |S]| € [r — 1], let
root(S, j) == |{j’ € [j] : Aj roots S}|.

We will define ¢1, ..., ¢, successively. Once ¢; is defined, we let K; denote the hull of (¢;(T}), Im(A;)).
Note that ¢;(Tj) € K; and that K is not necessarily a subgraph of G.
Suppose that for some j € [m], we have already defined ¢1,...,¢;—1 such that Ki,...,K;_1

are edge-disjoint, (ii) holds for all j" € [j — 1], and the following holds for G; := U c};_q) K, all
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i€lr—1]andall S € (V(.G)):

(5.3) 1G;(S)] < ay® In"" 4 (root(S, j — 1) + 1)2°.
V(G)

Note that (5.3) together with (5.2) implies that for all i € [r — 1] and all S € (V"), we have

(5.4) 1G4(8)] < 20y In" i,
We will now define a Aj-faithful embedding ¢; of (T}, X;) into G such that K is edge-disjoint
from Gj, (ii) holds for j, and (5.3) holds with j replaced by j + 1. For i € [r — 1], define

BAD; :={S € (V(Z.G)) - 1G(S)] > ay@ I}, We view BAD; as an i-graph. We claim that
for all i € [r — 1],

(5.5) A(BAD;) <~ .

Consider ¢ € [r—1] and suppose that there exists some S € (‘;(_(i)) such that |[BAD;(S)| >+ n.
We then have that

1 _
G5(9)] = ——— doIGisufepl =t > G (S U{w))
VeV (G)\S vEBAD;(S)

> r_1|BADi(S)|afy(27i)n”_" > T—17(2*”)na7(2*i)nr—i _ T—la,y(2’""+2’i)nr—(i—l).

This contradicts (5.4) if i — 1 > 0 since 277 + 27" < 2=0=D_ If { = 1, then S = 0 and we
have |G| > r~lay@ 27" which is also a contradiction since 1Gjl <m(}) < (ayn" and
27" +271 <1 (asr>2ifi € [r—1]). This proves (5.5).

We now embed the vertices of T such that the obtained embedding ¢; is Aj;-faithful. First,
embed every vertex from X; at its assigned position. Since 7} has degeneracy at most D rooted
at X, there exists an ordering vy, ..., vy of the vertices of V(T}) \ X; such that for every ¢ € [k],
we have

(5.6) IT5(X; U {v1,..., v} (ve)| < D.

Suppose that for some ¢ € [k], we have already embedded vy, ...,v,—1. We now want to define
¢j(ve). Let U :={¢pj(v) : ve X;U{vi,...,vi_1}} be the set of vertices which have already been
used as images for ¢;. Let A contain all (r — 1)-subsets S of U such that gbj_l(S) U {v} € Tj.

We need to choose ¢;(ve) from the set (g4 G(S)) \ U in order to complete ¢; to an injective
homomorphism from Tj to G. By (5.6), we have |A| < D. Thus, by assumption, |(gc4 G(S)| >

én.
For i € [r — 1], let O; consist of all vertices € V(G) such that there exists some S € ( v )

i—1
such that SU{z} € BAD, (so BAD; = (011)) We have
|U| (55) [ ¢t ger
il < A(BAD;) < @,
o1 < (7 )awany (1 )
Let O, consist of all vertices x € V(G) such that SU {z} € G; for some S € (TZ). By (5.4), we
have that |0, < (") A(G)) < (,1))207® "0 < ()7 In. Finally, let O,41 be the set of
all vertices = € V(G) such that there exists some S € ((7{) such that SU{z} € O. By assumption,

we have |O,41] < (‘HI)A(O) < (;)7”
Crucially, we have

r+1
G- U= 10i] = &n —t =29 > 0.
SeA i=1

Thus, there exists a vertex € V(G) such that x ¢ UUO; U ---UOp4; and SU {z} € G for all
S € A. Define ¢;(v¢) := =.

Continuing in this way until ¢; is defined for every v € V(Tj) yields an injective homomorphism
from Tj to G. By definition of O,41, (ii) holds for j. Moreover, by definition of O,, K is edge-
disjoint from G;. It remains to show that (5.3) holds with j replaced by j + 1. Let i € [r — 1]
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and S € (V(Z.G)). If S ¢ BAD;, then we have |Gj11(5)| < |G;(S)| + (i:’z) < ay@ =i 4 9t
o (5.3) holds. Now, assume that S € BAD;. If S C Im(A;) and \Tj(Aj_l(S))\ > 0, then
root(S,j) = root(S,j — 1) + 1 and thus |Gj41(S)| < |G;(S)| + (;:2) < oy I 4 (root(S,j —
1) + 1)2! + (f,j) < oy I 4 (root(S, j) + 1)2¢ and (5.3) holds. Suppose next that S &
Im(A;). We claim that S & V(¢;(Tj)). Suppose, for a contradiction, that S C V(¢;(Tj)). Let
¢:=max{l' € [k] : ¢j(vy) € S}. (Note that the maximum exists since (S NV (¢;(T}))) \ Im(A;)
is not empty.) Hence, x := ¢;(vy) € S. Recall that when we defined ¢;(v¢), ¢;(v) had already
been defined for all v € X; U {v1,...,v,—1} and hence S\ {z} C U. But since S € BAD;, we
have z € O;, in contradiction to z = ¢;j(vg). Thus, S € V(¢;(T;)) = V(K;), which clearly
implies that |Gj41(S5)| = |G;(S)| and (5.3) holds. The last remaining case is if S C Im(A;) but
]T](AJ_I(S))\ = 0. But then S is not a root of (¢;(7}),Im(A;)) and thus not a root of (K, Im(A;)).
Hence |K;(S)| = 0 and therefore |Gj41(S5)| = |G;(S)| as well.

Finally, if j = m, then the fact that (5.3) holds with j replaced by j + 1 together with (5.2)
implies that A(U;epn) ¢5(T5)) < 2072 n < ay@ . O

6. NIBBLES, BOOSTING AND GREEDY COVERS

6.1. The nibble. There are numerous results based on the Rodl nibble which guarantee the
existence of an almost perfect matching in a near regular hypergraph with small codegrees. Our
application of this is as follows: Let G be a complex. Define the auxiliary (i )—graph H with
V(H) = E(GM) and E(H) = {(¥) : @ € GU}. Note that for every e € V(H), |H(e)| =
|G (e)|. Thus, if G is (e, d, f,r)-regular, then every vertex of H has degree (d+e)n/~". Moreover,
for two vertices e, e’ € V(H), we have |H({e,e'})| < n/~"71 thus Ay(H) < n/~"~1. Standard
nibble theorems would in this setting imply the existence of an almost perfect matching in H,
which translates into a K (T)-packing in G that covers all but o(n") r-edges. We need a stronger
result in the sense that we want the leftover r-edges to induce an r-graph with small maximum
degree. Alon and Yuster [2] observed that one can use a result of Pippenger and Spencer [37] (on
the chromatic index of uniform hypergraphs) to show that a near regular hypergraph with small
codegrees has an almost perfect matching which is ‘well-behaved’. The following is an immediate
consequence of Theorem 1.2 in [2] (applied to the auxiliary hypergraph H above).

Theorem 6.1 ([2]). Let 1/n < e <€ 7,d,1/f and r € [f — 1]. Suppose that G is an (e,d, f,r)-
regular complex on n vertices. Then G contains a Kj(f) -packing K such that A(G") —K)) < yn.

6.2. The Boost lemma. We will now state and prove the ‘Boost lemma’, which ‘boosts’ the
regularity of a complex by restricting to a suitable set Y of f-sets. It will help us to keep the error
terms under control during the iteration process and also helps us to obtain meaningful resilience
and minimum degree bounds.

The proof is based on the following ‘edge-gadgets’, which were used in [6] to obtain fractional

K}T)—decompositions of r-graphs with high minimum degree. These edge-gadgets allow us to
locally adjust a given weighting of f-sets so that this changes the total weight at only one r-set.

Proposition 6.2 (see [6, Proposition 3.3]). Let f > r > 1 and let e and J be disjoint sets with
le| = r and |.J| = f. Let G be the complete complex on eUJ. There exists a function ¢p: G¥) — R
such that

1, e =e,

(i) for all ¢ € G, Y geah(Een V(QUe) = {07 ¢+ e

(ii) for all @ € GU), |9(Q)| < %, where j = leNQ)|.
J

We use these gadgets as follows. We start off with a complex that is (e, d, f, r)-regular for some
reasonable £ and consider a uniform weighting of all f-sets. We then use the edge-gadgets to shift

(r)

weights until we have a ‘fractional K 7 -equicovering’ in the sense that the weight of each edge
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is exactly d'nf~" for some suitable d’. We then use this fractional equicovering as an input for a
probabilistic argument.
Lemma 6.3 (Boost lemma). Let 1/n < £,&,1/f and r € [f — 1] such that 2(2\/e)"e < &.

f+r
Let & := 0.9(1/4)( 7 )§ Suppose that G is a complex on n vertices and that G is (e,d, f,r)-
reqular for some d > & and (&, f + r,r)-dense. Then there exists Y C G such that G[Y] is
(n=U=)/200 4/ f r)-regular and (¢, f + r,r)-dense.

Proof. Let d' := d/2. Assume that ¢: GU) — [0,1] is a function such that for every e € G(),

> p(@Que)=dn,

Q'eGU(e)

and 1/4 < (Q) < 1 for all Q € GY). We can then choose Y € G/) by including every Q € G\/)
with probability ¢(Q) independently. We then have for every e € G, E|G[Y])(e)| = d'nf~".
By Lemma 5.10(ii), we conclude that

n=2(f=7)/2.01 4y f—r 0.004

P(IG[Y]V) (e)] # (1 £n U=/20)g/nf=m) < 9¢ 3 <e™

Thus, whp G[Y] is (n=(F=7)/20L d'  f r)-regular. Moreover, for any e € G") and Q € GU+7)(e),
we have that

PQecyV @)= [ w@)=as,
Q'e (QUE)
Therefore, E|G[Y]Y*7)(e)| > (1/4)(fy)£nf, and using Corollary 5.14 we deduce that

1/6

PGy ()] < 0.91/9) T ent) < o

Thus, whp G[Y] is (0.9(1/4)(f?)§, f +r,r)-dense.
It remains to show that ¢ exists. For every e € G("), define
d'nf=" —0.5|GY)(e)]
|GUT) ()]

Ce =

Observe that |c.| < E”f fT zen” " forall e € G,

By Proposition 6. 2 for every e € G) and J € GU+7)(e), there exists a function Ve, G 5 R
such that

(i) te,s(Q) =0 forall Q Z e U J;
1, € =e,
(ii) for all ¢ € G, Y greqn e Ve (Q UE) = {0’ ¢ £ e
(iii) for all Q € G, |1 1(Q)] < %, where j := leN Q).
J
We now define v: GU) — [0,1] as

bi=1/24+ > e Y. e

e€eG(M)  JeGU+r)(e)

For every e € G("), we have
Y w@ue)=05GY )+ > D > Yes(@Q Ue)
Qe (e) CEG)  JEGU () QG (e)

W 0.51G0 ()] + | GUH (e)| = d'n! T,
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as desired. Moreover, for every Q € GU) and j € [r]o, there are at most ™ (;) (Tij) pairs (e, J)
for which e € G0, J € GU*)(e), Q C eUJ and |Q Ne| = j. Hence,

1

@) —1/2l = | > e Y, tes(@Q)]< > leellte, 1 (Q)]

—~
=

eeG(M  JeGU+r)(e) ecG(, JeGU+T)(e): QCeUJ
(i) <~ /) [ f T € 271 (r — j)!
= 2000 = o
ANV AVYAN 2¢ (f j"‘J)
r—1_ T o—j J r—1_ _T J
¢ It \f-r+tl ¢ = I
implying that 1/4 < (Q) < 3/4 for all Q € G\)| as needed. O

Proof of Lemma 4.4. Let G be an (g,&, f,r)-complex on n vertices. By definition, there
exists Y € GU) such that G[Y] is (e,d, f,7)-regular for some d > &, (&, f + r,7)-dense and
(&, f,r)-extendable. We can thus apply the Boost lemma (Lemma 6.3) (with G[Y] playing the
role of G). This yields Y/ C Y such that G[Y'] is (n=1/3,d/2, f,)-regular and (&, f 4, 7)-dense.
Since G[Y']") = G[Y]™), G[Y] is also (&, f,r)-extendable. Thus, G is an (n~1/3,¢, f, r)-complex.

Suppose now that G is an (e, &, f, 7)-supercomplex. Let i € [r]op and B € G with 1 < |B| < 2°.
We have that Gp := (,cg G(b) is an (g,§, f — 4,7 —i)-complex. If i < r, we deduce by the above

that Gg is an (ngl/?’,f’, f —1i,r —i)-complex. If i = r, this also holds by Fact 4.2. O

Lemma 6.3 together with Theorem 6.1 immediately implies the following ‘Boosted nibble
lemma’. In contrast to Theorem 6.1, we do not need to require € < ~ here.

Lemma 6.4 (Boosted nibble lemma). Let 1/n < v,e < &,1/f and r € [f —1]. Let G be a
complex on n vertices such that G is (g,d, f,r)-reqular and (&, f + r,7)-dense for some d > &.

Then G contains a Kj(f) -packing K such that A(G") — K1) < ~n.

6.3. Approximate F-decompositions. We now prove an F-nibble lemma which allows us to
find x-well separated approximate F-decompositions in supercomplexes. Whenever we need an
approximate decomposition in the proof of Theorem 4.7, we will obtain it via Lemma 6.5.

Lemma 6.5 (F-nibble lemma). Let 1/n < 1/k < v, < £, 1/f and r € [f —1]. Let F be an
r-graph on f wvertices. Let G be a complex on n vertices such that G is (e,d, f,r)-reqular and
(&, f + r,r)-dense for some d > . Then G contains a k-well separated F-packing F such that
A(GT) — F)) < vn.

), we define
the K-random F-packing F as follows: For every K € K, choose a random bijection from V (F) to
V(K) and let Fx be a copy of F' on V(K) embedded by this bijection. Let F := {Fk : K € K}.

Clearly, if K is a Kj(f)—decomposition of a complex G, then the K-random F-packing F is a
1-well separated F-packing in G. Moreover, writing p := 1 — |F|/(£), we have |F()| = |F||K| =
|F|]G(’”)\/(J:) = (1 —p)|G")|, and for every e € G, we have P(e € G") — F(")) = p. As it turns
out, the leftover G(") — F(") behaves essentially like a p-random subgraph of G() (cf. Lemma 6.6).

Our strategy to prove Lemma 6.5 is thus as follows: We apply Lemma 6.4 to G to obtain a K}(f)—

Let F be an r-graph on f vertices. Given a collection K of edge-disjoint copies of K ](f

packing KC; such that A(G") — ICY)) < An. The leftover here is negligible, so assume for the

(r)

moment that ICy is a K 7 -decomposition. We then choose a Ki-random F-packing F; in G and

continue the process with G — .7-"1(7"). In each step, the leftover decreases by a factor of p. Thus
after log, v steps, the leftover will have maximum degree at most yn.

Lemma 6.6. Let 1/n < ¢ < §,1/f and r € [f —1]. Let F be an r-graph on f-vertices with
p:=1-— ]F]/({) € (0,1). Let G be an (g,d, f,r)-reqular and (&, f + r,r)-dense complex on n
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vertices for some d > £. Suppose that K is a K}T)—decomposition of G. Let F be the K-random
F-packing in G. Then whp the following hold for G' := G — K=r+1) — F(r)

(i) G' is (25,p(£)71d, f,r)-regular;

(i) G’ is (0.9p(ftr)_1£,f + 7, 7)-dense;

(iil) A(G'™M) < 1.1pA(G™).

Proof. For e € G, we let K, be the unique element of K<) with e C K,. Let Ging =
G—K=r*t1) G’ is a random subgraph of ng)d, where for any Z C G("), the events {e € G'"} 1
are independent if the sets { K }ecz are distinct. Since A(K="+1)) < f—r Proposition 5.9 implies
that Gng is (1.1e,d, f,r)-regular and (¢ — ¢, f + r,7)-dense.

For e € G™, let Q. := GY)(e) and O, := G (e). Thus, |Q.| = (d+ 1.1e)nf " and |O,| >
0.95¢n/. Let Q. be the random subgraph of Q. consisting of all Q € Q. with (Q;Je) \{e} c G’
Similarly, let Q' be the random subgraph of Q, consisting of all Q € Q. with (Q;Je) \{e} c '),
Note that if e € G’ then Q' = G'()(e). Moreover, note that by definition of Gj,q, we have

(6.1) [(eUQ)NK|<rforal Qe Q. K eK.

Consider @ € Q.. By (6.1), the K. with ¢ € (Q;Je) \ {e} are all distinct, hence we have

P(Q € Q1) = p()1. Thus, QY| = pl) Q..

Define an auxiliary graph A. on vertex set Q. where QQ’ € A, if and only if there exists
K e K=\ {K,} such that [(eUQ)N K| =7 and |(eUQ’') N K| = r. Using (6.1), it is easy to
see that if Y is an independent set in A., then the events {Q € Q.}ocy are independent.

f

2
T,) nf="=1 independent sets in Ae.

Claim 1: Q. can be partitioned into 2(

Proof of claim: It is sufficent to prove that A(A.) < (Z)an”“*l. Fix Q € V(Ae). There are
(ff) — 1 r-subsets ¢’ of e UQ other than e. For each of these, K, is the unique K € K<)\ {K,}
which contains €’. Each choice of K, has ({ ) r-subsets €”. If we want e U Q' to contain €”, then
since €’ # e, we have |eUe”| > r+ 1 and thus there are at most n/~"~! possibilities for Q’.

By Lemma 5.12, we thus have P(|Q.| # (1 +n~V/5E|QL]) < e™

_pl/6

1

’®. We conclude that with
probability at least 1 —e we have |Q.| = (p(f)fld + 2¢)nf 7. Together with a union bound,
this implies that whp G’ is (2€,p(£)_1d, f,r)-regular, which proves (i).

A similar argument shows that whp G’ is (O.9p(ftr)_1§7 f+r,r)-dense.

To prove (iii), let S € (‘7/”(_(’1)) Clearly, we have E|G'(")(S)| = p|G")(S)|. If |G)(S)| = 0, then
we clearly have |G(")(S)| < 1.1IpA(G™), so assume that S C e € G("). Since e is contained in
at least 0.5¢n/ " f-sets in G, and every r-set €/ # e is contained in a most n/ =1 of these, we
can deduce that |G()(S)| > 0.5¢n. Define the auxiliary graph Ag with vertex set G(")(S) such
that ejeq € Ag if and only if Kgue;, = Ksue,. Again, we have A(Ag) < f — r and thus G(T)(S)
can be partitioned into f — r + 1 sets which are independent in Ag. By Lemma 5.12, we thus
have P(|G'")(8)| # (1 +n"%)p|G")(8)]) < eV, Using a union bound, we conclude that whp
A(G'M) < 11pA(G™M). O

Proof of Lemma 6.5. Let p:=1-— ]F|/(£) If F= Kj(f), then we are done by Lemma 6.4.

We may thus assume that p € (0,1). Choose ¢’ > 0 such that 1/n < ¢/ < 1/k € 7,6 <
fr

p,1—p,& 1/ f. We will now repeatedly apply Lemma 6.4. More precisely, let &, := 0.9(1/4)( f )§

and define &; := (0.5p)j(ftr)£0 for j > 1. For every j € [k]o, we will find F; and G such that the
following hold:
a); J; is a j-well separated F-packing in G and G; C G — ]—“(T);
i J j
(b); A(L;) < je'n, where Lj == G — F\" — G,
¢); Gjis (200tVig! d; f r)-regular and (&;, f + r,r)-dense for some d; > &;;
i Y J J VIESAN
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(d); ]:jS and G are (r + 1)-disjoint;
(e); A(GY) < (L.1p)n.
First, apply Lemma 6.3 to G in order to find Y € G) such that Gy := G[Y] is (¢/,d/2, f,r)-
regular and (&, f + r,7)-dense. Hence, (a)o—(e)o hold with Fy := 0. Also note that F,, will be a
r-well separated F-packing in G and A(G(") — f,ﬁf)) < A(Lg) + A(G,(f)) < ke'n+ (1.1p)"n < n,
so we can take F := Fy.
Now, assume that for some j € [s], we have found F;_; and G;_; and now need to find F; and

Gj. By (¢)j—1, Gj—1 is (Ve dj_1, f,r)-regular and (§;_1, f + r,7)-dense for some d;_1 > &;_.
Thus, we can apply Lemma 6.4 to obtain a Kj(f)—packing Kj in Gj_1 such that A(L;-) < é'n,

where L) := Gg-r_)l - ICJ(.T). Let G’ := Gj_1 — L}. Clearly, K; is a K](f)—decomposition of GY.
Moreover, by (c);j—1 and Proposition 5.9 we have that G;. is (2(T+1)(j*1)+T5’,dj,1,f,r)—regular

and (0.9¢;_1, f + r,r)-dense. By Lemma 6.6, there exists a 1-well separated F-packing .7:]/» in G;-

such that the following hold for G; := G — Fi") — k0 = @ — 71 - F=UHD,

(i) Gjis (2(T+1)(j_1)+’”+15’,p(i)fldj,l, f,r)-regular;
(i) Gj is (0.81p(fir)71§j_1, f -+ r,r)-dense;
(iii) AGY) < L1pAG).

Let Fj := Fj_1UF} and L; := G —]:j(r) —GY). Note that f](_)lﬂf]/-m = () by (a)j—1. Moreover,
Fj—1 and Fj are (r + 1)-disjoint by (d);j—1. Thus, F; is (j — 1 + 1)-well separated by Fact 5.4(ii).
Moreover, using (a);—1, we have

G C G~ Fca-FD - F,

thus (a); holds. Observe that L;\ L;—1 C L}. Thus, we clearly have A(Lj) < A(L;j-1)+A(L}) <
je'n, so (b); holds. Moreover, (c); follows directly from (i) and (ii), and (e); follows from (e);_;
and (iii). To see (d);, observe that ]-“jg_1 and G are (r+1)-disjoint by (d);—; and since G; C Gj_1,
and F]{S and G; are (r + 1)-disjoint by definition of G;. Thus, (a);—(e); hold and the proof is
completed. O

6.4. Greedy coverings and divisibility. The following lemma allows us to extend a given
collection of r-sets into suitable r-disjoint f-cliques (see Corollary 6.9). The full strength of
Lemma 6.7 will only be needed in Section 8. The proof consists of a sequential random greedy
algorithm.

Lemma 6.7. Let 1/n < vy < «,1/s,1/f and r € [f —1]. Let G be a complex on n vertices and
let L C€ G satisfy A(L) < yn. Suppose that L decomposes into Ly, ..., Ly, with 1 < |Lj| < s.
Suppose that for every j € [m], we are given some candidate set Q; C ﬂeeLj G (e) with |Q;] >
anf=". Then there exists Q; € Q; for each j € [m] such that, writing K; := (Q; W L;)<, we have
that Kj and Ky are r-disjoint for all distinct j, j' € [m], and AUjepm) KJ(T)) < n.

Proof. Let t := 0.5an’~" and consider Algorithm 6.8. We claim that with positive probability,
Algorithm 6.8 outputs K7,..., K, as desired.

It is enough to ensure that with positive probability, A(T}) < s fry*3n for all j € [m]. Indeed,
note that we have L; NT; = () by construction. Hence, if A(T}) < sfry?/3n, then Proposition 5.7
implies that every e € L; is contained in at most (y + sfry%/3)2'nf=" f-sets of V(G) that also
contain an edge of T; U (L — Lj). Thus, there are at most s(y + sfry?/3H2rnf=r < 0.5anf "
candidates @ € Q; such that (Q W L;)< contains some edge from T; U (L — L;). Hence, Q%] >
|Q;] — 0.5anf~" > t, so the algorithm succeeds in round j.

For every (r —1)-set S C V(G) and j € [m], let Yjs be the indicator variable of the event that
S is covered by Kj;.
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Algorithm 6.8

for j from 1 to m do
define the r-graph T} := U;fll KJ(,T) and let Q;- contain all @ € Q; such that (QLJ_rJLj)S does

not contain any edge from 7; or L — Lj;.
if |Q}| >t then
pick Q € Q; uniformly at random and let K, := (Q W L;)=
else
return ‘unsuccessful’

end if

end for

For every (r—1)-set S C V(G) and k € [r—1]o, define Js . := {j € [m] : maxcer, |SNe| = k}.
Observe that if YjS =1, then K covers at most sf r-edges that contain S. Therefore, we have

j—1 r—1
Ti(S) <sfY Yi=sf> >, Y5
=1

k=0 j'€Js,kN[j—1]
The following claim thus implies the lemma.
Claim 1: With positive probability, we have Zj’ejs,m[j—ll Y]‘? < A3 for all (r —1)-sets S,
ke [r—1]o and j € [m].
Fix an (r —1)-set S, k € [r — 1]p and j € [m]. For j' € Js, there are at most
Z pd —180el < gpmaxecr (f=ISuel) _ s/ —2r 1tk
EEL]»/
f-sets that contain S and some edge of L.

In order to apply Proposition 5.11, let ji,...,j, be an enumeration of Jg; N [j — 1]. We then
have for all a € [b] and all y1,...,y,—1 € {0,1} that
Snf—27‘+1+k
JP’(Y];q =1] Y]”f =Yl,... ,in1 = Y1) < = 2saq IprHRHL
Let p := min{2sa~'n="***1 1} and let B ~ Bin(|Jsx N [j — 1]|,p).
Note that |Jg x| < (‘i‘)Ak(L) < (T?)’yn’“_k by Fact 5.1. Thus,

-1

Therefore,
Proposition 5.11 Lemma 5.10(iii) 2/3
S 2/3 2/3 -
P( Z Y;»,Z’y/n) < P(B > ~*/*n) < e 1,
J'€TskNli—1]
A union bound now easily proves the claim. O

Corollary 6.9. Let 1/n < v < a,1/f andr € [f—1]. Suppose that F' is an r-graph on f vertices.
Let G be a complex on n vertices and let H C G with A(H) < yn and |GY)(e)| > an/~" for
all e € H. Then there is a 1-well separated F-packing F in G that covers all edges of H and such
that A(F1) < \/An.

Proof. Let ey, ..., ey be an enumeration of H. For j € [m], define L; := {e;} and Q; := G/ (e).
Apply Lemma 6.7 to obtain K1, ..., K,,. For each j € [m], let F}j be a copy of F' with V(F}) = K
and such that e; € Fj. Then F := {F1,..., Fy,} is as desired. O
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We can conveniently combine Lemma 6.5 and Corollary 6.9 to deduce the following result.
It allows us to make an r-graph divisible by deleting a small fraction of edges (even if we are
forbidden to delete a certain set of edges H). We will prove a similar result (Corollary 9.5) in
Section 11 under different assumptions.

Corollary 6.10. Let 1/n < v,e < &,1/f and r € [f —1]. Let F be an r-graph on f vertices.
Suppose that G is a complex on n vertices which is (g,d, f,r)-regular for some d > & and (&, f +
r,r)-dense. Let H C G satisfy A(H) < en. Then there exists L C G — H such that
A(L) < vn and G — L is F-divisible.

Proof. We clearly have |G()(e)| > 0.5¢n/~" for all e € H. Thus, by Corollary 6.9, there
exists an F-packing Fy in G which covers all edges of H and satisfies A(}'ér)) < yen. By
Proposition 5.9(i) and (i), G’ := G — Fér) is still (271\/e,d, f,r)-regular and (£/2, f + r,7)-
dense. Thus, by Lemma 6.5, there exists an F-packing Fippie in G’ such that A(L) < yn, where
L:=¢0—F" —a0_F —Fo) G H. Clearly, G" — L is F-divisible (in fact,
F-decomposable). O

7. VORTICES

A vortex is best thought of as a sequence of nested ‘random-like’ subsets of the vertex set of a
supercomplex GG. In our approach, the final set of the vortex has bounded size.

The main results of this section are Lemmas 7.4 and 7.5, where the first one shows that vortices
exist, and the latter one shows that given a vortex, we can find an F-packing covering all edges
which do not lie inside the final vortex set. We now give the formal definition of what it means
to be a ‘random-like’ subset.

Definition 7.1. Let G be a complex on n vertices. We say that U is (e, u, &, f,r)-random in G
if there exists an f-graph Y on V(G) such that the following hold:

(R1) U C V(G) with |U| = pn & n?/3,

(R2) there exists d > £ such that for all 2 € [f — r]o and all e € G"), we have that

{Q € GIYIV(e) : |QNU| =} = (1 £ e)bin(f —r,p,x)dn’ "

(R3) for all e € G") we have |G[Y]U*7)(e)[U]] >
(R4) for all h € [r]p and all B € G™ with 1 <
(e,&, f — h,r — h)-complex.

€(um)’
|

B| < 2" we have that (,c5 G(b)[U] is an

We record the following easy consequences for later use.

Fact 7.2. The following hold.
(i) If G is an (g,&, f,r)-supercomplez, then V(G) is (¢/€,1,&, f,r)-random in G.
(ii) If U is (e, u, &, f,r)-random in G, then G[U] is an (g,&, f,r)-supercomplez.
Here, (ii) follows immediately from (R4). Note that (R4) is stronger in the sense that B is not

restricted to U. Having defined what it means to be a ‘random-like’ subset, we can now define
what a vortex is.

Definition 7.3 (Vortex). Let G be a complex. An (e, pu,&, f,r,m)-vortex in G is a sequence
Up DUy D --- DUy such that

(V1) Up = V(G);

(V2) |Ui] = [plUi-l] for all i € [¢];

(V3) |Uel =m

(V4) for all i € [¢], U; is (e, 1, &, f,r)-random in G[U;_1];

(V5) for alli e [¢ — 1], U; \ Ui is (e, (1 — ), &, f,r)-random in G[U;_1].

We will show in Section 7.2 that a vortex can be found in a supercomplex by repeatedly taking
random subsets.
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Lemma 7.4. Let 1/m' < e < p,&,1/f such that p < 1/2 andr € [f—1]. Let G be an (¢,&, f,r)-
supercomplex on n > m’ vertices. Then there exists a (2v/c, 1, & — e, f,r,m)-vortez in G for some
pum’ <m < m'.

The following is the main lemma of this section. Given a vortex in a supercomplex G, it allows
us to cover all edges of G(") except possibly some from inside the final vortex set. We will prove
Lemma, 7.5 in Section 7.4.

Lemma 7.5. Let 1/m < 1/k € e K p < & 1/f and r € [f —1]. Assume that (%) is true
for all k € [r —1]. Let F be a weakly regular r-graph on f wvertices. Let G be an F-divisible
(e,&, f,r)-supercomplex and Uy 2 Uy 2 --- 2O Uy an (e, &, f,r,m)-vortex in G. Then there
exists a 4r-well separated F-packing F in G which covers all edges of GU) except possibly some
inside Up.

The proof of Lemma 7.5 consists of an ‘iterative absorption’ procedure, where the key ingredient
is the Cover down lemma (Lemma 7.7). Roughly speaking, given a supercomplex G and a
‘random-like’ subset U C V(G), the Cover down lemma allows us to find a ‘partial absorber’
H C G) such that for any sparse L C G\"), H U L has an F-packing which covers all edges
of H U L except possibly some inside U. Together with the F-nibble lemma (Lemma 6.5), this
allows us to cover all edges of G except possibly some inside U whilst using only few edges
inside U. Indeed, set aside H as above, which is reasonably sparse. Then apply the Lemma 6.5
to G—G) [U] — H to obtain an F-packing Fyppe With a very sparse leftover L. Combine H and
L to find an F-packing Fgjeqn whose leftover lies inside U.

Now, if Uy D Uy D --- D Uy is a vortex, then Uj is ‘random-like’ in G and thus we can cover
all edges which are not inside U; by using only few edges inside U; (and in this step we forbid
edges inside Uy from being used.) Then Uy is still ‘random-like’ in the remainder of G[U;], and
hence we can iterate until we have covered all edges of G except possibly some inside Uy.

7.1. The Cover down lemma. We now provide the formal statement of the Cover down lemma.
We will prove it in Section 10.

Definition 7.6. Let G be a complex on n vertices and H C G("). We say that G is (&, f,r)-dense
with respect to H if for all e € G we have |G[H U {e}]Y)(e)| > &nf.

Lemma 7.7 (Cover down lemma). Let 1/n < 1/k K vy <K e < v < u,&,1/f and r € [f —1] with
u<1/2. Assume that (x); is true for all i € [r — 1] and that F is a weakly regular r-graph on f
vertices. Let G be a complex on n vertices and suppose that U is (g, u, &, f,r)-random in G. Let
G be a complex on V(G) with G C G such that G is (e, f,7)-dense with respect to G — G U],
where U := V(G)\ U.

Then there exists a subgraph H* C G") — GM[U] with A(H*) < vn such that for any L € G")
with A(L) < yn and H* UL being F-divisible and any (r+1)-graph O on V(G) with A(O) < yn,
there exists a k-well separated F-packing in G[H* UL]— O which covers all edges of H* UL except
possibly some inside U.

Roughly speaking, the proof of the Cover down lemma proceeds as follows. Suppose that we
have already chosen H* and that L is any sparse (leftover) r-graph. For an edge e € H* U L, we
refer to [eNU| as its type. Since L is very sparse, we can greedily cover all edges of L using edges
of H* in a first step. In particular, this covers all type-0-edges. We will now continue and cover
all type-1-edges. Note that every type-l-edge contains a unique S € (V(ﬁ)l\U
S e (V(TG_)I\U), we would like to cover all remaining edges of H* that contain .S simultaneously.
Assuming a suitable choice of H*, this can be achieved as follows. Let Lg be the link graph
of S after the first step. Let T € (VT(_I?) be such that F(T') is non-empty. By Proposition 5.3,
Lg will be F(T)-divisible. Thus, by (*)1, Ls has a x-well separated F(T)-decomposition Fg.
Proposition 7.9 below implies that we can ‘extend’ Fg to a k-well separated F-packing Fg which
covers all edges that contain S.

However, in order to cover all type-1-edges, we need to obtain such a packing Fg for every

S e (V(ﬁ)l\U), and these packings are to be r-disjoint for their union to be a k-well separated

). For a given set
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F-packing again. The real difficulty thus lies in choosing H* in such a way that the link graphs Lg
do not interfere too much with each other, and then to choose the decompositions Fg sequentially
(see the discussion in the beginning of Section 10). We would then continue to cover all type-2-
edges using (*)2, etc., until we finally cover all type-(r —1)-edges using (*),—1. The only remaining
edges are then type-r-edges, which are contained in U, as desired.

We now show how the notion of well separated F-packings allows us to ‘extend’ a decomposition

of a link complex to a packing which covers all edges that contain a given set S (cf. the discussion
in Section 4.2).
Definition 7.8. Let F' be an r-graph, i € [r — 1] and assume that 7" € (V(Z.F)) is such that F'(T)
is non-empty. Let G be a complex and S € (V(iG)). Suppose that F' is a well separated F(T)-
packing in G(S). We then define S < F’ as follows: For each F' € F', let F/ be an (arbitrary)
copy of F on vertex set S UV (F') such that F/(S) = F’. Let

S<aF ={F,: F' e F}.

The following proposition is crucial and guarantees that the above extension yields a packing
which covers the desired set of edges. It is also used in the construction of so-called ‘transformers’
(see Section 8.1).

Proposition 7.9. Let F, r, i, T, G, S be as in Definition 7.8. Let L C G(S)"=9. Suppose that
F'is a k-well separated F(T)-decomposition of G(S)[L]. Then F := S<F' is a k-well separated
F-packing in G and {e € F") : SCel=SwL.

In particular, if L = G(S)"~% ie. if ' is a x-well separated F(T')-decomposition of G(S),
then F is a k-well separated F-packing in G which covers all r-edges of G that contain S.

Proof. We first check that F is an F-packing in G. Let f := |V(F)|. For each F’ € F', we have
V(F") € G(S)[L]Y=) € G(S)F~9). Hence, V(F,) € GY). In particular, G [V (F})] is a clique
and thus F is a subgraph of G("). Suppose, for a contradiction, that for distinct F’, F” € F', F/,
and F both contain e € G("). By (WS1) we have that [V (F")NV (F")| < r—i, and thus we must
have e = SU(V (F")NV (F")). Since V(F')NV (F") € G(S)[L], we have e\ S € G(S)[L]"~?, and
thus e\ S belongs to at most one of F’ and F”. Without loss of generality, assume that e\ .S ¢ F'.
Then we have e \ S ¢ F/(S) and thus e ¢ F/, a contradiction. Thus, F is an F-packing in G.

We next show that F is k-well separated. Clearly, for distinct F', F” € F', we have |V (F}) N
V(F)| <r—i+|S| =7, so (WS1) holds. To check (WS2), consider e € (VS"G)). Let €' be an
(r —i)-subset of e\ S. By definition of F, we have that the number of F, € F with e C V(F)) is
at most the number of F' € F' with ¢/ C V(F"'), where the latter is at most x since F' is k-well
separated.

Finally, we check that {e € F") : S C e} = Sw L. Let e be any r-set with S C e. By
Definition 7.8, we have e € F() if and only if e\ S € F"=). Since F' is an F(T')-decomposition
of G(S)[L]"~%) = L, we have e\ S € F'"~9 if and only if e\ S € L. Thus, e € F) if and only if
ecSWL. O

7.2. Existence of vortices. The goal of this subsection is to prove Lemma 7.4, which guarantees
the existence of a vortex in a supercomplex.

Fact 7.10. For all p1,p2 € [0,1] and i,n € Ny, we have

n
(7.1) Z bin(n,p1,7)bin(j, p2,1) = bin(n, p1p2,i).

j=i
Proposition 7.11. Let 1/n < ¢ < py, po, 1 — p2,&,1/f and r € [f —1]. Let G be a complex
on n vertices and suppose that U is (e, u1,&, f,r)-random in G. Let U be a random subset of U

obtained by including every vertex from U independently with probability pe. Then whp for all
W C U of size |W| < |UP5, U AW is (e + 0.5|U| Y5, uypig, € — 0.5|U| =S, f,7)-random in G.
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Proof. Let Y C GU) and d > £ be such that (R1)-(R4) hold for U. By Lemma 5.10(i) we
have that whp |U’| = us|U| £ |U[*/®. So for any admissible W, we have that |[U’ A W| =
p2|U| £ 20U 35 = pypgn + (ugn®?® + 2n*/%) = papgn + n*/*, implying (R1).

We next check (R2). For all # € [f — 7]y and e € G, we have that |Q. .| = (1 £ &)bin(f —
7,1, 2)dnd =", where Q. == {Q € G[Y]V)(e) : |QNU| = x}. Consider e € G and z,y €
[f —r]o. We view Q.. as a (f — r)-graph and consider the random subgraph Q. ,, containing
all Q € Q. such that |QNU'| = y.

By the random choice of U’, for all e € G") and z,y € [f — 7]y, we have

E|Qe 2yl = bin(z, t2,y)| Qe z|-
Thus, by Corollary 5.14 whp we have for all e € G{") and z,y € [f — 7] that
| Qe = (102 bin(x, pa, y)| Qe ul
= (1 + 0~ Ybin(z, p2,y)(1 + e)bin(f — r, py, z)dn ="
= (14 (e + 20" YO bin(f — r, oy, 2)bin(x, po, y)dn/ 7.

Assuming that the above holds for U’, we have for all y € [f — r]g, e € G) and W C U of size
[W| < |UJP/® that

f-r
HR e D(e) : QN AW)[ =y} = [Qeuyl £ Wn/
z=y
f—r
= Z(l + (e 4 2n YO\ bin(f — r, p1, 2)bin(z, pe, y)dn' =" £ n "2 Pnf T
z=y

@b (1% (e + 3n Y2 N bin(f — r, prpo, y)dn .

We now check (R3). Consider e € G) and let Q. := G[Y]U+)(e)[U]. We have |Q.| >
&(pin)f. Consider the random subgraph of Q) consisting of all f-sets Q € Q. satisfying Q C
U'. For every Q € Q., we have P(Q C U') = ,ug. Hence, E|Q.| = u%]@e| > &(ppan)’.
Thus, using Corollary 5.14 and a union bound, we deduce that whp for all e € G("), we have
IGIYTYH) () [U')] > (1—|U|"Y?)é(u1pzn)?. Assuming that this holds for U7, it is easy to see that
for all W C U of size |W| < |U|*/5, we have |G[Y]U*)(e)[U' A W]| > (1 — |U|7Y5)&(uypan)! —
(WnS =t > (¢ = 2|U|"/5) (n1pan) .

Finally, we check (R4). Let h € [r]p and B C G with 1 < |B| < 2". Since U is (e, uu1, &, f,7)-
random in G, we have that (.5 G(b)[U] is an (¢,§, f — h,r — h)-complex. Then, by Propos-
ition 5.16, with probability at least 1 — e~ IUI/8 M, _, G(B)[U' A W] is an (e + 4|U[7Y/5,¢ —
3|U|~Y5, f — h,r — h)-complex for all W C U of size |W| < |U|*/5. Thus, a union bound yields
the desired result. OJ

Proposition 7.12. Let 1/n < e < py, p2, 1 — po,&,1/f and r € [f —1]. Let G be a complex on
n vertices and let U C V(G) be of size [pun| and (e, 1, &, f,7)-random in G. Then there ezists
U CU of size |u2|U|] such that

(i) U is (e + |U|7Y6, pg, € — |UYS, f,7)-random in G[U] and

(i) U\U is (e + U706, u1 (1 = po), € — |U[YS, £, 7)-random in G.
Proof. Pick U’ C U randomly by including every vertex from U independently with prob-
ability ps. Clearly, by Lemma 5.10(i), we have with probability at least 1 — 262U that
U] = pa|U| £ |UYT.

It is easy to see that U is (¢ + 0.5|U|%/6,1,& — 0.5|U|~Y/8, f,7)-random in G[U]. Hence, by
Proposition 7.11, whp U’ AW is (e +|U|7Y/6, pa, € — |U|'/S, £, 7)-random in G[U] for all W C U of
size |W| < |U|?/>. Moreover, since U” := U \ U’ is a random subset obtained by including every
vertex from U independently with probability 1 — us, Proposition 7.11 implies that whp U” AW
is (€ +0.5|U 76, uy (1 — o), & — 0.5|U|YS, f,r)-random in G for all W C U of size [W| < |U[3/5.
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Let U’ be a set that has the above properties. Let W C V(G) be a set with [W| < |U|3/5 such
that [U" A W| = |u2|U|] and let U := U’ A W. By the above, U satisfies (i) and (ii). O

We can now obtain a vortex by inductively applying Proposition 7.12.

Proof of Lemma 7.4. Recursively define ny := n and n; := [un;_1]. Observe that win > n; >
pin —1/(1 — p). Further, for i € N, let a; := 2n~'/6 > el p~U=D/6 Let ¢ := 1+ max{i >0 :
n; > m'} and let m := ny. Note that [um’] < m < m’. Moreover, we have that

—£/6 _ 1 (Iué—ln)—l/ﬁ m/—1/6

—1/6 # < <
PPV R WA VE —21_M1/6—8

ag = 2n

since uf~In >ny_; > m'.

By Fact 7.2, Uy := V(G) is (¢/&,1,&, f,r)-random in G. Hence, by Proposition 7.12; there
exists a set Uy C Uy of size n; such that Uy is (v + a1, u, & — aq, f,r)-random in G[Up]. If £ =1,
this completes the proof, so assume that ¢ > 2.

Now, suppose that for some i € [(—1], we have already found a (v/e+a, p, € —aj;, f, 7, n;)-vortex
Up,...,U; in G. Note that this is true for ¢ = 1. In particular, U; is (v + aj, i1, & — ag, f,7)-
random in G[U;—1] by (V4). By Proposition 7.12, there exists a subset U;11 of U; of size n;y1

such that Uj41 is (Ve + a;i + n;l/G,,u,,f —a; — ni_l/G,f, r)-random in G[U;] and U; \ Uy is
(Ve + a; + n;l/ﬁ,p(l —w),& —a; — n;l/G,f,r)—random in G[U;—1]. Thus, Uy,...,Ui41 is a

(Ve+ a1, b, & — agy1, f, 7, niq1)-vortex in G.
Finally, Uy, ..., Uy is an (v/e + ag, u, & — ay, f,r,m)-vortex in G. O

Proposition 7.13. Let 1/n < e < p,&,1/f such that p < 1/2 and r € [f — 1]. Suppose that
G is a complex on n vertices and U is (e, u, &, f,r)-random in G. Suppose that L C G") and
O C G+ satisfy A(L) < en and A(O) < en. Then U is still (\/e,p, & — /2, f,r)-random in
G—-L-0.

Proof. Clearly, (R1) still holds. Moreover, using Proposition 5.7 it is easy to see that (R2)
and (R3) are preserved. To see (R4), let h € [r]p and B C (G — L — 0)M with 1 < |B| < 2"
By assumption, we have that (),cz G(b)[U] is an (¢,&, f — h,7 — h)-complex. By Fact 5.8, we
can obtain (,cg(G — L — O)(b)[U] from (.5 G(b)[U] by successively deleting (r — |S])-graphs
L(S) and (r + 1 — |S|)-graphs O(S), where S C b € B. There are at most 2|B|2" < 22/*! such
graphs. By Fact 5.1, we have A(L(S)) < en < 23U — B if |S| < r. If |S| = r, we have
S € B and thus L(S) is empty, in which case we can ignore its removal. Moreover, again by
Fact 5.1, we have A(O(S)) < en < e/3|U —|J B| for all S C b € B. Thus, a repeated application
of Proposition 5.9(iv) (with » — [S|,7 — h, f — h, L(S), /3 playing the roles of 7/, r, f, H,~ or
with r +1—|S|,7 — h, f — h,0(S),e%/3 playing the roles of ', r, f, H,~, respectively) shows that
Moen(G — L —0)(b)[U] is a (v/e,§ — Ve, f — h,r — h)-complex, as needed. O

7.3. Existence of cleaners. Recall that the Cover down down lemma guarantees the existence
of a suitable ‘cleaning graph’ or ‘partial absorber’ which allows us to ‘clean’ the leftover of an
application of the F-nibble lemma in the sense that the new leftover is guaranteed to lie in the
next vortex set. For technical reasons, we will in fact find all cleaning graphs first (one for each
vortex set) and set them aside even before the first nibble.

The aim of this subsection is to apply the Cover down lemma to each ‘level’ ¢ of the vortex to
obtain a ‘cleaning graph’ H; (playing the role of H*) for each ¢ € [¢] (see Lemma 7.15). Let G be
a complex and Uy D Uy 2 --- D Uy a vortex in G. We say that Hy,..., Hyis a (v, v, k, F)-cleaner
(for the said vortex) if the following hold for all i € [¢]:

(Cl) H; C G [Ui—1] — G [Uit1], where Upyq := 0;
(C2) A(H;) < v|Ui-l;
(C3) H; and H;; are edge-disjoint, where Hy 1 := {J;
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(C4) whenever L € GM[U;_4] is such that A(L) < v|U;_1] and H; U L is F-divisible and O is

an (r + 1)-graph on U;_1 with A(O) < «|U;_1|, there exists a k-well separated F-packing

F in G[H; U L][U;—1] — O which covers all edges of H; U L except possibly some inside Us.

Note that (C1) and (C3) together imply that Hi,..., H, are edge-disjoint. The following
proposition will be used to ensure (C3).

Proposition 7.14. Let 1/n < ¢ < pu,&,1/f and r € [f — 1]. Let € = £(1/2)®+D. Let G be
a complex on n vertices and let U C V(G) of size un and (e, p, &, f,r)-random in G. Suppose
that H is a random subgraph of G\") obtained by including every edge of G independently with

1/10

probability 1/2. Then with probability at least 1 —e™ ™",
(i) U is (Ve,u, &, f,r)-random in G[H| and
(ii) G is (e, f,r)-dense with respect to H — G [U], where U := V(G) \ U.

Proof. Let Y C GU) and d > ¢ be such that (R1)-(R4) hold for U and G. We first consider
(i). Clearly, (R1) holds. We next check (R2). For e € G and = € [f — 7)o, let Qe == {Q €
GIY)Y(e) : |QNU| =x}. Thus, |Qes| = (1 £ &)bin(f — 7, pu,x)dnf ",

Consider e € G and z € [f — r]o. We view Q. as a (f — r)-graph and consider the random
subgraph Q/e,w containing all @ € Q. , such that (Q;Je) \ {e} € H. For each Q € Q. ,, we have

PQ e Q.,) =(1/ 2)(5)_1. Thus, using Corollary 5.14 we deduce that with probability at least

_.1/6
1—e ™" we have

QL. = (1+)E|QL | = (1 +e)(1/2)) (1 £ e)bin(f —r, p, @)dnS

= (1 Ve)dbin(f —r, p,x)dn’ ",

1/7

where d’ := d(1/2)(£)71 > ¢’. Thus, a union bound yields that with probability at least 1—e """,
(R2) holds.

Next, we check (R3). By assumption, we have |G[Y]V*7)(e)[U]| > £(un)! for all e € G, Let
Qe == G[Y]U*)(e)[U] and consider the random subgraph Q’, containing all Q € Q. such that
(Qfe)\{e} C H. Foreach Q € Q,, we have P(Q € Q,) = (1/2)(fjr)71. Thus, using Corollary 5.14

_pl/6

we deduce that with probability at least 1 —e we have

QL = (1 +)E|QL > (1 —e)(1/2) ") e(un) > € (un),

and a union bound implies that this is true for all e € G(") with probability at least 1 — e

Next, we check (R4). Let b € [r] and B C G with 1 < |B| < 2". We know that (,c 5 G(b)[U]
is an (¢, &, f — h,r — h)-complex. By Proposition 5.18 (applied with G[U U B], {G[U U B]™}
playing the roles of G, P), with probability at least 1 — e luIE, Moes GIH](D)[U] is a (ve, &, f —
h,r — h)-complex. Thus, a union bound over all h € [r]y and B € G with 1 < |B| < 2" yields
that with probability at least 1 — =", (R4) holds.

Finally, we check (ii). Consider e € G and let Q. := G[(G") — GM[U]) U e])(e). Note
by (R2), we have |G[Y]P)(e)[U]| = (1 £e)bin(f — r,p, f — r)dnf ", so | Q.| > |G[Y]P)(e)[U]] >
(1—e)éu!~"nf 7. We view Q. as a (f —r)-graph and consider the random subgraph @', containing
all @ € Q. such that (Qfe) \{e} € H. For each Q € Q., we have P(Q € Q) = (1/2)(7{)_1. Thus,

_pl/6

using Corollary 5.14 we deduce that with probability at least 1 — e we have

Q)] > 0.9E|Q| > 0.9(1/2)(D)L(1 — e)ep! ~nf =" > Jen! .

A union bound easily implies that with probability at least 1 — e_”w, this holds for all e € G(").
O

The following lemma shows that cleaners exist.

Lemma 7.15. Let I/m < 1/k € 7y < e K v < 1, & 1/ f be such that n < 1/2 and r € [f — 1].
Assume that (x); is true for all i € [r — 1] and that F is a weakly regular r-graph on f vertices.
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Let G be a complex and Uy D Uy 2 --- D Uy an (g, 1, &, f,r,m)-vortex in G. Then there exists a
(v,v, k, F)-cleaner.

Proof. For i € [(], define U/ := U; \ Ujy1, where Upyy := (. For i € [(—1], let p; := p(1— ), and
let o := p. By (V4) and (V5), we have for all ¢ € [¢] that U] is (e, p;,&, f,r)-random in G[U;_1].

Split G randomly into Gy and Gy, that is, independently for every edge e € GU"), put e
into Gy with probability 1/2 and into G; otherwise. We claim that with positive probability, the
following hold for every i € [¢]:

(1) Uz/ is (\/ga iy 6(1/2)(8f+1)7 f7 T)_random in G[Gl mod 2] [Uz—l]v

(i1) G[U;-1] is (v/e, f,r)-dense with respect to G; mod 2[Ui—1] — G [Ui—1 \ U/].
By Proposition 7.14, the probability that (i) or (ii) do not hold for i € [¢] is at most e~ IVi-1 <
|U;_1|72. Since Zle |U;—1]72 < 1, we deduce that with positive probability, (i) and (ii) hold for
all i € [{].

Therefore, there exist G, Gy satisfying the above properties. For every i € [¢], we will find
H; using the Cover down lemma (Lemma 7.7). Let ¢ € [¢]. Apply Lemma 7.7 with the following
objects/parameters:

object/parameter ‘ G[Gi mod 2][Ui-1] ‘ U/ ‘ G[U;i-1] ‘ r ‘ |Ui_1| ‘ P ‘ ‘ NG ‘ v ‘ w | €172 & +1) ‘ f ‘

playingtheroleof‘ G ‘U‘ G ‘F‘ n ‘n"y‘a‘v‘u‘ £ ‘f‘r

|1/10

Hence, there exists
H;i € Gimod 2[Ui—1] — Gimod 2[Ui—1 \ U] € Gi mod 2[Ui—1] — G [Uiy1]

with A(H;) < v|U;_1| and the following ‘cleaning’ property: for all L € G [U;_] with A(L) <

~|Ui—1| such that H; U L is F-divisible and all (r + 1)-graphs O on U;_1 with A(O) < 4|U;_1],

there exists a x-well separated F-packing F in G[H; U L|[U;—1] — O which covers all edges of
H; U L except possibly some inside U] C U;. Thus, (C1), (C2) and (C4) hold.

Since G and G, are edge-disjoint, (C3) holds as well. Thus, Hy, ..., Hyis a (v, v, k, F')-cleaner.

O

7.4. Obtaining a near-optimal packing. Recall that Lemma 7.5 guarantees an F-packing
covering all edges except those in the final set U, of a vortex. We prove this by applying suc-
cessively the F-nibble lemma (Lemma 6.5) and the definition of a cleaner to each set U; in the
vortex.

Proof of Lemma 7.5. Choose new constants v, > 0 such that
I/m<l/kgy<egr K l/f.

Apply Lemma 7.15 to obtain a (v, v, k, F')-cleaner Hy, ..., Hy. Note that by (V4) and Fact 7.2(ii),
G[U;] is an (g,¢&, f,r)-supercomplex for all 7 € [¢], and the same holds for i« = 0 by assumption.
Let Hpy1 := 0 and Ugpyq := 0.

For i € [{]op and F;, define the following conditions:

FP1*); F; is a 4k-well separated F-packing in G — H;;1 — G [Uit1];

2

)i
FP2*); FF covers all edges of G() that are not inside Uj;
FP3*); for all e € GO U], |F =P (e)] < 2x;

FP4%); AF " (U) < iU,

Note that (FP1*)o—(FP4*)o hold trivially with F{ := (). We will now proceed inductively until
we obtain F; satisfying (FP1*),~(FP4*),. Clearly, taking F := F; completes the proof (using
(FP1*)y and (FP2*),).

Suppose that for some i € [¢], we have found F;* ; such that (FP1*);_1—(FP4*);_; hold. Let

(
(
(
(

Gi=GUi1] — (F" UH; 1 UG U )) — FrSY,
We now intend to find F; such that:
(FP1) F; is a 2r-well separated F-packing in G;;
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(FP2) F; covers all edges from G [U;_1] — .7-";1? that are not inside Uy;

(FP3) AGF[U3]) < Uil

We first observe that this is sufficient for F; := F | U F; to satisfy (FP1*);—(FP4*);. Note that
.Fi(r) and ]-"Z-*_(q) are edge-disjoint, and F; and F;_; are (r+1)-disjoint by definition of G;. Together
with (FP1*);_; this implies that F; is a well separated F-packing in G — H;1 — GM[U;44]. Let
ec G, If e Z U;_1, then |]-"Z-S(f)(e)| = 0 and hence |}"Z-*S(f)(e)] = |ﬂ*§1(f)(e)\ <4k. If e C U;_q,
then we have |5 =Y (e)] = |55V (e)| + 175U ()| < 4k by (FP3*);_1 and (FP1). Thus, F} is
4r-well separated and (FP1*); holds.

Clearly, (FP2*),_; and (FP2) imply (FP2*);. Moreover, observe that ]_-i*_gl(r) [U;] is empty by
(FP1*);—1. Thus, (FP3*); holds since F; is 2k-well separated, and (FP3) implies (FP4*);.

It thus remains to show that F; satisfying (FP1)—(FP3) exists. We will obtain F; as the union
of two packings, one obtained from the F-nibble lemma (Lemma 6.5) and one using (C4). Let
Gi,nibble = G[Ui_l] — (./rlt(? UH;U G [Uz]) - fifl(ﬂ_l). Recall that G[Ui_l] is an (E,f, 1 7’)—
supercomplex. In particular, it is (g, d, f,r)-regular for some d > &, and (§, f + r,r)-dense. Note
that by (FP4*);_1, (C2) and (V2) we have

AF D [Ui1] UH; UG < plUsa| + v|Uica| + pl Ui | < 3p|Us_a].

Moreover, A(F STy < 4k(f — r) < p|Ui_1| by Fact 5.4(i). Thus, Proposition 5.9(i) and (ii)
imply that Gjnippe is still (273, d, f,r)-regular and (£/2, f + r,7)-dense. Since p < &, we
can apply Lemma 6.5 to obtain a s-well separated F-packing F; nippie i G pipbie such that
A(Lipspie) < $71Uiz1], where Linipie = G\ ise — Fore- Since by (FP2%);_y,

i7

— GOy - F) — F)

i,nibble

=@ UH, UG )) - F)

i,nibble i,nibble

= H; uGM[U; U L; nivbie,

we know that H; U G [Ui] U L; pipie is F-divisible. By (C1) and (C3), we know that H;;q U
G [Ui11] € GM[U;] — H;. Moreover, by (C2) and Proposition 5.9(v) we have that G[U;] — H; is a
(2, €/2, f,r)-supercomplex. We can thus apply Corollary 6.10 (with G[U;]—H;, H;41UG ™ [Uj41],
24 playing the roles of G, H,¢) to find an F-divisible subgraph R; of G")[U;] — H; containing
Hi U G(T) [Ui+1] such that A(Li,res) < %’}/|Ul|, where Li,res = G(T) [Ul] — H;, — R;.

Let L; := L; pipbie U Li res. Clearly, L; C G [U;—1] and A(L;) < v|U;—1|. Note that

G(r) o fl’:(? _ f‘(r)

i,nibble

(72) H, UL, = (Hz Q) (G(T) [Ul] — Hl) o Li,nibble) —R; = G(T) — JT'.;;(? — f(r)

i,nibble

_Ri

is F-divisible. Moreover, A(F;S"T0 U F=0tDy < 54(f — 1) by Fact 5.4(i). Thus, by (C4) there

i,nibble
exists a k-well separated F-packing F; ceqn in

£<(r 41 <(r+1
Gi,clean = G[HZ U Ll] [Uifl] - ]:7;__1(7“"" ) - ‘}—i,_rgb—‘gle)

which covers all edges of H; U L; except possibly some inside U;.
We claim that F; := F; pipie U Ficlean is the desired packing. Since }'Z.(:L)ibbl . and F, r)

i,clean
edge-disjoint and F; pippie and F; ciean are (r + 1)-disjoint, we have that F; is a 2k-well separated

F-packing by Fact 5.4(ii). Moreover, it is easy to see from (C1) that G; nine € Gi. Crucially,

since R; was chosen to contain H;yq UG [Ui+1], we have from (FP2*),_; that

(7.2)
H,UL; € GUU;_1]—R; — fi*_(? c GMU;_4] - (fi*_(? UH; 1 UG U]

and thus G; ceqn C Gy as well. Hence, (FP1) holds.
Clearly, F; covers all edges of G(")[U;_1] —]:i*_(? that are not inside U;, thus (FP2) holds. Finally,
since F\". . [U;] is empty, we have A(F([U;]) < A(H; U L) < v|Uia| +v|Ui1| < plUi], as

i,nibble

needed for (FP3). O

are
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8. ABSORBERS

In this section we show that for any (divisible) r-graph H in a supercomplex G, we can find
an ‘exclusive’ absorber r-graph A (as discussed in Section 1.7, one may think of H as a potential
leftover from an approximate F-decomposition and A will be set aside earlier to absorb H into
an F-decomposition). The following definition makes this precise. The main result of this section
is Lemma 8.2, which constructs an absorber provided that F' is weakly regular. Building on [7],
we will construct absorbers as a concatenation of ‘transformers’ and special ‘canonical graphs’.
The goal is to transform an arbitrary divisible r-graph H into a canonical graph. In the following
subsection, we will construct transformers. In Section 8.2, we will prove the existence of suitable
canonical graphs. We will prove Lemma 8.2 in Section 8.3.

Definition 8.1 (Absorber). Let F, H and A be r-graphs. We say that A is an F'-absorber for H
if A and H are edge-disjoint and both A and A U H have an F-decomposition. More generally,
if G is a complex and H C G"), then A C G is a k-well separated F-absorber for H in G if A
and H are edge-disjoint and there exist k-well separated F-packings F, and F, in G such that

fér) = A and ]:.(T) =AUH.

Lemma 8.2 (Absorbing lemma). Let 1/n < 1/k < v,1/h,e < &, 1/f and r € [f — 1]. Assume
that (x); is true for all i € [r — 1]. Let F be a weakly regular r-graph on f vertices, let G be an

(e,€, f,r)-supercomplex on n vertices and let H be an F-divisible subgraph of G with |H| < h.
Then there exists a k-well separated F-absorber A for H in G with A(A) < yn.

We now briefly discuss the case r = 1. We write V(F) = {x1,...,2¢} and can assume that
F = {{z1},...,{2¢}} for some ¢ € [f].

Assume first that H = {ey,...,e;}. Choose any f-set Qo € G) and write Qy = {v1,... ,UF}
Let Fy be a copy of F with vertex set Qg such that Fy = {{v1},...,{v}}. Now, for every i € [t],
choose a Q; € G (e;)) N GP ({v;}) (cf. Fact 5.6). Choose these sets such that |JH, Q.. ..,Q;
are pairwise disjoint. For every ¢ € [t], let F; and F] be copies of F' such that V(F;) = Q; U e;,
V(.FZ/) =Q; U {Uz} and F; A ‘Fi/ = {6i, {Uz}}

Now, let A := Uy £ Then Fo := {FY,... , F{} is a 1-well separated F-packing in G with

.7-"51) = A, and F, := {Fp, F1,..., Fi} is a 1-well separated F-packing in G with .7-".(1) =AUH.
Thus, A is a 1-well separated F-absorber for H in G. More generally, if H is any F-divisible
1-graph, then ¢ | |H|, so we can partition the edges of H into |H|/t subgraphs of size ¢ and then
find an absorber for each of these subgraphs (successively so that they are appropriately disjoint.)
Thus, for the remainder of this section, we will assume that r» > 2.

8.1. Transformers. Roughly speaking, a transformer 7' can be viewed as transforming a given
leftover graph H into a new leftover H' (where we set aside T' and H' earlier).

Definition 8.3 (Transformer). Let F be an r-graph, G a complex and assume that H, H' C G("),
A subgraph T C G is a k-well separated (H, H'; F)-transformer in G if T is edge-disjoint from
both H and H' and there exist x-well separated F-packings F and F’ in G such that F () = TUH
and F'") = TU H'.

Our ‘Transforming lemma’ (Lemma 8.5) guarantees the existence of a transformer for H and
H' if H' is obtained from H by ‘identifying’ vertices. To make this more precise, given a multi-
r-graph H and z,2’ € V(H), we say that 2 and 2’ are identifiable if |H({x,2'})| = 0, that is, if
identifying x and 2’ does not create an edge of size less than r. (Identifying x and =’ means that
we create a new vertex x*, replace all appearances of z, 2" in edges with z*, and delete x,2’.) For
multi-r-graphs H and H', we write H 3 H' if there is a sequence Hy, ..., H; of multi-r-graphs
such that Hy & H, H, is obtained from H' by deleting isolated vertices, and for every i € [t], there
are two identifiable vertices x, 2’ € V(H,;_1) such that H; is obtained from H;_; by identifying z
and /.

If H and H' are (simple) r-graphs and H 3 H’, we just write H ~» H' to indicate the fact that
during the identification steps, only vertices z,2’ € V(H;—1) with H;_1({z}) N H;—1({2'}) = 0
were identified (i.e. if we did not create multiple edges).
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Clearly, 3 is a reflexive and transitive relation on the class of multi-r-graphs, and ~~ is a
reflexive and transitive relation on the class of r-graphs.

It is easy to see that H ~ H' if and only if there is an edge-bijective homomorphism from H
to H' (see Proposition 8.4(i)). Given r-graphs H, H', a homomorphism from H to H' is a map
¢: V(H) — V(H') such that ¢(e) € H' for all e € H. Note that this implies that ¢[. is injective
for all e € H. We let ¢(H) denote the subgraph of H’ with vertex set ¢(V(H)) and edge set
{p(e) : e € H}. We say that ¢ is edge-bijective if |H| = |¢p(H)| = |H'|. For two r-graphs H and

H', we write H L H i ¢ is an edge-bijective homomorphism from H to H'.
We now record a few simple observations about the relation ~-» for future reference.

Proposition 8.4. The following hold.

(i) H ~ H' if and only if there exists ¢ such that H 2w,
(ii) Let Hy, HY,...,Hy, H] be r-graphs such that Hy, ..., Hy are vertez-disjoint and H{, ..., H]
are edge-disjoint and H; = H] for alli € [t|. Then

Hi+--+H~ H Y- H].

(iii) If H ~ H' and H is F-divisible, then H' is F-divisible.

The following lemma guarantees the existence of a transformer from H to H' if F' is weakly
regular and H ~» H’. The proof relies inductively on the assertion of the main complex decom-
position theorem (Theorem 4.7).

Lemma 8.5 (Transforming lemma). Let 1/n < 1/k < v,1/h,e < &,1/f and 2 < r < f.
Assume that (x); is true for all i € [r — 1]. Let F be a weakly regular r-graph on f vertices,
let G be an (e,&, f,r)-supercomplex on n vertices and let H, H' be vertex-disjoint F-divisible

subgraphs of GU) of order at most h and such that H ~ H'. Then there exists a k-well separated
(H, H'; F)-transformer T in G with A(T) < yn.

A key operation in the proof of Lemma 8.5 is the ability to find ‘localised transformers’. Let
i€lr—1]andlet S CV(H), S CV(H') and S* C V(F) be sets of size i. For an (r —i)-graph L
in the link graph of both S and S, we can view an F'(S*)-decomposition F;, of L (which exists
by (*)r—i) as a localised transformer between S & L and S’ L. Indeed, similarly to the situation
described in Sections 4.2 and 7.1, we can extend F7, ‘by adding S back’ to obtain an F-packing
F which covers all edges of Sw L. By ‘mirroring’ this extension, we can also obtain an F-packing
F' which covers all edges of S’ W L (see Definition 8.8 and Proposition 8.9). To make this more
precise, we introduce the following notation.

Definition 8.6. Let V be a set and let Vi, V5 be disjoint subsets of V' having equal size. Let
¢: Vi — V4 be a bijection. For a set S C V' \ Vs, define ¢(S) := (S'\ V1) U ¢(S N V1). Moreover,
for an r-graph R with V(R) C V' \ Va, we let ¢(R) be the r-graph on ¢(V(R)) with edge set
{p(e) : e € R}.

The following facts are easy to see.

Fact 8.7. Suppose that V', Vi, Vo and ¢ are as above. Then the following hold for every r-graph
R with V(R) CV \ Va:
(i) ¢(R) = R;
(ii) f R= Ry Y---U Ry, then ¢(R) = ¢(R1)U---Ud(Ry) and thus ¢p(R1) = ¢(R) — ¢(Ra) —
= O (R,

The following definition is a two-sided version of Definition 7.8.
Definition 8.8. Let F' be an r-graph, ¢ € [r—1] and assume that S* € (V(iF)) is such that F'(S*) is
non-empty. Let G be a complex and assume that Sy, Se € (V(Z.G)) are disjoint and that a bijection
¢: S1 — Ss is given. Suppose that F’ is a well separated F(S*)-packing in G(S1) N G(S2). We
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then define S < 7' > Sy as follows: For each F’ € F' and j € {1,2}, let I} be a copy of F' on
vertex set S; U V/(F') such that Fj(S;) = F’ and such that ¢(F]) = Fj. Let

Fr:={F : F' e F'};
Fo:={F): F' e F'};
Sl Q.F/DSQ = (.7:1,;2).

The next proposition is proved using its one-sided counterpart, Proposition 7.9. As in Propos-
ition 7.9, the notion of well separatedness (Definition 4.5) is crucial here.

Proposition 8.9. Let F, r, i, 5%, G, 51, S2 and ¢ be as in Definition 8.8. Suppose that
L C G NG(S2) " and that F' is a k-well separated F(S*)-decomposition of (G(S1) N
G(S2))[L]. Then the following hold for (Fi,F2) = S1 <F' > Sa:

(i) for j € [2], Fj is a k-well separated F-packing in G with {e € F;T) : S;Cel=S;WL;
(i) V(F?) S V(@) \ S and o(F) = F{".

Proof. Let j € [2]. Since (G(S1) N G(S2))[L] C G(S;), we can view F; as S; < F' (cf. Defini-
tion 7.8). Moreover, since (G(S1) N G(S2))[L]"~9 = L = G(S;)[L]"~?, we can conclude that F’
is a k-well separated F'(S*)-decomposition of G(S;)[L]. Thus, by Proposition 7.9, F; is a k-well
separated F-packing in G with {e € ]:(T) S;Ce}l=S5;wL.

Moreover, we have V(]—'1 ) CUprer V(F]) CV(G)\ Sz and by Fact 8.7(ii)

oF =0 F)= U o= U F=

Fl ef/ F/e].'/ F/ efl
U

We now sketch the proof of Lemma 8.5. Suppose for simplicity that H’ is simply a copy of H,
i.e. H = ¢(H) where ¢ is an isomorphism from H to H'. We aim to construct an (H, H'; F)-
transformer. In a first step, for every edge e € H, we introduce a set X, of |V(F)| — r new
vertices and let F be a copy of F' such that V(F.) = eU X, and e € F.. Let T1 := | ¢y Fe[Xe]
and Ry := U ey Fe —T1 — H. Clearly, {F, : e € H} is an F-decomposition of H U R; UT]. By
Fact 8.7(ii), we also have that {¢(F.) : e € H} is an F-decomposition of H' U¢(R;)UT;. Hence,
Ty is an (H U Ry, H' U ¢(Ry); F)-transformer. Note that at this stage, it would suffice to find an
(R1, ¢(Ry); F)-transformer Ty, as then T} UT] U Ry U ¢(R;) would be an (H, H'; F)-transformer.
The crucial difference now to the original problem is that every edge of R; contains at most r — 1
vertices from V(H). On the other hand, every edge in R; contains at least one vertex in V(H) as
otherwise it would belong to T7. We view this as Step 1 and will now proceed inductively. After
Step 7, we will have an r-graph R; and an (H U R;, H U ¢(R;); F)-transformer T; such that every
edge e € R; satisfies 1 < |eNV(H)| < r —i. Thus, after Step r we can terminate the process as
R, must be empty and thus 7, is an (H, H'; F)-transformer.

In Step i+1, where ¢ € [r—1], we use (x); inductively as follows. Let R} consist of all edges of R;
which intersect V (H) in r — i vertices. We decompose R into ‘local’ parts. For every edge e € R},
there exists a unique set S € (V(H)) such that S C e. For each S € (", Vi )), let Lg := R}(S). Note
that the ‘local’ parts S & Lg form a decomposition of R;. The problem of finding R;4+1 and Tj 1
can be reduced to finding a ‘localised transformer’ between S W Lg and ¢(S) W Lg for every S,
as described above. At this stage, by Proposition 5.3, Lg will automatically be F'(S*)-divisible,
where S* € (‘i(_lz)) is such that F'(S*) is non-empty. If we were given an F'(S*)-decomposition Fg
of Lg, we could use Proposition 8.9 to extend Fg to an F-packing Fs which covers all edges of
S Lg, and all new edges created by this extension intersect S (and V(H)) in at most r —¢ — 1
vertices, as desired. It is possible to combine these localised transformers with 7; and R; in such
a way that we obtain 7341 and R;y;.

Unfortunately, (G(S) N G(¢(S)))[Ls] might not be a supercomplex (one can think of Lg as
some leftover from previous steps) and so Fg may not exist. However, by Proposition 5.5, we have
that G(S) N G(4(S)) is a supercomplex. Thus we can (randomly) choose a suitable i-subgraph
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Ag of (G(S)NG(¢(S))) such that Ag is F(S*)-divisible and edge-disjoint from Lg. Instead of
building a localised transformer for Lg directly, we will now build one for Ag and one for AgU Lg,
using (*); both times to find the desired F'(S*)-decomposition. These can then be combined into
a localised transformer for Lg.

Lemma 8.10. Let 1/n < v/ < 7,1/k,e < §,1/f and 1 < i <r < f. Assume that (x),—; is
true. Let I be a weakly regular r-graph on f wvertices and assume that S* € (V(Z.F)) is such that
F(S*) is non-empty. Let G be an (€, f,r)-supercomplex on n vertices, let S1,Sy € GW with
S1NSy =10, and let ¢: S1 — Sz be a bijection. Moreover, suppose that L is an F(S*)-divisible
subgraph of G(S1)"=9 N G(S9) "= with |V (L)| < 4'n.

Then there exist T, R C G\") such that the following hold:

(TR1) V(R) CV(G)\ Se and |en Si| € [i — 1] for alle € R (so if i =1, then R must be empty
since [0] = 0);

(TR2) T is a (k + 1)-well separated ((S1 W L) U @(R), (SaW L) U R; F)-transformer in G;

(TR3) |V(T UR)| < yn.

Proof. We may assume that v/ < v < 1/k,e. Choose p > 0 with 7/ < p < v < 1/k, €.
We split the argument into two parts. First, we will establish the following claim, which is the
essential part and relies on (x),_;.

Claim 1: There exist T,RLA, Ry aur C G and k-well separated F'-packings ]:'1,]:"2 in G such
that the following hold:

(trl) V(R1,AaU Ry aur) CV(G)\ S2 and len Si| € [i — 1] for all e € Ry, 4 U Ry auL;

(tr2) T, 5L, SowL, Ry A, ¢(R1,4), Riaur, ¢(R1,auL) are pairwise edge-disjoint subgraphs
of G

(tr3) £ =T U (8w L) U Ry aup Ub(Rya) and F” =T U (Sy W L) U Ry 4 UG(Ryaur);

(trd) |[V(T'U Ry A URy AuL)| < 2un.

Proof of claim: By Corollary 5.17 and Lemma 5.10(i), there exists a subset U C V(G) with
0.9un < |U| < 1.1pn such that G’ := G[UUS1US, UV (L)] is a (2¢,§ — ¢, f, r)-supercomplex. By
Proposition 5.5, G” := G'(S1)NG’(Ss) is a (2¢, E—¢, f—i, r—i)-supercomplex. Clearly, L C G"("—%)
and A(L) < v'n < /*/|U|. Thus, by Proposition 5.9(v), G’ — L is a (3¢,& — 2, f — i,7 — i)-
supercomplex. By Corollary 6.10, there exists H C G”"~% — [ such that A := G""~ — L — H
is F(S*)-divisible and A(H) < 4'n. In particular, by Proposition 5.9(v) we have that

(i) G"[A] is an F(S*)-divisible (3¢,&/2, f — i,r — i)-supercomplex;
(ii) G"[AU L] is an F(S*)-divisible (3e,£/2, f — i, — i)-supercomplex.

Recall that F' being weakly regular implies that F'(S*) is weakly regular as well (see Proposi-
tion 5.3). By (i) and (x),—;, there exists a k-well separated F(S*)-decomposition F4 of G"[A].

By Fact 5.4(i), A(]-E(T_Hl)) < kf. Thus, by (ii), Proposition 5.9(v) and (*),_;, there also exists

a r-well separated F(S*)-decomposition Fayy, of G"[AU L] — E(T’—Hl)_ In particular, F4 and
Faur are (r — i+ 1)-disjoint.
We define

(F1,4, Fa,4) := S1 A Fa> So,

(F1,4uL, Fo,aur) := S1 < Faur > Sa.

By Proposition 8.9(i), for j € [2], Fj 4 is a k-well separated F-packing in G’ C G with {e € .7:;2 :

S; Ce} = S;WA and Fj aur is a k-well separated F-packing in G’ C G with {e € .7-";:21UL 0 85 C
e} =S;W(AUL).
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For j € [2], let
Tja:={e€F) : [ens;| =0},

Tjaor = f{e € Fi), : lenS;| =0},

Rja:={ee€ .7:}:2‘ clenS;l e i—1]},
RjaurL = {e € }';ZUL : len S| e [i —1]}.
By Definition 8.8, we have that T1 4 = T3 4 and T aur, = 15, aur. We thus set
Tp:=Tia=Toa and Taur:=T1a0L = T2 AuL-
Moreover, we have

(8.1) ¢(Ri,4) = Raa and ¢(Ry aur) = Ro,auL-

Note that Ry a, R2 A, R1 aur, R2 aur, are empty if ¢ = 1. Crucially, since F4 and F4yy, are
(r — i 4 1)-disjoint, it is easy to see (by contradiction) that T4 and T4 are edge-disjoint, and
that for j € [2], Rj 4 and R; aur, are edge-disjoint. Further, since A and L are edge-disjoint, we
clearly have for j € [2] that S; W L and S; W A are edge-disjoint. Using this, it is straightforward
to see that

(T) S1WL, SswL, SiWA SowA Ta, Taur, Ri.a, Roa, RiauL, Roaur are pairwise
edge-disjoint subgraphs of G(").
Observe that for j € [2], we have

(8.2) F) = (S W A) U Rj AU Ty
(8.3) Flop = (88 (AU L) U Rjaur W Taur.
Define

T:=(S1WA)U(S2WA)UTyUTaur;
Fi = Fiaor UFoa;
Fo = Fi.aUFoauL-

We now check that (tr1)—(tr4) hold. First note that by (1) we clearly have T', Ry a, R1_aur, € G).
Moreover, since F4 and Fayy, are (r —i+ 1)-disjoint, we have that F; aur, and F 4 are r-disjoint
and thus F] is a k-well separated F-packing in G by Fact 5.4(iii). Similarly, F» is a r-well
separated F-packing in G.

To check (trl), note that V(Ry4) € V(F'L) € V(G)\ Sz and V(Ryauz) € V(Fh,) €
V(G) \ S2 by Proposition 8.9(ii). Moreover, for all e € Ry AU Ry auL, we have |en Sy € [i — 1]
by definition. Hence, (trl) holds. Clearly, (8.1) and () imply (tr2). Crucially, by (8.1)—(8.3) we
have that

F0 ]:1(T/)qu 8 ]:2(”’21 =T U (S1WL)URyauLUd(Ria):;
AQ(T) ]:1(2)1 B ]:2(?2&UL —TU (SowW L)U Ry AU@(Ry AuL)-

)

Thus, (tr3) is satisfied. Finally, |[V(TURy aURy auz)| < [V(G')| < 2un, proving the claim. =

The transformer 7' almost has the required properties, except that to satisfy (TR2) we would
have needed Ry ayur, and ¢(Ry 4ur) to be on the ‘other side’ of the transformation. In order to
resolve this, we carry out an additional transformation step. (Since R; 4 and R; sy are empty
if i = 1, this additional step is vacuous in this case.)

Claim 2: There exist T',R' C G) and 1-well separated F-packings F,, Fy in G — ]:"IS(TH) —
]:'QS(TH) such that the following hold:
(trl") V(R') CV(G)\ S2 and |en S1| € [i — 1] for all e € R';
(tr2") T', R, ¢(R), T, S1 WL, Sow L, Ry a, ¢(R1,4), RiaurL, ¢(Ri auL) are pairwise edge-
disjoint r-graphs;
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(tr3") F") =T' U Ry au UR' and Fy” = T' U ¢(Ryaun) U d(R');
(trd") |[V(T' U R")| < 0.7yn.
Proof of claim: Let H' := T U Ry 4 U ¢(Ry ) U (S1 W L)U (Syw L). Clearly, A(H') < 5un.

Let W := V(Ryaur) U V(é(Ri,4ur)). By (trd), we have that |[W| < 4pun. Similarly to
the beginning of the proof of Claim 1, by Corollary 5.17 and Lemma 5.10(i), there exists a
subset U’ C V(G) with 0.4yn < |U’| < 0.6yn such that G := G[U' U W] is a (2¢,§ — &, f,r)-
supercomplex. Let 71 := |U" U W/|. Note that

A(H') < 5pm < i and  AFF"TV) < w(f - 1)

for j € [2] by Fact 5.4(i). Thus, by Proposition 5.9(v),

G o G FEO _ e
is still a (3¢,& — 2¢, f,r)-supercomplex. For every e € Ry aur, let

Q. :={Q € GV () NGV (g(e)) : QN (S1US2) =0},

By Fact 5.6, for every e € Ry aur, € G(7), we have that |G (e)NGW)(p(e))| > 0.5¢a7 . Thus, we
have that |Q.| > 0.4¢R7 7. Since A(Ry auL Ud(Ry aur)) < 4pn < \/pit, we can apply Lemma 6.7
(with |Ry autl, 2, {e, ¢(e)}, Qe playing the roles of m, s, L;, Q;) to find for every e € Ry sy, some
Q. € Q. such that, writing K. := (Q. & {e, ¢(e)})=, we have that

(8.4) K, and K, are r-disjoint for distinct e, e’ € Ry auL-

For each e € Ry aur, let 1*:'6,1 and 13'6,2 be copies of F' with V(Fe,l) = eUQ. and V(Feyg) = ¢(e)UQ.
and such that e € Fp 1 and ¢(Fe;1) = Feo. Clearly, we have that ¢(e) € F,2. Moreover, since
e CV(Ry aur) CV(G)\ Sz by (trl) and Q. N (S;1 U S2) =0, we have V(F, 1) C V(G) \ S2. Let

(8.5) Fl = {Fe,l e € Ry auLl;
(8.6) Fyi={Fep : e € Ry auL}.

By (8.4), Fi and F} are both 1-well separated F-packings in G CG- ﬁf(rﬂ) — ﬁ;<r+1).
Moreover, V(]-"{(r)) CV(G)\ S2 and gb(]-"{(r)) = Fé(r). Let

(8.7) T =7 07
(8.8) iy O L -

We clearly have 77, R’ € G(") and now check (trl’)—(tr4’). Note that no edge of 7" intersects
S1 U Sy. For (trl’), we first have that V(R') C V(]—"{(T)) C V(G) \ S2. Now, consider ¢ € R'.
There exists e € Ry aur with € € Fe,l and thus ¢ C eU Q.. If we had ¢ N'S; = 0, then
¢ C (e\ S1)UQ.. Since (;5(1:"6,1) = 13'6,2, it follows that ¢’ € T”, a contradiction to (8.8). Hence,
le’ N S1| > 0. Moreover, by (trl) we have [¢/' N S| < |(eUQe) N S1| = |eNnSi| < i — 1. Therefore,
le'' N Sy| € i — 1] and (trl’) holds.

In order to check (tr3’), observe first that by (8.8) and (8.5), we have f{(r) =T'UR; auL UR'.
Hence, by Fact 8.7(ii), we have

(8.9) F = ¢(F) = (1) U p(Ryavp) U (R) = T' U ¢(Ryavp) U S(R),

so (tr3’) is satisfied.

We now check (tr2’). Note that 77, R', ¢(R') € G € G") — H'. Thus, by (tr2), it is enough
to check that 7", R', ¢(R’), R1, aur, ¢(R1,4ur) are pairwise edge-disjoint. Recall that no edge of
T’ intersects S1US2. Moreover, for every e € R'UR; aur, we have |eNSy| € [i —1] and eNSy = 0,
and for every e € ¢(R') U ¢(R1,4ur), we have [eN Sz| € [i — 1] and en Sy = 0. Since R’ and
Ry aur are edge-disjoint by (8.8) and ¢(R') and ¢(Ry auz) are edge-disjoint by (8.9), this implies
that 77, R, p(R'), R1, aur, ¢(R1,4ur) are indeed pairwise edge-disjoint, proving (tr2’).

Finally, we can easily check that |V(T" U R')| <7 < 0.7yn. -
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We now combine the results of Claims 1 and 2. Let

T:=TU Ri,aur U ¢(Ry,aur) UT';

R:=RyaU R
}H:ZIflLJfé;
}é:::féLJ]q.

Clearly, (trl) and (trl’) imply that (TR1) holds. Moreover, (tr2') implies that T" is edge-disjoint
from both (S; W L) U ¢(R) and (Se W L) U R. Using (tr3) and (tr3’), observe that

TU(S;WL)UG(R)=TU Ry aur Ud(Riaur) UT U (S1 W L)U(RyA)U¢(R)
= (TU(S;WL)U Ry aur Ud(Ry )W (T' Ud(R1auL) Ud(R))

= FurR" = FD.

U
U

Similarly, ]_.2(r) = .7:"2(T) Y ]-"{(T) =T U (Se W L)UR. In particular, by Fact 5.4(ii) we can see
that F; and F» are (k 4 1)-well separated F-packings in G. Thus, T is a (k + 1)-well separated
(S1WL)Ud(R), (S2WL)UR; F)-transformer in G, so (TR2) holds. Finally, we have |[V(T'UR)| <
4un + 0.79n < yn by (trd) and (trd’). O

So far, our maps ¢: S1 — Sy were bijections. When ¢ is an edge-bijective homomorphism from
H to H', ¢ is in general not injective. In order to still have a meaningful notion of ‘mirroring’ as
before, we introduce the following notation.

Definition 8.11. Let V be a set and let Vi, V5 be disjoint subsets of V', and let ¢: V73 — V5 be
a map. For a set S C V' \ V3, define ¢(S) := (S\ V1) Ud(SNVy). Let r € N and suppose that
R is an r-graph with V(R) C V and ¢ € [r]g. We say that R is (¢, V, Vi, Vi, 1)-projectable if the
following hold:

(Y1) for every e € R, we have that e N Vo = () and |e N V1] € [4] (so if i = 0, then R must be

empty since [0] = 0));

(Y2) for every e € R, we have |¢(e)| = r;

(Y3) for every two distinct edges e, e’ € R, we have ¢(e) # ¢(€).
Note that if ¢ is injective and e N Vo = () for all e € R, then (Y2) and (Y3) always hold. If
R is (¢, V, V4, Vs, i)-projectable, then let ¢(R) be the r-graph on ¢(V(R) \ V2) with edge set
{¢(e) : e € R}. For an r-graph P with V(P) C V' \ V4 that satisfies (Y2), let P?® be the r-graph
on V(P) UV that consists of all e € (V\TVQ) such that ¢(e) = ¢(€) for some €’ € P.

The following facts are easy to see.

Proposition 8.12. Let V,Vi,Va, ¢, R,1,i be as above and assume that R is (¢,V,V1,Va,i)-
projectable. Then the following hold:
(i) R~ o(R);
(ii) every subgraph of R is (¢,V, V1, Va,i)-projectable;
(iii) for all € € ¢(R), we have ¢ NV =0 and |’ NVa] € [i];
(iv) assume that for all e € R, we have e N V1| =i, and let S contain all S € (‘?) such that
S is contained in some edge of R, then

R=J(SWRE) and o(R) = |J(6(5)w R(S)).

SeS Ses

We can now prove the Transforming lemma by combining many localised transformers.

Proof of Lemma 8.5. We can assume that 1/k < v < 1/h,e. Choose new constants ' € N
and v2,..., %, V5 ..., > 0 such that

In<KIEL Yy <Y<Y 1 <Y 1€ <K< p<<h<y<1/s 1/he < 1/f.



44 S. GLOCK, D. KUHN, A. LO AND D. OSTHUS

Let ¢: V(H) — V(H') be an edge-bijective homomorphism from H to H'. Extend ¢ as in
Definition 8.11 with V/(H),V(H') playing the roles of Vi, V5. Since ¢ is edge-bijective, we have
that

(8.10) ¢ls is injective whenever S C e for some e € H.

For every e € H, we have |GU)(e) N GY)(p(e))| > 0.5¢én " by Fact 5.6. It is thus easy to
find for each e € H some Q. € GU)(e) N G (¢(e)) with Q. N (V(H) UV (H')) = § such that
Qe N Qo = O for all distinct e,e’ € H. For each e € H, let 1:1371 and 1:1372 be copies of F' with
V(Fe,l) =eUQ. and V(F&g) = ¢(e) U Q. and such that e € F&l and qb(ﬁ’e’l) = Fe’g. Clearly, we
have that ¢(e) € Fo. For j € [2], define Frj= {F.; : e€ H}. Clearly, Frq and F4 are both
1-well separated F-packings in G. Define

(8.11) T = ]::,({) N .7:;(;),

T

R::=F\) -1/~ H.
Let 1 := ~. Furthermore, let k, := 1 and recursively define k; := K;+1+ (};) k' for alli € [r—1].
Given i € [r — 1]o and T}y, R}, 1, Fi\ 11, Fiy1.9, We define the following conditions:

(TR1*); Rf_, is (¢, V(G),V(H),V(H'),i)-projectable;
(TR2*); T}, Ry, 1, ¢(R;, ), H, H" are edge-disjoint subgraphs of G"):
(TR3%); Fiyq 1 and Ffy g 5 are riq1-well separated F-packings in G with ]-";E?l =T UHUR;

7
and i\, = Toy U H' U G(RE)
(TR4%); [V(T77y, U RE )] < vigan.
We will first show that the above choices of T}, Ry, F'q, Fy satisfy (TR1%),—1—(TR4*),—1. We
will then proceed inductively until we obtain 17, Ry, F7 1, F{ 5 satisfying (TR1*)o—(TR4")o, which
will then easily complete the proof.

Claim 1: Ty, Ry, Fry, Fry satisfy (TR1*),—1~(TR4%),—1.

Proof of claim: (TR4*),_1 clearly holds. To see (TR1*),_1, consider any ¢’ € R}. There exists
e € H such that ¢ € F.;. In particular, ¢ C eU Q.. If ¢ C V(H), then ¢ = e € H, and if
¢ NV (H) =0, then ¢’ € F, since ¢p(F,1) = F.o and thus ¢’ € T)*. Hence, by definition of R,
we must have |/ NV (H)| € [r —1]. Clearly, € NV(H') C (eUQ.) NV (H') =0, so (Y1) holds.
Moreover, ¢’ NV (H) C e, s0 ¢[ony(m) s injective by (8.10), and (Y2) holds. Let ¢/,¢"” € Ry and
suppose that ¢(e’) = ¢(e”). We thus have ¢’ \ V(H) = €\ V(H) # (). Since the Q.’s were chosen
to be vertex-disjoint, we must have €/, e’ C e U Q. for some e € H. Hence, (¢/ Ue”")NV(H) Ce
and 50 @[ (eruemynv(m) is injective by (8.10). Since ¢(e' NV (H)) = ¢(e”" NV (H)) by assumption, we
have ¢ NV (H) =€’ NV (H), and thus €/ = ¢”. Altogether, (Y3) holds, so (TR1*),_; is satisfied.
In particular, ¢(R;) is well-defined. Observe that
o(R;) = Fy) ~T ~H'

Clearly, T*, R, ¢(R*), H, H' are subgraphs of G("). Using Proposition 8.12(iii), it is easy to
see that they are indeed edge-disjoint, so (TR2*) holds. Moreover, note that Fr1 and F7, are
1-well separated F-packings in G with () = T UH U R} and Fr'y) = T} U H' U$(R}), so T
satisfies (TR3*),_1. _

Suppose that for some i € [r — 1], we have already found T}y, R}, |, F/\ 1 1, Fiyq o such that
(TR1*);—(TR4*); hold. We will now find T}, R}, F{, F/5 such that (TR1*);_1—(TR4*);_; hold.
To this end, let ’ ’

Ri:={ec R, : [enV(H)| =i}
By Proposition 8.12(ii), R; is (¢,V(G),V(H),V(H'),i)-projectable. Let S; be the set of all
S e (V(Z.H)) such that S is contained in some edge of R;. For each S € S;, let Lg := R;(S). By
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Proposition 8.12(iv), we have that

(8.12) Ri=J(SwLls) and (k)= | (6(5)Ls).

Ses; SesS;

We intend to apply Lemma 8.10 to each pair S, ¢(S) with S € §; individually. For each S € S;,
define

Vs := (V(G)\ (V(H)UV(H")))USU(S).
Claim 2: For every S € S;, Lg C G[VS](S)( )N G[Vs](o( ))(“7’ and |V (Lg)| < 1.1y41|Vs|.
(T

Proof of claim: The second assertion clearly holds by (TR4 ) . To see the first one, let ¢ €
Ls = R;(S). Since R; C Rf ;| C G, we have ¢ € G(S)"=9. Moreover, ¢(S) U e’ € ¢(R;) C
¢(R7,,) C G) by (8.12). Since RZJHL is (¢, V(G),V(H),V(H"),i)-projectable, we have that
¢N(V(H)UV(H") =10. Thus, SUe C Vg and ¢(S)U €' C V. -

Let S* € (V(iF)) be such that F'(S*) is non-empty.
Claim 3: For every S € S;, Lg is F(S*)-divisible.

Proof of claim: Consider b C V(Lg) with [b] < r —i. We have to check that Deg(F(S5%))p |
|Ls(b)|. By (TR3*);, both T ; UH U R | and T}, U H' U ¢(R;,,) are necessarily F-divisible.
Clearly, H' does not contain an edge that contains S. Note that by (TR1*); and Proposi-
tion 8.12(iii), ¢(Rj, ;) does not contain an edge that contains S either, hence |77 (S Ub)| =
(T, U H U @R} 1))(SUD)| = 0 mod Deg(F)sup- Moreover, since H is F-divisible, we
have [(T7, U R;)(SUb)| = [(Tf, UHUR; )(SUb)| = 0 mod Deg(F)sup- Thus, we
have Deg(F) sy | [R71(S UD)[. Moreover, |R;,(SUDb)| = |Ri(SUDb)| = [Ls(b)|. Hence,
Deg(F)sup| | [Ls(b)|, which proves the claim as Deg(F) sy = Deg(F(S5))p by Proposition 5.3.

We now intend to apply Lemma 8.10 for every S € §; in order to define Tg, Rg C G and
r'-well separated F-packings Fg 1, Fs2 in G such that the following hold:
(TRY") Rgis (¢, V(G),V(H),V(H'),i — 1)-projectable;
(TR2') Ts,Rs,#(Rs),SW Lg,¢(S) W Lg are edge-disjoint;
(TR3) Fy) =Ts U (S® Ls) U $(Rs) and Fyy = Ts U (¢(S) & Ls) U Rs;
(TR4') |V/(Ts U Rs)| <+ .
We also need to ensure that all these graphs and packings satisfy several ‘disjointness properties’
(see (a)-(c)), and we will therefore choose them successively. Recall that P? (for a given r-graph
P) was defined in Definition 8.11. Let &’ C S; be the set of all S’ € S; for which T/, Rgs and
Fsr1,Fsr 2 have already been defined such that (TR1")—-(TR4’) hold. Suppose that next we want
to find Ts, Rg, Fs,1 and Fgo. Let

Ps =R, U U Rg,

S'es’
Mg =T UR; ;1 Up(R ) U U (Tsr U Rsr U ¢(Rgr)),
S'es’
0s = FETV ORI U | FEL U,
S’es’

Gs = G[Vs] — ((Ms U Pg) — ((Sw Ls) U (¢(S) W Lg))) — Os.
Observe that (TR4*); and (TR4') imply that

V(Mg U Ps)| < [V(T}y UR UG(REG)) + D [V(Ts URs UG(Rs))]
S'es’

h
< 29ip1n + 2 <i)7§+1” < yin.
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In particular, |V(Pg)| < |V(Ps) UV (H)| < ~vin + h. Moreover, by Fact 5.4(i), (TR3*); and
(TR3'), we have that A(Og) < (2kit1 + 2(?)%’)(]‘ — r). Thus, by Proposition 5.9(v) Gg is
still a (2¢,£/2, f,r)-supercomplex. Moreover, note that Lg € Gg(S)"~9 N Gs(¢(S)) "~ and
|[V(Ls)| < 1.17i41|Vs| by Claim 2 and that Lg is F'(S*)-divisible by Claim 3.

Finally, by definition of S;, S is contained in some e € R;. Since R; satisfies (Y2) by (TR1%),,
we know that ¢ is injective. Thus, ¢[g: S — ¢(S) is a bijection. We can thus apply Lemma 8.10

with the following objects/parameters:

object/parameter | Gs | i | S | ¢(S) | ¢ls | Ls | Llyigr | yiga |26 [ Vsl [ &/2 | f|r | F | S |K/2
playingtheroleof‘G‘i‘Sl‘52‘QS‘L‘ ~ ‘w‘a‘n‘g‘f‘r‘F‘S*‘m

This yields T, Rg C Gg) and ’/2-well separated F-packings Fg1,Fs2 such that (TR2)-
(TR4') hold, V(Rg) C V(Gs) \ ¢(S) and |e N S| € [¢ — 1] for all e € Rg. Note that the
latter implies that Rg is (¢, V(G),V(H),V(H'),i — 1)-projectable as V(H) N V(Gg) = S and
V(H')NV(Gg) = ¢(S), so (TR1’) holds as well. Moreover, using (TR2*); and (TR2') it is easy
to see that our construction ensures that

(0) HH Tty Ry, (R, (T)ses,s (Rs)ses., (6(Rs))ses, are pairwise edge-disjoint

(b) for all distinct S, 5" € S; and all e € Rg, € € Rgr, €” € R}, | — R; we have that ¢(e), ¢(¢’)
and ¢(e”) are pairwise distinct;

(c) for any j,j' € [2] and all distinct S, 5" € S;, Fgj is (r + 1)-disjoint from F},, ., and from
fS/J/.

Indeed, (a) holds by the choice of Mg, (b) holds by definition of Pg) , and (c) holds by definition
of Og. Let

I_’i*‘ l—l—lURUgb UTSa
SES;
R} := (Rj, — R)U | Rs;
SEeS;
Fii=FG11U U Fs,2;
SeS;
Fin = Fip12U U Fs1-
SeS;

Using (TR3*);, (TR3'), (a) and (8.12), it is easy to check that both 7, and JF}, are F-packings
in G. We check that (TR1*);—1—(TR4*);_1 hold. Using (TR4*); and (TR4’), we can confirm that

V(T7 UR)| < V(T U R USRI )|+ Y [V(Ts URs)|
SeSs;

h
< 27ip1n + <Z.>%/'+1n < 7in,

o (TR4*);—1 holds.

In order to check (TR1%);_1, i.e. that R} is (¢, V(G),V(H),V(H'),i — 1)-projectable, note
that (Y1) and (Y2) hold by (TR1*);, the definition of R; and (TR1’). Moreover, (Y3) is implied
by (TR1*);, (TR1’) and (b).
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Moreover, (TR2*),;_; follows from (a). Finally, we check (TR3*);_1. Observe that

TFUHUR; = T URU$R)U |JTsUHU (R}, -R)U ] Rs

Ses; SeS;

C2 (17, UHU R, U | (Ts U (6(S) w L) U Rs),
Ses;

TFUH'UGR) = T/ URUGMR)U | Ts UH U($(Rfy,) — d(R:) U | ¢(Rs)

Ses; SeS;

O Ty, UH UG(RE)) U | (Ts U (S ® Ls) U 6(Rs)).

SEeS;

Thus, by (TR3*); and (TR3'), F; is an F-decomposition of T;" U H U R} and F, is an F-
decomposition of T;* U H' U QS(R*) Moreover, by (c) and Fact 5.4(ii), F;; and F;, are both

(Kit1 + (}ZL) N-well separated in G. Since Kkj+1 + ( )&’ = k;, this establishes (TR3*);_
Finally, let 77, Ry, Fi 1, F7 o satisfy (TR1%)o—(TR4*)o. Note that Rj is empty by (TR1%)g
and (Y1). Moreover, T} € G is edge-disjoint from H and H' by (TR2*)g and A(T}) < v1n by

(TR4")o. Most importantly, F7; and F7, are r1-well separated F-packings in G with fi(lr) =

Tf U H and ]-"fg) = Ty U H' by (TR3*)g. Therefore, T} is a ri-well separated (H,H'; F)-

transformer in G with A(T7) < y1n. Recall that 41 = v and note that x1 < 2"k’ < k. Thus, T}
is the desired transformer. O

8.2. Canonical multi-r-graphs. Roughly speaking, the aim of this section is to show that any
F-divisible r-graph H can be transformed into a canonical multigraph M}, which does not depend
on the structure of H. However, it turns out that for this we need to move to a ‘dual’ setting,
where we consider VH which is obtained from H by applying an F-extension operator V. This
operator allows us to switch between multi-r-graphs (which arise naturally in the construction but
are not present in the complex G we are decomposing) and (simple) r-graphs (see e.g. Fact 8.18).

Given a multi-r-graph H and a set X of size r, we say that 1 is an X -orientation of H if ¢ is a
collection of bijective maps 1.: X — e, one for each e € H. (For r = 2 and X = {1, 2}, say, this
coincides with the notion of an oriented multigraph, e.g. by viewing (1) as the tail and 1).(2)
as the head of e, where parallel edges can be oriented in opposite directions.)

Given an r-graph F' and a distinguished edge ey € F', we introduce the following ‘extension’
operators ﬁ(F,eo) and V(g

Definition 8.13 (Extension operators V and V). Given a (multi-)r-graph H with an eg-orientation
P, let @( Freo)(H, ) be obtained from H by extending every edge of H into a copy of F', with
ep being the rooted edge. More precisely, let Z, be vertex sets of size |V(F') \ eg| such that
Ze N Ze = () for all distinet (but possibly parallel) e,e’ € H and V(H) N Z, = ) for all e € H.
For each e € H, let F, be a copy of F on vertex set e U Z, such that 1.(v) plays the role
of v for all v € eo and Z, plays the role of V(F) \ ep. Then @(F,eo)(Hﬂp) = Ueepy Fe- Let

V(Feo (H T,Z)) Feo (H Tr[})

Note that V (g, (H,v) is a (snnple) r-graph even if H is a multi-r-graph. If F, ey and 9
are clear from the context, or if we only want to motivate an argument before giving the formal
proof, we just write VH and VH.

Fact 8.14. Let F be an r-graph and eg € F. Let H be a multi-r-graph and let i be any eg-
orientation of H. Then the following hold:
(i) ﬁ(F,eo)(Haw) is F'-decomposable;
(i) V(peo)(H, ) is F-divisible if and only if H is F-divisible.
The goal of this subsection is to show that for every h € N, there is a multi-r-graph M}, such
that for any F-divisible r-graph H on at most h vertices, we have

(8.13) V(V(H +t-F)+s-F) ~ VM,
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for suitable s,t € N. The multigraph My}, is canonical in the sense that it does not depend on H,
but only on h. The benefit is, very roughly speaking, that it allows us to transform any given
leftover r-graph H into the empty r-graph, which is trivially decomposable, and this will enable
us to construct an absorber for H. Indeed, to see that (8.13) allows us to transform H into the
empty r-graph, let

H =V(V(H+t F)+s-F)=VVH+t-VVF+sVF.

Observe that the r-graph T := VH 4+t - VF + s - F ‘between’ H and H’ can be chosen in such a
way that

TUH=VH+t-VF+s-F,
TUH' =V(VH)+t-(V(VF)UF)+s-VF.

Thus, T is an (H, H'; F)-transformer (cf. Fact 8.14(i)). Hence, together with (8.13) and Lemma 8.5,
this means that we can transform H into VMj}. Since M} does not depend on H, we can also
transform the empty r-graph into VM, and by transitivity we can transform H into the empty
graph, which amounts to an absorber for H (the detailed proof of this can be found in Section 8.3).
We now give the rigorous statement of (8.13), which is the main lemma of this subsection.

Lemma 8.15. Let r > 2 and assume that (x); is true for all i € [r — 1]. Let F be a weakly
reqular r-graph and ey € F. Then for all h € N, there exists a multi-r-graph My, such that for
any F-divisible r-graph H on at most h vertices, we have

V(Feo)(V(Feo)(H + 1 Fiip1) + 5+ Fyh3) ~ V(g o) (Mp, 12)

for suitable s,t € N, where 1)1 and 19 can be arbitrary eg-orientations of H +t - F and My,
respectively, and 13 is an eg-orientation depending on these.

The above graphs V(V(H 4+t - F) + s - F) and VM), will be part of our F-absorber for H.
We therefore need to make sure that we can actually find them in a supercomplex G. This
requirement is formalised by the following definition.

Definition 8.16. Let G be a complex, X C V(G), F an r-graph with f := |[V(F)| and ey € F.
Suppose that H € G(") and that v is an eg-orientation of H. By extending H with a copy of
V(Feo)(H, ) in G (whilst avoiding X ) we mean the following: for each e € H, let Z. € G (e)
be such that Z. N (V(H) U X) = 0 for every e € H and Z. N Z, = () for all distinct e, e’ € H.
For each e € H, let F, be a copy of F on vertex set e U Z, (so F, C G")) such that v.(v) plays
the role of v for all v € ey and Z, plays the role of V(F) \ eo. Let HY := {J.cpy Fe — H and
F :={F, : e € H} be the output of this.

For our purposes, the set |V (H)UX| will have a small bounded size compared to |V (G)|. Thus,
if the G)(e) are large enough (which is the case e.g. in an (e, &, f,7)-supercomplex), then the
above extension can be carried out simply by picking the sets Z. one by one.

Fact 8.17. Let (HY,F) be obtained by extending H C G") with a copy of V(Feo)(H,¥) in G.
Then HY C G) is a copy of V(Feo)(H,v) and F is a 1-well separated F-packing in G with
F) = HUHY such that for all F' € F, |[V(F')NV(H)| <.

For a partition P = {V, },cx whose classes are indexed by a set X, we define Vy := (J,cy Va
for every subset Y C X. Recall that for a multi-r-graph H and e € (V(TH)), |H (e)| denotes the

multiplicity of e in H. For multi-r-graphs H, H', we write H %7’)3 H"if P = {Vy}wevmr is a
partition of V(H) such that

(I1) for all 2’ e V(H') and e € H, |[Vy Ne| < 1;

(12) for all ¢’ e (VUH), Yee(viy IH(e)| = [H'(e)].

,
Given P, define ¢p: V(H) — V(H') as ¢p(z) := 2’ where 2’ is the unique 2’ € V(H’) such that
x € V. Note that by (I1), we have [{¢pp(z) : = € e}| =r for all e € H. Further, by (I12), there
exists a bijection ®p: H — H' between the multi-edge-sets of H and H’ such that for every edge
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e € H, the image ®p(e) is an edge consisting of the vertices ¢p(z) for all z € e. It is easy to see

P

that H ~ H' if and only if there is some P such that H x3 H'.
The extension operator V is well behaved with respect to the identification relation 33 in the
following sense: if H 3 H', then VH ~» VH’. More precisely, let H and H’ be multi-r-graphs

P
and suppose that H 3 H'. Let ¢p and ®p be defined as above. Let F be an r-graph and eg € F.
For any eg-orientation 1)’ of H', we define an eg-orientation v of H induced by 1)’ as follows: for

every e € H, let €/ := ®p(e) be the image of e with respect to ft% We have that ¢pl.: e — € is
a bijection. We now define the bijection 1.: eg — € as . := ¢pl. 0!, where ¥/, : eg — €.
Thus, the collection 1 of all 9., e € H, is an eg-orientation of H. It is easy to see that 1 satisfies
the following.

Fact 8.18. Let F' be an r-graph and ey € F. Let H,H' be multi-r-graphs and suppose that
H =3 H'. Then for any eq-orientation ¢ of H', we have V (g ¢y (H, 1)) ~ V(g (H',9"), where
P 1s induced by 1)’

We now define the multi-r-graphs which will serve as the canonical multi-r-graphs M} in
(8.13). For r € N, let M, contain all pairs (k,m) € N such that %(i;ﬂz) is an integer for all
1€ h‘—>uo.

Definition 8.19 (Canonical multi-r-graph). Let F* be an r-graph and e* € F*. Let V' :=
V(F*)\e*. If (k,m) € M,, define the multi-r-graph Mk(f;;’e*) on vertex set [k] UV’ such that for

every e € ([k]fv/), the multiplicity of e is
0 if e C [k];
m k—leNn[k .
= | G T en B> 0 v >0
k,m 0 ifeCV'ed¢F*;
m(E) if e C V' ee F*.

We will require the graph F* in Definition 8.19 to have a certain symmetry property with
respect to e*, which we now define. We will prove the existence of a suitable (F-decomposable)
symmetric r-extender in Lemma 8.26.

Definition 8.20 (symmetric r-extender). We say that (F*,e*) is a symmetric r-extender if F*
is an r-graph, e* € F* and the following holds:

(SE) for all ¢’ € (V(f*)) with ¢ Ne* # (), we have ¢/ € F*.

Note that if (F*,e*) is a symmetric r-extender, then the operators ﬁ(F*ye*),v(F*,e*) are
labelling-invariant, i.e. V (g« oo)(H, 1) = V (ps o) (H,12) and V (pe o) (H, 1) = V(e o) (H, ¥2)
for all e*-orientations 1,19 of a multi-r-graph H. We therefore simply write @( F= ey H and
V (p+ e H in this case.

To prove Lemma 8.15 we introduce so called strong colourings. Let H be an r-graph and
C aset. A map c:V(H) — C is a strong C-colouring of H if for all distinct z,y € V(H)
with |H({z,y})| > 0, we have c¢(z) # c(y), that is, no colour appears twice in one edge. For
a € C, we let ¢ !(a) denote the set of all vertices coloured a. For a set C' C C, we let
cS(C") :={e€ H : C" Cc(e)}. We say that c is m-regular if |cS(C")| = m for all ¢’ € (731).
For example, an r-partite r-graph H trivially has a strong |H|-regular [r]-colouring.

Fact 8.21. Let H be an r-graph and let ¢ be a strong m-regular [k]-colouring of H. Then
cS(C)] = 2 ( ki ) for alli € [r—1]o and all C' € (UZ?]),

r—1—i

Lemma 8.22. Let (F*,e*) be a symmetric r-extender. Suppose that H is an r-graph and suppose
that ¢ is a strong m-regular [k]-colouring of H. Then (k,m) € M, and

F*’ *
V(F*’e*)H o~ Mk(J,m € )
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Proof. By Fact 8.21, (k,m) € M,, thus M,gf:’e*) is defined. Recall that M,gf:;’e*) has vertex
set [k] U V', where V' := V(F*) \ e*. Let V(H)UU,cy Ze be the vertex set of V(p« .«yH as
in Definition 8.13, with Z. = {2, : v € V'}. We define a partition P of V(H) U ey Ze as
follows: for all i € [k], let V; := ¢~ 1(i). For all v € V', let V, := {zc : e € H}. We now claim
P * ok
that V(F*,e*)H 3 ]\4]57}:”7 )
Clearly, P satisfies (I1) because c is a strong colouring of H. For a set ¢’ € ([k]fvl), define
Ser 1= {e” S V(F*@*)H e - Ve/}.

Since V(p+ «)H is simple, in order to check (I12), it is enough to show that for all ¢’ € ([k}gv’)’
we have |Sy| = |M,£iz’e*)
Case 1: ¢ C [K]

In this case, ]M,gl;:’e*)(e’)\ = 0. Since Vo € V(H) and (V(p+ e+ H)[V(H)] is empty, we have
Ser = (0, as desired.
Case 2: ¢ C V'

In this case, Se consists of all edges of V(p« .+)H which play the role of ¢/ in F¥ for some
e € H. Hence, if ¢/ ¢ F*, then |Se/| = 0, and if € € F*, then |So/| = |H|. Fact 8.21 applied with
i =0 yields [H| = 2 ( k ), as desired.

r \r—1

Case 3: | N[k]| > 0and [ NV'|>0

We claim that | S| = |cS(e’N[k])|. In order to see this, we define a bijection 7: ¢ (e/N[k]) — S
as follows: for every e € H with €’ N [k] C ¢(e), define

m(e):=(enc (e N[k]))U{zen : vELNV ]

We first show that 7(e) € S». Note that e N ¢ 1(e/ N [k]) is a subset of e of size |¢/ N [k]| and
{zew + v €€ NV'}is asubset of Z, of size |[¢/ N V'|. Hence, 7(e) € (V(fg)) and |m(e) Ne| =
le’ N [k]| > 0. Thus, by (SE), we have m(e) € Fy € V(p« ) H. (This is in fact the crucial point
where we need (SE).) Moreover,

m(e) Ce e NE)U{zen s vELNV'}C Verap U Veny: = Ve

(¢')]. We distinguish three cases.

Therefore, 7(e) € Ser. It is straightforward to see that 7 is injective. Finally, for every e’ € S,
we have ¢’ = m(e), where e € H is the unique edge of H with ¢” € F*. This establishes our claim
that 7 is bijective and hence |Se/| = |¢=(e’ N [k])]. Since 1 < |¢/ N [k]| < 7 — 1, Fact 8.21 implies

that R
m —le' N (F* e*) ,
o~ VA
T—|€/ﬂ[k]|(7‘—1—|e’ﬂ[k”> | k,m (6)|)
as required. -

[Ser| = [e=(e' N [k])] =

Next, we establish the existence of suitable strong regular colourings. As a tool we need the

following result about decompositions of very dense multi-r-graphs (which we will apply with
r — 1 playing the role of ).
Lemma 8.23. Let r € N and assume that (), is true. Let 1/n < 1/h,1/f with f > r, let F be
a weakly reqular r-graph on [ vertices and assume that K7(f) is F'-divisible. Let m € N. Suppose
that H is an F-divisible multi-r-graph on [h] with multiplicity at most m — 1 and let K be the
complete multi-r-graph on [n] with multiplicity m. Then K — H has an F-decomposition.

Proof. Choose ¢ > 0 such that 1/n < ¢ < 1/h,1/f. Fix an edge eg € F. Let ¢ be any
ep-orientation of H. We may assume that H := Vg (H, ) is a multi-r-graph on [n]. Let ¢ be
any eg-orientation of H* := H — H. We may also assume that H := V(g (H*,%) is an r-graph
on [n]. Let Hf := H — H*. Using Fact 8.14, observe that the following are true:
(a) H can be decomposed into m — 1 (possibly empty) F-decomposable (simple) r-graphs
Hi,...,H

m
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(b) H is an F-decomposable (simple) r-graph;
(c) HT is an F-divisible (simple) r-graph;
(d) HUH = HU HT.

By (d), we have that

K-H=(K-H-HUH=HU(K-H-H').
Let K’ be the complete (simple) r-graph on [n]. For each i € [m — 1], define H; := K’ — H/, and
let Hy, := K’ — HT. We thus have K — H — H' = U, Hi by (a).

Recall that K’ is a (0,0.99/f!, f,r)-supercomplex (cf. Example 4.9). We conclude with
Proposition 5.9(v) that H = K'* — H! is an (,0.5/f!, f,r)-supercomplex for every i € [m].
Recall that K’ is F-divisible by assumption. Thus, by (a) and (c), each H; is F-divisible. Hence,
by (x)r, H; is F-decomposable for every i € [m]. Thus,

K-H=HU(K-H-H)=HU | H
i€[m]

has an F-decomposition by (b). O

The next lemma guarantees the existence of a suitable strong regular colouring. For this, we
apply Lemma 8.23 to the shadow of F. For an r-graph F, define the shadow F*" of F to be the
(r —1)-graph on V(F') where an (r — 1)-set S is an edge if and only if |F'(S)| > 0. We need the
following fact.

Fact 8.24. If F is a weakly (S0, ..., 5-—1)-reqgular r-graph, then F" is a weakly (s),...,s. 5)-

regular (r — 1)-graph, where s} := ;:i si for alli € [r — 2]o.

Proof. Let i € [r —2]p. For every T € (V(iF)), we have |F*"(T)| = Sr;il |F(T')| since every edge
of F' which contains T contains r — i edges of F*" which contain T', but each such edge of F*" is

contained in s,_1 such edges of F'. This implies the fact. O

Lemma 8.25. Let r > 2 and assume that (x),_1 holds. Let F' be a weakly regular r-graph. Then
for all h € N, there exist k,m € N such that for any F-divisible r-graph H on at most h vertices,
there exists t € N such that H +t - F has a strong m-regular [k]-colouring.

Proof. Let f := |V(F)| and suppose that F' is weakly (so,...,sy—1)-regular. Thus, for every
S e (‘::(_l?), we have

sp—1 i Se FSh;
(8.14) |[F(S)] = .
0 otherwise.

By Proposition 5.2, we can choose k € N such that 1/k < 1/h,1/f and such that KIET_I) is
Fsh_divisible. Let G be the complete multi-(r — 1)-graph on [k] with multiplicity m’ := h+ 1 and
let m := s,_1m’.

Let H be any F-divisible r-graph on at most h vertices. By adding isolated vertices to H if
necessary, we may assume that V(H) = [h]. We first define a multi-(r — 1)-graph H’ on [h] as
follows: For each S € (r[ﬁ]l), let the multiplicity of S in H' be |H'(S)| := |H(S)|. Clearly, H' has
multiplicity at most h. Observe that for each S C [h] with |S| < r — 1, we have

(8.15) |H'(S)] = (r = |SDIH(S)]-

Note that since H is F-divisible, we have that s,_1 | |[H(S)| for all S € (r[ﬁ}l). Thus, the
multiplicity of each S € (T[E]I) in H' is divisible by s,_1. Let H” be the multi-(r — 1)-graph on
[h] obtained from H’ by dividing the multiplicity of each S € (T[ﬁ]l) by s,—1. Hence, by (8.15),
for all S C [h] with |S| < r — 1, we have

(5.16) ) = O =Bl

r—1 Sp—
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For each S € ( [k]) with S & [h], we set |[H"(S)| := |H(S)| := 0. Then (8.16) still holds.

r—1
We claim that H” is F*"-divisible. Recall that by Fact 8.24,
i 9
Fsh is weakly ( 50y, usi, el Sp—g)-regular.
Sr—1 Sr—1 Sr—1

Let i € [r —2]p and let S € ([IZ}). We need to show that |[H”(S)| = 0 mod Deg(F*");, where
Deg(F*h); = *=Ls,. Since H is F-divisible, we have |H(S)| = 0 mod s;. Together with (8.16),

Sr—1
we deduce that [H"(S)] =0 mod [=%s;. Hence, H" is Fsh_divisible. Therefore, by Lemma 8.23

(with k,m’,r — 1, F*" playing the roles of n,m,r, F) and our choice of k, G — H" has an F*"-
decomposition F into t edge-disjoint copies F, ..., F] of Fh.

We will show that ¢ is as required in Lemma 8.25. To do this, let F,..., F; be vertex-disjoint
copies of F' which are also vertex-disjoint from H. We will now define a strong m-regular [k]-
colouring ¢ of

HY:=HU|J F;.

Jelt]
Let ¢ be the identity map on V(H) = [h], and for each j € [t], let
(8.17) ¢j: V(F;) — V(F]) be an isomorphism from F;h to F;

(recall that V(th) = V(F})). Since H, F1,..., F; are vertex-disjoint and V(H) U, ¢y V(Fj) C
[k], we can combine cg,cq,..., ¢ to a map

c: V(HT) — [K],
Le. for z € V(HT), we let ¢(z) := ¢;(), where either j is the unique index for which z € V(F})
or j =01if z € V(H). For every edge e € H", we have e C V(H) or e C V(F}) for some j € [t],
thus c|. is injective. Therefore, c is a strong [k]-colouring of H*.

It remains to check that ¢ is m-regular. Let C € (T[f]l). Clearly, |c<(C)| = Ez':o |c]g (C)]. Since
every c; is a bijection, we have

i (C)l =He e H : ¢'(C) Ce}| = [H(c;'(C))| = |H(C)| and

S(0)] = |Fy(e (o] B0 [srm e (C) € FF & eer;
’ e 0 otherwise.

Thus, we have |cS(C)| = |H(C)| + s,—1|J(C)|, where
J(C):={jelt] : CeFj}.

Now crucially, since F is an F*"-decomposition of G — H”, we have that |J(C)| is equal to the
multiplicity of C in G — H”, i.e. |J(C)| =m' —|H"(C)|. Thus,
8.16
E(0)] = [H(C)| + sr-1|J(O)] "2 5, L ((H"(C)] + | J(O)]) = p-1m = m,

completing the proof. O

Before we can prove Lemma 8.15, we need to show the existence of a symmetric r-extender F™*
which is F-decomposable. For some F' we could actually take F* = F (e.g. if F' is a clique). For
general (weakly regular) r-graphs F', we will use the Cover down lemma (Lemma 7.7) to find F™*.
At first sight, appealing to the Cover down lemma may seem rather heavy handed, but a direct
construction seems to be quite difficult.

Lemma 8.26. Let F' be a weakly regular r-graph, ey € F and assume that (x); is true for all
i € [r—1]. There exists a symmetric r-extender (F*,e*) such that F* has an F-decomposition F
with e* € F' € F and e* plays the role of ey in F'.

Proof. Let f := |V(F)|. By Proposition 5.2, we can choose n € N and ~,e,v,u > 0 such

that 1/n € v < ¢ K v < p < 1/f and such that KU is F-divisible. By Example 4.9,
K, is a (0,0.99/f!, f,r)-supercomplex. By Fact 7.2(i) and Proposition 7.12, there exists U C
V(K,,) of size |un]| which is (g,1,0.9/f!, f,r)-random in K,. Let U := V(K,) \ U. Using
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(R2) of Definition 7.1, it is easy to see that K, is (e, f,r)-dense with respect to KU -k [U]
(see Definition 7.6). Thus, by the Cover down lemma (Lemma 7.7), there exists a subgraph H*
of KT(LT) - KT(LT) [U] with A(H*) < vn and the following property: for all L C Kff) such that
A(L) < wyn and H* U L is F-divisible, H* U L has an F-packing which covers all edges except
possibly some inside U.

Let F' be a copy of F with V(F') C U. Let Gpippie := K, — H* — F'. By Proposition 5.9(v),
Ghivbie 15 a (227+20,0.8/ f!, f,r)-supercomplex. Thus, by Lemma 6.5, there exists an F-packing
Fribble 1L G%bze such that A(L) < n, where L := sz?bble — fé:gble. Clearly, H* U L = K,(f) —
.7-“7(51))“ . — F' is F-divisible. Thus, there exists an F-packing 7* in H* U L which covers all edges
of H* U L except possibly some inside U. Let F := {F'} U Fpippe U F*. Let F* := F() and let
e* be the edge in I’ which plays the role of eg.

Clearly, F is an F-decomposition of F* with e* € F’ € F and e* plays the role of ¢y in F’. It

(r) _
remains to check (SE). Let €' € (V(K" )) with €/ Ne* # (). Since e* C U, €’ cannot be inside U.

T

Thus, €’ is covered by F and we have ¢ € F*. O

Note that |V(F*)| is quite large here, in particular 1/|V(F*)| < 1/f for f = |V(F)|. This
means that G being an (g,&, f, r)-supercomplex does not necessarily allow us to extend a given
subgraph H of G to a copy of V (F=,ex)H as described in Definition 8.16. Fortunately, this will
in fact not be necessary, as F* will only serve as an abstract auxiliary graph and will not appear
as a subgraph of the absorber. (This is crucial since otherwise we would not be able to prove our
main theorems with explicit bounds, let alone the bounds given in Theorem 1.4.)

We are now ready to prove Lemma 8.15.

Proof of Lemma 8.15. Given F' and eg, we first apply Lemma 8.26 to obtain a symmetric
r-extender (F*,e*) such that F* has an F-decomposition F with e* € F’ € F and e* plays the
role of eg in F’. For given h € N, let k,m € N be as in Lemma 8.25. Clearly, we may assume
that there exists an F-divisible r-graph on at most h vertices. Together with Lemma 8.22, this
implies that (k,m) € M,. Define
My, = M,

Now, let H be any F-divisible r-graph on at most h vertices. By Lemma 8.25, there exists

t € N such that H + t - F' has a strong m-regular [k]-colouring. By Lemma 8.22, we have

Let v be any eg-orientation of H + t - F. Observe that since e* plays the role of eg in F’,

V(s ey (H +t- F) can be decomposed into a copy of V(g (H +t - F,11) and s copies of I’
(where s = |H +t- F|-|F \ {F'}|). Hence, we have

V(F,eo)(H—Ft ’ val/}l) +s5-F o~ V(F*ﬁ*)(H"’_t' F)

by Proposition 8.4(ii). Thus, V(g ) (H +t- F 1)+ s- F ¥ My, by transitivity of 3. Finally, let
12 be any eg-orientation of Mj. By Fact 8.18, there exists an eg-orientation 3 of V(F@O)(H +t-
F,11) + s - F such that

V(Fre0) (Ve (H +1- F,h1) + 5 F,93) ~ V(g o) (Mp, 12).
O

8.3. Proof of the Absorbing lemma. As discussed at the beginning of Section 8.2, we can
now combine Lemma 8.5 and Lemma 8.15 to construct the desired absorber by concatenating
transformers between certain auxiliary r-graphs, in particular the extension V M}, of the canonical
multi-r-graph Mj,. It is relatively straightforward to find these auxiliary r-graphs within a given
supercomplex G. The step when we need to find VM}, is the reason why the definition of a
supercomplex includes the notion of extendability.

Proof of Lemma 8.2. If H is empty, then we can take A to be empty and it will be
a k-well separated F-absorber for H in G with A(A) = 0. So let us assume that H is not
empty. In particular, G(") is not empty. Recall also that we assume r > 2. Let ¢y € F and
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let M} be as in Lemma 8.15. Fix any eg-orientation v of M. By Lemma 8.15, there exist
tlv ta, S1, 52, 171}17 ’QZ}% d}ia @bé such that

(8.18) V(Feo)(V(Fe) (H +t1- Fyp1) 4 51 Fyaby) ~ V(peq) (M, ¥);
(8.19) V(Feo)(ViEe) (ta - Fyiba) + 59+ Fyahy) ~ Vg o) (Mp, ¥).
We can assume that 1/n < 1/¢ where ¢ := max{|V (Mp,)|, t1,t2, s1, S2}.
Since G is (¢, f + r,r)-dense, there exist disjoint Q1.1,...,Q14,,Q21,--.,Q2t, € G which
are also disjoint from V' (H). For j € [t;], let F; j be a copy of F with V(F; ;) = Q; ;. (For brevity,

we omit mentioning that i € [2] throughout this proof when there is no danger of confusion.) Let
H,.=HU Uje[tﬂ Fl,j and Hy := UjE[tz] FQJ and (fOI‘ 1 € [2]) define

Fi={F; : j €[t}
So Hj is a copy of H +t1 - F and Hs is a copy of t5 - F. In fact, we will from now on assume (by
redefining v; and ¢}) that we have

(8.20) VFeo)(V(Eeo) Hiy i) + si - F, 1) ~ V(peq) (Mp, ).

Let (H{, ;) be obtained by extending H; with a copy of V(p.)(H;, ;) in G (cf. Definition 8.16).
We can assume that H| and H) are vertex-disjoint by first choosing H] whilst avoiding V' (Ha)
and subsequently choosing H) whilst avoiding V' (H]). (To see that this is possible we can e.g. use
the fact that G is (e, d, f, r)-regular for some d > £.)

There exist disjoint Q] 1,...,Q 5, @%1,--, Q5 €G () Wthh are also disjoint from V' (H7)U
V(HY). For j € [s;], let F’ be a copy of F' with V(F} ;) = Q; ;. Let

H :=HU | ] F/};
J€lsd]
Fi = {Fz’/7j tJ € [si]}-
Since H]' is a copy of Vg c)(H;, ¥;) + s; - F', we can assume (by redefining ;) that

(821) \% (F,eo0) (H”a ¢ ) Feo)(Mha W

Let (H;", ;") be obtained by extending H;" with a copy of V(g (H],¢;) in G (cf. Defini-
tion 8.16). We can assume that H{” and Hé” are vertex-disjoint.

Since G is (&, f,r)-extendable, it is straightforward to find a copy M’ of V(Feo) (Mp, 1)) in G
which is vertex-disjoint from H{” and HY'.

Since H;" is a copy of V(p,)(H{,1;), by (8.21) we have H;” ~~ M'. Using Fact 8.14(ii)
repeatedly, we can see that both H{” and HJ' are F-divisible. Together with Proposition 8.4(iii),
this implies that M’ is F-divisible as well.

Let T7 := (Hl H) U H{/ and T5 := Hy U Hé/. Let

Fi1 = F;UF! and Fio i =F U F".
We claim that Fi 1, Fi12,F2,1, F22 are 2-well separated F-packings in G' such that
(8.22) Fl=TuH, F)=TUH!" F{)=TUH) and Fy)="T.
(In particular, Ty is a 2-well separated (H, H{"; F)-transformer in G and T is a 2-well separated
(HY',0; F)-transformer in G.) Indeed, we clearly have that Fi, Fa, F{, Fy are 1-well separated
F-packings in G, where ]-'1( = =H,—H, ]__2(7«) Hs, and .7-" dpp = H!'— H|. Moreover, by Fact 8.17,
F; and F]" are 1-well separated F-packings in G with Fi( g H; U H] and ]—';”(r) = H! UH/".

(2

Note that
TyUH = HUH] = (H UH})u(H] - H)) = 7" v 7" = F1);
T, U H/// (H, — H) U (H// ///) ]:1( r) L ]:”/(7’) ]:1(’7"2)7
Ty UHY = Hy W (HY UHY) = Fs) w F" = 7,
Ty = HyUH} = (Hy UHy) U (HY — Hy) = F" w7 = 751

)
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To check that Fi 1, Fi2, F2,1 and Fa o are 2-well separated F-packings, by Fact 5.4(ii) it is now
enough to show that 7, and F; are (r + 1)-disjoint and that F; and F;” are (r + 1)-disjoint.
Note that for all ¥ € F] and F” € F/', we have V(F') C V(H]) and V(F")NV(H]) = 0, thus
V(F')NV(F") = 0. For all F' € F; and F" € F]", we have V(F') C V(H;) and |V (F")NV (H;)| <
[V(F")NV(H]")| < r by Fact 8.17, thus |V (F') NV (F")| < r. This completes the proof of (8.22).

Let
O, :== Hy U H{ U Hy U HY;
Or1s = Fry WU Fs VU FE Y uFEY.

By Fact 5.4(i), A(Oy113) < 8(f —r). Note that H{, M’ € G — (O, U HY"). Thus, by
Proposition 5.9(v) and Lemma 8.5, there exists a (r/3)-well separated (H{", M'; F')-transformer
T3 in G — (O, U HY') — Op41,3 with A(T3) < yn/3. Let F3; and Fz2 be (x/3)-well separated
F-packings in G — (O, U HY") — O,41,3 such that ]:37? = T3 U H{" and ]:ég) =Ty UM

Similarly, let Oy41 4 := OT+173U.7:§1(T+1)U.7:§2(T+1). By Fact 5.4(i), A(Opt1,4) < (84+2K/3)(f—r).
Note that HY', M’ € G") — (O, U H}" UT3). Using Proposition 5.9(v) and Lemma 8.5 again, we
can find a (x/3)-well separated (HY', M'; F')-transformer Ty in G — (O, U H{” UT3) — Op41 4 with
A(Ty) < yn/3. Let Fy 1 and Fu 2 be (k/3)-well separated F-packings in G—(0,UH{"UT3)—Oy 414
such that of F{) = Ty U HY' and Fy') = Ty U M'.

Let

A=TIUH" T3 M Ty HY JTy;
Foi=FroUF32UFy1UFa;
Foi=F11UF31UFsoU Foo.

Clearly, A € G, and A(A) < yn. Moreover, A and H are edge-disjoint. Using (8.22), we can
check that

F = FuFRR R OFE) = (T uH) U (T 0 M) W (T U HY) U T = A;
F=rFlur AR = (HUT) u (H UTs) U (M UTy) U (HY' UTy) = AUH.

By definition of O,41 3 and O, 1 4, we have that Fi 2, F32, Fa.1, F2,1 are (r+1)-disjoint. Thus, Fo
is a (2-k/3+4)-well separated F-packing in G by Fact 5.4(ii). Similarly, F, is a (2- /34 4)-well
separated F-packing in G. So A is indeed a x-well separated F-absorber for H in G. O

9. PROOF OF THE MAIN THEOREMS

9.1. Main complex decomposition theorem. We can now deduce our main decomposition
result for supercomplexes (modulo the proof of the Cover down lemma). The main ingredients
for the proof of Theorem 4.7 are Lemma 7.4 (to find a vortex), Lemma 8.2 (to find absorbers for
the possible leftovers in the final vortex set), and Lemma 7.5 (to cover all edges outside the final
vortex set).

Proof of Theorem 4.7. We proceed by induction on r. The case r = 1 forms the base case of
the induction and in this case we do not rely on any inductive assumption. Suppose that r € N
and that (x); is true for all ¢ € [r — 1].

We may assume that 1/n < 1/k < e. Choose new constants «',m’ € N and ~, u > 0 such that

In<l/p<<y<<l/m <1/ <e<pu<&1/f

and suppose that F' is a weakly regular r-graph on f > r vertices.

Let G be an F-divisible (g,&, f,r)-supercomplex on n vertices. We are to show the existence
of a k-well separated F-decomposition of G. By Lemma 7.4, there exists a (21/e, u, & —¢, f,r,m)-
vortex Uy, Uy,...,U; in G for some um’ < m < m/. Let Hy,...,Hs be an enumeration of all
spanning F-divisible subgraphs of G[U[](T). Clearly, s < 2(7). We will now find edge-disjoint
subgraphs Ay, ..., As of G and V/k-well separated F-packings Fi o, Fie,- ., Fso, Fs,e it G such
that for all ¢ € [s] we have that
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( io

(A2) A(A;) < yn;

(A3) AZ[Ul] is empty;

(Ad) F G\, Fiy o Tt Fiidor - - Fao are (r + 1)-disjoint.

1,0

A1) FU) = A and F7) = 4, U H;;

Suppose that for some ¢ € [s], we have already found edge-disjoint A, ..., A;—1 together with
Flo, Fles---rFt—1,0, Ft—1,0 that satisfy (Al)f(A4) (with ¢ — 1 playing the role of s). Let

T = (GO~ Hyu | A
ieft—1]
. G(r+1)[Ul] U U (J—_-l O(T+1) Uf<(r+1))
i€ft—1]

Clearly, A(T}) < pun+ syn < 2un by (V2) and (A2). Also, A(T]) < pun + 2sy/k(f —r) < 2un by
(V2) and Fact 5.4(i). Thus, applying Proposition 5.9(v) twice we see that Gapsy = G — Ty — T}
is still a (\/i,§/2, f,r)-supercomplex. Moreover, H; C GS;))SJ by (A3). Hence, by Lemma 8.2,
there exists a /k-well separated F-absorber A; for Hy in Ggps with A(A;) < yn. Let Fio and
Fie be y/k-well separated F-packings in Gapsy € G such that .7-}(7;) A; and .Ft(;) = A, U H,;.
Clearly, A; is edge-disjoint from Ay, ..., A;—1. Moreover, (A3) holds since ng)s t[Uﬂ = H; and A
is edge-disjoint from Hy, and (A4) holds with ¢ playing the role of s due to the definition of T].
Let A*:= AjU---UAs and T := U (Fig <(r+1) UF;, (TH)) We claim that the following hold:

(A1") for every F-divisible subgraph H* of G[U,]"), A* U H* has an s\/k-well separated F-
decomposition F* with F*< C G[T*];

(A2') A(A*) <enand A(T*) < 2syk(f —r) <en;

(A3") A*[U;] and T*[U;] are empty.

For (A1’), we have that H* = H; for some ¢ € [s]. Then F* := Fy o U Uiy 1y Fio Is an F-
decomposition of A*UH* = (AyUH;) UUepq 1 Ai by (A1) and since Hy, Ay, . .., As are pairwise
edge-disjoint. By (A4) and Fact 5.4(ii), F* is s\/k-well separated. We clearly have F*< C G and
Fr<(r+1) € T*. Thus F*< C G[T*] and so (A1’) holds. It is straightforward to check that (A2')
follows from (A2) and Fact 5.4(i), and that (A3') follows from (A3) and (A4).

Let Gumost :== G — A* — T*. By (A2') and Proposition 5.9(v), Gaumost is an (1/2,£/2, f,r)-
supercomplex. Moreover, since A* must be F-divisible, we have that Ggmest is F-divisible.
By (A3'), Ur,...,Upis a (2v/e, u, & — &, f,r,m)-vortex in Ggymost|U1]. Moreover, (A2') and Pro-
position 7.13 imply that Uy is (eV/°, u,€/2, f,7)-random in Ggjmost and Uy \ Uy is (e'/5, u(1 —
1), €/2, f,r)-random in Gapmost. Hence, Uy, Ui, ..., Uy is still an (€'/5, u, £/2, f,r, m)-vortex in
G aimost- Thus, by Lemma 7.5, there exists a 4x’-well separated F-packing Fuimost i G aimost Which
covers all edges of G((zh)nost except possibly some inside Uy. Let H* := (Ggl;wst—]:élr)nost)[Ug]. Since
H* is F-divisible, A* U H* has an s+/k-well separated F-decomposition F* with F*< C G[T*] by
(A1"). Clearly,

G(T) = G((JLlZnost W AT = fél?llost Y H* W AT = ‘F(J(L;r)nost W ‘F*(r)’
and Faimost and F* are (r + 1)-disjoint. Thus, by Fact 5.4(ii), Faumoest U F* is a (4’ + sy/k)-well
separated F-decomposition of GG, completing the proof. g

9.2. Resolvable partite designs. Perhaps surprisingly, it is much easier to obtain decomposi-
tions of complete partite r-graphs than of complete (non-partite) r-graphs. In fact, we can obtain
(explicit) resolvable decompositions (sometimes referred to as Kirkman systems) in the partite
setting using basic linear algebra. We believe that this result and the corresponding construction
are of independent interest. Here, we will use this result to show that for every r-graph F', there
is a weakly regular r-graph F* which is F-decomposable (see Lemma 9.2).

Let G be a complex. We say that a K](f)—decomposition IC of G is resolvable if K can be

(r=1)

partitioned into Kf -decompositions of G, that is, =) can be partitioned into sets Y7, ...,Y;
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such that for each i € [t], K; := {GUV[Q] : Q €V;}isa Kj(f_l)—decomposition of G. Clearly,
K1,...,K; are r-disjoint.

Let K, «xr be the complete k-partite complex with each vertex class having size n. More
precisely, K« has vertex set V1 U--- UV} such that |V;| = n for all i € [k] and e € K« if and
only if e is crossing, that is, intersects with each V; in at most one vertex. Since every subset of
a crossing set is crossing, this defines a complex.

Theorem 9.1. Let g be a prime power and 2f < q. Then for every r € [f — 1], Kyx has a
resolvable Kj(f) -decomposition.

Let us first motivate the proof of Theorem 9.1. Let F be the finite field of order q. Assume
that each class of K,y is a copy of F. Suppose further that we are given a matrix A € F(f—r)xf

with the property that every (f — r) x (f — r)-submatrix is invertible. Identifying Ké];)f with

F/ in the obvious way, we let K be the set of all Q € Kéi)f with AQ = 0. Fixing the entries
of r coordinates of @) (which can be viewed as fixing an r-set) transforms this into an equation
A'Q' =V, where A" is an (f —r) x (f — r)-submatrix of A. Thus, there exists a unique solution,
which will translate into the fact that every r-set of K, is contained in exactly one f-set of K,

i.e. we have a K (T)—decomposition.

There are several known classes of matrices over finite fields which have the desired property
that every square submatrix is invertible. We use so-called Cauchy matrices, introduced by
Cauchy [12], which are very convenient for our purposes. For an application of Cauchy matrices
to coding theory, see e.g. [9].

Let F be a field and let x1,...,2Zm,y1,...,yn be distinct elements of F. The Cauchy matriz
generated by (x;)icpm) and (y;) je[) is the m X n-matrix A € F™*" defined by a;; := (z; —y;) "
Obviously, every submatrix of a Cauchy matrix is itself a Cauchy matrix. For m = n, it is well
known that the Cauchy determinant is given by the following formula (cf. [44]):

 Thi<icjen(@i — 2)(yi — y5)
ngi,jgn(fUi - yj)
In particular, every square Cauchy matrix is invertible.

Proof of Theorem 9.1. Let F be the finite field of order ¢. Since 2f < ¢, there exists a
Cauchy matrix A € F—tDxf Let & be the final row of A and let A’ € F~=)%f be obtained
from A by deleting a.

We assume that the vertex set of Ky is F x [f]. Hence, for every e € Ky, there are unique
1<ip < <ip < fand z1,...,7) € F such that e = {(x;,7;) : j € [le[]]}. Let

det(A)

4o
Lo:={it,...,i} Clf] and xe:=|[ : |eFe.
el

Clearly, @ € Kéi)f is uniquely determined by xq.

Define Y C Ké];)f as the set of all Q) € Kéi)f which satisfy A’ - xq = 0. Moreover, for each
z* € F, define Y« C Y as the set of all Q € Y which satisfy &-xq = z*. Clearly, {Y,- : z* € F}

is a partition of Y. Let K := {Ké;)f[Q} : QeY}and Ky = {Kg;_fl) Q] : Q € Yy} for each

z* € F. We claim that K is a K}T)—decomposition of Ky and that Ky« is a K}T_l)—decomposition
of K4y for each z* € F.

For I C [f], let A be the (f —r + 1) x |I|-submatrix of A obtained by deleting the columns
which are indexed by [f] \ I. Similarly, for I C [f], let A} be the (f —r) x |I|-submatrix of A’
obtained by deleting the columns which are indexed by [f] \ I. Finally, for a vector x € F/ and
I CIf], let x5 € FHI be the vector obtained from x by deleting the coordinates not in I.

Observe that for all e € K,y and @ € Kéi)f, we have

(9.1) e C Q if and only if xq; = Xe.



58 S. GLOCK, D. KUHN, A. LO AND D. OSTHUS

: ()
Consider e € quf'

x € F/ such that A’ - x = 0 and x;, = X, or equivalently, the number of x' € F/~" satisfying
Al - Xe + A/[f]\le -x" = 0. Since A/[f}\le is an (f —r) x (f — r)-Cauchy matrix, the equation

By (9.1), the number of @ € Y containing e is equal to the number of

A’[ L x' = — A} - xe has a unique solution x’ € Ff=" i.e. there is exactly one Q € Y which

(r)

contains e. Thus, K is a Kf -decomposition of K ¢.

Now, fix z* € F and e € Kéq;_fl). By (9.1), the number of @ € Y,~ containing e is equal to the
number of x € Ff such that A’-x =0, 4-x = 2* and X7, = X, or equivalently, the number of

x' € F/==1) satisfying Aj, Xe+ A, X = < :?* ) Since Afgpy, isan (f —r+1) < (f —r+1)-

Cauchy matrix, this equation has a unique solution x’ € F/~7+1 ie. there is exactly one Q € Yy

(r

which contains e. Hence, Iy« is a K 7 71)—decomposition of Kgxy. ]

Our application of Theorem 9.1 is as follows.

Lemma 9.2. Let 2 <r < f. Let F be any r-graph on f vertices. There exists a weakly reqular
r-graph F* on at most 2f - f! vertices which has a 1-well separated F-decomposition.

Proof. Choose a prime power ¢ with f! < ¢ < 2f!. Let V(F) = {v1,...,vs}. By Theorem 9.1,
(

there exists a resolvable K fr)—decomposition K of Kyxy. Let the vertex classes of K,y be
Vi,...,Vy. Let Ky, ..., Ky be a partition of K into Kj(f_l)-decompositions of Kyxf. (We will only
need Ki,...,Ks.) We now construct F* with vertex set V(K s) as follows: Let my,...,mp be

an enumeration of all permutations on [f]. For every i € [f!] and Q € ICZ-S(f), let F; g be a copy
of F' with V(F) = @ such that for every j € [f], the unique vertex in @ N Vy, ;) plays the role of
Vy. Let

Fre= |J  Fig
ielf1,Qek=)
Fi={Fg:iclf,Qek:Py.

Since Ky, ...,Kj are r-disjoint, we have |[V(F') NV (F")| < r for all distinct F', F” € F. Thus,
F is a 1-well separated F-decomposition of ™.

We now show that F™* is weakly regular. Let ¢ € [r — 1]p and S € (V(f*)). If S is not crossing,
then |F*(S)| = 0, so assume that S is crossing. If i = r — 1, then S plays the role of every
(r — 1)-subset of V(F') exactly k times, where k is the number of permutations on [f] that map
[r — 1] to [r — 1]. Hence,

|F*(S)| = |F|rk = |F|-r!(f —r+ 1)! =: s5_1.

If i <r—1, then S is contained in exactly ¢; := ( Fo )qrflfi crossing (r — 1)-sets. Thus,

r—1—:
Sr—1C;
F*(9)| == =:s;.
() = 2% =,
Therefore, F* is weakly (s, ..., s,—1)-regular. O

9.3. Proofs of Theorems 1.1, 1.2, 1.4, 1.6 and 1.7. We now prove our main theorems which
guarantee F-decompositions in r-graphs of high minimum degree (for weakly regular r-graphs F',
see Theorem 1.4), and F-designs in typical r-graphs (for arbitrary r-graphs F', see Theorem 1.1).
We will also derive Theorems 1.2, 1.6 and 1.7.

We first prove the minimum degree version (for weakly regular r-graphs F'). Instead of directly
proving Theorem 1.4 we actually prove a stronger ‘local resilience version’. Let H,(n,p) denote
the random binomial r-graph on [n] whose edges appear independently with probability p.

Theorem 9.3 (Resilience version). Let p € (0,1] and f,r € N with f > r and let
r!pQT(errr)

c(f,r,p) = 314
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Then the following holds whp for H ~ H,.(n,p). For every weakly reqular r-graph F on f vertices
and any r-graph L on [n] with A(L) < ¢(f,r,p)n, H A L has an F-decomposition whenever it is
F-divisible.

The case p = 1 immediately implies Theorem 1.4.
Proof. Choose ny € N and € > 0 such that 1/np < ¢ < p,1/f and let n > ny,

L2 (/1 (b rir
B <f(>7)c<f, rp), €:=0.99/f, € :=0955> ("), ¢ = 0.00/9)U )¢ - o).
—r)!
Recall that the complete complex K, is an (g,&, f,r)-supercomplex (cf. Example 4.9). Let

/
c =

H ~ H,.(n,p). We can view H as a random subgraph of K. By Corollary 5.19, the following
holds whp for all L C K with A(L) < c(f,r,p)n:

K,JHAL]isa (3s+ ¢, — ¢, f,r)-supercomplex.

or fj‘»r
Note that ¢/ < 2177(2(\/5)7“)1" Thus, 2(2y/€)"-(3e+) < £'—c. Lemma 4.4 now implies that K,,[HAL]
is an (g,&”, f,r)-supercomplex. Hence, if H A L is F-divisible, it has an F-decomposition by
Theorem 4.7. U

Next, we derive Theorem 1.1. As indicated previously, we cannot apply Theorem 4.7 directly,
but have to carry out two reductions. As shown in Lemma 9.2, we can ‘perfectly’ pack any given
r-graph F' into a weakly regular r-graph F*. We also need the following lemma, which we will
prove later in Section 11. It allows us to remove a sparse F-decomposable subgraph L from an
F-divisible r-graph G to achieve that G — L is F*-divisible. Note that we do not need to assume
that F* is weakly regular.

Lemma 9.4. Let 1/n < v < & 1/f* and r € [f* —1]. Let F be an r-graph. Let F* be an
r-graph on f* wvertices which has a 1-well separated F-decomposition. Let G be an r-graph on n
vertices such that for all A C (‘i(_Gl)) with |A] < (];*__11), we have | (Ngeq G(S)| = &n. Let O be
an (r + 1)-graph on V(G) with A(O) < yn. Then there exists an F-divisible subgraph D C G
with A(D) < ~v~2 such that the following holds: for every F-divisible r-graph H on V(G) which
1s edge-disjoint from D, there exists a subgraph D* C D such that H U D* is F*-divisible and

D — D* has a 1-well separated F-decomposition F such that F<UtY and O are edge-disjoint.

In particular, we will apply this lemma when G is F-divisible and thus H := G — D is F-
divisible. Then L := D — D* is a subgraph of G with A(L) < 472 and has a 1-well separated
F-decomposition F such that F<+1) and O are edge-disjoint. Moreover, G — L = H U D* is
F*-divisible.

We can deduce the following corollary from the case F' = Ky) of Lemma 9.4.

Corollary 9.5. Let 1/n < v < &,1/f andr € [f—1]. Let F be an r-graph on f vertices. Let G be
an r-graph on n vertices such that for all A C (Vr(_(’l)) with |A| < (fj), we have | (Nge 4 G(S)| = &n.
Then there exists a subgraph D C G with A(D) < =2 such that the following holds: for any
r-graph H on V(G) which is edge-disjoint from D, there ezists a subgraph D* C D such that
H U D* is F-divisible.

In particular, using H := G — D, there exists a subgraph L := D — D* C G with A(L) <2
such that G — L = H U D* is F-divisible.

Proof. Apply Lemma 9.4 with F| Kr(r) playing the roles of F*, F. 0

We now prove the following theorem, which immediately implies the case A = 1 of Theorem 1.1.

Theorem 9.6. Let 1/n < v,1/k < ¢,p,1/f and r € [f — 1], and

q+r
(9.2) CSph/(q%q)a where h := QT( ., > and q :==2f - fl.
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Let F be any r-graph on f wvertices. Suppose that G is a (c, h,p)-typical F-divisible r-graph on n
vertices. Let O be an (r + 1)-graph on V(G) with A(O) < yn. Then G has a k-well separated
F-decomposition F such that F<UtD and O are edge-disjoint.

Proof. By Lemma 9.2, there exists a weakly regular r-graph F* on f* < ¢ vertices which has a
1-well separated F-decomposition.

Fr-1
By Lemma 9.4 (with 0.5p( 1) playing the role of ), there exists a subgraph L C G with
A(L) < v~ 2 such that G — L is F*-divisible and L has a 1-well separated F-decomposition Fy;,

such that féffﬂ) and O are edge-disjoint. By Fact 5.4(i), A(]—";(TH)) < f—r. Let

<(r+1
G =G - L-F;" 0.

By Example 4.10, G is an (g, &, f*,7)-supercomplex, where ¢ := 2/ ~"l¢/(f* — )l and ¢ :=
(1 - 2f*+1c)p2T(f jr)/f*!. Observe that assumption (9.2) now guarantees that 2(2/e)"e < &.

+r

Thus, by Lemma 4.4, G is a (v,&, f*, r)-supercomplex, where & := 0.9(1/4)(f r )5. By Pro-
position 5.9(v), we have that G’ is a (,/7,£'/2, f*,r)-supercomplex. Moreover, G’ is F*-divisible.
Thus, by Theorem 4.7, G’ has a (k—1)-well separated F*-decomposition F*. Since F* has a 1-well
separated F-decomposition, we can conclude that G’ has a (k—1)-well separated F-decomposition
Feomplez- Let F := Fain U Feomplew- By Fact 5.4(ii), F is a k-well separated F-decomposition of
G. Moreover, F=(+1) and O are edge-disjoint. O

We next derive Theorem 1.1 from Theorem 9.6 and Corollary 9.5.
Proof of Theorem 1.1. Choose a new constant x € N such that
I/ngy<1/k<Kep,1/f.

Suppose that G is a (c, h,p)-typical (F,\)-divisible r-graph on n vertices. Split G into two
subgraphs G and G} which are both (¢ + v, h,p/2)-typical (a standard Chernoff-type bound
shows that whp a random splitting of G yields the desired property).

By Corollary 9.5 (applied with G, O.5(p/2)(£i) playing the roles of G, ¢), there exists a sub-
graph L* C Gf, with A(L*) < k such that Gy := G, — L* is F-divisible. Let G := Gj U L* =
G — Go. Clearly, Gy is still (F,\)-divisible. By repeated applications of Corollary 9.5, we
can find edge-disjoint subgraphs Li,..., Ly of G such that R; := G; — L; is F-divisible and
A(L;) < k for all i € [A]. Indeed, suppose that we have already found Li,...,L;—1. Then
A(LU---ULj_1) < Me < 4Y2n (recall that A\ < 4n). Thus, by Corollary 9.5, there exists a
subgraph L; C G} — (L1 U---U L;—1) with A(L;) < & such that Gy — L; is F-divisible.

Let G4 := GoU Ly U---U Ly. We claim that G4 is F-divisible. Indeed, let S C V(G) with
S| < 7 —1. We then have that |G5(S)| = [G2(9)| + > [(G1 — Ri)(9)] = [G2(S)| + A G1(5)] —
2iepy [(S)] =0 mod Deg(F)s).

Since G and G4 are both (¢4, h, p/2)-typical and A(L*UL,U---ULy) < 2v'/?n, we have that
each of Go, G4, R1,..., Ry is (c+~'/3, h, p/2)-typical (and they are F-divisible by construction).

Using Theorem 9.6 repeatedly, we can thus find x-well separated F-decompositions Fi, ..., Fi_1
of Go, a r-well separated F-decomposition F* of G, and for each i € [\], a k-well separated
F-decomposition F, of R;. Moreover, we can assume that all these decompositions are pairwise
(r + 1)-disjoint. Indeed, this can be achieved by choosing them successively: Let O consist of the
(r + 1)-sets which are covered by the decompositions we have already found. Then by Fact 5.4(i)
we have that A(O) < 2X\ - k(f —7) < 4"/?n. Hence, using Theorem 9.6, we can find the next
r-well separated F-decomposition which is (r + 1)-disjoint from the previously chosen ones.

Then F := F* U U;jepn—1)Fi U Uiepy 77 is the desired (F,A)-design. Indeed, every edge of
G1—(L1U---UL)) is covered by each of F7,..., F}. For each i € [A], every edge of L; is covered
by F* and each of Fi,...,F/_ |, Fi,q,...,Fy. Finally, every edge of Gy is covered by each of
fl,...,]:)\fl and F*. ]
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Using the same strategy, a similar result which holds in the more general setting of supercom-
plexes can be obtained by using Corollary 6.10 instead of Corollary 9.5.
Theorem 1.2 is an immediate consequence of Theorem 9.6 and Corollary 9.5.

f7
Proof of Theorem 1.2. Apply Corollary 9.5 (with G,0.5p(“i) playing the roles of G,¢) to
find a subgraph L C G with A(L) < C such that G — L is F-divisible. It is easy to see that

G — L is (1.1¢, h,p)-typical. Thus, we can apply Theorem 9.6 to obtain an F-decomposition F
of G — L. O

Proof of Theorem 1.7. By Example 4.12, we have that G is an (0.01&,0.99¢, f,1)-
supercomplex. Moreover, since f | n, G is K}l)—divisible. Thus, by Corollary 4.14, G** has

0.01én/ =1 f-disjoint K](cl)—decompositions, i.e. G has 0.01én/ ! edge-disjoint perfect matchings.
O

Finally, we also prove Theorem 1.6, which is an easy corollary of Theorem 1.1.

Proof of Theorem 1.6.  Choose ¢, h,ng such that 1/ny < ¢ < 1/h < p,1/f. Let K =

{F1,...,F;}. Thust < o). Let F* := Fy + -+ F; and let ay,...,a; be integers such that
e = ged{|F1],...,|Fi|} = a1|Fi| + - - - + a¢| Fyl.

Now, assume that G is (¢, h, p)-typical and K-divisible. In particular, e | |G|. Since e | |F™*|, we
have |G| = ze mod |F™| for some z € Z. With the above, |G| = > ;. aj|F;| mod |F*| for some
integers a;. Clearly, we may assume that 0 < a, < |F*|. Let F\ be a set of a copies of F; in G
for all i € [t], all edge-disjoint. Let G’ := G — ]:ér). It is easy to check that G’ is F*-divisible.
Thus, since G’ is still (2¢, h, p)-typical, Theorem 1.1 implies that G’ has an F*-decomposition. In
particular, G’ has a K-decomposition F;. Finally, Fy U F; is a K-decomposition of G. U

10. COVERING DOWN

The aim of this section is to prove the Cover down lemma (Lemma 7.7). Suppose that G is
a supercomplex and U is a ‘random-like’ subset of V(G). The Cover down lemma shows the
existence of a ‘cleaning graph’ H* so that for any sparse leftover graph L*, G[H* U L*] has an
F-packing covering all edges of H* U L* except possibly some inside U.

We now briefly sketch how one can attempt to construct such a graph H*. As in Section 7.1,
for an edge e, we refer to |e N U| as its type. For the moment, suppose that H* and L* are given.
A natural way (for divisibility reasons) to try to cover all edges of H* U L* which are not inside U
is to first cover all type-0-edges, then all type-1-edges, etc. and finally all type-(r — 1)-edges. It
is comparatively easy to cover all type-0-edges. The reason for this is that a type-0-edge can be
covered by a copy of F' that contains no other type-0-edge. Thus, if H* is a random subgraph of
G — GV (G)\ U], then every type-0-edge (from L*) is contained in many copies of F. Since
A(L*) is very small, this allows us to apply Corollary 6.9 in order to cover all type-0-edges with
edge-disjoint copies of F'.

The situation is very different for edges of higher types. Suppose that for some i € [r — 1], we
have already covered all edges of types 0,...,7 —¢ — 1 and now want to cover all edges of type

r — ¢. Every such edge contains a unique S € (V(GZ.)\U)

\U

. As indicated in Section 7.1, we seek to

cover all edges containing a fixed S € (V(Gi) ) simultaneously using Proposition 7.9 as follows:

Let T € (V(zF )). Roughly speaking, for every S € (V(C?\U), we reserve a random subgraph Hg of
G(S)[U]"=% and protect all the Hg’s when applying the nibble. Let L be the leftover resulting
from this application and let Lg := L(S). Assuming that there are no more leftover edges of
types 0,...,7—i—1 implies that Lg € G(S)[U]"~ and that HgU Lg is F(T)-divisible. We want
to use (*),—; inductively to find a well separated F(T")-decomposition Fg of Hg U Lg (provided
that HgU Lg is quasirandom). Using Proposition 7.9, Fs can then be ‘extended’ to an F-packing
S < Fg which covers all edges that contain S. The hope is that the Hg’s do not intersect too

much, so that it is possible to find an F(T")-decomposition Fg for each S such that the extended
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F-packings S < Fg are r-disjoint. Their union would then yield an F-packing covering all edges
of type r — 1.

There are two natural candidates for selecting Hyg:

(A) Choose Hg by including every edge of G(S)[U]"~% with probability v.

(B) Choose a random subset Usg of U of size p|U| and let Hg := G(S)"9[Ug].

The advantage of Strategy (A) is that Hg U Lg is quasirandom if Lg is sparse. This is not
the case for (B): even if the maximum degree of Lg is sublinear, its edges might be spread out
over the whole of U (while Hg is restricted to Ug). Unfortunately, when pursuing Strategy (A),
the Hg intersect too much, so it is not clear how to find the desired decompositions due to the
interference between different Hg. However, it turns out that under the additional assumption
that V(Lg) C Ug, Strategy (B) does work. We call the corresponding result the ‘Localised cover
down lemma’ (Lemma 10.8).

We will combine both strategies as follows: For each S, we will choose Hg as in (A) and Ug as
in (B) and let Jg := G(S)"~9[Us]. In a first step we use Hg to find an F(T)-packing covering
all edges e € Hg U Lg with e € Ug, and then afterwards we apply the Localised cover down
lemma to cover all remaining edges. Note that the first step resembles the original problem: We
are given a graph Hg U Lg on U and want to cover all edges that are not inside Ug C U. But
the resulting types are now more restricted. This enables us to prove a more general Cover down
lemma, the ‘Cover down lemma for setups’ (Lemma 10.24), by induction on r —i, which will allow
us to perform the first step in the above combined strategy for all S simultaneously.

10.1. Systems and focuses. In this subsection, we prove the Localised cover down lemma,
which shows that Strategy (B) works under the assumption that each Lg is ‘localised’.

Definition 10.1. Given ¢ € Ny, an i-system in a set V is a collection S of distinct subsets of
V of size i. A subset of V is called S-important if it contains some S € S, otherwise we call it
S-unimportant. We say that U = (Usg)ses is a focus for S if for each S € S, Ug is a subset of
V\S.

Definition 10.2. Let G be a complex and S an i-system in V(G). We call G r-exclusive with
respect to S if every e € G with |e| > r contains at most one element of S. Let U be a focus for
S. If G is r-exclusive with respect to S, the following functions are well-defined: For 1’ > r, let
&y denote the set of S-important r’-sets in G. Define 7,v: . — [’ — i)y as 7,(e) := |e N Ug],
where S is the unique S € S contained in e. We call 7, the type function of G, S, U.

Fact 10.3. Letr € N and i € [r—1]o. Let G be a complex and S an i-system in V(G). LetU be a
focus for 8 and suppose that G is r-exclusive with respect to S. For v’ > r, let 7.2 E — [ — o
denote the type function of GU') S, U. Lete € G with |e| > r be S-important and let £ = £.N (:f)
Then we have

(i) maXereg’ 7'7»(6/) < T|e\(e) < ’6’ — 7+ mineegr Tr(e/)a

(ii) mineregr 7r(e’) = max{r + 7/ (e) — e[, 0}.

Proof. Let S C e with S € S. Clearly, for every S-important r-subset ¢’ of e, S is the unique
element from S that €’ contains. For any such ', we have 7).(e) = [eNUs| > |[¢' N Us| = 7,-(¢'),
implying the first inequality of (i). Also, |e| —7jc(e) = |e\ Us| > |¢'\ Us| = r — 7,-(¢’), implying
the second inequality of (i).

This also implies that mingcgr 7,.(¢') > max{r + 7,(e) — |e[,0}. To see the converse, note
that |e \ Us| = |e| — 7¢/(e). Hence, we can choose an 7-set ¢’ C e with S C ¢’ and |¢' \ Us| =
min{|e| — 7¢(e),7}. Note that ¢/ € & and 7.(¢/) = r — |¢/ \ Us| = r — min{|e| — 7¢(e),7} =
max{r + 7j¢/(e) — |e],0}. This completes the proof of (ii). O

Definition 10.4. Let G be a complex and S an i-system in V(G). Let U be a focus for S and
suppose that G is r-exclusive with respect to S. For ¢/ € {i +1,...,7 — 1}, we define T as the
set of all i/-subsets T of V(@) which satisfy S C T C e\ Ug for some S € S and e € G"). We
call T the ¢'-extension of S in G around U.
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Clearly, T is an i'-system in V(G). Moreover, note that for every T' € T, there is a unique
S € § with S C T because G is r-exclusive with respect to S. We let T'[s := S denote this
element. (On the other hand, we may have |7| < |S|.) Note that U’ := {Up;; : T € T} is a
focus for T as TNUp;g =0 forall T € T.

The following proposition contains some basic properties of i’-extensions.

Proposition 10.5. Let 0 <i < <r. Let G be a complex and S an i-system in V(G). Let U
be a focus for S and suppose that G is r-exclusive with respect to S. Let T be the i’ -extension of
S in G around U. For ' >r, let 1, be the type function of GT), S, U. Then the following hold

for
G =G—{ecG" : eisS-important and 7.(e) < r —i'} :
(i) G’ is r-exclusive with respect to T ;
(ii) for all e € G with |e| > r, we have

e¢ G & eisS-important and 1) (e) < |e| —i';

(iil) for v’ > r, the T-important elements of G'"") are precisely the elements of 7';,1(7“/ — ).

Proof. To see (i), suppose, for a contradiction, that there is some ¢/ € G’ with |¢/| > r and
distinct T, 7" € T such that €’ contains both 7" and T’. Let S := T'|s and S’ := T"|s. Clearly,
S,S8" C e € @G. Since G is r-exclusive with respect to S, we must have S = S’ and thus Ug = Ug.
Since T' and T” are distinct, we have that [TUT’| > /. Let e be a subset of €’ of size r containing
S and at least i’ + 1 vertices from T U T’. Since e C ¢ € G’, we must have e € G'"). On
the other hand, since S C e, e is S-important. However, as T UT" C V(G) \ Us, we have
7(e) =|eNUg| < r — 7, contradicting the definition of G’.

For (ii), let & be the set of S-important r-sets in e. By definition of G, we have e ¢ G’ if and
only if e is S-important, & # () and ming g, 7-(¢') < 7 —4’. Then Fact 10.3(ii) implies the claim.

Finally, we prove (iii). Suppose first that e € G'"") is T-important. Clearly, we have 7, (e) <
r’ —4'. Also, since e must also be S-important, but e € G, (ii) implies that 7,-(¢) > ' —4’. Hence,
e € 7,(r" —4'). Now, suppose that e € 7,'(+" —4'). By (ii), we have e € G’ and it remains to
show that e is T-important. Since e is S-important, there is a unique S € S such that S C e.
Let T := e\ Ug. Clearly, S CT C e\ Ug. Moreover, |T| = le| —|eNUg| = 1" — 7.(e) = 4'. Thus,
T € T, implying that e is T-important. O

Let Z.; be the set of all quadruples (20, 21, 22, z3) € N§ such that zo + 21 < 4, 29 + 23 < i and
20+ 21+ 22 + 23 = r. Clearly, |Z,;| < (r+1)3, and Z,; =0 if i = 0.

Definition 10.6. Let V be a set of size n, let S be an i-system in V and let U be a focus
for S. We say that U is a p-focus for S if each Ug € U has size un + n?/3. For all S € S,
z = (20,21, 22,23) € Z,; and all (21 + 22 — 1)-sets b C V' \ S, define
Tt ={8 €S :|SNS|=2,bC S UUs,|UsNS| > 2},
ij,z,l = {S/ € ij,z : |bm S/‘ = 21}7
Té.o={8 €T, : bNS'|=2—1,[Usn (5 \b)] >1}.
We say that U is a (psize, p, 7)-focus for S if
(F1) each Ug has size pgizepn £ n2/3;
(F2) |[Us NUg/| < 2p?n for distinct S, 5" € S;
(F3) for all S € S, z = (20,21, 22,23) € Z,; and (21 + 22 — 1)-sets b C V' \ S, we have
’ij 1’ < 26rng+zg—1ni—zo—z1
727 - )

b Ir zo+4z23+1, i—zp9—21+1
|jS,z,2| <2 1Y n .
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The sets S’ in J, Sb7 .1 and J, 57 -2 are those which may give rise to interference when covering the
edges containing S. (F3) ensures that there are not too many of them. The next lemma states
that a suitable random choice of the Ug yields a (ps;ze, p, r)-focus.

Lemma 10.7. Let 1/n < p < psize, 1/7 and i € [r —1]. Let V be a set of size n, let S be an
i-system in V and let U' = (Ug)ses be a psize-focus for S. Let U = (Us)ses be a random focus
obtained as follows: independently for all pairs S € S and x € U, retain x in Ug with probability
p. Then whp U is a (psize, p,7)-focus for S.

Proof. Clearly, Us CV \ S forall S € S.
Step 1: Probability estimates for (F1) and (F2)

For S € S, Lemma 5.10(i) implies that with probability at least 1 — 2e_0'5|U§|1/3, we have
Us| = E(|Us|) + 0.5|U%*/3 = ppsizen £ (pn?/3 + 0.5|U%|*/?). Thus, with probability at least
1—e " (F1) holds.

Let S, 5" € S be distinct. If [UNUYL| < p?n, then we surely have |Us N Ug/| < p?n, so assume
that |[USNUS | > p*n. Lemma 5.10(i) implies that with probability at least 1 — 2e72p4|U§mUﬁ9’|, we

_pl/2

have |Us NUg/| < E(|JUsNUsg/|) 4+ p*|UN UL, | < 2p?n. Thus, with probability at least 1 —e ,
(F2) holds.

Step 2: Probability estimates for (F3)
Now, fix S € S, z = (20, 21, 22, 23) € Z,; and an (21 +22—1)-set b € V'\'S. In order to estimate
|‘7,513,z,1’ and |\75’b,z,2|7 define
J = {S/ €S ’SQS/‘ :zo,]bﬂS’] = Zl},
J"={8eS:|8nS=2,|bNns| =2 —1}.

Clearly, jgz , € J and jsbz 5 € J". Moreover, since bN S = (), we have that

’j/‘ S < ? > (Zl + 29 — 1>ni—zo—zl S 22rni—20—217
20 Z1

|._7”| < ( i ) (Zl + 22 — 1>ni—zo—z1+1 < 22rni—zo—z1+1.

20 Z1 — 1
Consider S’ € J'. By the random choice of Ug: and since bN S = (), we have that
P(S € Jo,1) =P\ S CUg,|UsNS| > 23) =P(b\ & CUg) -P(|Us N S| > z3).
Note that P(b\ S’ C Ug) < p*2~ ! since |b\ S'| = 29 — 1. Moreover, P(|Us' N S| > z3) < (zld)ng’ <
2t 73,
Hence, 7E]j§72’1\ < 2321 pr2tz3—192rpi—20=21 Qince i — 29 — 21 > 1 and Ug and Ugr are chosen
independently for any two distinct S, S” € J/, Lemma 5.10(iii) implies that
(10 1) ]P)(‘jg 1‘ > 26rpz2+2371ni7z07z1) < 6726sz2+23—1ni_20—21 < ef\/ﬁ
’ =D - — — :
Now, consider S” € J”. By the random choice of Us and Ug, we have that
P(S' € J§.0) =P(b\ S C Us:,|Us N S| = 23, [Us N (S"\ )| > 1)
=Pb\ S CUs) -P(Uss N S| > 23)-P(|JUsN(S"\b)| > 1)
< pzz . <7, )ng . (Z o+ 1)p < T2T’p22+23+1'
23

However, note that the events S’ € J. 5137z72 and S” € J. Sb7 ».2 are not necessarily independent. To deal
with this, define the auxiliary (i —zp — 21 +1)-graph A on V with edge set {S"\ (SUb) : §' € J"}
and let A’ be the (random) subgraph with edge set {S"\ (SUb) : S € 75,2,2}- Note that for

every edge e € A, there are at most (ZZO) (Zﬁzrl) < 2% elements S’ € J” with e = S\ (SUb).

z1—1

Hence, |JSb7 ol < 22| A’|. Moreover, every edge of A survives (i.e. lies in A’) with probability at
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most 2% - 127 p*2+#+1 and for every matching M in A, the edges of M survive independently.
Thus, by Lemma 5.15, we have that

]P’(’A/‘ Z 77,,23’!"p22+23+1ni720721+1) S (’L —z0— 21 4 1)ni7z07z1677-23rpz2+z3+1n
and thus
(102) P(‘ng 2’ 2 7T25Tp22+23+1ni—Z0—21+1) S ,,,nTe—7-23Tp22+23+1n S e—\/ﬁ.

Since |S| < n', a union bound applied to (10.1) and (10.2) shows that with probability at least
1—e "’ (F3) holds. O

The following ‘Localised cover down lemma’ allows us to simultaneously cover all S-important
edges of an i-system S provided that the associated focus U satisfies (F1)—(F3) and all S-important
edges are ‘localised’ in the sense that their links are contained in the respective focus set (or,
equivalently, their type is maximal).

Lemma 10.8 (Localised cover down lemma). Let 1/n < p < psize,§,1/f and 1 < i <r < f.
Assume that (x)y—; is true. Let F' be a weakly regular r-graph on f vertices and S* € (V(Z.F))
such that F(S*) is non-empty. Let G be a complex on n vertices and let S = {S1,...,S,} be an
i-system in G such that G is r-exclusive with respect to S. Let U = {Ux, ..., Uy} be a (psize, p,7)-
focus for S. Suppose further that whenever S; C e € G, we have e \ S; C Uj. Finally, assume
that G(S;)[Uj] is an F(S*)-divisible (p,&, f —i,1 — i)-supercomplex for all j € [p].

Then there exists a p~'/*2-well separated F-packing F in G covering all S-important r-edges.

Proof. Recall that by Proposition 5.3, F(S*) is a weakly regular (r — i)-graph. We will use
(%)r—; together with Corollary 4.15 in order to find many F'(S*)-decompositions of G(S;)[U;] and
then pick one of these at random. Let t := p'/%(0.5ppsizen)? " and & := p~'/12. For all j € [p],
define G := G(S5;)[U;]. Consider Algorithm 10.9 which, if successful, outputs a s-well separated
F(S*)-decomposition F; of G; for every j € [p].

Algorithm 10.9

for j from 1 to p do A

for all z = (z0,21,22,23) € Z,;, define T? as the (21 + 22)-graph on U; containing all
Z1 U Zy C Uj with |Zy| = z1,|Z2| = 22 such that for some j" € [j — 1] with |S; N .Sy| = zp and
some K’ € ]—"Jé(fﬂ), we have Z; C Sy, Zo C K’ and |K' N Sj| = z3

if there exist x-well separated F'(S*)-decompositions Fj1,...,Fjt of Gj = ¢z, . T¢ which

are pairwise (f — i)-disjoint then
pick s € [t] uniformly at random and let F; := Fj
else
return ‘unsuccessful’
end if
end for

Claim 1: If Algorithm 10.9 outputs Fi,...,Fp, then F := Uje[p] ]:"j is a packing as desired,
where .73]- =8 < F;.

Proof of claim: Since z1 422 > r —1, we have G;Tfi) =(Gj—U.ez,, T2)(r=9 | Hence, Fj is indeed
an F(S*)-decomposition of G;. Thus, by Proposition 7.9, ]}J is a k-well separated F-packing
in G covering all r-edges containing S;. Therefore, F covers all S-important r-edges of G. By
Fact 5.4(iii) it suffices to show that Fi,...,F, are r-disjoint.

To this end, let 7/ < j and suppose, for a contradiction, that there exist K € .}N"j-g(f ) and
K' e .7:";(” such that |[K N K’| > r. Let K := K\ Sj and K’ := K’\ Sj.. Then K € ]-"jg(f_i) and
K' e }?(f_i) and [(S; UK)N (S UK')| > r. Let z9 := |S; N Sj| and 23 := |S; N K'|. Hence,
we have |[K N (S UK')| > r — zp — z3. Choose X C K such that | X N (Sj UK')| =r — 2y — 23
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and let Z; := X NSy and Zy := X N K’'. We claim that z := (29, |Z1],| 22|, 23) € Z,;. Clearly,
we have zg + |Z1]| + |Z2| + z3 = r. Furthermore, note that zy + z3 < i. Indeed, we clearly have
20+ 23 = |S; N (Sy UK')| < |Sj| =i, and equality can only hold if S; C S; UK’ = K’, which
is impossible since G is r-exclusive. Similarly, we have zy + |Z1| < i. Thus, z € Z, ;. But this
implies that Z1 U Zo € TZ, in contradiction to Z; U Zs C K. —

In order to prove the lemma, it is thus sufficient to prove that with positive probability, A(T: g)
22”f/<;p1/2|Uj| for all j € [p] and z € Z,;. Indeed, this would imply that A(lJ, €z, TJ) < (r
1)32%7 fp1/2-1/12|17;|  and by Proposition 5.9(v), G — U.cz,, T? would be a (p 112, /2 f—i,r—i)-
supercomplex. By Corollary 4.15 and since |U;| > 0. 5ppszzen the number of pa1rw1se (f—1
disjoint k-well separated F'(S™)-decompositions in G~ ¢z T is at least p?/ 121y, |(f=0=(r=9)
t, so the algorithm would succeed.
In order to analyse A(TY), we define the following variables. Suppose that 1 < j' < j < p, that
z = (20,21,%2,23) € Zpjand b C Uj is a (21 + 22 — 1)-set. Let Y]sz denote the random indicator
variable of the event that each of the following holds:
(a) there exists some K’ € fﬁ(f_i) with K" N S| = z3;
(b) there exist Z; C Sy, Zo C K’ with |Z| = 21, | Z2| = 22 such that b C Z; U Zy C Uj;
(C) ‘Sj N Sj/’ = 29.
We say that v € (Ujl\b) is a witness for j' if (a)—(c) hold with Z; U Zg =bUw. For all j € [p],

z = (20,21, %2,23) € Zp; and (21 + 22 — 1)-sets b C Uj, let XJI{ = Z]/ 1 ]’ZJ .

vV ¥ + IA

Claim 2: For all j € [p], z = (20,21, %22,23) € Zp; and (21 + 22 — 1)-sets b C Uj;, we have
T (b)| < 2% frX? .

Proof of claim: Let j,z and b be fixed. Clearly, if v € sz(b), then by Algorithm 10.9; v is a
witness for some j' € [j — 1]. Conversely, we claim that for each j' € [j — 1], there are at most

92" f1c witnesses for j/. Clearly, this would imply that |TZ(b)| < 22" fk|[{j' € [j — 1] : Y]szl =
1} = 2% frX?
Fix j/ € [j — 1]. If v is a witness for j/, then there exists K, € .7-";“72') such that (a)—(c) hold

with Z1 U Z; = bJwv and K, playing the role of K’. By (b) we must have v C Z; UZy C Sjr UK,
Since |S;s U K,| = f, there are at most f witnesses v’ for j' such that K, can play the role of K.
It is thus sufficient to show that there are at most 22"k K’ € ]_-;(f =) such that (a)—(c) hold.
Note that for any possible choice of Zy, Zy, K/, we must have |b N Zy| € {292,220 — 1} and
bNZy C Zy C K' by (b). For any Z), C b with |Z}| € {22,202 — 1} and any Z3 € (S ), there can
be at most k K’ € .7-"].,( =) with Zy C K" and K'NS; = Z3. This is because Fj: is a s-well

separated F'(S™)-decomposition and |Z5 U Z3| > 22 — 1+ 23 > r — . Hence, there can be at most
2|b|( )/<a < 2?7k possible choices for K'. —

The following claim thus implies the lemma.

Claim 3: With positive probability, we have X]I-’7Z < p'2|U;| for all j € [p], z = (20, 21, 22, 23) €
Z,; and (21 + 22 — 1)-sets b C Uj.

Proof of claim: Fix j, z,b as above. We split X]b,z into two sums. For this, let
*-7]1?2 = {j/ € [] — 1] : ’Sj N Sj/‘ = Zo,b\Sj/ C Uj/, ’Uj/ N Sj‘ > 23},
\7jl?z,1 = {J/ € '-7]17,2 : ’bﬂ S]/’ = Zl}’
To=1i'eTl, : bnSy|=2—1,|U;N(Sy\b)| >1}.
Since U is a (psize, p, r)-focus for S, (F3) implies that

(10.3) |7 Pl
(10.4) | j7272| §297‘p22+23+1nz 20— z1+1.

‘<26rpzz+z;; 1 1 20— z1
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Note that if Yb’j/ =1, then j' € jjbz LU ];’Z 2 Hence we have Xb = X;-’}Z’l + X where

7,2,2

Jz1
For j' € J!,, UJ}, 5, define

X0 = Zj,éjjb fx j and ijz 90 1= i et , . We will bound X .1 and X]-’Z’2 separately.

—1

. UA/
(10.5) /C?:i ={K'e (f / > : b C Sy UK |K'NU;| > 29, |K' N S)| = 23}
Note that if lej’zj/ = 1, then fﬁ(g*i) N IC?:J # (. Recall that the candidates Fj 1,...,Fjr; in
Algorithm 10.9 from which F;; was chosen at random are (f — ¢)-disjoint. We thus have
< -/
kel : 7 nKh #0y ucgg
t t

P(YP =1) <

‘77Z

This upper bound still holds if we condition on variables Yy o j” # j'. We thus need to bound
|ICj7z | in order to bound X j7z’1 and Xj%2

. ; ; b
Step 1: Estimating X7 ,

Consider j' € jﬁZ’l For all K’ € le’] , we have b\ Sy C K’ and [bNK'| = |b| — [bN S| =
zo — 1, and the sets bN K', K' N S], (K’ \ b) N (Uj NUj) are disjoint. Moreover, we have
(K'\b)n(U; nUy)| = |(K’\b) NU;| > |K'NUj|—|bN K'| > 1. We can thus count

(1S | | |
|IC;):£ | < <’Z;’> : ’Uj N Uj/‘ . |Uj/|f—z—(z2—1)—1—z3 < 2'. 2p2n . (QPPsizen)f_Z_z2_Z3-

Let pp := prots1=it8/3, . nltz0t21—t ¢ [0,1]. In order to apply Proposition 5.11, let ji,...,jm
be an enumeration of Jﬁz’l. We then have for all k£ € [m] and all y1,...,yx_1 € {0,1} that

|K: b,Jk _ 2z . 2p2n . (2pp8izen)f—i—zg—z3
t N p1/6(0‘5ppsizen)f_r
— 22f—1”+1—22—23p11/6(ppsize

b b b
P F=11Y " =w,....Y Tl — 1) <

) J,Z

)Zo+zl—in1+20+21—i
< p1.
Let By ~ Bin(\jjbz 11, p1) and observe that

(10.3) A ) .
TEB, = 7’\7}3371‘[31 <7 26sz2+z3—1nz—zo—z1 . pzo+z1—z+5/3psizen1+zo+21—z
=7. 26Tpr—i+2/3psizen < 05p1/2|U]’
Thus,

Lemma 5.10(iii)

P(By > 0.502U;) < e 050l

Proposition 5.11
<

P(X!., > 0.50"2|U;))

Step 2: Estimating Xj 22
Consider j' € .7;3272. This time, since [bN Sj| = 21 — 1, we have |[K'Nb| = [b\ Sj| = 22 for all
K' e K?gl. Thus, we count
y S A . ,
st < (150 e <o gy

Let py := pots1—i=1/5, m20+t21=1 ¢ [0 1]. In order to apply Proposition 5.11, let ji, ..., j,, be
an enumeration of jjfZQ We then have for all k£ € [m] and all y1,...,yx—1 € {0,1} that

b . .
|,Cj,gk < 2" (2ppsizen)f7%227z3

t N p1/6(0'5ppsizen)f711
— 22f*7‘7Z2723p71/6 (ppsizen)20+21 —1

9, bv. 2,
PV = 1Y) =g, Y =) <

< p2.
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Let By ~ Bin(|jﬁz,2|, p2) and observe that

(10.4) , . ,
b ~ 9 1, i—z0— 1 —i—1/5 -
TEBy =TT}, olpe < 7+ 2% psotinimsomatl, potamizlfy prota

=7. 29Tpr—i+4/5psizen < 05p1/2|U]|

Thus,
Proposition 5.11 Lemma 5.10(iii)
P(X0., > 05p2U5)) < B(By > 0.5p"U)) e~ 0-50'21U;
Hence,
B(X). > p'?|Ul) S B(X). 1 2 0502 (U)]) + B(X]. 5 > 0.507|U ) < 267091,

Since p = |S| < n, a union bound easily implies Claim 3. -

This completes the proof of Lemma 10.8. O

10.2. Partition pairs. We now develop the appropriate framework to be able to state the Cover
down lemma for setups (Lemma 10.24). Recall that we will consider (and cover) r-sets separately
according to their type. The type of an r-set e naturally imposes constraints on the type of an
f-set which covers e. We will need to track and adjust the densities of r-sets with respect to
f-sets for each pair of types separately. This gives rise to the following concepts of partition pairs
and partition regularity (see Section 10.3). We will sometimes refer to r-sets as ‘edges’ and to
f-sets as ‘cliques’.

Let X be a set. We say that P = (Xi,...,X,) is an ordered partition of X if the X; are
disjoint subsets of X whose union is X. We let P(i) := X; and P([i]) := (X1,...,X;). If
P = (Xy,...,X,) is an ordered partition of X and X' C X, we let P[X’'] denote the ordered
partition (X1 N X', ..., X, NX') of X'. If {X', X"} is a partition of X, P’ = (X{,..., X)) is an
ordered partition of X’ and P” = (X{,..., X]/) is an ordered partition of X", we let

Pl UPH = (Xi) e 'JXCIUXi/’ T ’Xl;/)'

Definition 10.10. Let G be a complex and let f > r > 1. An (r, f)-partition pair of G is a pair
(Pr,Py), where P, is an ordered partition of G and P; is an ordered partition of G, such
that for all £ € P, and Q € Py, every () € Q contains the same number C (€, Q) of elements
from £. We call C': P, x Py — [({)]0 the containment function of the partition pair. We say that
(Pr,Py) is upper-triangular if C(P,(€), Ps(k)) = 0 whenever £ > k.

Clearly, for every Q € Py, > ccp C(E,Q) = (J;) If (P, Py) is an (r, f)-partition pair of G
and G’ C G is a subcomplex, we define

(Pr PG 1= (P[], PG ),
Clearly, (P, P¢)[G’] is an (r, f)-partition pair of G'.

Example 10.11. Suppose that G is a complex and U C V(G). For ¢ € [r]y, define & :=
{e e G : |lenU| = ¢}. For k € [flo, define Q := {Q € GY) . |QNU| = k}. Let
Pr = (&,...,&) and Py :=(Qo, ..., Qf). Then clearly (P, Ps) is an (r, f)-partition pair of G,
where the containment function is given by C(&, Qk) = (’;) (i:’;) In particular, C(&, Q) =0
whenever ¢ > k or k > f —r 4+ £. We say that (P, Py) is the (r, f)-partition pair of G, U.

The partition pairs we use are generalisations of the above example. More precisely, suppose
that G is a complex, S is an i-system in V(G) and U is a focus for S. Moreover, assume that G
is r-exclusive with respect to S. For v > r, let 7,» denote the type function of G, S, U. As in
the above example, if & := 7,71(¢) for all £ € [r —i]p and Q. := Tfl(k) for all k € [f — i]o, then
every () € Q. contains exactly (lz) (]: :i:llf) elements from &;. However, we also have to consider
S-unimportant edges and cliques. It turns out that it is useful to assume that the unimportant

edges and cliques are partitioned into ¢ parts each, in an upper-triangular fashion.
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P;(1) Pi@) |7 O) |7t | =) | =)
Pr(1) *
0 *
Pr(i) 0 0 *
~1(0) 0 0 0 * * 0] 0 0
0 0 0 0 * * 0
.. 0 0 0 0 * * 0
T (r — 1) 0 0 0 0 0 0 | = *

FIGURE 1. The above table sketches the containment function of an (r, f)-partition pair induced
by (Py,P7) and U. The cells marked with * and the shaded subtable will play an important role
later on.

More formally, for 7/ > r, let D, denote the set of S-unimportant r’-sets of G and assume that
Py is an ordered partition of D, and P} is an ordered partition of Dy. We say that (P, P}) is
admissible with respect to G, S, U if the following hold:

(P1) [Pr| = IP7l = i;

(P2) for all S €S, h € [r—ilp and B C G(S) with 1 < |B| < 2" and all £ € [i], there exists

D(S, B, ¢) € Ny such that for all Q € N,cp G(SUD)[Us]/ =" we have that

HeePi(¢) : e B:eCSUbUQ} = D(S, B,?);

(P3) (PxU{G")\ D,}, PiU {GY)\ Ds}) is an upper-triangular (r, f)-partition pair of G.

Note that for i =0, S = {0} and & = {U} for some U C V(G), the pair (0, D) trivially satisfies
these conditions. Also note that (P2) can be viewed as an analogue of the containment function
(from Definition 10.10) which is suitable for dealing with supercomplexes.

Assume that (P, Py) is admissible with respect to G, S, U. Define

Ppi=P U (r,H0), ..., 77 (r — 1)),

Py :=P; U (Tf (O),...,Tf (f —1)).

It is not too hard to see that (P, Pr) is an (r, f)-partition pair of G. Indeed, P, clearly is a
partition of G(") and P; is a partition of G, Suppose that C is the containment function of
(Pr L {G™M \D,}, P U {GW)\ Ds}). Then C” as defined below is the containment function of
(7)7"7 Pf) :

For all £ € P! and Q € P}, let C'(€, Q) := C(E,
For all £ € [r —i]p and Q € P, let C'(7,71(¢), Q) :
;K

)

e For all € € Py and k € [f — iy, define C'(E€,7; )) C(E,{GD\ D).
e For all ¢ € [r —ilo, k € [f —i]o, let
k —i—k
(10.6) C'(r M), 71 (k) = <€> ({;_i_5>'

We say that (Pr, Pr) as defined above is induced by (P, P}) and U.
Finally, we say that (P, Py) is an (r, f)-partition pair of G, S, U, if
o (Pr([i]), P¢([z])) is admissible with respect to G, S, U;
e (P, Py) is induced by (P,([i]), Ps([i])) and U.
The next proposition summarises basic properties of an (r, f)-partition pair of G, S, U.

Proposition 10.12. Let 0 < i < r < f and suppose that G is a complex, S is an i-system in
V(G) and U is a focus for S. Moreover, assume that G is r-exclusive with respect to S. Let
(Pr,Py) be an (r, f)-partition pair of G, S, U with containment function C. Then the following
hold:

(PV) [Pl =741 and |Pf| = f+1;

(P2) fori<l<r+1,Pr(l) =7, ({—i—1), and fori <k < f+1, Pp(k) =77 (k—i—1);



70 S. GLOCK, D. KUHN, A. LO AND D. OSTHUS

)

) C(Pr(€),P¢(k)) = 0 whenever both £ > i and k> f —r+{;
") (P2) holds for all £ € [r + 1], with P, playing the role of P;.
)

pair of G, 8, U is the (r, f)-partition pair of G, U (cf. Example 10.11);

(P7") for every subcomplex G' C G, (P,,Ps)[G'] is an (r, f)-partition pair of G', S, U.

Proof. Clearly, (P1'), (P2') and (P6') hold, and it is also straightforward to check (P7’).
Moreover, (P3’) holds because of (P3) and (10.6). The latter also implies (P4’).

Finally, consider (P5’). For £ € [i], this holds since (P,([i]), P¢([i])) is admissible, so assume
that £ > i. We have P,(¢) = 7. '({ —i—1). Let S € S, h € [r —i]p and B € G(S)M with
1< |B| <2h

For Q € Nyep G(SUD)[Us]V =M let

Do:={ecG" : SCelenUs|=¢—i—-1,3bc B:e\SCbUQ}.
It is easy to see that
{e€P,(f) : e B:eCSUDUQR} =Dg.
Note that for every e € Dg, we have e = SU ([JBNe)U (Q Ne).
It remains to show that for all Q, Q" € Nz G(S UD)[Us] ="M, we have |Dg| = |Dgy|. Let

m: Q — @ be any bijection. For each e € Dg, define 7'(e) := SU(UBNe)Un(QNe). It is
straightforward to check that 7': Dg — D¢y is a bijection. 0

10.3. Partition regularity.

Definition 10.13. Let G be a complex on n vertices and (P, Ps) an (r, f)-partition pair of G
with a := |P,| and b := [Py|. Let A = (azx) € [0,1]%*°. We say that G is (e, A4, f,r)-reqular with
respect to (Py, Py) if for all £ € [a], k € [b] and e € P,.(¢), we have
(10.7) (Pr(K))(e)] = (aex )’
where we view Py (k) as a subgraph of GU). If £ C P,(£) and Q@ C Py(k), we will often write
A(€, Q) instead of ay.
For A € [0,1]%% with 1 < ¢ < a < b, we define

e min\(A) := min{a;; : j € [a]} as the minimum value on the diagonal,

e min\{(A) := min{a;;1p o : jE€{a—t+1,...,a}} and

e min‘\*(A4) := min{min"(A), min\*(A4)}.

Note that min\\""**1(A) is the minimum value of the entries in A that correspond to the entries
marked with * in Figure 1.

Example 10.14. Suppose that G is a complex and that U C V(G) is (g, u, &, f,r)-random in G
(see Definition 7.1). Let (P,,Pf) be the (r, f)-partition pair of G, U (cf. Example 10.11). Let
Y € GY) and d > € be such that (R2) holds. Define the matrix A € [0, 1]"+D*U+1) a5 follows:
forall £ € [r+ 1] and k € [f + 1], let

agp = bin(f —r,p, k — 0)d.
Forall { € [r+1],ke[f+1]and e € P.(f) = {e/ € G") : | NU| =¢— 1}, we have that
(PrYI(R) ()] = KQeGY]P(e) : [(euQ)NU| =k -1}
= HeeaM]V(e) : [QnUI=k— 1}
B (1 ein(f —rpk — Odn ™ = (agy £ ) "

In other words, G[Y] s (¢, 4, f, r)-regular with respect to (P, P;[Y]). Note also that min\\"+1(A) =
mln{bm(f —TH, 0)7 bm(f - T, f - T)}d = (mln {M7 1- M})fi?dg
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In the proof of the Cover down lemma for setups, we face (amongst others) the following
two challenges: (i) given an (e, A, f,r)-regular complex G for some suitable A, we need to find
an efficient F-packing in G; (ii) if A is not suitable for (i), we need to find a ‘representative’
subcomplex G’ of G which is (¢, A’, f, r)-regular for some A’ that is suitable for (i). The strategy
to implement (i) is similar to that of the Boost lemma (Lemma 6.3): We randomly sparsify G(/)
according to a suitably chosen (non-uniform) probability distribution in order to find Y* € G(/)
such that G[Y*] is (e, d, f,r)-regular. We can then apply the Boosted nibble lemma (Lemma 6.4).
The desired probability distribution arises from a non-negative solution to the equation Ax = 1.
The following condition on A allows us to find such a solution (cf. Proposition 10.16).

Definition 10.15. We say that A € [0,1]**" is diagonal-dominant if as ), < ay/2(a — £) for all
1 < /¢ < k < min{a,b}.

Definition 10.15 also allows us to achieve (ii). Given some A, we can find a ‘representat-
ive’ subcomplex G’ of G which is (g, A, f,r)-regular for some A’ that is diagonal-dominant (cf.
Lemma 10.20).

Proposition 10.16. Let A € [0,1]**" be upper-triangular and diagonal-dominant with a < b.
Then there exists x € [0,1]" such that x > min‘\(A)/4b and Az = min\(A)1.

Proof. If min\(A) = 0, we can take z = 0, so assume that min\(A) > 0. For k > a, let y, := 1/4b.
For k from a down to 1, let y := a;’i(l - Z?:kﬂ ay;yj). Since A is upper-triangular, we have
Ay = 1. We claim that 1/4b < yj, < a; , for all k € [b]. This clearly holds for all k > a. Suppose

that for some k € [a], we have already checked that 1/4b < y; < a;; for all j > k. We now check
that

b - aj b—a _ 3 a—k 1
1>1- yp > 11— B T2 T -
= ,Z Whigli = ,Z 20—k 4 T4 20—k 4
j=k+1 J=k+1
and so 1/4b < yj, < a; ;. Thus we can take  := min\(A)y. O

Lemma 10.17. Let 1/n < ¢ < £, 1/f and r € [f — 1]. Suppose that G is a complexr on n
vertices and (P, Py) is an upper-triangular (v, f)-partition pair of G with |P.| < |Pf| < f+ 1.
Let A € [0, 1]1P"XIPsl be diagonal-dominant with d := min\(A) > €. Suppose that G is (e, A, f,r)-
regular with respect to (Py,Ps) and (€, f + r,r)-dense. Then there exists Y* C GY) such that
fr

GIY*] is (2fe,d, f,r)-reqular and (0.9¢(¢/4(f + 1))( 7 ),f + r,7)-dense.
Proof. Since (P,,Ps) is upper-triangular, we may assume that A is upper-triangular too. By
Proposition 10.16, there exists a vector « € [0, 1]/P# with 2 > min\(A)/4(f +1) > £/4(f +1) and
Az = dl.

Obtain Y* C G) randomly by including every Q € G/) that belongs to P (k) with probability
xk, all independently. Let e € P,.(¢) for any ¢ € [|P,|]. We have

[Pyl
EIGY* | (e)| = aplags £e)n’ 7 = (d+ (f + De)n/ .
k=1

Then, combining Lemma 5.10(ii) with a union bound, we conclude that whp G[Y*] is (2f¢,d, f,r)-
regular.
Let e € G, Since |GU*7)(e)] > ¢nf and every @ € GU+7)(e) belongs to G[Y*]/+7)(e) with
f+r
probability at least (£/4(f + 1))( )
least 1 — e_”l/G, we have

, we conclude with Corollary 5.14 that with probability at

f+r f+r
f f

G190 (e)] = 0.9(¢/4(f + 1) TGV ()] > 0.9¢(¢/a(f + 1)U )/

f+r
Applying a union bound shows that whp G[Y™*] is (0.9£(&/4(f + 1))( 7 ), f + r,r)-dense. O
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The following concept of a setup turns out to be the appropriate generalisation of Definition 7.1
to i-systems and partition pairs.

Definition 10.18 (Setup). Let G be a complex on n vertices and 0 < i < r < f. We say that
S, U, (P, Ps) form an (e, 1, &, f,r,i)-setup for G if there exists an f-graph Y on V(G) such that
the following hold:
(S1) S is an i-system in V(G) such that G is r-exclusive with respect to S; U is a p-focus for
S and (P, Py) is an (r, f)-partition pair of G, S, U;
(S2) there exists a matrix A € [0,1]0FDXU+D) with min\\""**1(4) > ¢ such that G[Y] is
(e, A, f,r)-regular with respect to (P, Py)[G[Y]] = (Pr, P¢[Y]);
(S3) every S-unimportant e € G(") is contained in at least £ (un)! S-unimportant Q@ € G[Y]U+7),
and for every S-important e € G(") with e D S € S, we have |G[Y]U*+7)(e)[Us]| > &(un)7;
(S4) for all S € S, h € [r —i]p and all B C G(S) with 1 < |B| < 2" we have that
Mo G(SUD)[Us] is an (¢,&, f —i — h,7 —i — h)-complex.
Moreover, if (S1)—(S4) are true and A is diagonal-dominant, then we say that S,U, (P, Py) form
a diagonal-dominant (e, u, &, f,r,i)-setup for G.

Note that (S4) implies that G(S)[Us] is an (e,&, f — 4,7 — i)-supercomplex for every S € S,
but is stronger in the sense that B is not restricted to Ug. The following observation shows that
Definition 10.18 does indeed generalise Definition 7.1. (Recall that the partition pair of G, U was
defined in Example 10.11.) We will use it to derive the Cover down lemma from the more general
Cover down lemma for setups.

Proposition 10.19. Let G be a complex on n vertices and suppose that U C V(G) is (e, 1, &, f,7)-
random in G. Let (Pr,Py) be the (r, f)-partition pair of G,U. Then {0},{U}, (P, Ps) form an
(e, p, i€, f,r,0)-setup for G, where fi := (min {p, 1 — u})/~".

Proof. We first check (S1). Clearly, S is a 0-system in V(G). Moreover, G is trivially r-exclusive
with respect to S since |S| < 2. Moreover, by (R1), U is a p-focus for S, and (P, Py) is an
(r, f)-partition pair of G,S,U by (P6) in Proposition 10.12. Note that (S4) follows immediately
from (R4). In order to check (S2) and (S3), assume that Y C G/) and d > ¢ are such that (R2)
and (R3) hold. Clearly, all e € G(") are S-important, and by (R3), we have for all e € G()
that |G[Y]U*7)(e)[U]| > €(un)?, so (S3) holds. Finally, we have seen in Example 10.14 that there
exists a matrix A € [0, 1] TDXU+D with min\\"="+1(A) > i€ such that G[Y]is (e, A, f,)-regular
with respect to (P, Pr[Y]). O

The following lemma shows that we can (probabilistically) sparsify a given setup so that the
resulting setup is diagonal-dominant.

Lemma 10.20. Let 1/n < e < v < 1, &,1/f and 0 < i <r < f. Let & := AT Let G be a
complex on n vertices and suppose that

S, U, (Pr,Py) form an (e, 1, &, f,r,i)-setup for G.

Then there exists a subgraph H C G") with A(H) < 1.1vn and the following property: for all
L C G with A(L) < en and all (r + 1)-graphs O on V(G) with A(O) < en, the following holds
for G':=GHAL]—O:
S, U, (P, P)|G'] form a diagonal-dominant (v/e, pu, &, f,r,1)-setup for G

Proof. Let Y C GU) and A € [0,1]"TD*(f+1) be such that (S1)-(S4) hold for G. Let C: P, x
Pr— [({)]0 be the containment function of (P, Py). We will write ¢,y := C(Pr(¢), P¢(k)) for all
¢ € [r+1]and k € [f+1]. We may assume that a,j, = 0 whenever ¢y = 0 (and min\\"~"F1(4) > ¢
still holds).

Define the matrix A’ € [0, 1] +D>*U+1) by letting app = ap v " [oepi Ve Note that we
always have a27 p < g

Claim 1: A is diagonal-dominant and min\\"~*+1(A’) > ¢
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Proof of claim: For 1 </l <k <r+41,

/ —L k—¢
a Qg LV v 1
0k 0k <

< .
a,.  aprF T & T 2r+1-14)

Moreover, we have min\\V" ="+ (A’) > gy(”l)({)*l > ¢ —

We choose H randomly by including independently each e € P,(¢) with probability v, for all
¢ € [r+1]. A standard application of Lemma 5.10 shows that whp A(H) < 1.1vn.

We now check (S1)—(S4) for G',S,U and (P, Pf)[G']. For any L and O, G’ is r-exclusive with
respect to S, and (P, Py)[G'] is an (r, f)-partition pair of G', S, U by (P7’) in Proposition 10.12.
Thus, (S1) holds.

We now consider (S2). Let £ € [r + 1], k € [f + 1] and e € P,.(¢). Define

Qe := (Pr[Y](K))(e).

By (10.7) and (S2) for S,U, (P, Py), we have that |Q. x| = (arx +&)n/~". We view Q.4 as a
(f—r)-graph and consider the random subgraph Q;k that contains all @ € Q. j with (Qfe) \{e} C
H. If agy # 0, then for all Q € Q. 1, we have

/!

, a
P(Q € Qup) = vt H P

a
O E[r+1] bk

Thus, E|Q" ,| = (a} ,¢)n/~". This also holds if as x = 0 (and thus a}, , = 0). Using Corollary 5.14

and a union bound, we thus conclude that with probability at least 1 — e "

, we have |Q;k\ =
(ag ), = g2t for all ¢ € [r + 1], k € [f + 1] and e € P,(£). (Technically, we can only apply
Corollary 5.14 if |Qe | > 2en/~", say. Note that the result holds trivially if |Q. x| < 2en/~".)
Assuming that this holds for H, a double application of Proposition 5.7 shows that any L C G(")
with A(L) < en and any (r 4+ 1)-graph O on V(G) with A(O) < en results in G'[Y] being
(Ve, A, f,r)-regular with respect to (P,, Ps)[G'[Y]].

We now check (S3). Let e € GU). If e is S-unimportant then let Q. be the set of all Q €
G[Y)U*7)(e) such that Q Ue is S-unimportant, otherwise let Q. := G[Y]Y*7)(e)[Us]. By (S3) for
S,U, (P, Py), we have that |Q.| > &(un)/. We view Q. as a f-graph and consider the random
subgraph Q. containing all @ € Q. such that (Q;JE) \ {e} € H. For each @ € Q., we have

P(Q e Q) > (7)1 5 ),

thus E|Q.| > v/ (4f)§ (un)?. Using Corollary 5.14 and a union bound, we conclude that whp
|Q%| > 2¢/(un)! for all e € G("). Assuming that this holds for H, Proposition 5.7 implies that for
any admissible choices of L and O, (S3) still holds.

Finally, we check (S4). Let S € S, h € [r —i]op and B C G(S) with 1 < |B| < 2". By
assumption, Gg g := (g G(SUD)[Us] is an (¢,§, f —i — h,r — i — h)-complex. We intend to
apply Proposition 5.18 with i + h, G[Us U S U B], P.[G"[UsuSUB]|, {bUS : b€ B},
V"1 €2/3 playing the roles of i,G, P, B,p,~. Note that for every b € B and all e € Gg:;fh),
SUbUe is S-important and 7.(SUbUe) = |(SUbUe)NUg| = |bNUs| 4+ r — i — h. Hence,
SuUubUe € P.(|bNUg|+r—h+1). Thus, condition (I) in Proposition 5.18 is satisfied. Moreover,
(IT) is also satisfied because of (P5) in Proposition 10.12. Therefore, by Proposition 5.18, with
probability at least 1 — e~1UsI"® for any L € G with A(L) < en < 2e|Us|/p < €%/3|Ug| and
any (r + 1)-graph O on V(G) with A(O) < en < f~%7e2/3|Ug|, we have that Nees G'(SUD)[Us]
isa (ye,&, f—i—h,r—i—h)-complex. A union bound now shows that with probability at least
1—e " (S4) holds.

Thus, there exists an H with the desired properties. ]
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We also need a similar result which ‘sparsifies’ the neighbourhood complexes of an i-system.

Lemma 10.21. Let 1/n < e < p,3,6,1/f and 1 <i<r < f. Let & = 0.9¢8®). Let G be a
complex on n vertices and let S be an i-system in G such that G is r-exclusive with respect to S.
Let U be a p-focus for S. Suppose that

G(S)|Us] is an (g,&, f —i,7 — i)-supercomplex for every S € S.

Then there exists a subgraph H C G with A(H) < 1.18n and the following property: for all
L C G with A(L) < en and all (7 + 1)-graphs O on V(G) with A(O) < en, the following holds
for G':=G[H A L] - O:

G'(S)[Us] is a (Ve &, f —i,r —i)-supercomplex for every S € S.

Proof. Choose H randomly by including each e € G independently with probability 3.
Clearly, whp A(H) < 1.18n. Now, consider S € S. Let h € [r —i]o and B C G(S)[Us]™
with 1 < |B| < 2" By assumption, Gsp := (Nyep G(S)[Us](b) = Nyep G(S U b)[Us] is an
(e,&, f—i—h,r—i—h)-complex. Proposition 5.18 (applied with G[UsUSU|J B] =: G1,{bUS : b €
B},i+h, {GY)}, B, e%/® playing the roles of G, B, 4, P, p,~) implies that with probability at least
1—e~1UsI"® H has the property that for all L C G with A(L) < en < €/3|Ug| and all (r+1)-
graphs O on V(G) with A(O) < en < f=57e23|Us|, Nyep G'(SUB)[Us] = Nyep G'(S)[Us](b) is
a (ve,&,f—i—h,r—i— h)-complex.

Therefore, applying a union bound to all S € S, h € [r —i]p and B C G(S)[Us]" with
1 < |B| < 2", we conclude that whp H has the property that for all L C G(") with A(L) < en
and all (r+1)-graphs O on V(G) with A(O) < en, G'(S)[Us] is a (v/&, &, f —i,7—1i)-supercomplex
for every S € §. Thus, there exists an H with the desired properties. O

The final tool that we need is the following lemma. Given a setup in a supercomplex G and
an i'-extension T of the respective i-system S, it allows us to find a new focus U’ for T and a
suitable partition pair which together form a new setup in the complex G’ (which is the complex
we look at after all edges with type less than r — ¢/ have been covered).

Lemma 10.22. Let I/n < e < p < 11,€,1/f and 0 <i < i <r < f. Let G be a complex on n
vertices and suppose that S,U, (P, Pf) form an (e, 1, &, f,r,1)-setup for G. Forr' > r, let 7, be
the type function of G0, S, U. Let T be the i'-extension of S in G around U, and let

G'=G-{ec G e is S-important and (e) <r—i'}.

Then there exist U', Py, Py with the following properties:

(i) U is a (u, p,r)-focus for T such that Up C Upig for all T € T;
(i) 7.U', (P, Py) form a (1.1e, pp, p! T o, i) -setup for GY;
(iii) G'(T)[Ur] is a (1.1£,0.9, f —4',r — i')-supercomplex for every T € T.

Proof. Let £ :=r —i. Let Y C GU) and A € [0,1]"*+D*U+D be such that (S1)-(S4) hold for
G,S,U, (P.,Ps). We choose U’ randomly as follows: for every T' € T we let Ur be a random
subset of Ur, obtained by including every x € Ur;, with probability p, and all these choices
are made independently. Let U’ := (Ur)rer. Clearly, U’ is a focus for 7 and Ur C Upy, for all
T € T. We will prove that (i)—(iii) hold whp.
By Proposition 10.5, the following hold:
(a) G’ is r-exclusive with respect to T;
(b) for all e € G with |e| > r, we have

e¢ G & eis S-important and 7¢(e) < |e| — i';

(c) for ' > r, the T-important elements of G'"") are precisely the elements of 7' (r' — 7).
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Pr([3)) =) =Y [N =)
Pr([]) 0 *
0 0 *
70 H(r — 1) 0 *
0 0 *
T ((+1) 0 0 *
7 (€) 0 0 0 0 *

FIGURE 2. The above table sketches the containment function of (P;* U {7, ' (0)}, P{ U {r; ' (f —
r—+¢)}). Note that the shaded subtable corresponds to the shaded subtable in Figure 1, but has
been flipped to make it upper-triangular instead of lower-triangular.

For r" > r, property (a) allows us to consider the type function 7/, of G, T, U. As a
consequence of (b), we have for each ' > r that

r'—i'—1

(10.8) G =GN ) (k).
k=0

In what follows, we define a suitable (r, f)-partition pair (P;,P}) of G'. Recall that every
element of a class from P,([i]) and Py([¢]) is S-unimportant, and thus 7-unimportant as well.
By (10.8) and (¢), the T-unimportant r-sets of G’ that are S-important are precisely the elements
of 7,71 (¢+1),..., 7,7 (r—i), and the T-unimportant f-sets of G’ that are S-important are precisely
the elements of Tf_l(f —r+l41),... ,Tf_l(f — ). Thus, we aim to attach these classes to P,([7])
and Py ([1]), respectively, in order to obtain partitions of the 7T-unimportant r-sets and f-sets of
G'. When doing so, we reverse their order. This will ensure that the new partition pair is again
upper-triangular (cf. Figure 2).

Define
(10.9) P =P () U (r o —i),..., 77 (L + 1)),
(10.10) P=Prli) U (f =)o (= + L4 1)).

Claim 1: (P, Py) is admissible with respect to G', T, U'.

Proof of claim: By (10.8) and (c¢), we have that P/* is a partition of the 7T-unimportant elements
of G’ and P§ is a partition of the 7-unimportant elements of G'(f). Moreover, note that
Pyl =i+ (r—i—{) =i and [P{| =i+ (f —4i) — (f —r+£) =i, so (P1) holds.

We proceed with checking (P3). By (c), 7,71 (£) consists of all T-important edges of G'("), and
ijl(f — r 4 £) consists of all T-important f-sets of G'/). Thus, (P U {r-1(¢)}, Py u {T]?l(f -
r+{)}) clearly is an (r, f)-partition pair of G'. If 0 < k' < ¢/ <4/ — i, then no Q € ijl(f —i—kK)
contains any element from 7.~ !(r —i — £') by (10.6), so (P U {r1(¢)}, Pyu {Tf_l(f —r+4)}) is
upper-triangular (cf. Figure 2).

It remains to check (P2). Let T € T, h' € [r —i']p and B’ € G'(T)") with 1 < |B’| < 2". Let
S:=Tls,let h:=h +i —i€[r—ilpand B:={(T'\S)UV : v € B'}. Clearly, B C G(S)"
with 1 < |B| < 2". Thus, by (P5’) in Proposition 10.12, we have for all £ € P, that there exists
D(S, B,£) € Ny such that for all Q € (,c5 G(SUbB)[Us]/=""), we have that

Hee& :FbeB:eCSUbUQR}Y =D(S,B,E).

For each & € P*, define D'(T,B',€) := D(S,B,£). Thus, since Ur C Ug, we have for all
Q € Nyer G'(TUY)[Ur]Y=7=") that

{ec&: W eB:eCTUVUQY =D(T, B E).
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Let (P;,P}) be the (r, f)-partition pair of G’ induced by (P;*,P}) and U’. Recall that 7,
denotes the type function of G'"), T, U’ (for any ' > 7). Define the matrix A’ € [0,1]+Dx(F+1)
such that the following hold:

For all £ € P;* and Q € Py, let A'(€, Q) := A(E, Q).
For all /' € [r —i']p and Q € PF, let A'(7/~1(¢'), Q) := 0.
For all £ € P* and k' € [f — ']y, define

A&7 K) = bin(f — i, p, KNAE, 7 (f —r +0)).

For all ¢ € [r —i']o, k' € [f — i']o, let
A7), 77 KD) = bin(f =7, p, K = ) AT (0), 77 (f = v+ 0).
Claim 2: min\\"~"+1(A") > p/~T¢.
Proof of claim: Let

ay = min  A'(777NE), T7N)) and db = min A/(77H), TN -+ 2)).
vefr—itlo f vefr—itlo s

Observe that min\\"~¥*1(4") > min{min\\"~**1(4),a},a}}. Since min\\"~*+1(4) > ¢, o] >

(1 —p)/=7¢ and a, > p "¢, the claim follows. -

We now prove in a series of claims that (i)—(iii) hold whp. By Lemma 10.7 (applied with T,
{Ur;s : T € T} playing the roles of S,U), whp U’ is a (u, p,r)-focus for T, so (i) holds. In
particular, whp U’ is a pu-focus for 7, implying that (S1) holds for G’ with T, U’ and (P/., 77})
We now check (S2)-(S4) and (iii).

Claim 3: Whp G'[Y] is (1.1e, A', f, r)-regular with respect to (Py, P;[Y]) (cf. (S2)).

Proof of claim: By definition of (P;",Py"), we have for all & € P U {r71(0)} and Q € (Py U
{Tf_I(f —r+0)}[Y] that £ € P, and Q € Py[Y]. Since G[Y] is (e, A, f,r)-regular with respect
to (Pr, P¢[Y]), we have thus for all e € £ that

(10.11) 10(e)| = (A, Q) £ e)nf .

We have to show that for all £ € P!, Q ¢ Pfﬁ[Y] and e € &, we have |Q(e)| = (4'(€,Q) +
1.1e)nf 7. We distinguish four cases as in the definition of A’.

Firstly, for all £ € P;*, Q € P{[Y] and e € £, we have by (10.11) that [Q(e)| = (A(,Q) £
e)ynd =" = (A'(&, Q) + e)n/ " with probability 1.

Also, for all ' € [r—i'lp, Q € Pf'[Y] and e € 7/=1(¢"), we have |Q(e)| = 0 = A'(7/~1(¢), Q)nf "
with probability 1.

Let £ € P* U {7 1(¢)} and consider e € €. Let Q. := (Y N Tf_l(f —r+Y{))(e). By (10.11), we
have that |Q.| = (A(E,Tfl(f —r+0)£e)nf .

First, assume that e € £ € P/*. For each k' € [f — ']y, we consider the random subgraph Q¥
of Q. that contains all Q € Q. with QU e € T]'fl(k’). Hence, Q¥ = (Y N T]’fl(k’))(e). For each
Q € Q, there are unique T € 7 and Sg € S with Sg C T C QUe and (QUe) \ Ty C Us,,.

For each Q € Q., we then have

P(Q € QF) = P(r(QUe) = K) = P((QUe) N Ury| = k') = bin(f — i, p, k).

Thus, E|Q¥ | = bin(f — i, p,k')|Qc|. For each T € T, let Qr be the set of all those Q € Q, for
which Tg = T. Since e is T-unimportant, we have |T'\ e| > 0 and thus |Qr| < n/~"~! for all
T € T. Thus we can partition Q. into nf="~! subgraphs such that each of them intersects each
Or in at most one element. For all Q) lying in the same subgraph, the events Q) € ng/ are now

independent. Hence, by Lemma 5.12, we conclude that with probability at least 1 — e we
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have that
Q| = (1 £ AEIQY| = (1 £ &)bin(f — ', p, k)| Q|
(10.12) = (1 xHbin(f — 1, p, k’)(A(E,Tf_l(f —r+0)+e)n/ T
= (A&, 71 (K)) £ L1g)n/ "

(Technically, we can only apply Lemma 5.12 if |Q.| > 0.1en~", say. Note that (10.12) holds
trivially if |Q.| < 0.1en/~".)

Finally, consider the case e € & = 7,7 }(f). By (c), e is T-important, so let T € T be such
that T' C e. Note that for every Q € Q., we have (e \ T)UQ C Ug, where S := T'|s. For every

x € [f —rlo, let QF be the random subgraph of Q. that contains all @ € Q. with |Q N Ur| = z.
By the random choice of Uy, for each Q € Q and = € [f — r]o, we have

P(Q € Q) = bin(f —r,p,x).
1/6

Using Corollary 5.14 we conclude that for x € [f — r]o, with probability at least 1 —e ™" we
have that

Q8] = (1 £*)E|Q7| = (L £ e)bin(f — 1, p, )| Q|
= (L ebin(f —r,p,2)(Alr; (0,75 (f =7+ 0) £ e)nl ™7
= (bin(f —r, p,x)A(TL(0), T Yf—r+0)£11e)n/
Thus for all £ € [r —i']o, kK € [f —i']o and e € 7.71(¢') with k' > ¢, with probability at least
1—e """ we have

O A ) )] = 1QF | = (A ), 7 () Ll

and if ¢/ > k' then trivially [(Y N T}_l(k’))(e)] =0=A(7] 1(K’) “L(k"))n/=". Thus, a union
bound implies the claim. —

Claim 4: Whyp every T -unimportant e € G'\") is contained in at least 0.9¢ (ppn)! T -unimportant

Q € G'[Y)U) | and for every T -important e € G'") withe D T € T, we have |G'[Y]Y+7) (e)[Ur]| >
0.9¢(ppn)? (cf. (S3)).
Proof of claim: Let e € G'") be T-unimportant. By (b) and (c), we thus have that e is S-
unimportant or 7.(e) > ¢. In the first case, we have that e is contained in at least &(un)’
S-unimportant Q € G[Y](H’") by (S3) for U, G,S. But each such @ is clearly T-unimportant as
well and contained in G'[Y]. If the second case applies, assume that e contains S € S. By (S3)
for G,S,U, we have that |G[Y]U+7)(e)[Us]| > é(un)f. For every Q € G[Y]U+7)(e)[Us], we have
that 774,(QUe) = |(QUe)NUsg| = f + 7-(e) > f + L. Thus, (b) implies that Q Ue € G'[Y], and
by (c) we have that Q U e is 7-unimportant. Altogether, every T-unimportant edge e € G'(") is
contained in at least &(un)/ > 0.9¢(pun)! T-unimportant Q € G'[Y]U/+7).

Let e € G'") be T-important. Assume that e contains 7 € 7 and let S := T'|s. By (S3) for
G,S,U, we have that |G[Y]U+7)(e)[Us]| > &(un)?. As before, for every Q € G[Y]U*7)(e)[Us],
we have QUe € G'[Y]. Moreover, P(Q C Ur) = p/. Thus, by Corollary 5.14, with probability at
least 1 — e~ we have that |G'[Y]UH7) (e)[Ur]| > 0.9€(pun)f. A union bound hence implies the
claim. _

Claim 5: Whp for all T € T, I € [r —i']g and B' C G'(T)") with 1 < |B'| < 2" we have that
Nyep G'(TUY)[Ur] is an (1.1€,0.9¢, f —i' — 1,7 —i' — W')-complex (cf. (S4) and (iii)).
Proof of claim: Let T € T, k' € [r —i']p and B’ C G'(T)") with 1 < |B'| < 2"'. Let S := T'|s.
We claim that
(10.13) ﬂ G'(TUV)[Ug] is an (¢,&, f —i' — h',r — i’ — h')-complex.
b'eB’

If Nyep G'(TUY) [Us]"="="") is empty, then there is nothing to prove, thus assume the contrary.
We claim that we must have i C Ug for all ¥ € B’. Indeed, let ¥’ € B’ and g9 € G'(T' U
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b)[Us]"—"~""). Hence, goUTUY € G'"). By (b), we must have |(goUTUY)NUsg| > |goUT U |—7.
But since T'N Ug = (), we must have b’ C Usg.

Let h:=h' 44 —i € [r—i]pand B:= {(T\S)UlV : v € B’} C G(S)M. (S4) for U,G, S
implies that (,c5 G(SUD)[Us] is an (,&, f —i —h,r —i — h)-complex. To prove (10.13), it thus
suffices to show that G(T U ¥)[Us]"™) = G/(T U ¥)[Ug]"") for all ' > r —i — h and ¥/ € B'.
To this end, let ¥ € B/, v > r — i — h and suppose that g € G(T U ¥)[Us]"™). Observe that
|(gUT UV )NUg| = |[gUT U | -7, so (b) implies that gUT UV € G’ and thus g € G'(TUY)[Ug]"").
This proves (10.13).

By Proposition 5.16, with probability at least 1—e~1Us\/8 ", 5, G'(TUY)[Ur] is an (1.1¢,0.9¢, f—
i' —h',r — i’ — h')-complex.

Applying a union bound to all T € T, k' € [r —]p and B’ C G/(T)") with 1 < |B/| < 2"
then establishes the claim. —

By the above claims, U’ satisfies (S2)—(S4) whp and thus (ii). Moreover, Claim 5 implies that
whp (iii) holds. Thus, the random choice U’ satisfies (i)—(iii) whp. O

10.4. Proof of the Cover down lemma. In this subsection, we state and prove the Cover
down lemma for setups and deduce the Cover down lemma (Lemma 7.7).

Definition 10.23. Let F' and G be r-graphs, let S be an i-system in V(G), and let U be a focus
for S. We say that G is F-divisible with respect to S,U, if for all S € S and all T C V(G) \ S
with [T| <r —i—1and [T\ Us| > 1, we have Deg(F); 1 | |G(SUT)]|.

Note that if G is F-divisible, then it is F-divisible with respect to any i-system and any
associated focus.

Recall that a setup for G was defined in Definition 10.18, and G being (¢, f,r)-dense with
respect to H C G in Definition 7.6. We will prove the Cover down lemma for setups by
induction on r — 7. We will deduce the Cover down lemma by applying this lemma with ¢ = 0.

Lemma 10.24 (Cover down lemma for setups). Let 1/n < 1/k K v K e < v < 1,€,1/f and
0<i<r<f. Let F be a weakly reqular r-graph on f wvertices. Assume that (x); is true for
all £ € [r—i—1]. Let G be a complex on n vertices and suppose that S,U, (P, Py) form an
(e, 1, &, f,r,i)-setup for G. For r' > r, let 1. denote the type function of G, S, U. Then the
following hold.

(i) Let G be a complex on V(G) with G C G such that G is (e, f,r)-dense with respect to
G — 171(0). Then there exists a subgraph H* C G — 771(0) with A(H*) < vn such
that for any L* C GU) with A(L*) < yn and H* U L* being F-divisible with respect to
S,U and any (r+ 1)-graph O* on V(G) with A(O*) < yn, there exists a k-well separated
F-packing in G[H* U L*] — O* which covers all edges of L*, and all S-important edges of
H* except possibly some from 7.1 (r —i).

(i) If G is F-divisible with respect to S,U and the setup is diagonal-dominant, then there
exists a 2rk-well separated F-packing in G which covers all S-important r-edges except
possibly some from 7, (r —i).

Before proving Lemma 10.24, we show how it implies the Cover down lemma (Lemma 7.7).
Note that we only need part (i) of Lemma 10.24 to prove Lemma 7.7. (ii) is used in the inductive
proof of Lemma 10.24 itself.

Proof of Lemma 7.7. Let § := {0}, U := {U} and let (P, Ps) be the (r, f)-partition
pair of G,U. By Proposition 10.19, S,U, (P, Ps) form a (e, p, p/ 7€, f,7,0)-setup for G. We
can thus apply Lemma 10.24(i) with /"¢ playing the role of £. Recall that all r-edges of

G are S-important. Moreover, let 7, denote the type function of G, S, U. We then have
771(0) = GWU] and 77 (r) = GO [U], where U := V(G)\ U. O
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Proof of Lemma 10.24. The proof is by induction on r — ¢. For ¢ = r — 1, we will prove the
statement directly. For i < r—1, we assume that the statement is true for all ' € {i+1,...,r—1}.
We will first prove (i) using (ii) inductively, and then derive (ii) from (i) (for the same value of
r—1).
Proof of (i).
If i < r — 1, choose new constants v1, p1, 81, .-, Vr—i—1, Pr—i—1, Br—i—1 such that
I/n<l/kgy<Kekn <K< <Lh <€ L Vpojo1 L proic1 L Broic1 K v <, &1/ 1.
For every £ € [r —i — 1], let
(10.14) Gy:=G—{ecG" : eis S-important and 7,.(e) < £}.
Forevery i’ € {i+1,...,7r—1}, let T be the i’-extension of S in G around U{. By Proposition 10.5,
the following hold for all i € {i +1,...,r — 1}:
(I) G,_y is r-exclusive with respect to 77

r)

(I) the elements of 7! (r — i) are precisely the 7% -important elements of Gi_i,.
By Lemma 10.22, for every ¢’ € {i+1,...,r—1}, there exist u, 73};/, 73}, such that the following

hold:

(a) U is a (u, pr— i, 7)-focus for T% such that Ur C Upjs for all T € TV;

(b) T%,.Uu”, (P Pf) form a (1.1, pp—irpt, p)._ z,{ f,r,i')-setup for G,_;

(¢) Gr_y(T)[Ur] is a (1.1£,0.9¢, f — @', r — i')-supercomplex for every T € T* .

(I) allows us to consider the type function 7,_; , of Gf,r_)i,,Ti/,Llil.

Step 1: Reserving subgraphs

In this step, we will find a number of subgraphs of G — 771(0) whose union will be the
r-graph H* we seek in (i). Let G be a complex as specified in (i). Let 8y := €. Let Hy be a
subgraph of G(") — 7-1(0) with A(Hy) < 1.18on such that for all e € G we have

(10.15) |G[Ho U {e}]Y)(e)| > 0.9ﬁ§f‘)nf*7“.

(Ho will be used to greedily cover L*.) That such a subgraph exists can be seen by a probabilistic
argument: let Hy be obtained by including every edge of G(") — 7.-1(0) with probability Bp.
Clearly, whp A(Hp) < 1.18yn. Also, since G is (e, f,7)-dense with respect to G") — 7.-1(0) by
assumption, we have for all e € G that

EIG[Hy U {e}])(0)] = 87 1E1E0) — 7 0) U fe] V(@) = 65 Hend
Using Corollary 5.14 and a union bound, it is then easy to see that whp Hj satisfies (10.15) for
all e € GO,

Step 1.1: Defining ‘sparse’ induction graphs Hy.

Consider £ € [r —i— 1] and let ¢/ :=r — {. Let & := yj J+1 By (b) and Lemma 10.20 (with
Gy, 3080-1, Ve, pets Pe "¢,1' playing the roles of G,¢e,v, i, &, 1), there exists a subgraph H, C GET)
with A(Hy) < 1.1yyn and the following property: for all L C Gér) with A(L) < 35,_1n and every
(r + 1)-graph O on V(Gy) with A(O) < 38y_1n, the following holds for G' := Gy[Hy A L] — O:
(10.16) T .U, (P!, P}l)[G’] form a diagonal-dominant

(\/3Be—1, pept, &, f, 7, i’)-setup for G'.

Step 1.2: Defining ‘localised’ cleaning graphs Jy.
Again, consider £ € [r —i — 1] and let ¢/ :=r — £. Let

(10.17) G =Gy—{ee€ Gér) . e is 7" -important and Trr(€) < L}.

We claim that G3(T)[Ur] = G(T)[Ur] for every T € T*. Indeed, consider any T € T* and
e € Go(T)[Ur]. Hence, e C Ur and e UT € Gy. We need to show that e UT € G7, i.e. that there
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eUT'
T

then |[eUT| > |¢/| = r and since Gy is r-exclusive with respect to 7% by (I), we must have T C €’
As €\ T C e C Ur, we deduce that 7,.(¢') = | NUr| = |/ \T| =r—i = L.

Hence, by (c), for every T' € T, G;(T)[Ur]isa (1.1€,0.9¢, f—i', r—i')-supercomplex. Thus, by
Lemma 10.21 (with G7, 3vy, peps, e, 0.9€ playing the roles of G, e, i, 5,€), there exists a subgraph
Jp C Gz(r) with A(Jy) < 1.18yn and the following property: for all L C GZ(T) with A(L) < 3yn
and every (r + 1)-graph O on V(G7) with A(O) < 3yyn, the following holds for G* := G}[J, A
L] -0:

is no 7 -important r-subset ¢’ of e UT with 70, (¢) < L. However, if ¢’ € (“77) is T important,

(10.18) G*(T)[Ur] is a (\/3yg,0.8155é8f), f —i',r —i')-supercomplex for every T € T .

We have defined subgraphs Hy, H1, ..., Hr—i_1,J1, ..., Jr_i_1 of G(") —7,71(0). Note that they
are not necessarily edge-disjoint. Let Hj := Hy and for all £ € [r — i — 1] define inductively
Hj,:= H; {UH,,
Hg = H§—1 UH,UJp = Hé U Jy,
Clearly, A(H}) < 2fn for all ¢ € [r—i—1]p and A(H;) < 2yyn for all £ € [r—i—1]. In particular,
A(H*) < 2B,—;—1n < vn, as desired.
Step 2: Covering down
Let L* be any subgraph of G with A(L*) < yn such that H*U L* is F-divisible with respect
to §,L[, and let O* C GUtY with A(O*) < yn. We need to find a x-well separated F-packing F
in G[H* U L*] — O* which covers all edges of L*, and covers all S-important edges of H* except
possibly some from 7.1 (r — ). We will do so by inductively showing that the following holds for
all ¢ € [r —1i].
(#)¢ There exists a (3¢y/k)-well separated F-packing F; , in G[H;_, U L*] — O* covering all
edges of L*, and all S-important e € H; ; with 7.(e) < £.
Clearly, (#),—; establishes (i).
Claim 1: (#)1 is true.

Proof of claim: Let H) := HyoU L* = Hj U L*. By (10.15) and Proposition 5.7, for all e € L* we
have that

(GIHL — 0)D(e)] = [GIHo U D (e)] — 2ynf T > 0884 nS .

By Corollary 6.9, there is a 1-well separated F-packing Fj in G [H{] — O* covering all edges of
L*. Since H} does not contain any edges from 7, 1(0), F¢ satisfies (#);. -

If i = r — 1, we can take F and complete the proof of (i). So assume that ¢ < r — 1 and that
Lemma 10.24 holds for larger values of 1.

Suppose that for some ¢ € [r —i — 1], F; , satisfies (#)¢. Let ¢/ := r — ¢ > i. We will now
find a 3y/k-well separated F-packing F; in G[H[] — .FZYI) — .FZ_SI(TH) — O* such that F; covers all
edges of H; — .7-";5? that belong to 7,71 ().

Then F; := F; | U Fy covers all edges of L* and all S-important e € H; with 7,.(e) < £+ 1.
By Fact 5.4(ii), F; is (3¢y/k + 3y/k)-well separated, implying that (#)¢41 is true.

Crucially, by (IT), all the edges of 7, () that we seek to cover in this step are T -important.
We will obtain F; as the union of F; and ]-j , where

(COV1) F} is 2y/k-well separated F-packing in G[H[] — .FZS) - ]_-e_gl(wrl) — O* which covers all

T -important edges of H ;- ]-"zfq) except possibly some from 7'27} (0);
(COV2) ]-j is a /k-well separated F-packing in G[H[] — ]:Z(rl) - ]-";(T) - f;_gl(rﬂ) - f;g(rﬂ) -0

which covers all 7%-important edges of H ;- ]-'Zfrl) - F ; (r).
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Since ]-“g and F; are (r+1)-disjoint, Fp := F; U}"g is 3y/k-well separated by Fact 5.4(ii). Clearly,
F covers all T* -important edges of Hj —.FZS), as required. We will obtain F; by using (ii) of this
lemma, inductively, and ]-"g by an application of the Localised cover down lemma (Lemma 10.8).

Recall that F-divisibility with respect to 7%,U" was defined in Definition 10.23. Let H} :=
Hy = 71,

Claim 2: H) is F-divisible with respect to T U .

Proof of claim: Let T € T% and ¥/ C V(G)\ T with |[¥/| <r—i —1 and |\ Ur| > 1. We have to
show that Deg(F)y | | [H (TUV)]. Let S :=Tls and b:=b'U(T\ S). Hence, [b] = |b'| 4" —i.
Clearly, b C V(G)\ S, |b| <r—i—1and |b\Ug| > |T'\ S| > 1. Hence, since H*U L* is F-divisible
with respect to S,U by assumption, we have Deg(F); . | [(H* U L*)(S UDb)|, and this implies
that Deg(F)iyp | [(H*U L) = F, “r ))(S Ub)|. It is thus sufficient to show that

HY(T UY) = ((H* U L) = F) (S ub),

Clearly, we have TUY = SUb and H) C H* — f,}‘ﬁ?. Conversely, observe that every e € H*U L*
that contains 7"U b’ and is not covered by F; ; must belong to H;. Indeed, since e contains
T, we have that 7.(e) < r — i = {, so e € H;. Moreover, by (#), we must have 7,.(e) > /.
Hence, 7.(e) = ¢. But since |’ \ Ur| > 1, we have 7y,(e) < ¢. By (10.17), e ¢ J,. Thus,
e Hy— F") = HJ. Hence, H/(T UY) = ((H* U L*) — F;))(S Ub). This implies the claim.

Let L} == H! A Hy. So H = Hy A L,
Claim 3: L} C Gér) and A(Ly) < 3Bp—1n.

Proof of claim: Suppose, for a contradiction, that there is e € H) A H, with e ¢ Gér). Since
H, C Gy), we must have e € H) = H}, —]:Zﬁq). Thus, since e is not covered by F;_,, (#)¢ implies
that e is S-unimportant or 7,.(€) > ¢, both contradicting e ¢ Gfgr).

In order to see the second part, observe that L), = ((H;_, U Hy) — ]:Z( )) AH,CHf JUL*
since F;") € L* U Hy_,. Thus, A(L}) < A(H;_,) + A(L*) < 38_1n. -

Note that Claim 3 implies that H C G\ Let Gpina := Go[H/]—F; =" —~0*. By Fact 5.4(i)

and (#)g, we have that A(]-';i(TH) UO*) < (36/k)(f —r) +yn < 2yn. Thus, by (10.16) and

Claim 3, TV, U", (Pﬁ/,P}/)[G&md] form a diagonal-dominant (\/308,_1, pept, &e, f, 7,4 )-setup for

G ind- We can thus apply Lemma 10.24(ii) inductively with the following objects/parameters.
object /parameter ‘ Ge,ind ‘ n ‘ \/3Be—1 ‘ peft ‘ & ‘ i ‘ T (Pi/,P}l)[Gz,md} ‘ VE ‘ I ‘ r ‘ F

i’

playingtheroleof‘ G ‘n‘ € ‘ I ‘5‘1‘ S ‘Z/{‘ (Pr, Py) ‘ K ‘f‘r‘F
Since GE z)nd = H/ is F-divisible with respect to T U" by Claim 2, there exists a 2y/r-well

separated F-packing F; in Gy inq covering all T -important edges of H, / except possibly some
from 7'[1(7“ —i) = 7'[1(5) Note that H; — H, C J; and that every 7% -important edge of J; lies

in 7, (€) Thus F; does indeed cover all T -important edges of H; f;ﬁ? except possibly some
from Tgﬂ} (¢), as required for (COV1).
We will now use .J; to cover the remaining 7% -important edges of H, ;. Let J):=H; — }'qu) —
f;(r). Let S}, € (V(F)) be such that F'(S}) is non-empty.
Claim 4: J)(T)[Ur] is F(S};)-divisible for every T € T*.
Proof of claim: Let T € TV and ¥ C Up with b'| < r—14 —1. We have to show that

Deg(F(Si)w | |J(T)[Ur](t')|]. Note that for every e € J; C Gz(r) containing 7', we have
Tor(e) = r — 4. Thus, J)(T)[Ur] is identical with Jj(T') except for the different vertex sets. It
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is thus sufficient to show that Deg(F'(S}))| | [J;(T UV')|. By Proposition 5.3, we have that
Deg(F(S;))| = Deg(F)irqy|- Let S :=T[s and b:=b"U(T'\S). By assumption, H*UL* is F-
divisible with respect to S,U. Thus, since S € S, |b| <r—i—1and |b\Ug| > |T'\S| > 1, we have
that Deg(F); 4 | |(H*UL*)(SUb)|. This implies that Deg(F); p | |((H*UL*)—F;%) —F ) (SU
b)|. It is thus sufficient to prove that Jy(T'UV) = ((H* U L*) — ]:Z(Tl) - f;(r))(S Ub). Clearly,
J, C H* —f;ﬁ? —fo(T) by definition. Conversely, observe that every e € (H*UL*) — f;ﬂ) —f;(r)
that contains 7"U b' must belong to J;. Indeed, since L* C .7:;&), we have e € H*, and since e
contains 7', we have Tr(e) < (. Hence, e € H; and thus e € J;. This implies the claim. —

Claim 5: L} C G;f(r) and A(Ly) < 3yn.

Proof of claim: Suppose, for a contradiction, that there is e € J; A Jy with e ¢ GZ(T). By (10.14)
and (10.17), the latter implies that e is S-important with 7,.(e) < £ or T -important with 7, r(e) <
£. However, since J; C GZ(T), we must have e € J; — J; and thus e € H; and e ¢ F, *(T U, o),
In particular, e € H;'. Now, if e was S-important with 7,.(e) < ¢, then e € H; — Hy Q He—1 But
then e would be covered by F; ,, a contradiction. So e must be ’Ti/—important with 7,(e) < £.

But since e € H//, e would be covered by F; unless 7, (e) = £, a contradiction.
In order to see the second part, observe that

L= ((H)uJ)—F -~ FYyA g, c Hyu L
since F; U F" € H) U L*. Thus, A(LY) < A(H)) + A(L*) < 3um. -
Note that Claim 5 implies that J; C GZ(T). Let
Grctean = Gi[T}) — Fi=rth) — pp=trth) _ o=,
By (#)¢, (COV1) and Fact 5.4(i), we have that
AFETUFEIT G 07) < BOVR)(f — 1) + VRS — 1) +n < 29m.

Thus, by (10.18), Claim 4 and Claim 5, Gy ciean(T)[Ur] is an F(S})-divisible (py, Bésf)—i_l, -
i',r — i')-supercomplex for every T € T%. Moreover, whenever there are T € T() and e €
ch)lean - GZ(T) with T' C e, then |(e \T)NUr| = 7¢,(e) = £ = |e \ T| and thus e \ T' C Uy.
By (I), Geclean € Gy is m-exclusive with respect to T, and by (a), U’ is a (1, pg, r)-focus for
T". We can therefore apply the Localised cover down lemma (Lemma 10.8) with the following
objects/parameters.

(85)+1

object/parameter ‘ n ‘ pe ‘ 12 ‘ By i'" | Gu,clean ‘ T U’ |- ‘ / ‘ F ‘ S

playingtheroleof‘n‘p‘psize‘ 13 ‘z‘ G ‘S‘L{‘r‘f‘F‘S

This yields a pg_l/ 2_well separated F-packing Fg in Gy, clean covering all ’Til—important edges
of Gg c)lean =J, = ]:Z(rl) - ]-';(T) . Thus ]:g is as required in (COV2). As observed before,
this completes the proof of (#)¢41 and thus the proof of (i). O

Proof of (ii).
Let Y € GU) and A € [0,1]0FDx(F+1) be such that (S1)-(S4) hold. We assume that G() is
F-divisible with respect to S, and that A is diagonal-dominant.

Claim 6: G is (£ — ¢, f,7)-dense with respect to G —771(0).

Proof of claim: Let e € GU") and let #' € [r+ 1] be such that e € P,(¢'). Suppose first that ¢/ < i.
Then no f-set from Py(¢') contains any edge from 7, (0) (as such an f-set is S-unimportant).
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Recall from (S2) for S,U, (P, Py) that G[Y] is (e, A, f,r)-regular with respect to (P, P¢[Y]) and
min\\" "1 (4) > ¢. Thus,

GUGD =771 0) el D )] = (Y NPHE))(e)| = (ape —e)n! " = (€ —e)nd .

If ¢ > i+1, then by (P2’) in Proposition 10.12, no f-set from P¢(f —r+¢') contains any edge
from 7,71(0). Thus, we have

GG =7 (0) U D ()] = (ap,j—rro —e)n! " = (€ —e)nd .

If ¢ = i+1, then P.(¢') = 7,71(0) by (P2'). However, every f-set from Tf_l(f—T’) =Ps(f—r+l)
that contains e contains no other edge from 7,71(0). Thus,

GIGY =7 (0) U D ()] = (ap,j—rro —e)n! " = (€ —e)nd .

_ By Claim 6, we can choose H* C G — 771(0) such that (i) holds with G playing the role of
G. Let
Hpivpie == G — H*.

Recall that by (S2), G[Y] is (e, A, f,r)-regular with respect to (P, P¢[Y]), and (S3) implies

that G[Y] is (u/€, f + r,7)-dense. Let
Givbie = (G[Y])[Hnivbie]-

Using Proposition 5.7, it is easy to see that Gme is (2771v, A, f,r)-regular with respect to
(Pr, P¢)[Grivbie). Moreover, by Proposition 5.9(ii), Gpipbie is (u'€/2, f + r,7)-dense. Thus, by
Lemma 10.17, there exists Y* C G(J;l))ble such that Guppe[Y*] is (Vv,d, f,r)-regular for d :=

mn

min\(A) > ¢ and (0.45u7¢(ul€/8(f + 1))(f}LT),f + r,r)-dense. Thus, by Lemma 6.5 there is a
k-well separated F-packing Fpippre in Grippre[Y ] such that A(Lpippie) < yn, where Lyppe =
Gmbble[Y*](’") — ‘FT(LZE))ble = H,ivble — ]:qsngle- Since G(") is F-divisible with respect to S,U, we
clearly have that H* U Lyppe = G — fggble is F-divisible with respect to S,U. By Fact 5.4(i),
we have that A(]-"é.gz;l)) < k(f —r) < yn. Thus, by (i), there exists a x-well separated F-

packing F* in G[H* U Lypbie] — fégg?;l) which covers all edges of L,pe, and all S-important
edges of H* except possibly some from 7, 1(r — 7). But then, by Fact 5.4(ii), Fpippe U F* is a
2k-well separated F-packing in G which covers all S-important r-edges except possibly some from
7,7 Y(r — i), completing the proof. d

This completes the proof of Lemma 10.24. ([l

11. ACHIEVING DIVISIBILITY

It remains to show that we can turn every F-divisible r-graph G into an F*-divisible r-graph
G’ by removing a sparse F-decomposable subgraph of G, that is, to prove Lemma 9.4. Note that
in Lemma 9.4, we do not need to assume that F™* is weakly regular. On the other hand, our
argument heavily relies on the assumption that F™* is F-decomposable.

We first sketch the argument. Let F* be F-decomposable, let by := Deg(F*), and hy :=
Deg(F ). Clearly, we have hy | b,. First, consider the case kK = 0. Then by = |F*| and hy = |F|.
We know that |G| is divisible by hg. Let 0 < = < by be such that |G| = = mod by. Since hg
divides |G| and by, it follows that z = ahg for some 0 < a < bg/hg. Thus, removing a edge-disjoint
copies of F' from G yields an r-graph G’ such that |G'| = |G| —ahy =0 mod by, as desired. This
will in fact be the first step of our argument.

We then proceed by achieving Deg(G’'); = 0 mod b;. Suppose that the vertices of G’ are
ordered vy, ...,v,. We will construct a degree shifter which will fix the degree of v; by allowing
the degree of vy to change, whereas all other degrees are unaffected (modulo b1). Step by step, we
will fix all the degrees from w1, ..., v,_1. Fortunately, the degree of v,, will then automatically be
divisible by b;. For k > 1, we will proceed similarly, but the procedure becomes more intricate. It
is in general impossible to shift degree from one k-set to another one without affecting the degrees
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of any other k-set. Roughly speaking, the degree shifter will contain a set of 2k special ‘root verti-
ces’, and the degrees of precisely 2F k-subsets of this root set change, whereas all other k-degrees
are unaffected (modulo by). This will allow us to fix all the degrees of k-sets in G’ except the ones
inside some final (2k — 1)-set, where we use induction on k as well. Fortunately, the remaining
k-sets will again automatically satisfy the desired divisibility condition (cf. Lemma 11.5).

The proof of Lemma 9.4 divides into three parts. In the first subsection, we will construct the
degree shifters. In the second subsection, we show on a very abstract level (without considering
a particular host graph) how the shifting has to proceed in order to achieve overall divisibility.
Finally, we will prove Lemma 9.4 by embedding our constructed shifters (using Lemma 5.20)
according to the given shifting procedure.

11.1. Degree shifters. The aim of this subsection is to show the existence of certain r-graphs
which we call degree shifters. They allow us to locally ‘shift’ degree among the k-sets of some
host graph G.

Definition 11.1 (x-shifter). Let 1 < k < r and let F, F* be r-graphs. Given an r-graph T} and

distinct vertices a9, ... ,mg, rio ,$,1€ of Ty, we say that T} is an (29,... ,x%, Tl ... ,xi)—shifter

with respect to F, F™* if the following hold:

(SH1) T} has a 1-well separated F-decomposition F such that for all F/ € F and all i € [k],
V(E) N {a, 23} < 1;

(SH2) [T} (S)| =0 mod Deg(F*)g for all S C V(T},) with [S] < k;
(SH3) for all S € (V(g’“)),

(—1)Zi€[k] “Deg(F),, mod Deg(F*), if S={x]:i¢€ [k]},
0 mod Deg(F*); otherwise.

Tk(S)| = {

We will now show that such shifters exist. Ultimately, we seek to find them as rooted subgraphs
in some host graph G. Therefore, we impose additional conditions which will allow us to apply
Lemma 5.20.

Lemma 11.2. Let 1 < k < r, let F, F* be r-graphs and suppose that F* has a 1-well separated
F-decomposition F. Let f* := |V (F*)|. There exists an (Y,...,2%,21,...,x})-shifter Ty, with
respect to F, F* such that Ty[X] is empty and T} has degeneracy at most (’:j:ll) rooted at X,
where X = {29,...,2% 2}, ... z}}.

In order to prove Lemma 11.2, we will first prove a multigraph version (Lemma 11.4), which
is more convenient for our construction. We will then recover the desired (simple) r-graph by
applying an operation similar to the extension operator Vg ) defined in Section 8.2. The differ-
ence is that instead of extending every edge to a copy of F', we will consider an F-decomposition
of the multigraph shifter and then extend every copy of F' in this decomposition to a copy of F™*
(and then delete the original multigraph).

For a word w = wy ... wy € {0,1}*, let |w|o denote the number of 0’s in w and let |w|; denote
the number of 1’s in w. Let W, (k) be the set of words w € {0, 1}* with |w|; being even, and let
W,(k) be the set of words w € {0, 1}* with |w|; being odd.

Fact 11.3. For every k > 1, |[W(k)| = |[W,(k)| = 2+

Lemma 11.4. Let 1 < k < r and let F, F* be r-graphs such that F* is F-decomposable. Let
:r(l), ... ,:cg,a:%, cee x,i be distinct vertices. There exists a multi-r-graph T} which satisfies (SH1)—

(SH3), except that F does not need to be 1-well separated.

Proof. Let & := (V(kF)). For every S* € S, we will construct a multi-r-graph T}, g« such that

2y, ... ,x%,x%, e x}c € V(Tj,s+) and
(shl) Ty g+ has an F-decomposition F such that for all F' € F and all i € [k], [V(F') N

(ol al}| <1

17"

(sh2) [T 5+(S)| =0 mod Deg(F*)g for all S C V(T s+) with |S| < k;
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(sh3) for all S € (V(Tk S*)),

Do (9)] = { CDFEFIES)] mod Deg(F*)y it S = {ai* i € (K],
s 0 mod Deg(F™); otherwise.

Following from this, it easy to construct 1} by overlaying the above multi-r-graphs T}, g«. Indeed,
there are integers (a.)s+es, such that Y g. g ag.|F(S*)| = Deg(F). Hence, there are positive
integers (ag+)gs+es, such that

(11.1) > as

S*ESk

F(S*)| = Deg(F)r mod Deg(F™)y.

Therefore, we take 7} to be the union of ag« copies of T} g+ for each S* € S;. Then T}’ has the
desired properties.

Let S* € Sk. It remains to construct Ty s+. Let Xo := {29,...,29} and X3 = {af,..., 21}
We may assume that V(F*) N (XoUX;) = (. Let F* be an F-decomposition of F* and F’ € F*.
Let X = {x1,...,2x} C V(F') be the k-set which plays the role of S* in F’, in particular
|F'(X)| = |F(S*)|. We first define an auxiliary r-graph T} ;, as follows: Let F” be obtained from
F’ by replacing x, with a new vertex 2. Then let

Ty o= (F* = F)UF".

Clearly, (F*\ {F'}) U{F"} is an F-decomposition of T} ,,. Moreover, observe that for every set
S C V(T ,) with |S| < r, we have

0 if {ack,i’k} - S;

(S if ’ r NS = @,
112) T =0 i {30} 05 =

F(S)| - |F(S) if 2y € 5,24 ¢ S

[E"(S) = [F'((S\{2x}) U{zp})| ifap & S, 2p € S.
We now overlay copies of T7 ;, in a suitable way in order to obtain the multi-r-graph T}, g«. The
vertex set of Tj, g+ will be
V(Th,s+) = (V(F)\ X) U Xo U Xy,
For every word w = w; ... wg_1 € {0, 1}k_1, let T, be a copy of Ti 4, , where
(a) for each i € [k — 1], 2" plays the role of z; (and x; “i ¢ V(T},));
b) if |w|; is odd, then z{ plays the role of z; and x| plays the role of &), whereas if |w|; is
k k
even, then x% plays the role of Z; and x,lc plays the role of xy;

(c) the vertices in V(Thz,) \ {z1,...,%k—1, Tk, T1 } keep their role.
Let
Th.5+ = U Ty
we{0, 1}k

(Note that if k£ =1, then T} g+ is just a copy of T} ;,, where 2y plays the role of #; and z} plays
the role of x1.) We claim that T}, g« satisfies (shl)-(sh3). Clearly, (shl) is satisfied because each
T, is a copy of T1 ., which is F-decomposable, and for all w € {0,1}*~! and all i € [k — 1],
|V (Ty) N {2, 2}}| = 1, and since z), ¢ V(F").

We will now use (11. 2) in order to determine an expression for |Tj g+ (S)| (see (11.3)) which will
imply (sh2) and (sh3). Call S C V(T s+) degenerate if {z¥,z}} C S for some i € [k]. Clearly, if
S is degenerate, then |T,,(S)| = 0 for all w € {0, 1}¢~1. If S C V (T} s+) is non-degenerate, define
I(S) as the set of all indices ¢ € [k] such that |S N {xl, z1}| =1, and define the ‘projection’

) = (S\(X()UXﬂ)U{J}Z' T € I(S)}

(S
Clearly, 7(S) C V(F*) and |7(S)| = |S|. Note that if S C V(T},) and k ¢ I(S), then S
plays the role of w(S) € V(Ti4,) in T, by (a). For i € I(S), let 2(S) € {0,1} be such that
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Sn{x? zl} = {xfi(s)}, and let z(S) := > ;c7(g) #i(S). We claim that the following holds:

(=1)*)|F'(x(S))] mod Deg(F*)|s if S is non-degenerate

(11.3) |Th,s+(S)| = and |I(S)| = k;
0 mod Deg(F*)g otherwise.
As seen above, if S is degenerate, then we have |Tj, g«(S)| = 0. From now on, we assume

that S is non-degenerate. Let W (S) be the set of words w = wy ... wy_; € {0,1}*! such that
w; = z(9) for all i € I(S) \ {k}. Clearly, if w € {0,1}*=1\ W (S), then |T,,(S)| = 0 by (a).
Suppose that w € W(S). If k ¢ I(S), then S plays the role of 7(S) in T, and hence we have
T (S)| = |T1 2, (7(S))] = [F*(7(5))| by (11.2). It follows that |T s«(S)| =0 mod Deg(F™)g),
as required.

From now on, suppose that k € I(S). Let

We(S) :={w e W(S) : |w|i1 + 2(S5) is even};
Wo(S) :={w e W(S) : |w|i + z,(9) is odd}.
By (b), we know that xzk(s) plays the role of x in T, if w € W,(S) and the role of &z if

w € We(S). Hence, if w € W,(S) then S plays the role of 7(S) in T,,, and if w € W,(S), then S
plays the role of (w(S) \ {zx}) U{Zx} in Tp,. Thus, we have

)
10, (w(S)] 7 [F* ()]~ [F/(n(S))|  if w e Wi(S)
Twl) = 4 Ty (7(8)\ e} U @ h)| "= [P (w(S)] if w € Wil S)

0 if w ¢ W(S).

?
)

It follows that
Trs ()= Y |Tw(S)]

we{0,1}k—1

(IWe(9)] = Wo(S)DIF'(w ()] mod Deg(F);s).

Observe that
(We(S)| = [{w' € {0, 1} u/|y + 2(8) is even}|;
W, (S)| = [{w' € {0, 1S 1w/|; + 2(S) is odd}|.

Hence, if [I(S)| < k, then by Fact 11.3 we have |W(S)| = |[W,(S)| = 2-1SI=1 1f |1(S)| = k,
then |[W.(S)| = 1if 2(5) is even and |W,(S)| = 0 if 2(5) is odd, and for W,(S), the reverse holds.
Altogether, this implies (11.3).

It remains to show that (11.3) implies (sh2) and (sh3). Clearly, (sh2) holds. Indeed, if
|S| < k, then S is degenerate or we have |I(S)| < k, and (11.3) implies that |T} g«(S)| = 0
mod Deg(F™)g)-

Finally, consider S € (V(T”:’S*)). If S does not have the form {z;" : i € [k]} for suitable
21,...,2r € {0,1}, then S is degenerate or |I(S)| < k and (11.3) implies that |1} s-(S)| = 0
mod Deg(F*)j, as required. Assume now that S = {z;" : i € [k]} for suitable z1,...,2; € {0,1}.
Then S is not degenerate, I(S) = [k], 2(S) = > ;cp 2 and 7(S) = {z1,..., 25} = X, in which
case (11.3) implies that

| T,s- ()] = (=1 NF'(X)| = (-=1)*F|F(5*)] mod Deg(F*)y,
as required for (sh3). O

Proof of Lemma 11.2. By applying Lemma 11.4 (with Jig and x}g swapping their roles), we
can see that there exists a multi-r-graph 7} with .. ,x%, Tl ,m,lg € V(T¥) such that the
following properties hold:

e T} has an F-decomposition {F1,..., F,,} such that for all j € [m] and all i € [k], we have
V(Fy) N {af, i} < 1;
o [T;:(S)| =0 mod Deg(F*)g for all S C V(T}) with |S| < k;
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e forall § € (V(]::‘:)),

T (S)| = (—1)Ziet-0%+1=2) Deg(F), mod Deg(F*), if S = {a* :i € [K]},
F |0 mod Deg(F*); otherwise.

Let f := |V(F)|. For every j € [m], let Z; be a set of f*— f new vertices, such that Z;NZ; =0
for all distinct j, j' € [m] and Z; N V(T}) = 0 for all j € [m]. Now, for every j € [m], let I} be a
copy of F* on vertex set V (F ) U Z; such that F; U {F}} is a 1-well separated F- decompos1t10n
of F/. In particular, we have that

(a) (F} — Fy)[V(Ey)] is empty;
(b) Fj is a 1-well separated F-decomposition of Ff — Fj such that for all F' € Fj, [V(F') N
V(F))| <r—1.
Let .
Tk = U (F}* - Fj)
j€[m]

We claim that T} is the desired shifter. First, observe that T} is a (simple) r-graph since
(F; — F})[V(F;)] is empty for every j € [m] by (a). Moreover, since Fi,.. ., Fyy, are r-disjoint by
(b), Fact 5.4(iii) implies that F := FyU---UF,, is a 1-well separated F-decomposition of T}, and
for each j € [m], all F’ € F; and all i € [k], we have |V (F') N {20, 2}}| < |V(F;) N {af, 21} < 1.
Thus, (SH1) holds.

Moreover, note that for every j € [m], we have |(F} — F};)(S)| = —|F;(S)| mod Deg(F*);s for
all S C V(T}) with |[S| <r — 1. Thus,

Ti(S) = Y —IF(S)| = —ITE(S)| mod Deg(F*)g
Jj€lm]
for all S C V(T}) with |S| < r —1. Hence, (SH2) clearly holds. If S = {z]" : i € [k]} for suitable
21y, 2k € {0,1}, then
IT(S)| = =|T}(S)| = (—1)>€ % Deg(F);. mod Deg(F*)x

and (SH3) holds. Thus, T} is indeed an (z9,... ,a:k, ri, ..., a:k)—shifter with respect to F), F™*.

Finally, to see that T} has degeneracy at most (J; *:11) rooted at X, consider the vertices of
V(T;) \ X in an ordering where the vertices of V(T}}) \ X precede all the vertices in sets Z;, for
J € [m]. Note that T},[V (T})] is empty by (a), i.e. a vertex in V(7T})\ X has no ‘backward’ edges.
Moreover, if z € Z; for some j € [m], then |T},({z})| = |F; ({z})| < (/. 7). O

11.2. Shifting procedure. In the previous section, we constructed degree shifters which allow
us to locally change the degrees of k-sets in some host graph. We will now show how to combine
these local shifts in order to transform any given F-divisible r-graph G into an F*-divisible -
graph. It turns out to be more convenient to consider the shifting for ‘r-set functions’ rather
than r-graphs. We will then recover the graph theoretical statement by considering a graph as
an indicator set function (see below).

Let ¢ : ( ) — Z. (Think of ¢ as the multiplicity function of a multi-r-graph.) We extend ¢ to

¢ Ugepr, ( ) — Z by defining for all S C V with |S| =k <r,
(11.4) ¢S = > e
sre(V):scs
Thus for all 0 <i <k <randall S € (V),
r—1
(115) (()es= X as
s'e(y):scs

For k € [r — 1]p and by, ...,br € N, we say that ¢ is (bo, ..., by)-divisible if b | ¢(S) for all
S CV with |S] < k.
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If G is an r-graph with V(G) C V, we define 14: (‘:) — 7 as

1 if S eaG;
14(S) = ’
c(5) {0 it S ¢ G

and extend 1g to Ugep, (Z) as in (11.4). Hence, for a set S C V with |S| < r, we have
1¢(S) = |G(S)|. Thus, (11.5) corresponds to the handshaking lemma for r-graphs (cf. (5.1)).
Clearly, if G and G’ are edge-disjoint, then we have 14 + 1 = 1gugr. Moreover, for an r-graph
F, G is F-divisible if and only if 1 is (Deg(F)o, ..., Deg(F),—1)-divisible.

As mentioned before, our strategy is to successively fix the degrees of k-sets until we have fixed
the degrees of all k-sets except possibly the degrees of those k-sets contained in some final vertex
set K which is too small as to continue with the shifting. However, as the following lemma shows,
divisibility is then automatically satisfied for all the k-sets lying inside K. For this to work it is
essential that the degrees of all i-sets for ¢ < k are already fixed.

Lemma 11.5. Let 1 < k < r and bg,...,by € N be such that (z:z)bz = 0 mod by for all
i € [klo. Let ¢ : (‘1{) — Z be a (by,...,bk_1)-divisible function. Suppose that there exists a subset

K CV of size 2k — 1 such that if S € (‘Ig) with ¢(S) Z 0 mod by, then S C K. Then ¢ is
(bo, - . ., by)-divisible.

Proof. Let K be the set of all subsets T” of K of size less than k. We first claim that for all
T" € K, we have

(11.6) > ¢(T)=0 mod b
T/e(lk(): T"CT!
Indeed, suppose that |T”| =i < k, then we have
> our= ¥ )™ (e medb
—i
7e(X): TrCT 1e(y): TVCT

Since ¢ is (by, . .., bg_1)-divisible, we have ¢(T") =0 mod b;, and since (Z:i) b; =0 mod b, the
claim follows.

Let T € (ka) We need to show that ¢(7') = 0 mod bg. To this end, define the function
f:K—=7Zas

DI ST C K\ T
f(T//) e ( ) 1 —. \ Y
0 otherwise.

We claim that for all 7" € (Ik(), we have

a1 5 f(T,,):{1 it T = T

e 0 otherwise.

Indeed, let 7" € (Ik{), and set t := |T"\ T|. We then check that (using |K| < 2k in the first
equality)

S E eor-ger)-f

T"CT! T C(K\T)NT" J=0 J

We can now conclude that

o " S o) S = S| e | "2 0 mod by,

re(l)  TUEr S re(): e

as desired. ]
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We now define a more abstract version of degree shifters, which we call adapters. They represent
the effect of shifters and will finally be replaced by shifters again.

Definition 11.6 (x-adapter). Let V be a vertex set and k,r, bg,...,bg, hy € N be such that

k < r and hy | bg. For distinct vertices x(l), . ,x%,w%, e ,xk in V, we say that 7: (‘7{) — 7 is an
(29,...,2%, 21,...,z})-adapter with respect to (b, ..., bg; hg) if 7 is (bo,...,bg_1)-divisible and

for all S € (Z)?
)ik F i = {x% -4
(S) {( 1)=i€k “hy mod by if S ={z] :i € [k]},

0 mod by otherwise.

Note that such an adapter 7 is (by, ..., bg_1, hx)-divisible.

Fact 11.7. If T is an x-shifter with respect to F, F*, then 11 is an x-adapter with respect to
(Deg(F*)o, - .., Deg(F™); Deg(F)).

The following definition is crucial for the shifting procedure. Given some function ¢, we intend
to add adapters in order to obtain a divisible function. Every adapter is characterised by a tuple
x consisting of 2k distinct vertices, which tells us where to apply the adapter. All these tuples
are contained within a multiset €2, which we call a balancer. €2 is capable of dealing with any
input function ¢ in the sense that there is a multisubset of €2 which tells us where to apply the
adapters in order to make ¢ divisible. Moreover, as we finally want to replace the adapters by
shifters (and thus embed them into some host graph), there must not be too many of them.

Definition 11.8 (balancer). Let r, k, by, ...,br € N with k < r and let U,V be sets with U C V.
Let ©Q be a multiset containing ordered tuples x = (z1,...,T9;), where x1,...,29;r € U are
distinct. We say that Qj is a (b, ..., bx)-balancer for V with uniformity r acting on U if for
any hy € N with hy | by, the following holds: let ¢: (‘T/) — Z be any (b, ..., bg_1, hi)-divisible
function such that § C U whenever S € (Z) and ¢(S) #Z 0 mod bg. There exists a multisubset

Q' of Q, such that ¢+ 7o is (bo, . . ., by)-divisible, where 1o/ := Y . 7x and 7y is any x-adapter
with respect to (b, ..., bx; hi).

For a set S € (‘Ig), let degq, (S) be the number of x = (z1,...,%9) € € such that SN
{zi,ziyk}| = 1 for all i € [k]. Furthermore, we denote A(§) to be the maximum value of

degg, (S) over all S € (‘2)

The following lemma shows that these balancers exist, i.e. that the local shifts performed by
the degree shifters guaranteed by Lemma 11.2 are sufficient to obtain global divisibility (for which
we apply Lemma 11.5).

Lemma 11.9. Let1 <k <r. Letby,...,b, € N be such that (Z:i)bs =0 mod by, for all s € [klo.
Let U be a set of n > 2k vertices and U C V. Then there exists a (bo, ..., by)-balancer Q. for V
with uniformity r acting on U such that A(Q,) < 2F(k!)2by,.

Proof. We will proceed by induction on k. First, consider the case when k = 1. Write
U ={v1,...,v,}. Define Q; to be the multiset containing precisely by — 1 copies of (vj,vj41) for
all j € [n — 1]. Note that A(Qq) < 2b;.

We now show that € is a (bg, b1)-balancer for V' with uniformity r acting on U. Let ¢ :
(‘7{) — 7Z be (bg, hq)-divisible for some hy € N with h; | by, such that v € U whenever v € V
and ¢({v}) # 0 mod by. Let mg := 0. For each j € [n — 1], let 0 < m; < by be such that
(mj—1 —mj)h1 = ¢({v;}) mod by. Let ' C ; consist of precisely m; copies of (vj,vj41) for
all j € [n—1]. Let 7:= Y o Tx, Wwhere 7 is an x-adapter with respect to (bg,b1;h1), and let
¢ = ¢+ 1. Clearly, ¢’ is (bg)-divisible. Note that, for all j € [n — 1],

T({v5}) = mj-17(0; 1,0 {05}) + M0, 0, ({vj})  mod by
(11.8) = (—=mj—1+mj)h1 = —¢({v;}) mod by,

implying that ¢'({v;}) = 0 mod b; for all j € [n — 1]. Moreover, for all v € V' \ U, we have
»({v}) =0 mod b; by assumption and 7({v}) = 0 mod by since no element of €; contains v.
Thus, by Lemma 11.5 (with {v,} playing the role of K), ¢’ is (bo, b1)-divisible, as required.
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We now assume that k& > 1 and that the statement holds for smaller k. Again, write U =
{vi,...,vn}. For every ¢ € [n], let Uy := {vj : j € [(]}. We construct €, inductively. For each
¢ € {2k,...,n}, we define a multiset €, o as follows. Let €_1 -1 be a (by,...,by)-balancer for
V \ {v¢} with uniformity » — 1 acting on Uy_; and

A(Qp_10-1) < 2871k — 1)1y,
(Indeed, Q41 ¢—1 exists by our induction hypothesis with » — 1,k — 1,b1,...,bg, Up—1,V \ {ve}
playing the roles of 7, k, by, ..., by, U,V.) For each v = (vj,,...,0j,, ,) € Qp—1,-1, let
(11.9) V= (U0, Uy s+« v s Vg1 s Ujes Vg« + -3 Vjop_n) € Up X Ugfl_l,

such that jy € {{ =2k +1,..., 0} \ {¢,j1,...,Jox—2} (which exists since £ > 2k). We let Q¢ :=
{v: veQ_14-1}. Now, define

O o= Qe
(=2k

Claim 1: A(y,) < 2F(k!)2by,

Proof of claim: Consider any S € (Z) Clearly, if S € U, then degq, (S) = 0, so assume that

S C U. Let iy be the largest i € [n] such that v; € S.
First note that for all £ € {2k,...,n}, we have

degg, ,(8) < degg, . (S\ {v}) < BAW% 141).
veS
On the other hand, we claim that if £ < ig or £ > ig + 2k, then degq, ,(S) = 0. Indeed, in the
first case, we have S € U, which clearly implies that degg, ,(S) = 0. In the latter case, for any
v € Qp_10-1, we have jy, > ¢ — 2k + 1 > ig and thus |S N {vg,v;,}| = 0, which also implies
degg, ,(S) = 0. Therefore,

n
degq, (S) = > _ degq, ,(S) < 2k A(Qp_1,0-1) < 25 ()b,
=2k
as required. _
We now show that € is indeed a (by, ..., bx)-balancer on V with uniformity r acting on U.
The key to this is the following claim, which we will apply repeatedly.

Claim 2: Let 2k < 0 <n. Let ¢y: (‘7{) — Z be any (by, . ..,bg_1, hi)-divisible function for some
hi € N with hy | by. Suppose that if ¢¢(S) #Z 0 mod by for some S € (‘,;), then S C Uy.
Then there exists Q;M C Qp such that ¢p—1 = ¢¢ + o, is (bo, ..., bg—1, hg)-divisible and if
¢e—1(S) £ 0 mod by for some S € (‘,ﬁ), then S C Uyp_q.

(Here, o, is as in Definition 11.8, i.e. T, = Zv’e%,é Ty and Ty is an arbitrary v/-adapter
with respect to (bo, ..., bk; hi).)
Proof of claim: Define p : (V>£1}1‘5}) — 7Z such that for all S € (Vr\ivf}),

p(S) == (S U {ve}).

It is easy to check that this identity transfers to smaller sets S, that is, for all S C V'\ {v,}, with
|S| <7 —1, we have p(S) = ¢¢(S U{vs}), where p(S) and ¢¢(S U {ve}) are as defined in (11.4).

Hence, since ¢y is (b, ..., bk_1, hy)-divisible, p is (b1, ..., bx_1, hy)-divisible. Moreover, for all
S e (V,}g)f}) with p(S) £ 0 mod b, we have S C Up_;.

Recall that Q11 is a (b1, ..., by)-balancer for V'\ {v,} with uniformity » —1 acting on U;_;.
Thus, there exists a multiset ' C Qj_1 41 such that
(11.10) p+ 71qris (b1, ..., bg)-divisible.

Let O , C Q¢ be induced by ', that is, Q) , :== {v/ 1 v € '} (see (11.9)). Let v’ € &,
and let 7» be any v’-adapter with respect to (by,...,bg;hr). As noted after Definition 11.6,
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Ty is (bo,...,bg—1, hy)-divisible. Crucially, if S € (‘2) and vy € S, then 7/ (S) = 7 (5 \ {ve})

mod bg. Indeed, let 29,...,2% i, ... 2} | besuch that v = (29,...,29 , z{,...,2}_|) and
thus v/ = (vg, 2%, ..., 2)_,vj,,21,...,2}_;). Then by Definition 11.6, as vy € S, we have
(5) = [CDPE A mod by i S\ {ur) = o i€ - 1))
EY =
M 0 mod b otherwise,

=7v(S\{v}) mod bg.
Let T, = Zv’eQ;M Ty and ¢y_1 1= ¢y —1—7'%72. Note that for all S € Uy, we have TQ;M(S) =0
by (11.9). Moreover, if S € (Z) and vy € S, then TQ;M(S) = 70 (S \ {v¢}) mod b by the above.
Clearly, ¢y_1 is (bg,...,bk_1, hi)-divisible. Now, consider any S € (Z) with S & Uy_1. If
S & Uy, then
do—1(S) = ¢¢(S) + TQ;M(S) =0+0=0 mod by.
If S C Uy, then since S € Uy_1 we must have v, € S, and so

(11.10)
Ge-1(S) = be(S) + 7qy ,(5) = p(S\{ve}) + 700 (S\ {ve}) =0 mod by,
This completes the proof of the claim. —

Now, let hy € N with hy | by and let ¢: (‘7{) — Z be any (b, ...,bk_1, hi)-divisible function
such that S C U whenever S € (‘é) and ¢(S) # 0 mod by. Let ¢, := ¢ and note that U = U,.
Thus, by Claim 2, there exists Q;m C Qp such that ¢p,—1 := ¢, + o is (bo, ..., bk—1,hg)-
divisible and if ¢,—1(S) Z 0 mod by for some S € (Z), then S C U,_1. Repeating this step
finally yields some Q) C Qj such that ¢* := ¢ + To, is (bo, ..., bk_1, hg)-divisible and such that
S C Usp_1 whenever S € (‘;) and ¢(S) # 0 mod bg. By Lemma 11.5 (with Us,_1 playing the
role of K), ¢* is then (b, ..., by)-divisible. Thus €, is indeed a (bo, ..., by)-balancer. O

11.3. Proof of Lemma 9.4. We now prove Lemma 9.4. For this, we consider the balancers €,
guaranteed by Lemma 11.9. Recall that these consist of suitable adapters, and that Lemma 11.2
guarantees the existence of shifters corresponding to these adapters. It remains to embed these
shifters in a suitable way, which is achieved via Lemma 5.20. The following fact will help us to
verify the conditions of Lemma 11.9.

Fact 11.10. Let F be an r-graph. Then for all 0 < i < k < r, we have (;:i)Deg(F)i =0
mod Deg(F)y.

Proof. Let S be any i-set in V(F'). By (5.1), we have that

() )Fei= S IF@I=0 med Deg(F),

and this implies the claim. O
Proof of Lemma 9.4. Let 29,...,2% | 21, ... 2l | be distinct vertices (not in V(G)). For
kelr—1],let Xp:={al,...,20,21,...,2;}. By Lemma 11.2, for every k € [r — 1], there exists

an (29,...,20 z1, ... x})-shifter T}, with respect to F, F* such that T}[Xj] is empty and T} has
degeneracy at most (fr *__11) rooted at Xj. Note that (SH1) implies that

(11.11) T3 ({9, }})| = 0 for all i € [k].

1 (2
We may assume that there exists t > maxjc(,—y) [V (T})| such that 1/n < v < 1/t <&, 1/f*.
Let Deg(F) = (ho, h1,...,h,—1) and let Deg(F*) = (bg, b1, ...,b,—1). Since F* is F-decomposable
and thus F-divisible, we have hy | by for all k € [r — 1]p.
By Fact 11.10, we have (Z:;)bl =0 mod b for all 0 < i < k < r. For each k € [r — 1] with
hi < bg, we apply Lemma 11.9 to obtain a (by,...,bg)-balancer Q for V(G) with uniformity
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r acting on V(G) such that A(Q) < 2F(k!)%2b,. For values of k for which we have h;, = by,
we let Q := (. For every k € [r — 1] and every v = (v1,...,v9;) € Qf, define the labelling
Ay: Xi — V(G) by setting Ay (2?) := v; and Ay (x}) := viyy for all i € [k].

For technical reasons, let Ty be a copy of F and let X := ). Let Qg be the multiset containing
bo/ho copies of (), and for every v € Qq, let Ay: Xo — V(G) be the trivial G-labelling of (Tp, X).
Note that Ty has degeneracy at most (fT, *:11) rooted at Xy. Note also that A, does not root any
set S C V(G) with |S| € [r —1].

We will apply Lemma 5.20 in order to find faithful embeddings of the T} into G. Let Q :=
Uizt Q. Let a :=~"2/n.

Claim 1: For every k € [r — 1] and every S C V(G) with |S| € [r — 1], we have |{v € Q :
Ay roots S} < rila'yn“‘s‘. Moreover, |Qx| < 7 tayn’.

Proof of claim: Let k € [r—1] and S C V(G) with |S| € [r —1]. Consider any v = (vy,...,v9;) €
Q. and suppose that A, roots S, i.e. S C {v1,...,var} and |Tx(A71(S))| > 0. Note that if we
had {29, z}} C AJ1(S) for some i € [k] then |T}(A;1(S))| = 0 by (11.11), a contradiction. We
deduce that |S N {vi,vipx}| < 1 for all i € [k], in particular |S| < k. Thus there exists S" O S
with |S’| = k and such that |S” N {v;, v;4x}| = 1 for all i € [k]. However, there are at most n*~I|
sets S" with |S| = k and S’ D S, and for each such S, the number of v = (vy,...,v9) € Qx
with [S" N {vi,vipx}| = 1 for all i € [k] is at most A(Q). Thus, |{v € Q : Ay roots S}| <
nF=ISIA Q) < nr 118126 (k1D 2by, < rtayn 191, Similarly, we have |Q] < nFA(Q) <7 layn’.

Claim 1 implies that for every S C V(G) with |S| € [r — 1], we have
{veQ: A, roots S} < ayn™ 151 — 1,

and we have || < bo/ho + Y251 || < ayn”. Therefore, by Lemma 5.20, for every k € [r — 1]
and every v € )y, there exists a Ay-faithful embedding ¢y of (T, Xj) into G, such that, letting
Ty := ¢v(T}), the following hold:
(a) for all distinct vy, vy € €, the hulls of (7, ,Im(Ay,)) and (1%,,Im(Ay,)) are edge-disjoint;
(b) for all v.e Q and e € O with e C V(T},), we have e C Im(Ay);

(©) AlUyen Tv) < ay® n.
Note that by (a), all the graphs Ty, are edge-disjoint. Let

D:=|]JT.
ves
By (c), we have A(D) < v~2. We will now show that D is as desired.
For every k € [r — 1] and v € Q, we have that T\ is a v-shifter with respect to F, F”* by

definition of Ay and since ¢y is Ay-faithful. Thus, by Fact 11.7,
(11.12) 17, is a v-adapter with respect to (b, ..., bg; hx).

Claim 2: For every ' C Q, Uyeq Tv has a 1-well separated F-decomposition F such that
FE0+D) and O are edge-disjoint.

Proof of claim: Clearly, for every v € g, T, is a copy of F' and thus has a 1-well separated
F-decomposition Fy, = {Ty}. Moreover, for each k € [r — 1] and all v = (v1,...,v9;) € Q, Ty
has a 1-well separated F-decomposition Fy, by (SH1) such that for all F/ € F, and all i € [k],
[V (F") N {vi,vipr}] < 1.

In order to prove the claim, it is thus sufficient to show that for all distinct v, vy € , Fy, and
Fy, are r-disjoint (implying that F := |J,cq Fv is 1-well separated by Fact 5.4(iii)) and that for

every v € ), ]:VS(TH) and O are edge-disjoint.

To this end, we first show that for every v € Q and F' € Fy, we have that |V (F')NIm(Ay)| < r
and every e € (V(F/)) belongs to the hull of (Ty,Im(Ay)). If v € Qp, this is clear since Im(Ay) = ()

.
and F' = Ty, so suppose that v = (v1,...,v) € Qi for some k € [r—1]. (In particular, hy < bg.)
By the above, we have |V (F') N {v;,visx}| < 1 for all i € [k]. In particular, |[V(F') NIm(Ay)| <

k < r, as desired. Moreover, suppose that e € (v(fl)). If e NIm(Ay) = 0, then e belongs
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to the hull of (7y,Im(Ay)), so suppose further that S := e N Im(Ay) is not empty. Clearly,
IS N {vi,vivk | < IV(EF) N{vi, vk} < 1 for all i € [k]. Thus, there exists S O S with |S'| = k
and |S" N {v;,vi1r} =1 for all i € [k]. By (SH3) (and since hy < by), we have that |7y (S")| > 0,
which clearly implies that |7y, (S)| > 0. Thus, e N Im(Ay) = S is a root of (7y,Im(Ay)) and
therefore e belongs to the hull of (7y,Im(Ay)).

Now, consider distinct vq,vy €  and suppose, for a contradiction, that there is e € (V(TG))
such that e C V(F') NV (F") for some F' € Fy, and F” € F,. But by the above, e belongs to
the hulls of both (7y,,Im(Ay,)) and (Ty,,Im(Ay,)), a contradiction to (a).

Finally, consider v € Q2 and e € O. We claim that e ¢ F‘,S(TH). Let F’ € F, and suppose, for
a contradiction, that e C V/(F'). By (b), we have e C Im(Ay). On the other hand, by the above,
we have |V(F') NIm(Ay)| < r, a contradiction. -

Clearly, D is F-divisible by Claim 2. We will now show that for every F-divisible r-graph H
on V(G) which is edge-disjoint from D, there exists a subgraph D* C D such that H U D* is
F*-divisible and D — D* has a 1-well separated F-decomposition F such that F<(*t1 and O are
edge-disjoint.

Let H be any F-divisible r-graph on V(G) which is edge-disjoint from D. We will inductively
prove that the following holds for all k € [r — 1]o:

SHIFT), there exists Qf C Qg U --- U Qy such that Lyup; is (bo, . .., by)-divisible, where D} :=
UVGQZ Ty.
We first establish SHIFT,. Since H is F-divisible, we have |H| = 0 mod hgy. Since hg | bo,
there exists some 0 < a < by/hg such that |H| = ahg mod by. Let f be the multisubset of
consisting of by/hg — a copies of (). Let Df := Uvng Ty. Hence, Dj is the edge-disjoint union
of bo/ho — a copies of F. We thus have |H U D{| = aho + |F|(bo/ho — a) = aho + by —ahy =0
mod bg. Therefore, 1yyp: is (bo)-divisible, as required.

Suppose now that SHIFT,_; holds for some k € [r —1], that is, there is Qf | C QoU---UQy_;
such that 1yyp: | is (bo, . .., bg—1)-divisible, where D} ;| := UvGQ: . Ty. Note that Dj_, is
F-divisible by Claim 2. Thus, since both H and Dj_, are F-divisible, we have 1 Hupzil(S) =
|(HUD;_{)(S)] =0 mod hy, for all S € (V(kG)). Hence, 1pup; | is in fact (bo,...,bk—1, hy)-

divisible. Thus, if hy = by, then 1yup:  is (bo, . . ., bx)-divisible and we let Q) = 0. Now, assume
that hy < bg. Recall that Qf is a (bp,...,bg)-balancer and that hy | by. Thus, there exists a
multisubset Q) of € such that the function 1 g p;_, t Zve% Tv is (bp, - . ., by )-divisible, where

Ty is any v-adapter with respect to (bo, ..., bx; hx). Recall that by (11.12) we can take 7, = 17,.
In both cases, let

Q= U, CQU---UQy;
Dy = U Ty,

veQ,
D; = |J v=D; ,uD;.
veQy
Thus, Zve% 7v = 1p; and hence 1gup; = Lpup; | +1p; is (bo, . .., by)-divisible, as required.

Finally, SHIFT,_; implies that there exists QF ; C Q such that 1yyp- is (bo,...,br—1)-
divisible, where D* := Uvthl Ty. Clearly, D* C D, and we have that H U D* is F*-divisible.
Finally, by Claim 2,

D-D'= |J T
veQ\Qx

r—1

has a 1-well separated F-decomposition F such that F=("*1) and O are edge-disjoint, completing
the proof. 0
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12. RECENT DEVELOPMENTS

Since the initial submission of the current manuscript, there has been the following closely
related work: firstly, for a short expository paper which demonstrates the iterative absorption
method with the example of triangle decompositions, see [5].

The main result of this paper (the existence of F-decompositions of divisible typical hyper-
graphs) has been used recently by Glock, Joos, Kiithn and Osthus [18] to settle a long-standing
conjecture of Chung, Diaconis and Graham on the existence of universal cycles.

Amongst others, Keevash [25] proved results on the existence of resolvable designs, of designs
in a partite setting as well as F-designs.
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