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Abstract

In this paper we prove the following results (via a unified approach) for all
sufficiently large n:

(i)

[1-factorization conjecture] Suppose that n is even and D > 2[n/4] — 1.
Then every D-regular graph G on n vertices has a decomposition into
perfect matchings. Equivalently, x'(G) = D.

[Hamilton decomposition conjecture] Suppose that D > |n/2]. Then every
D-regular graph G on n vertices has a decomposition into Hamilton cycles
and at most one perfect matching.

[Optimal packings of Hamilton cycles] Suppose that G is a graph on
n vertices with minimum degree 6 > n/2. Then G contains at least
regevon(n,9)/2 > (n—2)/8 edge-disjoint Hamilton cycles. Here reg,,,.,,(n, )
denotes the degree of the largest even-regular spanning subgraph one can
guarantee in a graph on n vertices with minimum degree §.

(i) was first explicitly stated by Chetwynd and Hilton. (ii) and the special case
d = [n/2] of (iil) answer questions of Nash-Williams from 1970. All of the above
bounds are best possible.
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CHAPTER 1

Introduction

1.1. Introduction

In this paper we provide a unified approach towards proving three long-standing
conjectures for all sufficiently large graphs. Firstly, the 1-factorization conjecture,
which can be formulated as an edge-colouring problem; secondly, the Hamilton
decomposition conjecture, which provides a far-reaching generalization of Walecki’s
result [26] that every complete graph of odd order has a Hamilton decomposition
and thirdly, a best possible result on packing edge-disjoint Hamilton cycles in Dirac
graphs. The latter two problems were raised by Nash-Williams [28], [29], [30] in 1970.

1.1.1. The 1-factorization Conjecture. Vizing’s theorem states that for
any graph G of maximum degree A, its edge-chromatic number x/(G) is either A
or A + 1. However, the problem of determining the precise value of x'(G) for an
arbitrary graph G is NP-complete [12]. Thus, it is of interest to determine classes
of graphs G that attain the (trivial) lower bound A — much of the recent book [34]
is devoted to the subject. For regular graphs G, x'(G) = A(G) is equivalent to
the existence of a 1-factorization: a 1-factorization of a graph G consists of a set
of edge-disjoint perfect matchings covering all edges of G. The long-standing 1-
factorization conjecture states that every regular graph of sufficiently high degree
has a 1-factorization. It was first stated explicitly by Chetwynd and Hilton [3], [5]
(who also proved partial results). However, they state that according to Dirac, it
was already discussed in the 1950s. Here we prove the conjecture for large graphs.

THEOREM 1.1.1. There exists an ng € N such that the following holds. Let
n,D € N be such that n > ng is even and D > 2[n/4] — 1. Then every D-regular
graph G on n vertices has a 1-factorization. Equivalently, x'(G) = D.

The bound on the minimum degree in Theorem [T.1.1] is best possible. To see
this, suppose first that n = 2 (mod 4). Consider the graph which is the disjoint
union of two cliques of order n/2 (which is odd). If n = 0 (mod 4), consider the
graph obtained from the disjoint union of cliques of orders n/2 — 1 and n/2 + 1
(both odd) by deleting a Hamilton cycle in the larger clique.

Note that Theorem [I.I.1] implies that for every regular graph G on an even
number of vertices, either G or its complement has a 1-factorization. Also, The-
orem has an interpretation in terms of scheduling round-robin tournaments
(where n players play all of each other in n — 1 rounds): one can schedule the
first half of the rounds arbitrarily before one needs to plan the remainder of the
tournament.

The best previous result towards Theorem|[I.1.1]is due to Perkovic and Reed [32],
who proved an approximate version, i.e. they assumed that D > n/2 + en. This
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2 1. INTRODUCTION

was generalized by Vaughan [35] to multigraphs of bounded multiplicity. In-
deed, he proved an approximate form of the following multigraph version of the
1-factorization conjecture which was raised by Plantholt and Tipnis [33]: Let G be
a regular multigraph of even order n with multiplicity at most r. If the degree of
G is at least rn/2 then G is 1-factorizable.

In 1986, Chetwynd and Hilton [4] made the following ‘overfull subgraph’ con-
jecture. Roughly speaking, this says that a dense graph satisfies x'(G) = A(G)
unless there is a trivial obstruction in the form of a dense subgraph H on an
odd number of vertices. Formally, we say that a subgraph H of G is overfull if
e(H) > A(G)||H|/2] (note this requires |H| to be odd).

CONJECTURE 1.1.2. A graph G onn vertices with A(G) > n/3 satisfies X' (G) =
A(Q) if and only if G contains no overfull subgraph.

It is easy to see that this generalizes the 1-factorization conjecture (see e.g. [2]
for the details). The overfull subgraph conjecture is still wide open — partial results
are discussed in [34], which also discusses further results and questions related to
the 1-factorization conjecture.

1.1.2. The Hamilton Decomposition Conjecture. Rather than asking
for a 1-factorization, Nash-Williams [28), [30] raised the more difficult problem of
finding a Hamilton decomposition in an even-regular graph. Here, a Hamilton de-
composition of a graph G consists of a set of edge-disjoint Hamilton cycles covering
all edges of G. A natural extension of this to regular graphs G of odd degree is
to ask for a decomposition into Hamilton cycles and one perfect matching (i.e. one
perfect matching M in G together with a Hamilton decomposition of G — M). The
following result solves the problem of Nash-Williams for all large graphs.

THEOREM 1.1.3. There ezists an ng € N such that the following holds. Let
n,D € N be such that n > ny and D > |n/2|. Then every D-regular graph G
on n vertices has a decomposition into Hamilton cycles and at most one perfect
matching.

Again, the bound on the degree in Theorem [I.1.3] is best possible. Indeed,
Proposition shows that a smaller degree bound would not even ensure con-
nectivity. Previous results include the following: Nash-Williams [27] showed that
the degree bound in Theorem ensures a single Hamilton cycle. Jackson [13]
showed that one can ensure close to D/2 — n/6 edge-disjoint Hamilton cycles.
Christofides, Kiithn and Osthus [6] obtained an approximate decomposition un-
der the assumption that D > n/2 + en. Under the same assumption, Kithn and
Osthus [22] obtained an exact decomposition (as a consequence of the main result
in [21] on Hamilton decompositions of robustly expanding graphs).

Note that Theorem does not quite imply Theorem [1.1.1} as the degree
threshold in the former result is slightly higher.

A natural question is whether one can extend Theoremto sparser (quasi)-
random graphs. Indeed, for random regular graphs of bounded degree this was
proved by Kim and Wormald [16] and for (quasi-)random regular graphs of linear
degree this was proved in [22] as a consequence of the main result in [21I]. However,
the intermediate range remains open.

1.1.3. Packing Hamilton Cycles in Graphs of Large Minimum De-
gree. Although Dirac’s theorem is best possible in the sense that the minimum
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degree condition § > n/2 is best possible, the conclusion can be strengthened con-
siderably: a remarkable result of Nash-Williams [29] states that every graph G
on n vertices with minimum degree 6(G) > n/2 contains |5n/224| edge-disjoint
Hamilton cycles. He raised the question of finding the best possible bound, which
we answer in Corollary below.

We actually answer a more general form of this question: what is the number
of edge-disjoint Hamilton cycles one can guarantee in a graph G of minimum degree
07

A natural upper bound is obtained by considering the largest degree of an
even-regular spanning subgraph of G. Let reg,,.,(G) be the largest degree of an
even-regular spanning subgraph of G. Then let

reg. on(n,6) := min{reg,,.,(G) : |G| = n, §(G) = d}.

Clearly, in general we cannot guarantee more than reg.,.,(n,0)/2 edge-disjoint
Hamilton cycles in a graph of order n and minimum degree 6. The next result
shows that this bound is best possible (if § < n/2, then regg,,(n,d) = 0).

THEOREM 1.1.4. There exists an ng € N such that the following holds. Suppose
that G is a graph on n > ngy vertices with minimum degree § > n/2. Then G
contains at least regy ., (n,9)/2 edge-disjoint Hamilton cycles.

The main result of Kiithn, Lapinskas and Osthus [19] proves Theorem
unless G is close to one of the extremal graphs for Dirac’s theorem. This will
allow us to restrict our attention to the latter situation (i.e. when G is close to the
complete balanced bipartite graph or close to the union of two disjoint copies of a
clique).

An approximate version of Theorem for 6 > n/2+en was obtained earlier
by Christofides, Kithn and Osthus [6]. Hartke and Seacrest [11] gave a simpler
argument with improved error bounds.

Precise estimates for regg e, (1, ) (which yield either one or two possible values
for any n, ) are proved in [6, [10] using Tutte’s theorem: Suppose that n,0 € N
and n/2 < § < n. Then the bounds in [10] imply that

(11.1) 0+ +/n(20 —n) +8 <5+ V(20 —n)
o 2 - 2

where 0 < € < 2 is chosen to make the left hand side of an even integer.

Note that determines reg,,,.,(n,n/2) exactly (the upper bound in this case

was already proved by Katerinis [15]). Moreover, implies that if 6 > n/2

then reg, ., (n,9) > (n — 2)/4. So we obtain the following immediate corollary of

Theorem which answers a question of Nash-Williams [28), 29}, [30].

— & < regyyen(n,0) +1,

COROLLARY 1.1.5. There exists an ng € N such that the following holds. Sup-
pose that G is a graph on n > ng vertices with minimum degree 6 > n/2. Then G
contains at least (n — 2)/8 edge-disjoint Hamilton cycles.

The following construction (which is based on a construction of Babai, see [28])
shows that the bound in Corollary [I.1.5]is best possible for n = 8k+2, where k € N.
Consider the graph G consisting of one empty vertex class A of size 4k, one vertex
class B of size 4k + 2 containing a perfect matching and no other edges, and all
possible edges between A and B. Thus G has order n = 8k + 2 and minimum
degree 4k + 1 = n/2. Any Hamilton cycle in G must contain at least two edges
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of the perfect matching in B, so G contains at most ||B|/4] = k = (n — 2)/8
edge-disjoint Hamilton cycles. The lower bound on reg,.,,, (n,d) in follows
from a generalization of this construction.

The following conjecture from [19] would be a common generalization of both
Theorems [1.1.3] and [T.1.4] (apart from the fact that the degree threshold in The-
orem [1.1.3] is slightly lower). It would provide a result which is best possible for
every graph G (rather than the class of graphs with minimum degree at least §).

CONJECTURE 1.1.6. Suppose that G is a graph on n wvertices with minimum
degree 6(G) > n/2. Then G contains regy,.,(G)/2 edge-disjoint Hamilton cycles.

For § > (2 — /2 + ¢)n, this conjecture was proved in [22], based on the main
result of [2I]. Recently, Ferber, Krivelevich and Sudakov [7] were able to obtain
an approximate version of Conjecture ie. aset of (1 — e)regyyen(G)/2 edge-
disjoint Hamilton cycles under the assumption that 6(G) > (1+¢)n/2. It also makes
sense to consider a directed version of Conjecture Some related questions for
digraphs are discussed in [22].

It is natural to ask for which other graphs one can obtain similar results. One
such instance is the binomial random graph G, j,: for any p, asymptotically almost
surely it contains [§(G,, p)/2| edge-disjoint Hamilton cycles, which is clearly opti-
mal. This follows from the main result of Krivelevich and Samotij [18] combined
with that of Knox, Kithn and Osthus [17] (which builds on a number of previous
results). The problem of packing edge-disjoint Hamilton cycles in hypergraphs has
been considered in [8]. Further questions in the area are discussed in the recent
survey [23].

1.1.4. Overall Structure of the Argument. For all three of our main re-
sults, we split the argument according to the structure of the graph G under con-
sideration:

(i) G is close to the complete balanced bipartite graph K, /2 5, /2;
(i) G is close to the union of two disjoint copies of a clique K, /o;

(ili) G is a ‘robust expander’.

Roughly speaking, G is a robust expander if for every set S of vertices, its neigh-
bourhood is at least a little larger than |S|, even if we delete a small proportion
of the vertices and edges of G. The main result of [21I] states that every dense
regular robust expander has a Hamilton decomposition (see Theorem . This
immediately implies Theorems and in Case (iii). For Theorem [1.1.4]
Case (iii) is proved in [19] using a more involved argument, but also based on the
main result of [21] (see Theorem [1.3.7)).

Case (i) is proved in Chapter [4] whilst Chapter [2| tackles Case (ii). We defer
the proof of some of the key lemmas needed for Case (ii) until Chapter [3| (These
lemmas provide a suitable decomposition of the set of ‘exceptional edges’ — these
include the edges between the two almost complete graphs induced by G.) Case (ii)
is by far the hardest case for Theorems[I.1.1and as the extremal examples are
all close to the union of two cliques. On the other hand, the proof of Theorem [1.1.4]
is comparatively simple in this case, as for this result, the extremal construction is
close to the complete balanced bipartite graph.

The arguments in Cases (i) and (ii) make use of an ‘approximate’ decomposition
result. We defer the proof of this result until Chapter [5} The arguments for both
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(i) and (ii) use the main lemma from [21] (the ‘robust decomposition lemma’) when
transforming this approximate decomposition into an exact one.

In Section we derive Theorems [1.1.1} [1.1.3| and [1.1.4] from the structural
results covering Cases (1)—(iii).

The main proof in [2I] (but not the proof of the robust decomposition lemma)
makes use of Szemerédi’s regularity lemma. So due to Case (iii) the bounds on ng
in our results are very large (of tower type). However, the case of Theorem m
when both 6 > n/2 and (iii) hold was proved by Perkovic and Reed [32] using
‘elementary’ methods, i.e. with a much better bound on ng. Since the arguments
for Cases (i) and (ii) do not rely on the regularity lemma, this means that if we
assume that § > n /2, we get much better bounds on ng in our 1-factorization result

(Theorem [L.1.1)).

1.2. Notation

Unless stated otherwise, all the graphs and digraphs considered in this paper
are simple and do not contain loops. So in a digraph G, we allow up to two edges
between any two vertices, at most one edge in each direction. Given a graph or
digraph G, we write V(G) for its vertex set, E(G) for its edge set, e(G) := |E(G)|
for the number of edges in G and |G| := |V(G)| for the number of vertices in G.
We denote the complement of G by G.

Suppose that G is an undirected graph. We write §(G) for the minimum degree
of G, A(G) for its maximum degree and x'(G) for the edge-chromatic number of G.
Given a vertex v of G, we write Ng(v) for the set of all neighbours of v in G. Given
a set A C V(QG), we write dg(v, A) for the number of neighbours of v in G which
lie in A. Given A, B C V(G), we write Eg(A) for the set of edges of G which
have both endvertices in A and Eg (A4, B) for the set of edges of G which have one
endvertex in A and its other endvertex in B. We also call the edges in Eg(A, B)
AB-edges of G. We let eg(A) := |Eg(A)| and eg(A4, B) := |Eg(A, B)|. We denote
by G[A] the subgraph of G with vertex set A and edge set Eg(A). If AN B = (),
we denote by G[A, B] the bipartite subgraph of G with vertex classes A and B and
edge set Eg(A4, B). If A = B we define G[A, B] := G[A]. We often omit the index
G if the graph G is clear from the context. An AB-path in G is a path with one
endpoint in A and the other in B. A spanning subgraph H of G is an r-factor of
G if the degree of every vertex of H is 7.

Given a vertex set V' and two multigraphs G and H with V(G),V(H) C V, we
write G + H for the multigraph whose vertex set is V(G) UV (H) and in which the
multiplicity of zy in G + H is the sum of the multiplicities of xy in G and in H
(for all z,y € V(G) UV (H)). Similarly, if H := {H,...,H} is a set of graphs,
we define G+H =G+ Hy +---+ Hy. If G and H are simple graphs, we write
G U H for the (simple) graph whose vertex set is V(G) UV (H) and whose edge set
is E(G)U E(H). We write G — H for the subgraph of G which is obtained from G
by deleting all the edges in E(G) N E(H). Given A C V(G), we write G — A for
the graph obtained from G by deleting all vertices in A.

We say that a graph or digraph G has a decomposition into Hy, ..., H, if
G =H; +---+ H, and the H; are pairwise edge-disjoint.

A path system is a graph @ which is the union of vertex-disjoint paths (some
of them might be trivial). We say that P is a path in @ if P is a component of @
and, abusing the notation, sometimes write P € @ for this. A path sequence is a
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digraph which is the union of vertex-disjoint directed paths (some of them might
be trivial). We often view a matching M as a graph (in which every vertex has
degree precisely one).

If G is a digraph, we write xy for an edge directed from z to y. If 2y € E(G),
we say that y is an outneighbour of x and z is an inneighbour of y. A digraph G
is an oriented graph if there are no z,y € V(G) such that zy,yz € E(G). Unless
stated otherwise, when we refer to paths and cycles in digraphs, we mean directed
paths and cycles, i.e. the edges on these paths/cycles are oriented consistently. If
is a vertex of a digraph G, then N/ (z) denotes the outneighbourhood of z, i.e. the
set of all those vertices y for which zy € FE(G). Similarly, N (x) denotes the
inneighbourhood of x, i.e. the set of all those vertices y for which yx € E(G). The
outdegree of z is d5(z) := |NJ(x)| and the indegree of z is dg(z) := |Ng(z)|.
We write df;(z, A) for the number of outneighbours of  lying inside A and define
dg(z, A) similarly. We denote the minimum outdegree of G by §7(G) and the
minimum indegree by 6~ (G). We write §(G) and A(G) for the minimum and
maximum degrees of the underlying simple undirected graph of G respectively.

Given a digraph G and A,B C V(G), an AB-edge is an edge with initial
vertex in A and final vertex in B, and e (A, B) denotes the number of these edges
in G. If AN B = (), we denote by G[A, B] the bipartite subdigraph of G whose
vertex classes are A and B and whose edges are all AB-edges of G. By a bipartite
digraph G = G[A, B] we mean a digraph which only contains AB-edges. A spanning
subdigraph H of G is an r-factor of G if the outdegree and the indegree of every
vertex of H is r.

If P is a path and z,y € V(P), we write Py for the subpath of P whose
endvertices are x and y. We define xPy similarly if P is a directed path and x
precedes y on P.

Let Vi,..., Vi be pairwise disjoint sets of vertices and let C' = V7 ...V} be a
directed cycle on these sets. We say that an edge xy of a digraph R winds around
C if there is some ¢ such that z € V; and y € V; 1. In particular, we say that R
winds around C' if all edges of R wind around C.

In order to simplify the presentation, we omit floors and ceilings and treat large
numbers as integers whenever this does not affect the argument. The constants in
the hierarchies used to state our results have to be chosen from right to left. More
precisely, if we claim that a result holds whenever 0 < 1/n € a €K b € ¢ <1
(where n is the order of the graph or digraph), then this means that there are non-
decreasing functions f : (0,1] — (0,1], g : (0,1] — (0,1] and h : (0,1] — (0, 1] such
that the result holds for all 0 < a,b,¢ < 1 and all n € N with b < f(¢), a < g(b)
and 1/n < h(a). We will not calculate these functions explicitly. Hierarchies with
more constants are defined in a similar way. We will write a = b & ¢ as shorthand
forb—c<a<b+te.

1.3. Derivation of Theorems [I.1.1], I.1.3], [.1T.4! from the Main
Structural Results

In this section, we combine the main auxiliary results of this paper (together
with results from [22] and [19]) to derive Theorems[1.1.1} [1.1.3| and [1.1.4] Before
this, we first show that the bound on the minimum degree in Theorem is best
possible.
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PROPOSITION 1.3.1. For every n > 6, let D* := |n/2] — 1. Unless both D*
and n are odd, there is a disconnected D*-regular graph G on n wvertices. If both
D* and n are odd, there is a disconnected (D* — 1)-regular graph G on n vertices.

Note that if both D* and n are odd, no D*-regular graph exists.

Proof. If n is even, take G to be the disjoint union of two cliques of order n/2.
Suppose that n is odd and D* is even. This implies n = 3 (mod 4). Let G be
the graph obtained from the disjoint union of cliques of orders |n/2] and [n/2] by
deleting a perfect matching in the bigger clique. Finally, suppose that n and D*
are both odd. This implies that n = 1 (mod 4). In this case, take G to be the
graph obtained from the disjoint union of cliques of orders [n/2| —1 and [n/2]+1
by deleting a 3-factor in the bigger clique. O

1.3.1. Deriving Theorems|[1.1.1]and [1.1.3] As indicated in Section[I.1] in
the proofs of our main results we will distinguish the cases when our given graph
G is close to the union of two disjoint copies of K, /3, close to a complete bipartite
graph K, /3 ,,/2 or a robust expander. We will start by defining these concepts.

We say that a graph G on n vertices is e-close to the union of two disjoint copies
of K2 if there exists A C V(G) with |A| = |n/2] and such that e(4,V(G)\ A) <
en?. We say that G is e-close to K, /3 /2 if there exists A C V(G) with |A| = [n/2]
and such that e(A4) < en?. We say that G is e-bipartite if there exists A C V(G)
with |A| = [n/2] such that e(A),e(V(G) \ A) < en?. So every e-bipartite graph is
e-close to Ky, /2,,/2. Conversely, if 1/n < ¢ and G is a regular graph on n vertices
which e-close to K, /2.,/2, then G is 2e-bipartite.

Given 0 < v < 7 < 1, we say that a graph G on n vertices is a robust (v, 7)-
expander, if for all S C V(G) with 7n < |S] < (1 — 7)n the number of vertices that
have at least vn neighbours in S is at least |S| 4 vn.

The following observation from [19] implies that we can split the proofs of
Theorems [[.T.1] and into three cases.

LEMMA 1.3.2. Suppose that 0 < 1/n < k K v L 1,6 < 1. Let G be a graph on
n vertices of minimum degree 6 := §(G) > (1/2 — k)n. Then G satisfies one of the
following properties:

(i) G is e-close to Ky /2 n/2;
(ii) G is e-close to the union of two disjoint copies of K, /2;
(iii) G is a robust (v, T)-expander.

Recall that in Chapter [2| we prove Theorems and in Case (ii) when
our given graph G is e-close to the union of two disjoint copies of K, /. The
following result is sufficiently general to imply both Theorems [[.1.1] and [[.1.3] in
this case. We will prove it in Section [2.10

THEOREM 1.3.3. For every cox > 0 there exists an ng € N such that the fol-
lowing holds for all n > ng. Suppose that D > n —2|n/4] — 1 and that G is a
D-regqular graph on n vertices which is eqx-close to the union of two disjoint copies
of Ky 2. Let I be the size of a minimum cut in G. Then G can be decomposed into
|min{D, F}/2] Hamilton cycles and D — 2|min{D, F'}/2] perfect matchings.

Note that Theorem [I.3.3] provides structural insight into the extremal graphs
for Theorem — they are those with a cut of size less than D.
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Throughout this paper, we will use the following fact.

n/2—1 ifn=0 (mod4),
(n—1)/2 ifn=1 (mod4),
n/2 ifn=2 (mod 4),
(n+1)/2 ifn=3 (mod4).

(1.3.1) n—2[n/4] —1=

The next result from [22] (derived from the main result of [21]) shows that
every even-regular robust expander of linear degree has a Hamilton decomposition.
It will be used to prove Theorems and in the case when our given graph
G is a robust expander.

THEOREM 1.3.4. For every a > 0 there exists T > 0 such that for every v > 0
there exists ng = no(a, v, 7) for which the following holds. Suppose that

(i) G is an r-regular graph on n > ng vertices, where r > an is even;
(ii) G is a robust (v,T)-expander.

Then G has a Hamilton decomposition.

The following result implies Theorems and in the case when our
given graph is e-close to K, /2 /2. Note that unlike the case when G is e-close to
the union of two disjoint copies of K, /5, we have room to spare in the lower bound
on D.

THEOREM 1.3.5. There are o > 0 and ng € N such that the following holds.
Letn > ng and suppose that D > (1/2—eqx)n is even. Suppose that G is a D-reqular
graph on n vertices which is €ex-bipartite. Then G has a Hamilton decomposition.

Theorem[I.3.5]is one of the two main results proven in Chapter[d] The following
result is an easy consequence of Tutte’s theorem and gives the degree threshold for

a single perfect matching in a regular graph. Note the condition on D is the same
as in Theorem [[.T.11

PROPOSITION 1.3.6. Suppose that D > 2[n/4] — 1 and n is even. Then every
D-regular graph G on n vertices has a perfect matching.

Proof. If D > n/2 then G has a Hamilton cycle (and thus a perfect matching) by
Dirac’s theorem. So we may assume that D = n/2 — 1 and so n = 0 (mod 4). In
this case, we will use Tutte’s theorem which states that a graph G has a perfect
matching if for every set S C V(G) the graph G— S has at most |S| odd components
(i.e. components on an odd number of vertices). The latter condition holds if || <1
and if |S| > n/2.

If |S| =n/2—1 and G — S has more than |S| odd components, then G — S
consists of isolated vertices. But this implies that each vertex outside S is joined
to all vertices in S, contradicting the (n/2 — 1)-regularity of G.

If 2 < |S] < n/2—-2, then every component of G—S has at least n/2—|S| vertices
and so G— S has at most |(n—1S|)/(n/2—|S]|)| components. But [(n—|S])/(n/2—
|S])] < |S| unless n = 8 and |S| = 2. (Indeed, note that (n—|S])/(n/2—|S|) < |S] if
and only if n+|S|?>—(n/2+41)|S| < 0. The latter holds for |S| = 3 and |S| = n/2—-2,
and so for all values in between. The case |S| = 2 can be checked separately.) If
n =8 and |S| = 2, it is easy to see that G — S has at most two odd components.

O
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Proof of Theorem [1.1.1} Let 7 = 7(1/3) be the constant returned by
Theorem for @« := 1/3. Choose ng € N and constants v,cex such that
1/ng K v < T,66x and eex <€ 1. Let n > ng and let G be a D-regular graph
as in Theorem Lemma implies that G satisfies one of the following
properties:
(i) G is eex-close to Ky n/2;
(ii) G is ecx-close to the union of two disjoint copies of K, /2;
(iii) G is a robust (v, 7)-expander.

If (i) holds and D is even, then as observed at the beginning of this subsection, this
implies that G is 2eqx-bipartite. So Theorem [1.3.5] implies that G has a Hamilton
decomposition and thus also a 1-factorization (as n is even and so every Hamilton
cycle can be decomposed into two perfect matchings). Suppose that (i) holds and
D is odd. Then Proposition [1.3.6] implies that G' contains a perfect matching M.
Now G — M is still ecx-close to K, /2 ,/2 and so Theorem implies that G — M
has a Hamilton decomposition. Thus G has a 1-factorization. If (ii) holds, then
Theorem and imply that G has a 1-factorization. If (iii) holds and
D is odd, we use Proposition to choose a perfect matching M in G and let
G':=G— M. If D is even, let G’ := G. In both cases, G' — M is still a robust
(v/2,7)-expander. So Theorem [1.3.4] gives a Hamilton decomposition of G’. So G
has a 1-factorization. O

The proof of Theorem is similar to that of Theorem [1.1.1

Proof of Theorem Choose ng € N and constants 7, v, €ex as in the proof
of Theorem [I.1.1} Let n > ng and let G be a D-regular graph as in Theorem [[.1.3]
As before, Lemma implies that G satisfies one of (i)—(iii). Suppose first that
(i) holds. If D is odd, n must be even and so D > n/2. Choose a perfect matching
M in G (e.g. by applying Dirac’s theorem) and let G’ := G — M. If D is even, let
G’ := G. Note that in both cases G’ is gex-close to Ky, /2 /2 and so 2e..-bipartite.
Thus Theorem implies that G’ has a Hamilton decomposition.

Suppose next that (ii) holds. Note that by (1.3.1), D > n —2|n/4] — 1 unless
n = 3 (mod 4) and D = |n/2|. But the latter would mean that both n and
D are odd, which is impossible. So the conditions of Theorem [1.3.3] are satisfied.
Moreover, since D > |n /2|, Proposition[2.2.1ii) implies that the size of a minimum
cut in G is at least D. Thus Theorem implies that G has a decomposition
into Hamilton cycles and at most one perfect matching.

Finally, suppose that (iii) holds. If D is odd (and thus n is even), we can apply
Proposition [1.3.6] again to find a perfect matching M in G and let G’ := G — M.
If D is even, let G’ :== G. In both cases, G’ is still a robust (v/2, 7)-expander. So
Theorem [1.3.4] gives a Hamilton decomposition of G'. O

1.3.2. Deriving Theorem The derivation of Theorem [I.1.4]is similar
to that of the previous two results. We will replace the use of Lemma [1.3:2] and
Theorem with the following result, which is an immediate consequence of the
two main results in [19].

THEOREM 1.3.7. For every eox > 0 there exists an ny € N such that the follow-
ing holds. Suppose that G is a graph on n > ng vertices with 6(G) > n/2. Then G
satisfies one of the following properties:
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(i) G is cex-close to Ky 2.1 /25
(ii) G is ecx-close to the union of two disjoint copies of Ky a;
(iii) G contains rega e, (n,0)/2 edge-disjoint Hamilton cycles.

To deal with the near-bipartite case (i), we will apply the following result which
we prove in Chapter [4

THEOREM 1.3.8. For each o > 0 there are eox > 0 and ng € N such that the
following holds. Suppose that F' is an eox-bipartite graph on n > ng vertices with
O0(F) > (1/2 — €ex)n. Suppose that F has a D-regular spanning subgraph G such
that n/100 < D < (1/2 — a)n and D is even. Then F contains D/2 edge-disjoint
Hamilton cycles.

The next result immediately implies Theorem in Case (ii) when G is e-
close to the union of two disjoint copies of K, /. We will prove it in Chapter
(Section [2.5)). Since G is far from extremal in this case, we obtain almost twice as
many edge-disjoint Hamilton cycles as needed for Theorem

THEOREM 1.3.9. For every € > 0, there exist eex > 0 and ng € N such that
the following holds. Suppose n > ng and G is a graph on n vertices such that G
is €cx-close to the union of two disjoint copies of Ky o and such that 6(G) > n/2.
Then G has at least (1/4 — e)n edge-disjoint Hamilton cycles.

We will also use the following well-known result of Petersen.

THEOREM 1.3.10. Ewvery regular graph of positive even degree contains a 2-
factor.

Proof of Theorem Choose ng € N and eqx such that 1/ng < eex < 1.
In particular, we choose ecx < €l (1/12), where e, (1/12) is the constant returned
by Theorem for € := 1/12, as well as eox < €2,(1/6)/2, where €2, (1/6) is the
constant returned by Theorem for a := 1/6. Let G be a graph on n > ng
vertices with § := 6(G) > n/2. Theorem implies that we may assume that G
satisfies either (i) or (ii). Note that in both cases it follows that 6(G) < (1/2+5eex)n.
So implies that n/5 < regg e, (1, d) < 3n/10.

Suppose first that (i) holds. As mentioned above, this implies that G is 2eex-
bipartite. Let G’ be a D-regular spanning subgraph of G such that D is even and
D > regq en(n, 8). Petersen’s theorem (Theorem[.3.10)) implies that by successively
deleting 2-factors of G’, if necessary, we may in addition assume that D < n/3.
Then Theorem [1.3.8] (applied with o := 1/6) implies that G contains at least
D/2 > reg.,on(n,0)/2 edge-disjoint Hamilton cycles.

Finally suppose that (ii) holds. Then Theorem [I.3.9] (applied with € := 1/12)
implies that G contains n/6 > reg,,.,(n,d)/2 edge-disjoint Hamilton cycles. O

1.4. Tools

1.4.1. e-regularity. If G = (A, B) is an undirected bipartite graph with ver-
tex classes A and B, then the density of G is defined as

eg(A7 B)

WA B) = =TT
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For any € > 0, we say that G is e-regular if for any A’ C A and B’ C B with
|A’| > €|A| and |B’| > €|B| we have |d(A’,B’) — d(A, B)| < e. We say that G is
(e,> d)-regular if it is e-regular and has density d’' for some d’ > d — e.

We say that G is [e, d]-superregular if it is e-regular and dg(a) = (d+¢)|B| for
every a € A and dg(b) = (d £¢)|A| for every b € B. G is [e, > d]-superregular if it
is [e, d']-superregular for some d’' > d.

Given disjoint vertex sets X and Y in a digraph G, recall that G[X, Y] denotes
the bipartite subdigraph of G whose vertex classes are X and Y and whose edges
are all the edges of G directed from X to Y. We often view G[X, Y] as an undirected
bipartite graph. In particular, we say G[X,Y] is e-regular, (g, > d)-regular, [e, d]-
superregular or [e,> d]-superregular if this holds when G[X,Y] is viewed as an
undirected graph.

The following proposition states that the graph obtained from a superregular
pair by removing a small number of edges at every vertex is still superregular (with
slightly worse parameters). We omit the proof which follows straightforwardly from
the definition of superregularity. A similar argument is for example included in [21].

PROPOSITION 1.4.1. Suppose that 0 < 1/m < e < d <« d < 1. Let G be a
bipartite graph with vertez classes A and B of size m. Suppose that G’ is obtained
from G by removing at most d'm vertices from each vertex class and at most d'm
edges incident to each vertex from G. If G is [e, d]-superregular then G' is [2v/d', d]-
superreqular.

We will also use the following well-known observation, which easily follows from
Hall’s theorem and the definition of [e, d]-superregularity.

PROPOSITION 1.4.2. Suppose that 0 < 1/m < e < d < 1. Suppose that G is
an [e, d]-superregular bipartite graph with vertex classes of size m. Then G contains
a perfect matching.

We will also apply the following simple fact.

FacT 1.4.3. Let € > 0. Suppose that G is a bipartite graph with vertex classes
of size n such that 6(G) > (1 — e)n. Then G is [\/e, 1]-superregular.

1.4.2. A Chernoff-Hoeffding Bound. We will often use the following Cher-
noff-Hoeffding bound for binomial and hypergeometric distributions (see e.g. [14]
Corollary 2.3 and Theorem 2.10]). Recall that the binomial random variable with
parameters (n, p) is the sum of n independent Bernoulli variables, each taking value
1 with probability p or 0 with probability 1—p. The hypergeometric random variable
X with parameters (n,m, k) is defined as follows. We let N be a set of size n, fix
S C N of size |S| = m, pick a uniformly random T' C N of size |T'| = k, then define
X :=|T'NnS|. Note that EX = km/n.

PRrOPOSITION 1.4.4. Suppose X has binomial or hypergeometric distribution
and 0 < a < 3/2. Then P(|X — EX| > aEX) < 2¢~*EX/3,

1.4.3. Other Useful Results. We will need the following fact, which is a
simple consequence of Vizing’s theorem and was first observed by McDiarmid and
independently by de Werra (see e.g. [37]).

PROPOSITION 1.4.5. Let G be a graph with x'(G) < m. Then G has a decom-
position into m matchings M, ..., My, with |e(M;) —e(M;)| <1 for alli,j < m.
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It is also useful to state Proposition [[.4.5]in the following alternative form.

COROLLARY 1.4.6. Let H be a graph with mazximum degree at most A. Then
E(H) can be decomposed into A + 1 edge-disjoint matchings M, ..., May1 such
that |e(M;) — e(M;)| <1 for alli,j < A+ 1.

The following partition result will also be useful.

LEMMA 1.4.7. Suppose that 0 < 1/n < g,61 K g2 < 1/K < 1, that r < 2K,
that Km > n/4 and that r, K,n,m € N. Let G and F' be graphs on n vertices with
V(G) = V(F). Suppose that there is a vertex partition of V(G) into U, Ry, ..., R,
with the following properties:

o |U|=Km.

e J(G[U]) > en or A(G[U]) < en.

e For each j < r we either have dg(u, R;) < en for allu € U or dg(z,U) >
en for all v € R;.

Then there exists a partition of U into K parts Uy, ..., Uk satisfying the following
properties:
(1) Uil =m foralli < K.

(i) dg(v,U;) = (dg(v,U) £ e1n)/K for allv e V(G) and all i < K.
(iii) eq(Us, Uy) = 2(eq(U) & egmax{n,eq(U)})/K? for all1 <i#i < K.
(iv) eq(U;) = (eg(U) £ eamax{n,eq(U)})/K? for alli < K.
(v) ec(Ui, Rj) = (eq(U, R;) £ egmax{n,eq(U,R;)})/K for all i < K and

r

r(v,U;) = (dp(v,U) £ e1n)/K for allv € V(F) and all i < K.

0

o~

S
IA

(vi)
Proof. Consider an equipartition Uy, ...,Uyk of U which is chosen uniformly at
random. So (i) holds by definition. Note that for a given vertex v € V(G), dg (v, U;)
has the hypergeometric distribution with mean dg(v,U)/K. So if dg(v,U) >
ein/K, Proposition implies that

da(v,U) e1dg(v,U) e2dg(v,U) 1
P U, — > < AT < =
(dg(v, i) ’ 2exp 3 3

Thus we deduce that for all v € V(G) and all i < K,
P (lda(v,U;) — da(v,U)/K| > ein/K) < 1/n”.

Similarly,
P(|dF(U, Ul) — dF(U,U)/K| Z €1n/K) S 1/n2.

So with probability at least 3/4, both (ii) and (vi) are satisfied.

We now consider (iii) and (iv). Fix 4,7’ < K. If i # i/, let X := eq(U;, Uy). If
i =1, let X :=2eq(U;). For an edge f € E(G[U]), let E; denote the event that
f € EWU;,Uy). Soif f =xzy and i # 4, then
m._m
Ul -1
Similarly, if f and f’ are disjoint (that is, f and f’ have no common endpoint) and
1 # 4, then

(1.4.1) P(Ef) = QIP(QS S UZ)P(y e Uy | HASS Uz) =2

m—1 m-—1 m m
1.4.2 P(Ey | Ey) =27 - <2—  ——— =P(Ey).
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By (1.4.1), if ¢ # 4/, we also have

(1.43) E(X) = geigf) , |U||U| - (u |2U|) 2@;7(2@ (14 ey 260)

If f =ay and i =/, then

m m-—1
U] JoT-1
Soif i = ¢, similarly to (1.4.2)) we also obtain P(Ey | Ef) < P(Ey) for disjoint f and

f" and we obtain the same bound as in ((1.4.3) on E(X) (recall that X = 2eq(U;)
in this case).

Note that if ¢ # ¢’ then

Var(X) = > Y (P(E;NEp)—P(Ef)P(Es))

feE) f'eE(U)

= > P(Ey) Y. (P(Ey | Ef) —P(Ep))

(144) P(Ef) = P(iﬂ € Ul) (y el; | S U)

feE) f'eE(U)
p(E;) - 28(c]) 22 36U) oa o
f;w p-anw) = 26U an6w)

< eq(D)A(GU)).
Similarly, if ¢ = ¢’ then
Var(X) =4 Y 3 (P(EfnEp) —P(E)P(Ep)) < ea(U)AGU]).
fEE(U) f'eE(U)

Let a := eq(U)A(G[U]). In both cases, from Chebyshev’s inequality, it follows that

P <|X ~E(X)| > ,/a/51/2> <el/?,

Suppose that A(G[U]) < en. If we also have have eq(U) < n, then /a/el/? <
e/ < egn/2K2. T eq(U) > n, then \/a/el/2 < e'/teq(U) < egeq(U)/2K2.

If we do not have A(G[U]) < en, then our assumptions imply that 6(G[U]) >
en. So A(G[U]) < n < eeq(G[U]) with room to spare. This in turn means that
Va/el’2 < e'lteq(U) < exeq(U)/2K2. So in all cases, we have

eomax{n,eq(U)} 1/2
A. — > < .
(1.4.5) IP’<|X E(X)| > s <e
Now note that by (1.4.3) we have
2eq(U)| _ e2ec(U)
4. — < .
(1.4.6) ‘E(X e R T e

So and together imply that for fixed ,¢" the bound in (iii) fails with
probability at most /2. The analogue holds for the bound in (iv). By summing
over all possible values of 4,7’ < K, we have that (iii) and (iv) hold with probability
at least 3/4.

A similar argument shows that for all : < K and j < r, we have

(1.4.7) P ( co eG((jéRj) > &2 maX{”a]?G(Uv Rj)}> <12,

(Ui’ Rj) -
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Indeed, fix i < K, j < r and let X := eq(U;, R;). For an edge f € G[U, R;], let
E; denote the event that f € E(U;,R;). Then P(Ey) = m/|U| = 1/K and so
E(X) =eq(U,R;j)/K. The remainder of the argument proceeds as in the previous
case (with slightly simpler calculations).

So (v) holds with probability at least 3/4, by summing over all possible values
of 1 < K and j < r again. So with positive probability, the partition satisfies all
requirements. (I



CHAPTER 2

The two cliques case

This chapter is concerned with proving Theorems [T.1.1] [[.1.3] and [[.1.4] in the
case when our graph is close to the union of two disjoint copies of a clique K, /o
(Case (ii)). More precisely, we prove Theorem|[1.3.9] (i.e. Case (ii) of Theorem [1.1.4)
and Theorem [1.3.3] which is a common generalization of Case (ii) of Theorems
and In Section we give a sketch of the arguments for the ‘two cliques’
Case (ii) (i-e. the proofs of Theorems and [1.3.9). Sections (and part
of Section are common to the proofs of both Theorems and Theo-
rem [1.3.9]is proved in Section All the subsequent sections of this chapter are
devoted to the proof of Theorem [1.3.3]

In this chapter (and Chapter [3) it is convenient to view matchings as graphs
(in which every vertex has degree precisely one).

2.1. Overview of the Proofs of Theorems [1.3.3] and

The proof of Theoremis much simpler than that of Theorems (mainly
because its assertion leaves some leeway — one could probably find a slightly larger
set of edge-disjoint Hamilton cycles than guaranteed by Theorem [1.3.9). Moreover,
the ideas used in the former all appear in the proof of the latter too.

2.1.1. Proof Overview for Theorem Let G be a graph on n vertices
with 6(G) > n/2 which is close to being the union of two disjoint cliques. So there
is a vertex partition of G into sets A and B of roughly equal size so that G[A]
and G[B] are almost complete. Our aim is to construct almost n/4 edge-disjoint
Hamilton cycles.

Several techniques have recently been developed which yield approximate de-
compositions of dense (almost) regular graphs, i.e. a set of Hamilton cycles covering
almost all the edges (see e.g. [6), [7), [9], 24}, [31]). This leads to the following idea:
replace G[A] and G[B] by multigraphs G4 and G so that any suitable pair of
Hamilton cycles C4 and Cp of G4 and Gp respectively corresponds to a single
Hamilton cycle C' in the original graph G. We will construct G4 and Gp by delet-
ing some edges of G and introducing some ‘fictive edges’. (The introduction of
these fictive edges is the reason why G4 and G are multigraphs.)

We next explain the key concept of these ‘fictive edges’. The following graph G
provides an instructive example: suppose that n = 0 (mod 4). Let G be obtained
from two disjoint cliques induced by sets A and B of size n/2 by adding a perfect
matching M between A and B. Note that G is n/2-regular. Now pair up the edges
of M into n/4 pairs (e;,e;41) fori =1,3,...,n/2—1. Write e; =: z;y; with x; € A
and y; € B. Next let G4 be the multigraph obtained from G[A] by adding all the
edges x;x; 11, where i is odd. Similarly, let Gg be obtained from G[B] by adding all
the edges y;y;+1, where i is odd. We call the edges z;x;+1 and y;y;+1 fictive edges.

15
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Note that G4 and Gp are regular multigraphs. Now pair off the fictive edges in
G 4 with those in Gp, i.e. x;x;41 is paired off with y;y;+1. Suppose that Cy4 is a
Hamilton cycle in G 4 which contains x;x,41 (and no other fictive edges) and Cp is
a Hamilton cycle in Gp which contains y;y;+1 (and no other fictive edges). Then
together, Cy and Cp correspond to a Hamilton cycle C' in the original graph G
(where fictive edges are replaced by the corresponding matching edges in M again).

So we have reduced the problem of finding many edge-disjoint Hamilton cycles
in G to that of finding many edge-disjoint Hamilton cycles in the almost complete
graph G4 (and Gp), with the additional requirement that each such Hamilton
cycle contains a unique fictive edge. This can be achieved via the ‘approximate
decomposition result’ (see Lemma which is proved in Chapter .

Additional difficulties arise from ‘exceptional’ vertices, namely those which have
high degree into both A and B. (It is easy to see that there cannot be too many
of these vertices.) Fictive edges also provide a natural way of ‘eliminating’ these
exceptional vertices. Suppose for example that G’ is obtained from the graph G
above by adding a vertex a so that a is adjacent to half of the vertices in A and
half of the vertices in B. (Note that §(G’) is a little smaller than |G'|/2, but
G’ is similar to graphs actually occurring in the proof.) Then we can pair off the
neighbours of a into pairs within A and introduce a fictive edge f; between each pair
of neighbours. We also introduce fictive edges f; between pairs of neighbours of a
in B. Without loss of generality, we have fictive edges f1, f3,. .., fn/2—1 (and recall
that |G'| = n+1). So we have V(G'y) = A and V(G'5) = B again. We then require
each pair of Hamilton cycles C4, Cp of G/, and G’ to contain z;x;+1, ¥;¥i+1 and a
fictive edge f; (which may lie in A or B) where i is odd, see Figure Then Cy
and Cg together correspond to a Hamilton cycle C in G’ again. The subgraph J of
G’ which corresponds to three such fictive edges z;x;11, y;y:+1 and f; of C is called
a ‘Hamilton exceptional system’. J will always be a path system. So in general, we
will first find a sufficient number of edge-disjoint Hamilton exceptional systems J.
Then we apply Lemma to find edge-disjoint Hamilton cycles in G’y and G'g,
where each pair of cycles contains a suitable set J* of fictive edges (corresponding
to some Hamilton exceptional system J).

For Lemma [2.5.4] we need each of the Hamilton exceptional systems .J to
be ‘localized’: given a partition of A and B into clusters, the endpoints of the
corresponding set J* of fictive edges need to be contained in a single cluster of A
and of B. The fact that the Hamilton exceptional systems need to be localized is one
reason for treating exceptional vertices differently from the others by introducing
fictive edges for them.

2.1.2. Proof Overview for Theorem The main result of this chapter
is Theorem Suppose that G is a D-regular graph satisfying the conditions of
that theorem.

Using the approach of the previous subsection, one can obtain an approximate
decomposition of G, i.e. a set of edge-disjoint Hamilton cycles covering almost all
edges of G. However, one does not have any control over the ‘leftover’ graph H,
which makes a complete decomposition seem infeasible. This problem was over-
come in [21] by introducing the concept of a ‘robustly decomposable graph’ G*°P.
Roughly speaking, this is a sparse regular graph with the following property: given
any very sparse regular graph H with V (H) = V(G*®) which is edge-disjoint from
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A B

FiGURE 2.1.1. Transforming the problem of finding a Hamilton
cycle on V(G') into finding two Hamilton cycles C4 and Cp on A
and B respectively.

G™P, one can guarantee that G U H has a Hamilton decomposition. This leads
to a natural (and very general) strategy to obtain a decomposition of G:

(1) find a (sparse) robustly decomposable graph G™P in G and let G’ denote
the leftover;

(2) find an approximate Hamilton decomposition of G’ and let H denote the
(very sparse) leftover;

(3) find a Hamilton decomposition of G™P U H.

It is of course far from clear that one can always find such a graph G™P. The main
‘robust decomposition lemma’ of [21] guarantees such a graph G™P in any regular
robustly expanding graph of linear degree. Since G is close to the disjoint union
of two cliques, we are of course not in this situation. However, a regular almost
complete graph is certainly a robust expander, i.e. our assumptions imply that G
is close to being the disjoint union of two regular robustly expanding graphs G4
and G p, with vertex sets A and B.

So very roughly, the strategy is to apply the robust decomposition lemma of [21]
to G 4 and G separately, to obtain a Hamilton decomposition of both G4 and Gp.
Now we pair up Hamilton cycles of G 4 and G in this decomposition, so that each
such pair corresponds to a single Hamilton cycle of G and so that all edges of G
are covered. It turns out that we can achieve this as in the proof of Theorem [1.3.9
we replace all edges of G between A and B by suitable ‘fictive edges’ in G4 and
Gp. We then need to ensure that each Hamilton cycle in G4 and G contains a
suitable set of fictive edges — and the set-up of the robust decomposition lemma
does allow for this.

One significant difficulty compared to the proof of Theorem [1.3.9]is that this
time we need a decomposition of all the ‘exceptional’ edges (i.e. those between
A and B and those incident to the exceptional vertices) into Hamilton exceptional
systems. The nature of the decomposition depends on the structure of the bipartite
subgraph G[A’, B'] of G, where A’ is obtained from A by including some subset Ag
of the exceptional vertices, and B’ is obtained from B by including the remaining
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set By of exceptional vertices. We say that G is ‘critical’ if many edges of G[A’, B']
are incident to very few (exceptional) vertices. In our decomposition into Hamilton
exceptional systems, we will need to distinguish between the critical and non-critical
case (when in addition G[A’, B'] contains many edges) and the case when G[A’, B’]
contains only a few edges. The lemmas guaranteeing this decomposition are stated
and discussed in Section 2.7 but their proofs are deferred until Chapter [3]
Finding these localized Hamilton exceptional systems becomes more feasible if
we can assume that there are no edges with both endpoints in the exceptional set
Ag or both endpoints in By. So in Section we find and remove a set of edge-
disjoint Hamilton cycles covering all edges in G[Ag] and G[By]. We can then find the
localized Hamilton exceptional systems in Section[2.7} After this, we need to extend
and combine them into certain path systems and factors in Section [2.8] before we
can use them as an ‘input’ for the robust decomposition lemma in Section [2.9
Finally, all these steps are combined in Section to prove Theorem [1.3.3

2.2. Partitions and Frameworks

2.2.1. Edges between Partition Classes. Let A’, B’ be a partition of the
vertex set of a graph G. The aim of this subsection is to give some useful bounds
on the number eg(A’, B') of edges between A’ and B’ in G.

PROPOSITION 2.2.1. Let G be a graph on n vertices with 6(G) > D. Let A’, B’
be a partition of V(G). Then the following properties hold:
(i) eq(A’, B') = (D — |B'| +1)|B|.
(ii) If D > n —2|n/4] — 1, then eq(A',B’) > D unless n = 0 (mod 4),
D=n/2—-1 and |A'| =|B'| =n/2.
Proof. Since §(G) > D we have d(v,A’) > D — |B’| + 1 for all v € B’ and so
eq(A’,B") > (D — |B'| + 1)|B’|, which implies (i). (ii) follows from (1.3.1) and
(1). O

PROPOSITION 2.2.2. Let G be a D-reqular graph on n vertices together with a
vertex partition A’', B'. Then

(i) eq(A’, B') is odd if and only if both |A’| and D are odd.
(i) cald', BY) = eg(A) + c(B) + E2E2=n _ (XIS,
Proof. Note that eq(A’,B') =% .4 d(v,B") =3 c4(D—d(v,A")) = |A'|D—
2ec(A’). Hence (i) follows.
For (ii), note that

o) = (1) ~ ety = (151) - g Dl = cata ).

and similarly eg(B’) = (lgll) — (D|B'| —eg(A’,B")) /2. Since |A'|+ |B'| = n it
follows that

ca(A',B) = eg(A) +e(B) — 5 (AT + B —n(D+1)

2D +2 — Al — |B')?
=€§(A/)+€§(B/)+( +4 n)n_(| |4‘ |),

as required. [
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PROPOSITION 2.2.3. Let G be a D-regular graph on n vertices with D > |n/2].
Let A’, B’ be a partition of V(G) with |A’'|,|B’'| > D/2 and A(G[A", B']) < D/2.
Then
D —28 if D >n/2
eG,U(A’,B’) > 7'f >n/2,
D/2-28 ifD=(n—1)/2
for every U C V(G) with |U| < 3.
Proof. Without loss of generality, we may assume that |A’| > |B’|. Set
G = G[A,B']. If |B'| < D —4, then e(G') > (D — |B'| + 1)|B'| > 5D/2 by
Proposition i). Since A(G’) < D/2 we have e(G' —U) > ¢(G') —3D/2 > D.
Thus we may assume that |B’| > D — 3. For every v € B’, we have
der(v) =dg(v,A") =D —dg(v,B") = D — (|B'| — dg(v,B") — 1) < dg(v, B') + 4,
and similarly dg/(v) < dg(v, A") + 4 for all v € A’. Thus
Y der(w) <124 > dg(u, A+ > dg(u,B)

uelU ueUNA’ ueUNB’
(2.2.1) <15+ eg(A') + eg(B').
Note that |A’'| — |B'| < 7 since |A’| > |B'| > D —3 > |n/2] — 3. By Proposi-
tion [2.2.2(ii), we have
e(G'=U) > eG)- Z degr (u)

uelU

—n)n o 11\2
D+2=mn _ (1= IBD 5~y

Z BE(A/) + 66(3/) + 4 4

uelU
(2.2.1) _ 1 _ 11\2 .
< (2D+2-n)n  (JA'[-[B')" 15> (2D+2-n)n 98,
4 4 4
Hence the proposition follows. O

The following result is an analogue of Proposition [2.23] for the case when G is
(n/2 — 1)-regular with n =0 (mod 4) and |A'| =n/2 = |B’|.

PROPOSITION 2.2.4. Let G be an (n/2 — 1)-regular graph on n wvertices with
n =0 (mod 4). Let A’, B’ be a partition of V(G) with |A’'| =n/2 = |B’|. Then

ec(A'\ X, B') > eq(X, B') — |X[(|X]| - 1)
for every vertex set X C A’. Moreover, A(G[A', B']) < eq(A’,B’)/2.
Proof. For every v € A, we have
de(v,B")=n/2—1—dg(v,A") = |A'| -1 —dg(v,A") = dg(v, A").
By summing over all v € A’ we obtain
(A, B) = 2e5(4) > 2 (Z dgta, )~ (1 '))
zeX

=23 dg(x,B') - [X|(|X| - 1)
reX
= 2eq(X, B) — |X[(|X] - 1).
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Therefore,
eg(A/ \ X, B/) = ec;(A/, B/) — eg(X, B/) > eg(X, BI) — |X‘(|X| — 1).

In particular, this implies that for each vertex € A’ we have eq(A’\ {z}, B") >
ec({z},B’) = dg(z,B’) and so 2dg(x, B") < eq(A’, B’). By symmetry, for any
y € B’ we have 2d(y, A’) < eg(A’, B’). Therefore, A(G[A’, B']) < eq(A’, B’)/2.

O

2.2.2. Frameworks. Throughout this chapter, we will consider partitions
into sets A and B of equal size (which induce ‘near-cliques’) as well as ‘excep-
tional sets” Ag and By. The following definition formalizes this. Given a graph G,
we say that (G, A, Ao, B, By) is an (e, K)-framework if the following holds, where
A=Ay UA, B':= ByUB and n:= |V(G)|:

(FR1) A AO7 B, By forms a partition of V(G).
(FR2) e(A’, B") < ggn®.
(FR3) |A| = |B| is divisible by K, |Ag| > |Bo| and |Ag| + | Bo| < gon.
(FR4) If v € A then d(v, B') < egn and if v € B then d(v, A") < gon.
We often write V) for Ag U By and think of the vertices in Vj as ‘exceptional

vertices’. Also, whenever (G, A, Ay, B, By) is an (g9, K)-framework, we will write
A= AOUA, B = BQUB

PROPOSITION 2.2.5. Let 0 < 1/n K €ex, 1/ K € 1 and cex < g9 < 1. Let G be
a graph on n vertices with 6(G) = D > n—2|n/4] — 1 that is eex-close to the union
of two disjoint copies of Ky o. Then there is a partition A, Ay, B, By of V(G) such
that (G, A, Ao, B, By) is an (eg, K)-framework, d(v, A’) > d(v)/2 for allv € A" and
d(v,B") > d(v)/2 for allv € B'.

Proof. Write € := g¢x. Since G is e-close to the union of two disjoint copies
of K, /s, there exists a partition A”, B” of V(G) such that [A"| = |n/2] and
e(A”,B") < en?. If there exists a vertex v € A” such that d(v, A”) < d(v, B"),
then we move v to B”. We still denote the vertex classes thus obtained by A"
and B”. Similarly, if there exists a vertex v € B” such that d(v, B”) < d(v, A”),
then we move v to A”. We repeat this process until d(v, A”) > d(v, B") for all
v € A" and d(v,B"”) > d(v,A”) for all v € B”. Note that this process must
terminate since at each step the value of e(A”, B”) decreases. Let A’, B’ denote
the resulting partition. By relabeling the classes if necessary we may assume that
|A’| > |B’|. By construction, e(4’, B") < e(A”,B") < en? and so (FR2) holds.
Suppose that |B’| < (1 — 5¢)n/2. Then at some stage in the process we have that
|B”| = (1 — 5¢)n/2. But then by Proposition i),

e(A”,B") > (D —|B"| +1)|B"| > en?,
a contradiction to the definition of e-closeness (as the number of edges between the
partition classes has not increased while moving the vertices). Hence, |A’| > |B’| >
(1 —5e)n/2. Let B} be the set of vertices v in B’ such that d(v, A’) > v/en. Since
Ven|Bp| < e(A’, B') < en? we have |Bj| < y/en. Note that
(2.2.2) |B'| — |B| > (1 = 5e)n/2 — /en > (1 — 3y/g)n/2.
Similarly, let Af, be the set of vertices v in A’ such that d(v, B’) > y/en. Thus,
|AG] < ven and |A'| — |Ap] > n/2 — |Ap| > (1 — 24/e)n/2. Let m be the largest
integer such that Km < |A'| — |A{], |B’| — |Bj|- Let A and B be Km-subsets of
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A"\ A and B’ \ B respectively. Set Ag := A’ \ A and By := B’ \ B. Note that
(2.2.2)) and its analogue for A’ together imply that |Ag| + |Bo| < 3y/en+2K < ggn.
Therefore, (G, A, Ay, B, By) is an (g9, K)-framework. O

2.3. Exceptional Systems and (K, m,e()-Partitions

The definitions and observations in this section will enable us to ‘reduce’ the
problem of finding Hamilton cycles in G to that of finding suitable pairs C4, Cp
of cycles with V(C4) = A and V(Cp) = B. In particular, they will enable us to
‘ignore’ the exceptional set Vy = Ag U By. Roughly speaking, for each Hamilton
cycle we seek, we find a certain path system J covering Vj (called an exceptional
system). From this, we derive a set J* of edges whose endvertices lie in AU B by
replacing paths of J with ‘fictive edges’ in a suitable way. We can then work with
J* instead of J when constructing our Hamilton cycles (see Proposition and
the explanation preceding it).

Suppose that A, Ay, B, By forms a partition of a vertex set V of size n such
that |A| = |B|. Let Vj := AgUBy. An exceptional cover J is a graph which satisfies
the following properties:

(EC1) J is a path system with V5 C V(J) C V.
(EC2) dj(v) =2 for every v € Vp and dj(v) <1 for every v € V(J) \ V.
(EC3) EJ(A), GJ(B) =0.
We say that J is an exceptional system with parameter g, or an ES for short, if J
satisfies the following properties:

(ES1) J is an exceptional cover.
(ES2) One of the following is satisfied:
(HES) The number of AB-paths in J is even and positive. In this case we
say J is a Hamilton exceptional system, or HES for short.
(MES) e (A',B’) = 0. In this case we say J is a matching exceptional
system, or MES for short.
(ES3) J contains at most y/ggn AB-paths.

Note that by definition, every AB-path in J is maximal. So the number of AB-
paths in J is the number of genuine ‘connections’ between A and B (and thus
between A" and B’). If we want to extend J into a Hamilton cycle using only
edges induced by A and edges induced by B, this number clearly has to be even
and positive. Hamilton exceptional systems will always be extended into Hamilton
cycles and matching exceptional systems will always be extended into two disjoint
even cycles which together span all vertices (and thus consist of two edge-disjoint
perfect matchings).

Since each maximal path in J has endpoints in A U B and internal vertices in
Vo, an exceptional system J naturally induces a matching J3; 5 on AU B. More
precisely, if Py, ..., Py are the non-trivial paths in J and x;,y; are the endpoints
of P;, then we define J}p = {z;y; : i < {'}. Thus ey (A, B) is equal to the
number of AB-paths in J. In particular, if J is a matching exceptional system,
then e+ (A, B) = 0.

Let z1y1,...,Z20y2¢ be a fixed enumeration of the edges of J}g[A, B] with
z; € A and y; € B. Define

JZ = JZB[A] U {(EQi_lﬂfgi 01 S ) § f} and JE = JZB[B] @] {y2iy2i+l 01 § ) S 6}
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4.2 & B 8 B
A B A B A B
(a) J (B) Jigp (o) J*

FIGURE 2.3.1. The thick lines illustrate the edges of J, J}p and
J* respectively.

(with indices considered modulo 2¢). Let J* := J§ + J}, see Figure Note
that J* is the union of one matching induced by A and another on B, and e(J*) =
e(J4p)- Moreover, by (EC2) we have

(2.3.1) e(J*) = e(J4p) < [Vo| + es (A, B') < 2(/zon.

We will call the edges in J* fictive edges. Note that if J; and Jo are two edge-
disjoint exceptional systems, then J; and J5 may not be edge-disjoint. However,
we will always view fictive edges as being distinct from each other and from the
edges in other graphs. So in particular, whenever J; and Jy are two exceptional
systems, we will view J} and J5 as being edge-disjoint.

We say that a path P is consistent with J} if P contains J} and (there is an
orientation of P which) visits the vertices x1,...,x2, in this order. A path P is
consistent with Jj if P contains Jj and visits the vertices ya,...,y2¢, %1 in this
order. In a similar way we define when a cycle is consistent with J} or Jg.

The next result shows that if J is a Hamilton exceptional system and C4,Cp
are two Hamilton cycles on A and B respectively which are consistent with J3 and
J%, then the graph obtained from C4 + Cp by replacing J* = J} + J5 with J
is a Hamilton cycle on V which contains J, see Figure When choosing our
Hamilton cycles, this property will enable us ignore all the vertices in Vj and to
consider the (almost complete) graphs induced by A and by B instead. Similarly,
if J is a matching exceptional system and both |A’| and |B’| are even, then the
graph obtained from C4 + Cp by replacing J* with J is the edge-disjoint union of
two perfect matchings on V.

ProOPOSITION 2.3.1. Suppose that A, Ag, B, By forms a partition of a vertex set
V. Let J be an exceptional system. Let Cy and Cp be two cycles such that

o C4 is a Hamilton cycle on A that is consistent with J;
o Cp is a Hamilton cycle on B that is consistent with Jg.

Then the following assertions hold.

(i) If J is a Hamilton exceptional system, then Ca+Cp—J*+J is a Hamilton
cycle on V.

(ii) If J is a matching exceptional system, then Ca+Cpg— J*+J is the union
of a Hamilton cycle on A’ and a Hamilton cycle on B'. In particular, if
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both |A'| and |B'| are even, then Cy + Cp — J* + J is the union of two
edge-disjoint perfect matchings on V.

Proof. Suppose that J is a Hamilton exceptional system. Let z1y1, ..., Z2syae be
an enumeration of the edges of J%5[A, B] with z; € A and y; € B and such that
JZ = JZB[A]U{mgi_lei 01 S ) S f} and J}é = J,ZB[B}U{y2iy2i+l 01 S ) S f} Let
Py, ... ,PEA be the paths in Cq —{xg;—129; : 1 <1 < £}. Since Cy is consistent with
J, we may assume that PiA is a path from z9; 5 to x9;_1 for all i < £. Similarly,
let P2, ..., PP be the paths in Cp — {y2iy2i+1 : 1 <4 < ¢}. Again, we may assume
that PZ»B is a path from ys;_1 to yo; for all ¢ < ¢. Define C* to be the 2-regular
graph on AU B obtained from concatenating P{*, z1y1, PP, yo2x2, P, x3ys, . . ., PZB
and yopxee. Together with (HES), the construction implies that C* is a Hamilton
cycleon AUB and C* =Cy +Cp —J"+ Jig. Thus C :=C* - Jip+Jis a
Hamilton cycle on V. Since C' = C4 + Cp — J* + J, (i) holds.

The proof of (ii) is similar to that of (i). Indeed, the previous argument shows
that C* is the union of a Hamilton cycle on A and a Hamilton cycle on B. (MES)
now implies that C' is the union of a Hamilton cycle on A’ and one on B’. |

In general, we construct an exceptional system by first choosing an exceptional
system candidate (defined below) and then extending it to an exceptional system.
More precisely, suppose that A, Ay, B, By forms a partition of a vertex set V. Let
Vo := AgU By. A graph F is called an exceptional system candidate with parameter
o, or an ESC for short, if I satisfies the following properties:

(ESC1) F is a path system with V5 C V(F) C V and such that erp(A),er(B) = 0.

(ESC2) dp(v) <2 forallv e Vy and dp(v) =1 for all v € V(F) \ Vj.

(ESC3) er(A',B") < \/egn/2. In particular, |[V(F) N A[,|V(F) N B| < 2|Vo| +

VEon/2.
(ESC4) One of the following holds:
(HESC) Let b(F') be the number of maximal paths in F with one endpoint in

A’ and the other in B’. Then b(F) is even and b(F) > 0. In this case
we say that F'is a Hamilton exceptional system candidate, or HESC
for short.

(MESC) ep(A’,B") = 0. In this case, F is called a matching exceptional

system candidate or MESC' for short.

Note that if dp(v) = 2 for all v € Vj, then F is an exceptional system. Also,
if Fis a Hamilton exceptional system candidate with e(F) = 2, then F consists
of two independent A’ B’-edges. Moreover, note that (EC2) allows an exceptional
cover J (and so also an exceptional system J) to contain vertices in A U B which
are isolated in J. However, (ESC2) does not allow for this in an exceptional system
candidate F'.

Similarly to condition (HES), in (HESC) the parameter b(F') counts the number
of ‘connections’ between A’ and B’. In order to extend a Hamilton exceptional
system candidate into a Hamilton cycle without using any additional A’B’-edges,
it is clearly necessary that b(F") is positive and even.

The next result shows that we can extend an exceptional system candidate
into an exceptional system by adding suitable AgA- and ByB-edges. In the proof
of Lemma [2.6.1] we will use that if G is a D-regular graph with D > n/100 (say) and
(G, A, Ao, B, By) is an (eg, K)-framework with A(G[A’, B’]) < D/2, then conditions
(i) and (ii) below are satisfied.
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LEMMA 2.3.2. Suppose that 0 < 1/n < g9 < 1 and that n € N. Let G be a

graph on n wvertices so that

(i) A, Ay, B, By forms a partition of V(G) with |Ag U By| < ggn.

(ii) d(v,A) > \/eqn for allv € Ag and d(v, B) > \/ggn for all v € By.
Let F be an exceptional system candidate with parameter g. Then there exists an
exceptional system J with parameter €y such that F C J C G+ F and such that
every edge of J — F lies in G[Ag, A] + G[Bo, B]. Moreover, if F is a Hamilton
exceptional system candidate, then J is a Hamilton exceptional system. Otherwise
J is a matching exceptional system.

Proof. For each vertex v € Ay, we select 2—dp(v) edges uv in G with u € A\V(F).
Since dg (v, A) > \/egn > |V (F) N Al +2|Vp| by (ESC3), these edges can be chosen
such that they have no common endpoint in A. Similarly, for each vertex v € By,
we select 2 —dp(v) edges wv in G with v € B\ V(F). Again, these edges are chosen
such that they have no common endpoint in B. Let J be the graph obtained from
F by adding all these edges. Note that J is an exceptional cover such that every
edge of J — F lies in G[Ay, A] + G[By, B]. Furthermore, the number of AB-paths
in J is at most ep(A’, B") < \/ggn/2.

Suppose F' is a Hamilton exceptional system candidate with parameter £g. Our
construction of J implies that the number of AB-paths in J equals b(F'). So (HES)
follows from (HESC). Now suppose F' is a matching exceptional system candidate.
Then (MES) is satisfied since e;(A’, B") = ep(A’, B') = 0 by (MESC). This proves
the lemma. O

Let K,m € N and ¢g > 0. A (K, m,eq)-partition P of a set V of vertices
is a partition of V' into sets Ag, Ay,...,Ax and By, By, ..., Bk such that |4;] =
|B;| =m for all i > 1 and |Ag U By| < €9|V'|. The sets Ay,...,Ax and By,..., Bk
are called clusters of P and Ay, By are called exceptional sets. We often write
Vo for Ag U By and think of the vertices in Vj as ‘exceptional vertices’. Unless
stated otherwise, whenever P is a (K, m,eg)-partition, we will denote the clusters
by Ai,...,Ax and Bj,..., Bk and the exceptional sets by Ag and By. We will
also write A := Ay U---UAg, B:=BU---UBg, A :=AyUA;U---U Ak and
B’ :=ByUB;U---UBkg.

Given a (K,m,eq)-partition P and 1 < 4,4’ < K, we say that J is an (4,4)-
localized Hamilton exceptional system (abbreviated as (i,i)-HES) if J is a Hamilton
exceptional system and V(J) C Vp U A; U By. In a similar way, we define
(i,1")-localized matching exceptional systems ((i,i")-MES),

(i,1")-localized exceptional systems ((i,i')-ES),

(i,1")-localized Hamilton exceptional system candidates ((i,i")-HESC),
(i,4")-localized matching exceptional system candidates ((i,i')-MESC),
(i,4")-localized exceptional system candidates ((i,i')-ESC).

To make clear with which partition we are working, we sometimes also say that J
is an (4,4)-localized Hamilton exceptional system with respect to P etc.

2.4. Schemes and Exceptional Schemes

It will often be convenient to consider the ‘exceptional’ and ‘non-exceptional’
part of a graph G separately. For this, we introduce a ‘scheme’ (which corresponds
to the non-exceptional part and also incorporates a refined partition of G) and an
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‘exceptional scheme’ (which corresponds to the exceptional part and also incorpo-
rates a refined partition of G).

Given a graph G and a partition P of a vertex set V', we call (G, P) a (K, m, ey,
g)-scheme if the following properties hold:

(Schl) P is a (K, m,ep)-partition of V.

(Sch2) V(G) = AU B and e¢(A4, B) = 0.

(Sch3) For all 1 <4 < K and all v € A we have d(v, 4;) > (1 — ¢)m. Similarly,
for all 1 <4 < K and all v € B we have d(v, B;) > (1 — ¢)m.

The next proposition shows that if (G, P) is a scheme and G is obtained from G
by removing a small number of edges at each vertex, then (G’, P) is also a scheme

with slightly worse parameters. Its proof is immediate from the definition of a
scheme.

PROPOSITION 2.4.1. Suppose that 0 < 1/m < ¢,¢’ < 1 and that K,m € N.
Let (G, P) be a (K,m,eq,e)-scheme. Let G' be a spanning subgraph of G such that
A(G—=G") <e'm. Then (G',P) is a (K, m,eg,e + &')-scheme.

Given a graph G on n vertices and a partition P of V(G) we call (G,P) a
K,m, e, €)-exceptional scheme if the following properties are satisfied:

(

(ESchl) P is a (K, m,eq)-partition of V(G).

(ESch2) e(A), e(B) = 0.

(ESch3) If v € A then d(v, B’) < ggn and if v € B then d(v, A’)

(ESch4) For all v € V(G) and all 1 < ¢ < K we have d(v, A i) =
and d(v, B;) = (d(v,B) £ en)/K.

(ESch5) For all 1 <i,i < K we have

<e€
(d (v A) +en)/K

(Ao, A;) = (e(Ao, A) £ emax{e(Ao, A),n})/K,
e(Bo, 4;) = (e(Bo, A) + e max{e(By, A),n})/K,
e(Ao, B;) = (e(Ap, B) £ emax{e(Ag, B),n})/K,
e(Bo, B;) = (e(Bo, B) £ e max{e(By, B),n})/K,
e(A4;, By) = (e(A, B) + emax{e(A, B),n}) /K>

Suppose that (G, A, Ay, B, By) is an (g, K )-framework. The next lemma shows
that there is a refinement of the vertex partition A, Ay, B, By of V(G) into a
(K, m,ep)-partition P such that (G[A] + G[B],P) is a scheme and (G — G[A] —
G[B],P) is an exceptional scheme.

LEMMA 2.4.2. Suppose that 0 < 1/n < g9 K 1/K < 1, thatgg K 1 < &9 K 1,
that 1/n < p < &3 and that n, K,m € N. Let G be a graph on n vertices such
that §(G) > (1 — u)n/2. Let (G, A, Ao, B, By) be an (g9, K)-framework with |A| =
|B| = Km. Then there are partitions A1, ..., Ak of A and By,..., Bk of B which
satisfy the following properties:

(i) The partition P formed by Ao, By and all these 2K clusters is a (K, m,eq)-
partition of V(G).

(ii) (G[A] + G[B],P) is a (K, m,eq,e2)-scheme.

(iii) (G — G[A] — G[B],P) is a (K, m,eq,e1)-exceptional scheme.

(iv) For all v € V(G) and all 1 < i < K we have dg(v,A;) = (dg(v,A) £
eon)/K and dg(v, B;) = (dg(v, B) £ eon)/K.
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Proof. Define a new constant ¢} such that 9 < €] < £1,1/K. In order to
find the required partitions Aq,...,Ax of A and By,...,Bg of B we will apply
Lemma twice, as follows.

In our first application of Lemmall.4.7we let F' := G, U := A and let Ay, By, B
play the roles of Ry, Ra, R3. Note that 6(G[4]) > §(G) — |Ag| — eon > gon (with
room to spare) by (FR3), (FR4) and that d(a, R;) < |R;| < eon for all a € A and
j =1,2 by (FR3). Moreover, (FR4) implies that d(a, R3) < d(a, B") < gon for all
a € A. Thus we can apply Lemma with g9, g and &} playing the roles of ¢, &1
and €5 to obtain a partition of A into K clusters Ay, ..., Ak, each of size m. Then
by Lemma [I.4.7(ii) for all v € V(G) and all 1 < i < K we have

(2.4.1) de (v, A;) = (dg(v, A) £ £on) /K.

Moreover, Lemma[[.4.7(v) implies that the first two equalities in (ESch5) hold with
respect to €] (for G and thus also for G — G[A] — G[B]). Furthermore,

(2.4.2) ec(A;, B) = (eq(A, B) £ ¢\ max{n,eq(A, B)})/K.

For the second application of Lemma/(l.4.7|we let F' := G, U := B and let By, Ay, A1,
..., Ak play the roles of Ry, ..., Rx42. As before, 6(G[B]) > eon by (FR3), (FR4)
and d(b, R;) < |R;| < gon for all b € B and j = 1,2 by (FR3). Morecover, (FR4)
implies that d(b,R;) < d(b,A") <egn for all b€ B and all j =3,..., K + 2. Thus
we can apply Lemma with e0,&0 and €] playing the roles of €,¢; and &5 to
obtain a partition of B into K clusters By,..., Bk, each of size m. Similarly as
before one can show that for all v € V(G) and all 1 <4 < K we have

(243) dg(U,Bi) = (dg(v, B) + 6071)/K,

and that the third and the fourth equalities in (ESch5) hold with respect to &} (for
G and thus also for G — G[A] — G[B]). Moreover, Lemma v) implies that for
all 1 <4 < K we have

ec(4;,By) = (eq(4;, B) £ &) max{n,eq(A;, B)})/K
@12 ec(A, B)+e)max{n,eq(A, B)} £ Ke| max{n,eq(A;, B)}
= e
= (e¢(A,B) ¢ max{n,eg(A,B)})/KQ,

i.e. the last equality in (ESch5) holds too. Let P be the partition formed by
Ao, A1,..., Ak and By, By,...,Bg. Then (i) holds.

Let us now verify (ii). Clearly (G[A] + G[B], P) satisfies (Schl) and (Sch2). In
order to check (Sch3), let G1 := G[A] + G[B] and note that for all v € A and all
1 <17 < K we have

@a1) (FR4)
de, (v, 4) = da(v, A) = (da(v,A) —eon)/K > (5(G) — |Ao| — 2¢qm) /K

(FR3)
> (1 —p)n/2 —=3eon)/K > (1 — e2)m.

Similarly one can use to show that dg, (v, B;) > (1 —e2)m for all v € B and
all 1 < i < K. This implies (Sch3) and thus (ii).

Note that (iv) follows from and (2.4.3). Thus it remains to check (ii).
Clearly (G — G[A] — G[B], P) satisfies (ESchl), (ESch2) and we have already ver-
ified (ESch5). (ESch3) follows from (FR4) and (ESch4) follows from and
2.4.3). O
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2.5. Proof of Theorem

An important tool in the proof of Theorem [1.3.9is Lemma which guar-
antees an ‘approximate’ Hamilton decomposition of a graph G, provided that G is
close to the union of two disjoint copies of K, /5. This yields the required num-
ber of Hamilton cycles for Theorem As an ‘input’, Lemma requires an
appropriate number of localized Hamilton exceptional systems.

To find these, we proceed as follows: the next lemma (Lemma guaran-
tees many edge-disjoint Hamilton exceptional systems in a given framework. We
will apply it to ‘localized subgraphs’ (obtained from Lemma of the original
graph to ensure that the exceptional systems guaranteed by Lemma [2.5.1| are also
localized. These can then be used as the required input for Lemma

LEMMA 2.5.1. Suppose that 0 < 1/n < g9 € ¢ € a < 1 and that n,an €

N. Let G be a graph on n wvertices. Suppose that (G, A, Ay, B, By) is an (g9, K)-
framework which satisfies the following conditions:

(a) eg(A',B') > 2(a+e)n.

(b) eq—v(A',B") > an for allv € Ay U By.

(c) d(v) >2(a+e)n for allv € Ag U By.

(d) d(v,A") > d(v,B’) —en for allv € Ay and d(v, B") > d(v, A") —en for all
v € By.
Then there exist an edge-disjoint Hamilton exceptional systems with parameter €g

n G.

Proof. First we will find an edge-disjoint matchings of size 2 in G[A’, B]. If
A(G[A',B']) < (a + ¢/2)n, then by (a) and Proposition we can find such
matchings. So suppose that A(G[A’, B']) > (a4 ¢/2)n and let v be a vertex such
that dgar,p/)(v) > (a4 ¢/2)n. Thus v € Ag U By by (FR4). By (b) there are an
edges e, ...,ean in G[A", B'] —v. Since dgar,p1(v) > (o +¢/2)n, for each e in
turn we can find an edge e/, incident to v in G[A’, B’] such that €/, is vertex-disjoint
from e, and such that the e/, are distinct for different indices s < an. Then the
matchings consisting of e, and e/, are as required. Thus in both cases we can find
edge-disjoint matchings My, ..., My, of size 2 in G[A’, B'].

Our aim is to extend each M, into a Hamilton exceptional system Jg such that
all these J; are pairwise edge-disjoint. Initially, we set Fs := M, for all s < an.
So each F is a Hamilton exceptional system candidate. For each v € V{ in turn,
we are going to assign at most two edges joining v to AU B to each of Fi,..., F,y
in such a way that now each Fy is a Hamilton exceptional system candidate with
dp,(v) = 2. Thus after we have carried out these assignments for all v € Vp, every
F; will be a Hamilton exceptional system with parameter gq.

So consider any v € V. Without loss of generality we may assume that v € Ay.
Moreover, by relabelling the Fy if necessary, we may assume that there exists an
integer 0 < r < an such that dp_ (v) = 1 forall s < rand dp, (v) =0forr < s < an.
For each s < r our aim is to assign some edge vw, between v and A to Fs such that
ws ¢ V(Fs) and such that the vertices wy are distinct for different s < r. To check
that such an assignment of edges is possible, note that |V (Fs) N A|, |V (Fs) N B| <
2|Vo| + 2 < 3ggn. Together with (c) and (d) this implies that

d(v,A) > d(v, A") — |[Ag| > (a+¢/2 —eo)n > r + [V (F5) N Al

Thus for all s < r we can assign an edge vw;, to Fs as required.
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It remains to assign two edges at v to each of F,i1,..., Fy,. We will do this
for each s = r+ 1,...,an in turn and for each such s we will either assign two
edges between v and A to F; or two edges between v and B. (This will ensure that
we still have b(Fs) = 2, where b(Fy) is the number of vertex-disjoint A’ B’-paths
in the path system Fy.) So suppose that for some r < s < an we have already
assigned two edges at v to each of Fyq,...,Fs_1. Set Gy == G — 301 F
The fact that v has degree at most two in each Fy and (c) together imply that
dg,(v) > dg(v) — 2an > 10ggn. So either dg, (v, A") > 5egn or dg, (v, B') > begn.
If the former holds then

dg.(v,A) > dg, (v, A") — |Ag| > degn > |V (Fs) N A| + 2

and so we can assign two edges vw and vw’ of G to Fy such that w,w’ € A\ V (Fy).
Similarly if dg_ (v, B') > begn then we can assign two edges vw and vw’ in G to
F; such that w,w’ € B\ V(Fs). This shows that to each of F,,1,..., Fs, we can
assign two suitable edges at v.

Let Ji,...,Jan be the graphs obtained after carrying out these assignments
for all v € V. Then the J; are pairwise edge-disjoint and it is easy to check that
each J; is a Hamilton exceptional system with parameter £9. (Note that (ES2) and
(ES3) hold since b(Js) = 2 and so the number of AB-paths is two.) O

The next lemma guarantees a decomposition of an exceptional scheme (G, P)
into suitable ‘localized slices’ G(i,i") whose edges are induced by Ay, By and two
clusters of P. We will use it again in Chapter [3]

LEMMA 2.5.2. Suppose that 0 < 1/n < gy < € < 1/K < 1 and that
n, K,m € N. Let (G,P) be a (K, m,eq,e)-exceptional scheme with |G| = n and
ec(Ao),eq(Bo) = 0. Then G can be decomposed into edge-disjoint spanning sub-
graphs H(i,1") and H'(i,3") of G (for alli,i’ < K) such that the following properties
hold, where G(i,i') .= H(4,i") + H'(4,1'):
1) Each H(i,i") contains only AgA;-edges and ByB; -edges.
All edges of H'(i,1') lie in G[Ag U A;, By U By/].

e(H'(i,i")) = (eg(A’, B') + de max{n,eq(A’, B')})/ K2

dp (i) (v) = (dgpar,p(v) £ 2en) /K2 for all v € V.
daiiny(v) = (da(v) £ 4en)/K? for all v € V4.

(a

(a2
(a3
(
(

a4

— — — —

as

Proof. First we decompose G into K2 ‘random’ edge-disjoint spanning subgraphs
G(i,1") (one for all 7,7 < K) as follows:

e Initially set V(G(4,4")) :== V(G) and E(G(i,i')) := 0 for all i,i' < K.

e Add all the A;B;-edges of G to G(i,7).

e Choose a partition of FE(Ag, By) into K? sets U, ;s (one for all 4, < K)
whose sizes are as equal as possible. Add the edges in U; i to G(4,4').

e For all ¢ < K, choose a random partition of E(Ag, A;) into K sets U}, of
equal size (one for each ¢ < K) and add the edges in U}, to G(i,4). (If
e(Ayp, A;) is not divisible by K, first distribute up to K —1 edges arbitrarily
among the U/, to achieve divisibility.) For all i’ < K proceed similarly to
distribute each edge in E(By, By/) to G(i,i') for some i < K.

e For all i/ < K, choose a random partition of E(Ag, B;/) into K sets U/
of equal size (one for each ¢ < K) and add the edges in U/ to G(i,').
(If e(Ap, By+) is not divisible by K, first distribute up to K — 1 edges
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arbitrarily among the U}’ to achieve divisibility.) For all ¢ < K proceed

similarly to distribute each edge in E(By, 4;) to G(i,7") for some i’ < K.
Thus every edge of G is added to precisely one of the subgraphs G(i,i'). Set
H(i,i) = G(i,¢)[A"] + G(i,¢)[B’'] and H'(3,i) := G(4,i)[A", B']. So conditions
(a1) and (ag) hold. Fix any ¢, < K and set H := H(4,4') and H' := H'(i,i). To
verify (as), note that

G(H/) = ey (AZ, Bl/) +eq (Ao, Bo) +epns (Ao, Bz’) + eH/(Bo, Az)
= eg(Ai, le) + eg(A(), Bo)/K2 + eg(Ao, Bz/)/K + 6(;(30, Az)/K i 3
_ea(A,B) +eq(Ao, Bo) + eq(Ao, B) + eq(Bo, A) + 3¢ max{eq(A’, B'),n}
= =
eq(A’, B') £ 4e max{eg(A’, B’),n}
K2 '

Here the third equality follows from (ESch5).

To prove (a4), suppose first that v € Ag. If dg(v, By) < en/K? then clearly
0 < dp (i, (v) <en/K?+|Vo| < 2en/K?2. Further by (ESch4) we have dg (v, B) <
Kdg(v,By) +en=en/K +en. So dg(v, B") < 2en. Together this shows that (a4)
is satisfied.

So assume that dg (v, Bi/) > en/K?2. Proposition implies that with prob-
ability at least 1 — e~ V™ (with room to spare) we have

+3

(25.1) dgin (v, By) = (da(v, By) £ en/2K) /K 2 (dg (v, B)  3en/2) /K2
Since
dH’(i,i’) (’U) = dG(i,i’)(”u Bz’) + dG(i,i’) (’U, Bo) = dG(i,i’) (’U7 Bz’) + Eon

B2Y (v, BY) £ 2en) /K2,
it follows that v satisfies (a4). The argument for the case when v € By is similar.
Thus (a4) holds with probability at least 1 — ne~ V™.

Similarly as one can show that with probability at least 1 — ne=vV™ we
have dg; ) (v, Ai) = (dg(v, A) £ 3en/2)/K? for all v € Ay and dg(;,i (v, By) =
(dg(v, B)+3en/2)/K? for all v € By. Together with the fact that eq(Ao), eq(Bo) =
0 and (a4) this now implies (as). O

The next lemma first applies the previous one to construct localized subgraphs
G(i,7") and then applies Lemma to find many Hamilton exceptional systems
within each of the localized slices G(i,4'). Altogether, this yields many localized
Hamilton exceptional systems in G.

LEMMA 2.5.3. Suppose that 0 < 1/n € g9 € ¢ € ¢,1/K <« 1 and that
n, K,m, (1/4—¢)n/K? € N. Suppose that (G, A, Ay, B, By) is an (g9, K )-framework
with |G| = n, §(G) > n/2 and such that dg(v,A") > dg(v)/2 for allv € A" and
dg(v,B") > dg(v)/2 for allv € B’. Suppose that P = {Ap, A1, ..., Ak, Bo, B1,. ..,
Bk} is a refinement of the partition A, Ay, B, By such that (G — G[A] —G[B], P) is
a (K, m, e, €)-exceptional scheme. Then there is a set J of (1/4—@)n edge-disjoint
Hamilton exceptional systems with parameter ey in G such that, for each i,i’ < K,

J contains precisely (1/4 — ¢)n/K? (i,i')-HES.
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Proof. Let a := (1/4 — ¢)/K? and choose a new constant &’ such that ¢ <
¢/ « ¢,1/K. Note that (FR3) implies that |A’| > |B’|. If |B'| < n/2, then
Proposition i) implies that eg(A’, B’) > 2|B’| > (1 — g9)n > 3K?an (where
the second inequality follows from (FR3) and there is room to spare in the final
inequality). Since dgpar,p(v) < n/2 for every vertex v € V(G), it follows that
eg—v(A',B") > (1/2—¢¢)n > 3K%an/2. If | B'| = n/2, then |A’| = |B’| and Propo-
sition [2.2.1{i) implies that ec(4’, B') > |B'| = n/2 > 2K?*(a + £')n. Moreover,
|A’| = | B'| together with the fact that 6(G) > n/2 also implies that dgpar, p(v) > 1
for any vertex v € V(G). Hence eq_,(A’, B') > n/2—1 > 3K?an/2. Thus regard-
less of the size of B’, we always have

(2.5.2) eq(A',B") > 2K?*(a+&')n

and

(2.5.3) eg_o(A',B') > 3K?an/2 > K*(a +¢')n for any v € V(G).

Set G° := G — G|A] — G[B] — G[A¢] — G[By]. Note that each vertex v € V; satisfies
(2.5.4) dgo(v) > (1/2 —gg)n > 2K%(a + ' )n.

Moreover, both (2.5.2) and (2.5.3) also hold for G°, and since (G — G[A] —G[B], P)
is a (K,m,eq,e)-exceptional scheme, (G°,P) is also a (K,m,eq,¢)-exceptional
scheme. Thus we can apply Lemma [2.5.2] to G° to obtain edge-disjoint span-
ning subgraphs H(i,4"), H'(i,4') of G° (for all i,%’ < K) which satisfy (a;)—(as) of
Lemma[2.5.2] Set G(i,i') := H(i,i')+ H'(i,’) for all 4,7/ < K. We claim that each
G(i,1") satisfies the following properties:

(1) All edges of G(Z, Z/) lie in G° [AO @] Az U BO @] Bll]
(il) eq(i,in(A’, B') = 2(a+ Ve)n.
(iii) eq(i,in—v(A", B") > an for all v € Vo.
(iv)
(v)

daiiny(v) > 2(a + +/e)n for all v € V.
dainy (v, A') > dg,in (v, B') — /en for all v € Ay and dg(; (v, B") >
daiiy (v, A') — \/en for all v € By.
Indeed, (i) follows from (a;) and (az). To prove (ii), note that eg(; i) (A’, B')
e(H'(i,i")). Now apply (a3) and (2.5.2]). For (iii), note that (as) and A(G[A4’, B'])
n/2 imply that for all v € Vj,
dG(i,i’)[A/,B’]('U) = dH’(i,i/)(v) S (dG[A’,B’] (U) + 2€n)/K2 S (1/2 + 28)71/](2.
If e(A’, B’) > n, then (ag) implies that eg(; (A", B') > (1 —4e)n/K? > an +
dei,infar,p(v) and so (iii) follows. If eq(A’, B') < n, then for all v € Vj
ea(iin—v(A, B") = e(H'(i,7)) — dp (i i) (v)
(a3),(a4) 233)
2 (eg_u(A, B — 6en) /K2 S an.

So (iii) follows again. (iv) follows from (as) and (2.5.4). For (v), note that (a;) and
(ag) imply that for v € Ay,

Sy
IA I

(a4)7(a5)
degiin (v, A') = dein (V) —dgain@) > (da(v, A') — 6en) /K?

(a4)
> (dg(v, B') — 6en) /K? > dygprs.i0)(v) — 82 = deiin (v, B') — 8en.

The second part of (v) follows similarly.
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Note that each (G(i,4'), A, Ag, B, By) is an (&g, K)-framework since this holds
for (G, A, Ay, B, By). Thus for all i,7 < K we can apply Lemma (with /e
playing the role of €) to the (g9, K)-framework (G(i,i'), A, Ao, B, By) in order to
obtain an edge-disjoint Hamilton exceptional systems with parameter e¢ in G(i,1’).
By (i), we may delete any vertices outside Ag U A; U By U By from these systems
without affecting their edges. So each of these Hamilton exceptional systems is in
fact an (i,4")-HES. The set J consisting of all these K?an Hamilton exceptional
systems is as required in the lemma. ([

Given the appropriate set J of localized Hamilton exceptional systems, the
next lemma guarantees a set of | 7| edge-disjoint Hamilton cycles in a graph G
such that each of them contains one exceptional system from 7, provided that G is
sufficiently close to the union of two disjoint copies of K, /5. The lemma also allows
J to contain matching exceptional systems (each of these will then be extended into
a perfect matching of G). Note that with a suitable 7 and an appropriate choice of
parameters we can achieve that the ‘uncovered’ graph has density 2p + 2/K < 1,
i.e. we do have an approximate decomposition. We defer the proof of the lemma
until Chapter

LEMMA 2.5.4. Suppose that 0 < 1/n € g9 K 1/ K €K p <1l and 0 < p < 1,
where n, K € N and K is odd. Suppose that G is a graph on n vertices and P is

a (K, m,eo)-partition of V(G). Furthermore, suppose that the following conditions
hold:

(a) d(v, A;) = 1—4p£4/K)m and d(w, B;) = (1—4p+4/K)m for allv € A,
weBand1 <i< K.

(b) There is a set J which consists of at most (1/4 — p — p)n edge-disjoint
exceptional systems with parameter ¢ in G.

(c) J has a partition into K* sets J; i (one for all 1 < i,i’ < K) such that
each J; i consists of precisely | J|/K? (i,i')-ES with respect to P.

(d) If J contains matching exceptional systems then |A’| = |B’| is even.

Then G contains |J| edge-disjoint spanning subgraphs Hy, ..., H| 7| which satisfy
the following properties:

e For each Hg there is some Jy € J such that J, C Hy.

o If Js is a Hamilton exceptional system, then Hy is a Hamilton cycle of G.
If Js is a matching exceptional system, then Hg is the edge-disjoint union
of two perfect matchings in G.

Matching exceptional systems do no play any role in the current application to
prove Theorem [I.3.9] but they will occur when we use Lemma [2.5.4] again in the
proof of Theorem [1.3.3]

To prove Theorem [I.3.9] we first apply Lemma to find suitable localized
Hamilton exceptional systems and then apply Lemma to transform these into
Hamilton cycles.

Proof of Theorem Choose new constants €ex, €9, €1, €2, ¢ and an odd
number K € N such that

I/npKex €K1 KK 1/K K€ d K e
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Further, we may assume that ¢ < 1. Let n > ng and let G be any graph on n
vertices such that §(G) > n/2 and such that G is eqx-close to two disjoint copies of
K., /2. By modifying ¢ slightly, we may assume that (1/4 — ¢)n/K? € N.

Apply Proposition to obtain a partition A, Ag, B, By of V(G) such that
such that (G, A, Ay, B, By) is an (g9, K)-framework, d(v, A") > d(v)/2 for all v €
A’ and d(v,B’) > d(v)/2 for all v € B’. Let m := |A|/K = |B|/K. Ap-
ply Lemma [2.4.2] with ¢¢ playing the role of x to obtain partitions Aj,..., Ax
of A and Bjy,...,Bg of B which satisfy the following properties, where P =
{AOaAlv"'7AK3B07Bla"'aBK}:

o (G[A]+ G[B|,P) is a (K, m, &g, €2)-scheme.
e (G—GJA]—GI[B],P) is a (K, m,eg,e1)-exceptional scheme.

Apply Lemma to obtain a set J of (1/4 — ¢)n edge-disjoint Hamilton excep-
tional systems with parameter g in G such that, for each 7,7’ < K, J contains
precisely (1/4 — ¢)n/K? (i,i')-HES. Finally, our aim is to apply Lemma with
p:=1/K and p := ¢—1/K. So let us check that conditions (a)-(c) of Lemma [2.5.4]
hold (note that (d) is not relevant). Clearly (b) and (c) hold. To verify (a) note
that (Sch3) implies that for all v € A we have d(v, 4;) > (1—e2)m > (1-1/K)m >
(1 —4p — 4/K)m. Similarly, for all w € B we have d(w, B;) > (1 — 4 — 4/K)m.
So we can apply Lemma to obtain |J| > (1/4 — &)n edge-disjoint Hamilton
cycles. O

2.6. Eliminating the Edges inside Ay and By

This and the remaining sections of the chapter are all devoted to the proof of
Theorem Suppose that G is a D-regular graph and (G, A, Ay, B, By) is an
(€0, K)-framework with A(G[A’, B']) < D/2. The aim of this section is to construct
a small number of Hamilton cycles (and perfect matchings if appropriate) which
together cover all the edges of G[Ag] and G[By]. The first step is to construct a
small number of exceptional systems containing all the edges of G[Ag] and G[By].

LEMMA 2.6.1. Suppose that 0 < 1/n < g9 < A < 1 and that n, n, D, K € N.
Let G be a D-regular graph on n vertices with D > n — 2|n/4] — 1. Suppose that
(G, A, Ay, B, By) is an (eo, K)-framework with A(G[A’, B']) < D/2. Let

_ A% . .
0= {maX{O,D eq(4',B )}J and on = {2/\n—|— 1 4f D is odd,

2 2\n if D is even.

Letwy and wsy be vertices of G such that dgar, pr)(w1) > dgiar,pr)(w2) > dgiar, B (v)
for all v € V(G) \ {wy,ws}. Then there exist An + 1 edge-disjoint subgraphs
Jo, J1, .-, Jan of G which cover all the edges in G[Ag] + G|By] and satisfy the
following properties:

(i) If D is odd, then Jy is a perfect matching in G with ez, (A’, B') < 1. If D
s even, then Jy is empty.
(ii) Js is a matching exceptional system with parameter eq for all 1 < s <
min{¢, An}.
(iii) Js s a Hamilton exceptional system with parameter o and such that

ej. (A", B") =2 for all { < s < An.
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(iv) Let J be the union of all the Js and let H® := G[A',B'] — J. Then
es(A',B") < ¢n and dy(v) = ¢n for all v € Vy. Moreover, e(H®) is
even.

(v) dpgo(wr) < (D — ¢n)/2. Furthermore, if D = n/2 — 1 then dgo(wa) <
(D — ¢n)/2.

(vi) If eq(A’,B’) < D, then e(H®) < D — ¢n and A(H®) < e(H®)/2.

As indicated in Section the main proof of Theorem splits into three
cases: (a) the non-critical case with eg(A’, B’) > D, (b) the critical case with
eq(A',B’) > D and (c) the case with eq(A’,B") < D. The formal definition of
‘critical” and a more detailed discussion of the different cases is given in Section

The above lemma will be used in all three cases. In these different cases, we
will need that the Hamilton cycles or perfect matchings produced by the lemma
use appropriate edges between A’ and B’ (and thus the ‘leftover’ H® has suitable
properties). In particular, (v) will ensure that we can apply Lemma in case
(b). Similarly, (vi) will ensure that we can apply Lemma [2.7.5]in case (c). (i) and
(vi) will only be relevant in case (c).

Proof of Lemma [2.6.1 Set H := G[A',B'] and W := {w;,ws}. First, we
construct Jy. If D is even, then (i) is trivial, so we may assume that D is odd (and
so n is even). We will construct Jy such that it satisfies (i) as well as the following
additional property:

(i") If wiwe is an edge in G[A'] + G[B'], then wiwy lies in Jy. Moreover,
es (A", By =1if |A'] is odd and ey, (A’, B") = 0 if |A| is even.

Suppose first that |A’| is even (and so |B’| is even as well). Since our assumptions
imply that 6(G[A]) > [D/2] > 3egn, there exists a matching M/, in G[A'] of size at
most |Ag|+2 covering all the vertices of AgU(A’'NW). Moreover, if wyws is an edge
in G[A’], then we can ensure that wjws € M. Note that A” .= A"\ V(M},) is a
subset of A and |A”| is even. (FR4) implies that 6(G[A"]) > D—eon—2(|Ao|+2) >
|A”|/2. Therefore, there exists a perfect matching M’ in G[A”] (e.g. by Dirac’s
theorem). Hence, M4 := M/, + M/} is a perfect matching in G[A’]. Similarly, there
is a perfect matching Mp in G[B’] such that if wyws is an edge in G[B’], then w;ws
is in MB. Set Jo = MA +MB.

Next assume that [4'| is odd. If D > [n/2], then Proposition [2.2.3]implies that
e(H-W)>0. If D=n/2—-1, then n =0 (mod 4) and so |B’'| < n/2 — 1 since
|A’| is odd. Together with Proposition [2.2.1fii) this implies that e(H) > n/2 — 1.
Since in this case we also have that A(H) < |D/2] = n/4 — 1, it follows that
e(H—-W) > e(H)—2A(H) > 0. Thus in both cases there exists an edge ab in
H — W with a € A’ and b € B’. Note that both |A"\ {a}| and |B’ \ {b}| are even.
Moreover, §(G[A'\{a}]) > [D/2]—1 > 3eon and §(G[B’\{b}]) > [D/2]—1 > 3eon.
Thus we can argue as in the case when |A’| is even to find perfect matchings M4
and Mp in G[A"\ {a}] and G[B’\ {b}] respectively such that if wyws is an edge in
G[A'] + G|B’] then wyws € My + Mp. Set Jy := My + Mp + ab.

This completes the construction of Jy. (If D is even we set Jy := ().) So (i)
and (') hold. Let G’ := G — Jy and H' := G'[A’, B']. Since |Ag|+|Bo| < gon < An,
Vizing’s theorem implies that we can decompose G’'[Ag] + G'[By] into An edge-
disjoint (possibly empty) matchings My, ..., My,. By relabeling these matchings
if necessary, we may assume that if wywe € Eg/(Ag) or wiwe € Eg/(By), then
wiwy € M.
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Case 1: e¢(H) > D.

Note that in this case £ = 0 and e(H') > D — 1. For each s = 1,...,An in turn
we will extend My into a Hamilton exceptional system J, with e, (4’, B’) = 2 and
such that J, and J, are edge-disjoint for all 0 < s’ < s. In order to do this, we
will first extend M into a Hamilton exceptional system candidate Fs by adding
two independent A’ B’-edges f, and f.. We will then use Lemma[2.3.2]to extend F
into a Hamilton exceptional system J;. For all s with 1 < s < An, we will choose
these edges and sets to satisfy the following:

(1) Js is a Hamilton exceptional system with parameter ey such that

es, (A, B")=2.

(a2) Suppose that dg(wy) > 2An. Then w; is an endpoint of f;.

(a3) Suppose that dg(wz) > 2An. Then wsy is an endpoint of f7, unless both

s =1and wywy € M.

(aq) Js contains My as well as the edges fs and f.. J; — Mg — fs — f!

only contains AgA-edges and ByB-edges of G. Js is edge-disjoint from

JO’ .. .7(]5_1.
First suppose that wiws € M. We construct J; satisfying the above. Our assump-
tion means that wyws is an edge in G[A'] + G[B’], so D is even (or else wiws € Jy
by (i’)). Moreover, H' = H and D > |n/2| by and the fact that D is even.
Together with Proposition [2.2.3| this implies that e(H'— W) = e(H — W) > 0. Pick
an A'B’-edge f{ in H' — W. Let U; be the connected component in M; + f] con-
taining f1. So |U1| <4 and wy ¢ Uy. If dy(wy1) > 2An, we can find an A’ B’-edge f1
such that w; is one endpoint of f; and the other endpoint of f; does not lie in Uy. If
dp(w1) < 2An, then the choice of wy implies that A(H) < 2An. So there exists an
A'B’-edge f1in H =V (Uy) = H-V(U;) since e(H—V(Uy)) > e(H)—|U|A(H) >
e(H)—8An > 0. Set F} := My + f1 + fi. Note that f; satisfies («2) and that F} is
a Hamilton exceptional system candidate with ep, (A’, B') = 2. By Lemma
we can extend F} into a Hamilton exceptional system J; with parameter €9 in G
such that F; C J; and such that J; — F; only contains AgA-edges and ByB-edges
of G.

Next, suppose that for some 1 < s < An we have already constructed Jy, ...,
Js—1 satisfying (a1)—(a4). So s > 2 if wywe € My. Let Gy := G — Zj‘zs M; —
S92 Jj and H, := G,[A’, B']. Note that
(2.6.1) e(Hs) >e(H)—2(s—1)—1> D —2\n.

Moreover, note that dg_(v,A) > dg(v,A) —2(s —1) =1 > /eon for all v € Ag and
dg,(v,B) > \/gon for all v € By.

We first pick the edge f! as follows. If dg(we) > 2An, then dy, (we) > dy(wa)—
s > An. So we can pick an A’B’-edge f. of H, such that ws is an endpoint of f!
and the connected component U; of My + f! containing f! does not contain wy. If
dp(w2) < 2An, then pick an A’B’-edge f! of H, such that the connected component
Us of M+ f! containing f, does not contain wy. To see that such an edge exists, note
that in this case the neighbour w)] of wy in M satisfies dy(w]) < dg(w2) < 2An
(if w) exists) and that implies that e(Hs) > D — 2An > D/2 + 2An >
di(w1) + 2An. Observe that in both cases |Ug| < 4.

We now pick the edge fs as follows. If dg(w1) > 2An, then dp (wy) > dg(wy)—
s > An. So we can find an A’B’-edge fs of H, such that w; is one endpoint of f;
and the other endpoint of fs does not lie in Uy. If dy(w1) < 2An, then A(H) < 2An
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and thus (2.6.1]) implies that
e(Hs — V(Us)) > D —2xn — 2\n|U| > 1.

So there exists an A’ B’-edge fs in Hy — V(Us).

In all cases the edges f, and f! satisfy (az2) and (a3). Set Fs := M + fs + fL.
Clearly, F, is a Hamilton exceptional system candidate with ep, (4’, B') = 2. Recall
that dg, (v, A) > /egn for all v € Ay and dg, (v, B) > (/egn for all v € By. Thus
by Lemma we can extend Fy into a Hamilton exceptional system Jg with
parameter g such that Fs C J; C G4+ Fs and such that J; — F only contains
AgA-edges and By B-edges of Gs. Hence we have constructed Jq, ..., Jy, satisfying
(a1)—(ag). So (iii) holds. Note (ii) and (vi) are vacuously true.

To verify (iv), recall that J := JyU---U Jy, and H® = G[A’, B'] — J. For all
1 < s < An we have e; (A’,B") = 2 by (iii). Moreover, (i) and (i’) together imply
that ey, (A, B") = 1 if and only if both |A’| and D are odd. Therefore, e7(A’, B') <
¢n. Moreover, since e(H®) = e(H) —2An —e,(A’, B'), Proposition i) implies
that e(H?®) is even. Thus (iv) holds.

To verify (v), note that if dy(w1) < 2An then clearly dpyo(wy) < 2An < (D —
¢n)/2. If dg(w1) > 2An then (o) implies that dj (4. p(w1) = 1forall1 < s < An.
Hence dgo(wy) < |D/2] —An = (D —¢n)/2. Now suppose that D = n/2—1 and so
n =0 (mod 4) by (1.3.1). Thus D is odd and so (i) implies that if wyws is an edge
in G[A'] + G[B’], then wywy € Jy. In particular wyws ¢ M;. (Note that if wiwsy €
G[A’, B'], then wyws is not contained in M; either since M7 C G[Ao] + G[By].)
Thus in the case when dy(w2) > 2An, (a3) implies that dj 4 p1(we) = 1 for all
1 < s < An. Hence dgo(ws2) < |D/2] — An = (D — ¢n)/2. If dg(wz) < 2An then
clearly dpo(w2) < 2An < (D — ¢n)/2. Therefore (v) holds.

Case 2: ¢(H) < D

Together with Proposition [2.2.1(ii) this implies that n = 0 (mod 4), D = n/2 — 1
and |A’] = n/2 = |B’|. So D is odd and |A’| is even. In particular, by Propo-
sition 2.2.2)(i) e(H) is even and by (i) and (i) Jo is a perfect matching with
ej,(A’,B") = 0. Moreover, Proposition implies that A(H) < e(H)/2 in
this case (recall that H := G[A', B']).

Note that each Mj is a matching exceptional system candidate. By Lemma|2.3.2}
for each 1 < s < min{¢, An} in turn, we can extend M into a matching exceptional
system J, with parameter ¢y in G’ = G — Jy such that M, C .J, and such that J,
and Jy are edge-disjoint whenever 1 < s’ < s < min{¢, An}. Thus (ii) holds.

If £ > An, then e(H) < D —2M = D — ¢n + 1. But since e(H) is even and
D — ¢n + 1 is odd this means that e(H) < D — ¢n. Thus A(H) < e(H)/2 <
(D — ¢n)/2. Moreover, d7(v) =2 n + dy, (v) = ¢n for all v € V. Hence (iv)—(vi)
hold since H® = H. ((iii) is vacuously true.)

Therefore, we may assume that ¢ < An. Using a similar argument as in Case 1,
for all £ < s < An we can extend the matchings M, into edge-disjoint Hamil-
ton exceptional systems J satisfying (aq)—(ay) and which are edge-disjoint from
Jo,...,Je. Indeed, suppose that for { < s < An we have already constructed
Jox1, ..., Js—1 satisfying (aq)—(ay). (Note that (i') implies that the exception
in (a3) is not relevant.) The fact that D is odd and e(H) is even implies that
¢ = (D —e(H)—1)/2. Then defining H, analogously to Case 1, we have

e(Hs) > e(H)—2(s—1—¢) =D —2s>D —2\n,
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where in the first inequality we use that e, (A’, B’) = 0 by (i’). So the analogue
of holds. Hence we can proceed exactly as in Case 1 to construct Js (the
remaining calculations go through as before). Thus (iii) holds.

To verify (iv), note that e 7 (A", B') = 2(An — £). So

(2.6.2) e(H®)=e(H)—2(M—0)=e(H)—-2 n+ (D —e(H)—1)=D — ¢n.

In particular, e(H?) is even and ey (A’, B") = e(H) — e(H®) < ¢n. So (iv) holds.
In order to verify (vi), recall that A(H) < e(H)/2. Moreover, note that (as)
implies that if dp(w1) > 2An, then dj (4 pi(w1) = 1 for all £ < s < An. Hence

dHo(’wl) = dH(wl) — ()\’I’L — f) = A(H) —An +€
< e(H)/2 = M+ (D —e(H) —1)/2 = (D — én)/2 B2 o(11°) /2.

Similarly if dg(ws2) > 2An, then dge(wy) < e(H®)/2. If dy(w1) < 2An, then
dpo(wr) < 2An < e(H®)/2 by and the analogue also holds for wy. Thus in
all cases dy(w1),dg(ws) < e(H®)/2. Our choice of wy and wy implies that for all
v € V(G)\ W we have

) < (e(H) +3)/3 < (D +3)/3 B2 (%) 2.

dp (v
Therefore, A(H®) < e(H®)/2. Together with (2.6.2) this implies (vi) and thus (v).
[

The next lemma implies that each of the exceptional systems J,; guaranteed by
Lemma[2.6.1] can be extended into a Hamilton cycle (if J, is a Hamilton exceptional
system) or into two perfect matchings (if J; is a matching exceptional system and
both |A’| and |B’| are even).

LEMMA 2.6.2. Suppose that0 < 1/n < g9 < A < 1 and thatn, \n, K € N. Sup-
pose that (G, A, Ao, B, By) is an (g9, K)-framework such that 6(G[A]) > 4]|A|/5 and
5(G[B)) > 4|B|/5. Let Jy,..., Jan be exceptional systems with parameter ey. Sup-
pose that G and Jy, ..., J\, are pairwise edge-disjoint. Then there are edge-disjoint
subgraphs Hy, .. H)\n in G+ Zs 1 Js which satisfy the following properties:

(i) Js € Hs and E(Hs; — Js) C E(G[A] + G[B]) for all 1 < s < An.
(ii) If Js is a Hamilton exceptional system, then Hg is a Hamilton cycle on
V(G).

(iii) If Js is a matching exceptional system, then Hy is an union of a Hamilton

cycle on A’ = AU Ay and a Hamilton cycle on B’ = BU By.

Proof. Recall that, given an exceptional system .J, we have defined matchings J},
Jiand J* = J4+J5 in Section We will write J7 4 := (Js)% and J7 g := (Js)5-
For each s < An in turn, we will find a subgraph H} of G[A]+ G[B]+ J} containing
JZ such that H} is edge-disjoint from H7,..., H} ;. Moreover, H} will be the union
of two cycles C'4 and Cpg such that C4 is a Hamilton cycle on A which is consistent
with J7 A and Cp is a Hamilton cycle on B which is consistent with J 5. (Recall
from Sectlon [2.3] that we always view different J;* as being edge- dlsJ01nt from each

other. So asking H} to be edge-disjoint from H1 ,...,H} | is the same as asking

S

— J¥ to be edge—disjoint from Hf —Jf,...,H { —J: 1.)
Suppose that for some 1 < s < An we have already found Hf,...,H! . For
all i < s, let H; == H — J*+ J;. Let G5 :== G — (H; -U Hs_1). First we

construct C'4 as follows. Recall from l) that Jiaisa rnatchlng of size at most
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2,/gon. Note that 6(G4[A]) > (G[A]) — 2s > (4/5 — 5An)|A|. So we can greedily
find a path P4 of length at most 6,/gon in G[A] + J: 4 such that Py is consistent
with JZ 4. Let u and v denote the endpoints of P4. Let G4 be the graph obtained
from G4[A] — V(P4) by adding a new vertex w whose neighbourhood is precisely
(Ng.(u) N Ng,(v)) \ V(Pa). Note that 6(G24) > |G2|/2 (with room to spare).
Thus G2 contains a Hamilton cycle C’; by Dirac’s theorem. But C’; corresponds
to a Hamilton cycle C4 of Gs[A] + J; 4 that is consistent with J{ ,. Similarly, we
can find a Hamilton cycle Cp of Gs[B] + J; g that is consistent with J7 5. Let
H} = C4 + Cp. This completes the construction of HY, ..., H5,, .

For each 1 < s < An we take Hy := Hf — J* + J,. Then (i) holds. Proposi-
tion implies (ii) and (iii). O

By combining Lemmas and we obtain the following result, which
guarantees a set of edge-disjoint Hamilton cycles covering all edges of G[Ag] and
G[By)-

LEMMA 2.6.3. Suppose that 0 < 1/n € g9 < ¢ < 1 and that D,n,(D —
¢n)/2,K € N. Let G be a D-regular graph on n vertices with D > n —2|n/4] — 1.
Suppose that (G, A, Ay, B, By) is an (g9, K)-framework with A(G[A’, B']) < D/2.
Let wy and wy be (fived) vertices of G such that dgar,pr)(w1) > dgrar,py(w2) >
dgrar,p(v) for all v € V(G) \ {wi,wa}. Then there exists a ¢n-regular spanning
subgraph Gy of G which satisfies the following properties:

(i) G[Ao] + G[Bo] € Go.

(i) eg, (A", B") < ¢n and eg_q,(A’, B') is even.

(iii) Go can be decomposed into |ec,(A’, B')/2| Hamilton cycles and ¢n —
2leq, (A, B")/2] perfect matchings. Moreover, if eq(A’,B') > D, then
this decomposition of Gy uses |¢n/2| Hamilton cycles and one perfect
matching if D is odd.

(iv) Let H® := G[A, B') — Go. Then dgo(w1) < (D — ¢n)/2. Furthermore, if
D =n/2—1 then dgo(ws) < (D — ¢n)/2.

(v) Ifeg(A’,B’) < D, then A(H®) < e(H®)/2 < (D — ¢n)/2.

Proof. Let

0. \‘max{(), D —eq(A',B)}

9 J and A\n = L¢n/2j :{((2571— 1)/2 if D is odd,

on/2 if D is even.

(The last equality holds since our assumption that (D — ¢n)/2 € N implies that D
is odd if and only if ¢n is odd.) So ¢, ¢ and X are as in Lemma Thus we can
apply Lemmal[2:6.1]to G in order to obtain An+1 subgraphs Jy, . .., J\, as described
there. Let G’ be the graph obtained from G[A’] + G[B’] by removing all the edges
in JoU---UJy,. Recall that Jy is either a perfect matching in G or empty. Since
each of Jy,..., Jy, is an exceptional system and so by (EC3) we have e; (A) =0
for all 1 < s < An, it follows that 6(G’'[A]) > §(G[A]) — 1 > 4| A|/5, where the final
inequality follows from (FR3) and (FR4). Similarly §(G’[B]) > 4|B|/5. So we can
apply Lemma with G’ playing the role of G in order to extend Ji,..., JJy,
into edge-disjoint subgraphs Hy, ..., Hy, of G' + 22‘21 J, such that

(a) H, is a Hamilton cycle on V(@) which contains precisely two A’ B’-edges
for all £ < s < An;
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(b) Hy is the union of a Hamilton cycle on A’ and a Hamilton cycle on B’ for
all 1 < s < min{¢, A\n}.

Indeed, the property eg (A’,B’) = 2 in (a) follows from Lemma iii) and
i). Let Gy := Jo + 2221 H,. Then (i) holds since by Lemma all the
Jo, -+, Jan together cover all edges in G[Ag] and G[By]. Let Juc be the union
of all J; with / < s < An and let J be the union of all J, with 0 < s < An.
The definition of Gy, Lemma ii),(iii) and Lemma W(l) together imply that
GolA',B'| = J[A,B'] = Jo[A, B'] + Juc|4’, B'] and so

(2.6.3) eg,(A',B") =ez (A", B')
(2.6.4) = ey, (A, B") + 2(max{0, \n — £}).

Together with Lemmaiv)7 implies (ii). Moreover, the graph H® defined
in (iv) is the same as the graph H® defined in Lemma iv). Thus (iv) and (v)
follow from Lemma v) and (vi).

So it remains to verify (iii). Note that if £ > 0 then eg(A’, B’) < D and so
n =0 (mod 4), D = n/2 -1 and |A'| = n/2 = |B’| by Proposition 2.2.1]ii). In
particular, both A’ and B’ are even and so for all 1 < s < ¢ the graph H, can be de-
composed into two edge-disjoint perfect matchings. Recall that by Lemma i)
the graph Jy is a perfect matching if D is odd and empty if D is even. Thus,
if £ < An, then Gy can be decomposed into An — ¢ edge-disjoint Hamilton cycles
and Npaten edge-disjoint perfect matchings, where npaten = 2¢ if D is even and
Nmateh = 20 + 1 if D is odd. In particular, this implies the ‘moreover part’ of
(iii) (since £ = 0 if eq(A’,B’) > D). Also, together with the fact that
eso(A’,B') < 1 by Lemma [2.6.1]i) implies that An — ¢ = [eq,(A4’, B')/2] and so
¢n — 2|ec,(A’, B') /2| = Nmaten- Thus (iil) holds in this case. If £ > An, then (a)
implies that there are no Hamilton cycles at all in the decomposition. Also ([2.6.4])
implies that |eg,(A’, B")/2] = 0, as required in (iii). Similarly, (b) implies that
Nmatch = 2An if D is even and ngmaten = 2An + 1 if D is odd, which also agrees
with (iii). O

2.7. Constructing Localized Exceptional Systems

Suppose that (G, A, Ay, B, By) is an (g9, K)-framework and that Gy is the span-
ning subgraph of our given D-regular graph G obtained by Lemma Set
G’ := G — Gy. (So G’ has no edges inside Ag or By.) Roughly speaking, the aim
of this section is to decompose G’ — G'[A] — G'[B] into edge-disjoint exceptional
systems. Each of these exceptional systems J will then be extended into a Hamil-
ton cycle (in the case when J is a Hamilton exceptional system) or into two perfect
matchings (in the case when J is a matching exceptional system). We will ensure
that all but a small number of these exceptional systems are localized (with respect
to some (K, m,eq)-partition P of V(G) refining the partition A, Ay, B, By). More-
over, for all 1 < 4,4 < K, the number of (i,4")-localized exceptional systems in our
decomposition will be the same. (Recall that (i,i)-localized exceptional systems
were defined in Section [2.3])

However, rather than decomposing the above ‘leftover’ G' — G'[A] — G'[B] in
a single step, we actually need to proceed in two steps: initially, we find a small
number of exceptional systems J which have some additional useful properties
(e.g. the number of A’B’-edges of J is either zero or two). These exceptional
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systems will be used to construct the robustly decomposable graph G*™P. (Recall
that the role of G was discussed in Section ) Let G” := G — Go— G™P. Some
of the additional properties of the exceptional systems contained in G*P then allow
us to find the desired decomposition of G® := G — G"[A] — G"[B]. (We need to
proceed in two steps rather than one as we have little control over the structure of
Grob.)

Recall that in order to construct the required (localized) exceptional systems,
we will distinguish three cases:

(a) the case when G is ‘non-critical’ and contains at least D A’ B’-edges (see
Lemma ;

(b) the case when G is ‘critical’ and contains at least D A’B’-edges (see
Lemma [2.7.4);

(c) the case when G contains less than D A’ B’-edges (see Lemma [2.7.5]).

Each of the three lemmas above is formulated in such a way that we can apply
it twice: firstly to obtain the small number of exceptional systems needed for the
robustly decomposable graph G™P and secondly for the decomposition of the graph
G° into exceptional systems. The proofs of all the results in this section are deferred
until Chapter

2.7.1. Critical Graphs. Roughly speaking, G is critical if most of its A’ B’-
edges are incident to only a few vertices. More precisely, given a partition A’, B’ of
V(G) and D € N, we say that G is critical (with respect to A’, B" and D) if both
of the following hold:

e A(G[A',B’]) > 11D/40;
e ¢(H) < 41D/40 for all subgraphs H of G[A’, B'] with A(H) < 11D/40.

Note that the property of G being critical depends only on D and the partition
A" = AU Ay and B’ = B U By of V(G), which is fixed after we have applied
Propositionto obtain a framework (G, A, Ag, B, By). In particular, it does not
depend on the choice of the (K,m,¢eq)-partition P of V(G) refining A, Ao, B, By.
(In the proof of Theorem we will fix a framework (G, A, Ag, B, Bp), but will
then choose two different partitions refining A, Ay, B, By.)

One example of a critical graph is the following: G, consists of two disjoint
cliques on (n — 1)/2 vertices with vertex set A and B respectively, where n = 1
(mod 4). In addition, there is a vertex a which is adjacent to exactly half of the
vertices in each of A and B. Also, add a perfect matching M between those vertices
of A and those vertices in B not adjacent to a. Let A’ := AU {a}, B’ := B and
D := (n—1)/2. Then G is critical, and D-regular with e(A’, B’) = D. Note
that e(M) = D/2. To obtain a Hamilton decomposition of G, we will need
to decompose Geit[A’, B'] into D/2 Hamilton exceptional system candidates J
(which need to be matchings of size exactly two in this case). In this example, this
decomposition is essentially unique: every Jg has to consist of exactly one edge in
M and one edge incident to a. Note that in this way, every edge between a and B
yields a ‘connection’ (i.e. a maximal path) between A" and B’ required in (ESC4).

The following lemma (proved in Section collects some properties of critical
graphs. In particular, there is a set W consisting of between one and three vertices
with many neighbours in both A and B. We will need to use A’ B’-edges incident
to one or two vertices of W to provide ‘connections’ between A’ and B’ when
constructing the Hamilton exceptional system candidates in the critical case (b).
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LEMMA 2.7.1. Suppose that 0 < 1/n < 1 and that D,n € N with D > n —
2|n/4] — 1. Let G be a D-regular graph on n vertices and let A’, B' be a partition
of V(G) with |A'|,|B'| > D/2 and A(G[A, B']) < D/2. Suppose that G is critical.
Let W be the set of vertices w € V(G) such that dgiar prj(w) > 11D /40. Then the
following properties are satisfied:

(i) 1< [W]<3.
(ii) Fither D = (n—1)/2 andn =1 (mod 4), or D =n/2 -1 and n = 0
(mod 4). Furthermore, if n =1 (mod 4), then |W| = 1.
(iii) eq(A’,B') <17D/10+5 < n.

Recall from Proposition [2.2.1fii) that we have eq(A’, B') > D unless D =
n/2 -1, n =0 (mod 4) and |A| = |B| = n/2. Together with Lemma [2.7.1ii)
this shows that in order to find the decomposition into exceptional systems, we can
distinguish the following three cases.

COROLLARY 2.7.2. Suppose that 0 < 1/n < 1 and that D,n € N with D >
n—2|n/4]—1. Let G be a D-regular graph on n vertices and let A', B’ be a partition
of V(G) with |A'|,|B’| > D/2 and A(G[A',B']) < D/2. Then ezxactly one of the
following holds:

(a) eq(A',B’) > D and G is not critical.

(b) eq(A’, B") > D and G is critical. In particular, eq(A’, B') < n and either
D=(n-1)/2 andn=1 (mod 4), or D=n/2—1 and n =0 (mod 4).

(c) eq(A’,B") < D. In particular, D = n/2 — 1, n = 0 (mod 4) and |A| =
|B| =n/2.

2.7.2. Decomposition into Exceptional Systems. Recall from the begin-
ning of Section [2.7|that our aim is to find a decomposition of G — Gy — G[A] — G[B]
into suitable exceptional systems (in particular, most of these exceptional systems
have to be localized). The following lemma (proved in Section states that this
can be done if we are in Case (a) of Corollary i.e. if G is not critical and
eq(A’,B') > D.

LEMMA 2.7.3. Suppose that 0 < 1/n < g9 € ¢ K \,1/K < 1, that D > n/3,
that 0 < ¢ < 1 and that D,n, K,m, An/K? (D —¢n)/(2K?) € N. Suppose that the
following conditions hold:

(i) G is a D-regular graph on n vertices.
(ii) P is a (K, m,eq)-partition of V(G) such that D < eg(A’, B") < gon? and
A(G[A', B')) < D/2. Furthermore, G is not critical.
(iil) Go is a subgraph of G such that G[Ao] + G[Bo] C Go, eg, (A, B’) < ¢n
and dg,(v) = ¢n for all v € V.
(iv) Let G®° := G — G[A] — G[B] — Gy. eg-(A',B’) is even and (G°,P) is a
(K, m,eq,)-exceptional scheme.
Then there exists a set J consisting of (D — ¢n)/2 edge-disjoint Hamilton excep-
tional systems with parameter €y in G° which satisfies the following properties:
(a) Together all the Hamilton exceptional systems in J cover all edges of G°.
(b) Foralll <i,i' < K, the set J contains (D—(¢+2X\)n)/(2K?) (i,i')-HES.
Moreover, An/K? of these (i,i')-HES J are such that e ;(A’, B') = 2.

Note that (b) implies that J contains An Hamilton exceptional systems which
might not be localized. This will make them less useful for our purposes and we
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extend them into Hamilton cycles in a separate step. On the other hand, the lemma
is ‘robust’ in the sense that we can remove a sparse subgraph G before we find
the decomposition J into Hamilton exceptional systems. In our first application of
Lemma (i.e. to construct the exceptional systems for the robustly decompos-
able graph G™P), we will let G be the graph obtained from Lemma In the
second application, Gy also includes G*P. In our first application of Lemma
we will only use the (¢,7")-HES J with e;(A’, B") = 2.

The next lemma is an analogue of Lemma for the case when G is critical
and e(A’, B') > D. By Corollary [2.7.2|b) we know that in this case D = (n—1)/2
or D =n/2 —1. (Again we defer the proof to Section [3.3])

LEMMA 2.7.4. Suppose that 0 < 1/n € g9 < ¢ < \1/K < 1, that D >
n—2[n/4] — 1, that 0 < ¢ < 1 and that n, K,m, \n/K? (D — ¢n)/(400K?) € N.
Suppose that the following conditions hold:

(i) G is a D-regular graph on n vertices.

(ii) P is a (K, m,eq)-partition of V(G) such that eq(A’,B") > D and
A(G[A', B']) < D/2. Furthermore, G is critical. In particular, eq(A’, B")
<nand D = (n—1)/2 or D =n/2—1 by Lemmal[3.1.1)(ii) and (iii).

(iil) Go is a subgraph of G such that G[Ag] + G[Bo] C Go, eg, (A, B') < ¢n
and dg,(v) = ¢n for all v € V.

(iv) Let G° := G — G[A] — G[B] — Gy. eg-(A',B’) is even and (G°,P) is a
(K, m,eq,)-exceptional scheme.

(v) Letwy and ws be (fived) vertices such that dgar pr(w1) > dgpar, g (w2) >
darar,p(v) for allv € V(G) \ {wi,wa}. Suppose that

(271) dGQ[A’,B/] (wl), dGO[A/7B/](w2) < (D — ¢n)/2

Then there exists a set J consisting of (D — ¢n)/2 edge-disjoint Hamilton excep-
tional systems with parameter €y in G° which satisfies the following properties:

(a) Together the Hamilton exceptional systems in J cover all edges of G°.
(b) For each 1 <i,i’ < K, the set J contains (D — (¢ + 2X\)n)/(2K?) (i,i’)-
HES. Moreover, An/K? of these (i,i')-HES are such that
(by) esj(A',B') =2 and
(b2) dJ[A’,B’] (’IU) =1 fOT‘ all w € {wl,wg} with dg[A/7B/](w) > 11D/40

Similarly as for Lemma (b) implies that J contains An Hamilton ex-
ceptional systems which might not be localized. Another similarity is that when
constructing the robustly decomposable graph G™P, we only use those Hamilton
exceptional systems J which have some additional useful properties, namely (by)
and (bg) in this case. This guarantees that will be satisfied in the second
application of Lemma m (i.e. after the removal of G™P), by ‘tracking’ the de-
grees of the high degree vertices w; and wsy. Indeed, if dgas p/j(w2) > 11D /40,
then (ba) will imply that dgrov(ar prj(w;) is large for @ = 1,2. This in turn means
that after removing G*P, in the leftover graph G°, dgo (4, (w;) is comparatively
small, i.e. condition (2.7.1)) will hold in the second application of Lemmam

Condition itself is natural for the following reason: suppose for example
that it is violated for w; and that wy € Ag. Then for some Hamilton exceptional
system J returned by the lemma, both edges of J incident to w; will have their
other endpoint in B’. So (the edges at) w; cannot be used as a ‘connection’ between
A’ and B’ in the Hamilton cycle which will extend J, and it may be impossible to
find these connections elsewhere.
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The next lemma is an analogue of Lemma[2.7.3|for the case when eg(A4’, B') <
D. (Again we defer the proof to Section [3.4]) Recall that Proposition 2.2.1fii) (or
Corollary [2.7.2) implies that in this case we have n =0 (mod 4), D = n/2 — 1 and
|A’| = |B’'| = n/2. In particular, |A’| and |B’| are both even. This agrees with
the fact that the decomposition may also involve matching exceptional systems in
the current case: we will later extend each such system to a cycle spanning A’ and
one spanning B’. As |A’| and |B’| are both even, these cycles correspond to two
edge-disjoint perfect matchings in G.

LEMMA 2.7.5. Suppose that 0 < 1/n € eg K e K \,1/K < 1, that 0 < ¢ < 1
and that n/4, K,m, An/K?,(n/2 — 1 — ¢n)/(2K?) € N. Suppose that the following
conditions hold:

(i) G is an (n/2 — 1)-regular graph on n vertices.
(ii) P is a (K, m,eo)-partition of V(G) such that A(G[A',B']) < n/4 and
| A’ = [B'| =n/2.

(i) Go is a subgraph of G such that G[Ag]+ G[Bo] C Gy and dg,(v) = ¢n for

all v e V.
(iv) Let G° := G — G[A] — G[B] — Gy. ego(A',B’) is even and (G°,P) is a
(K, m,eq,€)-exceptional scheme.
(v) AGEAB)) < eqo (A, B')/2 < (/2 — 1 — 6m)/2.
Then there exists a set J consisting of (n/2 —1 — ¢n)/2 edge-disjoint exceptional
systems in G° which satisfies the following properties:

(a) Together the exceptional systems in J cover all edges of G°. Each J in J
is either a Hamilton exceptional system with ej(A’, B") = 2 or a matching
exceptional system.

(b) For all 1 < i,i’ < K, the set J contains (n/2 — 1 — (¢n + 2X))/(2K?)
(i,i")-ES.

As in the other two cases, we will use the exceptional systems in (b) to construct
the robustly decomposable graph G™P. Unlike the critical case with eg(A’, B') >
D, there is no need to ‘track’ the degrees of the vertices w; of high degree in
G[A’, B] this time. Indeed, let G := G — Gy — G*P, where G is the graph defined
by Lemma [2.6.3] Then G”[A’, B'] is the union of all those J in J (from the first
application of Lemma [2.7.5) not used in the construction of G*P. So (a) implies
that G"[A’, B'] is a union of matchings of size two. So (v) will be trivially satisfied
when we apply Lemma for the second time (i.e. with G + G™P playing the
role of Gy).

2.8. Special Factors and Exceptional Factors

As discussed in the proof sketch, the main proof proceeds as follows. First
we remove a sparse ‘robustly decomposable’ graph G™P from the original graph
G. Then we find an approximate decomposition of G — G™P. Finally we find
a decomposition of G™P + G’, where G’ is the (very sparse) leftover from the
approximate decomposition.

Both the approximate decomposition as well as the actual decomposition step
assume that we work with a graph with two components, one on A and the other
on B. So in both steps, we would need Ag U By to be empty, which we clearly
cannot assume. We build on the ideas of Section [2:3] to deal with this problem.
In both steps, one can choose ‘exceptional path systems’ in G with the following
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crucial property: one can replace each such exceptional path system EPS with a
path system EPS* so that

(1) EPS* can be partitioned into EPS% and EPS} with the vertex sets of
EPS% and EPS} being contained in A and B respectively;

(a2) the union of any Hamilton cycle C% in G := G[A] — EPS + EPS}
containing EPS% and any Hamilton cycle Cf in G := G[B] — EPS +
EPS}% containing EPSE corresponds to either a Hamilton cycle of G
containing EPS or to the union of two edge-disjoint perfect matchings in
G containing EPS.

Each exceptional path system EPS will contain one of the exceptional systems J
constructed in Section EPS* will then be obtained from EPS by replacing J
by J*. (Recall that J* was defined in Section and that we view the edges of J*
as ‘fictive edges’ which are different from the edges of G.) So G* is obtained from
G[A] by adding J} = J*[A]. Furthermore, J determines which of the cases in (ag)
holds: If J is a Hamilton exceptional system, then (as) will give a Hamilton cycle
of G, while in the case when J is a matching exceptional system, (as) will give the
union of two edge-disjoint perfect matchings in G.

So, roughly speaking, this allows us to work with G% and G% rather than G
in the two steps. A convenient way of handling these exceptional path systems is
to combine many of them into an ‘exceptional factor’ EF (see Section for the
definition).

One complication is that the ‘robust decomposition lemma’ (Lemma we
use from [21] deals with digraphs rather than undirected graphs. So in order to be
able to apply it, we need to suitably orient the edges of G and so we will actually
consider a directed path system EPS, . instead of the EP.S* above (the exceptional
path system EPS itself will still be undirected). Moreover, we have to apply the
robust decomposition lemma twice, once to G* and once to G%.

The formulation of the robust decomposition lemma is quite general and rather
than guaranteeing (aw) directly, it assumes the existence of certain directed ‘spe-
cial paths systems’ SPS which are combined into ‘special factors’ SF. These are
introduced in Section 2.8:1] Each of the Hamilton cycles produced by the lemma
then contains exactly one of these special path systems. So to apply the lemma, it
suffices to check that each of our exceptional path systems EP.S corresponds to two
path systems EPS7 4, and EPSE 4, which both satisfy the conditions required of
a special path system.

2.8.1. Special Path Systems and Special Factors. As mentioned above,
the robust decomposition lemma requires ‘special path systems’ and ‘special factors’
as an input when constructing the robustly decomposable graph. These are defined
in this subsection.

Let K,m € N. A (K, m)-equipartition Q of a set V of vertices is a partition
of V into sets Vi,..., Vg such that |V;] = m for all i < K. The V; are called
clusters of Q. Suppose that Q@ = {V1,...,Vk} is a (K, m)-equipartition of V' and
L,m/L € N. We say that (Q, Q') is a (K, L, m)-equipartition of V if Q' is obtained
from Q by partitioning each cluster V; of Q into L sets V;1,...,V; 1 of size m/L.
So Q' consists of the KL clusters V; ;.

Let (Q, Q') be a (K, L, m)-equipartition of V. Consider a spanning cycle C' =
V1 ... Vi on the clusters of Q. Given an integer f dividing K, the canonical interval
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partition Z of C into f intervals consists of the intervals

Vi—vr/r+1Vi-nr/ 42 - Vi1
for all i < f (with addition modulo K).

Suppose that G is a digraph on V and h < L. Let I = V;V;1...Vj be an
interval in Z. A special path system SPS of style h in G spanning the interval I
consists of m /L vertex-disjoint directed paths Py, ..., P, 7, such that the following
conditions hold:

(SPS1) Every Ps has its initial vertex in Vj; and its final vertex in Vj p.
(SPS2) SPS contains a matching Fict(SPS) such that all the edges in Fict(SP.S)
avoid the endclusters V; and V. of I and such that E(P;) \ Fict(SPS) C
E(G).
(SPS3) The vertex set of SPSis V;, U V41 U--- UV .
The edges in Fict(SPS) are called fictive edges of SPS.

Let Z = {I,...,Is}. A special factor SF with parameters (L, f) in G (with
respect to C, Q') is a l-regular digraph on V which is the union of Lf digraphs
SPS;p (one for all j < f and h < L) such that each SPS;} is a special path
system of style h in G which spans I;. We write Fict(SF) for the union of the sets
Fict(SPS; ) over all j < f and h < L and call the edges in Fict(SF) fictive edges
of SF.

We will always view fictive edges as being distinct from each other and from the
edges in other digraphs. So if we say that special factors SFi, ..., SF, are pairwise
edge-disjoint from each other and from some digraph @ on V, then this means that
Q@ and all the SF; — Fict(SF;) are pairwise edge-disjoint, but for example there
could be an edge from z to y in @ as well as in Fict(SF;) for several indices i < r.
But these are the only instances of multiedges that we allow, i.e. if there is more
than one edge from x to y, then all but at most one of these edges are fictive edges.

2.8.2. Exceptional Path Systems and Exceptional Factors. We now
introduce ‘exceptional path systems’ which will be combined into ‘exceptional fac-
tors’. These will satisfy the requirements of special path systems and special factors
respectively. So they can be used as an ‘input’ for the robust decomposition lemma.
Moreover, they will satisfy the properties () and (as) described at the beginning

of Section (see Proposition [2.8.1]). More precisely, suppose that
P: {A07A17"'7AK7B07Blv"';BK}

is a (K, m,eq)-partition of a vertex set V and L,m/L € N. We say that (P,P’) is
a (K, L,m,eq)-partition of V if P’ is obtained from P by partitioning each cluster
A; of Pinto L sets A;1,...,A; 1 of size m/L and partitioning each cluster B; of P

into L sets B;1,...,B; 1, of size m/L. (So P’ consists of the exceptional sets Ao,
By, the KL clusters A, ; and the KL clusters B, ;.) Set
(281) QA = {A17...,AK}, Q% = {A1717~-~7AK7L}7

QB = {Bla---7BK}7 /B:: {Bl,la"'aBK7L}'

Note that (Q4, Q') and (Qp, Q) are (K, L, m)-equipartitions of A and B respec-
tively (where we recall that A = Ulel A; and B = Ufil B;).

Suppose that J is a Hamilton exceptional system (for the partition A, Ag, B, By)
with ej(A’, B") = 2. Thus J contains precisely two AB-paths. Let Py = ay...b;
and P, = as ... by be these two paths, where a1,as € A and by, by € B. Recall from
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Section@that J? is the matching consisting of the edge ajas and an edge between
any two vertices a,a’ € A for which J contains a path P,, whose endvertices are a
and a’. We also defined a matching Jj; in a similar way and set J* := Jj U Jj. We
say that an orientation of J is good if every path in J is oriented consistently and
one of the paths P;, P, is oriented towards B while the other is oriented towards
A. Given a good orientation Jqi, of J, the orientation J3,. of J* induced by Jqi, is
defined as follows:

e For every path P,, in J whose endvertices a,a’ both belong to A, we
orient the edge aa’ of J* towards its endpoint of the (oriented) path Pu
in Jdir-

e If in Jg;, the path P is oriented towards b; (and thus P, is oriented
towards as), then we orient the edge ajas of J* towards ay and the edge
b1by of J* towards b;. The analogue holds if P; is oriented towards a;
(and thus P is oriented towards by).

If J is a matching exceptional system, we define good orientations of J and the
corresponding induced orientations of J* in a similar way.

We now define exceptional path systems. As mentioned at the beginning of
Section |2.8] each such exceptional path system EPS will correspond to two directed
path systems EPS} j;, and EPSE g, satisfying the conditions of a special path
system (for (Q4, Q) and (Qp, Q5) respectively).

Let (P,P’) be a (K, L, m,ep)-partition of a vertex set V. Suppose that K/f €
N. The canonical interval partition Z(f,K) of [K] := {1,..., K} into f intervals
consists of the intervals

(= DK/f+1,(i— DK/f+2,...iK/f+1}

for all ¢ < f (with addition modulo K).

Suppose that G is an oriented graph on AU B such that G = G[A]+ G[B]. Let
h < L and suppose that I € Z(f, K) is an interval with I = {j,j +1,...,5'}. An
exceptional path system EPS of style h for G spanning I consists of 2m/L vertex-
disjoint undirected paths Py, P, PA ..., PTQ/L_D PE, ..., PmB/L—p such that the
following conditions hold:

(EPS1) V(PA) C A and PA has one endvertex in A; , and its other endvertex in
Aj p (for all 1 < s < m/L). The analogue holds for every P5.

(EPS2) Each of Py and P has one endvertex in A ,UB; 5, and its other endvertex
in Aj/,h U Bj h-

(EPS3) J:= EPS — EPS[A] — EPS[B] is either a Hamilton exceptional system
with e;(A’, B') = 2 or a matching exceptional system (with respect to the
partition A, Ag, B, By). Moreover E(J) C E(Py) U E(P)) and no edge of
J has an endvertex in A;, U A, U By, U Bjs .

(EPS4) Let Py gir and P67 iy D€ the paths obtained by orienting Py and Pj towards
their endvertices in Aj , U Bjs ;. Then the orientation Jgir of J obtained
in this way is good. Let Jj;,. be the orientation of J* induced by Jgir. Then
(Po,air + P67 air) — Jair + J3;, consists of two vertex-disjoint paths P(fdir and
Pol?dir such that V(P(fdir) C A, P(fdir has one endvertex in Aj;; and its
other endvertex in A ; and such that the analogue holds for P(fdir.

(EPS5) The vertex set of EPS is VoUA; nUAj 41 UAj pUBj , UBjpqp---U
Bj/7h.
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A
Ay QRO " h Ajrn Bjrn

B A B
Py’ P gir Py dir
B A B
Py P g Py dic
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Ajyin Bjgin Aji1n Bjiin Py air

Ajn Bj, ih ih
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FIGURE 2.8.1. An example of an exceptional path system EPS
and the corresponding directed version EPSj;. in the case when

|Ag| =2, By =0, m/L =3 and |I| = 6. The thick edges indicate
J and Jj;, respectively.

(EPS6) For each 1 < s < m/L, let P;}dir be the path obtained by orienting
PA towards its endvertex in Ajs . Define Pfdir in a similar way. Then
E(P(fdir) \ E(Jair), E(Pgy;,) \ E(Jair) € E(G) and E(Pfdir)vE(Pfdir) C
E(G) for every 1 < s < m/L.

We call EPS a Hamilton exceptional path system if J (as defined in (EPS3))
is a Hamilton exceptional system, and a matching exceptional path system oth-
erwise. Let EPS} i, be the (directed) path system consisting of Pé‘}dir,Pfdir,
...,P;n“/L_lydir. Then EPS} g4, is a special path system of style i in G[A] which
spans the interval A;A;1 ... Ajs of the cycle Ay ... Ak and satisfies Fict(EPS 4;,)
= J35;[A]. Define EPSy, 4, similarly and let EPSY; := EPS} 4, + EPSE 4, and
Fict(EPSy;,) := Fict(EPS} 4,) U Fict(EPSp 4;,) (see Figure .

Let Z(f,K) = {I1,...,Iy}. An exceptional factor EF with parameters (L, f)
for G (with respect to (P,P’)) is the union of Lf edge-disjoint undirected graphs
EPS; ), (one for all j < f and h < L) such that each EPS, ) is an exceptional
path system of style h for G which spans I;. We write EF} 4. for the union of
EPSY ), 4ai over all j < f and h < L. Note that EFZ,dir’ is a special factor
with parameters (L, f) in G[A] (with respect to C' = A;... Ak, Q) such that
Fict(EF} 4;,) is the union of J7; 4, [A] over all j < f and h < L, where J;, is the
exceptional system contained in EPSj ), (see condition (EPS3)). Define EFp 4,
similarly and let EFg, = EF} 4 + EFp g, and Fict(EFy,) := Fict(EF} 4,) U
Fict(EF} 4.). Note that EFZ, is a 1-regular directed graph on A U B while in
EF is an undirected graph on V with

(2.8.2) dgrp(v)=2 foralveV\V, and dgr(v)=2Lf forallve V.
Given an exceptional path system EPS, let J be as in (EPS3) and let
EPS*:=EPS—-J+J*, EPS}:=FEPS*[A] and EPSy:= EPS*[B].
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(Hence EPS*, EPS’, and EPS} are the undirected graphs obtained from EPS}; ,
EPS} 4, and EPSE 4, by ignoring the orientations of all edges.) The follow-
ing result is an immediate consequence of (EPS3), (EPS4) and Proposition
Roughly speaking, it implies that to find a Hamilton cycle in the ‘original’ graph
with vertex set V, it suffices to find a Hamilton cycle on A and one on B, containing
(the edges corresponding to) an exceptional path system.

PROPOSITION 2.8.1. Let (P,P’) be a (K, L,m,eq)-partition of a vertex set V.
Suppose that G is a graph on V' \ Vo, that Gair is an orientation of G[A] + G[B]
and that EPS is an exceptional path system for Gqi,. Let J be as in (EPS8) and
J as defined in Section . Let Cy and Cp be two cycles such that

o C4 is a Hamilton cycle on A which contains EPSY ;
o Cp is a Hamilton cycle on B which contains EPS}.

Then the following assertions hold.

(i) If EPS is a Hamilton exceptional path system, then Cyx + Cp — EPS* +
EPS is a Hamilton cycle on V.

(ii) If EPS is a matching exceptional path system, then C4 + Cp — EPS* +
EPS is the union of a Hamilton cycle on A’ and a Hamilton cycle on B’.
In particular, if both |A’| and |B’| are even, then Cx+Cp— EPS*+ EPS
is the union of two edge-disjoint perfect matchings on V.

Proof. Note that Cy+Cp — EPS*+ EPS =Cs+Cp —J*+ J. Recall that J} 5
was defined in Section[2.3} (EPS3) implies that [E(J})\ E(J35)| < 1. Recall from
Section that a path P is said to consistent with J} if P contains J} and (there
is an orientation of P which) visits the endvertices of the edges in E(J}) \ E(Jip)
in a prescribed order. Since E(J}) \ E(J} ) contains at most one edge, any path
containing J} is also consistent with J}. Therefore, C'4 is consistent with J}
and, by a similar argument, Cp is consistent with J5. So the proposition follows
immediately from Proposition [2.3.1 [l

2.8.3. Finding Exceptional Factors in a Scheme. The next lemma (Lem-
ma will allow us to extend a suitable exceptional system J into an exceptional
path system. In particular, we assume that J is ‘localized’. This allows us to choose
the path system in such a way that it spans only a few clusters. The structure within
which we find the path system is called a ‘scheme’. Roughly speaking, this is the
structure we obtain from G[A]+G|B] (i.e. the union of two almost complete graphs)
by considering a random equipartition of A and B and a random orientation of its
edges.

We now define this ‘oriented’ version of the (undirected) schemes which were
introduced in Section Given an oriented graph G and partitions P and P’ of a
vertex set V', we call (G, P,P’) a [K, L, m,eg,€]-scheme if the following conditions
hold:

(Schl’) (P,P’)is a (K, L, m,¢e)-partition of V.

(Sch2’) V(G) = AU B and eg(A4, B) = 0.

(Sch3') G[A,; ;, A /] and G[B; ;, By /] are [e,1/2]-superregular for all 7,7’ < K
and all j,j° < L such that (i,j) # (¢,5'). Moreover, G[4;, A;/] and
G|B;, By/] are [e,1/2]-superregular for all ¢ # ¢’ < K.
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(Schd’) [NZ(x) NN (y)NA; ;| > (1/5—¢e)m/L for all 7,y € A, all i < K and all
j < L. Similarly, |[NZ () "\ Ng (y) N B; ;| > (1/5—¢)m/L for all z,y € B,
alli < K and all j < L.

Note that if L =1 (and so P = P’), then (Schl’) just says that P is a (K, m,eq)-
partition of V.

Suppose that J is an (¢,¢")-ES with respect to P. Given h < L, we say that J
has style h (with respect to the (K, L,m,eq)-partition (P,P’)) if all the edges of J
have their endvertices in Vo U A; 5, U By p.

LEMMA 2.8.2. Suppose that K,L,n,m/L € N, that 0 < 1/n < €,69 < 1 and
g0 < 1/K,1/L. Let (G,P,P’) be a [K, L,m,eg,¢e|-scheme with |V(G) U V| = n.
Let I ={j,7+1,...,5'} C[K] be an integer interval with |I| > 4. Let J be either
an (i1,12)-HES of style h < L with ey(A', B") = 2 or an (i1,i2)-MES of style h < L
(with respect to (P, P’)), for some i1,is € {j+1,...,5' —1}. Then there exists an
exceptional path system of style h for G which spans the interval I and contains all
edges of J.

Proof. Let Jyi; be a good orientation of J and let Jj;, be the induced orientation of
J*. Let x129,..., 7251225 be the edges of J} 4, == J3i.[A]. Since J is an (i1, i2)-
ES of style h with e;(A’, B") < 2 it follows that s’ = e(J}) < |Vo| + 1 < 2gon and
x; € A;, p forall i <2¢'. Since |[I| >4 wehavei; +1€ {j+1,...,5/=1}ori;—1¢€
{j+1,...,7 —1}. We will only consider the case when i1 +1 € {j+1,...,5 —1}.
(The argument for the other case is similar.)

Our assumption that g <« 1/K,1/L implies that egn < m/100L (say). To-
gether with (Sch4’) this ensures that for every 1 < r < s, we can pick a ver-
tex w, € Aj 4+1,, such that zo,w, and w,xe,41 are (directed) edges in G and
such that wi,...,wy_1 are distinct from each other. We also pick a vertex wg €
Aiy+1.n \ {wr,...,we_1} such that zosws is a (directed) edge in G. Let Qo be
the path z1xowix3Tsws . .. 25— 1T25ws . Thus Qo is a directed path from A;, p, to
Aiy 41,5 in G+ J3;, which contains all edges of J} 4;,. Note that [V(Qo)NA;, x| = 25’
and |V (Qo) N Ai,+1,5] = ¢'. Moreover, V(Qo) N A; = 0 for all ¢ ¢ {i1,4 + 1} and
V(Qo) N B = 0.

Pick a vertex wg € A;  so that woz, is an edge of G. Find a path @ from wy
to Ajs 5 in G such that the vertex set of Q) consists of wy and precisely one vertex
in each A;, for alli e {j +1,...,5}\ {é1,41 + 1} and no other vertices. (Sch4’)
ensures that this can be done greedily. Define P(fdir to be the concatenation of
woz1, Qo and Qf. Note that POIL}dir is a directed path from A; j to Ay p in G+ J3;,
which contains J} 4. Moreover,

1 fOl’iE{j,...,j/}\{il,i1+l}7
25" for ¢ =1y,
|V(P(ildir) NAinl = !

s’ fori=1i; +1,

0 otherwise,

while V(P(fdir) NB = and V(P(fdir) NA;p =0 forali< K and all B # h.
(Sch4’) ensures that we can also choose 25’ —1 (directed) paths Pyly,,..., Psl ;g
in G such that the following conditions hold:

e Foralll1 <r<2s, PA

r,dir

is a path from A;j to Aj p.
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eForalll <r < ¢, P;f‘dir contains precisely one vertex in A;; for each
i€{j,...,7'} \ {i1} and no other vertices.
e Forall &' <r < 2¢, Pfdir contains precisely one vertex in A;; for each
i€ {d,...,7'}\ {i1,i1 + 1} and no other vertices.
® Bidips s Pz‘iuLdir are pairwise vertex-disjoint.

Let @ be the union of P(fdir, e P{;'—Ldir' Thus @ is a path system consisting
of 2s’ vertex-disjoint directed paths from A, to A/ ;. Moreover, V(Q) consists

of precisely 2s’ vertices in A; ), for every j < i < j' and no other vertices. Set
Al = A\ V(Q) for all i < K. Note that

m m m m
(2.8.3) |A; | = 7~ 25" > 7~ 4eon > 7~ 10egmK > (1 — \/%)f

since g < 1/K,1/L. Pick a new constant ¢’ such that ¢,69 < ¢’ <« 1. Then
Proposition (Sch3’) and (2.8.3) together imply that G[A],, A, ;] is still
[¢/,1/2]-superregular and so by Proposition we can find a perfect match-
ing in G[A],, A} ,,] for all j < i < j'. The union Q" of all these matchings
forms m/L — 2s’ vertex-disjoint directed paths P{;/’dir, cey Prﬁ/Lfl,dir‘ Note that
Pilaivs Plaivs -+ > Py 1 e r€ Pairwise vertex-disjoint and together cover precisely

the vertices in Uzzj A; . Moreover, P(fdir contains J;dir.
Similarly, we find m/L vertex-disjoint directed paths P(f”dir, Pfdir, ce,

B
Pm/Lfl,dir

from Bj to Bj j such that P(fdir contains ngdir and together the
paths cover precisely the vertices in UZ: y B;p. For each 1 < r < m/L, let P,.A
and PP be the undirected paths obtained from Prf‘dir and Pfdir
directions of all the edges.

Since J 4, € P(fdir and Jp g5, C PPy, and since Jj, is the orientation of J*

by ignoring the

induced by Jgi,, it follows that P(;‘}dir + P(fdir — JJiy + Jair consists of two vertex-
disjoint paths Py qi and Pé,dir from A, UB;p to Ay U By with V(P air) U
V(F} gi:) = Vo UV (Fgly) UV(PPy,). Let Py and Pj be the undirected paths
obtained from Fp gy and Pé’dir by ignoring the directions of all the edges. Let
EPS be the union of Py, P}, P{, .. .,PA/Lfl,PlB, .. .,PB/Lfl. Then EPS is an

exceptional path system for G, as required. To see this, note that J = EPS —
EPS[A] — EPS[B] since ej(A),e;(B) = 0 by the definition of an exceptional

system (see (EC3) in Section [2.3)). O

The next lemma uses the previous one to show that we can obtain many edge-
disjoint exceptional factors by extending exceptional systems with suitable proper-
ties.

LEMMA 2.8.3. Suppose that L, f,q,n,m/L,K/f € N, that K/f > 3, that
0<1/n<ee <1, that eg < 1/K,1/L and Lqg/m < 1. Let (G,P,P’) be a
[K,L,m,¢eq,€l-scheme with |V (G) U V| = n. Suppose that there exists a set J of
Lfq edge-disjoint exceptional systems satisfying the following conditions:

(i) Each J € J s either a Hamilton exceptional system with e;(A’, B') = 2
or a matching exceptional system.

(ii) For alli < f and all h < L, J contains precisely q (i1,i2)-ES of style h
(with respect to (P, P')) for which i1,is € {(i — VVK/f+2,...,iK/f}.
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Then there exist q edge-disjoint exceptional factors with parameters (L, f) for G
(with respect to (P, P’)) covering all edges in |JJ .

Recall that the canonical interval partition Z(f, K) of [K] into f intervals con-
sists of the intervals {(i — 1)K/f +1,...,iK/f + 1} for all i < f. So (i) ensures
that for each interval I € Z(f, K) and each h < L, the set J contains precisely
q exceptional systems of style h whose edges are only incident to vertices in Vj
and vertices belonging to clusters A;, and B;, for which both i; and iz lie in the
interior of 1. We will use Lemma [2.8.2] to extend each such exceptional system into
an exceptional path system of style h spanning I.

Proof of Lemma [2.8.3] Choose a new constant ¢’ with ¢, Lg/m < &’ < 1. Let
Ji,...,Jq be a partition of J such that for all j < ¢, h < L and i < f, the set J;
contains precisely one (i1,42)-ES of style h with 41,42 € {(i —1)K/f+2,...,iK/f}.
Thus each J; consists of Lf exceptional systems. For each j < ¢ in turn, we will
choose an exceptional factor EF; with parameters (L, f) for G (with respect to
(P,P’)) such that EF; and EF; are edge-disjoint for all j* < j and E'F}; contains
all edges of the exceptional systems in J;. Assume that for some 1 < j < ¢
we have already constructed EFy,..., EF;_1. In order to construct FF}, we will
choose the L f exceptional path systems forming EF}; one by one, such that each of
these exceptional path systems is edge-disjoint from EFy,..., EF;_; and contains
precisely one of the exceptional systems in J;. Suppose that we have already
chosen some of these exceptional path systems and that next we wish to choose
an exceptional path system of style h which spans the interval I of the canonical
interval partition Z(f, K) and contains J € J;. Let G’ be the oriented graph
obtained from G by deleting all the edges in the path systems already chosen for
EFj as well as deleting all the edges in EF}, ..., EF;_;. Recall that V(G) = AUB.
Thus A(G —G') < 2j < 3¢ by (2.8.2). Together with Proposition this implies
that (G',P,P’) is still a [K, L, m, g, €]-scheme. (Here we use that A(G — G') <
3¢ = 3Lg/m -m/L and €, Lg/m < ¢’ < 1.) So we can apply Lemma with
¢’ playing the role of € to obtain an exceptional path system of style h for G’ (and
thus for G) which spans I and contains all edges of J. This completes the proof of
the lemma. O

2.9. The Robust Decomposition Lemma

The aim of this section is to state the robust decomposition lemma (Lem-
ma [2.9.4). This is the key lemma proved in [2I] and guarantees the existence of a
‘robustly decomposable’ digraph Gg‘{‘f within a ‘setup’. For our purposes, we will
then derive an undirected version in Corollary to construct a robustly decom-
posable graph G™P. Then G*™" + H will have a Hamilton decomposition for any
sparse regular graph H which is edge-disjoint from G™P. The crucial ingredient
of a setup is a ‘universal walk’, which we introduce in the next subsection. The
(proof of the) robust decomposition lemma then uses edges guaranteed by this uni-
versal walk to ‘balance out’ edges of the graph H when constructing the Hamilton
decomposition of G*P + H.

2.9.1. Chord Sequences and Universal Walks. Let R be a digraph whose
vertices are Vi,...,V; and suppose that C' = V7 ...V} is a Hamilton cycle of R.
(Later on the vertices of R will be clusters. So we denote them by capital letters.)



2.9. THE ROBUST DECOMPOSITION LEMMA 51

A chord sequence CS(V;, V;) from V; to V; in R is an ordered sequence of edges

of the form
CS(Vi,Vj) = (Viy-1Viy, Viy—1Vig, oo, Viy—1Viy 1),
where V;, = V;, Vi, = V; and the edge Vi, _1V;,,, belongs to R for each s <.

If i = j then we consider the empty set to be a chord sequence from V; to V;.
Without loss of generality, we may assume that C'S(V;,V;) does not contain any
edges of C. (Indeed, suppose that V; _1V;_ ., is an edge of C. Then i, = i,1; and
so we can obtain a chord sequence from V; to V; with fewer edges.) For example,
if V;_1V;41 € E(R), then the edge V;_1V;4; is a chord sequence from V; to V4.

The crucial property of chord sequences is that they satisfy a ‘local balance’
condition. Suppose that C'S is obtained by concatenating several chord sequences

CS(Viw iz)vcs(vizv iS)""7CS(‘/ik—l7‘/i)

so that V;, = V;, . Then for every cluster V;, the number of edges of C'S leaving V;_;
equals the number of edges entering V;. We will not use this property explicitly,
but it underlies the proof of the robust decomposition lemma (Lemma that
we apply and appears implicitly e.g. in (U3).

A closed walk U in R is a universal walk for C with parameter ¢’ if the following
conditions hold:

(Ul) For every i < k there is a chord sequence EC'S(V;, V;41) from V; to Vi1
such that U contains all edges of all these chord sequences (counted with
multiplicities) and all remaining edges of U lie on C.

(U2) Each ECS(V;,Viy1) consists of at most v/#//2 edges.

(U3) U enters each V; exactly ¢ times and leaves each V; exactly ¢’ times.
Note that condition (Ul) means that if an edge V;V; € E(R)\ E(C) occurs in total
5 times (say) in ECS(V1,Va),..., ECS(Vy, V1) then it occurs precisely 5 times in
U. We will identify each occurrence of V;V; in ECS(V1,Va),..., ECS(Vy, Vi) with
a (different) occurrence of V;V; in U. Note that the edges of ECS(V;,Vit1) are
allowed to appear in a different order within EC'S(V;, V;4+1) and within U.

LEMMA 2.9.1. Let R be a digraph with vertices Vi,...,Vy. Suppose that C =
Vi... Vi is a Hamilton cycle of R and that V;V; 1o € E(R) for every 1 <i < k. Let
0 > 4 be an integer. Let Uy the multiset obtained from £ — 1 copies of E(C) by
adding V;Viyo € E(R) for every 1 < i < k. Then the edges in Uy can be ordered
so that the resulting sequence forms a universal walk for C with parameter ¢'.

In the remainder of this section, we will also write Uy for the universal walk

guaranteed by Lemma

Proof. Let us first show that the edges in Uy can be ordered so that the result-
ing sequence forms a closed walk in R. To see this, consider the multidigraph U
obtained from Uy by deleting one copy of E(C). Then U is (¢ — 1)-regular and
thus has a decomposition into 1-factors. We order the edges of Uy as follows: We
first traverse all cycles of the 1-factor decomposition of U which contain the cluster
V1. Next, we traverse the edge V1 V5 of C. Next we traverse all those cycles of the
1-factor decomposition which contain V5 and which have not been traversed so far.
Next we traverse the edge V2V5 of C and so on until we reach V; again.

Recall that, for each 1 <14 < k, the edge V;_1V;41 is a chord sequence from V;
to Viz1. Thus we can take ECS(V;,Viy1) := Vi_1Viy1. Then Uy satisfies (Ul)-
(U3). O
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2.9.2. Setups and the Robust Decomposition Lemma. The aim of this
subsection is to state the robust decomposition lemma (Lemma[2.9.4] proved in [21])
and derive Corollary which we shall use later on in order to prove Theo-
rem [1.3.3] The robust decomposition lemma guarantees the existence of a ‘robustly
decomposable’ digraph Gfﬁf within a ‘setup’. Roughly speaking, a setup is a di-
graph G together with its ‘reduced digraph’ R, which contains a Hamilton cycle
C and a universal walk U. In our application, we will have two setups: G[A] and
G[B] will play the role of G, and R will be the complete digraph in both cases. To
define a setup formally, we first need to define certain ‘refinements’ of partitions.

Given a digraph G and a partition P of V(G) into k clusters V1, ..., V} of equal
size, we say that a partition P’ of V is an ¢’ -refinement of P if P’ is obtained by
splitting each V; into ¢ subclusters of equal size. (So P’ consists of ¢’k clusters.)
P’ is an e-uniform f-refinement of P if it is an f-refinement of P which satisfies
the following condition: Whenever z is a vertex of G, V is a cluster in P and
ING () N V| > €|V] then |NZ(z) N V| = (1 £¢&)|NZ(x) NV|/¢ for each cluster
V' € P’ with V' C V. The inneighbourhoods of the vertices of G satisfy an
analogous condition. We need the following simple observation from [2I]. The
proof proceeds by considering a random partition to obtain a uniform refinement.

LEMMA 2.9.2. Suppose that 0 < 1/m < 1/k,e < €',d,1/¢ < 1 and that
n,k,l,m/l € N. Suppose that G is a digraph on n = km vertices and that P
is a partition of V(G) into k clusters of size m. Then there exists an e-uniform
L-refinement of P. Moreover, any e-uniform £-refinement P’ of P automatically
satisfies the following condition:

e Suppose that V., W are clusters in P and V', W' are clusters in P’ with
V' CV and W CW. If GI[V,W] is [e,d']-superregular for some d’' > d
then G[V',W'] is [¢', d']-superregular.

We will also need the following definition from [21]. (G,P,P’,R,C,U,U’) is
called an (¢, k,m, e, d)-setup if the following properties are satisfied:

(ST1) G and R are digraphs. P is a partition of V(G) into k clusters of size m.
The vertex set of R consists of these clusters.

(ST2) For every edge VW of R the corresponding pair G[V,W] is (¢,> d)-
regular.

(ST3) C'is a Hamilton cycle of R and for every edge VW of C' the corresponding
pair G[V, W] is [e, > d]-superregular.

(ST4) U is a universal walk for C with parameter ¢ and P’ is an e-uniform
¢'-refinement of P.

(ST5) Suppose that C = V; ...V, and let le, e Vf' denote the clusters in P’
which are contained in V; (for each 1 < j < k). Then U’ is a closed walk
on the clusters in P’ which is obtained from U as follows: When U visits
V; for the ath time, we let U’ visit the subcluster V* (for all 1 <a < /).

(ST6) Each edge of U’ corresponds to an [, > d]-superregular pair in G.

In [21], in a setup, the digraph G could also contain an exceptional set, but since
we are only using the definition in the case when there is no such exceptional set,
we have only stated it in this special case.

Suppose that (G,P,P’) is a [K,L,m,¢eg,e]-scheme. Recall that Aj,..., Ax
and By,..., Bk denote the clusters of P. Let Q4 := {41,...,Ax}, Op =
{B1,...,Bx} and let C4 = A;...Ax and Cg = B ... Bk be (directed) cycles.
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Suppose that ¢/,m/¢' € N with ¢/ > 4. Let Q') be an e-uniform ¢-refinement of
Q4. Let R4 be the complete digraph whose vertices are the clusters in Q4. Let
Ua ¢ be a universal walk for C4 with parameter ¢’ as defined in Lemma Let
U} ¢ be the closed walk obtained from Uy ¢ as described in (ST5). We will call

(G[A]7 QAv 147RA70A7UA7€'7 Ux/4,f')

the A-setup associated to (G, P,P’). Define Qz, Rp, Ug ¢ and UJ'B,Z, similarly. We
will call
(G[B]a QBa Q/Bv RB7 CBa UB,@H U/B,Z’)

the B-setup associated to (G,P,P’). The following lemma shows that both the
A-setup and the B-setup indeed satisfy all the conditions in the definition of a
setup.

LEMMA 2.9.3. Suppose that 1/m < 1/K,e9,e < €',1/¢' and K,L,m/L,¢,
m/l € N with ' > 4. Suppose that (G,P,P’') is a [K,L,m,eq,c]-scheme. Then
each of

(G[A],Qa, 94, Ra,Ca,Uaw, Uy ) and (G[B],Qp, g, Rp,Cp,Up e, Up 1)
is an (¢', K, m,e',1/2)-setup.

Proof. It suffices to show that (G[A], Qa, @4, Ra,Ca,Ua s, UI"M/) isan (¢, K, m,
¢’,1/2)-setup. Clearly, (ST1) holds. (Sch3’) implies that (ST2) and (ST3) hold.
Lemma @ implies (ST4). (ST5) follows from the definition of U} ,. (ST6)
follows from Lemma since Q'; is an e-uniform ¢'-refinement of Q4. O

We now state the robust decomposition lemma from [2I]. Recall that this
guarantees the existence of a ‘robustly decomposable’ digraph G%2", whose crucial
property is that H + Giﬁf has a Hamilton decomposition for any sparse regular
digraph H which is edge-disjoint from Gfﬁf.

G*P consists of digraphs C'Agix(r) (the ‘chord absorber’) and PC Aqgi.(r) (the
‘parity extended cycle switcher’) together with some special factors. GE?P is con-
structed in two steps: given a suitable set SF of special factors, the lemma first
‘constructs’ C'Aq;; (1) and then, given another suitable set SF’ of special factors, the
lemma ‘constructs’ PC' Agi(r). The reason for having two separate steps is that
in [21], it is not clear how to construct CAg;(r) after constructing SF’ (rather
than before), as the removal of SF’ from the digraph under consideration affects

its properties considerably.

LEMMA 2.9.4. Suppose that 0 < 1/m < l/k € e < 1/qg < 1/f < ri/m <
d< 1/0',1/g < 1 and that rk* < m. Let

ro :=960'g*kr, r3:=rfk/q, r°i=ri+ro+r—(¢—Drs, s :=rfk+7r°

and suppose that k/14,k/f, k/g,q/f,m/4€, fm/q,2fk/3g(g—1) € N. Suppose that
(G,P,P",R,C,U,U") is an (', k,m,e,d)-setup and C = V; ... V. Suppose that P*
is a (q/ f)-refinement of P and that SF1,...,SF,, are edge-disjoint special factors
with parameters (q/ f, f) with respect to C, P* in G. Let SF := SFy + -+ SF,,.
Then there exists a digraph C Aqgir(r) for which the following holds:

(i) CAqir(r) is an (r1 + r2)-reqular spanning subdigraph of G which is edge-

disjoint from SF.
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(ii) Suppose that SFY{,...,SF/. are special factors with parameters (1,7) with
respect to C', P in G which are edge-disjoint from each other and from
CAgix(r) +SF. Let SF' := SF{+---+SF.. Then there exists a digraph
PCAgir (1) for which the following holds:

(a) PCAqix(r) is a bre-regular spanning subdigraph of G which is edge-
disjoint from CAgy (1) + SF + SF'.

(b) Let SPS be the set consisting of all the s’ special path systems con-
tained in SF+SF' . Suppose that H is an r-reqular digraph on V(G)
which is edge-disjoint from Gfﬁf = CAgir (1) +PCAgir (1) +SF+SF'.
Then H + GE?F has a decomposition into s’ edge-disjoint Hamilton
cycles Cy,...,Cs. Moreover, C; contains one of the special path
systems from SPS, for each i < s'.

Recall from Section that we always view fictive edges in special factors as
being distinct from each other and from the edges in other graphs. So for example,
saying that CAg;(r) and SF are edge-disjoint in Lemma still allows for a
fictive edge zy in SF to occur in CAgi(r) as well (but CAg;(r) will avoid all
non-fictive edges in SF).

In the proof of Theorem [1.3.3] we will use the following ‘undirected’ consequence
of Lemma 2.9.41

COROLLARY 2.9.5. Suppose that 0 < 1/m < £9,1/K < e K 1/L < 1/f <
ri/m < 1/0;1/g < 1 and that rK* < m. Let

ry :=960'g*Kr, ry:=rK/L, 1°:=ri+ro+r—(Lf—1)rs, s :=rfK+7r°

and suppose that K/14, K/f, K/g,m/4¢',m/L,2fK/3g(g — 1) € N. Suppose that
(Gair, P, P’) is a [K, L,m, g, €]-scheme and let G’ denote the underlying undirected
graph of Gair. Suppose that EF, ..., EF,, are edge-disjoint exceptional factors with
parameters (L, f) for Gaiy (with respect to (P,P’)). Let EF := EFy + -+ EF,,.
Then there exists a graph C'A(r) for which the following holds:

(1) CA(r) is a 2(r1+r2)-regular spanning subgraph of G' which is edge-disjoint
from EF.

(ii) Suppose that EFY, ..., EF/. are exceptional factors with parameters (1,7)
for Gaiy (with respect to (P, P)) which are edge-disjoint from each other
and from CA(r) + EF. Let EF' := EF] +---+ EF's. Then there exists
a graph PCA(r) for which the following holds:

(a) PCA(r) is a 10r°-regular spanning subgraph of G' which is edge-
disjoint from CA(r) + EF + EF'.

(b) Let EPS be the set consisting of all the s’ exceptional path systems
contained in EF + EF'. Suppose that Hy is a 2r-regular graph on
A= Ufil A; and Hg 1is a 2r-reqular graph on B = Ufil B;. Suppose
that H := Ha+ Hp is edge-disjoint from G*°P := C A(r) +PCA(r) +
EF+EF'. Then H+G™P has a decomposition into s' edge-disjoint 2-
factors Hy, ..., Hy such that each H; contains one of the exceptional
path systems from EPS. Moreover, for each i < s', the following
assertions hold:

(by) If the exceptional path system contained in H; is a Hamil-
ton exceptional path system, then H; is a Hamilton cycle on

V(Gdir) uV.
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(be) If the exceptional path system contained in H; is a matching
exceptional path system, then H; is the union of a Hamilton
cycle on A’ = AU Ay and a Hamilton cycle on B’ = B U By.
In particular, if both |A’| and |B’| are even, then H; is the
union of two edge-disjoint perfect matchings on V(Gaiy) U V.

We remark that, as usual, in Corollary we write Ay and By for the excep-
tional sets of P, Vg for Ag U By, and A4, ..., Ak, B1,..., Bk for the clusters in P.
Note that the vertex set of each of EF, EF’, G™P includes V; while that of Ggjr,
CA(r), PCA(r), H does not.

Moreover, note that matching exceptional systems are only constructed if both
|A’| and |B’| are even. Indeed, we only construct matching exceptional systems in
the case when eg(A’, B’) < D. But by Proposition ii), in this case we have
that n = 0 (mod 4) and |A’| = |B’| = n/2. Therefore, Corollary 2.9.5[ii)(b) implies
that H + G*™P has a decomposition into Hamilton cycles and perfect matchings.
The proportion of Hamilton cycles (and perfect matchings) in this decomposition
is determined by £F + £F’, and does not depend on H.

Proof of Corollary Choose new constants €', d such that e € ¢/ < 1/L
and 1 /m < d < 1/0/,1/g. Consider the A-setup (Gair[A], Qa, @4, Ra,Ca,Ua s,
Ul o) associated to (Gair, P,P’). By Lemma this is an (¢, K,m,e’,1/2)-
setup and thus also an (¢, K, m, &', d)-setup.

Recall that P’ is obtained from P by partitioning each cluster A; of P into
L sets A;1,...,A; 1 of equal size and partitioning each cluster B; of P into L
sets B;1,...,B; 1 of equal size. Let Q) := {A11,...,Ax.r}. (So Q4 plays the
role of @/, in ) Let EF}, 4, be as defined in Section Recall from
there that, for each i < r3, EF;, ,;, is a special factor with parameters (L, f)
with respect to C4 = Ay... Ak, Q) in Gai[A] such that Fict(EF] , 4,) is the
union of J*[A] over all the Lf exceptional systems J contained in EF;. Thus we
can apply Lemma to (Gair[A], Qa, Q;‘,RA,CA,UAW,UA,Z,) with K, Lf, &
playing the roles of &, ¢, € in order to obtain a spanning subdigraph C'A 4 qiy(r) of
Gair[A] which satisfies Lemma [2.9.4(i). Similarly, we obtain a spanning subdigraph
CAp air(r) of Gair[B] which satisfies Lemma i) (with Ggai[B] playing the role
of G). Thus the underlying undirected graph C'A(r) of CAa qir(r) + CAp. air(7)
satisfies Corollary [2.9.5(i).

Now let EFY, ..., EF/, be exceptional factors as described in Corollaryii).
Similarly as before, for each i < r°, (EF])7 4, is a special factor with param-
eters (1,7) with respect to C4, Qa in Gair[A] such that Fict((EF])% 4,) is the
union of J*[A] over all the 7 exceptional systems J contained in EF]. Thus we
can apply Lemma (with Gair[A] playing the role of G) to obtain a spanning
subdigraph PC A gix(r) of Gaix[A] which satisfies Lemma [2.9.4(ii)(a) and (ii)(b).
Similarly, we obtain a spanning subdigraph PCAp 4iy(r) of Gai[B] which satis-
fies Lemma [2.9.4|(ii)(a) and (ii)(b) (with Gai[B] playing the role of G). Thus the
underlying undirected graph PCA(r) of PCA4 4ir (1) + PCAp air (1) satisfies Corol-
lary [2.9.5(ii) (a).

It remains to check that Corollary[2.9.5(ii)(b) holds too. Thuslet H = Ha+Hp
be as described in Corollary 2.9.5(ii)(b). Let Ha,air be an r-regular orientation of
Hy. (To see that such an orientation exists, apply Petersen’s theorem, i.e. Theo-
rem to obtain a decomposition of H4 into 2-factors and then orient each
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2-factor to obtain a (directed) 1-factor. ) Let EF ) g i= EFY g g+ +EF 4 g
and let (EF)% g = (EF)h g + - + (EF] Q)A qip-  Then Lemma [2.9.4(ii)(b)
implies that H4 qir + C A4 qir (1) —|—PC’AA,dlr( ) +5.7-'A7d1r + (5.7—"')*;,7(1ir has a decom-
position into s" edge-disjoint (directed) Hamilton cycles C] 4,...,C, 4 such that
each C] .4 contains EPS}, 4 4, for some exceptional path system EPSZ/ € EPS.
Slrmlarly7 let Hp qir be an r-regular orientation of Hp. Then Hp gir + CAp air(r) +
PCAp air(r) + EFp air + (EF') 5 a5 has a decomposition into s’ edge-disjoint (di-
rected) Hamilton cycles C] z,...,C}, p such that each C} p contains EPS}, p g,
for some exceptional path system EPS;» € EPS. By relabehng the C! A and
C} p if necessary, we may assume that C] 4 contains EPS , 4, and C; g contains
EPS! g qir- Let C; 4 and C; p be the undirected cycles obtained from C; 4 and
C’z’ p by ignoring the directions of all the edges. So C; 4 contains EPS 4 and C; g
contains EPS/ . Let H; := C; o+ C; p — EPS} + EPS;. Then Proposwlon m
(applied with el playing the role of G) implies that Hy, ..., Hy is a decomposition
of H+ G™ = H + CA(r) + PCA(r) + EF + EF' into edge-disjoint 2-factors sat-
isfying Corollary [2.9.5[(ii)(b;) and (b2). O

2.10. Proof of Theorem [1.3.3

Before we can prove Theorem we need the following two observations. Re-
call that a (K, m, ¢, €)-scheme was defined in Sectionand that a [K, L,m,eq,’]-
scheme was defined in Section 2.8.3

PROPOSITION 2.10.1. Suppose that0 < 1/m < ,60 < &/ < 1/K,1/L < 1 and
that K,L,m/L € N. Suppose that (G,P’) is a (KL,m/L,eg,c)-scheme. Suppose
that P is a (K, m,eo)-partition such that P’ is an L-refinement of P. Then there
exists an orientation Gai, of G such that (Gair, P, P’) is a [K, L, m, e, e']-scheme.

Proof. Randomly orient every edge in G to obtain an oriented graph Ggi;. (So
given any edge xy in G with probability 1/2, zy € E(Gqi;) and with probability 1/2,
yx € E(Gair).) (Schl’) and (Sch2’) follow immediately from (Schl) and (Sch2).
Note that (Sch3) imply that G[A; ;, B ;] is [1, v/€]-superregular with density at
least 1 —¢, for all 4,7 < K and j,j’ < L. Using this, (Sch3’) follows easily from the
large deviation bound in Proposition (Sch4’) follows from Proposition [1.4.4]
in a similar way. (I

PROPOSITION 2.10.2. Suppose that G is a D-reqular graph on n vertices which
is e-close to the union of two disjoint copies of Ky ja. Then D < (1/2 4 4e)n.

Proof. Let B C V(G) with |B| = |n/2] be such that e(B,V(G) \ B) < en?.
Note that B exists since G is e-close to the union of two disjoint copies of K, /5.
Let A = V(G)\ B. If D > (1/2 + 4¢)n, then Proposition [2.2.1[i) implies that
e(A, B) > en?, a contradiction. O

We can now put everything together and prove Theorem [1.3.3|in the following
steps. We choose the (localized) exceptional systems needed as an ‘input’ for Corol-
laryto construct the robustly decomposable graph G™P in Step 3. For this, we
first choose appropriate constants and a suitable vertex partition in Steps 1 and 2
respectively (in Step 1, we also find some Hamilton cycles covering ‘bad’ edges). In
Step 4, we then apply Corollary to find G™P. Similarly, we then choose the
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(localized) exceptional systems needed as an ‘input’ for the ‘approximate decom-
position lemma’ (Lemma in Step 6 (in this step, we also find some Hamilton
cycles which extend those exceptional systems which are not localized). For Step 6,
we first choose a suitable vertex partition in Step 5. In Step 7, we find an approxi-
mate decomposition using Lemma and in Step 8, we decompose the union of
the ‘leftover’ and G*P via Corollar

Proof of Theorem [1.3.3l
Step 1: Choosing the constants and a framework. Choose ng € N to be
sufficiently large compared to 1/eex. Let G and D be as in Theorem m By

Proposition [2.10.2
(2.10.1) n/2—1< D < (1/2 4 4ec)n.
Define new constants such that

0<1/ng <K eex Keg K o Ky K&l KK A, K 1/Ky <y < 1/K,
el KT LKl/f<m<]1/g<eh L <e< 1,

where K1, K5, L, f,g € N and K5 is odd. Note that we can choose the constants
such that

D*Qﬁon )\Kan )\Kzn K1 2fK1 c
400(K | LK>) (K1L)?" K3 '14fg’ 3g9(g —1)

Apply Proposition to obtain a partition A, Ay, B, By of V(G) such that
(G, A, Ay, B, By) is an (g, 4gK1 LK,)-framework with A(G[A’, B’]) < D/2 (where
A" = AU Ay and B’ := BU By). Let w; and wy be two vertices of G such that
dG[A’,B/](wl) > dg[A/7B/](w2) > dg[A/,B/](U) for all v € V(GQ) \ {w1,ws}. Note
that the partition A, Ag, B, By of V(G) and the two vertices w; and ws are fixed
throughout the proof. Moreover, in the remainder of the proof, given a graph H
on V(G), we will always write H® for H — H[A] — H[B].

Next we apply Lemma with ¢¢ and 49K, LK, playing the roles of ¢ and
K to find a spanning subgraph H} of G. Let G; := G — H}. Thus the following
properties are satisfied:

(1) G[Ap] + G|Bo] C H} and H] is a ¢on-regular spanning graph of G.

(a2) e3y (A, B') < ¢on and eg, (A’, B') is even.

(a3) The edges of H can be decomposed into |e3: (A’, B')/2] Hamilton cycles
and ¢on — 2| ey (A’, B')/2] perfect matchings. Moreover, if eq(A’, B') >
D, then this decomposition consists of |pon/2] Hamilton cycles and one
perfect matching if D is odd.

() dg,(ar,p1(w1) < (D — ¢on)/2. Furthermore, if D =n/2 — 1 then
dey(ar,p1(w2) < (D — ¢on) /2.

(as) If eq(A’, B’) < D, then A(G1[A’, B']) < e(G1[A’, B'])/2 < (D — ¢on)/2.

Let H; be the collection of Hamilton cycles and perfect matchings guaranteed by
(a3). (So Hy = UHi.) Note that

(2.10.2)

2 d)ona

(2.10.3) Dy =D — ¢on

is even (since (2.10.2) implies that D and ¢gn have the same parity) and that Gy
is Di-regular. Moreover, (G, A4, Ay, B, By) is an (g9, 49K LK>s)-framework with
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A(G1[A', B']) < D/2. Let

A B
my = ‘?1' = %, ri=ymy, 1= yima, ry =969 K11,
K
r3 = —TLI, r°i=ry+ro+r—(Lf—1)rs,
Al _ |BI
2.10.4 i=-— ="+, Dy:=D;—2(L ).
(2.10.4)  my 5K, P 1= 2(Lfrs+7r°)
Note that (FR3) implies my/L € N. Moreover,
(2.10.5) ra,r3 < 4 2my < M, r1/2 <r° < 2r.

Furthermore, by changing v, v; slightly, we may assume that r/400LK?Z,ry/400K2
€ N. This implies that ro/400K3,r3/400K3,7°/400K2 € N. Together with the
fact that D;/400K3 = (D — ¢gn)/400K3 € N by ({2.10.2), this in turn implies that

(2.10.6) D4/400K3 € N.

Step 2: Choosing a (K, L, m1,&p)-partition (P;,P;). We now prepare the
ground for the construction of the robustly decomposable graph G™P, which we
will obtain via the robust decomposition lemma (Corollary in Step 4.

Since (G1, A, Ao, B, By) is an (gg, 4g K1 LK5)-framework, it is also an (eg, K1 L)-
framework. Recall that G; is Dy-regular and D1 = D — ¢gn > (1 — 3¢p)n/2 (as
D >n/2—1). Apply Lemmawith Gy, m1/L, 3¢o, K1L, €., €, playing the
roles of G, m, i, K, €1, €2 to obtain partitions A7, ..., A% ; of Aand By,..., By
of B into sets of size my /L such that the following properties are satisfied:

(S1a) Together with Ag and By all these sets A} and B form a (K1L,m1/L,&)-

partition P; of V(G1).
(S1ib) (G1[A] + G1[B],Py) is a (K1L,m1/L, ¢, €.)-scheme.
(Sic) (GS,Py) is a (K1L,mq/L, e, e,)-exceptional scheme (where G§ := G; —
G1[A] — G2[B]).

Note that (1 —eg)n < n —|4g U By| = 2K1m; < n by (FR3). For all i < K;
and all h < L, let A;) := Al(ifl)L+h' (So this is just a relabeling of the sets
Aj}.) Define B;} similarly and let A; := Uth Aip and B; = Uth B;p. Let
Py = {4y, By, A1,...,Ak,, B1,..., Bk, } denote the corresponding (K7, mq,¢eq)-
partition of V(G). Thus (P1,P;) is a (K1, L, m1,eg)-partition of V(G), as defined
in Section [2.8.2)
Step 3: Exceptional systems for the robustly decomposable graph. In
order to be able to apply Corollary[2.9.5|to obtain the robustly decomposable graph
G™P, we first need to construct suitable exceptional systems with parameter &.
The construction of these exceptional systems depends on whether G is critical and
whether eg(A’, B') > D. First we show that in each case, for all 1 <4}, < KL,
we can always find sets J i1 of Mg, .n/(K1L)? (i4,i5)-ES with respect to Pj.
Case 1: eg(A’,B’) > D and G is not critical. Our aim is to apply Lemmam
to G with H{, m1/L, K1L, P}, €«, ¢0, Ak,1 playing the roles of Gy, m, K, P,
g, ¢, A\. First we verify that Lemma [2.7.3|i)—(iv) are satisfied. Lemma [2.7.3)i)
holds trivially. (FR2) implies that eg(A’, B') < egn®. Moreover, recall from (S;a)
that Py is a (KL, my/L,ep)-partition of V(G) and that A’ and B’ were chosen
(by Proposition such that A(G[A’, B']) < D/2. Altogether this shows that
Lemma [2.7.3(ii) holds. Lemma [2.7.3iii) follows from () and (as). To verify
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Lemma iv), note that G¢ plays the role of G° in Lemma[2.7.3|and G$[A/, B'] =
G1[A’, B']. So ege(A’, B) is even by (). Together with the fact that (G,P;) is
a (K1L,m1/L, e, e)-exceptional scheme by (Sjc), this implies Lemma iv).
By Lemma we obtain a set J of A\, . n edge-disjoint Hamilton exceptional
systems J in G such that e;(A’, B") = 2 for each J € J and such that for all
1 < df,ih, < KL the set J contains precisely Ay, n/(K1L)? (i}, i%)-HES with
respect to the partition Pj. For all 1 <iy,i5 < K1L, let Jj; 5, be the set of these
Ak, pn/(K1L)? (if,i5)-HES in J. So J is the union of all the sets Ji ;. (Note
that the set J here is a subset of the set J in Lemma i.e. we do not use all
the Hamilton exceptional systems constructed by Lemma[2.7.3] So we do not need
the full strength of Lemma at this point.)
Case 2: eg(A’,B’) > D and G is critical. Recall from Lemma [2.7.1fii) that in
this case we have D = (n—1)/2 or D = n/2 — 1. Our aim is to apply Lemma[2.7.4]
to G with Hi, m1/L, K1L, Pj, €, ¢0, Ak, 1 playing the roles of Gy, m, K, P, €, ¢,
A. Similar arguments as in Case 1 show that Lemma [2.7.4[i)—(iv) hold. Recall that
wy and wy are (fixed) vertices in V/(G) such that dgpar py(w1) > dapar, gy (w2) >
dgar,p(v) for all v € V(G) \ {wi,w2}. Since GI[A",B'] = Gi[A’, B'], (ou)
implies that dgsfar p(w1) < (D — ¢on)/2. Moreover, if D = n/2 — 1, then
daoiar,py(w2) < (D — ¢on)/2. Let W be the set of vertices w € V(G) such
that dgpar,p(w) > 11D/40, as defined in Lemma If D= (n—1)/2, then
|W| = 1 by Lemma [2.7.1[ii). This means that wy ¢ W and so dg<1>[A/)B/](wg) <
dgiar,p(w2) < 11D/40. Thus in both cases we have that

(2.10.7) de[A/,B’] (w1)>dG<f[A’,B’} (wg) S (D - q/)on)/Q.

Therefore, Lemma [2.7.4(v) holds.

By Lemma we obtain a set J of Ak, rn edge-disjoint Hamilton excep-

tional systems J in G§ such that, for all 1 < ¢{,i, < K;L, the set J contains
precisely Ak, n/(K1L)? (i}, i5)-HES with respect to the partition P;. Moreover,
each J € J satisfies e;(A’, B') = 2 and d 4/ p(w) = 1 for all w € {wy, w2} with
darar,p(w) > 11D/40. For all 1 < 44,i5 < KL, let Jy i be the set of these
Ak, zn/(K1L)? (if,1)-HES. So J is the union of all the sets Jy i,. (So similarly
as in Case 1, we do not use all the Hamilton exceptional systems constructed by
Lemma at this point.)
Case 3: eq(A',B’) < D. Recall from Proposition [2.2.1](ii) that in this case we
have D = n/2 —1, n = 0 (mod 4) and |A'| = |B’| = n/2. Our aim is to apply
Lemma [2.7.5 to G with H/, m1/L, K1L, P{, €x, ¢o, Ak, playing the roles of Gy,
m, K, P, €, ¢, A. Similar arguments as in Case 1 show that Lemma [2.7.5(i)~(iv)
hold. Since G§[A’, B') = G1[A’, B'] and D = n/2 — 1, Lemma 2.7.5|v) follows from
(as).

By Lemma G can be decomposed into a set J' of D;/2 edge-disjoint
exceptional systems such that each of these exceptional systems J is either a Hamil-
ton exceptional system with e;(A’, B') = 2 or a matching exceptional system. (So
J' plays the role of the set 7 in Lemma ) Lemmal[2.7.5(b) guarantees that we
can choose a subset J of J’ such that J consists of Ag, ;n edge-disjoint exceptional
systems J in G§ such that for all 1 < ¢},4, < K;L the set J contains precisely
i, on/(K1L)? (if,45)-ES with respect to the partition P;. For all 1 < i}, < KL,
let Ji: i be the set of these A, ,n/(K1L)? (i},i5)-ES. So J is the union of all the
sets Jir ir,- (Note that to construct the robustly decomposable graph we will only
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use the exceptional systems in J. However, in order to prove condition (85) below,
we will also use the fact that G has a decomposition into edge-disjoint exceptional
systems.)

Thus in each of the three cases, J is the union of all the sets Ji ;», where for
all 1 < i},45 < KyL, the set J consists of precisely A, zn/(K1L)? (i},i%)-ES with
respect to the partition P;. Moreover, all the Ak, . n exceptional systems in J are
edge-disjoint.

Our next aim is to choose two disjoint subsets Jca and Jpca of J with the
following properties:

(a) In total Joa contains Ljfrs exceptional systems. For each ¢ < f and each
h < L, Joa contains precisely r3 (i1,42)-ES of style h (with respect to
the (K1, L, my,eo)-partition (Py,P;)) such that 1,30 € {(i — 1)K1/f +
2. iK1 /f}.

(b) In total Jpca contains 7r° exceptional systems. For each i < 7, Jpca
contains precisely r° (i1,i2)-ES (with respect to the partition P;) with
inyiz € {(i — VK JT+2,... ik /T}.

(c¢) Each exceptional system J € JoaUJpca is either a Hamilton exceptional
system with e;(A’, B') = 2 or a matching exceptional system.

(Recall that we defined in Section 2.8.3| when an (i1, 4)-ES has style h with respect
to a (K1, L, mq,eo)-partition (P1,P]).) To see that it is possible to choose Jca
and Jpca, split J into two sets J; and J5 such that both J; and J5 contain
at least A\g,pn/3(K1L)? (i),i%)-ES with respect to P}, for all 1 < i}, < KiL.
Note that, for each i < f, there are (Ki/f — 1)? choices of pairs (i,is) with
i1,i2 € {(t—1)K1/f+2,...,iK1/f}. Moreover, for each such pair (i1,i2) and each
h < L there is precisely one pair (},i,) with 1 < 4},i, < K;L and such that any
(¢, 45)-ES with respect to Pj is an (i1, 42)-ES of style h with respect to (P, P]).
Together with the fact that v < Ak,r,1/L,1/f and

(K1 /f = D* Ao yn _ _
—_— > = — =173,
3(K.L)? L L L

this implies that we can choose a set Joa C J1 satisfying (a).

Similarly, for each i < 7, there are (K;/7 — 1)? choices of pairs (iq,42) with
i1,i2 € {(i — 1)Ky /7 +2,...,iK1/7}. Moreover, for each such pair (i1,i2) there
are L? distinct pairs (i},i5) with 1 < 4}, < K;L and such that any (i},i5)-ES
with respect to P; is an (i1, i2)-ES with respect to P;. Together with the fact that
71 < Ak, and

Kq/7—1)2L2)\ @-10.5)
s 3(K) L)? IR > > 2mmy=2r > 0,
1

this implies that we can choose a set Jpca C Jo satisfying (b). Our choice of
J 2 Joa U Jpca guarantees that (¢) holds too. Let

(2.10.8) TP := Joa UTpca, O°° := (Lfrs+7r°)/n and G := GT—U(]rOb.

(In Step 5 below we will define a graph G4 which will satisfy G§ = G4 — G4[4] —
G4[B]. So this will fit with our definition of the operator ©.) Note that
(2.10.9)
7r¢ (2.10.5) 0.
ob 5 7 BB 3ym g g, BED gy
1

= n = n n K

'yKlml T‘K1

>
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Moreover, we claim that | J J™P is a subgraph of G$ C G satisfying the following
properties:

(B1) dygeov(v) = 2(Lfrs 4 Tr°) = 2¢5"n for each v € Vj.

(B2) ey gron (A, B') < 24°Pn is even.

(B3) J™P contains exactly ¢5°’n exceptional systems, of which precisely
ey gror(A’, B')/2 are Hamilton exceptional systems. If eq(A’,B") > D,
then J™P consists entirely of Hamilton exceptional systems. If 7™ con-
tains a matching exceptional system, then |A’| = |B’| = n/2 is even.

(Bs) If eq(A',B') > D and G is critical, then d|j gronar prj(w) = ¢i°°n for
all w € {U}l,wg} with dG[A’,B’] (’LU) > 11D/40 MOI‘GOV@I‘, dGZ[A’,B’] (wl),
dasiar,p(w2) < (D — (o + 265°°)n) /2.

(Bs) If eg(A’, B’) < D, then A(GS[A", B']) < e(G3[A',B’])/2 < Dy/2 = (D —
(¢ +2¢5°")n) /2.

rob

To verify the above, note that J*°P consists of precisely ¢5°Pn exceptional systems .J
(each of which is an exceptional cover). So (1) follows from (EC2). Moreover, each
such J is either a Hamilton exceptional system with e;(A’, B’) = 2 or a matching
exceptional system (with e;(A’, B') = 0 by (MES)), which implies (f82) and the first
part of (83). If e¢(A’, B') > D, then we are in Case 1 or 2 and so the second part of
(B3) follows from our construction of J O J™P. The first part of (34) follows from
our construction of 7 2 J%P in Case 2. Since 11D/40 < (D — (¢o +2¢5°P)n) /2, we
can combine the first part of (4) with to obtain the ‘moreover part’ of (84).
Thus it remains to verify (85). So suppose that eq(A’, B’) < D. Recall from Case 3
that G$ has a decomposition into a set J’ of D1 /2 edge-disjoint exceptional systems
J, each of which is either a Hamilton exceptional system with e;(A’, B") = 2 or
a matching exceptional system. This means that J[A’, B] is either empty or a
matching of size 2. Note that G§[A’, B| is precisely the union of J[A’, B'] over all
those D1/2 — ¢i°Pn = D, /2 exceptional systems J € J'\ J*P. So (B5) holds.

Step 4: Finding the robustly decomposable graph. Let Gy := G;1[4] +
G1[B]. Recall from (S1b) that (Ga,P;) is a (K1L,m1/L,ep,ex)-scheme. Apply
Proposition with Ga, Py, Pi, K1, m1, €4, €, playing the roles of G, P, P/,
K, m, €, ¢ to obtain an orientation Gy qir of G2 such that (G2.qir,P1,Pq) is a
[K1, L,mq,¢0,€,]-scheme.

Our next aim is to use Lemma|2.8.3|in order to extend the exceptional systems
in Jca into rg edge-disjoint exceptional factors with parameters (L, f) for Ga gir
(with respect to (P1,P;)). For this, note that (a) and (c) guarantee that Jcoa
satisfies Lemma [2.8.3|(i),(ii) with r3 playing the role of q. Moreover, Lrs/m; =
rKi/mi = vK; < 1. Thus we can indeed apply Lemma to (G2,qirs P1,P1)
with Joa, ma, €., K1, r3 playing the roles of J, m, ¢, K, q in order to obtain r3
edge-disjoint exceptional factors EFy,..., EF,, with parameters (L, f) for G gir
(with respect to (P1,P;)) such that together these exceptional factors cover all
edges in |JJca. Let EFcp := EFy + -+ + EF,,. Since Gy = G1[A] + G1[B], we
have (EFca)® = Joa. Moreover, each exceptional path system in EFca contains
a unique exceptional system in Jca (in particular, their numbers are equal).

Note that my/4g, m1/L € Nsince my = |A|/K; and |A| is divisible by 49K L as
(G, A, Ao, B, By) is an (g9, 49K LK5)-framework. Furthermore, rK? = ym; K7 <
¥2m; < my. Thus we can apply Corollaryto the [K1, L, mq, €9, €"]-scheme
(G2.air, P1,Py) with K3, ma, €/, g playing the roles of K, m, ¢, £’ to obtain a

* 9
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spanning subgraph CA(r) of Ga as described there. (Note that Gy equals the
graph G’ defined in Corollary ) In particular, C A(r) is 2(r1 + r2)-regular and
edge-disjoint from EFca.

Let G5 be the graph obtained from Gg by deleting all the edges of CA(r) +
EFca. Thus G is obtained from Ga by deleting at most 2(r; + 73 + r3) < 611 =
6v1m1 edges at every vertex in A U B. Let Gsqir be the orientation of G3 in
which every edge is oriented in the same way as in Go giy. Since (G2 air, P1,P7) is
a [Ky,L,mq,eqg, €,]-scheme, Proposition and the fact that €?/,v; < & imply
that (Gs.air, P1,P1) is a [K1,1,m1, €0, €]-scheme. Moreover,

r® 2

— < — =27 K1

my my
Together with (b) and (c) this ensures that we can apply Lemma[2.8.3]to (G air, P1,
Py) with Tpca, m1, K1, 1, 7, r° playing the roles of 7, m, K, L, f, ¢ in order to
obtain r° edge-disjoint exceptional factors EF], ..., EF/, with parameters (1, 7) for
G3 qir (With respect to (Py,P1)) such that together these exceptional factors cover
all edges in |J Jpca. Let EFpca := EF{ + -+ EF/,. Since G3 C G1[A] + G1[B]
we have (EFpca)® = J Jpca. Moreover, each exceptional path system in £Fpca
contains a unique exceptional system in Jpca.-

Apply Corollaryto obtain a spanning subgraph PC A(r) of G as described
there. In particular, PC A(r) is 10r°-regular and edge-disjoint from C A(r)+EFca+
EFpca.

Let G*P := CA(r) + PCA(r) + EFca + EFpca. Note that by all the
vertices in Vg := Ag U By have the same degree ri°® := 2(Lfrs + 7r°) = 2¢,°’n in
G™P. So

2.10.5 2.10.5
(2.10.10) 7 reeP 30
Moreover, also implies that all the vertices in A U B have the same degree
7P in G*°P, where r™°P 1= 2(rq +12) + 10r° + 213 +2r° = 2(r1 + 12 +r3 + 67°). So

7“6°b — b = 2(Lfrs+7r°—(r1+ro+73)=2(Lfrs+r— (Lf —Drz —r3) =2r.

Note that (G™P)° = |J(Jca U Jpca) = U T™P. Recall that the number of Hamil-
ton exceptional path systems in £Fca equals the number of Hamilton exceptional
systems in Jca, and that the analogue holds for EFpca. Hence, (81), (82) and
(B3) imply the follow statements:

(B1) dgrov(v) = 1P = 2¢5°Pn for all v € V.

(Bh) eqron(A’, B') = e gron(A’, B') < 1P = 2¢¢°°n is even.

(BL) EFca + EFpca contains exactly ¢i°Pn exceptional path systems (and
each such path system contains a unique exceptional system in J*°P,
where |J™P| = ¢f°Pn). Precisely e zwon(A’, B')/2 of these are Hamil-
ton exceptional path systems. If eq(A’, B’) > D, then every exceptional
path system in EFca + EFpca is a Hamilton exceptional path system.
If EFca + EFpca contains a matching exceptional path system, then
|A’| = |B'| =n/2 is even.

1.

Step 5: Choosing a (K3, ms,cp)-partition P;. We now prepare the ground
for the approximate decomposition step (i.e. to apply Lemma [2.5.4). For this, we
need to work with a finer partition of AU B than the previous one (this will ensure
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that the leftover from the approximate decomposition step is sufficiently sparse
compared to G*°P).
So let G4 := G — G™" (where G was defined in Step 1) and note that

(2.10.11) Da Dy — 11 = Dy — 7o 9.
So
(2.10.12)

dg,(v) =Dy +2r forallve AUB and dg,(v) = Dy for all v € V.
Hence

@10.9) rob  ([21023) ‘o ‘o
5(Ga) > Dy BED b, — 2gbn BED b (4 4 265%)n > (1 — 665°)n/2

as ¢i°P > 2¢ by (2.10.9). Moreover, note that

205°Pn = ri°® T < 30r; = 30ymy < 30yn/ K,

SO ¢60b < 5/2. Since (G,A, Ao, B, Bo) is an (50,4gK1LK2)—framework, (G4, A,AQ,
B, By) is an (g9, K»)-framework. Now apply Lemma/|2.4.2|to (G4, A, Ao, B, By) with
Ky, ma, €], b, 6¢6°b playing the roles of K, m, €1, €2, 4 in order to obtain partitions
Ai,..., Ak, and By, ..., Bk, of A and B satisfying the following conditions:

(Sea) The vertex partition Py := {Ao, Bo, 41,... Ak,,B1,..., Bk, } is a (Ka,

ma, £)-partition of V(G).

(S2b) (G4[A] + G4[B], P2) is a (K2, ma, €9, £ )-scheme.

(S2c) (GS,P2) is a (Ka, ma, 0, €] )-exceptional scheme.
(Recall that G§ := G$ — [JJ™P was defined towards the end of Step 3. Since
Gy = G1 — G™P we have (G4)° = G$ — (G™P)° = G$ — |J TP, so (G4)° is indeed
the same as G§.) Moreover, by Lemma iv) we have
(2.10.13)
de, (v, A;) = (dg, (v, A) £ ggn) /Ky and de, (v, B;) = (dg, (v, B) £ egn) /K>

for all v € V(G) and 1 < i < K. (Note that the previous partition of A and B
plays no role in the subsequent argument, so denoting the clusters in Py by A; and
B; again will cause no notational conflicts.)

Since (G4, A, Ag, B, By) is an (&g, Ks)-framework, (FR3) and (FR4) together
imply that each v € A satisfies dg, (v, Ag) < |Vo| < ggn and dg, (v, B') < ggn. So
dg, (v, A) = dg,(v) £ 2egn. Therefore, for all v € A and all 1 <4 < K5 we have

(2.10.14)

dg,(v,A) £egn  dg,(v) £3eon  dg, (v) £ TegKama
dG4 (’Ua A’L) — - = .

K2 K2 K2
The analogue holds for dg, (v, B;) (where v € B and 1 < i < K»).

Step 6: Exceptional systems for the approximate decomposition. In order
to apply Lemma we first need to construct suitable exceptional systems. We
will show that G§ can be decomposed completely into D4/2 exceptional systems
with parameter €y. Moreover, these exceptional systems can be partitioned into
sets Jy and J/ ;, (one set for each pair 1 < iy,4i2 < K3) such that the following
conditions hold, where 7" denotes the union of ill,z‘z over all 1 < iy,19 < Ka:

(m1) Each J/ ;, consists of precisely (Dy — 2Ag,n)/2K3 (i1,i2)-ES with pa-

rameter €9 with respect to the partition Ps.
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(v2) J{ contains precisely Ax,n exceptional systems with parameter .

(v3) If eq(A’, B") > D, then all exceptional systems in Jj U J” are Hamilton
exceptional systems.

(va) Ifeq(A’, B') < D, then each exceptional system J € JjUJ" is a Hamilton
exceptional system with e;(A’, B’) = 2 or a matching exceptional system.
In particular, Jj contains precisely ey 7/(A’, B')/2 Hamilton exceptional
systems and J" contains precisely e 7 (A’, B) /2 Hamilton exceptional
systems.

As in Step 3, the construction of Jj and the J/ ; will depend on whether G is

critical and whether eg(A’, B') > D. Recall that G4 = G; — G*™P and note that

D — ¢07L — 2¢5°bn _ D4
400K2 ~ 400K2

(2.10.15)

by (E109)
Case 1: eq(A',B’) > D and G is not critical. Our aim is to apply Lemma[2.7.3]
to G with G — Gy, ma, Ko, Pa, €}, o + 2¢0°°, Ak, playing the roles of Gg, m, K,
P, e, ¢, A. (So G§ will play the role of G°.) First we verify that the conditions
in Lemma [2.7.3(i)~(iv) are satisfied. Clearly, Lemma [2.7.3(i) and (ii) hold. Note
that G — Gy = H} + G™P, so (1), (a2), (B}) and (3,) imply Lemma [2.7.3(iii).
By (az) and (83), egs(A’, B') is even. Together with the fact (Spr) that (G§,Ps)
is a (K, ma,¢e0,c})-exceptional scheme, this shows that Lemma [2.7.3{iv) holds.
Together with this ensures that we can indeed apply Lemma to
obtain a set of (D — (¢g + 2¢°°)n)/2 = D, /2 edge-disjoint Hamilton exceptional
systems with parameter g9 in G4. Moreover, these Hamilton exceptional systems
can be partitioned into sets Jj and ilw'z (for all 1 < iy,i9 < K3) such that (v1)-
(73) hold.

Case 2: eg(A’,B’) > D and G is critical. Our aim is to apply Lemmam
to G with G — Gy, ma, Ka, P2, €}, ¢o + 265°°, Ak, playing the roles of Gg, m,
K, P, e, ¢, A. (So as before, G will play the role of G°.) Similar arguments
as in Case 1 show that Lemma i)-(iv) hold. (B4) implies Lemma [2.7.4[v).
Together with this ensures that we can indeed apply Lemma [2.7.4] to
obtain a set of Dy/2 edge-disjoint Hamilton exceptional systems with parameter g
in G4. Moreover, these Hamilton exceptional systems can be partitioned into sets
Jo and J, ;, (for 1 <y, iy < Kj) such that (y1)—(v3) hold.

Case 3: eq(A',B’) < D. Recall from Proposition [2.2.1](ii) that in this case we
have D = n/2 — 1, n = 0 (mod 4) and |A’| = |B’| = n/2. Our aim is to apply
Lemma to G with G — Gy, ma, Ko, Pa, €1, ¢ +2¢*°P, Ak, playing the roles of
Go, m, K, P, e, ¢, \. (So as before, G§ will play the role of G°.) Similar arguments
as in Case 1 show that Lemma [2.7.5(i)~(iv) hold. (8s) implies Lemma [2.7.4v).
Together with this ensures that we can indeed apply LemmaM to
obtain a set of D4/2 edge-disjoint exceptional systems in G4. Moreover, these
exceptional systems can be partitioned into sets Jj and Z-’M-z (for all 1 <iy,is <
K5) such that (71), (72) and (v4) hold. (In particular, (v4) implies that each
exceptional system in these sets has parameter &g.)

eN

Therefore, in each of the three cases we have constructed sets Jj and 7} ;, (for
all 1 <iy,is < K») satisfying (v1)—(74)-

We now find Hamilton cycles and perfect matchings covering the ‘non-localized’
exceptional systems (i.e. the ones in Jj). Let G = G4 — G§. So G is obtained
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from G4 by keeping all edges inside A as well as all edges inside B, and delet-
ing all other edges. Note that (G}, A, Ao, B, By) is an (gg, K2)-framework since
(G4, A, Ay, B, By) is an (g9, K2)-framework. Apply Lemmato (G4, A, Ay, B,
By) with K, Ak,, J§ playing the roles of K, A, {J1,...,xn}. (Recall from (Sab)
that (G4[A] + G4[B], P2) is a (K2, ma,eq,c5)-scheme, so §(G4[A]) = 6(G4[4]) >
4]A|/5 and §(G[B]) = §(G4[B]) > 4|B|/5 by (Sch3).) We obtain edge-disjoint
subgraphs Hi,..., H gy of G} +JJg such that, writing Ho := {Hi,..., H gz},
the following conditions hold:
(61) For each Hs € Ho there is some J; € J such that J; C H.
(62) If Jg is a Hamilton exceptional system, then Hy is a Hamilton cycle on
V(G). If J, is a matching exceptional system, then Hy is the edge-disjoint
union of two perfect matchings on V(G).
(63) Let Hy = Hi+---+ Hg. If eg(A’, B') < D, then H, contains precisely
ey, (A’, B')/2 Hamilton cycles on V(G).
Indeed, (6;) follows from Lemma [2.6.2)i). (d2) follows from Lemma [2.6.2(ii), (iii).
(For the second part, note that (v3) and (y4) imply that Jj contains matching
exceptional systems only in the case when eg(A’,B’) < D. But in this case,
Proposition 2.2.1fii) implies that n = 0 (mod 4) and |A'| = |B'| = n/2, ie. |4/
and |B'| are even.) For (J3), note that G has no A’ B’-edges and so ey 7, (A’, B') =
ey, (A’, B'). Together with (d2) and (v4), this now implies (d3).
Recall that " is the union of Ji'hi? over all 1 <iy,is < Ky. Let G5 := G4—H)
and D5 := Dy — 2|Ha| = Dy — 2Ag,n. So implies that
(2.10.16)
dg,(v) = Ds +2r forallve AUB and dg, (v) = D5 for all v € V.

Note that

(2.10.17) =G5 - Gs5[A] - Gs[B] = G5 - My = G5 - |75 = 7"
Since dj(v) =2 for all v € V; and all J € J”, it follows that
(2.10.18) Ds = 2|7"].

Moreover, since (G4[A]+ G4[B], P2) is a (K2, ma, €g, £5)-scheme and e, 4+ 2\g, < ¢,
Proposition implies that (G5[A] + G5[B], P2) is a (K2, ma, €9, €)-scheme.
Step 7: Approximate Hamilton cycle decomposition. Our next aim is to
apply Lemma to obtain an approximate decomposition of Gs. Let

o= (15 — 2r) /(4Kymy) and p:=/(4Ky).

We will apply the lemma with G5, Pa, K, ma, J”, € playing the roles of G, P, K,
m, J, €. Clearly, conditions (c¢) and (d) of Lemma hold.
In order to see that condition (a) is satisfied, recall that mi K; = |A| = maKo.
So
T2 30r, 30y
R " _

- 4K2m2 - - 4K2m2 B 4K1
Therefore, every vertex v € AU B satisfies

(v) Dy +2r B p peob 9, BLI

L.10.3) (1/2 + deex)n — gon — 4AKzmap

(2.10.19) = (1 —4p=+3¢y) Kamy,

0 <1

dG’4 4K2m2u
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where in the last equality we recall that (1 —eg)n/2 < |A| = Komg < n/2 and
€0, Eex K ¢o. Recall that G5 = G4 — H), and note that

AHY) = 2[Ha| = 2X g, < 5, Kamo.
Altogether this implies that for each v € A and for all 1 <i < Ky we have

dG5 (1), Az) = dG4 ('U, Az) — deIQ (’U7 Az) = dG4 (’U, Az) :l: 5)\K2K2m2

(2.10.14)
(dG4 (’U) + 750K2m2)/K2 + 5)\K2K2m2

2.10.19
B (1 4y £ B3¢0 + Teo + BAr, Ka)) mo.
Since ¢, €0, Ak, <K 1/Ka, it follows that dg, (v, 4;) = (1—4p+4/K3)ms. Similarly
one can show that dg, (w, B;) = (1—4u+4/Ks)ms for all w € B. So Lemma/|2.5.4{a)
holds.
To check condition (b), note that r = v|A|/K; > yn/3K;. So
g Ds _ Ds D —rie® B n gt

1!
= 2 oenn —
771 2 =9 2 S g e T

1
% + 280xn — 2Komopu — 1 < <4 +2ex — (1 —e0)pt — 7) n

3K,
1 ol 1
4 H 4K, " 4 p=pn

Thus Lemma [2.5.4(b) holds.
So we can indeed apply Lemma to obtain a collection Hs of |J"| edge-

disjoint spanning subgraphs Hj,..., H " 77 of G5 which satisfy the following prop-
erties:
(e1) For each H, € Hjs there is some J, € J" such that J, C H..
(e2) If J. is a Hamilton exceptional system then H! is a Hamilton cycle on
V(G). If J. is a matching exceptional system then H/ is the edge-disjoint
union of two perfect matchings on V(G).
(e3) Let Hy:= Hi+---+H|;,. If eq(A’, B') < D, then H3 contains precisely
ey, (A’, B')/2 Hamilton cycles on V(G).
For (£3), note that implies G§ = |J J” and thus we have ey 7/ (A, B') =
ey, (A’, B'). Together with (e2) and (74), this now implies (e3).

IN

Step 8: Decomposing the leftover and the robustly decomposable graph.
Finally, we can apply the ‘robust decomposition property’ of G*P guaranteed by
Corollary to obtain a decomposition of the leftover from the previous step
together with G™P into Hamilton cycles (and perfect matchings if applicable).

To achieve this, let H' := G5 — H5. Thus (2.10.16) and (2.10.18)) imply that
every vertex in Vj is isolated in H' while every vertex v € AUB has degree dg, (v) —
2|J"| = D5 +2r —2|J"| = 2r in H' (the last equality follows from (2.10.18)).
Moreover, (H')° contains no edges. (This holds since |JJ” C Hj and so H' C
Gs —UJ" = G5 — Gg by (2.10.17).) Now let Hy := H'[A], Hp := H'[B], H :=
H, + Hp. Note that H is the 2r-regular subgraph of H’ obtained by removing all
the vertices in V. Let

si=rfKy+Tr° Lfrs+ mr° oPn.




2.10. PROOF OF THEOREM [[33] 67

Recall from (/35) that each of the s’ exceptional path systems in EFca + EFpca
contains a unique exceptional system and J™P is the set of all these s’ excep-
tional systems. Thus Corollary (ii)(b) implies that H + G™P has a decompo-
sition into edge-disjoint spanning subgraphs HY',..., HY, such that, writing H4 :=
{H{,...,H.}, we have:
(¢1) For each H” € H, there is some exceptional system J? € J*P such that
J! C H.
(o) If J” is a Hamilton exceptional system then H! is a Hamilton cycle on
V(G). If J/ is a matching exceptional system then H/ is the edge-disjoint
union of two perfect matchings on V(G).
(C3) Let Hy := HY +---+ H[. Then H4 contains precisely eqy (A’, B')/2
Hamilton cycles on V(G).
Indeed, (¢1) and (¢2) follow from Corollary (ii)(b) (recall that if J™°P contains
a matching exceptional system, then |A’'| = |B’| = n/2 is even by (3%)). For ((3),
note that ey (A, B') = egron (A, B') = ey grv (A, B') by (B3). Now ((3) follows
from (%) and ({2).

Note that Hi UHoUH3UH,4 corresponds to a decomposition of G into Hamilton
cycles and perfect matchings. It remains to show that the proportion of Hamilton
cycles in this decomposition is as desired.

First suppose that eq(A’, B') > D. By («as), H; consists of Hamilton cycles and
one perfect matching if D is odd. By (v3), (62) and (e2), both Hs and Hj3 consist
of Hamilton cycles. By (8%) and (¢2) this also holds for H4. So Hi UHa UHs U H,
consists of Hamilton cycles and one perfect matching if D is odd.

Next suppose that eqg(A’,B’) < D. Then by (as), (d3), (¢3) and ((3) the
numbers of Hamilton cycles in H1, Ha, Hz and Hy are precisely |ey: (A, B')/2],
67.[/2 (A/, B/)/Q, eHé (A/, B/)/Q and €H/4 (A/, B/)/Q Hence, Hl UHQ UH3 UH4 contains
precisely

2 2 2
edge-disjoint Hamilton cycles, where F' is the size of the minimum cut in G. Since
clearly G' cannot have more than |F/2| edge-disjoint Hamilton cycles, it follows

that we have equality in the final step, as required. (I

FH;uH;ququ(A'»B')J _ {eG(A’,B')J S {FJ






CHAPTER 3

Exceptional systems for the two cliques case

In this chapter we prove all the results that were stated in Section Recall
that the exceptional edges are all those edges incident to Ag and By as well as all
those edges joining A’ to B’. The results stated in Section generated a decom-
position of these exceptional edges into exceptional systems: Each such exceptional
system was then extended into a Hamilton cycle. (Recall that actually, the excep-
tional systems may contain some non-exceptional edges as well.) This is the most
difficult part of the construction of the Hamilton cycle decomposition and so forms
the heart of the argument for the two clique case.

Let G be a D-regular graph and let A’, B’ be a partition of V(G). Recall that
we say that G is critical (with respect to A’, B’ and D) if both of the following
hold:

e A(G[A',B’]) > 11D/40;
e ¢(H) < 41D/40 for all subgraphs H of G[A’, B'] with A(H) < 11D /40.

Recall that Lemmas [2.7.3H2.7.5] guarantee our desired decomposition of the
exceptional edges into exceptional systems. Lemma [2.7.3]| covers the non-critical
case when G[A’, B'] contains many edges, Lemma covers the critical case when
G[A’, B'] contains many edges and Lemma les the case when G[A', B']
contains only a few edges.

3.1. Proof of Lemma [2.7.1]

The following lemma (which collects some basic properties of critical graphs)
immediately implies Lemma [2.7.1

LEMMA 3.1.1. Suppose that 0 < 1/n < 1 and that D,n € N are such that

n/2—1 ifn=0 (mod4),

J(r-1)/2 ifn=1 (mod4),

(3.1.1) D>n-2[n/4]-1= n/2 ifn=2 (mod 4)
( )

(n+1)/2 ifn=3 (mod4).

)

Let G be a D-regular graph on n vertices and let A', B’ be a partition of V(G) with
|A'|,|B’| > D/2 and A(G[A’,B']) < D/2. Suppose that G is critical. Let W be
the set of vertices w € V(G) such that dgar,prj(w) > 11D/40. Then the following
properties are satisfied:
i) 1< |W|<3.
(ii) Fither D = (n—1)/2 and n =1 (mod 4), or D =n/2 -1 and n = 0
(mod 4). Furthermore, if n =1 (mod 4), then |W| = 1.
(iii) eqg(A’,B’) <17D/10+5 < n.

69
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(iv)
3D/4+5  if [W|=1,
ec_w(A',B)<{19D/40+5 if |[W| =2,
D/5+5 if [W| = 3.

(v) There exists a set W' of vertices such that W C W', |[W'| < 3 and for all
w' € W and v € V(G) \ W we have

21D 11D D
dG[A’,B/] (w/) Z 80 ) dG[A',B/] ('U) S 40 and dG[A/’B/](’U)/) — dG[A’,B’} (’U) >

Proof. Let wq,...,ws be vertices of G such that
darar,pr(wi) > -+ > dgar,p(wa) > dgpar, p(v)

forallv € V(G)\{w1,...,ws}. Let Wy := {wy,...,ws}. Suppose that dgas,pj(ws
> 21D/80. Let H be a spanning subgraph of G[A’, B’] such that dgy(w;) =
[21D/80] for all i < 4 and such that every vertex v € V(G) \ Wy satisfies Ny (v) C
Wy. Thus A(H) = [21D/80] and so e(H) < 41D /40 since G is critical. On the
other hand, e(H) > 4-[21D/80] — 4, a contradiction. (Here we subtract four to
account for the edges of H' between vertices in W.) Hence, dgpar, prj(ws) < 21D /80
and so |W| < 3. But [W] > 1 since G is critical. So (i) holds.

Let j be minimal such that dgpa p(w;) < 21D/80. So 1 < j < 4. Choose
an index 4 with 1 < i < j such that W C {wy,...,w;} and dgpa p(ws) —
dgiar, g (wiy1) > D/240. Then the set W' := {wy, ..., w;} satisfies (v).

Let H' be a spanning subgraph of G[A’, B] such that G[A’\ W, B\ W] C H’
and dg/ (w) = [11D/40] for all w € W. Similarly as before, e(H’) < 41D /40 since
G is critical. Thus

41D/40 > e(H') > e(H' — W) + [11D/40||W| — 2

=eq-w(A',B')+ [11D/40]|W| — 2.
This in turn implies that
(3.1.2) ec_w(A', B') < (41 — 11|W|)D/40 + 5.
Together with (i) this implies (iv). If D > n/2, then by Proposition we
have eq_w(A’,B’) > D — 28. This contradicts (iv). Thus (3.1.1) implies that
D=(n-1)/2andn=1 (mod4),or D=n/2—-1andn=0 (mod4). If n=1
(mod 4) and D = (n — 1)/2, then Proposition [2.2.3] implies that eq_w (A’, B') >

D/2 — 28. Hence, by (iv) we deduce that [W| =1 and so (ii) holds. Since |W| < 3
and A(G[A’, B']) < D/2, we have

oA B) < eqw (A, )+ WD B WLLOWDD 5 1D

(The last inequality follows from (11).) This implies (iii). O

3.2. Non-critical Case with e(A4’, B’) > D.

In this section we prove Lemma [2.7.3] Recall that Lemma [2.7.3] gives a decom-
position of the exceptional edges into exceptional systems in the non-critical case
when e(A’, B') > D. The proof splits into the following four steps:
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Step 1 We first decompose G° into edge-disjoint ‘localized’ subgraphs H (i,4’)
and H'(i,i") (where 1 < 4,9 < K). More precisely, each H(i,i") only
contains AgA;-edges and ByB;-edges of G® while all edges of H'(i,4) lie
in G°[Ag U A;, Byp U Bys], and all the edges of G° are distributed evenly
amongst the H(i,i') and H'(i,7') (see Lemmal[2.5.2). We will then move a
small number of A’ B’-edges between the H'(i,4’) in order to obtain graphs
H"(i,i) such that e(H" (i,i')) is even (see Lemma [3.2.1)).

Step 2 We decompose each H”(i,i') into (D — ¢n)/(2K?) Hamilton exceptional
system candidates (see Lemma.

Step 3 Most of the Hamilton exceptional system candidates constructed in Step 2
will be extended into an (i,4’)-HES (see Lemma [3.2.4)).

Step 4 The remaining Hamilton exceptional system candidates will be extended
into Hamilton exceptional systems, which need not be localized (see Lem-
ma. (Altogether, these will be the An Hamilton exceptional systems
in 7 which are not mentioned in Lemma [2.7.3|b).)

3.2.1. Step 1: Constructing the Graphs H"(i,4'). Let H(i,4") and H'(,4’)
be the graphs obtained by applying Lemma to G°. We would like to decom-
pose each H'(i,i') into Hamilton exceptional system candidates. In order to do this,
e(H'(i,i")) must be even. The next lemma shows that we can ensure this property
without destroying the other properties of the H' (7, i) too much by moving a small
number of edges between the H'(i,4’).

LEMMA 3.2.1. Suppose that 0 < 1/n € g9 € ¢ € &/ < N\ 1/K < 1, that
D >n/3, that 0 < ¢ < 1 and that D,n, K,m, (D — ¢n)/(2K?) € N. Define o by

D —¢n 2\
7 and let ¥i=a— ieh

Suppose that the following conditions hold:

(3.2.1) 2an =

(i) G is a D-regular graph on n vertices.
(ii) P is a (K,m,eq)-partition of V(G) such that D < eg(A’, B') < gon? and
A(G[A', B']) < D/2. Furthermore, G is not critical.
(iii) Go is a subgraph of G such that G[Ao] + G[Bo] C Go, eg,(A’,B’) < ¢n
and dg,(v) = ¢n for all v € V.
(iv) Let G® := G — G[A] — G[B] — Gy. eg-(A',B’) is even and (G°,P) is a
(K, m,eg, e)-exceptional scheme.
Then G° can be decomposed into edge-disjoint spanning subgraphs H(i,i") and
H"(i,4") of G° (for all 1 < i,i' < K) such that the following properties hold,
where G'(i,1") :== H(i,7") + H"(i,i'):
(by1) Each H(i,i') contains only AgA;-edges and ByB;-edges.
(be) H"(i,i") C G°[A’, B']. Moreover, all but at most e'n edges of H" (i,i') lie
m GQ[AO UA;, By U Bz/]
(bs) e(H"(i,i")) is even and 2an < e(H"(i,i')) < 11ggn?/(10K?).
(bs) A(H"(3,7)) < 31lan/30.
(bs) der(iin(v) = Qaxe)n for allv € V.
(be) Let H be any spanning subgraph of H"(i,i") which mazimises e(H) under
the constraints that A(H) < 3vyn/5, H"(i,i')[Ao, Bo] € H and e(H) is

even. Then e(H) > 2an.
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Proof. Since ¢ < 1/3 < D/n, we deduce that
(3.2.2)
a>1/(7K?), (1-14Na<vy<a and e<ée <\1/K,a,7< 1.

Note that (ii) and (iii) together imply that

Gz
(3.2.3) ege(A',B") > D — ¢n 2K%an > n/4.
By (i) and (iii), each v € V} satisfies

(3.2.4) dge(v) =D — ¢n 2K%an.
Apply Lemma to decompose G° into subgraphs H (i,4"), H'(i,i") (for all 1 <
1,4 < K) satisfying the following properties, where G(i,4’) := H(i,4') + H'(i,4'):
(a]) Each H(i,i") contains only AgA;-edges and By B, -edges.
(a5) All edges of H'(%,i") lie in G°[Ag U A;, Bo U By].
(a}) e(H'(i,i')) = (1 £ 16¢)egs(A’, B')/K?. In particular,
2(1 — 16g)an < e(H'(i,i")) < (1 + 16¢)egn?/ K2,
(aﬁl) dH’(i,i’)(U) = (dGO[A/,BI] (’U) + 25n)/K2 for all v € V.
(af) dgiin(v) = 2o+ 4e/K?)n for all v € V.

Indeed, (a4) follows from (3.2.3), Lemma ag) and (ii), while (af) follows from
(3.2.4) and Lemma [2.5.2(a5). We now move some A’B’-edges of G° between the

H'(i,4') such that the graphs H"(i,i') obtained in this way satisfy the following
conditions:

e Each H"(i,i’) is obtained from H’(i,i') by adding or removing at most

32K%can < \/en edges.

e e(H"(i,i)) > 2an and e(H"(i,i")) is even.
Note that this is possible by (a}) and since an € N and ego(A’, B') > 2K?%an is
even by (iv).

We will show that the graphs H (4,4") and H" (i,i") satisfy conditions (by)—(bg).

Clearly both (by) and (bz) hold. (a}) implies that
(3.2.5)
e(H"(5,1')) = (1 + 16¢)ecs (A", B') /K2 + vJon BZREZD 4 no o By K2,
Together with (ii) and our choice of the H"(i,i’) this implies (b3). (bs) follows
from (a5) and the fact that dg ;i) (v) = dg,iy(v) £ +/en. Similarly, (a)) implies
that for all v € V we have
(326) dHu(M/)(v) = (dGO[A/’B/] (’U) + Elﬂ)/K2.
Recall that A(G[4’, B']) < D/2 by (ii). Thus

D/2+¢n ¢+ 2¢ 3lan
< L= (ot n <
K2 2K 30

A(H" (i, 1))

o0 (by) holds.

So it remains to verify (bg). To do this, fix 1 < 4,7’ < K and set H" := H"(i,4').
Let H be a subgraph of H” as defined in (bg). We need to show that e(H) > 2amn.
Suppose the contrary that e(ﬁ ) < 2an. We will show that this contradicts the
assumption that G is not critical. Roughly speaking, the argument will be that if
H is sparse, then so is H”. This in turn implies that G° is also sparse, and thus
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any subgraph of G[A’, B'] of comparatively small maximum degree is also sparse,
which leads to a contradiction.
Let X be the set of all those vertices a for which dg(x) > 3yn/5—2. So X C V;

by (iv) and (ESch3). Note that if X = ), then H = H” and so e(H) > 2an by (bs).
If | X| > 4, then e(ﬁ) > 4(3yn/5 — 2) — 4 > 2an by . Hence 1 < |X| < 3.
Note that H — X contains all but at most one edge from H” — X. Together with
the fact that H[X] contains at most two edges (since |X| < 3 and H is bipartite)
this implies that

2an > e(H) > e(H — X) (Zd >

zeX
>e(H" — X)—1+|X|(3yn/5 —2) — 2

>e(H") = > dyr(x) + |X|(3yn/5 - 2) — 3
rzeX
(3.2.7) =e(H") = > (dun(x) —3yn/5+2) — 3
rzeX
and so
B29) deoiar gn(x) +€'n
(3.2.8) e(H") "< 20m+ Y ( Call BI]{(Q ) —3yn/5 + 2) +3.

zeX

Note that (bys) and (3.2.7) together imply that if e(H”) > 4an then e(H) > e(H")—
| X|(31an/30 — 3yn/5 + 2) — 3 > 2an. Thus e(H”) < 4an and by (3.2.5) we have
ego (A, B') <4K?an/(1 —¢') < 5K%an < 3n. Hence

(3.2.5)
ego(A', B') ? K2e(H") 4+ €'eqo (A, B') < K?e(H") + 3¢'n

(3.2.8) 9
(3.2.9) < D—¢n+7en+ Y (dgop,p(z) — K*(3yn/5)) .
zeX

Let G’ be any subgraph of G°[A’, B'] which maximises e¢(G’) under the constraint
that A(G") < K?(3v/5+ 2¢')n. Note that if dgopar, prj(v) > K*(37/5 + 2¢')n, then
v € Vy (by (iv) and (ESch3)) and so dg~(v) > 3yn/5 by (3.2.6). This in turn
implies that v € X. Hence

e(G) < eqo (A B) = (daoarp(x) — K*(37/5+ 2 )n) +2
reX
1»
(3.2.10) < D—¢n+TK?*'n.
Note that (3.2.6) together with the fact that X # () implies that

E21),.622)
A(G[A', B']) > A(G°[A’,B']) > K*(3yn/5 —2) —e'n > 11D /40.

Since G is not critical this means that there exists a subgraph G of G[A’, B'] such
that A(G"”) < 11D/40 < K2(37/5 + 2¢')n and e(G") > 41D/40. Thus

(3.2.10)
D —¢n+T7K%'n > e(G') >e(G") —eq,(A’,B') > 41D /40 — ¢n,

which is a contradiction. Therefore, we must have e(H) > 2an. Hence (bg) is
satisfied. O
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3.2.2. Step 2: Decomposing H"(i,i') into Hamilton Exceptional Sys-
tem Candidates. Our next aim is to decompose each H” (7,i’) into an Hamilton
exceptional system candidates (this will follow from Lemma . Before we can
do this, we need the following result on decompositions of bipartite graphs into
‘even matchings’. We say that a matching is even if it contains an even number of
edges, otherwise it is odd.

PROPOSITION 3.2.2. Suppose that 0 < 1/n < v < 1 and that n,yn € N. Let
H be a bipartite graph on n vertices with A(H) < 2yn/3 and where e(H) > 2yn is
even. Then H can be decomposed into yn edge-disjoint non-empty even matchings,
each of size at most 3e(H)/(yn).

Proof.  First note that since e(H) > 2vn, it suffices to show that H can be
decomposed into at most yn edge-disjoint non-empty even matchings, each of size
at most 3e(H)/(yn). Indeed, by splitting these matchings further if necessary, one
can obtain precisely yn non-empty even matchings.

Set n' := |2yn/3]. Koénig’s theorem implies that x'(H) < n’. So Proposi-
tion [L.4.5/implies that there is a decomposition of H into n’ edge-disjoint matchings
My, ..., M, such that |e(M;) — e(My )| <1 for all s,s" < n’. Hence we have

e(H) e(H) 3e(H)

2< &0 +1< 80

n
for all s <n’. Since e(H) is even, there are an even number of odd matchings. Let
M, and My be two odd matchings. So e(M;), e(My ) > 3 and thus there exist two
disjoint edges e € M, and €' € M. Hence, My — e, My — ¢’ and {e, e’} are three
even matchings. Thus, by pairing off the odd matchings and repeating this process,
the proposition follows. O

“1<e(M,)<
~ <e(M;) <

LEMMA 3.2.3. Suppose that 0 < 1/n < g < v < 1, that v+ ' < 1 and that
n,yn,v'n € N. Let H be a bipartite graph on n vertices with vertex classes AUAg
and BUBy, where |Ao| + |Bo| < eon. Suppose that

(i) e(H) is even, A(H) < 16yn/15 and A(H[A, B]) < (3v/5 — go)n.
Let H' be a spanning subgraph of H which mazimises e(H') under the constraints
that A(H') < 3yn/5, H[Ao, Bo] C H' and e(H') is even. Suppose that

(i) 2(y +9")n < e(H') < 10ggyn?.
Then there exists a decomposition of H into edge-disjoint Hamilton exceptional

system candidates Fi,...,Fy,, F{, ..., Ff/,n with parameter €y such that e(F.) = 2
for all s < +'n.

Since we are in the non-critical case with many edges between A’ and B’, we
will be able to assume that the subgraph H' satisfies (ii).

Roughly speaking, the idea of the proof of Lemma[3.2.3is to apply the previous
proposition to decompose H' into a suitable number of even matchings M; (using
the fact that it has small maximum degree). We then extend these matchings into
Hamilton exceptional system candidates to cover all edges of H. The additional
edges added to each M; will be vertex-disjoint from M; and form vertex-disjoint
2-paths wvw with v € V. So the number of connections from A’ to B’ remains the
same (as H is bipartite). Each matching M; will already be a Hamilton exceptional
system candidate, which means that M; and its extension will have the correct
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number of connections from A’ to B’ (which makes this part of the argument
simpler than in the critical case).

Proof of Lemma Set A" := AgU A and B’ := By U B. We first construct
the F.. If ' = 0, there is nothing to do. So suppose that 4/ > 0. Note that each
F! has to be a matching of size 2 (this follows from the definition of a Hamilton
exceptional system candidate and the fact that e(F7) = 2). Since H’ is bipartite
and so

e(H') e(H") < 2(y++")n _ 10

YH) T AH) - 3ym/s 3
we can find a 2-matching F] in H’. Delete the edges in F] from H’ and choose
another 2-matching Fj. We repeat this process until we have chosen 7'n edge-
disjoint 2-matchings Fy,..., F.,,.
We now construct Fi,..., F,, in two steps: first we construct matchings M,

.., M, in H" and then extend each M; into the desired F;. Let H; and Hj
be obtained from H and H' by removing all the edges in FY,... ,Fé,n. So now
2yn < e(Hj) < 10egyn? and both e(H;) and e(H]) are even. Thus Proposi-
tion implies that there is a decomposition of H] into edge-disjoint non-empty
even matchings My, ..., M,,, each of size at most 30ggn.

Note that each M; is a Hamilton exceptional system candidate with parame-
ter g9. Soif H{ = Hj, then we are done by setting Fy := Mj for each s < yn. Hence,
we may assume that H” := H; — H] = H — H' contains edges. Let X be the set of
all those vertices x € AgU By for which dg~(z) > 0. Note that each x € X satisfies
Ny (x) € AU B (since H[Ag, Bo] € H’). This implies that each x € X satisfies
dp/(x) > [3yn/5] — 1 or dgr () = 1. (Indeed, suppose that dg/(z) < |3yn/5] —2
and dg~(x) > 2. Then we can move two edges incident to x from H" to H'. The
final assumption in (i) and the assumption on dg(x) together imply that we would
still have A(H') < 3yn/5, a contradiction.) Since A(H) < 16yn/15 by (i) this in
turn implies that dy~ () < 7yn/15+ 2 for all x € X.

Let M be a random subset of {Mj,...,M,,} where each M; is chosen inde-
pendently with probability 2/3. By Proposition with high probability, the

following assertions hold:
ri=|M|=(2/3xeo)yn
(3.2.11)  [{Ms; € M :dp, (v) =1} = 2dy; (v)/3 £eoyn  for all v € V(H).

By relabeling if necessary, we may assume that M = {M;, My, ..., M,}. For each
s < r, we will now extend M, to a Hamilton exceptional system candidate Fj
with parameter €9 by adding edges from H”. Suppose that for some 1 < s < r
we have already constructed Fi,...,Fs_1. Set H! := H" — Zj<s F;. Let Wy be
the set of all those vertices w € X for which dys, (w) = 0 and dgy(w) > 32eon >
2|Ag U Byl + e(Ms). Recall that X C AgU By and Ngrv(w) € Ngv(w) € AUB
for each w € X and thus also for each w € W;. Thus there are |W| vertex-disjoint
2-paths vwu' with w € Wy and u,v’ € Ngrv(w) \ V(M;). Assign these 2-paths
to M and call the resulting graph F;. Observe that Fy is a Hamilton exceptional

system candidate with parameter €yg. Therefore, we have constructed Fy, ..., F,. by
extending My, ..., M,.
We now construct F,41,...,F,,. For this, we first prove that the above con-

struction implies that the current ‘leftover’ H,’ ; has small maximum degree. In-
deed, note that if w € Wj, then dp», (w) = duy(w) — 2. By (3.2.11)), for each
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x € X, the number of My € M with ds, () =0 is

r—{Ms e M:dy, () = 1} = (2/3 = co)yn — (2dm; (2)/3 + e0yn)
> 2yn/3 — 2dp (x)/3 — 2e97n
>2yn/3 —2/3- [3yn/5] — 290
> (4/15 — 2e0)yn > dp () /2.

Hence, we have dH;/H(x) < 32¢gn for all x € X (as we remove 2 edges at x each
time we have dy, (z) = 0 and dg»(z) > 32¢on). Note that by definition of H’,
all but at most one edge in H” must have an endpoint in X. So for z ¢ X,
dgr(xz) < |X|+ 1< [AgU Byl + 1 < eggn + 1. Therefore, A(H,', ) < 32e¢n.

Let H" := Hy—(Fi+---+F,). So H" is the union of H'_, and all the M, with
r < s < yn. Since each of H; and Fi,..., F, contains an even number of edges,
e(H') is even. In addition, My C H" for each r < s < yn, so e(H") > 2(yn —r).
By (3:2.11)), since A(H/',,) < 32e¢n, we deduce that for every vertex v € V(H"),
we have

dry
dH///(’U) S <I—Il(v) + 60’}/”) + A(H;'/-‘,-l) S

3yn/5 2(yn —r)
3 3

3 + eoyn + 32¢9n <

In the second inequality, we used that dg; (v) < dp(v). Moreover, we have
e(H") =e(H 1) +e(Myy1 + -+ M,,) < 32eon” + 30eon(yn — r) < 62e9n’.

Thus, by Proposition applied with H"” and v — r/n playing the roles of H
and v, there exists a decomposition of H" into yn —r edge-disjoint non-empty even

matchings Fy41, ..., Fyy,, each of size at most 3e(H"')/(yn —r) < \/égn/2. Thus
each such F§ is a Hamilton exceptional system candidate with parameter 9. This
completes the proof. |

3.2.3. Step 3: Constructing the Localized Exceptional Systems. The
next lemma will be used to extend most of the exceptional system candidates guar-
anteed by Lemma [3.2.3] into localized exceptional systems. These extensions are
required to be ‘faithful” in the following sense. Suppose that F' is an exceptional
system candidate. Then J is a faithful extension of F' if the following holds:

e J contains F and F[A’, B'] = J[A', B'].

e If F' is a Hamilton exceptional system candidate, then J is a Hamilton
exceptional system and the analogue holds if F is a matching exceptional
system candidate.

LEMMA 3.2.4. Suppose that 0 < 1/n < ¢g < 1, that 0 < v < 1 and that
n, K,m,yn € N. Let P be a (K, m,eq)-partition of a set V of n wvertices. Let
1 < 4,7/ < K. Suppose that H and Fy,...,F,, are pairwise edge-disjoint graphs
which satisfy the following conditions:
(i) V(H) =V and H contains only AgA;-edges and By B -edges.
(ii) Fach Fs is an (i,7')-ESC with parameter .
(iii) Each v € Vy satisfies dg s~ g, (v) > (27 + /Eo)n.
Then there exist edge-disjoint (i,1')-ES Ju, ..., Jyn with parameter g in H + " F
such that Js is a faithful extension of F for all s < yn.
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Proof. For each s < ~n in turn, we extend Fy into an (i,4')-ES J; with parameter
goin H+) F; such that Js and Jy are edge-disjoint for all s’ < s. Since H does not
contain any A’B’-edges, the J, will automatically satisfy Js[A', B'] = F,[A’, B'].
Suppose that for some 1 < s < yn we have already constructed Jy,...,Js_1. Set
H, = H — Zs,<s Jsr. Consider any v € V. Since v has degree at most 2 in an
exceptional system and in an exceptional system candidate, (iii) implies that

du, (v) 2 dpyy F, (V) = 2 = \/Eon.

Together with (i) this shows that condition (ii) in Lemma holds (with H,
playing the role of G). Since P is a (K, m,eo)-partition of V, Lemma [2.3.2)i) holds
too. Hence we can apply Lemma to obtain an exceptional system Jg with
parameter ¢ in H, + F, such that J, is a faithful extension of Fy. (i) and (ii)
ensure that Js is an (4,4')-ES, as required. O

3.2.4. Step 4: Constructing the Remaining Exceptional Systems. Due
to condition (iii), Lemma cannot be used to extend all the exceptional system
candidates returned by Lemma [3.2.3] into localized exceptional systems. The next
lemma will be used to deal with the remaining exceptional system candidates (the
resulting exceptional systems will not be localized).

LEMMA 3.2.5. Suppose that 0 < 1/n < gg € &/ < A < 1 and that n, An € N.
Let A, Ay, B, By be a partition of a set V' of n vertices such that |Ag| + |Bo| < egn
and |A| = |B|. Suppose that H, F,..., Fx, are pairwise edge-disjoint graphs which
satisfy the following conditions:

(i) V(H) =V and H contains only AgA-edges and ByB-edges.

(ii) Each Fs is an exceptional system candidate with parameter .

(iii) For all but at most e'n indices s < An the graph Fy is either a matching
exceptional system candidate with e(Fs) = 0 or a Hamilton exceptional
system candidate with e(Fs) = 2. In particular, all but at most e'n of the
Fs satisfy dp, (v) <1 for all v € V.

(iv) Allv € Vi satisfy dgys F, (v) = 2An.

(v) Allv e AU B satisfy dgiy- g, (v) < 20n.

Then there exists a decomposition of H+Y_ F into edge-disjoint exceptional systems
J1,. .., Jan with parameter ey such that Js is a faithful extension of Fy for all
5 < An.

Proof. Let Vj := AgU By and let vy, ..., vy, denote the vertices of Vo. We will
decompose H into graphs J. in such a way that the graphs J; := J, + F; satisfy
dy, (v;) =2 for all i < |Vp| and dj, (v) <1 for all v € AU B. Hence each J; will be
an exceptional system with parameter £9. Condition (i) guarantees that J, will be
a faithful extension of Fs. Moreover, the J; will form a decomposition of H+ > Fs.
We construct the decomposition of H by considering each vertex v; of Ay U By in
turn.

Initially, we set V(J.) = E(J]) = 0 for all s < An. Suppose that for some
1 <4 < |Vh| we have already assigned (and added) all the edges of H incident with
each of vy,...,v,_1 to the J,. Consider v;. Without loss of generality assume that
v; € Ag. Note that Ny (v;) € A by (i). Define an auxiliary bipartite graph @; with
vertex classes Vi and Vs as follows: Vi := Ng(v;) and Vs consists of 2 — dp, (v;)
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copies of Fy for each s < An. Moreover, (J; contains an edge between v € V; and
Fs € V3 if and only if v ¢ V(Fs + J)).

We now show that @; contains a perfect matching. For this, note that |V;| =
2\n — dy g, (v;) = [Vo| by (iv). (v) implies that for each v € Vi C A we have
ds(ro40)(v) < dpysp (v) < 2e0n. So v lies in at most 2gon of the graphs
Fy + J,. Therefore, dg,(v) > |Va| —4egn > |Va|/2 for all v € V4. (The final
inequality follows since (iii) and (iv) together imply that d (v;) = 2An—ds~ g, (v;) >
2xn — (An —€'n) — 2¢'n > An/2 and so |Va| = |V1] > An/2.) On the other hand,
since each Fy + J. is an exceptional system candidate with parameter ¢g, (ESC3)
implies that |V (Fs+J,)NA| < (\/€0/242e0)n < \/egn for each F; € V5. Therefore
do,(Fs) > [Vi| — |[V(Fs + J}) N A] > |V4]/2 for each Fs; € V5. Thus we can apply
Hall’s theorem to find a perfect matching M in ;. Whenever M contains an edge
between v and F, we add the edge v;v to J.. This completes the desired assignment
of the edges of H at v; to the J.. O

3.2.5. Proof of Lemma In our proof of Lemma we will use
the following result, which is a consequence of Lemmas and Given a
suitable set of exceptional system candidates in an exceptional scheme, the lemma
extends these into exceptional systems which form a decomposition of the excep-
tional scheme. We prove the lemma in a slightly more general form than needed
for the current case, as we will also use it in the other two cases.

LEMMA 3.2.6. Suppose that 0 < 1/n < g9 < ¢ € ¢/ < N\ 1/K < 1, that
1/(7K?) < a < 1/K? and that n, K,m,an, \n/K? € N. Let

. A r_ A
v=a- oo and V=

Suppose that the following conditions hold:

(i) (G*,P) is a (K, m,eq,€)-exceptional scheme with |G*| = n.

(i) G* is the edge-disjoint union of H(i,i'), Fi(i,7),...,Fy,(i,1") and
F(i,d"), ..., F2,,(i,3") over all 1 <4,i' < K.

(iii) Each H(i,i") contains only AgA;-edges and Bo B -edges.

(iv) Each Fs(i,i') is an (i,4')-ESC with parameter .

(v) Each F.(i,i") is an exceptional system candidate with parameter €. More-
over, for all but at most €'n indices s < ~v'n the graph F.(i,i') is either a
matching exceptional system candidate with e(F.(i,i")) = 0 or a Hamilton
exceptional system candidate with e(F.(i,i')) = 2.

(vi) dg-(v) = 2K2an for all v € V.

(vii) For all 1 < i,i' < K let G*(i, ') := H(i,i') + X e, Fo(i, )+
2oy Foliyi'). Then dgx(iiny(v) = 2a £ &")n for all v € Vp.

Then G* has a decomposition into K2an edge-disjoint exceptional systems

TGy i)y T (i) and TG, T ()

v'n
with parameter eq, where 1 < i, < K, such that Js(i,") is an (i,i")-ES which is
a faithful extension of Fs(i,i") for all s < yn and J.(i,7) is a faithful extension of
Fl(i,i) for all s < ~'n.

Proof. Fix any i,i < K and set H := H(i,4') and Fy := F;(4,4') for all s < yn.
Our first aim is to apply Lemma in order to extend each of Fi,..., F,, into
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a (i,7")-HES. (iii) and (iv) ensure that conditions (i) and (ii) of Lemma hold.
To verify Lemma iii), note that by (v) and (vii) each v € V} satisfies

Ay F, (v) = dg=(i,0)(v) = ds_ P (V) > (20 —&)n— (v —&')n — 2e'n

= (2a — ' = 2¢)n > (2 + /Eo)n.

(Here the first inequality follows since (v) implies that dp,(; ) (v) < 1 for all but
at most ¢'n indices s < 4'n.) Thus we can indeed apply Lemma to find edge-
disjoint (7,4")-ES Ji(4,7'),..., Jyn(i,4") with parameter € in H + ) F, such that
Js(i,1") is a faithful extension of Fy for all s < yn. We repeat this procedure for all
1 <i,i’ < K to obtain K2yn edge-disjoint (localized) exceptional systems.

Our next aim is to apply Lemma in order to construct the J.(i,7’). Let
Hy be the union of H(i,i")—(J1(4,7')+- - -+Jy,(4,1')) over all 4,7 < K. Relabel the
Fl(i,i") (for all s < +'n and all i,i" < K) to obtain exceptional system candidates
F{,..., F},. Note that by (vi) each v € V; satisfies

(3.2.12) dtgss 71 (V) = dge (v) — 2K%yn = 2K?an — 2K?yn = 2An.

Thus condition (iv) of Lemmal[3.2.5|holds with Hy, F. playing the roles of H, Fy. (iii)
and (v) imply that conditions (i)—(iii) of Lemma hold with K?2¢’ playing the
role of ¢’. To verify Lemma v), note that each v € A satisfies dp, 5 p/(v) <
dg+ (v, Ag) + dg+(v, B") < 2e9n by (iii), (i) and (ESch3). Similarly each v € B
satisfies dp, 15 pr(v) < 2eon. Thus we can apply Lemma with Hy, F!, K%'
playing the roles of H, Fy,e’ to obtain a decomposition of Hy + >, F. into An
edge-disjoint exceptional systems J{,...,J}, with parameter ¢y such that J. is a
faithful extension of F} for all s < An. Recall that each F} is a F!,(i,4') for some
i,9 < K and some s’ < y'n. Let J., (¢,4") := J,. Then all the Jy(¢,4') and all the
J!(i,1") are as required in the lemma. O

We now combine Lemmas [3.2.1] [3:2.3] and [3:2.6] in order to prove Lemma [2.7.3]

Proof of Lemma Let G° be as defined in Lemma 2.7.3]iv). Choose a
new constant &’ such that ¢ <« ¢’ < A\, 1/K. Set
D —¢n 2A , 2A
7, 71 ::a—ﬁ and Y1 = ﬁ
Similarly as in the proof of Lemma since ¢ < 1/3 < D/n, we have
(3.2.14)

a>1/(TK?), (I1-14N)a<y<a and e<e <KMI/K aym <1.

Apply Lemma [3:2.3] with v, playing the role of v in order to obtain a decomposition
of G° into edge-disjoint spanning subgraphs H (i) and H" (i,i') (for all 1 < ,¢ <
K) which satisfy the following properties, where G'(4,¢') :== H(4,4") + H" (i,4'):
(by) Each H(i,4") contains only AgA;-edges and ByB;-edges.
(be) H"(i,i") C G°[A’, B’]. Moreover, all but at most £'n edges of H"(i,') lie
in GO[AO U Ai, BO U Bz’}
) e(H"(i,i')) is even and 2an < e(H"(i,i')) < 11egn?/(10K?).
) A(H"(i,4")) < 31lan/30.
5) dariiy(v) = 2a£&")n for all v € V.
) Let H any spanning subgraph of H” (,1") which maximises e(H) under
the constraints that A(H) < 3yyn/5, H"(i,i')[Ag, Bo] € H and e(H) is
even. Then e(H) > 2an.

(3.2.13) 2am =
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Fix any 1 < 4,¢/ < K. Set H := H(i,i) and H” := H"(i,i’). Our next aim
is to decompose H” into suitable ‘localized’ Hamilton exceptional system candi-
dates. For this, we will apply Lemma with H” ~1,7} playing the roles of
H,v,7'. Note that A(H"”) < 3lan/30 < 16v1n/15 by (bs) and (3.2.14). More-
over, A(H"[A,B]) < A(G°[A,B]) < gon by (iv) and (ESch3). Since e(H") is
even by (bs), it follows that condition (i) of Lemma holds. Condition (ii)
of Lemma follows from (bg) and the fact that any H as in (bg) satisfies
e(H) < e(H") < 11gon2?/(10K2) < 10g971n? (the last inequality follows from
(3.2.14)). Thus we can indeed apply Lemma in order to decompose H" into

an edge-disjoint Hamilton exceptional system candidates Fi, ..., Fyn, F{, ..., F;in
with parameter €g such that e(F%) = 2 for all s < yin. Next we set
A , A
NE=as g and V2= 1
Condition (bs) ensures that by relabeling the Fy’s and F.’s we obtain an edge-
disjoint Hamilton exceptional system candidates Fy(i,7'),..., Fy,n(i,4), Fi(i,7'),

"'7F»/y;n(ia i) with parameter gy such that properties (a’) and (b’) hold:

(a') Fs(i,7) is an (4,4")-HESC for every s < ~van. Moreover, at least v4n of
the Fy(i,4") satisfy e(Fs(i,i')) = 2.

(b") e(F!l(i,4")) = 2 for all but at most &'n of the F.(i,4).

Indeed, we can achieve this by relabeling each Fs which is a subgraph of G°[4y U
A;, BoU By] as one of the Fy (i,4i") and each F; for which is not the case as one of
the F!, (i,4").

Our next aim is to apply Lemma with G°, 79,75 playing the roles of
G*,7,7'. Clearly conditions (i) and (ii) of Lemma[3.2.6/hold. (iii) follows from (by).
(iv) and (v) follow from (a’) and (b’). (vi) follows from Lemma[2.7.3(i),(iii). Finally,
(vii) follows from (bs) since G’(4,4’) plays the role of G*(i,4"). Thus we can indeed
apply Lemmato obtain a decomposition of G° into K2an edge-disjoint Hamil-
ton exceptional systems J1(2,4'), ..., Jy,n(i,4") and J1(3,7),..., fyén(i, i) with pa-
rameter €y, where 1 < ¢, < K, such that Jg(i,4') is an (¢,¢')-HES which is a
faithful extension of F(i,i') for all s < vyon and J.(i,4") is a faithful extension of
F!l(i,i) for all s < ~4n. Then the set J of all these Hamilton exceptional systems
is as required in Lemma [2.7.3] O

3.3. Critical Case with ¢(A’,B’) > D

The aim of this section is to prove Lemma[2.7.4] Recall that Lemma[2.7.4] gives
a decomposition of the exceptional edges into exceptional systems in the critical
case when e(A’, B") > D. The overall strategy for the proof is similar to that of
Lemma [2.7.3] As before, it consists of four steps. In Step 1, we use Lemma
instead of Lemma [3.2.1] In Step 2, we use Lemma [3.3.3] instead of Lemma [3.2.3]
We still use Lemma which combines Steps 3 and 4.

3.3.1. Step 1: Constructing the Graphs H"(i,i’). The next lemma is an
analogue of Lemma We will apply it with the graph G° from Lemma m(lv)
playing the role of G. Note that instead of assuming that our graph G given
in Lemma is critical, the lemma assumes that ego(A’, B’) < 2n. This is
a weaker assumption, since if G is critical, then ego(A’,B’) < eq(A’,B’) < n
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by Lemma [3.1.1{(iii). Using only this weaker assumption has the advantage that
we can also apply the lemma in the proof of Lemma [2.7.5] i.e. the case when
eq(A',B') < D. (br) is only used in the latter application.

LeMMA 3.3.1. Suppose that 0 < 1/n € g € ¢ < 1/K < 1 and that
n, K,m € N. Let (G,P) be a (K, m,eq,¢)-exceptional scheme with |G| = n and
ea(Ap),ec(Bo) = 0. Let Wy be a subset of Vi of size at most 2 such that for each
w € Wy, we have

(3.3.1) K? < dgar,p(w) < eq(A', B')/2.

Suppose that eq(A’, B') < 2n is even. Then G can be decomposed into edge-disjoint
spanning subgraphs H(i,i") and H'"(i,i') of G (for all 1 < i,i' < K ) such that the
following properties hold, where G'(i,4') := H(i,4') + H" (i,4):
(by1) Each H(i,i') contains only AgA;-edges and By By -edges.
(by) H"(i,i') C G[A', B']. Moreover, all but at most 20en/K? edges of H" (i, ')
lie in G[AO U Ai, BO @] Bl/]
(bs) e(H"(i,i')) =2 [ec(A’,B')/(2K?)]| ore(H"(i,i")) =2 |ec(A', B")/(2K?)|.
( ) dH"(i,i’)(,U) = (dG[A',B’] (U) + 25€TL)/K2 f07’ allv € V().
(bs) dgriiry(v) = (da(v) £ 25en) /K? for allv € V.
(bs) Each w € Wy satisfies dgr;iy(w) = [dapar, g (w) /K2 or dgrin(w) =
ldgrar, B (w)/K?].
(b7) Each w € Wy satisfies 2d g (; 5y (w) < e(H"(i,1")).

Proof. Since eg(A’, B’) is even, there exist unique non-negative integers b and ¢
such that eq(A’, B') = 2K2b +2q and ¢ < K?2. Hence, for all 1 < i,i’ < K, there
are integers b; i € {2b,2b + 2} such that ), ,,_x bi i = eq(A’, B'). In particular,
the number of pairs 4,4 for which b; ;; = b+ 2 is precisely g. We will choose the
graphs H”(i,4") such that e(H"”(4,4')) = b; . (In particular, this will ensure that
(bs) holds.) The following claim will help to ensure (bg) and (b7).
Claim. For each w € Wy and all 3,7’ < K there is an integer a; ; = a; v (w) which
satisfies the following properties:

® ;i = [dG[A',B/] (U))/K21 or a; ;v = LdG[A',B/] (w)/KQJ

® 2a; < biy.

[ Zi,i/SK Q5 40 = dG[A/,B’](w)'

To prove the claim, note that there are unique non-negative integers a and p such
that dgar, g (w) = K?a+p and p < K?. Note that a > 1 by (3.3.1). Moreover,

.3.1)
(3.3.2) 2(K?a+p) = 2dga pi(w) < eq(A,B') =2K?b+2q.
This implies that a < b. Recall that b;;; € {20,2b + 2}. So if b > a, then the
claim holds by choosing any a;;» € {a,a+1} such that >, o ;v = dgar 5 (w).
Hence we may assume that a = b. Then (3.3.2) implies that p < ¢q. Therefore, the
claim holds by setting a; » := a + 1 for exactly p pairs 4,4 for which b; ;; = 2b + 2
and setting a; s+ := a otherwise. This completes the proof of the claim.

Apply Lemma to decompose G into subgraphs H (i,4"), H'(i,4) (for all i,i" <
K) satisfying the following properties, where G(i,¢") = H(i,4") + H'(i,7'):

(a]) Each H(i,i') contains only AgA;-edges and ByB;-edges.

(a5) All edges of H'(4,4") lie in G[Ao U A;, By U By/].
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(a}) e(H'(i,i')) = (eg(A’, B') £ 8en)/K?2.

(a)) dpr(,in(v) = (dgrar,p(v) £ 2en) /K2 for all v € V.

(af) dgiin(v) = (da(v) £4en)/K? for all v € V.

Indeed, (a}) follows from Lemma [2.5.2)(a3) and our assumption that eq(A4’, B') <
2n.

Clearly, (a}) implies that the graphs H(i,4') satisfy (b1). We will now move
some A’B’-edges of G between the H'(i,i") such that the graphs H"(i,i") obtained
in this way satisfy the following conditions:

e Each H"(i,i’) is obtained from H’(i,i') by adding or removing at most
20en/K? edges of G.
o c(H"(i,1)) = b; i
o dyriin(w) = a; i (w) for each w € Wy, where a; ;(w) are integers satis-
fying the claim.
Write WO = {wl} if |W0| = 1 and Wo = {wl,wQ} if |W0| = 2. If WO 7é Q),
then (a}) implies that dp(; ) (w1) = a;. (w1) £ (2en/K? +1). For each 4,7’ < K,
we add or remove at most 2en/K? + 1 edges incident to w; such that the graphs
H"(i,i") obtained in this way satisfy dg ;.\ (w1) = a;i(w1). Note that since
ai i (w1) > |dgar, p(wi)/K?] > 1 by , we can do this in such a way that
we do not move the edge wyws (if it exists). Similarly, if |Wy| = 2, then for each
1,7 < K we add or remove at most 2en/K 2 41 edges incident to w, such that the
graphs H"(i,1') obtained in this way satisfy dp ;i) (w2) = @i (w2). As before,
we do this in such a way that we do not move the edge wyws (if it exists).

Thus dH//(m;/)(wl) = Q44 (wl) and dH”(i,i’)(MQ) = ai,i/(wg) for all 1 S ’i,i/ é
K (if wy,ws exist). In particular, together with the claim, this implies that
dgr (i (1), dgr i (w2) < by /2. Thus the number of edges of H”(i,i") inci-
dent to Wy is at most

(3.3.3) Z dp iy (w) < by ir.

weWy

(This holds regardless of the size of Wy.) On the other hand, (aj) implies that for
all 7,7 < K we have

e(H"(i,i')) = (eq(A’, B') £ 8en)/K? £ 2(2en/K? + 1) = b; i + 13en/ K>

Together with (3.3.3)) this ensures that we can add or delete at most 13en/K?>
edges which do not intersect Wy to or from each H”(i,i’) in order to ensure that
e(H"(i,4")) = b;p for all i,i’ < K. Hence, (bs3), (bs) and (b7) hold. Moreover,

(3.3.4)  e(H"(i,i") — H'(i,i")) < [Wo|(2en/K? 4 1) + 13en/K? < 20en/K>.
So (bs) follows from (a}). Finally, (bs) and (bs) follow from (3.3.4), (a}) and (af).
(I

3.3.2. Step 2: Decomposing H"(i,i') into Hamilton Exceptional Sys-
tem Candidates. Before we can prove an analogue of Lemma [3.2.3] we need the
following result. It will allow us to distribute the edges incident to the (up to three)
vertices w; of high degree in G[A’, B'] in a suitable way among the localized Hamil-
ton exceptional system candidates F;. The degrees of these high degree vertices w;
will play the role of the a;. The ¢; will account for edges (not incident to w;) which
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have already been assigned to the Fj. (b) and (c) will be used to ensure (ESC4),
i.e. that the total number of ‘connections’ between A’ and B’ is even and positive.

LEMMA 3.3.2. Let 1 < ¢ <3 and 0 <n < 1 and r,nr € N. Suppose that

ai,...,aq € N and cq,...,c. € {0,1,2} satisfy the following conditions:
(i)er>>c¢ >cp— 1.
(ii) Zigq a; + ngr c; =2(1+n)r.
(iii) 31r/60 < aj,as < r and 31r/60 < az < 31r/30.
Then for all i < q and all j < r there are a; ; € {0,1,2} such that the following
properties hold:
(&) > j<,aij =a; foralli<q.
(b) i+ icqaiy =4 forallj <nrandc;+3 ., ai; =2 forallnr <j<r.
(c) For all j <r there are at least 2 — ¢; indices i < q with a; ; = 1.
Proof. We will choose a; 1, ...,a;, for each i < ¢ in turn such that the following
properties (a;)—(p;) hold, where we write cy) ==¢j+ Y ;i for each 0<i<gq

) _ .. -
(so ¢;” =¢;):

(o;) Tf i >1 then
(Bi)
()
(05)

0; IfZJQ J >2r thenc()>2f0rallg<nrandc()—2f0rallnr<j§

‘ jST Aj,5 = Q.
4 Z 6(17') > > C(l)

Iy .c.c y) < 2r, then \c(z) (i)| <1forall j,j’ <r.

(pi) If1<z<qandc(z Y < 2 for some j <, then a; ; € {0,1}.

We will then show that the a; ; defined in this way are as required in the lemma.

Note that (i) and the fact that ¢q,...,¢. € {0,1,2} together imply (5o)—(do)-
Moreover, (ag) and (pg) are vacuously true. Suppose that for some 1 < i < g we
have already defined a; ; for all i’ < ¢ and all j < r such that (c;/)—(pi/) hold. In
order to define a; ; for all j < r, we distinguish the following cases.

Case 1: ),

Recall that in this case céz_ ) > 2 for all j <r by (§;—1). For each j < r in turn we
choose a; ; € {0,1,2} as large as possible subject to the constraints that

) ai’j + Cyil) S 4 and

[ ] Z,,<jaij/<ai

Since c§-) (i—1)

(Z 1)
j<r G > 2r.

= a;,j +¢; , (B;) follows from (B;—1) and our choice of the a; ;. (v;)
is vacuously true. To verify (;), note that cy) > c§i71) > 2 by (d;—1). Suppose
that the second part of (d;) does not hold, i.e. that 07(;7)1“ > 2. This means that
@i mn+1 > 0. Together with our choice of the a; ; this implies that cgi) = 4 for all
j < mnn. Thus

201 +n)r = dnr 4+ 2(r —nr) <Zc§i) :Zai,j+zai’+zcj < Zai’+zcj

Jj<r Jj<r i/ <d Jj<r 1/ <i Jj<r
contradicting (ii). Thus the second part of (J;) holds too. Moreover, C’EIZ;’)l 41 =

c;lnﬂ = 2 also means that a; ynt1 =0. So >, ., aij» = a;, i.e. (;) holds. (p;) is

vacuously true since CE.FI) > 2 by (0;—1).
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Case 2: 2r —a; < 3. Y <2,

i<r G
If i € {1,2} then together with (iii) this implies that

(3.3.5) Z cy_l) >r > a.
Jj<r
If i = 3 then
i— 31
(3.3.6) S>3 N ap =ar+as > 3—{ > ay
Jj<r J<ri’<2

by (iii). In particular, in both cases we have > &Y > . Together with (Yi-1)

i<r G
this implies that c(l D¢ {1,2} for all j <r. Let 0 </ < r be the largest integer
such that ¢/ = 2. So ' < r and Yi<n€ Y Y = r 4+ /. Together with 1| and

- ) this in turn 1mphes that a; < r+ 1" (regardless of the value of 7).
Set a; ; := 1 for all r’ < j <r. Note that

Do oag=r—r=2=3 <

r’'<j<r i<r

where the final inequality comes from the assumption of Case 2. Take a;1, ..., s
to be a sequence of the form 2,...,2,0,...,0 (in the case when a; — Z7”<j§r a;;
is even) or 2,...,2,1,0,...,0 (in the case when a; — }_,, ;<. a;; is odd) which is
chosen in such a way that ngr, a;; = a; — Zr’<j§r a;; = a; —r +r'. This can
be done since a; < r + 7’ implies that the right hand side is at most 2r'.

Clearly, (o), (8;) and (p;) hold. Since ZJ<T ] =ai+t> <, cgi_l) > 2r as we
are in Case 2, (;) is vacuously true. Clearly, our choice of the a; ; guarantees that
cg-i) > 2 for all 5 < r. As in Case 1 one can show that cg-i)
Thus (§;) holds.

=2forallyr <j <r.

Case 3: ), Sl V<o —a,.

Note that in this case

2r >3 i pa =Y ar + Y ¢,

i<r i <i j<r

and so ¢ < ¢ by (ii). Together with (iii) this implies that a; < r. Thus for all
j < r we can choose a; ; € {0,1} such that (o;)—(vi) and (p;) are satisfied. (J;) is
vacuously true.

This completes the proof of the existence of numbers a; ; (for all ¢ < ¢ and all
j < r) satisfying (o;)—(p;). It remains to show that these a; ; are as required in

W = ¢+ Zz<q Qij
the second part of (b) follows from (d,). Since c;q) < 4 for each j < nr by (8q),
together with (ii) this in turn implies that the first part of (b) must hold too. If
¢; < 2, then (p1)—(pq) and (b) together imply that for at least 2 — ¢; indices i we
have a; ; = 1. Therefore, (c) holds. O

the lemma. Clearly, (a1)—(ag) imply that (a) holds. Since c;
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We can now use the previous lemma to decompose the bipartite graph induced
by A’ and B’ into Hamilton exceptional system candidates.

LEMMA 3.3.3. Suppose that 0 < 1/n < g9 < a < 1, that 0 < n < 199/200
and that n,an/200,nan € N. Let H be a bipartite graph on n vertices with vertex
classes AUAg and BUBg where |Ag| + |Bo| < eon. Furthermore, suppose that the
following conditions hold:

(c1) e(H) =2(1+n)an.

(ca) There is a set W C V(H) with 1 < |W’| <3 and such that

e(H —W') <199an/100 and dg(w) > 13an/25 for all w € W'.

(c3) There exists a set Wy C W' with |Wp| = min{2,|W’'|} and such that

dy(w) < an for allw € Wy and dg(w') < 41an/40 for all w' € W'\ Wy.
(cq) Forallw e W' and allv € V(H)\ W’ we have dg(w) —dg(v) > an/150.
(c5) For allv e AU B we have dig(v) < gon.

Then there exists a decomposition of H into edge-disjoint Hamilton exceptional
system candidates Iy, ..., Fa, such that e(Fy) = 4 for all s < nan and e(Fs) = 2
for all nan < s < an. Furthermore, at least an/200 of the Fy satisfy the following
two properties:

e dp (w) =1 for all w € Wy,

o c(F) =2.

Roughly speaking, the idea of the proof is first to find the F which satisfy the
final two properties. Let H; be the graph obtained from H by removing the edges
in all these F;. We will decompose Hy — W’ into matchings M of size at most two.
Next, we extend these matchings into Hamilton exceptional system candidates Fj
using Lemma In particular, if e(M;) < 2, then we will use one or more edges
incident to W’ to ensure that the number of A’ B’-connections is positive and even,
as required by (ESC4). (Note that it does not suffice to ensure that the number of
A’ B’-edges is positive and even for this.)

Proof. Set H':= H—-W' Wy =: {wi,ww, } and W' =: {wy,...,ww}. Hence,
if |W'| =3, then W'\ Wy = {ws}. Otherwise W' = W,.

We will first construct ey (W’) Hamilton exceptional system candidates Fy,
such that each of them is a matching of size two and together they cover all edges
in H[W’]. So suppose that e (W’) > 0. Thus |[W'| =2 or |[W'| =3. If |W'| = 2,
let f denote the unique edge in H[W']. Note that

e(H') > e(H) = (dg(wy) + dg(wz) — 1) > 2(1 +n)an — (2an —1) > 1

by (c1) and (c3). So there exists an edge f’ in H'. Therefore, My := {f, f'} is
a matching. If [W’'| = 3, then eg(W’) < 2 as H is bipartite. Since by (c3) each
w € W' satisfies dy(w) > 13an/25, it is easy to construct ey (W’) 2-matchings
M{,MéH(W,) such that dy(w) =1 for all w € W' and all s < ey(W’) and such
that H[W'] € M UM . Set Fonsi1 := M for all s < eg(W’) (regardless
of the size of W’).

We now greedily choose an/200—ey (W') additional 2-matchings F99an /20041,
ooy Fan—ey(wry in H which are edge-disjoint from each other and from Fi,
Fon—epwn+1 and such that dp, (w) = 1 for all w € Wy and all 199an/200 <
s < an —eg(W’). To see that this can be done, recall that by (cz) we have
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dg(w) > 13an/25 for all w € W’ (and thus for all w € W) and that (c;) and (c3)
together imply that e(H — Wp) > 2(1 +n)an —an > an if [Wy| = 1.

Thus Fig9an /200415 - - - » Fan are Hamilton exceptional system candidates satis-
fying the two properties in the ‘furthermore part’ of the lemma. Let H; and Hj
be the graphs obtained from H and H’ by deleting all the an/100 edges in these
Hamilton exceptional system candidates. Set

(3.3.7) r = 199an/200 and n' :=nan/r = 2001/199.
Thus 0 <7’ < 1 and we now have
(3.3.8) H1[W'|=0, e(H))=e(H)—an/100=2(1+n")r and e(Hj) < 2r.

(To verify the last inequality note that e(H;) < e(H — W') < 2r by (c2).) Also,
(c2) and (c4) together imply that for all w € W’ and all v € V(H) \ W’ we have

(3.3.9) dm, (w) > an/2 > 4egn and dp, (w) — dm, (v) > 2epn.
Moreover, by (cz) and (c3), each w € Wy satisfies
317 /60 < 13an/25 — an/200 < dgy(w) — dg_p, (w) = dg, (w)
(3.3.10) <an—an/200 =r.
Similarly, if |IW’| = 3 and so ws exists, then
31r/60 < 13an/25 — an/200 < dy(ws) — dg—m, (w3) = dp, (ws)
(3.3.11) < 41an/40 < 31r/30.

(3-3.9) and (3.3.10)) together imply that dp;(v) < dpy,(v) < du,(w1) < r for all
v e V(H)\W’'. Thus x'(Hj) < A(Hj) < r. Together with Proposition this
implies that H] can be decomposed into 7 edge-disjoint matchings My, ..., M, such
that |m; —m, /| <1forall 1 <j,j" <r, where we set m; := e(M;).

Our next aim is to apply Lemma with |[W'|, dg, (w;), m;, 7’ playing the
roles of g, a;, ¢j, n (for all 4 < [W’| and all j < ). Since > ., m; = e(H]) < 2r
by and since |m; — m;/| < 1, it follows that m; € {0,1,2} for all j <
r. Moreover, by relabeling the matchings M; if necessary, we may assume that
my > mg > -+ > m,. Thus condition (i) of Lemma holds. (ii) holds too

since 3, <y day (wi) + 22, my = e(Hi) = 2(1 +n')r by . Finally, (iii)
follows from and . Thus we can indeed apply Lemma in order
to obtain numbers a; ; € {0,1,2} (for all ¢ < |W’'| and j < r) which satisfy the
following properties:

(") X< @ij = du, (w;) for all i < [W'.

() mj + 3w aiy = 4 for all j < n'r and m; + 3,y @iy = 2 for all

nr<j<r.
(¢/) If m; < 2 then there exist at least 2 — m; indices ¢ such that a; ; = 1.

For all j < r, our Hamilton exceptional system candidate F; will consist of the
edges in M, as well as of a; ; edges of H; incident to w; (for each ¢ < |W’|). So
let F]Q = Mj for all j < r. For each ¢ = 1,...,|W’| in turn, we will now assign
the edges of H; incident with w; to Fi !, ..., Fi~! such that the resulting graphs
Fi, ... F! satisfy the following properties:

(a;) If i > 1, then e(F}) — e(F;_l) =a; ;.
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(Bi) F} is a path system. Every vertex v € AU B is incident to at most one
edge of F}. For every v € Vo \ W’ we have dpi (v) < 2. If e(F}) < 2, we
even have dF; (v) < 1.

(7:) Let b; be the number of vertex-disjoint maximal paths in FJZ with one
endpoint in A" and the other in B”. If a; ; = 1 and ¢ > 1, then b; = b;l-fl—i—l.
Otherwise bé. = b;fl.

We assign the edges of Hy incident with w; to Fffl, ..., Fi=1in two steps. In the
first step, for each index j < r with a;; = 2 in turn, we assign an edge of H;
between w; and V; to F ;_1 whenever there is such an edge left. More formally, to
do this, we set N := Np, (w;). For each j < rin turn, if a; ; = 2 and N;_1NV} # 0,
then we choose a vertex v € N;_1 NVp and set F} := Fi_1 +w;v, Nj := N;_1\ {v}
and a; ; := 1. Otherwise, we set I} := F’ LN j—1 and a; ; == a; ;.

Therefore after having dealt w1th all 1ndlces j < r in this way, we have that

(3.3.12) either a; ; <1 for all j <r or N, NVy =0 (or both).

i, —
Note that by (b’) we have e(F’) <mj+) < ar; < 4forall j <r. Moreover, (a')
implies that |N,| =" Also, N.\Vy = Ny, (w;)\ Vo, and so Ny, (w;)\ N, C
Vo. Hence

(3.3.13)  [Ny| = [Ng, (wi)| = [Np, (wi) \ Noe| > dp, (wi) — [Vo| > dpr, (wi) — eon.

In the second step, we assign the remaining edges of H; incident with w; to
Fy, ..., F!. We achieve this by finding a perfect matching M in a suitable auxiliary
graph.

J<r 2]

Claim. Define a graph Q with vertex classes N, and V' as follows: V' consists of

;j copies of F’ for each j < r. Q contains an edge between v € N, and F’ eV if
and only v is not an endpoint of an edge in F/ Then Q has a perfect matchmg M.
To prove the claim, note that

(3.3.14) V| = Za;J |N,. | dH1 (w;) — gon.

J<r
Moreover, since FJ’ C H is bipartite and so every edge of F]' has at most one
endpoint in N,., it follows that
(33.15) dg(F}) > |Ny| = e(F}) > N, 4

for each Fj € V'. Consider any v € N,.. Clearly, there are at most dp, (v) indices
J <7 such that v is an endpoint of an edge of F}. If v € N, \ Vo € AU B, then
by (c5), v lies in at most 2dy, (v) < 2dg(v) < 2¢on elements of V'. (The factor 2
accounts for the fact that each F} occurs in V' precisely a; ; < 2 times.) So

B39
dQ(U) > ‘V/| —2¢on > dH1 (wz) —3ggn > eon.

If v € N. NVp, then (3.3.12) implies that a} ; <1 for all j <r. Thus

(339)
do() > |V'| —du,(v) = (du,(w;) —dm, (v)) —eon > 2e9n —ggn = gon.
To summarize, for all v € N, we have dg(v) > egn. Together with (3.3.15) and the
fact that |N,.| = |V’| by (3.3.14) this implies that Q) contains a perfect matching M
by Hall’s theorem. This proves the claim.
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For each j < r, let F; be the graph obtained from FJ{ by adding the edge w;v
whenever the perfect matching M (as guaranteed by the claim) contains an edge
between v and FJ.

Let us now verify (c;)—(;) for all i < |W’|. Clearly, (ag)—(70) hold and b§ =
mj. Now suppose that ¢ > 1 and that (c;—1)—(y;—1) hold. Clearly, (o;) holds by
our construction of F}, ..., F}. Now consider any j < r. If a; ; = 0, then (8;) and
(7i) follow from (B;_1) and (yi-1). If a; ; = 1, then the unique edge in F} — F;/ '
is vertex-disjoint from any edge of F ;71 (by the definition of Q) and so (8;) holds.
Moreover, b; = bj._l + 1 and so (v;) holds. So suppose that a; ; = 2. Then the
unique two edges in F ; - F ; ~1 form a path P = v/w;v” of length two with internal
vertex w;. Moreover, at least one of the edges of P, w;v” say, was added to F ;71
in the second step of our construction of F}. Thus dFJ;- (v") = 1. The other edge
w;v' of P was either added in the first or in the second step. If w;v’ was added
in the second step, then dF;‘ (v') = 1. Altogether this shows that in this case (v;)
holds and (;) follows from (3;—1). So suppose that w;v" was added to ijl in the
first step of our construction of sz Thus v € Vp \ W’. But since a;; = 2, (b')
implies that e(F;_l) =mj+ > . ar; < 2. Together with (5;_1) this shows that
dF;Lfl(’U) <1forallve Vy\ W'. Hence dijl(’UI> < 1 and so dp: (v") < 2. Together
with (B;—1) this implies (8;). (Note that if e(F;_l) = 0, then the above argument
actually shows that d Fi(v) < 1, as required.) Moreover, the above observations
also guarantee that (v;) holds. Thus F}, ..., F! satisfy (a;)—(vi)-

After having assigned the edges of H; incident with w; for all ¢ < |W'|, we
have obtained graphs Fl‘W/l, .. .,F,I,W/‘. Let I} := FJ!W/I for all 5 < r. Note that
by (yyw|) for all j < r the number of vertex-disjoint maximal A’B’-paths in Fj is
precisely b‘jW/l.

We now claim that bljwl‘ is positive and even. To verify this, recall that b = m;.
Let odd; be the number of a;,; with a;; = 1 and i < [W']. So oV = m; + odd;.

Together with (¢’) this immediately implies that bIjW/‘ > 2. Moreover, since a;; €
{0,1,2} we have

W] } :
bj = 17’Lj —+ Oddj = mj + ai’]—.
i<|W'], a;,; is odd

Together with (b’) this now implies that b‘jwl| is even. This proves the claim.
Together with (a'), (b’) and (a;), (8;) for all ¢« < |W’| this in turn shows
that F, ..., F, form a decomposition of H; into edge-disjoint Hamilton exceptional
system candidates with e(F}) = 4 for all j < n'r and e(F};) =2 for all n'r < j <.
Recall that n'r = nan by and that we have already constructed Hamilton

exceptional system candidates Figgan 200415 - - - s Fan Which satisfy the ‘furthermore
statement’ of the lemma, and thus in particular consist of precisely two edges. This
completes the proof of the lemma. O

3.3.3. Proof of Lemma We will now combine Lemmas [3.3.1] [3:3-3]
and in order to prove Lemma This will complete the construction of the
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required exceptional sequences in the case when G is both critical and e(G[A’, B']) >
D.

Proof of Lemma [2.7.4, Let G° be as defined in Lemma 2.7.4](iv). Our first aim
is to decompose G° into suitable ‘localized’ subgraphs via Lemma Choose a
new constant ¢’ such that ¢ < ¢/ < \,1/K and define a by
D — ¢n

K2
Recall from Lemma ii) that D = (n —1)/2 or D = n/2 — 1. Together with
our assumption that ¢ < 1 this implies that

1-2/n-2¢ _ 1-2¢

(3.3.16) 2an =

(3.3.17) e @< —s and e<e < \1/K,a< 1.
Note that by Lemma [2.7.4(ii) and (iii) we have ege(A’, B') > D — ¢n = 2K2an.
Together with Lemma [3.1.1((iii) t hlS implies that
(3.3.18)
E317
2K%an < ege(A',B') < eq(A',B") < 17D/10 + 5“2 18K2an / n.

Moreover, recall that by Lemma [2.7.4(i) and (iii) we have
(3.3.19) dgo(v) = 2K?an  for all v € Vj.

Let W be the set of all those vertices w € V(G) with dgar,p/ (w) >11D/40. So W
is as defined in Lemma [3.1.1] and 1< |W| <3by Lemma (1) Let W C V(G)
be as guaranteed by Lemma B-13|v). Thus W C W', [W'| S 3,

(3.3.20)
21D 11D
dG[A’,B’] (w') Z W, dG[A’,B’](U) S ﬁ and dG[A’,B’] (w') — dG[A’,B/] (U) Z %

for all w’ € W’ and all v € V(G) \ W’. In particular, W' C V{. (This follows since
Lemmalu) (iv) and (ESch3) together imply that dgpar, g (v) = dgeorar,p(v)+
deorar,p1(v) < eon +eq, (A", B') < egn+ ¢n for all v € AU B.) Let wy, wa, w3 be
vertices of G such that

daar,p(w1) > dgar, gy (w2) > dopar, g (ws) > daiar, g (v)

for all v € V(G)\{w1, w2, w3}, where wy and wy are as in Lemma/|2.7.4{v). Hence W

consists of wy, ..., w)y| and W’ consists of wy, ..., wjy|. Set Wo 1= {wy, wa W',

Since dg, (v) = ¢n for each v € V) (and thus for each v € Wy), each w € W) satisfies
1' (3-3.18)

(3.3.21) K?<21D/80—¢n <  dgojar,py(w) < K2an < ego(A,B)/2.

(Here the third inequality follows from Lemma [2.7.4(v).) Apply Lemma to
G°? in order to obtain a decomposition of G° into edge-disjoint spanning subgraphs
H(i,i') and H"(i,i’) (for all 1 < 4,4’ < K) which satisfy the following properties,
where G'(i,4) :== H(i,¢") + H"(i,1'):
(b}) Each H(i,4") contains only AgA;-edges and ByB;-edges.
(bh) H"(i,i') C G°[A’,B']. Moreover, all but at most 20en/K? edges of
Hll(i,i/) lie in GQ[AO U Ai, BO U Bl/]
(bh) e(H"(i,i)) = 2[eqe(A,B)/(2K?)| or e(H"(i,i’)) = 2leg-(A',B')/
(2K?)]. In particular, 2an < e(H”(i,i')) < 19an/5 by (3.3.18).
(bﬁl) dH”(i,i’)(v) = (dGO[A/7B/] (’U) + 255—:n)/K2 for all v € V().
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(0%) dar(iin(v) = (dgo(v) £ 25en)/K? = (2a+25¢/K?)n for all v € V)

by (B3.19).

(bg) Each w € Wy satisfies dgr ;i) (w) < [dgopar, pr)(w)/K?] < an by (3.3.21).
Our next aim is to apply Lemma[3.3.3]to each H"(i,4’) to obtain suitable Hamilton
exceptional system candidates (in particular almost all of them will be ‘localized’).
So consider any 1 < i,#’ < K and let H” := H"(i,4i"). We claim that there exists
0 <17 < 9/10 such that H" satisfies the following conditions (which in turn imply
conditions (c1)—(c5) of Lemma [3.3.3):

(c}) e(H") =2(1+n)an and nan € N.

(ch) e(H”" —W') <199an/100 and dg~(w) > 13an/25 for all w € W',

(ch) dpr(w) < anforallw € Wy and dy(w') < 41an/40 for all w' € W\ Wy.

(cﬁl) For allw € W' and all v € V(G)\W' we have dg (w) —dg (v) > an/150.

(ct) For all v € AU B we have dy(v) < ggn.

Clearly, (b%) implies the first part of (¢}). Since e(H") is even by (b%) and an € N,
it follows that nan € N. To verify the first part of (c}), note that (b) and (b))
together imply that

e(H” _ W/ H// Z dH// Jr e H// [W/])
weWw’

<2feqe (A, B")/(2K*)] = Y (dgerar,p(w) — 25en)/K? + 3
weWw’

< (6@071/[//(14/, B/) + 80671)/[(2.
Together with Lemma iv) this implies that
e(H"—W') < (eg_w+ (A, B')+80en)/K? < ((3D/4+5)+805n) JK? < 199an,/100.

To verify the second part of (c}), note that by (3.3.20) and Lemma [2.7.4]iii) each
w € W' satisfies dgojar, g (w) > dgrar,pr(w) — qbn > 21D/80 on. Together with
(b}) this implies dg~ (w) > 26an/50. Thus (c4) holds. By (bg) we have dy(w) <
an for all w € Wy. If w' € W'\ Wy, then Lemma ii) implies dgar,p(w') <
D/2 < 51K2an/50. Thus, dg~(w') < 4lan/40 by (b}). Altogether this shows
that (c4) holds. (c}) follows from , (b}) and the fact that dgejar p(v) >
dgiar,p(v) — ¢n for all v € V(G) by Lemma iii). (ck) holds since dg~(v) <
dGO[A’,B’]( ) <egpnforallve AUB by (ESCh3

Now we apply Lemma in order to decompose H” into an edge-disjoint
Hamilton exceptional system candidates Fi, ..., F,, such that e(Fy) € {2,4} for
all s < an and such that at least an/200 of F; satisfy e(Fs) = 2 and dp, (w) =1
for all w € Wy. Let

’y::af% and ’y’::%.

Recall that by (b5) all but at most 20en/K? < &'n edges of H” lie in G°[Ag U
A;, Bp U By/]. Together with this ensures that we can relabel the Fj
if necessary to obtain an edge-disjoint Hamilton exceptional system candidates
Fi(i,d'), ... Fyn(i,4") and F{(3,7),..., F.,, (4,7) such that the following properties
hold:

(') Fs(i,7") is an (i,¢")-HESC for every s < yn. Moreover, v'n of the Fy(i,i)

satisfy e(Fi(i,1')) = 2 and dp, (; ) (w) = 1 for all w € Wp.
(b) e(Fi(i,4")) = 2 for all but at most 'n of the F.(i,i).
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(c) e(Fs(i,i")), e(F(i, 1)) € {2,4}.
For (b’) and the ‘moreover’ part of (a’), we use that an/200—&'n > 2An/K? = 2¢'n.
Our next aim is to apply Lemma[3.2.6) with G° playing the role of G* to extend the
above exceptional system candidates into exceptional systems. Clearly conditions
(i) and (ii) of Lemma [3.2.6] hold. (iii) follows from (b}). (iv) and (v) follow from
(a/)~(c/). (vi) follows from Lemma [2.7.4(i),(iii). Finally, (vii) follows from (bf)
since G'(4,4") plays the role of G*(i,i’). Thus we can indeed apply Lemma
to obtain a decomposition of G° into K2an edge-disjoint Hamilton exceptional
systems Ji(i,i'), ..., Jyn(i,1") and Ji(4,4'),..., ., (i,i") with parameter eo, where
1 <i,i < K, such that Js(4,4') is an (4,4')-HES which is a faithful extension of
Fy(i,4") for all s < yn and J.(i,') is a faithful extension of F!(i,4) for all s < +'n.
Then the set J of all these exceptional systems is as required in Lemma [2.7.4]
(Since Wy contains {ws,ws} NW, the ‘moreover part’ of (a’) implies the ‘moreover

part’ of Lemma b).) O

3.4. The Case when ¢(4',B') < D

The aim of this section is to prove Lemma [2.7.5] This lemma provides a de-
composition of the exceptional edges into exceptional systems in the case when
e(A’, B') < D. In this case, we do not need to prove any auxiliary lemmas first, as
we can apply those proved in the other two cases (Lemmas and .

Proof of Lemma Let &’ be a new constant such that ¢ < ¢’ < A\, 1/K and
set

_n/2—1—¢n

T Kr

Similarly as in the proof of Lemma [2.7.4] we have

(3.4.1) 2amn

(3.4.2) e<e < \1/K,a< 1.

We claim that G° can be decomposed into edge-disjoint spanning subgraphs H (i, 4’)
and H"(i,7") (for all 1 < 4,7 < K) which satisfy the following properties, where
G'(i,i") == H(i,7)+ H"(i,7):

(b}) Each H(i,i") contains only AgA;-edges and ByB;-edges.

(bh) H'(i,i") C G°[A’, B']. Moreover, all but at most £'n edges of H" (i,4') lie

in GO[AO UA;, By U BZ/}

(bs) e(H"(i,4")) is even and e(H"(4,4")) < 2an.

(b)) A(H"(,)) < e(H"(i,))/2.

(b%) dGl(i,il)(v) = (20& + EJ)TL for all v € VO.
To see this, let us first consider the case when ego(A’, B’) < 300en. Apply
Lemma to G° in order to obtain a decomposition of G° into edge-disjoint
spanning subgraphs H(i,i") and H'(i,¢") (for all 1 < 4,4/ < K) which satisfy
Lemma a1)~(as). Set H"(1,1) := U; y<x H'(i,4) = G°[A’, B'| and H"(i,7’)
:= 0 for all other pairs 1 < i,4" < K. Then (b}) follows from (a;). (b) follows
from our definition of the H”(4,4") and our assumption that ego (A’, B') < 300en <
g'n < an. Together with Lemma iv) this also implies (b%). (b}) follows from
Lemma [2.7.5(v). Note that by Lemma [2.7.5(i) and (iii), every v € V; satisfies



92 3. EXCEPTIONAL SYSTEMS FOR THE TWO CLIQUES CASE

dge(v) = n/2 —1— ¢n = 2K2an. So, writing G(i,7') := H(i,i') + H'(i,i'), (as)
implies that

dr(iin(v) = dg(i,iny (v) £ 300en = (2o + 42/ K?)n £ 300en = (20 + €')n.

Thus (b%) holds too.

So let us next consider the case when ege(A’, B) > 300en. Let Wy be the
set of all those vertices v € V(G) for which dgeiar g (v) > 3ege(A’, B')/8. Then
clearly |Wp| < 2. Moreover, each v € V(G) \ W, satisfies

(343) dGO[A/’BI](/U) + 26en < 36@0 (Al7 B/)/8 + ege (A/, B/)/S = eqge (A/, B/)/Q.

Recall from Lemma v) that dgear,pj(w) < ego(A’, B')/2 for each w € Wy.
So we can apply Lemma to G° in order to obtain a decomposition of G° into
edge-disjoint spanning subgraphs H(i,¢") and H"(i,4") (for all 1 <4,i < K) which
satisfy Lemma(3.3.1{b1)—(b7). Then (b;) and (b2) imply (b}) and (b4). (bj) follows
from (bs), d Lemma [2.7.5(v). Note that (bs), (bs) and together

imply that

eqo(A',B")/2 —en _ e(H"(i,4
(3.4.4) dpp (1 (v) < =2 ( ’KQ)/ =< ( ; 7))
for all v € Vo \ Wy. Note that each v € AU B satisfies dg(; ) (v) < dgofar, p(v) <
gon by Lemma [2.7.5(iv) and (ESch3). Together with the fact that e(H”(i,i')) >
2[300en/(2K2)| > 2e9n by (bs), this implies that also holds for all v € AUB.
Together with (b7) this implies (b}). (b§) follows from (bs) and the fact that by
Lemma i) and (iii) every v € Vj satisfies dge(v) = n/2 — 1 — ¢n = 2K2an.
So (bf)—(bg) hold in all cases.

We now decompose the localized subgraphs H”(i,4") into exceptional system
candidates. For this, fix 4,4 < K and write H” for H"(i,i"). By (b)) we have
A(H") < e(H")/2 and so x'(H") < e(H")/2. Apply Proposition with
e(H")/2 playing the role of m to decompose H” into e(H")/2 edge-disjoint match-
ings, each of size 2. Note that an—e(H"')/2 > 0 by (b%). So we can add some empty

matchings to obtain a decomposition of H” into an edge-disjoint M, ..., My, such
that each Mj is either empty or has size 2. Let
A A
’y::afﬁ and ’Y/::ﬁ'

Recall from (b)) that all but at most e'n < v'n edges of H” lie in G°[AgU A;, By U
Bi/]. Hence by relabeling if necessary, we may assume that My C G°[AgU A;, By U
By/] for every s < yn. So by setting Fs(i,i") := M, for all s < yn and F.(i,i') :=
M, 45 for all s < 4'n we obtain a decomposition of H” into edge-disjoint ex-
ceptional system candidates Fy(i,i'),..., %y, (i,i") and Fy(i,4'),..., F.,, (i,i) such
that the following properties hold:

(a') Fs(i,7") is an (4,¢)-ESC for every s < yn.

(b') Each Fy(i,4') is either a Hamilton exceptional system candidate with
e(Fs(i,4")) = 2or a matching exceptional system candidate with e(Fi(i,4"))
= 0. The analogue holds for each F, (,3’).

Our next aim is to apply Lemma [3.2.6| with G° playing the role of G*, to extend the
above exceptional system candidates into exceptional systems. Clearly conditions
(i) and (ii) of Lemma [3.2.6) hold. (iii) follows from (b}). (iv) and (v) follow from
(a) and (b'). (vi) follows from Lemma[2.7.5(1),(iii). Finally, (vii) follows from (bf)
since G'(i,i’) plays the role of G*(i,1') in Lemma[3.2.6] Thus we can indeed apply
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Lemma to obtain a decomposition of G° into K2an edge-disjoint exceptional
systems J1(i,i'), ..., Jyn(i,i') and Ji(3,7'), ..., S, (i,i'), where 1 <i,i’ < K, such
that Js(4,4') is an (4,4')-ES which is a faithful extension of Fs(4,4) for all s < yn
and J(i,4) is a faithful extension of F!(i,4) for all s < 4'n. Then the set J of all

these exceptional systems is as required in Lemma [2.7.5] O






CHAPTER 4

The bipartite case

The aim of this chapter is to prove Theorems and Recall that The-
orem [I.3.8 guarantees many edge-disjoint Hamilton cycles in a graph G when G has
large minimum degree and is close to bipartite, whilst Theorem [I.3.5] guarantees
a Hamilton decomposition of G when G has sufficiently large minimum degree, is
regular and is close to bipartite. In Section we give an outline of the proofs.
The results from Sections and are used in both the proofs of Theorems|1.3.5
and In Sections [4.4] and we build up machinery for the proof of The-
orem [[.3.-5] We then prove Theorem [I.3.8] in Section [.6] and Theorem [I.3.5] in
Section

Unlike in the previous chapters, in this chapter we view a matching M as a set
of edges. (So |M| for example, denotes the number of edges in M.)

4.1. Overview of the Proofs of Theorems [1.3.5] and [1.3.§

Note that, unlike in Theorem [1.3.5] in Theorem |1.3.8 we do not require a com-
plete decomposition of our graph F into edge-disjoint Hamilton cycles. Therefore,
the proof of Theorem [1.3.5] is considerably more involved than the proof of The-
orem Moreover, the ideas in the proof of Theorem [[.3.8 are all used in the
proof of Theorem [1.3.5] too.

4.1.1. Proof Overview for Theorem Let I be a graph on n vertices
with §(F) > (1/2 — o(1))n which is close to the balanced bipartite graph K, /3 ,, /2.
Further, suppose that G is a D-regular spanning subgraph of F' as in Theorem[1.3.8]
Then there is a partition A, B of V(F') such that A and B are of roughly equal size
and most edges in F' go between A and B. Our ultimate aim is to construct D/2
edge-disjoint Hamilton cycles in F.

Suppose first that, in the graph F, both A and B are independent sets of
equal size. So F' is an almost complete balanced bipartite graph. In this case, the
densest spanning even-regular subgraph G of F' is also almost complete bipartite.
This means that one can extend existing techniques (developed e.g. in [6, [T, [9]
17l [31]) to find an approximate Hamilton decomposition. (In Chapter [5| using
such techniques, we prove an approximate decomposition result (Lemma
which is suitable for our purposes. In particular, Lemma [£.6.1] is sufficient to prove
Theorem in this special case.) The real difficulties arise when

(i) F is unbalanced (i.e. |A| # |B|);
(ii) F has vertices having high degree in both A and B (these are called
exceptional vertices).

To illustrate (i), recall the following example due to Babai (which is the ex-
tremal construction for Corollary |1.1.5). Consider the graph F on n = 8k + 2
vertices consisting of one vertex class A of size 4k + 2 containing a perfect matching

95
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and no other edges, one empty vertex class B of size 4k, and all possible edges
between A and B. Thus the minimum degree of F' is 4k + 1 = n/2. Then one can
use Tutte’s factor theorem to show that the largest even-regular spanning subgraph
G of F has degree D = 2k = (n — 2)/4. Note that to prove Theorem in this
case, each of the D/2 = k Hamilton cycles we find must contain exactly two of the
2k + 1 edges in A. In this way, we can ‘balance out’ the difference in the vertex
class sizes.

More generally we will construct our Hamilton cycles in two steps. In the first
step, we find a path system J which balances out the vertex class sizes (so in the
above example, J would contain two edges in A). Then we extend .J into a Hamilton
cycle using only AB-edges in F'. It turns out that the first step is the difficult one.
It is easy to see that a path system J will balance out the sizes of A and B (in the
sense that the number of uncovered vertices in A and B is the same) if and only if

(4.1.1) es(A) —es(B) = |4 - |BI.

Note that any Hamilton cycle also satisfies this identity. So we need to find a set
of D/2 path systems J satisfying (£.1.1)) (where D is the degree of G). This is
achieved (amongst other things) in Sections [4.3.2] and [4.3.3]

As indicated above, our aim is to use Lemma 4.6.1| (our approximate decompo-
sition result for the bipartite case) in order to extend each such J into a Hamilton
cycle. To apply Lemma [£.6.1] we also need to extend the balancing path systems .J
into ‘balanced exceptional (path) systems’ which contain all the exceptional vertices
from (ii). This is achieved in Section Lemma also assumes that the path
systems are ‘localized’ with respect to a given subpartition of A, B (i.e. they are
induced by a small number of partition classes). Section prepares the ground
for this. The balanced exceptional systems are the analogues of the exceptional
systems which we use in the two cliques case (i.e. in Chapter [2)).

Finding the balanced exceptional systems is extremely difficult if G contains
edges between the set Ay of exceptional vertices in A and the set By of exceptional
vertices in B. So in a preliminary step, we find and remove a small number of
edge-disjoint Hamilton cycles covering all AyBy-edges in Section We put all

these steps together in Section (Sections and [4.7] are only relevant for
the proof of Theorem [1.3.5])

4.1.2. Proof Overview for Theorem The main result of this chapter
is Theorem [I.335] Suppose that G is a D-regular graph satisfying the conditions
of that theorem. Using the approach of the previous subsection, one can obtain an
approximate decomposition of G, i.e. a set of edge-disjoint Hamilton cycles covering
almost all edges of G. However, one does not have any control over the ‘leftover’
graph H, which makes a complete decomposition seem infeasible. As in the proof
of Theorem [1.3.3] we use the following strategy to overcome this issue and obtain
a decomposition of G:

(1) find a (sparse) robustly decomposable graph G*™ in G and let G’ denote
the leftover;

(2) find an approximate Hamilton decomposition of G’ and let H denote the
(very sparse) leftover;

(3) find a Hamilton decomposition of G*°" U H.

As before, it is of course far from obvious that such a graph G™P exists. By
assumption our graph G can be partitioned into two classes A and B of almost
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equal size such that almost all the edges in G go between A and B. If both A
and B are independent sets of equal size then the ‘bipartite’ version of the robust
decomposition lemma of [21] guarantees our desired subgraph G™P of G. Of course,
in general our graph G will contain edges in A and B. Our aim is therefore to replace
such edges with ‘fictive edges’ between A and B, so that we can apply this version of
the robust decomposition lemma (Lemma [4.5.3). (We note here that Lemma [4.5.3]
is designed to deal with bipartite graphs. So its statement is slightly different to
the robust decomposition lemma (Lemma that was applied in the proof of
Theorem [1.3.3])

More precisely, similarly as in the proof of Theorem [1.3.8] we construct a collec-
tion of localized balanced exceptional systems. Together these path systems contain
all the edges in G[A] and G[B]. Again, each balanced exceptional system balances
out the sizes of A and B and covers the exceptional vertices in G (i.e. those vertices
having high degree into both A and B).

Similarly as in the two cliques case, we now introduce fictive edges. This time,
by replacing edges of the balanced exceptional systems with fictive edges, we obtain
from G an auxiliary (multi)graph G* which only contains edges between A and B
and which does not contain the exceptional vertices of G. This will allow us to ap-
ply the robust decomposition lemma. In particular this ensures that each Hamilton
cycle obtained in G* contains a collection of fictive edges corresponding to a sin-
gle balanced exceptional system (as before the set-up of the robust decomposition
lemma does allow for this). Each such Hamilton cycle in G* then corresponds to a
Hamilton cycle in G.

We now give an example of how we introduce fictive edges. Let m be an integer
so that (m —1)/2 is even. Set m' := (m —1)/2 and m” := (m + 1)/2. Define the
graph G as follows: Let A and B be disjoint vertex sets of size m. Let A1, A5 be a
partition of A and B, Bz be a partition of B such that |[A;]| = |B1| = m”. Add all
edges between A and B. Add a matching M; = {ei,..., ey /2} covering precisely
the vertices of Ay and add a matching My = {ef,..., e}, /2} covering precisely
the vertices of By. Finally add a vertex v which sends an edge to every vertex
in Ay UB;. So G is (m + 1)-regular (and v would be regarded as an exceptional
vertex).

Now pair up each edge e; with the edge e;. Write e; = x9;,_129; and e, =
Y2i—1Y2i for each 1 S 7 S m’/2. Let A1 = {al,. .. ,am//} and Bl = {bl,. . .,bm//}
and write f; := a;b; for all 1 <14 < m”. Obtain G* from G by deleting v together
with the edges in M7 UM; and by adding the following fictive edges: add f; for each
1 <i<m” and add z;y; for each 1 < j < m’. Then G* is a balanced bipartite
(m + 1)-regular multigraph containing only edges between A and B.

First, note that any Hamilton cycle C* in G* that contains precisely one fictive
edge f; for some 1 < i < m/ corresponds to a Hamilton cycle C in GG, where we
replace the fictive edge f; with a;v and b;v. Next, consider any Hamilton cycle C*
in G* that contains precisely three fictive edges; f; for some 1 < i < m/ together
with @a;_1y2j-1 and a;y2; for some 1 < j < m//2. Further suppose C* traverses
the vertices a;,b;, T2j—1,%2j—1,%2j,Y2; in this order. Then C* corresponds to a
Hamilton cycle C' in G, where we replace the fictive edges with a;v, b;v, e; and e;.
(see Figure {4.1.1). Here the path system J formed by the edges a;v, b;jv,e; and e;.
is an example of a balanced exceptional system. The above ideas are formalized in

Section (.41
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FIGURE 4.1.1. Transforming the problem of finding a Hamilton
cycle in G into finding a Hamilton cycle in the balanced bipartite
graph G*

We can now summarize the steps leading to proof of Theorem In Sec-
tion 2] we find and remove a set of edge-disjoint Hamilton cycles covering all
edges in G[Ag, Bp]. We can then find the localized balanced exceptional systems
in Section After this, we need to extend and combine them into certain path
systems and factors (which contain fictive edges) in Section before we can use
them as an ‘input’ for the robust decomposition lemma in Section Finally, all
these steps are combined in Section [£.7] to prove Theorem [1.3.5

4.2. Eliminating Edges between the Exceptional Sets

Suppose that G is a D-regular graph as in Theorem [1.3.5] The purpose of this
section is to prove Corollary Roughly speaking, given K € N, this corollary
states that one can delete a small number of edge-disjoint Hamilton cycles from G
to obtain a spanning subgraph G’ of G and a partition A, Ay, B, By of V(G) such
that (amongst others) the following properties hold:

e almost all edges of G’ join AU Ag to B U By;

e |A| = |B]| is divisible by K;

e cvery vertex in A has almost all its neighbours in BU By and every vertex
in B has almost all its neighbours in A U Ag;

e AgU By is small and there are no edges between Ag and By in G'.

We will call (G', A, Ao, B, By) a bi-framework. (The formal definition of a bi-
framework is stated before Lemma [4.2.11]) Both A and B will then be split into
K clusters of equal size. Our assumption that G is gqc-bipartite easily implies that
there is such a partition A, Ag, B, By which satisfies all these properties apart from
the property that there are no edges between Ag and By. So the main part of this
section shows that we can cover the collection of all edges between Ay and By by a
small number of edge-disjoint Hamilton cycles.

Since Corollary [£:2.12) will also be used in the proof of Theorem [I.3.8] instead
of working with regular graphs we need to consider so-called balanced graphs. We
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also need to find the above Hamilton cycles in the graph F' O G rather than in G
itself (in the proof of Theorem we will take F' to be equal to G).

More precisely, suppose that G is a graph and that A’, B’ is a partition of
V(G), where A’ = AgUA, B’ = ByUB and A, Ay, B, By are disjoint. Then we say
that G is D-balanced (with respect to (A, Ag, B, Byp)) if

(B1) eg(A') —eq(B') = (|A'| - [B')D/2;

(B2) all vertices in Ag U By have degree exactly D.

Proposition [£.2.1] below implies that whenever A, Ay, B, By is a partition of the ver-
tex set of a D-regular graph H, then H is D-balanced with respect to (A4, Ao, B, By).
Moreover, note that if G is Dg-balanced with respect to (A, Ag, B, Bg) and H is a
spanning subgraph of G which is Dg-balanced with respect to (A4, Ao, B, By), then
G —H is (Dg — Dy )-balanced with respect to (A, Ay, B, By). Furthermore, a graph
G is D-balanced with respect to (A, Ao, B, By) if and only if G is D-balanced with
respect to (B, By, A, Ap).

PROPOSITION 4.2.1. Let H be a graph and let A’, B’ be a partition of V(H).
Suppose that Ag, A is a partition of A’ and that By, B is a partition of B’ such
that |A| = |B|. Suppose that dg(v) = D for every v € AgU By and dg(v) = D’ for
everyv € AUB. Then eg(A’) —en(B') = (|A'| — |B'|)D/2.

Proof. Note that

> dy(x,B)=e(A,B) =Y du(y,A).

zeA’ yeB’
Moreover,
2e(A')= > (D—du(z,B))+ Y (D' —du(x,B))
z€Ap TEA
= D|Ao| + D'|A| = > du(z, B')
zeA’
and
2ep(B)= > (D—du(y,A)+ > (D' —du(y,A))
yE€Bo yEB
= D|By| + D'|B| - Z du(y, A").
yeB’
Therefore
2e(A')—2en(B’) = D(|Ao|~|Bo|)+D'(|A|~|B|) = D(|Ao|~|Bo|) = D(|A'|-|B']),
as desired. O

The following observation states that balancedness is preserved under suitable
modifications of the partition.

PROPOSITION 4.2.2. Let H be D-balanced with respect to (A, Ay, B, By). Sup-
pose that Af, B}, is a partition of Ag U By. Then H is D-balanced with respect to
(A, Aj, B, Byp).

Proof. Observe that the general result follows if we can show that H is D-balanced
with respect to (A, Ay, B, Bj), where A = Ao U {v}, B{ = By \ {v} and v € B.
(B2) is trivially satisfied in this case, so we only need to check (B1) for the new
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partition. For this, let A’ := AgU A and B’ := By U B. Now note that (B1) for the
original partition implies that
en(AGUA) —en(ByUB) =en(A") +dp(v,A") — (eq(B') — dpu(v,B"))
= (|4 = |B')D/2+ D = (|Ay U A| — |By U B|)D/2.
Thus (B1) holds for the new partition. O

Suppose that G is a graph and A’, B’ is a partition of V(G). For every vertex
v € A" we call dg(v, A’) the internal degree of v in G. Similarly, for every vertex
v € B" we call dg(v, B') the internal degree of v in G.
Given a graph F' and a spanning subgraph G of F' , we say that (F,G, A, Ay, B,
By) is an (g,¢’, K, D)-weak framework if the following holds, where A’ := Ay U A,
B':=ByUB and n:= |G| =|F|:
(WF1) A, Ay, B, By forms a partition of V(G) = V(F);

(WF2) G is D-balanced with respect to (A, Ao, B, By);
(WF3) eq(A),eq(B’) < en?;
(WF4) |A| = |B] is divisible by K. Moreover, a + b < en, where a := |Ag| and

b:=|Byl;
(WF5) all vertices in AU B have internal degree at most e'n in F;
(WF6) any vertex v has internal degree at most dg(v)/2 in G.

Throughout the chapter, when referring to internal degrees without mentioning the
partition, we always mean with respect to the partition A’, B’, where A’ = AgU A
and B’ = By U B. Moreover, a and b will always denote |Ag| and |By].

We say that (F,G, A, Ay, B, By) is an (g,¢', K, D)-pre-framework if it satisfies
(WF1)-(WF5). The following observation states that pre-frameworks are preserved
if we remove suitable balanced subgraphs.

PROPOSITION 4.2.3. Lete,e’ > 0 and K, D, Dy € N. Let (F,G, A, Ay, B, By)
be an (e,e', K, Dg)-pre framework. Suppose that H is a Dy -regular spanning sub-
graph of F such that G N H is Dy-balanced with respect to (A, Ag, B, By). Let
F':=F—-H andG' :=G—H. Then (F',G', A, Ay, B, By) is an (¢,¢', K, Dg—Dp)-
pre framework.

Proof. Note that all required properties except possibly (WF2) are not affected by
removing edges. But G’ satisfies (WF2) since G N H is Dgy-balanced with respect
to (A,Ao,B,Bo). O

LEMMA 4.24. Let 0 < 1/n <« e « €/,1/K <« 1 and let D > n/200. Suppose
that F is a graph on n wvertices which is e-bipartite and that G is a D-regular
spanning subgraph of F. Then there is a partition A, Ay, B, By of V(G) = V(F) so
that (F,G, A, Ay, B, By) is an (¢'/3,¢', K, D)-weak framewortk.

Proof. Let S;,S5 be a partition of V(F) which is guaranteed by the assumption
that F' is e-bipartite. Let S be the set of all those vertices x € S; with dp(z,S1) >
ven together with all those vertices © € So with dp(z,S2) > v/en. Since F is
e-bipartite, it follows that |S| < 4y/en.

Given a partition X,Y of V(F'), we say that v € X is bad for X, Y if dg(v, X) >
dg(v,Y) and similarly that v € Y is bad for X,Y if dg(v,Y) > dg(v, X). Suppose
that there is a vertex v € S which is bad for Sy, So. Then we move v into the class
which does not currently contain v to obtain a new partition S}, S5. We do not
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change the set S. If there is a vertex v' € S which is bad for S, S}, then again we
move it into the other class.

We repeat this process. After each step, the number of edges in G between the
two classes increases, so this process has to terminate with some partition A’, B’
such that A’ AS; C S and B’ ASy C S. Clearly, no vertex in S is now bad for A’,
B’. Also, for any v € A"\ S we have

(4.2.1) da(v,A") <dp(v,A’") <dp(v,S1) + S| < Ven+4ven < e'n
< DJ2 = de(v)/2.

Similarly, dg(v, B') < ¢'n < dg(v)/2 for all v € B’\ S. Altogether this implies that
no vertex is bad for A’, B’ and thus (WF6) holds. Also note that eg(A’, B’) >
eq(S1,52) > e(G) — 2en?. So

(4.2.2) ec(A),eq(B') < 2en.

This implies (WF3).

Without loss of generality we may assume that |[A’| > |B’|. Let Aj, denote the
set of all those vertices v € A’ for which dp(v, A") > ¢'n. Define B C B’ similarly.
We will choose sets A C A’\ A and Ay 2 A} and sets B C B\ B{, and By 2 B}, such
that |A| = |B| is divisible by K and so that A, Ay and B, By are partitions of A" and
B’ respectively. We obtain such sets by moving at most ||A" \ Aj| — |B'\ Bj|| + K
vertices from A"\ Aj to A} and at most ||A"\ Aj| — |B’\ B{|| + K vertices from
B’ \ B to B{. The choice of A, Ay, B, By is such that (WF1) and (WF5) hold.
Further, since |A| = |B|, Proposition [£.2.1] implies (WF2).

In order to verify (WF4), it remains to show that a+b = |AgUBy| < '/?n. But
together with its analogue for the vertices in B'\ S implies that AfUB{ C S.
Thus |Aj|+|B| < |S| < 44/en. Moreover, (WF2), and our assumption that
D > n/200 together imply that

A = |B'| = (ea(A) — ea(B)/(D/2) < 2en?/(D/2) < 800en.
So altogether, we have
a+b<|AGUB)| +2||A"\ Aj| — |B"\ By|| + 2K
< 4dven+2||A'| - |B'| - (|Ag| — 1Bg|)| + 2K
< 4y/en + 1600en + 8/en 4+ 2K < £'/3n.
Thus (WF4) holds. O

Our next goal is to cover the edges of G[Ag, By] by edge-disjoint Hamilton
cycles. To do this, we will first decompose G[Ag, By] into a collection of matchings.
We will then extend each such matching into a system of vertex-disjoint paths
such that altogether these paths cover every vertex in G[Ag, By], each path has its
endvertices in A U B and the path system is 2-balanced. Since our path system
will only contain a small number of nontrivial paths, we can then extend the path
system into a Hamilton cycle (see Lemma [£.2.9).

We will call the path systems we are working with AgBg-path systems. More
precisely, an AgBy-path system (with respect to (A, Ag, B, By)) is a path system Q
satisfying the following properties:

e Every vertex in Ay U By is an internal vertex of a path in Q.
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e AU B contains the endpoints of each path in ) but no internal vertex of
a path in Q.

The following observation (which motivates the use of the word ‘balanced’) will
often be helpful.

PROPOSITION 4.2.5. Let Ag, A, By, B be a partition of a vertex set V.. Then an
AoBy-path system Q with V(Q) C V is 2-balanced with respect to (A, Ao, B, By) if
and only if the number of vertices in A which are endpoints of nontrivial paths in
Q@ equals the number of vertices in B which are endpoints of nontrivial paths in Q.

Proof. Note that by definition any AgBy-path system satisfies (B2), so we only
need to consider (B1). Let n4 be the number of vertices in A which are endpoints of
nontrivial paths in @ and define ng similarly. Let a := |Ag]|, b := |By|, A" := AU Ap
and B’ := B U By. Since dg(v) = 2 for all v € Ay and since every vertex in A is
either an endpoint of a nontrivial path in @ or has degree zero in ), we have

2eq(A') +e(A',B)) = Y dqg(v) = 2a+na.
veEA’

Sona =2(eq(A’)—a)+eq(A’,B’), and similarly np = 2(eq(B’) —b) +eq(A’, B).
Therefore, ny = np if and only if 2(eq(A’) — eq(B’) —a + b) = 0 if and only if Q
satisfies (B1), as desired. O

The next observation shows that if we have a suitable path system satisfying
(B1), we can extend it into a path system which also satisfies (B2).

LEMMA 4.2.6. Let 0 < 1/n < a < 1. Let G be a graph on n vertices such that
there is a partition A', B' of V(G) which satisfies the following properties:

(i) A/ =AgUA, B'= ByUB and Ay, A, By, B are disjoint;
(ii) |A| = |B| and a + b < an, where a := |Ag| and b := |By|;
(iii) if v € Ag then dg(v, B) > 4an and if v € By then dg(v, A) > 4an.

Let Q' C G be a path system consisting of at most an nontrivial paths such that
AUB contains no internal vertez of a path in Q' and eq/(A’)—eg/ (B') = a—b. Then
G contains a 2-balanced AyBy-path system Q (with respect to (A, Ao, B, By)) which
extends Q' and consists of at most 2an nontrivial paths. Furthermore, E(Q)\ E(Q’)
consists of AgB- and ABgy-edges only.

Proof. Since A U B contains no internal vertex of a path in @’ and since @’
contains at most an nontrivial paths, it follows that at most 2an vertices in AU B
lie on nontrivial paths in Q’. We will now extend @’ into an AyBg-path system Q
consisting of at most a + b + an < 2an nontrivial paths as follows:

e for every vertex v € Ap, we join v to 2 — dg(v) vertices in B;
e for every vertex v € By, we join v to 2 — dg/(v) vertices in A.

Condition (iii) and the fact that at most 2an vertices in AUB lie on nontrivial paths
in Q' together ensure that we can extend @’ in such a way that the endvertices
in AU B are distinct for different paths in Q. Note that eg(A’) — eq(B’) =
eq (A")—eq/(B’) = a—b. Therefore, @ is 2-balanced with respect to (A, Ao, B, By).

O



4.2. ELIMINATING EDGES BETWEEN THE EXCEPTIONAL SETS 103

The next lemma constructs a small number of 2-balanced Ay By-path systems
covering the edges of G[Ap, By]. Each of these path systems will later be extended
into a Hamilton cycle.

LEMMA 42.7. Let 0 < 1/n < e € ¢',1/K < a« < 1. Let F be a graph on n
vertices and let G be a spanning subgraph of F'. Suppose that (F,G, A, Ao, B, By) is
an (g,¢', K, D)-weak framework with 6(F) > (1/4+ a)n and D > n/200. Then for
some r* < en the graph G contains r* edge-disjoint 2-balanced AgBg-path systems
Q1,-..,Qy which satisfy the following properties:

(i) Together Q1,...,Qr~ cover all edges in G[Ao, Bol;
(ii) For each i < r*, Q; contains at most 2en nontrivial paths;

(iii) For each i <r1*, Q; does not contain any edge from G[A, B].

Proof. (WF4) implies that |4o|+ |Bo| < en. Thus, by Corollary [1.4.6] there exists
a collection Mj,..., M]. of r* edge-disjoint matchings in G[Ao, By] that together
cover all the edges in G[Ag, By, where r* < en.

We may assume that a > b (the case when b > a follows analogously). We
will use edges in G[A'] to extend each M/ into a 2-balanced AoBy-path system.
(WF2) implies that eg(A’) > (a — b)D/2. Since dg(v) = D for all v € Ay U By
by (WF2), (WF5) and (WF6) imply that A(G[A']) < D/2. Thus Corollary [1.4.6]
implies that E(G[A']) can be decomposed into | D/2] + 1 edge-disjoint matchings
My, .., Mg, pj2j41 such that [[Ma ;| —[Ma || <1 foralli,j < |D/2]+ 1.

Notice that at least en of the matchings My ,; are such that |[Ma ;| > a —b.
Indeed, otherwise we have that

(a—b)D/2<eg(A") <en(a—b)+ (a—b—1)(D/2+1—en)
—(a—b)D/2+a—b—D/2—1+en
<(a—b)D/2+2n—-D/2 < (a—0b)D/2,

a contradiction. (The last inequality follows since D > n/200.) In particular,
this implies that G[A’] contains r* edge-disjoint matchings M7, ..., M/. that each
consist of precisely a — b edges.

For each i < r*, set M; := M/ U M. So for each i < r*, M; is a path system
consisting of at most b+ (a —b) = a < en nontrivial paths such that AU B contains
no internal vertex of a path in M; and ey, (A) — e, (B') = enr(A') = a —b.

Suppose for some 0 < r < r* we have already found a collection @1, ..., Q. of r
edge-disjoint 2-balanced AgBy-path systems which satisfy the following properties
for each 7 < r:

()i @Q; contains at most 2en nontrivial paths;

(B)i M; € Qi

(7); Qi and M; are edge-disjoint for each j < r* such that ¢ # j;

(6); Q; contains no edge from G[A, B].
(Note that (a)o—(d)o are vacuously true.) Let G’ denote the spanning subgraph of
G obtained from G by deleting the edges lying in Q1 U --- U Q,. (WF2), (WF4)
and (WF6) imply that, if v € Ay, dg/(v,B) > D/2 —en —2r > 4en and if v € By
then dgs (v, A) > 4en. Thus Lemma implies that G’ contains a 2-balanced
AgBy-path system Q1 that satisfies ()pr11—(8)p41-

So we can proceed in this way in order to obtain edge-disjoint 2-balanced Ay By-
path systems Q1, ..., Q.- in G such that («);—(0); hold for each i < r*. Note that
(i)—(iii) follow immediately from these conditions, as desired. O
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The next lemma (Corollary 5.4 in [20]) allows us to extend a 2-balanced path
system into a Hamilton cycle. Corollary 5.4 concerns so-called ‘(A, B)-balanced’-
path systems rather than 2-balanced AgBg-path systems. But the latter satisfies
the requirements of the former by Proposition

LEMMA 4.2.8. Let 0 < 1/n < &' < a < 1. Let F be a graph and suppose that
Ao, A, By, B is a partition of V(F) such that |A| = |B| = n. Let H be a bipartite
subgraph of F with vertex classes A and B such that 6(H) > (1/2 + a)n. Suppose
that Q is a 2-balanced AgBy-path system with respect to (A, Ao, B, By) in F which
consists of at most e'n nontrivial paths. Then F contains a Hamilton cycle C which
satisfies the following properties:

*e QCC;
o E(C)\ E(Q) consists of edges from H.

Now we can apply Lemma to extend a 2-balanced AgBy-path system in
a pre-framework into a Hamilton cycle.

LEMMA 429. Let 0 < 1/n < e < &',1/K < a« < 1. Let F be a graph on n
vertices and let G be a spanning subgraph of F'. Suppose that (F,G, A, Ao, B, By) is
an (e,&', K, D)-pre-framework, i.e. it satisfies (WF1)-(WF5). Suppose also that
§(F) > (1/4 + a)n. Let Q be a 2-balanced AgBy-path system with respect to
(A, Ay, B, By) in G which consists of at most €'n nontrivial paths. Then F contains
a Hamilton cycle C' which satisfies the following properties:

(i) QCC;
(ii) E(C)\ E(Q) consists of AB-edges;
(iii) C NG is 2-balanced with respect to (A, Ag, B, By).

Proof. Note that (WF4), (WF5) and our assumption that 6(F) > (1/4 + a)n
together imply that every vertex = € A satisfies

dp(z, B) > dp(z, B') — |Bo| > dp(x) —'n—|Bo| > (1/4+a/2)n > (1/2+a/2)|B|.

Similarly, dp(z,A) > (1/2 + «/2)|A| for all x € B. Thus, §(F[4,B]) > (1/2 +
a/2)|A|l. Applying Lemma with F[A, B] playing the role of H, we obtain a
Hamilton cycle C' in F that satisfies (i) and (ii). To verify (iii), note that (ii) and
the 2-balancedness of ) together imply that

ecna(A) —ecna(B') = eq(A') —eq(B') =a—b.
Since every vertex v € Ay U By satisfies dong(v) = dg(v) = 2, (iii) holds. O

We now combine Lemmas [£:2.7] and [£.2.9] to find a collection of edge-disjoint
Hamilton cycles covering all the edges in G[Ag, Bo).

LEMMA 4.2.10. Let 0 < 1/n < e € €/,1/K < o < 1 and let D > n/100.
Let F be a graph on n vertices and let G be a spanning subgraph of F. Suppose
that (F,G, A, Ao, B, By) is an (e,&', K, D)-weak framework with §(F) > (1/4 +
a)n. Then for some r* < en the graph F contains edge-disjoint Hamilton cycles
Ch,...,Cp which satisfy the following properties:

(i) Together C1,...,Cu cover all edges in G[Ag, By);
(ii) (C1U---UCw) NG is 2r*-balanced with respect to (A, Ay, B, By).
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Proof. Apply Lemma [£:2.7) to obtain a collection of r* < en edge-disjoint 2-
balanced AgBp-path systems @1, ..., Q,+ in G which satisfy Lemma 1)—(iii).
We will extend each @; to a Hamilton cycle C;.

Suppose that for some 0 < r < r* we have found a collection Cq,...,C; of r
edge-disjoint Hamilton cycles in F' such that the following holds for each 0 < i < 7:
()i Qi C Cy;

(8): E(C:)\ E(Q;) consists of AB-edges;

(v); GNC;is 2-balanced with respect to (A4, Ay, B, By).

(Note that (a)o—()o are vacuously true.) Let H, := C1 U---UC, (where Hy :=
(V(G),0)). So H, is 2r-regular. Further, since G N C; is 2-balanced for each
i < r, GN H, is 2r-balanced. Let G, := G — H, and F, := F — H,. Since
(F,G, A, Ay, B, By) is an (g,¢’, K, D)-pre-framework, Propositionimplies that
(F,Gr A, Ap, B, By) is an (e,e’, K, D — 2r)-pre-framework. Moreover, §(F,.) >
§(F) —2r > (1/4 + a/2)n. Lemma [£.2.7(iii) and (8)1-(3), together imply that
Q@r+1 lies in G,.. Therefore, Lemma [4.2.9|implies that F}. contains a Hamilton cycle
Cy11 which satisfies ()p41—(7)r41-

So we can proceed in this way in order to obtain r* edge-disjoint Hamilton
cycles Cy,...,C,= in F such that for each ¢ < r*, («);—(7); hold. Note that this
implies that (ii) is satisfied. Further, the choice of Q1,...,Q,~ ensures that (i)
holds. O

Given a graph G, we say that (G, A, Ao, B, By) is an (g,¢’, K, D)-bi-framework
if the following holds, where A’ := AgU A, B’ := By U B and n := |G|:
(BFR1) A, Ag, B, By forms a partition of V(G);
(BFR2) G is D-balanced with respect to (A, Ay, B, By);
(BFR3) eg(A'),eq(B') < en?;
(BFR4) |A| = |B] is divisible by K. Moreover, b < a and a + b < en, where

a = |Ao| and b := |By;

(BFR5) all vertices in AU B have internal degree at most ¢'n in G;
(BFR6) E(G[Ao, Bo]) = 0;
(BFR7) all vertices v € V(G) have internal degree at most dg(v)/2 +en in G.
Note that the main differences to a weak framework are (BFR6) and the fact that
a weak framework involves an additional graph F. In particular (BFR1)-(BFR4)
imply (WF1)-(WF4). Suppose that e; > ¢, ¢} > ¢’ and that K; divides K. Then
note that every (e,¢’, K, D)-bi-framework is also an (e1, ¢, K1, D)-bi-framework.

LEMMA 4.2.11. Let 0 < 1/n < e < &',1/K < a < 1 and let D > n/100. Let
F be a graph on n vertices and let G be a spanning subgraph of F. Suppose that
(F,G, A, Ay, B, By) is an (g,&', K, D)-weak framework. Suppose also that §(F) >
(1/4 + a)n and |Ag| > |Bg|. Then the following properties hold:
(i) there is an (e,¢', K, Dgr)-bi-framework (G', A, Ao, B, By) such that G’ is
a spanning subgraph of G with Dgr > D — 2en;
(i) there is a set of (D —Dgr)/2 < en edge-disjoint Hamilton cycles in F'— G’
containing all edges of G — G'. In particular, if D is even then Dg: is
even.

Proof. Lemma implies that there exists some r* < en such that F' contains
a spanning subgraph H satisfying the following properties:
(a) H is 2r*-regular;
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(b) H contains all the edges in G[Ag, Byl;
(¢) GN H is 2r*-balanced with respect to (A, Ao, B, By);
(d) H has a decomposition into r* edge-disjoint Hamilton cycles.

Set G’ :== G — H. Then (G, A, Ay, B, By) is an (¢,¢’, K, Dgs)-bi-framework
where D¢ := D — 2r* > D — 2en. Indeed, since (F, G, A, Ao, B, By) is an (g, K,
D)-weak framework, (BFR1) and (BFR3)—(BFRS5) follow from (WF1) and (WF3)—
(WF5). Further, (BFR2) follows from (WF2) and (c¢) while (BFR6) follows from
(b). (WF6) implies that all vertices v € V(G) have internal degree at most dg(v)/2
in G. Thus all vertices v € V(G’) have internal degree at most dg(v)/2 < (dg'(v) +
2r*)/2 <dg (v)/2+en in G'. So (BFR7Y) is satisfied. Hence, (i) is satisfied.

Note that by definition of G, H contains all edges of G — G’. So since r* =
(D — Dgr)/2 < en, (d) implies (ii). O

The following result follows immediately from Lemmas .24 and

COROLLARY 4.2.12. Let 0 < 1/n € ¢ € ¢ < ¢/,1/K < a < 1 and let
D > n/100. Suppose that F is an e-bipartite graph on n vertices with §(F) >
(1/4 + a)n. Suppose that G is a D-reqular spanning subgraph of F. Then the
following properties hold:
(i) there is an (¢*,€', K, Dgr)-bi-framework (G', A, Ag, B, By) such that G’ is
a spanning subgraph of G, Dgr > D — 2eY/3n and such that F satisfies
(WFS5) (with respect to the partition A, Ay, B, By);
(ii) there is a set of (D — Dgr)/2 < e'/3n edge-disjoint Hamilton cycles in
F — G’ containing all edges of G — G'. In particular, if D is even then
D¢ is even.

4.3. Finding Path Systems which Cover All the Edges within the
Classes

The purpose of this section is to prove Corollary which, given a bi-
framework (G, A, Ay, B, By), guarantees a set C of edge-disjoint Hamilton cycles
and a set J of suitable edge-disjoint 2-balanced AgBy-path systems such that the
graph G* obtained from G by deleting the edges in all these Hamilton cycles and
path systems is bipartite with vertex classes A’ and B’ and Ay U By is isolated in
G*. Each of the path systems in J will later be extended into a Hamilton cycle by
adding suitable edges between A and B. The path systems in J will need to be
‘localized’ with respect to a given partition. We prepare the ground for this in the
next subsection.

We will call the path systems in J balanced exceptional systems (see Sec-
tion for the definition). These will play a similar role as the exceptional
systems in the two cliques case (i.e. in Chapter [2)).

Throughout this section, given sets S, S’ C V(G) we often write E(S), E(S, S"),
e(S) and e(S,S5") for Eq(S), Eq(S,S5"), eq(S) and eq(S, S’) respectively.

4.3.1. Choosing the Partition and the Localized Slices. Let K,m € N
and £ > 0. Recall that a (K, m,e)-partition of a set V of vertices is a partition of
V into sets Ag, A1,...,Ax and By, By, ..., Bk such that |A4;| = |B;| = m for all
1<i< K and |Ag U By| < ¢|V|. We often write Vg for Ag U By and think of the
vertices in Vj as ‘exceptional vertices’. The sets Aj,...,Ax and Bi,..., Bg are
called clusters of the (K, m,ep)-partition and Ay, By are called exceptional sets.



4.3. FINDING PATH SYSTEMS WHICH COVER ALL THE EDGES WITHIN CLASSES 107

Unless stated otherwise, when counsidering a (K, m,¢)-partition P we denote the
elements of P by Ag, Ay,...,Ax and By, Bi,..., Bg as above. Further, we will
often write A for A; U---U A and B for By U---U Bg.

Suppose that (G, A, Ay, B, By) is an (e,¢’, K, D)-bi-framework with |G| = n
and that £1,e9 > 0. We say that P is a (K, m, e,e1,e2)-partition for G if P satisfies
the following properties:

(P1) P is a (K, m,e)-partition of V(G) such that the exceptional sets Ag and
By in the partition P are the same as the sets Ay, By which are part of
the bi-framework (G, A, Ag, B, By). In particular, m = |A|/K = |B|/K;

(P2) d(v,4;) = (d(v,A) £en)/K forall 1 <i < K and v € V(G);

(P3) e(A;, Aj) = 2(e(A) £ egmax{n,e(A4)})/K? forall 1 <i < j < K;

(P4) e(A;) = (e(A) £ eamax{n,e(A)})/K? for all 1 <i < K;

(P5) e(Ao, A;) = (e(Ao, A) £ eo max{n,e(Ag, A)})/K for all 1 <i < K;

(P6) e(A;, B;) = (e(A, B) & 3c2e(A, B))/K? for all 1 < i,j < K;

and the analogous assertions hold if we replace A by B (as well as A; by B; etc.)
n (P2)-(P5).

Our first aim is to show that for every bi-framework we can find such a partition
with suitable parameters.

LEMMA 4.3.1. Let 0 < 1/n < e € &' K 61 € g2 K 1/K < 1. Suppose that
(G, A, Ay, B, By) is an (g,¢', K, D)-bi-framework with |G| = n and §(G) > D >
n/200. Suppose that F is a graph with V(F) = V(G). Then there exists a partition
P = {AO;AI, ce ,AK,BQ,Bl, ce. 7BK} OfV(G) so that

(i) P is a (K, m,¢,e1,e2)-partition for G.
(ii) dp(v, A;) = (dp(v,A) £ e1n)/K and dp(v, B;) = (dp(v, B) £ e1n)/K for
all1<i< K andv e V(QG).

Proof. In order to find the required partitions A;,...,Ax of A and By,...,Bg
of B we will apply Lemma twice, as follows. In the first application we
let U := A, Ry := Ap, Ry := By and R3 := B. Note that A(G[U]) < ¢'n by
(BFR5) and dg(u, Rj) < |R;j| < en < ¢&'nfor all w € U and j = 1,2 by (BFR4).
Moreover, (BFR4) and (BFRT) together imply that dg(z,U) > D/3 > ¢'n for each
x € Rg = B. Thus we can apply Lemma with &’ playing the role of € to obtain
a partition Uy, ..., Uk of U. We let A; := U; for all i < K. Then the A; satisfy
(P2)-(P5) and

(4.3.1) eq¢(Ai, B) = (eq(4, B) £ eamax{n,eq(4, B)})/K = (1 £ e3)eq(A,B)/K
Further, Lemma [T.4.7(vi) implies that
dF(’U,AZ‘) = (dF(U,A) + Eln)/K

forall1 <i< K and v € V(G).

For the second application of Lemma [I.4.7 we let U := B, Ry := By, Ry := Ay
and R; := A;_o for all 3 < j < K + 2. As before, A(G[U]) < &'n by (BFR5) and
da(u,R;) < en < ¢'nfor all u € U and j = 1,2 by (BFR4). Moreover, (BFR4)
and (BFRTY) together imply that dg(z,U) > D/3 > &'n for all 3 < j < K + 2 and
each z € R; = A;_5. Thus we can apply Lemma with ¢’ playing the role of
€ to obtain a partition Uy,..., Uk of U. Let B; := U; for all i < K. Then the B;
satisfy (P2)—(P5) with A replaced by B, A; replaced by B;, and so on. Moreover,
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forall 1 <i4,j < K,

ec(Ai,Bj) = (eq(4;, B) £eomax{n,eq(A;, B)})/K

B2 (1 £ e2)eq(A, B) £ 22(1 + £3)ec (A, B))/ K>

= (eq(A, B) & 3e2eq(A, B)) /K2,
i.e. (P6) holds. Since clearly (P1) holds as well, Ag, A1, ..., Ax and By, By, ..., Bk
together form a (K, m,e,¢e1,¢e2)-partition for G. Further, Lemma mvi) implies
that
dr(v,B;) = (drp(v,B) £ e1n)/K
forall1 <i< K and v € V(G). O

The next lemma gives a decomposition of G[A’] and G[B’] into suitable smaller
edge-disjoint subgraphs H;;‘- and Hg We say that the graphs H{? and Hﬁ guar-
anteed by Lemma [4.3.2] are localized slices of G. Note that the order of the indices
i and j matters here, i.e. Hf} #* Hﬁ Also, we allow 7 = j.

LEMMA 4.3.2. Let 0 < 1/n < e € &' € g1 € g2 € 1/K < 1. Suppose that
(G, A, Ay, B, By) is an (e,€', K, D)-bi-framework with |G| =n and D > n/200. Let
Ag, Ay, ..., Ag and By, By,..., Bk be a (K,m,¢,e1,es)-partition for G. Then for
all 1 <i4,5 < K there are graphs Hfj‘ and Hg with the following properties:
(i) H{;‘- is a spanning subgraph of G[Ao, A; U A;]UG[A;, A;] U G[Ao);
(ii) The sets E(H{;‘.) over all 1 < i,5 < K form a partition of the edges of
G[A'];
(ili) e(H{}) = (e(A’) £ e max{n, e(A")})/K? for all 1 <i,j < K;
(iv) epa(Ao, 4; U A;) = (e(Ao, A) £ 2eo max{n,e(Ao, A)})/K? for all 1 <
i,j < K;
(v) ega(A;, Aj) = (e(A) £ 2eo max{n,e(A)})/K? for all1 <i,j < K;
(vi) For all1 <i,j < K and all v € Ag we have dHS (v) = dHf; (v,A; UAj) +
dya(v,Ag) = (d(v, A) + 4e1n)/K2.
The analogous assertions hold if we replace A by B, A; by B;, and so on.
Proof. In order to construct the graphs H{;‘» we perform the following procedure:
e Initially each H {; is an empty graph with vertex set Ao U A4; U A;.
e For all 1 < ¢ < K choose a random partition E(Ag, A;) into K sets U
of equal size and let E(H{?) = Uj;. (If E(Ao, A;) is not divisible by K,
first distribute up to K — 1 edges arbitrarily among the U; to achieve
divisibility.)
e For all i < K, we add all the edges in E(4;) to Hj}.
e For all 4,5 < K with ¢ # j, half of the edges in E(4;, A;) are added to H{;
and the other half is added to H ]‘3 (the choice of the edges is arbitrary).
e The edges in G[Ap] are distributed equally amongst the H;;x (Soe HA (Ao)
= 6(A0)/K2 + 1)
Clearly, the above procedure ensures that properties (i) and (ii) hold. (P5) implies
(iv) and (P3) and (P4) imply (v).
Consider any v € Ag. To prove (vi), note that we may assume that d(v, A) >
ein/K? Let X :=dya(v, A;UA;). Note that (P2) implies that E(X) = (d(v, A) +
ij
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2e1n)/K? and note that E(X) < n. So the Chernoff-Hoeffding bound for the
hypergeometric distribution in Proposition implies that

P(|X —E(X)| > e1n/K?) < P(IX —E(X)| > e1E(X)/K?) < 2e1E)/BK" < 4 /2,

Since dya(v,Ag) < |Ag| < e1n/K?, a union bound implies the desired result.
ij
Finally, observe that for any a, by,...,bs > 0, we have

4
Zmax{a,bi} < 4max{a,by,...,bs} < 4dmax{a,by +---+ by}
i=1

So (iif) follows from (iv), (v) and the fact that eya(Ag) = e(Ag)/K? £+ 1. O

Note that the construction implies that if ¢ # j, then H, {;‘ will contain edges be-
tween Ag and A; but not between Ay and A;. However, this additional information
is not needed in the subsequent argument.

4.3.2. Decomposing the Localized Slices. Suppose that (G, A, Ag, B, Byp)
is an (e,e’, K, D)-bi-framework. Recall that a = |Ag|, b = |Bg| and a > b. Since
G is D-balanced by (BFR2), we have e(A’) — e(B’) = (a — b)D/2. So there are an
integer ¢ > —b and a constant 0 < ¢ < 1 such that

(4.3.2) e(Ay=(a+q+c)D/2 and e(B')=(b+q+c)D/2.

The aim of this subsection is to prove Lemma which guarantees a decom-
position of each localized slice HiA- into path systems (which will be extended into
ApBp-path systems in Section and a sparse (but not too sparse) leftover
graph G.

The following two results will be used in the proof of Lemma [£.3.5]

LEMMA 4.3.3. Let 0 < 1/n < a, 8,7 so that v < 1/2. Suppose that G is a
graph on n vertices such that A(G) < an and e(G) > Bn. Then G contains a
spanning subgraph H such that e(H) = [(1 — v)e(G)] and A(G — H) < 6yan/5.

Proof. Let H' be a spanning subgraph of G such that

e A(H') < 6van/5;

o c(H') > ve(Q).
To see that such a graph H’ exists, consider a random subgraph of G obtained by
including each edge of G with probability 11v/10. Then E(A(H’)) < 1lvan/10
and E(e(H’)) = 11ve(G)/10. Thus applying Proposition we have that, with
high probability, H' is as desired.

Define H to be a spanning subgraph of G such that H O G — H' and e(H) =

[(1—7)e(G)]. Then A(G — H) < A(H') < 6yan/5, as required. O

LEMMA 4.3.4. Suppose that G is a graph such that A(G) < D —2 where D € N
is even. Suppose Ao, A is a partition of V(G) such that dg(x) < D/2 —1 for all
x € A and A(G[Ao]) < D/2—1. Then G has a decomposition into D /2 edge-disjoint
path systems Py,. .., Pp/y such that the following conditions hold:

(i) For each i < D/2, any internal vertex on a path in P; lies in Aop;
(ii) |e(P;) —e(P;)| <1 for alli,j < D/2.
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Proof. Let G; be a maximal spanning subgraph of G under the constraints that
G[Ao} Q G1 and A(Gl) § D/?*l Note that G[Ao}UG[A] g Gl. Set G2 = G*Gl.
So G2 only contains AgA-edges. Further, since A(G) < D — 2, the maximality of
G implies that A(Gy) < D/2 — 1.

Define an auxiliary graph G’, obtained from G; as follows: let Ay = {aq,...,
am}. Add a new vertex set A = {aj,...,a,,} to G1. For each i < m and x € A4,
we add an edge between a} and z if and only if a;z is an edge in Ga.

Thus G'[Ap U A] is isomorphic to G; and G'[Ajf, 4] is isomorphic to G2. By
construction and since dg(z) < D/2—1 for all z € A, we have that A(G') < D/2-1.
Hence, Corollary [1.4.6|implies that £(G’) can be decomposed into D /2 edge-disjoint
matchings M, ..., Mp /o such that [|[M;| — [M;[| <1 for alld,j < D/2.

By identifying each vertex a) € A{, with the corresponding vertex a; € Ay,
M, ..., Mp/, correspond to edge-disjoint subgraphs Py, ..., Pp/s of G such that

e P,...,Pp/, together cover all the edges in G;

o [¢(P) —e(Pj)| <1lforalli,j<D/2
Note that dpz,(x) < 1 for each € V(G’). Thus dp,(z) < 1 for each z € A and
dp,(xz) < 2 for each © € Ag. This implies that any cycle in P; must lie in G[Ag].
However, M; is a matching and G'[A{] U G'[Ag, A{] contains no edges. Therefore,
P; contains no cycle, and so P; is a path system such that any internal vertex on a
path in P; lies in Ag. Hence P, ..., Pp s satisfy (i) and (ii). O

LEMMA 435. Let 0 < I/n <K ek & €1 K e K3 K ey < 1/K < 1.
Suppose that (G, A, Ag, B, By) is an (g,¢', K, D)-bi-framework with |G| = n and
D >n/200. Let Ay, Ay,...,Ax and By, By,...,Bk be a (K, m,¢e,e1,e5)-partition
for G. Let HZ»A» be a localized slice of G as guaranteed by Lemma . Define c
and q as in . Suppose that t :== (1 — 20e4)D/2K? € N. If e(B’) > e3n, set
t* to be the largest integer which is at most ct and is divisible by K?. Otherwise,
set t* := 0. Define

0 if e(A") < ezn;
by:=4¢ a—1» if e(A") > e3n but e(B’) < e3n;
a+q+c otherwise
and
0 0 if e(B') < e3n;
T\ b+q+c otherwise.
Then H{;‘- has a decomposition into t edge-disjoint path systems Py,...,P; and a

spanning subgraph Gf} with the following properties:
(i) For each s <'t, any internal vertex on a path in Py lies in Agp;
(ii) e(P) = =e(Pp) = [ly] and e(Ppy1) = - =e(P) = |4a];
(iii) e(Ps) < v/en for every s < t;
(iv) A(Gf) < 13e4D/K>.
The analogous assertion (with £, replaced by £, and Ao replaced by By) holds for
each localized slice HE of G. Furthermore, [£y] — [0y] = [£a] — [0] = a —b.

Proof. Note that ([.3.2) and (BFR3) together imply that £, D/2 < (a+gq+c)D/2 =
e(A’) < en? and so [{,] < \/en. Thus (iii) will follow from (ii). So it remains to
prove (i), (ii) and (iv). We split the proof into three cases.

Case 1. e(A') < esn
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(BFR2) and (BFRA4) imply that e(A’) — e(B’) = (a —b)D/2 > 0. So e(B’) <
e(A’) < egn. Thus £, = £, = 0. Set G;‘} = H;;‘ and Gg = Hg Therefore, (iv) is
satisfied as A(H;}) < e(A’) < egn < 13e4D/K?. Further, (i) and (ii) are vacuous
(i.e. we set each Ps to be the empty graph on V(G)).

Note that a = b since otherwise a > b and therefore (BFR2) implies that
e(A’) > (a—b)D/2 > D/2 > e3n, a contradiction. Hence, [{o]—[lp] = [la] —|lb] =
0=a—0.

Case 2. e(A’) > egn and e(B’') < egn

Since £, = 0 in this case, we set Gf;- = Hg and each P; to be the empty graph
on V(G). Then as in Case 1, (i), (ii) and (iv) are satisfied with respect to Hf
Further, clearly [¢,] — [4p] = [4a] — |4s] = a —b.

Note that a > b since otherwise a = b and thus e(A’) = e(B’) by (BFR2), a
contradiction to the case assumptions. Since e(A’)—e(B’) = (a—b)D/2 by (BFR2),

Lemma [4.3.2(iii) implies that
e(H}) > (1 —9e2)e(A')/K? — 9eon/K? > (1 — 9e3)(a — b)D/(2K?) — 9eon/ K*
(4.3.3) > (1—e3)(a—b)D/(2K?) > (a — b)t.
Similarly, Lemma [4.3.2(iii) implies that
(4.3.4) e(Hj}) < (14 e4)(a—b)D/(2K?).
Therefore, (4.3.3]) implies that there exists a constant v > 0 such that
(1= y)e(HA) = (a - bt

Since (1 —19e4)(1 —e3) > (1 —20ey), (4.3.3)) implies that v > 194 > 1/n. Further,
since (1 +e4)(1 —21ey) < (1 —20ey4), (4.3.4) implies that v < 21ey4.
Note that (BFR5), (BFR7) and Lemma [£.3.2{vi) imply that

(4.3.5) A(H) < (D/2+ 5ein) /K.

Thus Lemma implies that H;;‘ contains a spanning subgraph H such that
e(H)=(1- W)e(H;?-) = (a — b)t and

A(H{; — H) < 6v(D/2 + 5e1n)/(5K?) < 13e4D/K?,

where the last inequality follows since v < 21e4 and €1 < 1. Setting G;‘}- = H;;‘ -H
implies that (iv) is satisfied.

Our next task is to decompose H into ¢ edge-disjoint path systems so that (i)
and (ii) are satisfied. Note that implies that

A(H) < A(H[}) < (D/2+ 5ein) /K? < 2t — 2.

Further, (BFR4) implies that A(H[Ag]) < |Ag| < en <t —1 and (BFR5) implies
that dp(z) < e'n <t—1forall z € A. Since e(H) = (a — b)t, Lemma [{.3.4] implies
that H has a decomposition into ¢ edge-disjoint path systems P, ..., P; satisfying
(i) and so that e(Ps) =a — b= ¢, for all s <t. In particular, (ii) is satisfied.

Case 3. e¢(A'),e(B') > e3n
By definition of ¢, and ¢, we have that [{,] — [4p] = |la] — |&] = a — b.
Notice that since e(A’) > e3n and &3 < 3, certainly eze(A4’)/(2K?) > 9eon/K?2.
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Therefore, Lemma [4.3.2(iii) implies that
6(H{2) > (1 —9e5)e(A)/K? — 9eon/ K>
(4.3.6) > (1 —e3)e(A)/K?
> e3n/(2K?).
Note that 1/n < e3/(2K?). Further, and imply that
e(HA) = (1 - e3)e(A4) /K

(4.3.7) = (1—e3)(a+q+c)D/(2K?) > (a+ q)t +t*.
Similarly, Lemma [1.3.2(iii) implies that
(4.3.8) e(Hi‘;‘-) <(1+e3)(a+q+c)D/(2K?).

By (4.3.7) there exists a constant v > 0 such that
(1—7)e(H}) = (a+q)t +t".

Note that (4.3.7) implies that 1/n <« 19¢4 < 7 and (4.3.8)) implies that v < 21e4.
Moreover, as in Case 2, (BFR5), (BFR7) and Lemma vi) together show that

(4.3.9) A(H[}) < (D/2+ 5ein) /K.

Thus (as in Case 2 again), Lemma implies that Hi‘]‘- contains a spanning
subgraph H such that e(H) = (1 —)e(H{;) = (a+ ¢)t +t* and

A(H[; — H) < 6v(D/2+ 5e1n)/(5K?) < 13e4D/K*.

Setting G;‘} = H;;‘- — H implies that (iv) is satisfied. Next we decompose H into
t edge-disjoint path systems so that (i) and (ii) are satisfied. Note that
implies that
A(H) < A(H[}) < (D/2+ 5e1n)/K? < 2t — 2.

Further, (BFR4) implies that A(H[Ag]) < |Ag|] < en <t —1 and (BFR5) implies
that dy(x) < e'n <t—1forall z € A. Since e(H) = (a + ¢)t + t*, Lemma [4.3.4]
implies that H has a decomposition into ¢ edge-disjoint path systems Py, ..., P,
satisfying (i) and (ii). An identical argument implies that (i), (ii) and (iv) are

satisfied with respect to Hg also. O
4.3.3. Decomposing the Global Graph. Let G;lob be the union of the
graphs Gf} guaranteed by Lemma over all 1 <i,j < K. Define Gﬁ op Similarly.

The next lemma gives a decomposition of both G;‘lob and Gﬁob into suitable path
systems. Properties (iii) and (iv) of the lemma guarantee that one can pair up each
such path system Q4 C G;‘lob with a different path system Qg C Gflob such that
Q4 UQp is 2-balanced (in particular e(Q4) — e(Qp) = a — b). This property will
then enable us to apply Lemma [£.2.9] to extend Q4 U @Qp into a Hamilton cycle
using only edges between A’ and B’.

LEMMA 4.36. Let 0 < I/n < e K & €61 K e K 3 K ey < 1/K < 1.
Suppose that (G, A, Ag, B, By) is an (e,¢', K, D)-bi-framework with |G| = n and
such that D > n/200 and D is even. Let Ag, A1, ..., Ax and By, By,...,Bk be a
(K, m,¢,e1,e9)-partition for G. Let G;lob be the union of the graphs Gf‘j guaranteed
by Lemma over all 1 < 4,57 < K. Define Gﬁob similarly. Suppose that
k :=10e4D € N. Then the following properties hold:
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(i) There is an integer ¢’ and a real number 0 < ¢/ < 1 so that e(G;‘lob) =
(a+q + )k and e(GL,,) = (b+ ¢ + k.

(11) A(Gﬁlob% A(C;gBlob) < 3k/2

(iii) Let k* := 'k. Then G;‘lob has a decomposition into k* path systems, each
containing a+q' +1 edges, and k—k* path systems, each containing a+q'
edges. Moreover, each of these k path systems @ satisfies dg(z) <1 for
all x € A.

(iv) Gﬁob has a decomposition into k* path systems, each containing b+q' + 1
edges, and k — k* path systems, each containing b + q' edges. Moreover,
each of these k path systems Q satisfies dg(xz) <1 for all x € B.

(v) Each of the path systems guaranteed in (iii) and (iv) contains at most

Ven edges.

Note that in Lemma [£.3:6] and several later statements the parameter e3 is
implicitly defined by the application of Lemma which constructs the graphs

A B
Gglob and Gglob.

Proof. Let t* and ¢ be as defined in Lemma Our first task is to show that (i)
is satisfied. If e(A’),e(B’) < e3n then G;‘lob = G[A'] and G}, = G[B']. Further,
a = b in this case since otherwise (BFR4) implies that a > b and so (BFR2) yields
that e(A’) > (a —b)D/2 > D/2 > e3n, a contradiction. Therefore, (BFR2) implies
that
e(G’_(‘?lob) - e(Gflob) =e(A")—e(B)=(a—b)D/2=0= (a—bk.

If e(A’) > e3n and e(B’) < e3n then Gﬁob = G[B’']. Further, G‘g“lob is obtained
from G[A’] by removing tK? edge-disjoint path systems, each of which contains
precisely a — b edges. Thus (BFR2) implies that

e(Ghp) — e(Ghioy) = e(A) —e(B') —tK?*(a — b) = (a — b)(D/2 — tK?) = (a — b)k.

Finally, consider the case when e(A’), e(B’) > egn. Then Gflob is obtained from
G[A’] by removing t* K? edge-disjoint path systems, each of which contain exactly
a+q+1 edges, and by removing (t—t*) K2 edge-disjoint path systems, each of which
contain exactly a + ¢ edges. Similarly, GgBlOb is obtained from G[B’] by removing
t*K? edge-disjoint path systems, each of which contain exactly b+ ¢+ 1 edges, and
by removing (¢ — t*)K? edge-disjoint path systems, each of which contain exactly
b+ ¢ edges. So (BFR2) implies that

e(Ghop) — e(Ghhy) = e(A) = e(B') — (a — b)tK? = (a - b)k.

Therefore, in every case,
(4.3.10) e(Ghp) — e(GE ) = (a—b)k.

Define the integer ¢ and 0 < ¢ < 1 by e(GﬁlOb) = (a+ ¢ + )k. Then (4.3.10)
implies that e(Gl,,) = (b4 ¢ + ¢/)k. This proves (i). To prove (ii), note that
Lemma iv) implies that A(Gflob) < 13e4D < 3k/2 and similarly A(G],,) <
3k/2.

Note that (BFR5) implies that dga () < &'n < k —1 for all z € A and

A(G;‘lob[Ao]) < |Ap] < emn < k — 1. Thus Lemma [4.3.4] together with (i) implies

that (iii) is satisfied. (iv) follows from Lemma [4.3.4] analogously.
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(BFR3) implies that e(Gf,,) < eq(A’) < en® and e(Gf,,) < eq(B’) < en?.
Therefore, each path system from (iii) and (iv) contains at most [en?/k] < \/zn

edges. So (v) is satisfied. O

We say that a path system P C G[A'] is (4, j, A)-localized if
(i) E(P) S E(G[Ao, A; U Aj]) U E(G[A;, Aj]) U E(G[Ao]);
(ii) Any internal vertex on a path in P lies in A,.
We introduce an analogous notion of (4, j, B)-localized for path systems P C G[B’].
The following result is a straightforward consequence of Lemmas
and It gives a decomposition of G[A’] U G[B’] into pairs of paths systems
so that most of these are localized and so that each pair can be extended into a
Hamilton cycle by adding A’ B’-edges.

COROLLARY 4.3.7. Let 0< 1/n K e K1 KK 3Ky < 1/K < 1.
Suppose that (G, A, Ag, B, By) is an (e,¢', K, D)-bi-framework with |G| = n and
such that D > n/200 and D is even. Let Ay, A1,...,Ax and By, B1,...,Bk be a
(K,m,e,¢e1,e2)-partition for G. Let tx := (1 —20e4)D/2K* and k := 10e4D. Sup-
pose that tr € N. Then there are K* sets M iyizi,, one for each 1 < iq,ia, 3,14 <
K, such that each M, i,izi, consists of tx pairs of path systems and satisfies the
following properties:

(a) Let (P, P’) be a pair of path systems which forms an element of M, iyigi,-
Then
(i) Pisan (i1,1i2, A)-localized path system and P’ is an (i3,i4,B)-localized
path system;
(ii) e(P) —e(P")=a —b;
(iii) e(P),e(P’) < +/en.

(b) The 2tk path systems in the pairs belonging to M, iisi, are all pairwise
edge-disjoint.

(c) Let G(M,,iqigis) denote the spanning subgraph of G whose edge set is the
union of all the path systems in the pairs belonging to M, iyizi,. Then the
K* graphs G(M,,i,iyi,) are edge-disjoint. Further, each x € Ag satisfies
dG(Mi,iyiyi) (@) 2 (da(z,A) — 15€4D)/I4{4 while each y € By satisfies
dG(Mi1i2i3i4)(y) > (dg(y, B) — 15e4D)/K*.

(d) Let Ggop be the subgraph of G{A'| U G[B'] obtained by removing all edges
contained in G(M;,iyizi,) for all 1 < iy, i, 13,14 < K. Then A(Ggiop) <
3k/2. Moreover, Ggiop has a decomposition into k pairs of path systems
(Q1,4,Q1,B)s- -+ (Qr,4,Qr,B) s0 that
(i) Qia € Ggop[A'] and Qi C Ggiop[B'] for all i < k;

(ii") dg, o(z) <1 for allz € A and dg, ;(x) <1 for all x € B;
(iii') e(Qia) —e(Qi) =a—> foralli <k;
(iv') e(Qi,4),e(QiB) < en for all i <k.

Proof. Apply Lemma to obtain localized slices H{;l- and Hﬁ (forall i, j < K).

Let t := K%t and let t* be as defined in Lemma Since t/K?,t*/K? € N we

have (t —¢*)/K? € N. For all iy,iy < K, let M{; be the set of ¢ path systems

in H{?i2 guaranteed by Lemma We call the t* path systems in Mﬁh of size

[£,] large and the others small. We define ./\/liB; i, as well as large and small path
B

systems in M7, ~analogously (for all i3,i4 < K).
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We now construct the sets M, ;,i,i, as follows: For all ¢;,472 < K, consider
a random partition of the set of all large path systems in Mﬁiz into K? sets of
equal size t*/K? and assign (all the path systems in) each of these sets to one of
the M, iyigi, With i3,44 < K. Similarly, randomly partition the set of small path
systems in M#}, into K? sets, each containing (¢t — t*)/K? path systems. Assign
each of these K? sets to one of the M, ;,i,:, With i3,i4 < K. Proceed similarly for
each Mf; i, in order to assign each of its path systems randomly to some Mj, i,
Then to each Mj,;,i,:, We have assigned exactly t*/K? large path systems from
both Mﬁiz and /\/liB3 i, Pair these off arbitrarily. Similarly, pair off the small path
systems assigned to M, i,i,i, arbitrarily. Clearly, the sets M, i,isi, Obtained in
this way satisfy (a) and (b).

We now verify (c). By construction, the K* graphs G(Mj,i,i,i,) are edge-
disjoint. So consider any vertex x € Ay and write d := dg(x, A). Note that
dga (z) > (d — 4e1n)/K? by Lemma vi). Let G(M#, ) be the spanning

i1

1112

subgraph of G whose edge set is the union of all the path systems in Mﬁiz. Then

Lemma iv) implies that

d—4ein  13e4D _ d — 14e4D

A 1 4 4
dG(M;‘;Q)(LT) > dHﬁiQ (z) — A(Gf4,) = 2 ke > K2 .

So a Chernoff-Hoeffding estimate for the hypergeometric distribution (Proposi-

tion [1.4.4)) implies that

1 (d—14e4D d —15e4D
dG(Mi1i2i314)(x) > 2 <K2> —en > —T

(Note that we only need to apply the Chernoff-Hoeffding bound if d > en say, as
(¢) is vacuous otherwise.)

It remains to check condition (d). First note that k¥ € N since tx,D/2 € N.
Thus we can apply Lemma to obtain a decomposition of both G_flob and Gflob
into path systems. Since Ggop = G;‘lob UGY,p, (d) is an immediate consequence of

Lemma ii)—(v). O

4.3.4. Constructing Localized Balanced Exceptional Systems. The lo-
calized path systems obtained from Corollary do not yet cover all of the ex-
ceptional vertices. This is achieved via the following lemma: we extend the path
systems to achieve this additional property, while maintaining the property of being
balanced. More precisely, let

P:: {A07A17...7AK7307B1;"'7BK}

be a (K,m,¢e)-partition of a set V of n vertices. Given 1 < iy,i9,i3,14 < K
and g9 > 0, an (i1,142,13,14)-balanced exceptional system with respect to P and
parameter €¢ is a path system J with V(J) C AU ByU A;, UA;, UB,, UB,, such
that the following conditions hold:

(BES1) Every vertex in AgU By is an internal vertex of a path in J. Every vertex
v € A;, UA;, UB;, U B, satisfies dj(v) < 1.

(BES2) Every edge of J[AU B] is either an A;, A;,-edge or a B;, B;,-edge.

(BES3) The edges in J cover precisely the same number of vertices in A as in B.

(BES4) e(J) < gon.
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To shorten the notation, we will often refer to J as an (iy,is,143,44)-BES. If V is
the vertex set of a graph G and J C G, we also say that J is an (i1, 42,143, %4)-
BES in G. Note that (BES2) implies that an (i1, 42, 93,%4)-BES does not contain
edges between A and B. Furthermore, an (i1, 42, 3,%4)-BES is also, for example,
an (i2,11,14,13)-BES. We will sometimes omit the indices 41, i2, i3, %4 and just refer
to a balanced exceptional system (or a BES for short). We will sometimes also
omit the partition P, if it is clear from the context. As mentioned before, balanced
exceptional systems will play a similar role as the exceptional systems that we used
in the two cliques case (i.e. in Chapter [2)).

(BES1) implies that each balanced exceptional system is an AgBp-path system
as defined before Proposition m (However, the converse is not true since, for
example, a 2-balanced AgBy-path system need not satisfy (BES4).) So (BES3) and
Proposition 4.2.5| imply that each balanced exceptional system is also 2-balanced.

We now extend each set M,,;,i,:, obtained from Corollary into a set
._71‘11‘21‘31‘4 of (il, i27 i3, Z4)—BES

LEMMA 4.38. Let0<1/n <K e <K' €1 K Ke3 <y K 1/K < 1.
Suppose that (G, A, Ag, B, By) is an (e,¢’, K, D)-bi-framework with |G| = n and
such that D > n/200 and D is even. Let P :={Ao, A1, ..., Ak, Bo,B1,...,Bk} be
a (K,m,e,e1,e9)-partition for G. Suppose that tr := (1 — 20e4)D/2K* € N. Let
Miyiziziy be the sets returned by Corollary[{.3.7 Then for all 1 < i1,ig,i3,i4 < K
there is a set Jiyiyizi, Which satisfies the following properties:

(1) Tiyigigia comsists of tx edge-disjoint (i1,12,13,%4)-BES in G with respect
to P and with parameter gg.

(ii) For each of the tx pairs of path systems (P, P') € My iyiziy, there is a
unique J € Jiizigis Which contains all the edges in P U P’. Moreover, all
edges in E(J)\ E(P U P’) lie in G[Ao, Bi;] U G[Bo, Ai,]-

(iil) Whenever (i1, d2,13,14) # (i1,1%,13,%4), J € Tiyizisis and J' € Tyipirir,
then J and J' are edge-disjoint.

We let J denote the union of the sets Ji,iyizi, Over all 1 < iy, 49,143,114 < K.

Proof. We will construct the sets J;,.,i4:, greedily by extending each pair of path
systems (P, P’) € M;,i,isi, in turn into an (41,19, 13,44)-BES containing P U P’.
For this, consider some arbitrary ordering of the K* 4-tuples (i1, 42, i3,44). Suppose
that we have already constructed the sets Jiiii, for all (i7,45,145,44) preceding
(i1,42,13,14) so that (i)—(iii) are satisfied. So our aim now is to construct J;, i izi,-
Consider an enumeration (P, Py),..., (P, P/, ) of the pairs of path systems in
M iziziy- Suppose that for some ¢ < tx we have already constructed edge-disjoint
(i1,12,13,14)-BES Ji,..., J;—1, so that for each i’ < i the following conditions hold:

e J;; contains the edges in Py U P;

e all edges in E(Jy) \ E(Py U P}) lie in G[Ag, B;,] U G[By, A;, ];

e J; is edge-disjoint from all the balanced exceptional systems in
U(i’l,ig,ig,ig) Ji, iy, where the union is over all (iy,145,145,4)) preceding
(i1,12,13,14).

We will now construct J := J;. For this, we need to add suitable edges to P;U P/ to
ensure that all vertices of AgU By have degree two. We start with Ag. Recall that
a = |Ap| and write Ag = {x1,...,2.}. Let G’ denote the subgraph of G[A’, B']
obtained by removing all the edges lying in Ji,...,J;—1 as well as all those edges
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lying in the balanced exceptional systems belonging to U(i’pig,i’g,ig) Ty, (Where
as before the union is over all (i}, 45, %, ) preceding (i1, iz, i3,%4)). We will choose
the new edges incident to Ag in J inside G'[Ay, Bi,].

Suppose we have already found suitable edges for z1,...,2;_1 and let J(j) be
the set of all these edges. We will first show that the degree of x; inside G'[Ay, B;,] is
still large. Let d; := dg(z;, A’). Consider any (i}, d5,i5,%4) preceding (i1, 12,13, 14).
Let G(Ti i) denote the union of the tx balanced exceptional systems belonging

to Jiriizir.- Thus do(g, ., ..)(x;) = 2tx. However, Corollary [4.3.7(c) implies
4 (T )L

iqinigiy

that dg(M, () > (d — 15e4D)/K*. So altogether, when constructing (the

igigiy

balanced exceptlonal systems in) Jy riyigi,, we have added at most 2{x — (d; —
15e4D)/K* new edges at xj, and all these edges join x; to vertices in B,,. Similarly,
when constructing Ji, ..., J;—1, we have added at most 2tx — (d; — 1554D)/K4 new
edges at x;. Since the number of 4-tuples (i, b, 15, )) with i = i3 is K3, it follows
that

. — 154D
de(j, Biy) = dor (w, Biy) < K° <2tK - dﬂ554)

K4
((1 — 2084)D — dj + 15€4D)

_ L
K
1
}(D*dj*&&;l)).

Also, (P2) with A replaced by B implies that

dg(zj,B) —ein _ dg(zj) —dg(z;, A') —ein D —dj —en
de(j, Biy) 2 . e > : K] - ;{ 7

where here we use (BFR2) and (BFR6). So altogether, we have

dG/(a:j,BiS) Z (5€4D —8171)/K Z 64ﬂ/50K.

Let B;, be the set of vertices in B;, not covered by the edges of J(j)UP;. Note that
|Bi, | > |Bi,| — 2|Ag| — 2¢e(P}) > |Bz3| — 3y/en since a = |Ap| < en by (BFR4) and

e(P]) < y/en by Corollary (4.3.7 -( iii). So dgr(zj,B;,) > €4n/51K. We can add
up to two of these edges to J in order to ensure that x; has degree two in J. This
completes the construction of the edges of J incident to Ay. The edges incident to
By are found similarly.

Let J be the graph on Ay U By U A4;, U A;, U B;, U B;, whose edge set is
constructed in this way. By construction, J satisfies (BES1) and (BES2) since
Pj and Pj are (i1,iz, A)-localized and (i3, 144, B)-localized respectively. We now
verify (BES3). As mentioned before the statement of the lemma, (BES1) implies
that J is an AOBO path system (as defined before Proposition “ Moreover,
Corollary [4.3.7(a)(ii) implies that P, U P/ is a path system which satisfies (B1)
in the definition of 2-balanced. Since J was obtained by adding only A’B’-edges,
(B1) is preserved in J. Since by construction J satisfies (B2), it follows that J is
2-balanced. So Proposition [£.2.5| implies (BES3).

Finally, we verify (BES4). For this, note that Corollary -( iii) implies
that e(P;),e(P!) < /en. Moreover, the number of edges added to P; U P/ when

constructing J is at most 2(|Ag| + \BO|), which is at most 2en by (BFR4). Thus
e(J) < 2v/en + 2en < gon. O
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4.3.5. Covering G, by Edge-disjoint Hamilton Cycles. We now find
a set of edge-disjoint Hamilton cycles covering the edges of the ‘leftover’ graph
obtained from G — G[A, B] by deleting all those edges lying in balanced exceptional
systems belonging to J.

LEMMA 4.39. Let 0<1/n <K e KK e K1 Ky Keg3 K ey < 1/K <« 1.
Suppose that (G, A, Ag, B, By) is an (e,¢', K, D)-bi-framework with |G| = n and
such that D > n/200 and D is even. Let P := {Ao,A1,...,Ax,Bo,B1,...,Bk}
be a (K,m,e,e1,e2)-partition for G. Suppose that tx := (1 — 20e4)D/2K* € N.
Let J be as defined after Lemma and let G(J) C G be the union of all the
balanced exceptional systems lying in J. Let G* := G — G(J), let k := 10e4D and
let (Q1,4,Q1,B),---,(Qk,.4,QkB) be as in Corollary (d)

(a) The graph G* — G*[A, B] can be decomposed into k AgBo-path systems
Q1,-..,Qk which are 2-balanced and satisfy the following properties:

(1) Qi contains all edges of Qi .4 U Qi B;
(ii) Q1,..., Q% are pairwise edge-disjoint;
(i) ¢(Q:) < 3vEn.

(b) Let Q1,...,Qk be as in (a). Suppose that F is a graph on V(G) such that
G CF, §(F) > 2n/5 and such that F satisfies (WF5) with respect to €.
Then there are edge-disjoint Hamilton cycles C1,...,Cy in F—G(J) such
that Q; C C; and C; NG is 2-balanced for each i < k.

Proof. We first prove (a). The argument is similar to that of Lemma m
Roughly speaking, we will extend each ); 4 into a path system Q; 4 by adding
suitable AyB-edges which ensure that every vertex in Ay has degree exactly two in
Q; 4. Similarly, we will extend each Q; p into Q] 5 by adding suitable ABo-edges.
We will ensure that no vertex is an endvertex of both an edge in QL 4 and an edge

in Qg’ p and take ); to be the union of these two path systems. We first construct
all the Q; 4.
Claim 1. G*[A'| U G*[Ay, B] has a decomposition into edge-disjoint path systems
LAs-- Q) a such that
® Qia CQ; 4 and BE(Q] 4)\E(Qi a) consists of AgB-edges in G* (for each
i <k);
° dQQ,A(x) =2 for every x € Ay and dQ;,A(x) <1 for every x ¢ Ao;
e no vertex is an endvertex of both an edge in QQ’A and an edge in Q; g (for
each i < k).

To prove Claim 1, let Gyiop be as defined in Corollary d). Thus Gge[A'] =
i)

Q14U ---UQka. On the other hand, Lemma implies that G*[A'] =
Ggiop[A']. Hence,

(4.3.11) G A = Guop|A1 = Q14U UQp.a.

Similarly, G*[B'] = Ggop|B'] = Q1,8 U --- U Qg . Moreover, Ggop = G*[A'] U
G*[B']. Consider any vertex x € Ag. Let dgop(x) denote the degree of z in
Ql,A J---u Qk7A~ So dggob(x) = dg~ (Z‘,A/) by " Let

(4312) dloc(x) = dg(l‘, Al) — dglob(sc)
(4313) = dg(:c, A/) — de* (:L’, A/) = dg(:’) (:L’, A/)
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Then
(4.3.14) dioe(7) + de (2, B') + dgion(z) B2 (2) = D,

where the final equality follows from (BFR2). Recall that J consists of K%ty
edge-disjoint balanced exceptional systems. Since x has two neighbours in each of
these balanced exceptional systems, the degree of x in G(J) is 2K*tx = D — 2k.
Altogether this implies that

dg* (SU,B/) = dg(x,B/) — dg(3)($,B/)
= dg(z,B') — (de@g) () — dai (@, A))
(4.3.15) B2 (2, BY) — (D - 2k — dioe(2)) 2% — dyron ().

Note that this is precisely the total number of edges at  which we need to add to
@1,4,---,Qk 4 in order to obtain Q) 4,...,Q} 4 as in Claim 1.

We can now construct the path systems QQ,A. For each = € Ay, let n;(x) =
2 —dg, ,(x). So 0 < n;(r) <2 forall i <k. Recall that a := |Ag| and consider an
ordering 1, ..., %, of the vertices in Ag. Let G} := G*[{z1,...,7,}, B]. Assume
that for some 0 < j < a, we have already found a decomposition of G} into
edge-disjoint path systems Q1 ;,. .., Qx,; satisfying the following properties (for all
i <k):

(') no vertex is an endvertex of both an edge in Q; ; and an edge in Q; p;

(ii") z;» has degree n;(xj) in Q;; for all j* < j and all other vertices have

degree at most one in @); ;.
We call this assertion A;. We will show that A;4; holds (i.e. the above assertion
also holds with j replaced by j + 1). This in turn implies Claim 1 if we let Q] 4 :=
QiaUQj 4 for all i < k.

To prove Aji1, consider the following bipartite auxiliary graph Hj;,. The
vertex classes of Hj;1 are Nj1 := Ng+(2j41) N B and Z; 1, where Z;;, is a mul-
tiset whose elements are chosen from Q1 5, ..., Q% 5. Each Q; p is included exactly
n;(xj41) times in Z; 4. Note that N1 = Ng»(zj41) N B’ since e(G[Ag, By]) =0
by (BFR6). Altogether this implies that

k k
(4316)[Za] = > milwga) =2k =Y do, s (x541) = 2k — dgiop(w11)

i=1 i=1
(4.3.15)
BED i (041, B) = INjsa| = k/2.
The final inequality follows from (|4.3.15]) since

@311) )
dgiov(Tj41) < A(Ggop[A']) < 3k/2

by Corollary d). We include an edge in H;4q between v € Nj4q and Q; B €

Zj41 if v is not an endvertex of an edge in Q; p U Q; ;.

Claim 2. Hji1 has a perfect matching M} ;.

Given the perfect matching guaranteed by the claim, we construct ; ;41 from Q; ;
as follows: the edges of @; ;41 incident to x;4; are precisely the edges x;1v where
vQ;,p is an edge of M, (note that there are up to two of these). Thus Claim 2 im-
plies that A; ;4 holds. (Indeed, (i’)-(ii’) are immediate from the definition of H;1.)
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To prove Claim 2, consider any vertex v € N;;1. Since v € B, the number of path
systems @; p containing an edge at v is at most dg(v, B"). The number of indices
i for which @Q; ; contains an edge at v is at most dg (v, Ag) < |Ao|. Since each path
system (); p occurs at most twice in the multiset Z;1, it follows that the degree of
vin Hj4q is at least | Z; 1] — 2dg (v, B') — 2|Ag|. Moreover, dg(v, B') < &'n < k/16
(say) by (BFR5). Also, |4g| < en < k/16 by (BFR4). So v has degree at least
[ Zja| = k/4 > |Zj41/2 in Hjpy.

Now consider any path system Q; g € Zj;1. Recall that e(Q; 5) < en < k/16
(say), where the first inequality follows from Corollary [£.3.7(d)(iv’). Moreover,
e(Qi,j) < 2|Ag| < 2en < k/8, where the second inequality follows from (BFR4).
Thus the degree of Q; p in Hj4; is at least

INj+1] —2e(Qi,B) — e(Qij) = INj1| = k/4 = |Njpal/2.
Altogether this implies that H;; has a perfect matching M ]' 11, as required.

This completes the construction of Q/LA’ ceey Q;C)A. Next we construct Q'LB, ceey
Q% p using the same approach.

Claim 3. G*[B'] U G*[By, A] has a decomposition into edge-disjoint path systems
1.Bs- > Q) p such that
e Qis CQ,pand E(Q) 5)\E(Q: ) consists of ByA-edges in G* (for each
i<k) ’
e dg: (x) =2 for every x € By and dQ&B(x) <1 for every x ¢ By;
e no vertez is an endvertex of both an edge in Q; 4 and an edge in Q; g (for
each i < k).

The proof of Claim 3 is similar to that of Claim 1. The only difference is that when
constructing @ z, we need to avoid the endvertices of all the edges in Q] , (not
just the edges in @; 4). However, e(Q] 4 — Qi a) < 2|Ag|, so this does not affect
the calculations significantly.

We now take Q; := Q; ,UQ; p for all i < k. Then the Q; are pairwise edge-disjoint
and

e(Q;) < e(Qia) + e(Qi,8) + 2| Ag U By| < 2v/en + 2en < 3y/en

by Corollary [£.3.7(d)(iv’) and (BFR4). Moreover, Corollary d)(iii’) implies
that

eq.(A') —eq,(B') = e(Qi,a) — e(Qip) =a—b.
Thus each Q); is a 2-balanced AgBg-path system. Further, Q1,...,Qy form a de-
composition of

G*[A'] U G*[Ay, B| UG*[B'| U G*[By, A] = G* — G*[A, B].

(The last equality follows since e(G[Ag, Bo]) = 0 by (BFR6).) This completes the
proof of (a).

To prove (b), note that (F, G, A, Ay, B, By) is an (g, &', D)-pre-framework, i.e. it
satisfies (WF1)—(WF5). Indeed, recall that (BFR1)—(BFR4) imply (WF1)—-(WF4)
and that (WF5) holds by assumption. So we can apply Lemma (with Q1 play-
ing the role of Q) to extend Q; into a Hamilton cycle Cy. Moreover, Lemmald.2.9(iii)
implies that C; N G is 2-balanced, as required. (Lemma ii) guarantees that
(4 is edge-disjoint from Qo, ..., Qk and G(J).)
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Let G1 :== G—Cy and Fy := F—C,. Proposition[4.2.3| (with C; playing the role
of H) implies that (F1,G1, A, Ay, B, By) is an (g,¢’, D — 2)-pre-framework. So we
can now apply Lemma to (F1,G1, A, Ap, B, By) to extend @2 into a Hamilton
cycle Csy, where Cy N G is also 2-balanced.

We can continue this way to find Cs,...,Ck. Indeed, suppose that we have
found Ci,...,C; for i < k. Then we can still apply Lemma [4.2.9since §(F) — 2i >
0(F)—2k > n/3. Moreover, C;NG is 2-balanced for all j <14, so (C1U---UC;)NG is
2i-balanced. This in turn means that Proposition (applied with C; U ---UC;
playing the role of H) implies that after removing Ci,...,C;, we still have an
(e,¢', D — 2i)-pre-framework and can find Cj41. O

We can now put everything together to find a set of localized balanced excep-
tional systems and a set of Hamilton cycles which altogether cover all edges of G
outside G[A, B]. The localized balanced exceptional systems will be extended to
Hamilton cycles later on.

COROLLARY 4.3.10. Let 0 < 1/n K e K gg K &/ € 1 K g2 K 3 € g4 K
1/K < 1. Suppose that (G, A, Ao, B, By) is an (g, €', K, D)-bi-framework with |G| =
n and so that D > n/200 and D is even. Let P := {Ap, A1,...,Ax,Bo, B1,. ..,
B} be a (K,m,e,¢e1,e2)-partition for G. Suppose that tx := (1 — 20e4)D/2K* €
N and let k := 10e4D. Suppose that F is a graph on V(G) such that G C F,
0(F) > 2n/5 and such that F satisfies (WF5) with respect to €'. Then there are k
edge-disjoint Hamilton cycles C1,...,Cy in F and for all 1 < iy,1i9,13,14 < K there
is a set Ji iqigi, SUch that the following properties are satisfied:
(1) Tiyinigia consists of tx (i1,12,13,14)-BES in G with respect to P and with
parameter €9 which are edge-disjoint from each other and from C1 U---U
Cy.
(ii) Whenever (i1, i2,i3,44) # (i1,15,15,14), J € Tiyinigia and J' € Tiripiri,s
then J and J' are edge-disjoint.
(iii) Given any i < k and v € AgU By, the two edges incident to v in C; lie in
G.

(iv) Let G° be the subgraph of G obtained by deleting the edges of all the C; and
all the balanced exceptional systems in Ji iyiziy (for all 1 <iy,ig,is,i4 <
K). Then G° is bipartite with vertex classes A', B' and Vo = Ag U By is
an isolated set in G°.

Proof. This follows immediately from Lemmas and b). Indeed, clearly
(i)—(iii) are satisfied. To check (iv), note that G° is obtained from the graph G*
defined in Lemma [£3.9] by deleting all the edges of the Hamilton cycles C;. But
Lemma[£.3.9]implies that the C; together cover all the edges in G*—G*[A, B]. Thus
this implies that G° is bipartite with vertex classes A’, B’ and Vj is an isolated set
in G°. (]

4.4. Special Factors and Balanced Exceptional Factors

As discussed in the proof sketch, the proof of Theorem|[1.3.5|proceeds as follows.
First we find an approximate decomposition of the given graph G and finally we
find a decomposition of the (sparse) leftover from the approximate decomposition
(with the aid of a ‘robustly decomposable’ graph we removed earlier). Both the
approximate decomposition as well as the actual decomposition steps assume that



122 4. THE BIPARTITE CASE

we work with a bipartite graph on AU B (with |A] = |B]). So in both steps, we
would need Ag U By to be empty, which we clearly cannot assume. On the other
hand, in both steps, one can specify ‘balanced exceptional path systems’ (BEPS)
in G with the following crucial property: one can replace each BEPS with a path
system BEPS* so that

(or1) BEPS* is bipartite with vertex classes A and B;
(a2) a Hamilton cycle C* in G* := G[A, B] + BEPS™ which contains BEPS*
corresponds to a Hamilton cycle C' in G which contains BEPS (see Sec-
tion [4.4.1)).
Each BEPS will contain one of the balanced exceptional sequences BES constructed
in Section [4:3] BEPS* will then be obtained by replacing the edges in BES by
suitable ‘fictive’ edges (i.e. which are not necessarily contained in G).

So, roughly speaking, this allows us to work with G* rather than G in the
two steps. Similarly as in the two clique case, a convenient way of specifying and
handling these balanced exceptional path systems is to combine them into ‘bal-
anced exceptional factors’ BF (see Section for the definition). (The balanced
exceptional path systems and balanced exceptional factors are analogues of the
exceptional path systems and exceptional factors considered in Chapter )

As before, one complication is that the ‘robust decomposition lemma’ (Lem-
ma we use from [21] deals with digraphs rather than undirected graphs. So
to be able to apply it, we again need a suitable orientation of the edges of G and so
we will actually consider directed path systems BEPS};, instead of BEPS* above
(whereas the path systems BEPS are undirected).

Rather than guaranteeing («s) directly, the (bipartite) robust decomposition
lemma assumes the existence of certain directed ‘special paths systems’ SPS which
are combined into ‘special factors’ SF. (Recall that these notions were used in the
proof of Theorem [1.3.3} see Section [2.8:1] In this chapter, we use slight variants of
these definitions which are introduced in Section[£.4.2]) Each of the Hamilton cycles
produced by the lemma then contains exactly one of these special path systems. So
to apply the lemma, it suffices to check separately that each BEPS}; satisfies the
conditions required of a special path system and that it also satisfies (aw).

4.4.1. Constructing the Graphs J* from the Balanced Exceptional
Systems J. Suppose that J is a balanced exceptional system in a graph G with
respect to a (K, m,eq)-partition P = {Ag, 41,..., Ak, Bo, B1,...,Bk} of V(G).
We will now use J to define an auxiliary matching J*. Every edge of J* will
have one endvertex in A and its other endvertex in B. We will regard J* as
being edge-disjoint from the original graph G. So even if both J* and G have
an edge between the same pair of endvertices, we will regard these as different
edges. The edges of such a J* will be called fictive edges. Proposition M(u)
below shows that a Hamilton cycle in G[AU B] + J* containing all edges of J* in a
suitable order will correspond to a Hamilton cycle in G which contains J. So when
finding our Hamilton cycles, this property will enable us to ignore all the vertices in
Vo = Ao U By and to consider a bipartite (multi-)graph between A and B instead.

We construct J* in two steps. First we will construct a matching J% 5 on AUB
and then J*. Since each maximal path in J has endpoints in A U B and inter-
nal vertices in Vg by (BES1), a balanced exceptional system J naturally induces
a matching J} 5 on AU B. More precisely, if P,..., Py are the non-trivial paths
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(a) J (B) Jigp (c) J*

FIGURE 4.4.1. The thick lines illustrate the edges of J, J} 5 and
J* respectively.

in J and x;,y; are the endpoints of P;, then we define Jig = {zjy; : i < ¢'}.
Thus J}p is a matching by (BES1) and e(J}z) < e(J). Moreover, J4, and
E(J) cover exactly the same vertices in A. Similarly, they cover exactly the
same vertices in B. So (BES3) implies that e(Jig[A]) = e(Jig[B]). We can
write E(JiglA]) = {z122,...,x2s—122s}, E(Jig[B]) = {v1y2; ..., y2s—1y2s} and
E(J35[A,B]) = {x2s+1Y2s+1s---,Ts'Ys'}, where 2; € A and y; € B. Define
J* = A{ay; 0 1 < i < $'}. Note that e(J*) = e(J4g) < e(J). All edges of J*
are called fictive edges.

As mentioned before, we regard J* as being edge-disjoint from the original
graph G. Suppose that P is an orientation of a subpath of (the multigraph) G[AU
B] + J*. We say that P is consistent with J* if P contains all the edges of J* and
P traverses the vertices x1,y1,%2,...,Ys'—1, s, Ys in this order. (This ordering
will be crucial for the vertices z1,¥1,...,T2s,Y2s, but it is also convenient to have
an ordering involving all vertices of J*.) Similarly, we say that a cycle D in G[AU
B] + J* is consistent with J* if D contains all the edges of J* and there exists
some orientation of D which traverses the vertices x1,y1,%2,...,Ys—1,Ts,Ys in
this order.

The next result shows that if J is a balanced exceptional system and C' is a
Hamilton cycle on A U B which is consistent with J*, then the graph obtained
from C' by replacing J* with J is a Hamilton cycle on V(G) which contains J,
see Figure When choosing our Hamilton cycles, this property will enable us
ignore all the vertices in V; and edges in A and B and to consider the (almost
complete) bipartite graph with vertex classes A and B instead.

PROPOSITION 4.4.1. Let P = {Ao, A1,...,Ax,Bo,B1,...,Bk} be a (K,m,¢)-
partition of a vertex set V. Let G be a graph on'V and let J be a balanced exceptional
system with respect to P.

(i) Assume that P is an orientation of a subpath of GJAUB|+J* such that P
is consistent with J*. Then the graph obtained from P—J*+J by ignoring
the orientations of the edges is a path on V(P)UVy whose endvertices are
the same as those of P.

(ii) If J € G and D is a Hamilton cycle of G[AU B] 4 J* which is consistent
with J*, then D — J* + J is a Hamilton cycle of G.
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Proof. We first prove (i). Let s := e(J}g[A]) = e(Jiz[B]) and J® := {z1y1,...,
ZosYas} (where the x; and y; are as in the definition of J*). So J* := J° U
{T2s41Y2541, - - » TsYs' }, where s' := e(J*). Let P¢ denote the path obtained from
P = z1...29 by reversing its direction. (So P° = z...z; traverses the vertices
Ys's Ts'y Y2s/—1, - - - s T2, Y1, €1 in this order.) First note

P' = 21 P12 PCy1y2 Prsza Pysys . . . Tas 122s P Y2s1Y2. P2o
is a path on V(P). Moreover, the underlying undirected graph of P’ is precisely

In particular, P’ contains J}z. Now recall that if wyws is an edge in J% 5, then
the vertices wy and wy are the endpoints of some path P* in J (where the internal
vertices on P* lie in Vp). Clearly, P’ — wywy + P* is also a path. Repeating
this step for every edge wiws of J% 5 gives a path P” on V(P) U V. Moreover,
P" =P — J* + J. This completes the proof of (i).

(ii) now follows immediately from (i). O

4.4.2. Special Path Systems and Special Factors. As mentioned earlier,
in order to apply Lemma we first need to prove the existence of certain
‘special path systems’. These are defined below. Note that the definitions given in
this section are slight variants of the corresponding definitions used in Chapter

Suppose that

P ={Ao,A,...,Ax,Bo,B1,...,Bk}

is a (K, m, ep)-partition of a vertex set V and L, m/L € N. Recall that we say that
(P,P") is a (K, L,m,eq)-partition of V if P’ is obtained from P by partitioning
A; into L sets A;1,...,A; 1 of size m/L for all 1 < ¢ < K and partitioning B;
into L sets B;1,...,B; 1 of size m/L for all 1 < i < K. (So P’ consists of the
exceptional sets Ay, By, the KL clusters A; ; and the KL clusters B; j.) Unless
stated otherwise, whenever considering a (K, L, m, g)-partition (P, P’) of a vertex
set V' we use the above notation to denote the elements of P and P’.

Let (P,P’) be a (K, L, m,eq)-partition of V. Consider a spanning cycle C' =
A1 By ... Ag Bg on the clusters of P. Given an integer f dividing K, the canonical
interval partition Z of C into f intervals consists of the intervals

Ak f1Ba-nr 1 A-0Kk/f+2 - BikyrAik 541
for all i < f. (Here Ag41 := A;.)
Suppose that G is a digraph on V\Vp and h < L. Let I = A;BjA; 1...Aj be
an interval in Z. A special path system SPS of style h in G spanning the interval I
consists of precisely m /L (non-trivial) vertex-disjoint directed paths Pi,..., Py, /r
such that the following conditions hold:
(SPS1) Every Ps has its initial vertex in A;; and its final vertex in Ajs 5.
(SPS2) SPS contains a matching Fict(SPS) such that all the edges in Fict(SP.S)
avoid the endclusters A; and A;, of I and such that E(P;) \ Fict(SPS) C
E(G).
(SPS3) The vertex set of SPSis Aj, UB; pbUAjp1pU---UBji_1 UAjp.
The edges in Fict(SPS) are called fictive edges of SPS.
Let Z ={I,..., I} be the canonical interval partition of C into f intervals. A
special factor SF with parameters (L, ) in G (with respect to C, P’) is a 1-regular
digraph on V' \ V, which is the union of Lf digraphs SPS, (one for all j < f
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and h < L) such that each SPS; is a special path system of style h in G which
spans I;. We write Fict(SF) for the union of the sets Fict(SPS; ) over all j < f
and h < L and call the edges in Fict(SF') fictive edges of SF.

We will always view fictive edges as being distinct from each other and from the
edges in other digraphs. So if we say that special factors SFy,...,SF, are pairwise
edge-disjoint from each other and from some digraph @ on V' \ Vj, then this means
that @ and all the SF; —Fict(SF;) are pairwise edge-disjoint, but for example there
could be an edge from z to y in @ as well as in Fict(SF;) for several indices i < r.
But these are the only instances of multiedges that we allow, i.e. if there is more
than one edge from x to y, then all but at most one of these edges are fictive edges.

4.4.3. Balanced Exceptional Path Systems and Balanced Exceptional
Factors. We now define balanced exceptional path systems BEPS. It will turn
out that they (or rather their bipartite directed versions BEPS};, involving fictive
edges) will satisfy the conditions of the special path systems defined above. More-
over, Hamilton cycles that respect the partition A, B and which contain BEPS},,
correspond to Hamilton cycles in the ‘original’ graph G (see Proposition [1.4.2)).

Let (P, P’) be a (K, L, m, ep)-partition of a vertex set V. Suppose that K/f € N
and h < L. Consider a spanning cycle C = A1 B ... Ax Bx on the clusters of P.
Let Z be the canonical interval partition of C into f intervals of equal size. Suppose
that G is an oriented bipartite graph with vertex classes A and B. Suppose that
I = A;B;...Aj is an interval in Z. A balanced exceptional path system BEPS
of style h for G spanning I consists of precisely m/L (non-trivial) vertex-disjoint
undirected paths Pi,..., P,/ such that the following conditions hold:

(BEPS1) Every P, has one endvertex in A, and its other endvertex in Aj p.

(BEPS2) J:= BEPS—BEPS][A, B] is a balanced exceptional system with respect
to P such that P; contains all edges of J and so that the edge set of
J is disjoint from A;j, and Aj . Let P qir be the path obtained by
orienting P; towards its endvertex in A/ ; and let Jai be the orientation
of J obtained in this way. Moreover, let Jj; be obtained from J* by
orienting every edge in J* towards its endvertex in B. Then Py, :=
Py gir — Jair + J3;, is a directed path from A; j to A;/ , which is consistent
with J*.

(BEPS3) The vertex set of BEPS is VoUA; ,UBj , UA ;11 ,U---UBjr_1, UAjs p.

(BEPS4) For each 2 < s < m/L, define P; g, similarly as P; gir. Then E(Ps qir) \
E(Jair) € E(G) for every 1 < s <m/L.

Let BEPS};, be the path system consisting of P givs Podivs - -+ Py ,aie- Then
BEPS},, is a special path system of style h in G which spans the interval I and
such that Fict(BEPS},,) = J3;,-

Let Z = {I1,...,I;} be the canonical interval partition of C' into f intervals. A
balanced exceptional factor BF with parameters (L, f) for G (with respect to C, P’)
is the union of Lf undirected graphs BEPS, j, (one for all j < f and h < L) such
that each BEPS; ), is a balanced exceptional path system of style h for G which
spans I;. We write BFj;, for the union of BEPSY, 4, over all j < f and h < L.
Note that BE}, is a special factor with parameters (L, f) in G (with respect to C,
P’) such that Fict(BFy;, ) is the union of J7, 4, over all j < f and h < L, where
Jjn =BEPS;, — BEPS;;[A, B] is the balanced exceptional system contained in
BEPS,}, (see condition (BEPS2)). In particular, BF}; is a l-regular digraph on
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V' \ Vo while BF is an undirected graph on V with
(44.1) dpp(v)=2 forallve V\Vy and dpp(v)=2Lf forallve V.

Given a balanced exceptional path system BEPS, let J be as in (BEPS2) and
let BEPS* := BEPS — J+ J*. So BEPS* consists of P{' := P, —J + J* as
well as P, ..., Py /. The following is an immediate consequence of (BEPS2) and

Proposition

PROPOSITION 4.4.2. Let (P, P’) be a (K, L, m,eg)-partition of a vertex set V.
Suppose that G is a graph on V' \ Vy, that Gai, is an orientation of G[A, B] and that
BEPS is a balanced exceptional path system for Gaiy. Let J be as in (BEPS2). Let
C be a Hamilton cycle of G+J* which contains BEPS*. Then C—BEPS*+BEPS
is a Hamilton cycle of GU J.

Proof. Note that C — BEPS*+ BEPS = C —J*+J. Moreover, (BEPS2) implies
that C contains all edges of J* and is consistent with J*. So the proposition follows
from Proposition ii) applied with G U J playing the role of G. d

4.4.4. Finding Balanced Exceptional Factors in a Bi-scheme. The fol-
lowing definition of a ‘bi-scheme’ captures the ‘non-exceptional’ part of the graphs
we are working with. For example, this will be the structure within which we
find the edges needed to extend a balanced exceptional system into a balanced
exceptional path system.

Given an oriented graph G and partitions P and P’ of a vertex set V, we call
(G,P,P") a[K,L,m,eq,¢c|-bi-scheme if the following properties hold:

(BSchl’) (P,P’) is a (K, L, m,eo)-partition of V. Moreover, V(G) = AU B.

(BSch2’) Every edge of G has one endvertex in A and its other endvertex in B.

(BSch3’) G[A; ;, By ] and G[By j, A; ;] are [e,1/2]-superregular for all 4,7 < K
and all j, j* < L. Further, G[A;, B;] and G[B;, A;] are [, 1/2]-superregular
for all 4,5 < K.

(BSch4’) |NZ(z) N NG (y) N By ;| > (1 —e)m/5L for all distinet z,y € 4, all i < K
and all j < L. Similarly, |NZ (z) N Ng (y) N A; ;| > (1 —e)m/5L for all
distinct z,y € B, all t < K and all j < L.

If L =1 (and so P = P’), then (BSchl’) just says that P is a (K, m,¢eq)-partition

of V(G).

The next lemma allows us to extend a suitable balanced exceptional system into
a balanced exceptional path system. Given h < L, we say that an (i1, i2, i3, i4)-BES
J has style h (with respect to the (K, L, m,eq)-partition (P,P’)) if all the edges of
J have their endvertices in Vo U A;, n, U A;, 5 U Biy n U By, p.

LEMMA 4.4.3. Suppose that K,Lyn,m/L € N, that 0 < 1/n < €,e0 < 1
and g9 < 1/K,1/L. Let (G,P,P') be a [K,L,m,eq,¢|-bi-scheme with |V(G) U
Vo| = n. Consider a spanning cycle C = A1 By ... Ak Bk on the clusters of P and
let I = A;jBjAjt1... Ay be an interval on C of length at least 10. Let J be an
(i1,12,143,14)-BES of style h < L with parameter €y (with respect to (P,P’)), for
some i1,19,43,14 € {j+1,...,7 —1}. Then there exists a balanced exceptional path
system of style h for G which spans the interval I and contains all edges in J.

Proof. For each k < 4, let my denote the number of vertices in A;, , U By,
which are incident to edges of J. We only consider the case when iy, is, i3 and iy



4.4. SPECIAL FACTORS AND BALANCED EXCEPTIONAL FACTORS 127

are distinct and my, > 0 for each k < 4, as the other cases can be proved by similar
arguments. Clearly mqy + - -+ + my < 2¢gn by (BES4). For every vertex = € A, we
define B(z) to be the cluster B;j, € P’ such that A; contains x. Similarly, for every
y € B, we define A(y) to be the cluster A;; € P’ such that B; contains y.

Let x1y1,...,Tsys be the edges of J*, with z; € A and y; € B for all ¢ < .
(Recall that the ordering of these edges is fixed in the definition of J*.) Thus
s’ = (m1+ -+ my)/2 < gon. Moreover, our assumption that ¢ < 1/K,1/L
implies that epn < m/100L (say). Together with (BSch4’) this in turn ensures
that for every r < s/, we can pick vertices w, € B(x,) and z. € A(y,) such
that w,2,, Y2, and z,w,11 are (directed) edges in G and such that all the 4s’
vertices Xy, Yr, Wr, zr (for r < ') are distinct from each other. Let P| be the path
W1T1Y1 21 WaLaY222Ws . . . Ys Zsr. Thus Pj is a directed path from B to A in G+ Jj,,
which is consistent with J*. (Here Jj,, is obtained from J* by orienting every edge
towards B.) Note that |[V(P{) N A;, n| = mr = |[V(P]) N By, n| for all k < 4.
(This follows from our assumption that i1, ie, i3 and 4 are distinct.) Moreover,
V(Pll) n (A, U Bl) = (Z) for all 4 ¢ {i],ig, i3,’i4}.

Pick a vertex 2’ in A;j so that z'w; is an edge of G. Find a path P’ from zy
to Ajs p in G such that the vertex set of P;’ consists of z,» and precisely one vertex
ineach A; , foralli € {j+1,...,5}\{i1,i2,3,i4} and one vertex in each B; ) for
all i € {j,...,5 — 1} \ {é1,42,93,494} and no other vertices. (BSch4’) ensures that
this can be done greedily. Define Py 4;, to be the concatenation of 2’ws, Pi and Py’
Note that Py ;, is a directed path from A;j, to Ajr 5 in G+ Jg;, which is consistent
with J*. Moreover, V(Pl’idir) C U<k Ain UBip,

1 fOI‘iG{j,...,j/}\{il,ig,ig,i4},
‘V(Pl*,dir) n Ai,h| =<{my fori=1i and k < 4,

0 otherwise,

while

1 fori€{j,....5 — 1} \ {1, o, is,is},
V(P i) N Bin| = my, for i =iy, and k < 4,

0 otherwise.

(BSch4') ensures that for each k < 4, there exist my, — 1 (directed) paths Pf, ...,
P’ﬁlr1 in G such that

m
° Pf is a path from A; ), to Aj ) for each r <my —1 and k < 4;
e cach PF contains precisely one vertex in A; , for each i € {j,..., 5 }\ {ix},
one vertex in B; j, for each i € {4,...,j  — 1} \ {ix} and no other vertices;

* 1 1 2 4 e
® PlawPryo s Pp 1, Py, Py are vertex-disjoint.

Let @ be the union of Pl*,dir and all the Pf over all k < 4 and r < my, — 1. Thus
@ is a path system consisting of m; + - - - + my — 3 vertex-disjoint directed paths
from Aj to Aj . Moreover, V(Q) consists of precisely mi + - -- +ma — 3 < 2g9n
vertices in A; j, for every j < i < j’ and precisely mq + - - - +my — 3 vertices in B; ,
for every j <i < j'. Set A} 1= A;, \V(Q) and B}, := B; , \V(Q) for all i < K.
Note that, for all 7 <i < j/,

m m m m
(4.4.2) A}l = ff(m1+---+m473) > ff2son > ff5somK > (17\/?0)3
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since ¢9 < 1/K,1/L. Similarly, |B],| > (1 — /go)m/L for all j < i < j'. Pick
a new constant &’ such that ¢,69 < ¢ < 1. Then (BSch3’) and together
with Proposition imply that G[A] ,, B; ;] is still [¢/, 1/2]-superregular and so
we can find a perfect matching in G[A] ,, B; ] for all j <i < j'. Similarly, we can
find a perfect matching in G[B;,,, A}, ,] for all j <i < j’. The union Q" of all
these matchings forms m/L — (my + - - - + my) + 3 vertex-disjoint directed paths.
Let Py be the undirected graph obtained from Py, — J§, + J by ignoring
the directions of all the edges. Proposition M(l) implies that P; is a path on
V(Pf g;;) U Vo with the same endvertices as Py ;. Consider the path system ob-
tained from (Q U Q") \ {P} 4.} by ignoring the directions of the edges on all the
paths. Let BEPS be the union of this path system and P;. Then BEPS is a
balanced exceptional path system for G, as required. ([l

The next lemma shows that we can obtain many edge-disjoint balanced excep-
tional factors by extending balanced exceptional systems with suitable properties.

LEMMA 4.4.4. Suppose that L, f,q,n,m/L,K/f € N, that K/f > 10, that
0<1/n<ee <1, that g9 < 1/K,1/L and Lg/m < 1. Let (G,P,P’) be a
[K, L,m,¢eq,el]-bi-scheme with |V(G) U Vy| = n. Consider a spanning cycle C' =
A1By ... Ag Bk on the clusters of P. Suppose that there exists a set J of Lfq
edge-disjoint balanced exceptional systems with parameter g such that

e foralli < f and all h < L, J contains precisely q (i1,12,13,14)-BES of
style h (with respect to (P, P')) for which i1,i2,i3,14 € {({ — 1)K/f +
2,...,iK/f}.
Then there exist q edge-disjoint balanced exceptional factors with parameters (L, f)
for G (with respect to C, P’') covering all edges in |JJ.

Recall that the canonical interval partition Z of C' into f intervals consists of

the intervals
A0/ 1 B0 K/ 1 AG—1) K/ f42 - - - Aik ) f41

for all # < f. So the condition on J ensures that for each interval I € Z and each
h < L, the set J contains precisely g balanced exceptional systems of style h whose
edges are only incident to vertices in Vy and vertices belonging to clusters in the
interior of . We will use Lemma [£.4.3] to extend each such balanced exceptional
system into a balanced exceptional path system of style h spanning I.

Proof of Lemma Choose a new constant &’ with ¢, Lg/m < ¢’ < 1. Let
Ji,...,Jq be a partition of J such that for all j < ¢, h < L and i < f, the set J;
contains precisely one (i1, 12, 13,14)-BES of style h with 41,42,15,i4 € {(i — 1)K/ f +
2,...,iK/f}. Thus each J; consists of Lf balanced exceptional systems. For each
j < g in turn, we will choose a balanced exceptional factor EF; with parameters
(L, f) for G such that BF; and BF), are edge-disjoint for all j/ < j and BF;
contains all edges of the balanced exceptional systems in J;. Assume that we have
already constructed BFi,...,BF;_;. In order to construct BF}, we will choose
the Lf balanced exceptional path systems forming BF; one by one, such that each
of these balanced exceptional path systems is edge-disjoint from BFi,..., BF;_;
and contains precisely one of the balanced exceptional systems in [J;. Suppose
that we have already chosen some of these balanced exceptional path systems and
that next we wish to choose a balanced exceptional path system of style h which
spans the interval I € Z of C' and contains J € J;. Let G’ be the oriented graph
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obtained from G by deleting all the edges in the balanced path systems already
chosen for BF}; as well as deleting all the edges in BF},..., BF;_1. Recall from
(BSch1’) that V(G) = AUB. Thus A(G—G') < 2j < 3¢ by (£.4.1)). Together with
Proposition this implies that (G’,P,P’) is still a [K, L, m,e,&']-bi-scheme.
(Here we use that A(G — G') <3¢ =3Lg/m-m/L and ¢, Lg/m < &’ < 1.) So we
can apply Lemmal[4.4.3|with ¢’ playing the role of € to obtain a balanced exceptional
path system of style h for G’ (and thus for G) which spans I and contains all edges
of J. This completes the proof of the lemma. |

4.5. The Robust Decomposition Lemma

The purpose of this section is to derive the version of the robust decomposition
lemma (Corollary |4.5.4) that we will use in this chapter to prove Theorem [1.3.5
(Recall from Section that we will not use it in the proof of Theorem
Similarly as in the two cliques case, Corollary allows us to transform an ap-
proximate Hamilton decomposition into an exact one. In the next subsection, we
introduce the necessary concepts. In particular, Corollary relies on the exis-
tence of a so-called bi-universal walk (which is a ‘bipartite version’ of the universal
walk introduced in Section [2.9.1)). The (proof of the) robust decomposition lemma
then uses edges guaranteed by this bi-universal walk to ‘balance out’ edges of the
graph H when constructing the Hamilton decomposition of G + H.

4.5.1. Chord Sequences and Bi-universal Walks. Let R be a digraph
whose vertices are Vi,...,V; and suppose that C' = V; ...V} is a Hamilton cycle
of R. (Later on the vertices of R will be clusters. So we denote them by capital
letters.)

Recall from Sectionthat a chord sequence CS(V;,V;) from V; to Vj in R
is an ordered sequence of edges of the form

CS(‘/M V]) = (‘/;1—1%27‘62—1‘/;3’ LRI ‘/it—l‘/iz#rl)a

where V;, = V;, Vi, = V; and the edge Vi, _1V;,, belongs to R for each s <.
As before, if i = j then we consider the empty set to be a chord sequence from
Vi to V; and we may assume that CS(V;, V;) does not contain any edges of C.
A closed walk U in R is a bi-universal walk for C with parameter ¢’ if the

following conditions hold:

(BU1) The edge set of U has a partition into Uyqq and Ugyen. For every 1 < i < k
there is a chord sequence EC SY(V;, Vi) from V; to Vi4 o such that Usyen
contains all edges of all these chord sequences for even i (counted with
multiplicities) and U,qq contains all edges of these chord sequences for
odd 7. All remaining edges of U lie on C.

(BU2) Each ECSY(V;, Vi o) consists of at most v/#'/2 edges.

(BU3) Usven enters every cluster V; exactly ¢'/2 times and it leaves every cluster
V; exactly ¢ /2 times. The same assertion holds for Uyqq.

Note that condition (BU1) means that if an edge V;V; € E(R)\ E(C) occurs in total
5 times (say) in ECSP(Vy,V3),..., ECSP(V4, Va) then it occurs precisely 5 times
in U. We will identify each occurrence of V;V; in ECS*(Vy,V3), ..., ECSY(Vy, Va)
with a (different) occurrence of V;V; in U. Note that the edges of ECSP(V;, Vi)
are allowed to appear in a different order within U.
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LEMMA 4.5.1. Let R be a digraph with vertices V1, ..., Vi where k > 4 is even.
Suppose that C = Vi ... Vi is a Hamilton cycle of R and that V;_1V;12 € E(R)
for every 1 < i < k. Let {' > 4 be an even integer. Let Upier denote the multiset
obtained from ' —1 copies of E(C) by adding V;—1Viy2 € E(R) for every 1 <i < k.
Then the edges in Uy can be ordered so that the resulting sequence forms a bi-
universal walk for C with parameter {'.

In the remainder of the chapter, we will also write Ui for the bi-universal
walk guaranteed by Lemma

Proof. Let us first show that the edges in Upi ¢ can be ordered so that the
resulting sequence forms a closed walk in R. To see this, consider the multidigraph
U obtained from Uy by deleting one copy of E(C). Then U is (¢ — 1)-regular
and thus has a decomposition into 1-factors. We order the edges of Uy, ¢ as follows:
We first traverse all cycles of the 1-factor decomposition of U which contain the
cluster V. Next, we traverse the edge V1 V5 of C. Next we traverse all those cycles
of the 1-factor decomposition which contain V5 and which have not been traversed
so far. Next we traverse the edge V52V3 of C' and so on until we reach V; again.
Recall that, for each 1 < ¢ < k, the edge V;_1V;42 is a chord sequence from
V; to Viya. Thus we can take ECSP(V;, Vo) := V;_1Viyo. Then Uy o satisfies
(BU1)~(BU3). Indeed, (BU2) is clearly satisfied. Partition one of the copies of
E(C) in Ui into Feven and Eoqq where Eeven = {ViViy1] @ even} and Eoqq =
{ViVi41| i odd}. Note that the union of Eeyen together with all ECSP(V;, Vii2)
for even i is a 1-factor in R. Add ¢'/2 — 1 of the remaining copies of E(C) to this
1-factor to obtain Ueyen. Define Usgq to be E(Upigr) \ Ueven- By construction of
Ueven and Usqq, (BU1) and (BU3) are satisfied. O

4.5.2. Bi-setups and the Robust Decomposition Lemma. The aim of
this subsection is to state the ‘bipartite version’ of the robust decomposition lemma
(Lemmal[d.5.3] proved in [21]) and derive Corollary[4.5.4] which we shall use later on
in our proof of Theorem Lemma guarantees the existence of a ‘robustly
decomposable’ digraph Gfi‘i’]‘f within a ‘bi-setup’. Roughly speaking, a bi-setup is a
digraph G together with its ‘reduced digraph’ R, which contains a Hamilton cycle
C and a bi-universal walk U. (So a bi-setup is a ‘bipartite analogue’ of a setup that
was introduced in Section m) In our application, G[A, B] will play the role of
G and R will be the complete bipartite digraph.

To define a bi-setup formally, we first need to recall the following definitions.
Given a digraph G and a partition P of V(G) into k clusters Vi,...,V of equal
size, recall that a partition P’ of V(G) is an ¢ -refinement of P if P’ is obtained by
splitting each V; into ¢ subclusters of equal size. (So P’ consists of ¢’k clusters.)
Recall also that P’ is an e-uniform {'-refinement of P if it is an ¢'-refinement of P
which satisfies the following condition: Whenever z is a vertex of G, V' is a cluster
in P and [N/ (z) N V| > e|V| then NG (z) N V'| = (1 £&)[N&(z) N V|/¢ for each
cluster V' € P’ with V/ C V. The inneighbourhoods of the vertices of G satisfy an
analogous condition.

We will need the following definition from [21]], which describes the structure
within which the robust decomposition lemma finds the robustly decomposable
graph. (G,P,P',R,C,U,U’) is called an (¢, k,m,e,d)-bi-setup if the following
properties are satisfied:
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(BST1) G and R are digraphs. P is a partition of V(G) into k clusters of size m
where k is even. The vertex set of R consists of these clusters.

(BST2) For every edge VW of R, the corresponding pair G[V,W] is (g,> d)-
regular.

(BST3) C =V; ...V} is a Hamilton cycle of R and for every edge V;V; 11 of C the
corresponding pair G[V;, Vi41] is [, > d]-superregular.

(BST4) U is a bi-universal walk for C' in R with parameter ¢ and P’ is an e-
uniform ¢'-refinement of P.

(BST5) Let V}',..., Vf/ denote the clusters in P’ which are contained in V; (for
each 1 < j < k). Then U’ is a closed walk on the clusters in P’ which is
obtained from U as follows: When U visits V; for the ath time, we let U’
visit the subcluster Vi (for all 1 <a < ¢').

(BST6) For every edge VZJVj' of U’ the corresponding pair G[V7, VZJ,/] is [, > d]-
superregular.

In [21], in a bi-setup, the digraph G could also contain an exceptional set, but since
we are only using the definition in the case when there is no such exceptional set,
we have only stated it in this special case.

Suppose that (G, P,P’) is a [K, L, m, &g, ]-bi-scheme and that C = A, B ...
Ak By is a spanning cycle on the clusters of P. Let Py; := {41,..., Ak, B1,...,
Bk }. Suppose that ¢/, m/¢' € N with ¢/ > 4. Let P{; be an e-uniform ¢'-refinement
of Py; (which exists by Lemma. Let Cl,; be the directed cycle obtained from C
in which the edge A, B, is oriented towards B; and so on. Let Ry; be the complete
bipartite digraph whose vertex classes are {A;,...,Ax} and {By,...,Bk}. Let

Upi,er be a bi-universal walk for C' with parameter ¢’ as defined in Lemma

Let Uy, ,» be the closed walk obtained from Uy as described in (BST5). We will
call

1" !
(G, Pri, Py Rui, Oviy Uniyers Uy o)

the bi-setup associated to (G, P,P’). The following lemma shows that it is indeed
a bi-setup.

LEMMA 4.5.2. Suppose that K,L,m/L,¢',m/l' € N with ¢’ > 4, K > 2 and
0<1/m<1/K,e <&, 1/¢. Suppose that (G, P,P’) is a [K, L, m, o, €|-bi-scheme
and that C = A1B; ... Agk Bk is a spanning cycle on the clusters of P. Then

(G, Pui, P, Rui, Cui, Unier, Ui )
is an (¢',2K,m,e',1/2)-bi-setup.

Proof. Clearly, (G, Pui, Pis, Rui, Coi, Upi e, U, i) satisfies (BST1). (BSch3’) im-
plies that (BST2) and (BST3) hold. Lemmaimplies (BST4). (BST5) follows
from the definition of Uy, ,,. Finally, (BST6) follows from (BSch3’) and Lemma-

since P} is an e- umform V'-refinement of Py;.

We now state the ‘bipartite version’ of the robust decomposition lemma which
was proved in [21I]. It is an analogue of the robust decomposition lemma (Lem-
ma used in Chapter I and works for bi-setups rather than setups. As before,

the lemma guarantees the existence of a ‘robustly decomposable’ digraph GE?P,

whose crucial property is that H + Gfﬁf has a Hamilton decomposition for any

rob

sparse bipartite regular digraph H which is edge-disjoint from G53.
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Again, G2 consists of digraphs C' Ag;, (r) (the ‘chord absorber’) and PC Ag;, (1)
(the ‘parity extended cycle switcher’) together with some special factors. GI¢P is
constructed in two steps: given a suitable set SF of special factors, the lemma first
‘constructs’ C'Ag;(r) and then, given another suitable set SF’ of special factors,
the lemma ‘constructs’ PC Ag;, (7).

LEMMA 4.5.3. Suppose that 0 < 1/m < l/k < e < 1/g < 1/f < r1/m <
d<1/0',1/g < 1 where {' is even and that rk* < m. Let

ro = 960'g°kr, r3:=rfk/q, r°i=ri+ro+r—(q—1rs3, & :=rfk+7°

and suppose that k/14,k/f, k/g,q/f,m/40, fm/q,2fk/3g(9 — 1) € N. Suppose
that (G,P,P',R,C,U,U") is an (¢, k,m,e,d)-bi-setup and C = V; ... Vy. Suppose
that P* is a (q/ f)-refinement of P and that SFy,...,SF,, are edge-disjoint special
factors with parameters (q/ f, ) with respect to C, P* in G. Let SF := SFi+---+
SF,,. Then there exists a digraph CAai:(r) for which the following holds:

(i) CAqir(r) is an (rq + ro)-regular spanning subdigraph of G which is edge-
disjoint from SF.

(ii) Suppose that SF|,...,SF/. are special factors with parameters (1,7) with
respect to C', P in G which are edge-disjoint from each other and from
CAgix(r)+SF. Let SF' := SF{+---+SF.. Then there exists a digraph
PCAgir (1) for which the following holds:

(a) PCAqix(r) is a bre-regular spanning subdigraph of G which is edge-
disjoint from CAgy (1) + SF + SF'.

(b) Let SPS be the set consisting of all the s’ special path systems con-
tained in SF+SF'. Let Voyen denote the union of all Vi over all even
1 <i <k and define Voqq similarly. Suppose that H is an r-regular
bipartite digraph on V(G) with vertex classes Voyen and Voaq which is
edge-disjoint from G55 := CAqir(r) + PCAaic(r) + SF +SF'. Then
H + G*® has a decomposition into s' edge-disjoint Hamilton cycles
Ci,...,Cy. Moreover, C; contains one of the special path systems
from SPS, for each i < s'.

Recall from Section that we always view fictive edges in special factors as
being distinct from each other and from the edges in other graphs. So for example,
saying that CAg(r) and SF are edge-disjoint in Lemma [£.5.3] still allows for a
fictive edge zy in SF to occur in CAgi(r) as well (but CAg;(r) will avoid all
non-fictive edges in SF).

We will use the following ‘undirected’ consequence of Lemma

COROLLARY 4.5.4. Suppose that 0 < 1/m < €9,1/K € e € 1/L < 1/f <
ri/m < 1/0,1/g < 1 where {' is even and that 4rK? < m. Let

ro = 1920 Kr, r3:=2rK/L, 7°:=ri+rotr—(Lf—1)r3, s :=2rfK+7r°

and suppose that L, K/7,K/f, K/g,m/4¢', m/L,4fK/3g(g — 1) € N. Suppose that
(Gair, P, P') is a [K, L,m,eq,e|-bi-scheme and let G' denote the underlying undi-
rected graph of Gqiy. Let C' = A1 By ... Ax Bk be a spanning cycle on the clusters in
P. Suppose that BFy,...,BF,, are edge-disjoint balanced exceptional factors with
parameters (L, f) for Gaix (with respect to C, P'). Let BF := BFy + -+ + BF,,.
Then there exists a graph C'A(r) for which the following holds:
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(i) CA(r) is a 2(r1+ra)-reqular spanning subgraph of G’ which is edge-disjoint
from BF.

(ii) Suppose that BFY,..., BF!. are balanced exceptional factors with param-
eters (1,7) for Gair (with respect to C, P) which are edge-disjoint from
each other and from CA(r) + BF. Let BF' := BF| +---+ BF/s. Then
there exists a graph PCA(r) for which the following holds:

(a) PCA(r) is a 10r°-regular spanning subgraph of G' which is edge-
disjoint from CA(r) + BF + BF'.

(b) Let BEPS be the set consisting of all the s' balanced exceptional path
systems contained in BF +BF'. Suppose that H is a 2r-reqular bipar-
tite graph on V(Gair) with vertex classes Ufil A; and Uf; B; which
is edge-disjoint from G™P := CA(r) + PCA(r) + BF 4+ BF'. Then
H + G™P has a decomposition into s' edge-disjoint Hamilton cycles
Ci,...,Cs. Moreover, C; contains one of the balanced exceptional
path systems from BEPS, for each i < s'.

We remark that we write Aq,..., Ax, B1,..., Bk for the clusters in P. Note
that the vertex set of each of EF, EF', G™P includes Vj while that of Gg;,, CA(r),
PCA(r), H does not. Here Vj = Ag U By, where Ay and By are the exceptional
sets of P.

Proof. Choose new constants € and d such that ¢ < ¢’ < 1/L and ri/m
< d < 1/t',1/g. Consider the bi-setup (Gair, Pvi, Pris Rii, Cbi, Upier, Ul 1) as-
sociated to (Gair, P,P’). By Lemma (Gdir,”Pbi,P{)’i,Rbi,Cbi,Ubi,gf,U{)M,)
is an (¢,2K,m,e’,1/2)-bi-setup and thus also an (¢',2K, m,e’, d)-bi-setup. Let
BF};, be as defined in Section Recall from there that, for each i < r3,
BF};, is a special factor with parameters (L, f) with respect to C, P’ in Gair
such that Fict(BF]y;,) consists of all the edges in the J* for all the Lf bal-
anced exceptional systems J contained in BF;. Thus we can apply Lemma [4.5.3
to (Gdirypbiyp];li,Rbi7Cbi7Ubi,[’,U(ai’g/) with 2K, Lf, ¢ playing the roles of k,
¢, € in order to obtain a spanning subdigraph CAg;;(r) of Gair which satisfies
Lemma [4.5.3|i). Hence the underlying undirected graph CA(r) of CAqg;:(r) satis-
fies Corollary [4.5.4(i). Indeed, to check that C'A(r) and BF are edge-disjoint, by
Lemma [£.5.3(1) it suffices to check that C'A(r) avoids all edges in all the balanced
exceptional systems J contained in BF; (for all ¢ < r3). But this follows since
E(Gaiy) 2 E(CA(r)) consists only of AB-edges by (BSch2’) and since no balanced
exceptional system contains an AB-edge by (BES2).

Now let BFY,..., BF/, be balanced exceptional factors as described in Corol-
lary ii). Similarly as before, for each i < r°, (BF})¥;, is a special factor with
parameters (1,7) with respect to C, P in Gai, such that Fict((BF})};,) consists of
all the edges in the J* over all the 7 balanced exceptional systems J contained in
BF]. Thus we can apply Lemma to obtain a spanning subdigraph PC Ag;, (r)
of Ggir which satisfies Lemma (a) and (ii)(b). Hence the underlying undi-
rected graph PCA(r) of PC Aqi(r) satisfies Corollary [£.5.4ii)(a).

It remains to check that Corollary [£.5.4{ii)(b) holds too. Thus let H be as
described in Corollary [£.5.4ii)(b). Let Hgj, be an r-regular orientation of H. (To
see that such an orientation exists, apply Petersen’s theorem to obtain a decom-
position of H into 2-factors and then orient each 2-factor to obtain a (directed)
1-factor.) Let BF};, be the union of the BF,, over all i < r3 and let (BF')%,,

,dir
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be the union of the (BF})%;, over all ¢ < r°. Then Lemma m(u)(b) implies
that Hair + CAair(r) + PCAair(r) + BFy, + (BF')%;, has a decomposition into
s’ edge-disjoint (directed) Hamilton cycles C1,...,C%, such that each C] contains
BEPS] 4, for some balanced exceptional path system BEPS; from BEPS. Let
C; be the undirected graph obtained from C; — BEPS} ;, + BEPS; by ignoring
the directions of all the edges. Then Proposition (applied with G’ play-
ing the role of G) implies that Ci,...,Cy is a decomposition of H 4 G*™P =
H + CA(r) + PCA(r) + BF + BF' into edge-disjoint Hamilton cycles. O

4.6. Proof of Theorem [1.3.8]

The proof of Theorem [1.3.8]is similar to that of Theorem [1.3.5|except that we
do not need to apply the robust decomposition lemma in the proof of Theorem[I.3.8]
For both results, we will need an approximate decomposition result (Lemma IZ.Z[),
which is stated below and proved in Chapter[5| Lemma is a bipartite analogue
of Lemma It extends a suitable set of balanced exceptional systems into a
set of edge-disjoint Hamilton cycles covering most edges of an almost complete and
almost balanced bipartite graph.

LEMMA 4.6.1. Suppose that 0 < 1/n K g K 1/ K < p< 1 and 0 < p < 1,
where n, K € N and K is even. Suppose that G is a graph on n vertices and P is
a (K, m,eq)-partition of V(G). Furthermore, suppose that the following conditions
hold:

(a) d(w,B;) = (1 —4p £ 4/K)m and d(v,4;) = (1 — 4p £ 4/K)m for all
weAveBandl <i<K.

(b) There is a set J which consists of at most (1/4 — p — p)n edge-disjoint
balanced exceptional systems with parameter g in G.

(c) J has a partition into K* sets Ji, iy.i5.i, (0ne for all 1 <y, is,ig,i4 < K)
such that each Ji, iy.is.i, consists of precisely |J|/K* (i1,i2,is,i4)-BES
with respect to P.

(d) Fach v € AU B is incident with an edge in J for at most 2egn J € J.

Then G contains |J| edge-disjoint Hamilton cycles such that each of these Hamilton
cycles contains some J € J.

To prove Theorem [[.3.8] we find a bi-framework via Corollary Then we
choose suitable balanced exceptional systems using Corollary Finally, we
extend these into Hamilton cycles using Lemma [£.6.1]

Proof of Theorem [1.3.§ Step 1: Choosing the constants and a bi-
framework. By making o« smaller if necessary, we may assume that a < 1.
Define new constants such that

0<l/m<Kex <K<Ky K< aaKag<<a<l/K<a<gek],
where K € N and K is even.

Let G, F and D be as in Theorem Apply Corollary with €ex, €0
playing the role of ¢, €* to find a set C; of at most 6;;/(371 edge-disjoint Hamilton
cycles in F' so that the graph G obtained from G by deleting all the edges in these
Hamilton cycles forms part of an (g9,¢’, K, Dq)-bi-framework (G4, A, Ag, B, By)
with Dy > D — 25&/4371. Moreover, F satisfies (WF5) with respect to & and

(4.6.1) |C1| = (D — Dy)/2.
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In particular, this implies that §(G1) > D; and that D; is even (since D is even).
Let F} be the graph obtained from F' by deleting all those edges lying on Hamilton
cycles in C;. Then

(4.6.2) §(Fy) > 6(F) —2|C1| > (1/2 — 3e1)n.
Let
_ Al _|B] (1 —20e4)Dy
m = - K and ti = 5 7ch .

By changing ¢4 slightly, we may assume that tx € N.
Step 2: Choosing a (K,m,eg)-partition P. Apply Lemma to the bi-
framework (G1, A, Ao, B, By) with Fy, gy playing the roles of F, ¢ in order to
obtain partitions Aq,...,Ax and Bj,...,Bg of A and B into sets of size m such
that together with Ay and By the sets A; and B; form a (K, m, g, 1, €2)-partition
P for GGy.

Note that by Lemma [4.3.1](ii) and since F satisfies (WF5), for all z € A and
1 <j < K, we have
dp, (z,B) —e1n (W>F5) dp, () —e'n —|By| —e1n

K - K
4~§-2 (1/2 - 35@43)11 —2e1n
- K

Similarly, dg, (y, 4;) > (1 —5e1)m forally € Band 1 <i < K.
Step 3: Choosing balanced exceptional systems for the almost decompo-
sition. Apply Corollaryto the (eg,&’, K, Dy)-bi-framework (G1,A,A0,B,Bp)
with F1, G1, €9, €y, D1 playing the roles of F, G, ¢, g9, D. Let J' be the union
of the sets J;,i,i4i, guaranteed by Corollary So J' consists of K%ty edge-
disjoint balanced exceptional systems with parameter ¢{, in G (with respect to P).
Let Cy denote the set of 10e4D; Hamilton cycles guaranteed by Corollary [4:3.10]
Let F5 be the subgraph obtained from F} by deleting all the Hamilton cycles in C,.
Note that

(4.6.4) Dy := Dy —2|Co| = (1 — 20e4) Dy = 2K*ty = 2|J'|.
Step 4: Finding the remaining Hamilton cycles. Our next aim is to apply
Lemma with Fy, J’, € playing the roles of G, 7, €g.

Clearly, condition (c) of Lemma is satisfied. In order to see that condition
(a) is satisfied, let p:= 1/K and note that for all w € A we have

sz(’LU,Bi) 2 dpl(w7Bi) - 2‘62‘ Z (1 - 551)m - 2054D1 Z (1 — 1/K)m

Similarly dg, (v, A;) > (1 — 1/K)m for all v € B.
To check condition (b), note that

dr, (z,B;) >

(4.6.3) > (1—5e1)m,

@ea) D D n
|j’|{ggg(l/2—a)§§(1/4—u—04/3)”-

Thus condition (b) of Lemma holds with a/3 playing the role of p. Since
the edges in J' lie in G; and (G1, A, Ag, B, By) is an (g, &', K, Dy )-bi-framework,
(BFR5) implies that each v € AU B is incident with an edge in J for at most
e'n+|Vy| <2'n Je J. (Recall that in a balanced exceptional system there are
no edges between A and B.) So condition (d) of Lemma[4.6.1] holds with &’ playing
the role of &g.
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So we can indeed apply Lemma to obtain a collection C3 of |J'| edge-
disjoint Hamilton cycles in F which cover all edges of | JJ’. Then C; UC UCs is
a set of edge-disjoint Hamilton cycles in F' of size

6.1),[@64 D —D Dy —-D D D
ol +1o|+ foaf EPRED 2o o S

2 2 2 27
as required. (Il

4.7. Proof of Theorem

As mentioned earlier, the proof of Theorem [1.3.5]is similar to that of Theo-
rem except that we will also need to apply the robust decomposition lemma
(Corollary . This means Steps 2-4 and Step 8 in the proof of Theorem m
did not appear in the proof of Theorem Steps 2—4 prepare the ground for the
application of the robust decomposition lemma and in Step 8 we apply it to cover
the leftover from the approximate decomposition step with Hamilton cycles. Steps
5-7 contain the approximate decomposition step, using Lemma

In our proof of Theorem [I.3.5]it will be convenient to work with an undirected
version of the bi-schemes introduced in Section Given a graph G and parti-
tions P and P’ of a vertex set V, we call (G, P,P’) a (K, L, m,eg,¢c)-bi-scheme if
the following properties hold:

(BSchl) (P,P’)is a (K, L, m,ep)-partition of V. Moreover, V(G) = AU B.

(BSch2) Every edge of G joins some vertex in A to some vertex in B.

(BSch3) dg(v,4;;) > (1 —e)m/L and dg(w, B; ;) > (1 —e)m/L for all v € B,
weA i<Kandj<L.

We will also use the following proposition.

PROPOSITION 4.7.1. Suppose that K, L,n,m/L € N and 0 < 1/n < &,e9 < 1.
Let (G, P,P’) be a (K,L,m,eq,e)-bi-scheme with |G| = n. Then there exists an
orientation Gaiy of G such that (Gair, P, P’) is a [K, L,m,eq, 21/€]|-bi-scheme.

Proof. Randomly orient every edge in G to obtain an oriented graph Ggi;. (So
given any edge xy in G with probability 1/2, zy € E(Gqair) and with probability
1/2, yx € E(Gqi).) (BSchl’) and (BSch2’) follow immediately from (BSchl) and
(BSch2).

Note that Fact|1.4.3|and (BSch3) imply that G[A; ;, By ;] is [1, v/€]-superregu-
lar with density at least 1 — ¢, for all 4,4’ < K and j,j’ < L. Using this, (BSch3’)
follows easily from the large deviation bound in Proposition (BSch4’) follows
from Proposition [1.4.4]in a similar way. O

Proof of Theorem [1.3.5l
Step 1: Choosing the constants and a bi-framework. Define new constants
such that

(4.71) 0<1l/np<Kex <K, Kep<Kep<Ke ey Ker<Kez<Kes<1/Ky
KYVKI/K << 1/LLl/fsyn<gl/ggkek,

where K1, Ko, L, f,g € N and both K5, g are even. Note that we can choose the

constants such that
K Ky 4fK,

28fgL’ 49LK,’ 3g(g — 1)

eN
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Let G and D be as in Theorem [1.3.5] By applying Dirac’s theorem to remove a
suitable number of edge-disjoint Hamilton cycles if necessary, we may assume that

D < n/2. Apply Corollary [4.2.12| with G, €ex, €4, €0, K2 playing the roles of F,

g, e, ¢, K to find a set C; of at most aé,/(gn edge-disjoint Hamilton cycles in G

so that the graph G obtained from G by deleting all the edges in these Hamilton
cycles forms part of an (e, g, K2, D1)-bi-framework (G, A, Ao, B, By), where
(4.7.2)

|A|+eon >n/2 > Dy = D=2|C;| > D—2¢}/*n > D—egn > n/2—2eon > |A|—2¢9n.

Note that G is Dy-regular and that D; is even since D was even. Moreover, since
Ky/LK; € N, (G, A, Ao, B, By) is also an (e, g, K1 L, D1)-bi-framework and thus
an (g.,¢’', K1L, Dq)-bi-framework.

Let

A B

my = % = %, ri=ym, r1i="y1m, ro = 19293K1r,
2rK

r3 = TLl, TOZ:T1+T2+T’—(Lf—1)7‘3,

1-— 2064)D1
Dy:=D; —2(L ¢ t = (7
4 1—2(Lfrs+7r°), KL KAL)

Note that (BFR4) implies m;/L € N. Moreover,
(4.7.3) ro,r3 < AY2my <43, r1/2 <r® < 2.

Further, by changing v, 1,4 slightly, we may assume that r/KZ2,ry,tx,; € N.
Since K;/L € N this implies that r3 € N. Finally, note that
7.3 7.2

Step 2: Choosing a (K, L,m1,&p)-partition (P;,P;). We now prepare the
ground for the construction of the robustly decomposable graph G™P, which we
will obtain via the robust decomposition lemma (Corollary in Step 4.

Recall that (G1, A, Ao, B, By) is an (e«,&’, K1 L, D1)-bi-framework. Apply Lem-
ma [£33] with Gy, Dy, K1 L, €, playing the roles of G, D, K, ¢ to obtain partitions
A, .. A pof Aand By, ..., By ; of B into sets of size m; /L such that together
with Ap and By all these sets A, and B} form a (K1L,my/L,¢e.,¢e1,ez)-partition
P for Gy. Note that (1 —eg)n < n —|4Ag U By| = 2K1m; < n by (BFR4). For
alli < Kjandall h <L, let 4;) = Al(zel)L+h' (So this is just a relabeling of the
sets A}.) Define B; j, similarly and let A; := J, ., Ain and B; := |J, ., Bin. Let
Py := {Ao,Bo,Ay,...,Axk,,B1,...,Bg,} denote the corresponding (K1, m1,¢0)-
partition of V(G). Thus (Py,P;) is a (K, L, mq,&g)-partition of V(G), as defined
in Section 4.2

Let Gy := Gl[A,B] We claim that (GQ,Pl,P’l) is a (Kl,L,m1,60,€’)—bi—
scheme. Indeed, clearly (BSchl) and (BSch2) hold. To verify (BSch3), recall that
that (G1, 4, Ao, B, By) is an (&4, €0, K1 L, D1)-bi-framework and so by (BFR5) for
all x € B we have

dg,(z, A) > dg, (x) —dg, (x, B") — |Ag| > D1 —eon — |Ag] = |A| — 4eon

and similarly dg,(y, B) > |B| — 4egn for all y € A. Since ¢p < €’/K1L, this
implies (BSch3).
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Step 3: Balanced exceptional systems for the robustly decomposable
graph. In order to apply Corollary we first need to construct suitable
balanced exceptional systems. Apply Corollary to the (e.,e’, K1 L, D1)-bi-
framework (Gi, A, Ao, B, By) with Gy, K1 L, Pj, e, playing the roles of F, K, P,
¢ in order to obtain a set J of (KL)%, 1 edge-disjoint balanced exceptional sys-
tems in G with parameter eg such that for all 1 < 4},i},d5,4) < K1 L the set J
contains precisely tx, 1 (31,15, 45,4, )-BES with respect to the partition Pj. (Note
that F in Corollary [4.3.10] satisfies (WF5) since G satisfies (BFR5).) So J is the
union of all the sets Jiyiyirir, returned by Corollary (Note that we will not
use all the balanced exceptional systems in J and we do not need to consider the
Hamilton cycles guaranteed by this result. So we do not need the full strength of
Corollary at this point.)

Our next aim is to choose two disjoint subsets Jca and Jpca of J with the
following properties:

(a) In total Joa contains L frs balanced exceptional systems. For each ¢ < f
and each h < L, Joa contains precisely rs (i1,1i2,143,14)-BES of style h
(with respect to the (K, L, mq,eq)-partition (P1,P;)) such that i1, s, i3,
iy € {(Z — 1)K1/f+2,,ZK1/f}
(b) In total Jpca contains 7r° balanced exceptional systems. For each i <7,
Jpca contains precisely r° (i1, i2, i3,44)-BES (with respect to the partition
Pl) with i1, 140,13,74 € {(Z - 1)K1/7 +2,... ,iK1/7}.
(Recall that we defined in Section [f.4.4 when an (i1, 42, i3, i4)-BES has style h with
respect to a (K, L,my,¢ep)-partition (P1,P;).) To see that it is possible to choose
Jca and Jpca, split J into two sets J; and J» such that both J; and J> contain
at least tx, 1,/3 (41,15, 14,4} )-BES with respect to Pj, for all 1 < d,i5,45,4), < K;L.
Note that there are (K;/f — 1)* choices of 4-tuples (i1, iz, i3,44) With i1,42,43,i4 €
{i —1)K1/f+2,...,iK1/f}. Moreover, for each such 4-tuple (iy,1i2,13,74) and
each h < L there is one 4-tuple (i},145,%,44) with 1 < ¢},45,4%,7y < Ky L and such
that any (4,145,145, )-BES with respect to Pj is an (i1,42,%3,44)-BES of style h
with respect to (P1,P;). Together with the fact that
Ki/f — D%k 1 D @7.3)
CETI Dy,
this implies that we can choose a set Joa C Jp satisfying (a).
Similarly, there are (K /7—1)* choices of 4-tuples (i1, iz, i3, i4) With i1,io,i3,is €
{(i —1)K1/7+2,...,iK,/7}. Moreover, for each such 4-tuple (i1,142,13,%4) there
are L* distinct 4-tuples (i}, b, 5, 4)) with 1 <4/, i}, 44,4} < K1 L and such that any
(¢4, 145,1%,1,)-BES with respect to Pj is an (i1, is,13,i4)-BES with respect to P;.
Together with the fact that
(K1/7— 1)4L4tK1L . & S n 4-;3
3 -7 T 3.7~
this implies that we can choose a set Jpca C Jo satisfying (b).
Step 4: Finding the robustly decomposable graph. Recall that (G2, Py, P;)
is a (Ky,L,my,ep,¢)-bi-scheme. Apply Proposition with Ga, P1, Py, K1,
my, € playing the roles of G, P, P’, K, m, € to obtain an orientation Gs qir of Ga
such that (Go air, P1,P1) is a [K1, L, mq, €0, 2v/¢']-bi-scheme. Let C' = A1 B1 A, ...
Ak, B, be a spanning cycle on the clusters in P;.

T,
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Our next aim is to use Lemma[£.4.4]in order to extend the balanced exceptional
systems in Joa into r3 edge-disjoint balanced exceptional factors with parameters
(L, f) for G i (with respect to C, P1). For this, note that the condition on J¢ 4 in
Lemma with 73 playing the role of ¢ is satisfied by (a). Moreover, Lrz/m; =
2rK1/my = 2yK; < 1. Thus we can indeed apply Lemma to (Ga,dir, P1,P1)
with Joa, 2Ve', K, r3 playing the roles of J, ¢, K, ¢ in order to obtain 3
edge-disjoint balanced exceptional factors BFy,..., BF,, with parameters (L, f)
for Go,qir (with respect to C, Pj) such that together these balanced exceptional
factors cover all edges in | Jca. Let BFca := BFy + -+ BF,,.

Note that m4/4g,m1/L € N since m; = |A|/K; and |A4| is divisible by K5 and
thus m is divisible by 4¢g L (since K5/4gLK; € N by our assumption). Furthermore,
4rK? = 4ym1K? < 4Y?m; < my. Thus we can apply Corollary to the
[K1, L, mq,¢e0,e"]-bi-scheme (G gir, P1,P1) with Ky, €”, g playing the roles of K,
g, ¢’ to obtain a spanning subgraph C A(r) of G5 as described there. (Note that G
equals the graph G’ defined in Corollary [£.5.4]) In particular, CA(r) is 2(ry + r2)-
regular and edge-disjoint from BF ga.

Let G5 be the graph obtained from G2 by deleting all the edges of CA(r) +
BFca. Thus Gj is obtained from G by deleting at most 2(rq + 7o 4+ r3) < 611 =
6y1my edges at every vertex in AU B = V(G3). Let G 4ir be the orientation of G
in which every edge is oriented in the same way as in G gi;. Then Proposition
implies that (G3 qir, P1,P1) is still a [K7,1,m1, €9, €]-bi-scheme. Moreover,

r® 2r

- ooy <.

my my
Together with (b) this ensures that we can apply Lemma to (G3,dir, P1) with
P1, Jpca, K1, 1, 7, r° playing the roles of P, J, K, L, f, q in order to obtain
r° edge-disjoint balanced exceptional factors BF], ..., BF., with parameters (1,7)
for Gs,qir (with respect to C, P1) such that together these balanced exceptional
factors cover all edges in | Jpca. Let BFpca := BF{ + -+ + BF/..

Apply Corollary[4.5.4]to obtain a spanning subgraph PC A(r) of G5 as described
there. In particular, PC A(r) is 10r°-regular and edge-disjoint from C A(r)+BF ca+
BFpca-

Let G™" := CA(r) + PCA(r) + BF ca + BFpca. Note that by all the
vertices in V) := Ag U By have the same degree 7“60'0 :=2(Lfrs+ 7r) in G So

n» 1;
(4.7.5) <P < 30r.

Moreover, (4.4.1)) also implies that all the vertices in A U B have the same degree
7P in G™°P, where P = 2(ry + ro + 13 + 67°). So

P — TP = 2 (Lfry +1° — (1 + 1o +13)) = 2(Lfrs +7 — (Lf — 1)r3 —r3) = 2r.

Step 5: Choosing a (K3, ms,ep)-partition P;. We now prepare the ground
for the approximate decomposition step (i.e. to apply Lemma . For this, we
need to work with a finer partition of AU B than the previous one (this will ensure
that the leftover from the approximate decomposition step is sufficiently sparse
compared to G*°P).

Let Gy := G; — G*™P (where G was defined in Step 1) and note that

(4.7.6) Dy =Dy —ri°® = Dy — 1™ — 2,
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So
(4.77)  dg,(x) = Dg+2r for all z € AU B and dg,(z) = Dy for all z € Vj.

(Note that Dy is even since Dy and r{°® are even.) So G4 is Dy-balanced with re-
spect to (A, Ag, B, By) by Proposition [4.2.1] Together with the fact that (Gy,A,Ao,
B,By) is an (g4, g9, Ko, D1 )-bi-framework, this implies that (G4,G4,4,A¢,B,By) sat-
isfies conditions (WF1)—(WF5) in the definition of an (e, g, K2, D4)-weak frame-
work. However, some vertices in Ay U By might violate condition (WF6). (But
every vertex in A U B will still satisfy (WF6) with room to spare.) So we need to
modify the partition of Vj = Ay U By to obtain a new weak framework.

Consider a partition Af, B§ of Ag U By which maximizes the number of edges
in G4 between A§U A and Bj U B. Then dg, (v, AfUA) < dg,(v)/2 for all v € A}
since otherwise Af\ {v}, B U{v} would be a better partition of AgU By. Similarly
de, (v, B§ UB) < dg,(v)/2 for all v € B§. Thus (WF6) holds in G4 (with respect
to the partition AU A§ and B U Bf). Moreover, Proposition implies that G4
is still Dy-balanced with respect to (A4, A§, B, By). Furthermore, with (BFR3) and
(BFR4) applied to Gy, we obtain eq, (AU A}) < eq, (AU Ag) +|Aj||AU Aj| < gon?
and similarly eg, (BUBg) < ggn?. Finally, every vertex in AU B has internal degree
at most egn + |Ag U By| < 2egn in G4 (with respect to the partition A U Af and
BUBY). Altogether this implies that (G4, G4, A, Af, B, By) is an (eq, 2¢¢, K2, D4)-
weak framework and thus also an (g, &', K, D4)-weak framework.

Without loss of generality we may assume that |A§| > |B§|. Apply Lem-
ma to the (g9,¢&’, K2, Dy)-weak framework (G4,G4, A, A§, B, B}) to find a
set Co of |Ca] < gon edge-disjoint Hamilton cycles in G4 so that the graph Gp
obtained from G4 by deleting all the edges of these Hamilton cycles forms part of
an (g9,¢', K2, D5)-bi-framework (G5, A, AS, B, Bf), where

(478) D5 = D4 — 2|CQ| > D4 — 2507’L.
Since D, is even, Dy is even. Further,
(4.7.9)

dg, () Ds+2rforallz € AUB and dg,(x) Dy for all x € A5 U Bg.
Choose an additional constant €/ such that e3 < ) < 1/K5 and so that

(1 —20e})Ds
2K3
Now apply Lemma to (G5, A, AS, B, By) with D5, Ka, €g playing the roles

of D, K, € in order to obtain partitions As,..., Ak, and By,..., Bk, of A and B

into sets of size

such that together with A and B the sets A; and B; form a (K2, ma,€0,€1,€2)-
partition Py for G5. (Note that the previous partition of A and B plays no role in
the subsequent argument, so denoting the clusters in Py by A; and B; again will
cause no notational conflicts.)

tk, = e N.

Step 6: Balanced exceptional systems for the approximate decomposi-
tion. In order to apply Lemma we first need to construct suitable balanced
exceptional systems. Apply Corollary to the (eq,€’, Ko, Ds)-bi-framework
(G5, A, A}, B, B}) with G5, eo, €, €4, K2, D5, P2 playing the roles of F, ¢, €, 4,
K, D, P. (Note that since we are letting G5 play the role of F, condition (WF5)
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in the corollary immediately follows from (BFR5).) Let J’ be the union of the

sets Ji,iyigi, guaranteed by Corollary So J' consists of K3tk, edge-disjoint

balanced exceptional systems with parameter f, in G5 (with respect to Pz). Let Cs

denote the set of Hamilton cycles guaranteed by Corollary So |C3| = 10}, Ds.
Let Gg be the subgraph obtained from G5 by deleting all those edges lying in

the Hamilton cycles from C3. Set Dg := D5 — 2|C3]. So

(4.7.11)

dge () Dg+2rforallz e AUB and dge () Dg for all x € V.

(Note that Vo = Ag U By = Aj U Bj.) Let G§, denote the subgraph of Gg¢ obtained
by deleting all those edges lying in the balanced exceptional systems from J’. Thus
& = G°, where G° is as defined in Corollary iv). In particular, Vy is an
isolated set in G§ and Gy is bipartite with vertex classes AU Aj and B U Bj (and
thus also bipartite with vertex classes A’ = AU Ay and B’ = BU By).
Consider any vertex v € Vj. Then v has degree D5 in G5, degree two in each
Hamilton cycle from Cs3, degree two in each balanced exceptional system from 7’
and degree zero in G§. Thus

D + 2105 = Ds BZ dg,_(v) = 21| + 27| + dey (v) = 2/Cs| + 27|
and so
(4.7.12) Dg =27

Step 7: Approximate Hamilton cycle decomposition. Our next aim is to
apply Lemma with Gg, Pa, Ko, mo, J’, € playing the roles of G, P, K, m, J,
gg. Clearly, condition (c¢) of Lemma is satisfied. In order to see that condition
(a) is satisfied, let p := (r5°® — 2r)/4K3my and note that
—9or &73) (@75
0< Y1ma < Try — 2r ? i ? 3074 < 3071
4K2m2 4K2m2 4K2m2 K1

Recall that every vertex v € B satisfies

17.9 1.7.6), (@78 172
de. (v) Ds +2r €79 ET3) Dy — i + 21+ 2e0n |A| = r5°P 4 2r + degn.

< 1

Moreover,
da, (v, A) = dg, (v) — dg, (v, BUBG) — | 45| > da, (v) — 2¢'n,

where the last inequality holds since (G5, A, AS, B, BS) is an (g, &', Ka, D5)-bi-
framework (c.f. conditions (BFR4) and (BFR5)). Together with the fact that Py is
a (Ko, ma, €0, €1, €2)-partition for G5 (c.f. condition (P2)), this implies that

v,A) £ en  |A] =P +2r £2e1n

de.
das (v, Ai) = ! Ko - Ko

rob_2
= (1 S j:5£1) my = (1 — 4y + 5e1)me

Recall that Gg is obtained from G5 by deleting all those edges lying in the Hamilton
cycles in C3 and that

1D |u
|C3| = 10621D5 S 10€2D4 < 11521|A| < mQ/KQ.
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Altogether this implies that dg, (v, 4;) = (1 — 4p £ 4/K3)mg. Similarly one can
show that dg,(w,Bj) = (1 — 4p £ 4/Ks)mo for all w € A. So condition (a) of
Lemma [£.6.7] holds.

To check condition (b), note that

, Ds Dy BT Dy —75>  n 1 ~y
T == 5 S5 S —5 Sy w2Kom-r< (4—M—3K1>n~
Thus condition (b) of Lemma holds with v/3K; playing the role of p.

Since the edges in J' lie in G5 and (G5, A, AS, B, By) is an (g9,¢’, K2, D5)-bi-
framework, (BFR5) implies that each v € AU B is incident with an edge in J for at
most e'n+|Vp| < 2¢’n of the J € J'. (Recall that in a balanced exceptional system
there are no edges between A and B.) So condition (d) of Lemma holds with
¢’ playing the role of &g.

So we can indeed apply Lemma to obtain a collection C4 of |J’| edge-
disjoint Hamilton cycles in G¢ which cover all edges of |J J’.

Step 8: Decomposing the leftover and the robustly decomposable graph.
Finally, we can apply the ‘robust decomposition property’ of G*P guaranteed by
Corollary [.5.4] to obtain a Hamilton decomposition of the leftover from the previous
step together with G*°P.

To achieve this, let H’ denote the subgraph of Gg obtained by deleting all
those edges lying in the Hamilton cycles from C4. Thus (4.7.11)) and (4.7.12)) imply
that every vertex in Vj is isolated in H' while every vertex v € AU B has degree
dae(v)=2|T'| = Dg+2r—2|J'| = 2r in H' (the last equality follows from (£.7.12)).
Moreover, H'[A] and H'[B] contain no edges. (This holds since H' is a spanning
subgraph of Gg — |JJ’' = G§ and since we have already seen that Gy is bipartite
with vertex classes A’ and B'.) Now let H := H'[A, B]. Then Corollary [4.5.4(ii)(b)
implies that H + G*™P has a Hamilton decomposition. Let Cs denote the set of
Hamilton cycles thus obtained. Note that H + G*™P is a spanning subgraph of G
which contains all edges of G which were not covered by C; U Cs U C3 UCy4. So
C1UCyUC3UCy UCs is a Hamilton decomposition of G. O




CHAPTER 5

Approximate decompositions

In this chapter we prove the approximate decomposition results, Lemmas
and Recall that Lemma gives an approximate Hamilton decomposi-
tion of our graph (with some additional properties) in the two cliques case whilst
Lemma m gives an approximate Hamilton decomposition of our graph (with
some additional properties) in the bipartite case. After introducing some tools in
Section 5.1} we prove Lemma[2.5.4]in Sections [5.2 We then prove Lemma [£.6.1]
using a similar approach in the final section. We remind the reader that many of
the relevant definitions for Lemmas[2.5.4 and .6 1] are stated in Sections 23] and E.3]
respectively.

In this chapter it is convenient to view matchings as graphs (in which every
vertex has degree precisely one).

5.1. Useful Results

5.1.1. Regular Spanning Subgraphs. The following lemma implies that
any almost complete balanced bipartite graph has an approximate decomposi-
tion into perfect matchings. The proof is a straightforward application of the
MaxFlowMinCut theorem.

LEMMA 5.1.1. Suppose that 0 < 1/m < ¢ € p < 1, that 0 < pu < 1/4 and that
m, um, pm € N. Suppose that T is a bipartite graph with vertex classes U and V'
of size m and with (1 —p—e)m <J(I) < AT) < (1 —pu+¢e)m. Then T’ contains
a spanning (1 — pu — p)m-regular subgraph T'. In particular, T contains at least
(1 — p— p)m edge-disjoint perfect matchings.

Proof. We first obtain a directed network N from I' by adding a source s and a
sink t. We add a directed edge su of capacity (1 — u — p)m for each u € U and a
directed edge vt of capacity (1 — u — p)m for each v € V. We give all the edges in
I" capacity 1 and direct them from U to V.

Our aim is to show that the capacity of any (s,t)-cut is at least (1 — u— p)m?.
By the MaxFlowMinCut theorem this would imply that N admits an integer-valued
flow of value (1 — 1 — p)m? which by construction of N implies the existence of our
desired subgraph I".

Consider any (s,t)-cut (S, S) where S = {s}US;USy with S; C U and S, C V.
Let S; := U\S; and Sy := V\Sy. The capacity of this cut is

(1= = pymlm — |S1]) + e(S1,52) + (1 = 1o — p)m]Sa]
and therefore our aim is to show that
(5.1.1) e(S1,52) > (1 — p— p)m(|Sy| — |Sa|).

143
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If |S1] < (1 — p — p)m, then

e(51,82) = (1 — p —e)m — [S2]) |51
= (L= p—=p)m(|S1] = [S2]) + (p — e)m[S1| + |S2| (1 — p = p)m — |S1])
= (1= p—=p)m(|Si] = [S2]).

Thus, we may assume that [S1| > (1 — u— p)m. Note that [S1] —|Sa| = [Sa| —[S1].
Therefore, by a similar argument, we may also assume that |Sz| > (1 — u — p)m
and so |Sa| < (u + p)m. This implies that

e(S1,52) = > dr(z) = Y dr(y) = (1 — p—e)m|S| — (1 — p+)m|Ss|

€S yESa
= (1 —p—p)m(|S1] = |S2]) + pm(|S1] — |S2[) — em(|S1] + [S2])
> (1= p = p)m(|Si] = [Sa]) + (1 = 2 — 2p)pm® — (1 + p + p)em?
= (L= p = p)m(|S1| = [S2])-

(Note that the last inequality follows as e < p < 1 and u < 1/4.) So indeed (5.1.1))
is satisfied, as desired. ([

5.1.2. Hamilton Cyles in Robust Outexpanders. Recall that, given 0 <
v < 1 < 1, we say that a digraph G on n vertices is a robust (v, T)-outexpander,
if for all S C V(G) with 7n < |S| < (1 — 7)n the number of vertices that have at
least vn inneighbours in S is at least |S| 4+ vn. The following result was derived
in [20] as a straightforward consequence of the result from [25] that every robust
outexpander of linear minimum degree has a Hamilton cycle.

THEOREM 5.1.2. Suppose that 0 < 1/n « vy < v <17 <K n<1. Let G be a
digraph on n vertices with 6 (Q),6~(G) > nn which is a robust (v, T)-outexpander.
Let y1,...,yp be distinct vertices in V(G) with p < yn. Then G contains o directed
Hamilton cycle visiting y1, .. .,yp in this order.

5.1.3. A Regularity Concept for Sparse Graphs. We now formulate a
concept of e-superregularity which is suitable for ‘sparse’ graphs. Let G be a bi-
partite graph with vertex classes U and V', both of size m. Given A C U and
B CV, we write d(A, B) := e(A4, B)/|A||B| for the density of G between A and B.
Given 0 < ¢,d,d*,c < 1, we say that G is (e,d, d*, c)-superregular if the following
conditions are satisfied:

(Regl) Whenever A C U and B C V are sets of size at least em, then d(A, B) =

(1+e)d.

(Reg2) For all u,u’ € V(G) we have |[N(u) N N (/)| < *m.

(Reg3) A(G) < cm.

(Regd) §(G) > d*m
Note that the above definitions also make sense if G is ‘sparse’ in the sense that
d < & (which will be the case in our proofs). A bipartite digraph G = G[U, V] is
(e,d,d*, ¢)-superregular if this holds for the underlying undirected graph of G.

The following observation follows immediately from the definition.

PROPOSITION 5.1.3. Suppose that 0 < 1/m < d*,d,e,e’;c < 1 and 2’ < d*.
Let G be an (e,d, d*, c)-superregular bipartite graph with vertex classes U and V' of
sizem. Let U' CU and V! CV with |U'| = |V'| > (1 —€')m. Then G[U', V'] is
(2e,d,d* /2, 2c¢)-superregular.
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The following two simple observations were made in [21].

PROPOSITION 5.1.4. Suppose that 0 < 1/m < d*,d,e,c < 1. Let G be an
(e,d, d*, ¢)-superreqular bipartite graph with vertex classes U and V' of size m. Sup-
pose that G’ is obtained from G by removing at most 2dm edges incident to each
vertex from G. Then G’ is (2¢,d,d* — £2d, c)-superregular.

LEMMA 5.1.5. Let 0 < I/m < v <7< d<e << pu,( <1/2 and let G be an
(e,d,(d, d/u)-superregular bipartite graph with vertez classes U and V' of size m.
Let A C U be such that Tm < |A| < (1 —7)m. Let B CV be the set of all those
vertices in V. which have at least vm neighbours in A. Then |B| > |A| + vm.

5.2. Systems and Balanced Extensions

5.2.1. Sketch Proof of Lemma Roughly speaking, the Hamilton cy-
cles we find will have the following structure: let Ay,...,Ax € Aand By,...,Bg C
B be the clusters of the (K, m,eg)-partition P of V(G) given in Lemma So
K is odd. Let R4 be the complete graph on Ay,..., Ax and Rp be the complete
graph on By, ..., Bg. Since K is odd, Walecki’s theorem [26] implies that R 4 has
a Hamilton decomposition C4 1,...,Ca (xk—1)/2, and similarly Rp has a Hamilton
decomposition Cg1,...,Cp (k—1)/2- Every Hamilton cycle C' we construct in G
will have the property that there is a j so that almost all edges of C[A] wind around
Ca,; and almost all edges of C[B] wind around Cp ;. Below, we describe the main
ideas involved in the construction of the Hamilton cycles in more detail.

As indicated above, the first idea is that we can reduce the problem of finding
the required edge-disjoint Hamilton cycles (and possibly perfect matchings) in G
to that of finding appropriate Hamilton cycles on each of A and B separately.

More precisely, let J be a set of edge-disjoint exceptional systems as given
in Lemma By deleting some edges if necessary, we may further assume
that J is an edge-decomposition of G — G[A] — G[B]. Thus, in order to prove
Lemma|2.5.4} we have to find | 7| suitable edge-disjoint subgraphs Ha 1,..., Ha 7]
of G[A] and |J| suitable edge-disjoint subgraphs Hp 1, ..., Hp |7 of G[B] such that
H; == Hy s+ Hp s + Js are the desired spanning subgraphs of G. To prove this,
for each J € J, we consider the two corresponding auxiliary subgraphs J} and Jj
defined at the beginning of Section Thus J} and Jj have the following crucial
properties:

(o) J4 and Jj are matchings whose vertices are contained in A and B, re-
spectively;

() the union of any Hamilton cycle C% in G[A] + J7 containing J% (in some
suitable order) and any Hamilton cycle C}, in G[B] + Jj; containing J3
(in some suitable order) corresponds to either a Hamilton cycle of G con-
taining J or to the union of two edge-disjoint perfect matchings of G
containing J.

Furthermore, J determines which of the cases in (az) holds: If J is a Hamilton
exceptional system, then (ag) will give a Hamilton cycle of G, while in the case
when J is a matching exceptional system, (a3) will give the union of two edge-
disjoint perfect matchings of G. So roughly speaking, this allows us to work with
multigraphs G% := G[A] + > ;c; Ji and G = G[B] + }_ ;. ; Jj; rather than G
in the two steps. Furthermore, the processes of finding Hamilton cycles in G*% and
in G are independent (see Section for more details).
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By symmetry, it suffices to consider G*% in what follows. The second idea of
the proof is that as an intermediate step, we decompose G% into blown-up Hamil-
ton cycles Gz,j. Roughly speaking, we will then find an approximate Hamilton
decomposition of each G7 ; separately.

More precisely, recall that R 4 denotes the complete graph whose vertex set is
{A1,...,Ax}. As mentioned above, R4 has a Hamilton decomposition C4 1,...,
Ca,(k-1y/2- We decompose G[A] into edge-disjoint subgraphs Ga1,...,Ga (k-1)/2
such that each G 4,; corresponds to the ‘blow-up’ of Cy ;, i.e. G4 ;[U, W] = G[U, W]
for every edge UW € E(Cy4 ;). (The edges of G lying inside one of the clusters
Aq, ..., Ag are deleted.) We also partition the set {J} : J € J} into (K —1)/2
sets T4 15+, T4 (k—1)2 Of roughly equal size. Set G7 ; := Ga,; + Jj ;- Thus in
order to prove Lemma we need to find |7} ;| edge-disjoint Hamilton cycles
in G7 ; (for each j < (K —1)/2). Since G ; is still close to being a blow-up of the
cycle Cy ;, finding such Hamilton cycles seems feasible.

One complication is that in order to satisfy (as), we need to ensure that each
Hamilton cycle in G ; contains some Jj € J} ; (and it must traverse the edges of
J? in some given order). To achieve this, we will both orient and order the edges
of Jj. So we will actually consider an ordered directed matching J} 4;, instead of
J4. (J} itself will still be undirected and unordered). We orient the edges of G4 ;
such that the resulting oriented graph G4 jdir is a blow-up of the directed cycle
Ca;.

However, J} 4;, may not be ‘locally balanced with respect to C'4 ;. This means
that it is impossible to extend J} 4, into a directed Hamilton cycle using only edges
of G4 jair- For example, suppose that G4 jqir is a blow-up of the directed cycle
A1As ... Ak, ie. each edge of G 4 j qir joins A; to Aj4q for some 1 <4 < K. If Jz)dir
is non-empty and V' (J} ) € Ap, then J} 4, cannot be extended into a directed
Hamilton cycle using edges of G jair only. Therefore, each J} 4, will first be
extended into a ‘locally balanced path sequence’ PS. PS will have the property
that it can be extended to a Hamilton cycle using only edges of G 4 j,air. We will
call the set BE; consisting of all such PS for all J} € Jj ; a balanced extension of
J4,j- BE; will be constructed in Section [5.3.3) using edges from a sparse graph H'
on A (which is actually removed from G[A] before defining Ga1,...,Ga (x-1)/2)-

Finally, we find the required directed Hamilton cycles in G4 ;4ir + BE; in
Section We construct these by first extending the path sequences in BE; into
(directed) 1-factors, using edges which wind around the blow-up of C4 ;. These are
then transformed into Hamilton cycles using a small set of edges set aside earlier
(again the set of these edges winds around the blow-up of C4 ;).

5.2.2. Systems and Balanced Extensions. As mentioned above, the proof
of Lemma requires an edge-decomposition and orientation of G[A] and G[B]
into blow-ups of directed cycles as well as ‘balanced extensions’. These are defined
in the current subsection.

Let k,m € N. Recall that a (k, m)-equipartition Q of a set V of vertices is
a partition of V into sets Vi,...,V; such that |V;| = m for all ¢ < k. The V;
are called clusters of Q. (G,Q,C) is a (k,m, p,¢e)-cyclic system if the following
properties hold:

(Sysl) G is a digraph and Q is a (k, m)-equipartition of V(G).
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(Sys2) C'is a directed Hamilton cycle on @ and G winds around C. Moreover,
for every edge UW of C, we have df(u, W) = (1—p=e)m for every u € U
and dg(w,U) = (1 — p £ e)m for every w € W.
So roughly speaking, such a cyclic system is a blown-up Hamilton cycle.

Let Q be a (k,m)-equipartition of V and let C be a directed Hamilton cycle
on Q. We say that a digraph H with V(H) C V is locally balanced with respect to
C if for every edge UW of C', the number of edges of H with initial vertex in U
equals the number of edges of H with final vertex in W.

Recall that a path sequence is a digraph which is the union of vertex-disjoint
directed paths (some of them might be trivial). Let M be a directed matching. We
say a path sequence PS is a V;-extension of M with respect to Q if each edge of
M is contained in a distinct directed path in P.S having its final vertex in V;. Let
M= {M,..., M} be aset of directed matchings. A set BE of path sequences is a
balanced extension of M with respect to (Q,C) and parameters (e, {) if BE satisfies
the following properties:

(BE1) BE consists of ¢ path sequences PSy, ..., PS, such that V(PS;) CV for
each i < ¢, each PS; is locally balanced with respect to C' and PS; —
M, ...,PS; — M, are edge-disjoint from each other.

(BE2) Each PS; is a V;_-extension of M, with respect to Q for some i, < k.
Moreover, for each i < k there are at most ¢m/k indices s < ¢ such that
is = 1.

(BE3) |V(PSs)NV;| < emforalli < kand s < q. Moreover, for each i < k, there
are at most ¢m/k path sequences PSs € BE such that V(PSs) NV; # (.

Note that the ‘moreover part’ of (BE3) implies the ‘moreover part’ of (BE2).

Given an ordered directed matching M = {fi,..., fe}, we say that a directed
cycle C' is consistent with M if C' contains M and visits the edges f1, ..., f¢ in this
order. The following observation will be useful: suppose that PS is a V;-extension
of M and let z; be the final vertex of the path in PSS containing f;. (So z1,...,x¢
are distinct vertices of V;.) Suppose also that C” is a directed cycle which contains
PS and visits z1, ...,z in this order. Then C’ is consistent with M.

5.3. Finding Systems and Balanced Extensions for the Two Cliques
Case

Let G be a graph, let P be a (K, m,eq)-partition of V(G) and let J be a set
of exceptional systems as given by Lemma [2.5.4 The aim of this section is to
decompose G[A] + G[B] into (k, m, i, e)-cyclic systems and to construct balanced
extensions as described in Section First we need to define J} 4, and Jg g, for
each exceptional system J € J. Recall from Section [5.2.1] that these are introduced
in order to be able to consider G[A] and G[B] separately (and thus to be able to
ignore the exceptional vertices in Vy = Ag U By).

5.3.1. Defining the Graphs J} ;;, and Jg 4. We recall the following def-
inition of J* from Section Let A, Ay, B, By be a partition of a vertex set V
on n vertices and let J be an exceptional system with parameter y. Since each
maximal path in J has endpoints in A U B and internal vertices in Vj, an excep-
tional system .J naturally induces a matching J} 5z on AU B. More precisely, if
Py, ..., Py are the non-trivial paths in J and z;,y; are the endpoints of P;, then we
define J} p 1= {xiy; : i <{'}. Thus ey (A, B) is equal to the number of AB-paths
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in J. In particular, e . (A, B) is positive and even if J is a Hamilton exceptional
system, while e (A, B) =0 if J is a matching exceptional system. Without loss
of generality we may assume that z1y1,...,Z2ry2¢ is an enumeration of the edges
of J45[A, B], where z; € A and y; € B. Define

JZ = J:XB[A] U {1’21'71.%21' 01 S ) S 16} and JE = JZB[B} @] {y2iy2i+1 01 § ) S €}

(with indices considered modulo 2¢). Let J* := J§ + J5. So J* is a matching and
e(J*) = e(J4p). Moreover, by (EC2), (EC3) and (ES3) we have

(5.3.1) e(J*) = e(Jap) < [Vo| + Veon.

Recall that the edges in J* are called fictive edges, and that if J; and J, are two
edge-disjoint exceptional systems, then J; and J5 may not be edge-disjoint.

Recall that we say that an (undirected) cycle C is consistent with J% if C
contains J4 and (there is an orientation of C' which) visits the vertices 1, ..., 2
in this order. In a similar way we define when a cycle is consistent with J.

As mentioned in Section [5.2.1} we will orient and order the edges of J} and
J In a suitable way to obtain J ;;, and Jg g;,. Accordingly, we will need an
oriented version of Proposition For this, we first orient the edges of J}
by orienting the edge xo;_1x2; from xo;_1 to zo; for all i < ¢ and the edges of
J% g[A] arbitrarily. Next we order these directed edges as fi,..., fr, such that
fi = xoi_1x9; for all i < £, where £4 := e(J}). Define J4 air t0 be the ordered
directed matching {f1,..., fr,}. Similarly, to define JB aip» We first orient the
edges of J§ by orienting the edge y2;y2i+1 from ya; to ya;41 for all i < ¢ and the
edges of J} g[B] arbitrarily. Next we order these directed edges as f7, ..., f;, such
that f! = yoiy2:41 for all ¢ < ¢, where ¢ := e(J}). Define JB air to be the ordered
directed matching {f, ..., f;, }. Note that if J is an (7,i')-ES, then V(J} 4;,) C 4;
and V(Jp g;,) € Bir. Recall from Section that a directed cycle Cy4 qir is
consistent with J;dir if Cy4 qir contains Jz)dir and visits the edges fi,..., fr, in
this order. The following proposition, which is similar to Proposition follows
easily from Proposition [2:3.1]

PROPOSITION 5.3.1. Suppose that A, Ag, B, By forms a partition of a vertex set
V. Let J be an exceptional system. Let Ca qir and Cpair be two directed cycles
such that

o Ca gir 15 a directed Hamilton cycle on A that is consistent with Jz,dir;
e Cp.air is a directed Hamilton cycle on B that is consistent with Jp g,

Then the following assertions hold, where Ca and Cp are the undirected cycles
obtained from Ca qir and Cp qir by ignoring the directions of all the edges.

(i) If J is a Hamilton exceptional system, then Ca+Cp—J*+J is a Hamilton
cycle on V.

(ii) If J is a matching exceptional system, then Ca+Cp— J* +J is the union
of a Hamilton cycle on A’ and a Hamilton cycle on B'. In particular, if
both |A'| and |B'| are even, then Cy + Cp — J* + J is the union of two
edge-disjoint perfect matchings on V.

5.3.2. Finding Systems. In this subsection, we will decompose (and orient)
G[A] into cyclic systems (G4 j.dir, @a,Ca,;), one for each j < (K —1)/2. Roughly
speaking, this corresponds to a decomposition into (oriented) blown-up Hamilton
cycles. We will achieve this by considering a Hamilton decomposition of R 4, where
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R4 is the complete graph on {A,..., Ax}. So each Cy4 ; corresponds to one of
the Hamilton cycles in this Hamilton decomposition. We will split the set {J;Ldir :
J € J} into subsets J4,; and assign J3 ; to the jth cyclic system. Moreover, for
each j < (K —1)/2, we will also set aside a sparse spanning subgraph H 4 ; of G[A],
which is removed from G[A] before the decomposition into cyclic systems. Hy ;
will be used later on in order to find a balanced extension of ijj. We proceed
similarly for G[B].

LEMMA 5.3.2. Suppose that 0 < 1/n K g K 1/ K < p< 1 and 0 < p < 1,
where n, K € N and K is odd. Suppose that G is a graph on n vertices and P is
a (K, m,eq)-partition of V(G). Furthermore, suppose that the following conditions
hold:

(a) d(v,A;) = (1—4p£4/K)m and d(w, B;) = (1—4pu+4/K)m for allv € A,
weBandl1 <i< K.

(b) There is a set J which consists of at most (1/4 — p — p)n edge-disjoint
exceptional systems with parameter ¢ in G.

(c) J has a partition into K2 sets J; i (one for all 1 < i,i’ < K) such that
each J; i consists of precisely | J|/K? (i,i')-ES with respect to P.

(d) If J contains matching exceptional systems then |A’| = |B’'| is even.

Then for each 1 < j < (K—1)/2, there is a pair of tuples (GA,j,QA,CAJ,HA)j,Jj’j)
and (G,;,98B,CB,j, Hp,j, jﬁ,j) such that the following assertions hold:

a1) Fach of Ca1,...,C4 (k—1)/2 48 a directed Hamilton cycle on Q4 := {A1,
, (K-1)/
..., Ak} such that the undirected versions of these Hamilton cycles form
a Hamilton decomposition of the complete graph on Q4.

(a2) JTA 15+ T4 -1y B a partition of {J} 4, : J € T}

(ag) Each Jl’;j has a partition into K sets Jjﬁjﬂv (one for each 1 <i < K ) such
that | T} ;5| < (1 —4p —3p)m/K and each J} g, € Tk ;; s an ordered
directed matching with e(J} 4;,) < 5K\/€om and V(J} 4;,) € Ai.

(aa) Ga,-- s Gayk—1y/2, Han, .-, Ha(xk—1)/2 are edge-disjoint subgraphs of
G[4].

(as) Ha;j[Ai, Ai] is a 10K /egm-regular graph for all j < (K —1)/2 and all
ii' < K withi #1'.

(ag) For each j < (K —1)/2, there exists an orientation G 4 jgir of Ga,j such
that (G a j,dir, Qa,Ca ) is o (K, m,4p,5/K)-cyclic system.

(a7) Analogous statements to (a1)—(ag) hold for Cp ;, Jp ;,Gp,j, Hp,j for all
j S (K — 1)/2, with QB = {Bl,. .. ,BK}.

Proof. Since K is odd, by Walecki’s theorem the complete graph on {A;1, ..., Ax}
has a Hamilton decomposition. (a;) follows by orienting the edges of each of these
Hamilton cycles to obtain directed Hamilton cycles Ca 1,...,Ca (k—1)/2-

For each 4,7 < K, we partition J; » into (K —1)/2 sets J; ; (one for each
Jj < (K —1)/2) whose sizes are as equal as possible. Note that if J € J; ;+ ;, then
J is an (i,i')-ES and so V(J} 4;,) € Ai. Since P is a (K, m, go)-partition of V(G),
Vol < egn and (1 — go)n < 2Km. Hence,

e(Jaan) S e(J*) "< Vol + vEon < 5yEpKm.
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(az) is satisfied by setting J3 ., = Upcp{Jhan * J € Jiwy} and Jj; =
UlSK \7;;’],7/ Note that

2|T;.| © 2|7 ) (1/2 =2 —2p)n
T4, —;K (Kl + ) K(K —1) ths K(K —1) *

< (1—4p—3p)m/K

as 2Km > (1 —eg)n and 1/n < g9 < 1/K < p. Hence (ag) holds.

For i,i/ < K with i # ', apply Lemmal[5.1.1| with G[A4;, Ay],4/K, p, 4 playing
the roles of T', e, p, u to obtain a spanning (1 — 4 — p)m-regular subgraph H; ;» of
GJA;, Ay]. Since H; ; is a regular bipartite graph and ¢ < 1/K,p < 1 and 0 <
p < 1, there exist (K — 1)/2 edge-disjoint 10K ,/ggm-regular spanning subgraphs
Hi,i’,ly- N 7Hi,i’,(K—1)/2 of Hi,i’- Set HAJ’ = Zl<i,i’<K Hi,i/,j for each ] S (K —
1)/2. So (as) holds. -

Define G4 := G[A] — (Hay + -+ + Ha (x-1)/2). Note that, as ¢g < 1/K,
(a) implies that dg, (v, A;) = (1 —4p £ 5/K)m for all v € A and all ¢ < K. For
each j < (K —1)/2, let Ga; be the graph on A whose edge set is the union of
GalA;, Ay] for each edge A; Ay € E(Ca ;). Define G 4 j air to be the oriented graph
obtained from G4 ; by orienting every edge in Ga[A;, Ai/] from A; to A;r (for each
edge A;Ay € E(Ca,;)). Note that (Ga jdir, Qa,Ca,;) is a (K, m,4u,5/K)-cyclic
system for each j < (K — 1)/2. Therefore, (as) and (ag) hold. (a7) can be proved
by a similar argument. O

5.3.3. Constructing Balanced Extensions. Let (G4,;,Q4,C4,;,Ha,;,7} ;)
be one of the 5-tuples obtained by Lemma The next lemma will be applied
to find a balanced extension of T4 with respect to (Qa,Cl4 ), using edges of
Hy,; (after a suitable orientation of these edges). Consider any Jj 4, € Ji ;-
Lemma a3) guarantees that V(J} 4;,) C A;, and so J} 4, is an A;-extension
of itself. erefore, in order to find a balanced extension of Jj ;» 1t is enough to ex-
tend each J} 4, € J4 ; into a locally balanced path sequence by adding a directed
matching which is vertex-disjoint from J} 4, in such a way that (BE3) is satisfied
as well.

LEMMA 5.3.3. Suppose that 0 < 1/m < ¢ < 1 and that m,k € N with k > 3.
Let @ = {V1,...,Vi} be a (k,m)-equipartition of a set V of vertices and let C =
Vi... Vi be a directed cycle. Suppose that there exist a set M and a graph H on'V
such that the following conditions hold:
(i) M can be partitioned into k sets Mu,..., My such that |M;| < m/k
and each M € M; is an ordered directed matching with e(M) < em and
V(M) CV; (for alli <k).
(ii) H[Vi—1,Vit1] is a 2em-regular graph for all i < k.
Then there exist an orientation Hay of H and a balanced extension BE of M with
respect to (Q,C) and parameters (2¢,3) such that each path sequence in BE is
obtained from some M € M by adding edges of Hgiy.

Proof. Fix i < k and write M; := {My,..., M, }. We orient each edge in
H[V;_1,Viyq] from V;_; to Viq1. By (ii), H[Vi—1, Vi41] can be decomposed into 2em
perfect matchings. Each perfect matching can be split into 1/2¢ matchings, each
containing at least em edges. Recall from (i) that |M;| < m/k and e(M;) < em
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for all M; € M;. Hence, H[V;_1,V;41] contains |M,| edge-disjoint matchings
Mi, ..., My, with e(M]) = e(M;) for all j < [M;|. Define PS; := M; U Mj.
Note that PS; is locally balanced with respect to C'. Also, PS; is a Vj-extension
of M; (as M; € M, and so V(M;) CV; by (i)). Moreover,

V(M) = 2e(M;) < 2em if i =,
(5:32) [V(PS;) NVir| = { e(M;) < em ifi' =i+lord =i—1,

0 otherwise.

For each i < k, set PS; := {PS1,...,PSr,)}. Therefore, BE := |J,,, PS; is a
balanced extension of M with respect to (Q,C) and parameters (2¢,3). Indeed,
(BE3) follows from (5.3.2). As remarked after the definition of a balanced exten-
sion, this also implies the ‘moreover part’ of (BE2). Hence the lemma follows (by
orienting the remaining edges of H arbitrarily). ]

5.4. Constructing Hamilton Cycles via Balanced Extensions

Recall that a cyclic system can be viewed as a blow-up of a Hamilton cycle.
Given a cyclic system (G, Q,C) and a balanced extension BE of a set M of ordered
directed matchings, our aim is to extend each path sequence in BE into a Hamilton
cycle using edges of G. Moreover, each Hamilton cycle has to be consistent with a
distinct M € M. This is achieved by the following lemma, which is the key step in

proving Lemma

LEMMA 5.4.1. Suppose that 0 < 1/m < eg,e’,1/k < 1/€,p < 1, that 0 <
wyp < 1 and that m,k,€,qg € N with ¢ < (1 — p— p)m. Let (G,Q,C) be a
(k,m, p,€’)-cyclic system and let M = {Mn,..., My} be a set of ¢ ordered directed
matchings. Suppose that BE = {PS1,...,PSy} is a balanced extension of M with
respect to (Q,C) and parameters (gq,£) such that for each s < q, Ms C PSs. Then
there exist ¢ Hamilton cycles Cy,...,Cy in G + BE such that for all s < q, Cs
contains PSs and is consistent with My, and such that C, — PSy,...,Cy—PS, are
edge-disjoint subgraphs of G.

Lemmal5.4.1] will be used both in the two cliques case (i.e. to prove Lemmal[2.5.4)
and in the bipartite case (i.e. to prove Lemma.

We now give an outline of the proof of Lemma [5.4.1] where for simplicity we
assume that the path sequences in the balanced extension BE are edge-disjoint
from each other. Our first step is to remove a sparse subdigraph H from G (see
Lemma7 and set G’ := G — H. Next we extend each path sequence in BE into
a (directed) 1-factor using edges of G’ such that all these 1-factors are edge-disjoint
from each other (see Lemma [5.4.3). Finally, we use edges of H to transform the
1-factors into Hamilton cycles (see Lemma.

The following lemma enables us to find a suitable sparse subdigraph H of G.
Recall that (g,d, d*, ¢)-superregularity was defined in Section

LEMMA 5.4.2. Suppose that 0 < I/m < ¢/ K y <K e <K 1land 0 < p < e.
Let G be a bipartite graph with vertex classes U and W of size m such that d(v) =
(1—pEeYm for allv € V(G). Then there is a spanning subgraph H of G which
satisfies the following properties:

(i) H is (g,27,7, 37v)-superregular.
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(ii) Let G' := G — H. Then dg:(v) = (1 — p+=4y)m for all v € V(G).
Proof. Note that §(G) > (1 —pu—¢e')ym > (1 —&3)m as ¢/, u < ¢ < 1. Thus,
whenever A C U and B C W are sets of size at least em, then
(5.4.1) eq(A,B) > (|B| —e*m)|A| > (1 — 2)|A||B|.

Let H be a random subgraph of G which is obtained by including each edge of G
with probability 2. (5.4.1) implies that whenever A C U and B C W are sets of
size at least em then

(5.4.2) 2v(1 — £*)|A[| B| < E(en(A, B)) < 2|A|B|.
Further, for all u, v’ € V(H),

(5.4.3) E(|Ng(u) N Ng(u)]) < 49*m

and

(5.4.4) 3ym/2 < E(6(H)), E(A(H)) < 2ym.

Thus, (5.4.2)—(5.4.4]) together with Proposition imply that, with high proba-
bility, H is an (g, 27,7, 37y)-superregular pair. Since A(H) < 3ym by (Reg3) and
g’ < vy, G’ satisfies (ii). O

5.4.1. Transforming a Balanced Extension into 1-factors. The next
lemma will be used to extend each locally balanced path sequence PS belong-
ing to a balanced extension BE into a (directed) 1-factor using edges from G’. We
will select the edges from G’ in such a way that (apart from the path sequences)
the 1-factors obtained are edge-disjoint.

LEMMA 5.4.3. Suppose that 0 < 1/m < 1/k < e < p,1/0 < 1, that p < 1,
that 0 < p < 1/4 and that ¢,m,k,¢ € N with ¢ < (1 — p— p)m. Let (G, Q,C) be a
(k,m, u,€)-cyclic system, where C = V;...Vi. Suppose that there exists a set PS
of ¢ path sequences PS,...,PS, satisfying the following conditions:

(i) Each PSs € PS is locally balanced with respect to C.
(i) |V(PSs)NV;| < em for all i < k and s < q. Moreover, for each i < k,
there are at most ¢m/k PSs such that V(PSs)N'V; # 0.

Then there exist q directed 1-factors Fi, ..., Fy in G +PS such that for all s < ¢
PS, C Fs and Fy — PSy,...,F, — PS, are edge-disjoint subgraphs of G.

Proof. By changing the values of p, p and ¢ slightly, we may assume that pm, um €
N. For each s < ¢ and each i < k, let V;S’_ (or Vis’+) be the set of vertices in V;
with indegree (or outdegree) one in PS,. Since each PS is locally balanced with
respect to C, |V, = V37| < emfor all s < g and all i < k (where the inequality
follows from (ii)). To prove the lemma, it suffices to show that for each i < k,
there exist edge-disjoint directed matchings M}, ..., M, so that each M} is a
perfect matching in G[V; \ V"%, Vi1 \ V;%7]. The lemma then follows by setting
Fy:=PSs+ % ... M} for each s < gq.

Fix any i < k. Without loss of generality (by relabelling the PS if necessary)
we may assume that there exists an integer sg such that ViS’Jr # ) for all s < s

and Vis’+ = ) for all sg < s < ¢q. By (ii), so < ¢m/k. Suppose that for some s
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with 1 < s < sg we have already found our desired matchings M}, ... ,Mf_l in
G[Vi, Viy1]. Let

V= VAVS Vi = Vi \ VL and Goi= GV V] = Y M7
s'<s
Note that each v € V; satisfies

dg (0) > dG (0, Viar) — (V7|4 50) > (1= p— (2 + £/k))m > (1 - i — V2)m

by (Sys2) and the fact that 1/k < ¢ < 1/¢. Similarly, each v € V| satisfies
dg_ (v) > (1—p—+/e)m. Thus G contains a perfect matching M (this follows, for
example, from Hall’s theorem). So we can find edge-disjoint matchings M}, ..., M °
in G[‘/tm V;;+1].

Let G’ be the subdigraph of G[V;, V;;1] obtained by removing all the edges in
M}, M. Since V;*" = () for all so < s < ¢ (and thus also V;%7 = 0 for all
such s), in order to prove the lemma it suffices to find ¢ — sg edge-disjoint perfect
matchings in G’. Each v € V; satisfies

0, (v) = d&(0, Viga) £ 50 = dfs(v, Vi) £ fm/k = (1 — p £ vE)m

by (Sys2) and the fact that 1/k < ¢ « 1/¢. Similarly, each v € V;;; satisfies
de(v) = (1 — p£/e)m. Set p’ := p+ so/m. Note that p'm € Nand p < p' <
p+Ll/k<2pasl/k < 1/¢ p. Hence, ¢ < p' < 1. Thus we can apply Lemmam
with G', p, /e playing the roles of T',p,e to obtain (1 — p — p')m edge-disjoint
perfect matchings in G’. Since (1 —p— p')Ym = (1 — pu — p)m — s9 > q — s, there
exists ¢ — sg edge-disjoint perfect matchings Mf“‘l, ..., M in G'. This completes
the proof of the lemma. O

5.4.2. Merging Cycles to Obtain Hamilton Cycles. Recall that we have
removed a sparse subdigraph H from G and that G’ = G — H. Our final step in the
proof of Lemma [5.4.1]is to merge the cycles from each of the 1-factors Fy returned
by Lemma to obtain edge-disjoint (directed) Hamilton cycles. We will apply
Lemma to merge the cycles of each Fj, using the edges in H. However, the
Hamilton cycles obtained in this way might not be consistent with the matching
My € M that lies in PS;. Lemma is designed to deal with this issue.

Lemma was proved in [21I] and was first used to construct approximate
Hamilton decompositions in [31]. Roughly speaking, it asserts the following: sup-
pose that we have a 1-factor F' where most of the edges wind around a cycle
C = Vj...Vi. Suppose also that we have a digraph H which winds around C.
(More precisely, H is the union of superregular pairs H[V;,V;11].) Then we can
transform F' into a Hamilton cycle C” by using a few edges of H. The crucial point
is that when applying this lemma, the edges in C’ — F' can be taken from a small
number of the superregular pairs H[V;, V;11] (i.e. the set J in Lemma will
be very small compared to k). In this way, we can transform many 1-factors F'
into edge-disjoint Hamilton cycles without using any of the pairs H[V;, Vi41] too
often. This in turn means that we will be able to transform all of our 1-factors into
edge-disjoint Hamilton cycles by using the edges of a single sparse graph H.

LEMMA 5.4.4. Suppose that 0 < 1/m < d < e < d < (,1/t < 1/2. Let
Vi,..., Vi be pairwise disjoint clusters, each of size m, and let C = Vi ...V be
a directed cycle on these clusters. Let H be a digraph on Vi3 U --- U Vi and let
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J C E(C). For each edge V;Viyq € J, let VE C Vi and V2, C Viyq be such that
Vit = [VA,| > m/100 and such that H[V}', V2] is (e,d’,¢d td' /d)-superregular.
Suppose that F is a 1-reqular digraph with Vi U --- UV, C V(F) such that the
following properties hold:

(i) For each edge V;Vii1 € J the digraph F[V}, V2] is a perfect matching.

(ii) For each cycle D in F there is some edge V;Vi11 € J such that D contains
a vertez in V1.

(iil) Whenever V;V;11,V;Vi41 € J are such that J avoids all edges in the
segment Vi 1CV; of C from Vipq to Vj, then F' contains a path Pij joining
some verter u;+1 € Vﬁu to some vertex u;. S le such that Pj; winds
around C'.

Then we can obtain a directed cycle on V(F) from F by replacing F[V}, V2] with
a suitable perfect matching in H[Vt, V2] for each edge V;Vii1 € J.

LEMMA 5.4.5. Suppose that 0 < 1/m €« v < d € ¢ < d < (,1/t < 1/2.
Let Vi, ..., Vi be pairwise disjoint clusters, each of size m, and let C = Vy...Vj
be a directed cycle on these clusters. Let 1 < i < k be fixed and let Vil CV; and
V2, C Vigr be such that |V = |V, > m/100. Suppose that H = H[V;', V2] is
an (g,d', (d', td' /d)-superreqular bipartite digraph. Let X = {z1,...,2,} C V' with
| X| < ym. Suppose that C' is a directed cycle with Vi U--- UV, CV(C") such that
C'[VY, V2] is a perfect matching. Then we can obtain a directed cycle on V(C")
from C’ that visits the vertices x1,...,x, in order by replacing C'[V;, Vj_l] with a
suitable perfect matching in H[V}, V2 ].

Proof. Pick v and 7 such that v < v < 7 < d’. For every u € V!, starting at
u we move along the cycle C’ (but in the opposite direction to the orientation of
the edges) and let f(u) be the first vertex on C” in V72,. (Note that f(u) exists
since C'[V;}, V2] is a perfect matching. Moreover, f(u) # f(v) if u # v.) Define
an auxiliary digraph A on V2, such that N (f(u)) := Nj(u). So A is obtained
by identifying each pair (u, f(u)) into one vertex with an edge from (u, f(u)) to
(v, f(v)) if H has an edge from u to f(v). So Lemma applied with d’, d/t
playing the roles of d, u implies that A is a robust (v, 7)-outexpander. Moreover,
61 (A),67(A) > ¢d'|V24| = ¢d'|A| by (Regd). Thus Theoremimplies that A
has a Hamilton cycle visiting f(z1),..., f(zp) in order, which clearly corresponds
to a perfect matching M in H with the desired property. O

The above proof idea is actually quite similar to that for Lemma itself.
We now apply Lemmas and to each 1-factor Fy given by Lemma [5.4.3
and obtain edge-disjoint Hamilton cycles that are consistent with the M;.

LEMMA 5.4.6. Suppose that 0 < 1/m < €0,1/k € v € ¢ < 1, that v <
1/¢ <1 and that g,m,k,£ € N. Let Q = {Vi,...,Vi} be a (k, m)-equipartition of
a vertex set V and let C = Vi ...V}, be a directed cycle. Let M = {My,..., M,}
be a set of ordered directed matchings. Suppose that BE = {PSi1,...,PS;} is a
balanced extension of M with respect to (Q,C) and parameters (9,£). Further-
more, suppose that there exist 1-reqular digraphs Fi, ..., Fy on'V such that for each
s < gq, PS; C Fs and such that Fs — PSs winds around C. Let H be a digraph
on V which is edge-disjoint from each of Fy — PSy,...,F, — PS,; and such that
HIV;, Viiq] is (e,27,7, 37)-superregular for all i < k. Then there exist ¢ Hamilton
cycles Cy,...,Cq in Fy +- -+ Fy+ H such that Cs contains PS, and is consistent
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with M for all s < q and such that Cy —F1,...,Cq—Fy are edge-disjoint subgraphs
of H.

Proof. Recall from (BE2) that for each s < g there is some is < k such that PSj
is a V; -extension of M,. In particular, My C PS,. Let I, be the set consisting
of all i < k such that V; N V(PS,) # (. Since BE is a balanced extension with
parameters (g9, £), (BE3) implies that for every ¢ < k we have

(5.4.5) {s:iel}| <tm/k.

For each s < ¢ in turn, we are going to show that there exist Hamilton cycles
Ci,...,Csin F1 +---+ Fs 4+ H such that

(as) PSy C Cy and Cy is consistent with M for all s’ < s,

(bs) E(Cy — Fy) C Uielg/ E(H|V;,Viqq]) for all s" < s,

(cs) C1—Fy,...,C5 — F, are pairwise edge-disjoint.

So suppose that for some s with 1 < s < ¢ we have already constructed C1,...,Cs_1.
We now construct Cj as follows. Let Hy := H — 3, _ (Cs — Fy). Define a new
constant d such that ¢ < d < 1.

Our first task is to apply Lemmal[5.4.4) to F; to merge all the cycles in F into a
Hamilton cycle using only edges of H,. For each i € I, let V™ be the set of vertices
in V; with indegree one in PSS and let Vi+ be the set of vertices in V; with outdegree
onein PS,. Set V! := V;\V;" and V%, := V;;11\V,3,. Since PS; is locally balanced,
V. =1V, +1‘ < egm for all ¢ € I; (where the inequality holds by (BE3)). By (bs—1)
and -, s[Vi, Vig1] 1s obtained from H[V;, V1] by removing at most |{s’ <

ci€ Ig} § ém/k < £2ym edges from each vertex (as 1/k < €,7,1/f). So by
Proposition H,[V;, Viyq] is still (2e,27,7/2, 3v)-superregular for each i € I;.
Recall that [V; \ V}'| = [Vig1 \ V21| < eom. Hence H,[V}E, V2] is (4e,2y,7/4,67)-
superregular by Proposition and thus also (4¢, 27, /4, 4v/d)-superregular.

Let Es := {V;Vix1 : i € Ig}. Our aim is to apply Lemma with Fy,
E;, Hg, 4e, 27, 2, 1/8 playing the roles of F, J, H, e, d’, ¢, (. Our assumption
that Fy, — PS; winds around C implies that for each i € I, Fy[V;! ,VH_I] is a
perfect matching. So Lemma i) holds. Note that every final vertex of a
nontrivial path in PSs must lie in (J;c;. V1, implying Lemma ii) Finally,
recall that [V;!],|V21| > (1 — eo)m for all i € I,. Together w1th our assumption
that Fy — PS; winds around C, this easily implies Lemma [5 - 5.4.4((iii). So we can
apply Lemma [5.4.4] “ to obtain a Hamilton cycle C’ which is constructed from Fj
by replacing F;[V;', V2] with a suitable perfect matching in H,[V;', V2] for each
1€l In partlcular PS, C Cl.

Let H. — (CL — Fy). Recall that M is an ordered directed matching, say
M = {el, . er} and that PS, is a V; -extension of M. For each j < r, let P;
be the path in PS, containing e; and let x; denote the final vertex of P;. Hence
r1,..., 2, are distinct and lie in V;'. Together with (BE3) this implies that r <
eom. Note that H[V;', V| ] is obtained from H,[V;!, V;?_ ] by removing a perfect
matching, namely CJ[V]!, V7>, ,]. So by Proposition H[VE, V2, ] is still
(8¢,2v,7/8, 4v/d)-superregular. Apply Lemma with C7, i, HL[V;', V2, 1], €0,
8z, 27, 2, 1/16 playing the roles of C’, i, H, v, &, d’, t, ¢ to obtain a Hamilton cycle
C which visits z1, ..., 2, in this order and is constructed from C’ by replacing the
perfect matching CJ[V;!, V%, ] with a suitable perfect matching in HJ[V;!, V7, ].
In particular, PS,; C Cs.
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Note that E(Cs — Fs) C U,c;, E(Hs[Vi, Vit1]), so (bs) and (cs) hold. Since
PS; C C and z; is the final vertex of P; and since e; € E(F;), it follows that C,
visits the edges eq, ..., e, in order. So Cj is consistent with My, implying (as).

O

Proof of Lemma Let Q = {V4,...,Vi}. By relabeling the V; if neces-
sary, we may assume that C = Vi ... V). Define new constants v and e such that
en, e, 1/k < v < e p, 1/l and p < € < 1. For each i < k we apply Lemma
to (the underlying undirected graph of) G[V;, V;41] in order to obtain a spanning
subdigraph H of G which satisfies the following properties:

(i) For each ¢ < k, H[V;,V;11] is (g, 27,7, 37)-superregular.

(ii") Let G’ := G — H. Then (G', Q,C) is a (k,m, p, 4v)-cyclic system.
Indeed, (i) follows easily from Lemma[5.4.2(ii) and the definition of a (k,m, j1, 47)-
cyclic system. Recall that BE = {PS;,...,PS,} with M, C PS; for all s < ¢g. Our
next aim is to apply Lemma with G', BE, 4~ playing the roles of G, PS,
¢ to obtain 1-factors Fs extending the PS;. Note that (BE1l) and (BE3) imply
that conditions (i) and (ii) of Lemma hold. So we can apply Lemma
to obtain ¢ (directed) 1-factors Fi,...,F, in G’ + BE such that PS, C F; for all
s<gqand F; — PSy,...,F, — PS, are edge-disjoint subgraphs of G'. Recall from
(ii") and (Sys2) that G’ (and thus also Fy — PS,) winds around C. So we can
apply Lemma to obtain ¢ Hamilton cycles Cy,...,Cq in Fy +--- + F, + H
such that C, contains PS, and is consistent with M, for all s < ¢, and such that
Cy — Fi,...,Cy — F, are edge-disjoint subgraphs of H. Since H and G’ are edge-
disjoint, C; — PSi,...,Cq — PS, are edge-disjoint subgraphs of G. O

We can now put everything together to prove the approximate decomposition
lemma in the two cliques case. First we apply Lemma[5.3.2] to obtain cyclic systems
and sparse subgraphs H4 ; and Hp ;. Then we apply Lemma to balance out
the exceptional systems into balanced extensions. Next, we apply Lemma to
A and B separately to extend the balanced extensions into Hamilton cycles.

Proof of Lemma Apply Lemma to G,P and J to obtain (for each
1 <j < (K—1)/2) pairs of tuples (Ga,j, Qa,Ca,j, Ha ;, T} ;) and (G j, OB, Cp j,
Hp j, J5 ;) which satisty (a1)—(a7). Fix j < (K —1)/2. Write T3 ; = {J4 gy 15+ -
JA dir.q}> Where

(5.4.6) 4= |Ti,l < (1~ 4u—3p)m

by (a3). We now apply Lemmawith J4.j:Qa,Caj, Ha j, K, 5K /20 playing
the roles of M, Q,C, H, k, € to obtain an orientation H 4 j 4ir of H4 ; and a balanced
extension BE; of J} ; with respect to (Qa,Ca4,;) and parameters (10K /g, 3).
(Note that (ag) and (as) imply conditions (i) and (ii) of Lemma [5.3.3]) Write
BEj = {PSi,...,PSy} such that Jj 4, . € PS; for all s < ¢. So (BEL) implies
that PS; — J:\,dir,h N Jz,dir’q are edge-disjoint subgraphs of H4 ; qir. Since
(Gajdir, Qa;Caj) is a (K, m,4p,5/K)-cyclic system by (ag), implies that
we can apply Lemma as follows:

‘GA,j7dir‘QA‘CA,j‘K‘j,z,j‘Q‘4ﬂ‘3p‘1OK\/‘%‘5/K‘3
playsroleof | G | Q| C [k | M |q|lu|p]| e | & |7
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In this way we obtain ¢ directed Hamilton cycles C'y ;,,...,C} ; , in G4 jair +BE;
such that C' ; ; contains PS, and is consistent with J} 4, , for all s < ¢. Moreover,
Cl = Jhaiwrr -+ Cq — A air,q are edge-disjoint subgraphs of Gajair + Ha,j,dir-
Repeat this process for all j < (K —1)/2.

Write J = {J1,...,Jj7/}. Recall from (az) that the J3,,..., T} (j_1)/o Par-
tition {J} 4, : J € J}. Therefore, we have obtained |J| directed Hamilton cycles
qu’l, ceey 014’\‘7\ on vertex set A. Moreover, by relabelling the J; if necessary, we
may assume that Cy . is consistent with (J5)% 4, for all s < |J|. Furthermore, (aq)
implies that the undirected versions of C'y ; = (J1)7 aivs-- - Ca 7| = (7)) air 2T€
edge-disjoint spanning subgraphs of G[A].

Similarly we obtain directed Hamilton cycles C 4, ..., 0;3,\ 7| on vertex set B
so that (JS)*B’dir C 033,5 for all s < |J|. Let Hs be the undirected graph obtained
from C) ,+Cp  —J +Js by ignoring all the orientations of the edges. Recall that
Ji,...,J\ 7| are edge-disjoint exceptional systems and that they are edge-disjoint
from the C) ; + Cy ; — J5 by (EC3). So Hy, ..., H 7| are edge-disjoint spanning
subgraphs of G. Finally, Proposition [fﬂ_ﬁl implies that Hy,..., H| | are indeed as
desired in Lemma 5.4 O

5.5. The Bipartite Case

Roughly speaking, the idea in this case is to reduce the problem of finding
the desired edge-disjoint Hamilton cycles in G to that of finding suitable Hamilton
cycles in an almost complete balanced bipartite graph. This is achieved by consid-
ering the graphs Jj;,, whose definition we recall in the next subsection. The main
steps are similar to those in the proof of Lemma (in fact, we re-use several of
the lemmas, in particular Lemma .

We will construct the graphs Jj;,, which are based on balanced exceptional
systems J, in Section In Section we describe a decomposition of G into
blown-up Hamilton cycles. We will construct balanced extensions in Section [5.5.3
(this is more difficult than in the two cliques case). Finally, we obtain the desired
Hamilton cycles using Lemma (in the same way as in the two cliques case).

5.5.1. Defining the Graphs Jj,, for the Bipartite Case. In this section
we recall a number of definitions from Section Let P be a (K, m, ¢)-partition
of a vertex set V and let J be a balanced exceptional system with respect to P.
Since each maximal path in J has endpoints in A U B and internal vertices in Vj
by (BES1), a balanced exceptional system J naturally induces a matching J% 5 on
A U B. More precisely, if Pj,..., Py are the non-trivial paths in J and x;,y; are
the endpoints of P;, then we define J 5 := {z;y; : ¢ < ¢'}. Thus J} 5 is a matching
by (BES1) and e(J% 5) < e(J). Moreover, J% 5 and E(J) cover exactly the same ver-
tices in A. Similarly, they cover exactly the same vertices in B. So (BES3) implies
that e(Jig[A]) = e(Jig[B]). We can write E(J55[A]) = {x12e, ..., T25-122s},
E(J,XB[B]) = {y1y2, .-+, Y2512} and E(JZB[AaBD = {Tos11Y2s41, -+ - T Ys' },
where z; € A and y; € B. Define J* := {z;y; : 1 <i < s'}. Note that

(5.5.1) e(J*) = e(Jhg) < e(J).
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As before, all edges of J* are called fictive edges. Recall that an (undirected) cycle
D is consistent with J* if D contains J* and (there is an orientation of D which)
visits the vertices x1,y1,%2,...,Ys'—1,Ts,Ys in this order.

We will need a directed version of Proposition ii). This directed version
immediately follows from Proposition ii) and is similar to Proposition m
For this, define JJ;, to be the ordered directed matching {f1,..., s} such that f;
is a directed edge from z; to y; for all ¢ < s’. So Jj},, consists only of AB-edges.
Similarly to the undirected case, we say that a directed cycle Dy;, is consistent with
J3ir if Dair contains J3;,. and visits the edges fi,..., fo in this order.

PROPOSITION 5.5.1. Let P be a (K, m,e)-partition of a vertex set V. Let G be
a graph on'V and let J be a balanced exceptional system with respect to P such that
J C G. Suppose that Dy, is a directed Hamilton cycle on AU B such that Dygj, is
consistent with J3;.. Furthermore, suppose that D — J* C G, where D is the cycle
obtained from Dgi, after ignoring the directions of all edges. Then D — J* 4+ J is a
Hamilton cycle of G.

5.5.2. Finding Systems. The following lemma gives a decomposition of an
almost complete bipartite graph G into blown-up Hamilton cycles (together with
an associated decomposition of exceptional systems). Its proof is almost the same
as that of Lemma so we omit it here. The only difference is that instead of
Walecki’s theorem we use a result of Auerbach and Laskar [1] to decompose the
complete bipartite graph K g into Hamilton cycles, where K is even.

LEMMA 5.5.2. Suppose that 0 < 1/n < g K 1/ K < p< 1 and 0 < p < 1,
where n, K € N and K is even. Suppose that G is a graph on n vertices and P =
{Ap, Ay,...,Ax,Bo,B1,...,Bk} is a (K,m,eq)-partition of V(G). Furthermore,
suppose that the following conditions hold:

(a) d(v,B;) = (1—4p+4/K)m and d(w, A;) = (1—4p+4/K)m for allv € A,
weBandl <i<K.
(b) There is a set J which consists of at most (1/4 — p — p)n edge-disjoint
exceptional systems with parameter €y in G.
(c) J has a partition into K* sets Ji, iy.i5.i, (0ne for all 1 < iy, is, iz, i4 < K)
such that each Ji, iy.is.i, consists of precisely |J|/K* (i1,i2,is,i4)-BES
with respect to P.
Then for each 1 < j < K/2, there is a tuple (G;,Q,Cj, H;,J;) such that the
following assertions hold, where Q := {A;,...,Ax,B1,...,Bk}:

(a1) Each of Cy,...,Cg/y is a directed Hamilton cycle on Q such that the undi-
rected versions of these cycles form a Hamilton decomposition of the com-
plete bipartite graph whose vertex classes are {Ay,..., Ak} and {By,...,
Bk}

(a2) Ji,...,Tk)2 s a partition of J.

(az) Each J; has a partition into K* sets Jj.i, iy.is.ia (0n€ for all1 < iy, ig,i3,14
< K ) such that Jj i, i, .is,5, cONSists of (i1,12,13,14)-BES with respect to P
and “—7j7i1,i2,i3,i4| < (]- - 4/1‘ - 3p)m/K4

(aa) Gi1,...,Ggjo, Hy,...,Hg /s are edge-disjoint subgraphs of G[A, B].

(as) H;[Ai, Byr] is a (11K + 248/ K )egm-regular graph for all j < K/2 and all
iil < K.

(ag) For each j < K/2, there exists an orientation Gjai of G; such that
(Gjair, Q,C5) is a (2K, m,4p,5/K)-cyclic system.
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5.5.3. Constructing Balanced Extensions. Let P = {Ap, A1, ..., Ak, Bo,
Bi,...,Bk} be a (K, m,e)-partition of a vertex set V, let Q := {A1,...,Ax,B1,. ..,
Bk} and let C = A1B1A3Bs... Ax Bk be a directed cycle. Given a set J of
balanced exceptional systems with respect to P, we write J3;, := {J, : J € J}.
So Jj,, is a set of ordered directed matchings and thus it makes sense to construct a
balanced extension of [J};, with respect to (Q,C). (Recall that balanced extensions
were defined in Section [5.2.2])

Now consider any of the tuples (G;, Q, C;, H;, J;) guaranteed by Lemma [5.5.2
We will apply the following lemma to find a balanced extension of (J;)3;, with
respect to (Q,C};), using edges of H; (after a suitable orientation of these edges).
So the lemma is a bipartite analogue of Lemma [5.3.3] However, the proof is more
involved than in the two cliques case.

LEMMA 5.5.3. Suppose that 0 < 1/n < ¢ < 1/K < 1, where n, K € N. Let
P ={Ap,A,...,Ax,Bo,B1,...,Bk} be a (K, m,e)-partition of a set V of n ver-
tices. Let Q :={A;,...,Ak,B1,...,Bg} and let C := A1B1AsBs ... Ak Bk be a
directed cycle. Suppose that there exist a set J of edge-disjoint balanced exceptional
systems with respect to P and parameter € and a graph H such that the following
conditions hold:

(i) J can be partitioned into K* sets Ji, ip.i5.4, (0me for all 1 < iy, ig,iz,i4 <
K ) such that Ty, iy.is,i, consists of (i1, 12, 13,14)-BES with respect to P and
|\7i1ﬂ'2,i3,i4| < m/K4'
(ii) For each v € AU B the number of all those J € J for which v is incident
to an edge in J is at most 2en.
(iil) H[A;, By] is a (11K + 248/ K)em-regular graph for all i,i' < K.
Then there exist an orientation Hgair of H and a balanced extension BE of Jj;, with
respect to (Q,C) and parameters (12¢K,12) such that each path sequence in BE is
obtained from some J3,, € T3, by adding edges of Hai,.

The proof proceeds roughly as follows. Consider any J € J;, i5,i5,5,- We extend
J3;, into a locally balanced path sequence in two steps. For this, recall that Jj;,
consists only of edges from A;, U A;, to B;, U B;,. In the first step, we construct a
path sequence PS that is an A;, -extension of JjJ;, by adding suitable B;; A;,- and
B;, A;,-edges from H to JJ,,. In the second step, we locally balance PS in such a
way that (BE1)—(BE3) are satisfied.

Proof. First we decompose H into H' and H” such that H'[A;, By/] is a 11e Km-
regular graph for all i,i’ < K and H"” := H— H'. Hence H"[A;, By is a 248=m /K-
regular graph for all ¢,¢ < K.

Write J = {J1,...,J)7}. For each s < [J|, we will extend J7 4, := (Js)%;,

into a path sequence PS; satisfying the following conditions:
(as) Suppose that Js € J;, iy45,- Then PSs is an A, -extension of J7 4,
consisting of precisely e(J7) vertex-disjoint directed paths of length two.

(Bs) V(PSs) = V(J{ 4ir) U Ay, where AQ C Ai, \ V(J7 ) and [A{| = e(J5).

s,dir

(vs) PSs — J; 4, is a matching of size e(J7) from By to A}, where Bj :=

S

V( : )Q(B%UBM)'

s,dir
(0s) Let M, be the set of undirected edges obtained from PS, — J;dir after ig-
noring all the orientations. Then My, ..., M, are edge-disjoint matchings

in H'.



160 5. APPROXIMATE DECOMPOSITIONS

(es) PS, consists only of edges from A;, UA;, to B;; UB;,, and from B;, UB;,

to Ail .
Note that (8s) and (vs) together imply (g5). Suppose that for some s with 1 < s <
|J| we have already constructed PSy,...,PSs_1. We will now construct PSs as

follows. Let 71,142,13,%4 be such that J, € J;,,
M;_1). (BES4) implies that

(5.5.2)

igis and let H, .= H' — (M1 +---+

19,

e( ;dir) =e(J) < e(Js) <en<3cKm and |V( Sdlr) NA;,| <3Km.

Consider any s’ < s. Recall from the definition of J3, ;. that V(J7 4,) is the set
of all those vertices in A U B which are covered by edges of Jy. Together with
(Bs) and (7s) this implies that a vertex v € B is covered by M, if and only if v is
incident to an edge of Js . Together with (ii) this in turn implies that for all v € B
we have

dH/ (1} A“) > dH/ 1} Azl Z dM / > 11Kem — 2en

s'<s
> 11Kem — 5Kem > |V(Sdlr)ﬁAi1|+e(Js*).

Note that e(J;) = [V(J 4,) N (Biy U Bi,)| = |Bg|. So we can greedily find a
matching M, of size e(J*) in H([Ai;, \ V(J] i), Byl (which therefore covers all
vertices in B.). Orient all edges of M, from B! to A;, and call the resulting
directed matching M, gi,. Set

PSS = J:,dir + Ms7dir.

Note that PSs consists of precisely e(JZ) directed paths of length two whose final
vertices lie in A;,, so (as)—(es) hold by our construction. This shows that we can
obtain path sequences PSi,..., PS|z satisfying (as)—(es) for all s < |T].

The following claim provides us with a ‘reservoir’ of edges which we will use to
balance out the edges of each PSs and thus extend each PSy into a path sequence
PS’ which is locally balanced with respect to C.

Claim. H” contains |J| subgraphs HY ... ’HII:7| satisfying the following properties
for all s <|J| and all i,i' < K:
(a1) If PSs contains an A;Bj-edge, then H! contains a matching between Ay
and B; of size 30e Km.
(ag) If PSs contains a B;A;-edge, then H! contains a matching between A; i1
and By _1 of size 30e Km.
(ag) HY,..., HI/:7| are edge-disjoint and for all s < |J| the matchings guaran-
teed by (a1) and (ag) are edge-disjoint.
So if PS, contains both an A;B;-edge and a By _1A;;1-edge, then H! contains a
matching between A; and B; of size 60e Km.
To prove the claim, first recall that H”[A;, Bi/] is a 248em/K-regular graph for
all i,4’ < K. So H"[A;, By] can be decomposed into 248em /K perfect matchings.
Each perfect matching can be split into 1/(31eK) matchings, each of size at least
30e Km. Therefore H"[A;, B;/] contains 8m/K? edge-disjoint matchings, each of
size at least 30e Km. (i) and (e,) together imply that for any 7,7 < K, the number
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of PS, containing an A;B;-edge is at most

Z |\7721,i27i37i4| < 4m/K2'

(31,02,13,34) : i€{i1,52}, 1/ €{isz,ia}

Recall that H”[A;, B;] contains 8m/K? edge-disjoint matchings, each of size at
least 30em. Thus we can assign a distinct matching in H"”[A;/, B;] of size 30em to
each PS that contains an A;B;-edge. Additionally, we can also assign a distinct
matching in H"”[A; 1, Bir—1] of size 30em to each PSs that contains a B;A;-edge.
For all s < |7/, let H be the union of all those matchings assigned to P.Ss. Then
HY,..., H"Zﬂ are as desired in the claim.

For each s < |J|, we will now add suitable edges from H. to PS; in order to
obtain a path sequence PS! which is locally balanced with respect to C. So fix
s < |J| and let eq,...,e; denote the edges of PSy. Note that £ = 2e(J}) < 6Kem
by (vs) and . For each r < ¢, we will find a directed edge f, satisfying the
following conditions:

(by) If e, is an A;By-edge, then f, is an A, B;-edge.

(bg) If e, is a B;A;-edge, then f, is a By_1A;11-edge.

(b3) The undirected version of {f1,..., f¢} is a matching in H! and vertex-
disjoint from V(PSy).
Suppose that for some » < ¢ we have already constructed fi,..., fr—1. Suppose

that e, is an A;B;-edge. (The argument for the other case is similar.) By (a1),
H![A;/, B;] contains a matching of size 30Kem. Note by («;) and (bs) that

[V(PSsU{f1,..., fr—1})| < 3e(J)+2(r—1) < 5¢ < 30Kem.

Hence there exists an edge in H[A;, B;] that is vertex-disjoint from PS;U{f1, ...,
fr—1}. Orient one such edge from A;; to B; and call it f.. In this way, we can
construct fi,..., f satisfying (by)—(bs).

Let PS! be digraph obtained from PS; by adding all the edges fi, ..., f¢. Note
that PS’ is a locally balanced path sequence with respect to C. (Indeed, PS’ is
locally balanced since {e,., f.} is locally balanced for each r < £.) Let iy, 12,143,14
be such that J € J;, 4, ,i5,i,- Then the following properties hold:

(c1) PSyis an A;,-extension of J7 4 .

(co) |V(PSL) N A, |V(PSL) N B;| <12eKm for all i < K.

(Cg) If V(PS;) NnA; 7é @, then ¢ € {il,ig,i37i472'3 + 1,44 + 1}.
)

(C4 If V(PS;) N B; 75 V), then i € {il — 1,i1,i2,i3,i4}.
Indeed, (cq) is implied by (cs) and the definition of PSY. Since e(PS%) = 2¢(PS;) =
4e(J7), (c2) holds by (5.5.2). Finally, (c3) and (c4) are implied by (,), (b1) and
(b2) as Js € t7i17i27i37i4'

Note that PS| — J{ 4, - - - PS"j‘ — J\}\,dir are pairwise edge-disjoint and let
BE :={PSi,...,PS|;}. We claim that BE is a balanced extension of J;. with re-
spect to (Q, C) and parameters (12¢K,12). To see this, recall that @ = {4,,... Ak,
Bi,...,Bk} is a (2K, m)-equipartition of V' := V'\ (49U By). Clearly, (BE1) holds
with V/ playing the role of V. (c3) and (i) imply that for every ¢ < K there are at
most 6m/K PS, € BE such that V(PS,) N A; # 0. A similar statement also holds
for each B;. So together with (cs), this implies (BE3), where 2K plays the role of
k in (BE3). As remarked after the definition of a balanced extension, this implies
the ‘moreover part’ of (BE2). So (BE2) holds too. Therefore BE is a balanced
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extension, so the lemma follows (by orienting the remaining edges of H arbitrar-
ily). O

Proof of Lemma Apply Lemmamto obtain tuples (G;, Q,C;, H;, J;)
for all j < K/2 satisfying (a1)—(ag). Fix j < K/2 and write J; := {J;1...,Jj7,/}-
Next, apply Lemmal[5.5.3|with J;, C;, Hj, £o playing the roles of 7, C, H, ¢ to obtain
an orientation Hjq;. of H; and a balanced extension BE; of J; with respect to
(Q, C;) and parameters (129K, 12). (Note that (ag) and (as) imply conditions (i)
and (iii) of Lemma Condition (i) follows from Lemma [4.6.1(d).) So we can
write BE; := {PSj1...,PS;j)7,} such that (J; )5, C PS; s for all s <|J;|. Each
path sequence in BE; is obtained from some (J; )Y, by adding edges of Hj; gir.
Since (Gjair, @,C;) is a (2K, m,4p,5/K)-cyclic system by Lemma [5.5.2{(ag), we
can apply Lemma [5.4.1] as follows:
| Gjai | Q| Cj | 2K | T} | 1751 | 40| 3p | 1260K | 5/K | 12

playsroleof | G [Q|C | k | M | ¢ |p|p]| e | ¢ |7
This gives us |J;| directed Hamilton cycles C7 ..., C;»‘ji‘ in Gj,air +BE; such that
each C , contains PS; s and is consistent with (J; s)%;,- Moreover, (ay) implies that
Clia— (i) - Cj 7, — (Jj,17, )i are edge-disjoint subgraphs of G air + Hjdir-
Repeat this process for all j < K/2.

Recall from Lemma ag) that J1,...,Jk/2 is a partition of J. Thus we
have obtained | 7| directed Hamilton cycles C1, ..., C| 7 on AUB such that each C{
is consistent with (J5)3%;, for some J, € J (and Js # Jy whenever s # s). Let Hy
be the undirected graph obtained from C! — J* + Js by ignoring all the orientations
of the edges. Since Ji,...,J)7| are edge-disjoint exceptional systems, Hi, ..., H 7
are edge-disjoint spanning subgraphs of GG. Finally, Proposition implies that
Hy,...,H) 7 are indeed as desired in Lemma (I
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