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ABSTRACT. In the representation theory of finite groups of Lie type G(gq) the
unipotent characters play a fundamental role. Their degrees, seen as polynomi-
als in ¢, are only dependent on the Weyl group of G(q). G. Lusztig (Astérisque
212 (1993) 191-203) has shown that one can define unipotent degrees for a
general finite Coxeter group. In this article we construct, for the two infinite
series of n-dimensional complex reflection groups that are generated by n re-
flections, a set of unipotent degrees, with the same combinatorial properties
as the unipotent character degrees of a finite Weyl group. In particular they
are related by a Fourier transform matrix to the fake degrees, and together
with the appropriate eigenvalues of Frobenius they provide a representation of
SL2(Z).

1. INTRODUCTION

In this article we introduce a new type of polynomial associated to the finite
n-dimensional imprimitive complex reflection groups W that are generated by n
reflections, the unipotent degrees. If W is the Weyl group of a finite group of Lie
type GG, these degrees match the degrees of the unipotent characters of G. Gen-
erally, the unipotent degrees satisfy many of the formal properties of the degrees
of the unipotent characters of the groups of Lie type. Their parametrization is
based on e-symbols, combinatorial objects that generalize the notions of partitions
and Lusztig’s symbols for classical groups. The results proved here always include
as a special case statements about the unipotent degrees of classical groups; even
in this case these results are partly new (such as Theorems 3.14, 4.21 and 6.10).
The language of e-symbols also allows us to establish a conjectural formula for
the relative degrees of the cyclotomic Hecke algebras introduced in [2, 4, 1] for the
complex reflection groups G(e,p,n).

We now describe the problem and results in detail. Let W be a finite complex
reflection group, and let K be a number field that is a splitting field for an n-
dimensional reflection representation of W. For each irreducible character y of W
we have the following fake degree:

W P(W) n x(w)
R(q) = ()" =g -1 3y =

This paper originally appeared as Unipotente Grade imprimitiver komplexer Spiegelungsgrup-
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where P(W) denotes the Poincaré polynomial of W, a polynomial in Klg]. In
the case of the symmetric group W = S,,, the fake degrees are the degrees of the
unipotent characters of the general linear group GL,(q). However, already for
W = Zy1 S, of type By, to go from the unipotent characters of the associated
groups of Lie type SO2,,+1(¢q) and Sp,,,(¢) to the fake degrees requires a non-trivial
Fourier transform matrix (see for example [10, Prop. 2.9(i)]). These Fourier trans-
form matrices, together with the diagonal matrix of the eigenvalues of Frobenius,
produce in the case of a Weyl group W a representation of the group PSLo(Z).

The results of this article can be summarized by the statement that, for each
series of imprimitive n-dimensional complex reflection groups W,, = Z.1.5,, n,e >
1, we have the following:

Theorem 1.1. For W,, = Z.1 S, there exists a set Uch(W,,) of polynomials
v € Q(¢Q)[q], ¢ = exp(2wi/e), with the following properties:

(a) The v all divide ¢ P(W,)(q — 1)*, where N* is the number of reflection
hyperplanes of W,, and P(W,,) denotes the Poincaré polynomial of W,.

(b) The set £Uch(W,,) is invariant under all field automorphisms of Q(().

(¢) (Ennola property) For each v(q) € Uch(W,,), we have that £v((q) lies in
Uch(W,,).

(d) (Harish-Chandra theories) The degree «y satisfies a ®-Harish-Chandra the-
ory, for every irreducible cyclotomic polynomial ® over K. The special-
1zation of the parameters occurring in the cyclotomic Hecke algebra are all
integral powers of q, multiplied by an eth root of unity.

(e) (Fourier transform) The degrees and the fake degrees each fall naturally
into families. Inside each family the vy and the R, are linked by a Fourier
transform; in particular, they span the same subspace of the space of poly-
nomials Q(()[q], and we have the relation

Y X

taken family-wise.

(f) (Eigenvalues of Frobenius) We can assign an eigenvalue of Frobenius Fr(v)
to each degree y. The eigenvalues of Frobenius Fr are also compatible with
all ®-Harish-Chandra theories.

(g) (SL2(Z) representation) Denoting by T' the Fourier transform matriz, and
U the product of T with the diagonal matriz of eigenvalues of Frobenius,
we have

T =U%=[T%U] =1,
i.e., T and U yield a representation of SLa(Z).

(h) In the special case of a real reflection group (i.e., for e = 1,2) the de-
grees Uch(W,,) agree with the degrees of the unipotent characters of the
associated groups of Lie type.

The degrees Uch(W),,) are introduced in Definition 3.8, and by Corollary 3.17,
they are given by polynomials. The statement (a) follows from the hook formula
3.12 and Proposition 2.24, part (c) is Corollary 3.11. Part (d) is made precise in
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Theorem 3.14. Part (e) is Theorem 4.17, (f) is given in Theorem 4.21 and (g) is
Corollary 4.15.

In the special case of a real reflection group (a) and (b) are trivial, and the
statements (c), (e) and (g) were proved by Lusztig, where here we have T2 = 1,
so that it induces a representation of PSLy(Z). The statements (d) and (f) were
previously known only for the usual Harish-Chandra theory, i.e., the case ® = ¢—1.
The statements proved here are consistent with the conjecture given in [4, d-HV6]
on derived equivalences for blocks of classical groups, and can be regarded as
further evidence for the correctness of this conjecture.

The Fourier transform matrices occurring in (e) contain as a special case the
Fourier matrices introduced by Lusztig for the elementary abelian group Z2™, and
it is apparent that they cannot be derived from a finite group in general.

We see also that the degrees Uch(W),) satisfy (in spirit) the postulates of Lusztig
on unipotent character degrees given in [13, 2.1-2.8]. The properties 2.4, 2.6 and
2.7 given there are special cases of Theorem 1.1(d).

We obtain a very similar result for the second infinite series G(e,e,n) of n-
dimensional reflection groups that are generated by n reflections. However, here
we also get twisted variants, which correspond to groups of Lie type 2D,, in the
case e = 2, so that the formulation of the results is more complicated. Overall we
still have analogues of all of the statements in Theorem 1.1, but with the exception
of the compatibility of the eigenvalues of Frobenius and Harish-Chandra theory.

As special cases we obtain statements about the unipotent character degrees of
D,, and 2D, as well as the finite Coxeter groups I2(p). This therefore provides
a parametrization of the unipotent characters of 2By, Go and 2Gs by symbols.
Moreover, our degrees specialize in the case of I3(p) to those unipotent degrees
described in [13], and our Fourier transform specializes to the exotic Fourier trans-
form introduced by Lusztig in [14]. As a corollary we have that Lusztig’s exotic
Fourier transform actually does transform the unipotent degrees to the fake de-
grees (Example 6.29).

This article is structured as follows: the next section introduces the group
W, and the associated reflection data (see [5]). We give a formula for the fake
degrees. Afterwards we recall the definition of the cyclotomic Hecke algebra for
Wy, to formulate a conjecture on the relative degrees. In the third section we
define e-symbols, hooks and cores; this then allows the introduction of unipotent
degrees. We prove the hook formula and in particular Theorem 3.14, which states
the validity of all ®-Harish-Chandra theories. Section 4 examines the Fourier
transform and the eigenvalues of Frobenius. This is done separately for each family
of unipotent degrees. In the fifth section we introduce the (twisted) reflection
data ¢ and strengthen the previously made conjecture on the relative degrees of
cyclotomic Hecke algebras.

Finally, the last section contains the definition and proof of the properties of
the unipotent degrees of I¢. The Ennola property is given in Corollary 6.7,
the Harish-Chandra theories will be shown in Theorem 6.10, the existence of
the Fourier transform by Theorem 6.26, and the representation of SLg(Z) will be
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verified in Corollary 6.25. Finally Alvis—Curtis duality can be formally generalized
to the unipotent degrees of ‘I¢.

I thank M. Broué for the suggestion that a theory of unipotent degrees should
also exist for non-real reflection groups, and K. Brodowsky and G. Hiss for helpful
discussions.

2. REFLECTION DATA OF TYPE B,(f)

In this section we introduce the reflection group W,, and its associated reflection
datum B (q). The fake degrees of Bﬁf)(q) can be described by a combinatorial
formula. This part is inspired by the presentation of Lusztig for the case e = 2 in
[10]. We then recall the definition of the generic cyclotomic Hecke algebra .7 of
W, and formulate a conjecture about the exact form of the relative degrees of 7.

2A. The reflection group G(e, 1,n). In this subsection let n and e be two fixed
positive integers, and let W, = Z. 1 .S,, be the wreath product of the cyclic group
Ze by the symmetric group S,. We denote by Z the kernel of the semidirect
product Z x S,. We identify W,, with the transitive subgroup of S,,, generated
by the n-cycle

si=1,n+1,2n+1,....(e—1)n+1)
and the involutions

so=(1,2)(n+1,n+2)...((e—1)n+1,(e—1)n+2),

sp=(n—1,n)...(en —1,en).

In this representation one clearly sees that the conjugacy classes of W, are parametrized
by e-tuples of partitions & = (v, . .., e—1) With o; F n; and > n; = n. The gen-

erators si, ..., S, satisfy the relations implied by the diagram
(2.1) O—=—0O——"~0O - O—=CO
and these yield a presentation of W,, on the n generators si,..., s, (see [4, 3A]).

One obtains a faithful irreducible matrix representation of W, over K := Q((),
¢ := exp(27i/e), by mapping s; to the diagonal matrix diag({,1,...,1), and s,
i = 2,...,n, to the permutation matrix which swaps the (i — 1)th and ith basis
vectors, for V := K". In particular this shows that W, is an irreducible complex
reflection group, since all generators in this representation have n — 1 eigenvalues
equal to 1. In the notation of Shephard and Todd [16] this is G(e, 1,n).

The linear characters of W,, are given by {7;,ev: | 0 <i < e — 1} with

Y Wp — K, 81+—>Ci,sk+—>1f0rk7$1,
e: W, = K, s1—= 1, s — —1for k # 1.

We have that ey, = dety is the determinant of the reflection representation of W,.
In general the irreducible complex characters y of W,, are parametrized by e-tuples
of partitions & = (ag,...,ae—1), with a; = (a1 < a2 < -+ < Q4,;) F n; and
Zf;& n; = n. Let n; > 0 be given such that Y  n; =n, and let Wy, x --- x Wy, |

(2.2)
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be the Levi subgroup of W, corresponding to the Young subgroup Sy, X - xSy, _,
of S, in the wreath product Z.!S,. An irreducible character y; of S,, can be
considered as a character of W), by virtue of the projection W,,, — S,,,. For any
e-tuple (xo, .., Xe—1) of irreducible characters of S,,,...,S,,_, the induction of
Xo#(x1 @ Y1)# - #(Xe—1 ® Ye—1) to W, is an irreducible character. This will
be denoted by x, if the irreducible character y; of S, is parametrized by the
partition a; F n;:

(23)  Xa=Indy! . ar, | 0#O0 @7)# - #(Xem1 @ e-1)).

2B. The associated reflection datum. A reflection datum is a finite-dimensional
complex vector space V', together with a coset W ¢ of a complex reflection group W
on V in the automorphism group of (V, W) (see [5]). Let G := BY (q) == (V,Wp,)
be the reflection datum associated to W,, with the trivial automorphism. Any w €
W, can be written uniquely as w = zy with z € Z and y € S,,. If y is an n-cycle,
in the above reflection representation we obviously get w™ = (zy)" = dety(z) - 1y,
and hence dety (¢ — zy) = ¢" — dety(z). Therefore, by induction we can calcu-

late the characteristic polynomial of any w € W, of type a = (g, ..., Qe—1),
Q; = (Oéil, (e 70T ,Oéimi), to be

e—1 m;
(2.4) dety (¢ —w) = T[] D_(a"* = ¢).

i=0 k=1

Let ® be a cyclotomic polynomial over K and £ a zero of ® in a suitable
extension field of K, therefore a primitive dth root of unity for the appropriate d.
We set ¢ := ged(e,d), d' :=d/c and &, := £%. Then there is a Sylow ®-torus S of
G (see [5]) of order (¢ — &)l"/¢]. The centralizer of S in G is a reflection datum of

type T x H, where T is a torus of order (¢¢ — &.)"/%) and H has type Br(ne) with
m =n— |n/d|. The ®-split Levi subgroups thus have the structure

(2.5) L = GLy, (& '¢%) x -+ x GLy, (£.7¢%) x B (q),

with Weyl group Wi, = Sy, x -+ x Sy, x Wi, where Y ;| d'n; = n—m. It follows
that the relative Weyl group Wg(LL) = A4 (W) /WL of such a Levi subgroup is
of the form

(2.6) We(L) = Zeqr U Sy X =+ X Zeqr USh,,
with k; := |{j | n; = i}|.

2C. Fake degrees and generic degrees. For a finite subset S of N we define

A<57Q) = H (q)\_q)\/)a
AN ES
2.7) X<

A
o(S,q) =[] [[«" -1

AES h=1
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For an irreducible character y of W,, set

(2.8) ox(q) == (=1)"(x, trsv)e = (=1)" . > xw)

|Wn| wEW,, @V(l — QUJ) ’
so that therefore
(2.9) Ry = (—1)"(x, trra)e = |BY g6y = [ [ (¢ — 1)dy
i=1

denotes the fake degree of x in ¢ (see [5]). We assign to each partition o = (a1 <
ag < -+ < ag) the sequence of S-numbers (\; := a; +1i — 1).

Proposition 2.10. Let x = xq € Irr(W,,) be parametrized by the tuple of parti-
tions ov = (g, ..., Qe—1), @ = (Q41,...,0m,;) F ni, and S; = (Ni1, ..., Aim;) be
the corresponding sequences of B-numbers. Then we have
e—1 im
A(Si,q%) - "™
(2.11) 5X(Q) = H Z(mfl)_’_ (m172>+m'
i—0 ©(5i,q°) - g7\ 2 )T 2

Proof. Let L; = (V;, W,,,) be the reflection datum of the reflection subgroup W,
of WponV; < V,and let L = (V,W,, x---xW,__,) be that of the direct product
Who X -+- x Wy, . By [5] we have

Oy (q) = (=1)"(x, trsv)e = (—1)"(1, trsv)c - (X, trre)G
= 2V O|GI  (xo# (1 @ 1) # - #(Xe—1 @ Ye—1), ResCtrae)L

e—1
= VO T ® i trae)L,

i=0
e—1

= H(—l)ni<Xi ® Vi, trsv )L,
i=0

so that we have reduced the statement to the case where n; = n for some 0 < i <

e —1 and n; = 0 for j # i. Because of the known formula for d,(q) for S, i.e.,

for e =1 (see for example [10, (2.2.1)]), the assertion for n; = n is equivalent to
in

Ly e g
en = det(1 — qwu)  det(1 — gew)

for all w € S,,.

By induction it is sufficient to prove this for the case where w is an n-cycle. For
such a case, we have

det(1 — quu) =1 — 1 (u)g"”
by (2.4), and therefore

1 vi(wu) _LZ vilw " .

en = det(1 — quu) €e"

L= vea(u)g® 1—q
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Now let . = (Sp,...,S.—1) be a sequence of finite subsets of N with |Sp| =
m+1, |S1| = =|Se—1] = m. We set

e—1 i
(2.12) H o A(Si, %) [Tizo IThes; 4

SZ’ q q e(m;1)+1)+(e(m;2)+l)+.” .

If av is an e-tuple of partltlons of n, then by adding zeroes to the a;, we can always
produce an e-tuple such that oy has exactly one more part than ai,..., a1
(which all have the same number of parts), and that not every a; has a zero as a
part. If we associate an irreducible character yqo of W), with such a standardized
a, to the sequence

(2.13) S = ((Aots -5 Aom1), (Ats 5 Atm)s ooy (Aem1,15 -5 Ae—1,m))

of B-numbers, our definitions obviously yield

(2.14) Oy (4) = 0.7(q).
We denote by a(x.) the multiplicity of the root 0 of d.(q) at ¢ = 0, and by
A(x.») the degree in ¢ of Ry (q) := (¢ — 1)"P(Wy,)d.»(q). From (2.12) we see

e—1 e—1 m—1
i)=Y 3 N+ iy Ay (’f;1>

i=0 AN €ES; i=0 \eS; k=1
N <A
m
ek +1
ey dr)=eX Yoy as S (F)
=0 A\ N €S; =0 MX€ES; k=1
N <A
e—1
A+1 n+1
XY (M5,
i=0 \eS;

In addition, we note the relationship

e—1
IPIEES MR ("5 ") +e-n(3)
(2.16) i=0 AES;
m(em — e + 2)

2
between the invariants of . = (S, ..., Se.—1) and & = (ap, ..., We—1).

:n—|—

Example 2.17. The character x of the reflection representation of W,, on V' corre-
sponds via (2.3) for e > 2 to the tuple of partitions a = ((n — 1),(1),—,...,—),
with associated . = ((0,n), (1), (0),...,(0)). By (2.12) x therefore has fake de-

gree
Ro(q)=L4 — 2
70 ==
and a(x) =1, A(x) = en —e + 1.

We now recall the definition of the cyclotomic Hecke algebra of the complex
reflection group W,, using the diagram BY in (2.1) ([4, 4.1], see also [2]).
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Definition 2.18. Let u = (ug,...,u.—1) be algebraically independent over Q.
We define the cyclotomic Hecke algebra 52 (W,,,u) = (B BY, u) over Z[u,u™!
()

corresponding to the diagram By~ as follows:

o #(Wy,u) is generated as a Z[u, u™!]-algebra by the elements {T} | 1 <
i < n}.
e The T; satisfy the braid relations implied by Bfle), as well as
(T1 — UO)(Tl — ul) v (T1 — ue_l) = 0,
(T; —up)(T; +1) =0 for2<i<n.
Note that we have used a different normalization of each of the first eigenvalues
of the T; than in [4], which appears to be more suitable for our present purposes.

Finally we define for an e-tuple . = (Sp, ..., Se—1), constructed from « as per
(2.13), and for indeterminates ¢, vo, . .., ve—1, the rational function

Dy(q;’l)(], o 7”6—1) =

e—le—1 e—1
(DEE DG [T [T @ =g T]or
1=0 =t (A\,u)€S; xS =0
p<A if i=j
(2.19) _ ( 2)+1 —
o5 e T T 11T 6o
1,7=0 \€S; k=1 =0 j=i+1

The definition of D & is invariant under simultaneous shifting of the .S;, so that D o
therefore only depends on the tuple of partitions giving rise of .. Furthermore,
Dy (g;vo, - - ., ve-1) = Dy (g; 200, - . ., TVe—1)
for all invertible . The D & should be the relative degrees of the cyclotomic Hecke

algebra J¢ (B,(f); u) with respect to a suitable quasi-symmetric basis (see [4, 1C]).
To formulate this we define the specialization

[ A Wyu) = KWy, ug e fug) =,
extending linearly.
Conjecture 2.20. 7 (Wy;u) has a basis {T, | w € W,} with the following
properties:
(1) The linear map defined by f(T,) — w is an algebra isomorphism
F(H(Wysa) = Z[C W
(2) The relative degree of the character xqo of the generic cyclotomic Hecke
algebra (W (uo,ut, ..., Ue—1)), with respect to the linear form defined
by
ty: H(Wyiu) = Zu, u_l], tu(Tw) = Ou.1,
is Dy (ug; 1, ug, ... ,ue — 1), where ¥ = (Sp,...,Se—1) denotes a sequence
of B-numbers associated to a as per (2.13).
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For e = 1 the conjectured formula is

@-1" I @ —a"
A HES
p<A

—
D6 -

AeS k=1

Ds(q) =

and this is indeed the generic degree of 7 (A, _1;q) with respect to the standard
basis {T, | w € Sp} (see for example [6, 13.5] and note that here |S| = m+1, and
the definition of the generic degree in [6] is obtained from ours by multiplication
by the Poincaré polynomial of G). For e = 2 we get that Dg, g, (q; 1, —r1), after
manipulation, is equal to

(M) E€Sox 51

(L4 ) T H ¢~ r+1) [T T[] — D@t +1)

AES) k=1 peSt k=1

and the conjecture follows from 4.6 (using 3.2.2) in [10]. Furthermore, Conjecture
2.20 holds for n =1 [4, 2.4] and in the cases (n,e) = (2,3), (2,4), (3,3).

2D. Generic degrees for Bﬁf)(q). The Hecke algebra of the reflection datum G
is obtained from 7 (W,,, u) by the specialization

ug — q, ui Cforl<i<e—1
(see also [5]). We write D (q) :== Do(q;1,(,...,¢¢ 1), for short, for the (conjec-
tural) generic degree

e—le—1

G- T[T I @¢ - e¢)
1=0 =t (A\,u)€S; xS
p<A if i=j

e(m—1) e(m—2)
T(e)™ - q( 2 () H O(5;,4°)

(2.21) Dy(q) =

of the specialized algebra 7 (W, q) :== (W, (¢,¢,...,(¢" 1)), where for brevity
we set

e—1 e—1 (671)

) y € .

(2.22) )= [] € -¢)=¢>2"Ve', Q=i

i=0 j=i+1
For a sequence . = (S0, ..., Se—1) of f-numbers let a(.) be the multiplicity of
the zero of Dy (q) at ¢ = 0. If Conjecture 2.20(2) is correct, then a(.) agrees
with the a-function of the irreducible characters xo, which is parametrized by the
tuple of partitions associated to .. Furthermore, if A(.) denotes the degree in
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q of P(W,)D_#(q), then the validity of Conjecture 2.20(2) implies that this is the
A-value of yq. Obviously we have

m—1

)= S it - - (F51)
(2.23) o o ek +1 A+1 n+1
A(&’)z{%}max(%u)—é( 9 >—e>§< 5 >+€< 9 >,

where the first sums run over all unordered pairs of entries from .. In particular,
given two f(-sets . and .’, whose sets of entries coincide with multiplicities,
then both the a and A-values agree. (Such [-sets will be defined to lie in the same
family in Section 4C.)

By (2.3) the two characters of W), parametrized by . = (So, S1, ..., Se—1) and

;52 = (So, Sefl, PN ,Sl)

are complex conjugates of one another, X = x . The following observation
generalizes a result which for Coxeter groups is well known (see [6, 11.3], [11,
2.9]).

Proposition 2.24. (a) We havea(x.») > a(.?) for all x.» € Irr(Wy,). Equal-
ity occurs exactly for & of the form

)\el o )\em )\e,m-‘rl
A1 Aim
7=
)\671,1 T Aefl,m
with
(2.25) )\ij < A fO?"j<l orj=1,1>k.

Such an 7 is then called special.
(b) We have A(x.») < A(S) for all x.» € Irr(W,,). We have equality precisely
if 7 is special, and such an . is called cospecial.
(¢) For all x.o € Irr(W,,), we have
a(xs) + Alxs) +alx7) + Alxz) = alS) + A(S) +alS) + A(S).

(d) We have a(.#) < N* and A(¥) < N. Equality occurs exactly for % that
are equivalent to the sequence of B-numbers

ooon—1 ) ]
50:(0717"'>n)7 Sl: (07 " ) Z#J
(17-"7n) =7

for somel <j<e—1.
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Proof. By (2.15) and (2.23) we have

i(xy)—a(F)=ed Y N+D i A=> D min()p)

=1 AN ES; i=1 AeS; 1<) AES;, peS;
N<A p< if i=j
e m
=Y Y (etm=i)+iAy—>_ > min(Ap).
i=1 j=1 i<j AES;, u€S;
p< if =5

If . has the form specified in (a), the difference above obviously vanishes. An

. not of this form is obtained from a special one by finitely many swaps of two

entries, so that the greater of the two entries is moved to the position that is lower

according to (2.25). The first sum in the above expression becomes strictly larger,

while the second remains constant. The second part follows in an analogous way.
For part (c) we have by (2.23)

a(y)+A(y):emZA—2§<ek;1> ey (A"z”> +e<";1>.

A e
On the other hand, from (2.15) we get

e—1
a(xs) +Alxs) = Z(em+e(5i,g — e+ 29) Z A
1=0 AES;
m—1
ek +1 A+1 n+1
SRR
k=1 NS

The claim follows by substituting the definition of ..
For the final part, we start from the tuple (So, ..., Sc—1) with

So=(0,1,...,n), S;i=(0,...,n—1) for i >0,

associated to the trivial partition @@ = (—,...,—). We reach all parameters for
Irr(W,,) by raising n times, one after another, an entry of .. If the entry to be
changed is ith in order of size (in its set), then the a-value is raised by en + 1 —i.
It is clear that a maximal a-value is reached, when one has raised the smallest
possible entry. This leads exactly to the specified form of .#, and to the a-value
n+ e(g). It is easy to see that this is equal to the number of cyclic subgroups of
W, that are generated by reflections, hence equal to the number N* of reflection
hyperplanes. U

3. UNIPOTENT DEGREES

The description of the unipotent degrees is based on e-symbols, a generaliza-
tion of the usual symbols for classical groups of Lie type. We define the notions of
symbols, the ¢(7-hooks and -cores. The degrees Uch(B,(f)) are defined via a combi-
natorial formula based on symbols of content 1. We show that the degrees satisfy
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the hook formula and the theorem on degrees for cyclotomic Hecke algebras, and
hence the generalized Harish-Chandra theories.

3A. e-symbols, (’-hooks and (I, (/)-cores. An e-symbol is an ordered sequence

& = (S0,...,Sc—1) of e strictly increasing finite sequences of natural numbers
Si = (Ni1, - - -, Aim;) which is also presented in the form
Aot e Aomo
TS A\
(3.1) =1 " ™
Aefl,l Tt )\efl,me_1
In this form we also call the S; the rows of the e-symbol. We write |.S;| := m; for

the row lengths. If the parameter e is obvious from the context we speak simply
of symbols. We define equivalence classes of symbols via the symmetric, transitive
closure of the following two operations: cyclic permutation of the .S; in ., and
simultaneous shifting of all S; by (Ai1,..., Aim,;) = (0, A1 +1,..., Aijm, +1).

The content of a symbol . as in (3.1) is c¢t(.#) = mo+mq1 + -+ + me—1. The
content is not constant on equivalence classes, but the congruence class ct(.#’) mod
e is. The rank of .7 is

(3.2) k() := Z Aij — {

(ct(S) = 1)(ct(S) —e+ 1)J .
2e

One readily convinces oneself that the rank is an invariant of the equivalence class.
Because of (2.16), in the case where .¥ is associated to an e-tuple a of partitions
of n, we have rk(.7) = n.

Let ¢ := exp(2mi/e) be a primitive eth root of unity. A (’-hook of an e-symbol
< is a triple (i, A\, ) with A € S;, pn ¢ Siyj, A > p (where the indices of the S
are taken modulo e). The difference A\ — y is called the length of the ¢/-hook. If
(i, A\, i) is a ¢J-hook of .7, we call

I = (So,...,SZ-\{)\},...,,Siﬂ-U{u},...,Se_l)

the symbol obtained by the removal of (i, A, i1). Obviously the removal of (*-hooks
also induces a well-defined map on equivalence classes of symbols. The rank of a
symbol decreases upon removal of a hook by exactly the length of it.

The ¢°-core of . is the (uniquely determined) symbol that is obtained from
% by removing all possible ¢°-hooks, and therefore is

0 -+ mo—1

0 -+ m—1
(3.3)

0 -+ Mmeq1—1

In general, we call an e-symbol . an (1,¢7)-core if there are no (7-hooks of length
[ for .. By successive removal of ¢/-hooks of length [ from a given symbol, one
obviously reaches an (I, (?)-core.

Proposition 3.4. The (I,(7)-core of a symbol .7 is uniquely determined.
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Proof. Let . = (So,.-,Se-1), Si = (M1, - - - Aim;) be an e-symbol and let (I,¢?)
be given. We associate to .¥ a sequence of e abacus diagrams, each with [ runners.
For every abacus, let the positions of the Oth runner be 0, [, 21,..., for the first
runner be 1, /41, 2[+1,..., and so on to the (I—1)th runner, with [—1, 2l —1,.. ..

A (J-hook of .7 of length I now connects two positions that differ by a knight-
move path across j rows and reducing the entry by [. To linearize this, we assign
to an entry A € S; of . a bead in position [A/l] of the (A mod /)th runner of
the (i + j|\/l])th abacus. Now, the removal of a ¢(/-hook of length [ clearly
corresponds to the moving of a bead by exactly one position on a runner. The
kernel is therefore obtained when all beads of all abacuses have been moved to the
smallest possible positions, and is in particular uniquely determined. O

Let . be a symbol and let .#” be the corresponding (I, ¢’)-core. Then we write
w(S,1,¢7) = (k(S) — k()1

the (I,¢7)-weight of .. The weight therefore indicates how many (I, (?)-hooks
one has to remove from .# to obtain the (I, (7)-core .. The construction in the
proof above gives us, for .7 and (I,¢’), an el-tuple of partitions of w(.#,1,¢’), the
(1,¢7)-quotient of .7.

Let a = (ay,..., 1) be, as in Section 2C, an e-tuple of partitions «; F n;
with Y n; = n, without loss of generality with «( having one part more than
each of the a; for 1 <i < e — 1. With the associated f-numbers S; = (a1, a2 +
1,..., Qim, +m;—1), we assign to a the symbol . = (Sp,...,Se—1). By (3.2), we
have rk(.#) = n. In fact this assignment gives a bijection between the irreducible
characters of W,, and the equivalence classes of symbols of rank n, with mg =
mi+1=mo+1=--+ = me1 + 1. This is a special case of the following
observation.

Let .’ be an (I,(?)-core. To any el-tuple of partitions of w one can assign
in a unique way an e-tuple of [-abacus diagrams, and if one interprets this as
the (I,¢7)-quotient, a symbol . with 1k(.¥) = 1k(.#’) + lw. Thus we have the
following.

Corollary 3.5. The equivalence classes of symbols of rank n and content con-
gruent to 1 modulo e with a given (1,¢7)-core " (and thus of (I,¢?)-weight w =
(n —rk(.7"))/1) are in bijection with the el-tuples of partitions of w.

3B. Unipotent degrees of B,(Le). The unipotent degrees are parametrized by
classes of symbols .7 of content ct(.#) = 1 mod e.

Definition 3.6. For a symbol . of content ct(#) = 1 mod e let

e—1
def() :== (e = 1)(0‘;(5”) - _ ZZ\SJ mod e.
i=0

Such a symbol is called reduced if def(.%”) = 0, and not every \;; is equal to 0.

Obviously in each equivalence class of symbols of content ct(.) = 1 mod e
there lies exactly one reduced symbol, since def(.#) changes by 1 under cyclic
permutation of the rows.
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Ezample 3.7. For e = 2 the reduced symbols of content 2m + 1 = 1 mod 2 are
exactly the same as Lusztig’s reduced symbols of odd defect, for which the number
of entries in the second row is congruent to m modulo 2 (i.e., one obtains from
each class of symbols exactly one representative). The ¢°-hooks are the standard
hooks, and the ('-hooks are the so-called cohooks.

We extend naturally to every . = (Sp, ..., Se—1) the definition given in (2.19)
for the rational function D & in the indeterminates ¢, vy, ..., v._1 assigned to ..
This is invariant under shifting of the symbols, but not under cyclic permutation
of the rows. If one specializes v; to (%, we see from (2.21) that D (q) is also now,
up to sign, invariant with respect to cyclic permutation of the rows of .#.

Definition 3.8. For an e-symbol .7 of rank n and content ct(.¥) = me+1 define
the degree by

n e—le—1
JEOM@ =0T [T @ -a0)
i=1 =0 j=i (A\,u)eS;xS;
< if i= j

(3.9) V7 (q) ==
ey - g TR+ H@ S, ¢°%)

The multiset
Uch(B®)) := {v | 7 is a reduced e-symbol, rk(.%) = n, ct() = 1 mod €}

is called the set of unipotent degrees of Bq(f).

Ezample 3.10. For the symbol .7 = ((0,n), (1), (0),...,(0)) for the reflection char-
acter of W, we get

Clg(@ ' =™ -1
= T T e o

(Compare with Example 2.17.)

We immediately see the following (compare with [10, 3.7 and 8.11(2)] for e = 2).

Corollary 3.11. For any v(q) € Uch(B,(f)), we also have that £v((q) lies in
Uch(BYY).

Proof. The symbol ./ parametrizing 7' := +v({q) has an entry A € S;; for each
entry A € S; of . One obtains a reduced symbol by cycling the rows. O

We let a(vs) = a(-) be the multiplicity of the zero of v.»(q) at ¢ = 0. The
concept of ¢/-hooks of symbols introduced above allows us to transform (3.9)
(compare with [15, Prop. 5] for the case e = 2).
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Proposition 3.12 (Hook formula). We have

n

by (¢ = 1)

=1

[T -¢)

j7l

v7(q) =

where the product in the denominator runs over all (*-hooks of .7 of length | and

e—1
(~1)EE) T (—1)kegirerto
by: e—1 e—1 =
H H (Cl _ Cj)m—|S¢ﬂSj‘
i=0 j=i+1

18 a constant, with
Ki = H(Ja)\au) | )\GSi, /LGSJ’, ,LL<)\, jZZ}’,
Li={{G,\ ) | A€Si, pe S, p<A j<ifl,

3C. Harish-Chandra theories. Let ® be a cyclotomic polynomial over K with
® (&) = 0 for a primitive dth root of unity £. A unipotent degree v € UCh(B,(f))
is called ®-cuspidal if the full ®-part of \Bff)(q)| divides v.#(q). By the hook
formula 3.12 this is equivalent to the statement that the symbol . possesses no
(d', €.)-hooks for ¢ = ged(e,d), d = d/c and &, = €%, This definition does not
depend on the choice of zero £ of ®. We write for short Uchg(G) for the subset of
the ®-cuspidal unipotent degrees of G. A pair (L, A), consisting of a ®-split Levi
subgroup L of G and a ®-cuspidal degree XA € Uchg (L) is called a ®-cuspidal pair
of G.

According to the definition of twisted reflection data, the ®-cuspidal character
degrees of GL,, (&, 1qu) are in canonical bijection with the 1-cuspidal character
degrees of GLy,(q), hence GL,,(£:'¢%) only possesses a ®-cuspidal degree for
m = 1. By the description of the ®-split Levi subgroups of G in (2.5) the ®-
cuspidal pairs of G have the form (L, A), with

L = GLy (& 1¢%) x -+ x GL1(& 1¢?) x BY(q),

(3.13) , , ()
A=1®--- 1A where A" € Uchg(By,).

Let .#’ be the reduced symbol of rank m that parametrizes the ®-cuspidal degree
X. By the above, .’ is then a (d’,&.)-core, and the symbols .7 of rank n with
(d',&)-core " have (d',&.)-weight w := (n —m)/d'. The corresponding relative
Weyl group, according to (2.6) therefore has the structure

We(L, A) = Zea 2 Sw,

if we assume a trivial action of Wg(L) on Uch(L). In Corollary 3.5 we saw that
the unipotent degrees v € Uch(G), for which . has (d',&.)-core ./, are in
bijection with the irreducible characters of Wg(IL, A), via the construction of the
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(d',&.)-quotient. This bijection is compatible with the corresponding unipotent
degrees:

Theorem 3.14. Let vy € Uch(Bff)) be parametrized by the symbol .. Let & be
a primitive dth root of unity with minimal polynomial ® over K, ¢ := ged(e,d),
d' = d/c, and € defined by £ = (¢ =: &. Let ' be the (d',&)-core and
2 = (Qo,---,Qear—1) be an ed'-symbol of the (d',&.)-quotient of . Then we

have
) = 215
IL(q)lg

where G = BYY), v, € Uche(L),
v 1= qgfk"d/C”e/ki, 0<i<ed —1, wherei:= |i/e],
and k; := max{|Q;| — do; | 0 <l <ed — 1} — |Qi| + do,i-

Proof. If . coincides with .’ then the result is trivial. It remains therefore to
show that

267 9% 00, -+, Vear—1)1.9(9),

G \gvs(q) | Dol€ 7 q% 500, ., Vear—1)
Glyvz(a) D& g% v0, - - -y vear—1)
where Z is obtained from . by removing a (d’,{.)-hook, G’ denotes the corre-
sponding Levi subgroup, and & is the (d’,&.)-quotient of Z.

In the proof of Proposition 3.4 we associated to . an e-tuple of abacuses,
each with d’ runners. Corresponding to an entry A € S; of .¥ is a bead on the
(A mod d’)th runner of the (i + €| \/d'|)th abacus in position |A/d’'|. Conversely,
a bead on the sth runner of the ¢th abacus in position wu is therefore associated to
an entry d'u+s € S;_,. Now let .7 be the ed’-symbol, whose ith row arises from
the positions of the beads on the |i/e|th runner of the (i mod e)th abacus. (The
ed’-tuple of partitions of w = w(¥,d',&.) associated to 7 is therefore just the
(d', &:)-quotient of ..) We now assume that # is obtained from . by removing
the (d', &.)-hook (f, pu, u—d') from position p € Sy. Furthermore, let the image of
p € Sy of 7 under the above construction be denoted by v € Tj. Then we have

e—1
II I @¢—q¢¢h)

(3.15)

=0 AES;
A if i=f
ed —1 B ~
S H H (qd nJrzszen - qd I/+j<]*6 1/)
1=0 KET;
k#v if i=j
ed —1 ~ ~
=+ [T 1I ((églqd )q'¢ = (6" )”qjCJ),
=0 rET;
Kk#v if i=j

where we set i := |i/e]. The symbol .7 is now not in the form in which the first
row has exactly one more entry than all the others. We achieve this by shifting the
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ith row of 7 by k; := max;{|T;|—0do,}—|Ti|+00,;. Denote by 7" = (T, ..., T"y_1)
the symbol obtained by these shifts. Setting

pi=&"a"  w=gd RN (0<i<ed 1),

the above expression then becomes

ed —1
KET;
n;éu if i=j

Next, we get the factor contributed by the quotients of ©-functions to be

7 a1 ]
H (qei . 1) _ H (qe(d/u+j—i) . 1)
i=p—d' 41 i=0
ed —1 o
_ H (qd’u—i-j—icj—e’u—i N 1)
=0
ed —1

— Hp v p vj pkivi).

The left side of the quotient (3.15) to be examined, divided by (¢% —¢&,), therefore
becomes

ed —1 —I—k ed —1 &,

S Il
rk+k; _ I/-‘rk"—l VIU‘— ki’U'
zOﬁETp Vi —Pp Jz‘:op7 P
ed —1 ed' —1 ks
=+ [] H'M L H—p P ]
B ;— pV (vi — p”'v;) (p”'vj — priv;)
i=0 ,{eT' i= i=0 J
ed —1 ed —1
_ 1 ptu; —p¥ U] (%
== [ 1 o= 1 =i
i=0 eT' iiso ViT P

where by []' we mean the product over all x € T; with x # v for i = j, and the
product over all k € T} with x # v/ for i = j respectively. This is, by (2.19), equal
to the quotient of the right side of (3.15) for the symbol 2 := 7', when divided

y (% — &) O

The above result was already known in special cases: for e € {1,2}, d =1, it
is the classical Harish-Chandra theory for the groups of Lie type A,_1 and B,
(see for example [10, 3.2.1] for e = 2, d = 1). The case e € {1,2}, d arbitrary,
w(,d &) = 1, was handled in [4, Bem. 2.10, 2.14, 2.19]. The important con-
sequence of Theorem 3.14 in relation to the conjectures proposed in [4] resulting
from the case e € {1,2}, d arbitrary, is as follows:
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Corollary 3.16. Let G be a generic group of Lie type, of type A,, ?A,, By or
Cpn. Then the ®4-blocks of G, assuming Conjecture 2.20(2), satisfy Conjecture
(d-HV6) in [4].

Conversely, with the help of Theorem 3.14, the truth of (d-HV6) for the groups
GL,,(¢q) would establish Conjecture 2.20(2) on the relative degrees of the Hecke

algebra 7 (Bﬁf); u), since all these algebras would occur in each case as the en-
domorphism algebras of Deligne-Lusztig induced characters for infinitely many
®-blocks of groups GL,,(g). The required degrees have to also satisfy the degree
formula in the theorem, with the same parameters (since these are already deter-
mined by the case of weight 1, for which the relative degrees are known from [4,
Bem. 2.4]). By interpolating, this would give the desired formula. (Compare [10,
9.6] for an analogous argument.)
Furthermore, Theorem 3.14 gives the next conclusion.

Corollary 3.17. The degrees vy € Uch(B,(f)) are polynomials.

Proof. As is easily verified using the (%-core, in every equivalence class of symbols
there is one, all of whose entries are either less than or equal to its rank. Therefore
the possible zeroes of the denominator of vy € Uch(Bff)), according to the hook
formula 3.12, come either at ¢ = 0, or a primitive dth root of unity £ with d | ei
for some 1 < i < n. In order to show that v+ (¢) has no pole at ¢ = £, we apply
Theorem 3.14. Let ./ be the (d',&.)-core of .7, ¢ := ged(d,e), d = d/c, L the
associated Levi subgroup and ® the minimal polynomial of £ over K.

Because L is a ®-split Levi subgroup, the quotient |G|/|L| by definition has no
(¢ —&)-factor. Furthermore, by the definition of ®-cuspidal degrees, 7o/ (gq) has no
pole at ¢ = £. Lastly, we see that, on the basis of the form of the parameters, also
the generic degree D g of the relative Weyl group has neither a pole nor a zero at
q% — &.. So therefore v.4(q) is an integer at ¢ = &.

The integrality at ¢ = 0 follows, firstly since . has the same a-value as the
special symbol with the same entries. For special symbols, the a-value and a-
value coincide by Proposition 2.24, which is non-negative, since the fake degrees
are polynomials. O

The definition of relative degrees (2.19) shows that the inverse of D (q; V) lies

in K[q,q~!,v,v™!]. This allows a simple structural proof of the result of Boyce

[3] for e = 2 for ®-split Levi subgroups.
Corollary 3.18. Under the hypotheses of Theorem 3.14 we have

o a)gl deg (RE10) in Kl where des (RE (1)) o= 17 (0

4. FOURIER TRANSFORM

In this section we establish a link between the unipotent degrees and the fake
degrees for Bﬁf): both span the same subspace of the vector space of polynomials

in g over K, and the change of basis matrix, called the Fourier transform matrix by
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Lusztig in the case e = 2, can be explicitly described. To every unipotent degree
we assign an eth root of unity, the eigenvalue of Frobenius. The eigenvalues
of Frobenius are compatible with all ®-Harish-Chandra theories. The diagonal
matrix of the eigenvalues of Frobenius and the Fourier transform matrix give a
matrix representation of SLa(Z).

4A. Fourier transform matrices. Let Y be an (em+1)-element totally ordered
set, with m > 0. Let ¥ = ¥(Y") be the set of functions

(4.1) Y:Y —-{0,...,e—1} with Z¢(y) Em<;> mod e,
yey

and W, the subset of those ¢ € ¥ with [¢p71(i)] = m + &p,;. Let ~ denote the
natural involution

A=A ¥ — 1 where ¥(y) := e — 9(y) mod e,
on V. Furthermore, set (, ) to be the symmetric pairing on ¥, given by
(6, 9) == e(d)e(y) [] ¢?WPW,
yey

where ¢ := exp(27i/e) and

e(y) = (=1)°"¥), with

c() =Hy,y) €Y xY |y <y, v(y) <y}
Lemma 4.2. The symmetric pairing (, ) : ¥ x W — C satisfies:

(1) (¢,9) = e()e(¥) (9, ¥), )
(2) 2Zvew(dv) (v, ¥) = 6, pe()e(¥)[¥].

Proof. The first part follows directly from the definition. For the second part, we
have to compute

S (6, ) (1, 8) = e(d)e(w) 3 [ W@,

vev vev yeY

If we have ¢(y) +¢(y) = 0 mod e for all y € Y, so that ¢ = ¢, then we get +|U|
as the result. Now let y € Y be such that ¢(y) + ¥(y) Z 0 mod e. For a fixed
v € U let v; be the function v;(z) := v(2) — i + 0, - i. The v; again lie in ¥, and
are all distinct for 0 < 7 < e — 1. The part of the above sum taken over the v;,
vanishes, as a sum over all powers of a non-trivial root of unity is zero. Hence the
whole sum vanishes, and we get the result. ([

We introduce an operator T : H — H on the space of functions H := R¥ from
U to a C-algebra R, given by

_1\ym(e—1)
T(H6) = " S 60w,

m
7(e) e
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and call T'(f) the Fourier transform of f (compare with [10, 1.1]). By Lemma 4.2
and (2.22), we have

T2(f) (%) = (~1)"(2e(@)e(@) (),

and the four-fold Fourier transform is just the original function. Based on Lemma
4.2, one easily proves the identity

(4.3) > T(f => f@
pevr Pew

In addition, let g be a fixed function from Y to a C-algebra, and v and 0 be
defined by

e—le—1

4 W)= 1111 H (9(:&/)4”(” - g(:t/)C"“”) ,

i=0 j=i y,y":¢(y)=1,¥(y")=j

y>y’ lf i=j
H H II (9@ —g()) ifye W,
(4.5) O(Y) := ¢ i=0 y:y(y)=i Yy Y(y)=i
y>y’
0 otherwise.

Proposition 4.6. The function ¢ — (—1)(3)(7;)8(1/)) is the Fourier transform of
= ().

Proof. We first interpret the quantity €(1)v()) as a Vandermonde determinant,
and obtain via Laplace’s formula

W) = 2w 11 ()~ gt)c™)
yy'ey
y>y’
o(v)
=T<el)m > @ T (swic@)™,
0ESem+1 yey

where here we have identified the symmetric group Sey,+1 with the bijections from
Y to {0,...,em}, and the sign (o) is defined by

e(0) = (=17, where c(o):=[{(y,y) €Y xY |y>y, 0(y) <o(y)}|
With this, we get

T)(6) = Z(H< oty ) > o) [T (swcr@)™

PYew \yeY 0E€Sem+1 yeyY

_1\ym(e—1)
_ 1)7(6)27716(@ S (o) (H g<y)a<y)> S [ ¢rem—sw)

UGSem+l yEY wE\I’ yEY
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As in Lemma 4.2(b), the inner sum vanishes unless o(y) — ¢(y) is identical to 0
(modulo e) on Y. In the latter case, we have that the sets of preimages ¢! (i) each

~

have cardinality m + &g ;, i.e., ¢ lies in Wy, and o induces bijections o; : ¢~1(i) =
{i,e+i,...,(m—1)e+i}, 1 <i<e—1,and g9 : ¢~1(0) = {0,e,...,em}. One
defines the sign €(o;) in an analogous way to £(o), so that a brief calculation shows
e—1
m—+1

e(0) = (-1 e(9) [T (o).

1=0

2

Taking into account the sign arising from 7(e)*™ we obtain

e m

T(v)(9) = (—1)(2)(2) Zs(o—o) H g(y)UO(y) N

o0 y€p—1(0)

x> eloe) I 9w)7@.

Te—1 yep—t(e—1)
However, with the definition of 9 this is already the desired result. U
A function 7 : Y — N defines an equivalence relation ~, on ¥ by
prrtpifrop (i) =m0 (i) for 0 <i<e—1.

The class of ¢ in ¥ with respect to ~, will be denoted by [¢)], A ¢ € U is called
m-admissible if whenever w(y) = w(y') and ¥ (y) = ¢¥(y') then y = ¢/. Denote by
H,; the subspace of H generated by all f such that

(4.7) flo) = f(y) if [¢] = [¢], f(¥) = 0 if ¢ is not m-admissible

Lemma 4.8. The subspace H is invariant under the Fourier transform.

Proof. The functions

(4.9) {f[¢] | ¢ w—admissible, f[(ﬂ(’lﬁ) = 6[¢],[¢]}
generate H,. Their Fourier transforms have values
—1)ym(e=1)
T(fi)@) = " 3 ) fi )
’7'(6) vevw
_ (—1)m(e—1)5(¢) Z E(V) H wa(y)u(y)'
7(e) vE(¢] yeY

If 4 is not m-admissible, with y,3’ € Y demonstrating this, then for any v € [¢],
by interchanging the images of y and 3’ we obtain ¢/ also in [¢]. The associated

signs satisfy e(v)e(v') = —1, while the inner product for either assumes the same
value. Because of this, the contributions of v and v/ in the sum cancel out, and
T'(fig)) vanishes on v. If [¢)] = [¢], then one sees with a similar argument that

(4.7) is satisfied. O
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Hence T induces a Fourier transform on H,. Let g be a function on Y as above,
which factors over m(Y') via w. Then the functions v and 9 introduced in (4.4)
and (4.5) lie in Hy, and according to Proposition 4.6, are sent to each other via
the Fourier transform.

The matrix representation 7'(Y, 7) of T with respect to the basis (4.9), i.e

> ewe) [T,

Vel ver [¢].14]

(_1)nﬂe—1)

(4.10) T =

will be called the Fourier transform matriz of (Y, ).

4B. Eigenvalues of Frobenius. We first recall an easy consequence of a theorem
of Gauss (see for example [9, Theorem 211]):

@) Zc @2 _ e g

where (24 = exp(7i/12). Let Y again be an (em + 1)-element set and ¥ be defined
as above. To any ¢ € ¥ we assign the eigenvalue of Frobenius

(4.12) Fr(y) i= G« [ ¢ W’ vty

yey

Obviously Fr(v) is always a root of unity.

Lemma 4.13. For all ¢, € ¥ and v as in (4.4) we have:

(a) Fr(w) 1;

(b) Fr() = 1 if ¥ € Uy,

(c) Fr(v) = Fr(¥);

(d) X pew Fr@)Er()Fr(p) (v, v) (v, 1), ) = (=1) D7 (€)™ 5

() Yew Fr(0) (@, v)Fr(v)y(v) = (~1) V7 (e) (o).

Proof. Part (a) follows directly from the definitions of ¥ and Fr. The second part
is trivial. Part (c) follows because we have

(e —x)? +ele—1z)=e®—2ex + 2%+ e* — ex = 2% + ex mod 2e,
for any = € Z. For (d), we get

> Fr(y)Fr(v)Fr(p) (i, v) (v, m){u, ¢)

v,uew
= e(1)e(¢) G2 TV Fe(y) S E) () 3 [ (W@ nwe/2),
vevw pnevY yey

Along with u, we see that — ¢ —v also lies in ¥, and as we change the summation
variable of the inner sum in this way, we obtain

(@)@t Fe(y) ST W ) v, o) Fr(9) Y [ ¢ renr2,

vew peY yey
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Now, we have

e—1 em+1
(Z C—(i2+ei)/2> _ Z H C V2 4eu(y

i=0 pe€{0,...e—1}Y y€Y

= ez—:l Z H ¢~ (u@)+p)* Fenuly)+ep)/2

p=0 pev yey
e—1
e 2 3 T ¢ en)/2

p=0 pew yey

and hence
e—1 em
(4.14) Z H ((u(y)2+eu(y))/2 — (Z C(z’2+ei)/2> _ (@Ee—n\/@)@m
NG\I’ er i=0

by (4.11), and the sum under investigation becomes

(D) F () FR(@)G ™ (G Ive) T S (1) (,9)

vevw

vl

€em

_ C;43(e )(e+2)m \[emé |\IJ|3/2,

where we have used Lemma 4.2(b). The desired result now follows by (2.22).
For part (e), we initially compute as in the proof of Proposition 4.6:

™Y Fr(9) (@, v)Fr(v)y(v)

vew
Z Hgaﬁ(y)v )2 +ev(y)+o(y) 2 +edp(y))/2
vel \yeY
a(y)
x> @) [T (s @)™,
0E€Sem+1 yey
2_1)m

with k = C2_42(e . Now o mod e can be interpreted as an element of ¥y. By
summation over ¥ := v — ¢ — o0 mod e instead of over v, we obtain

Ke(¢) > (o) H( (y )g¢<y>) Fi(o) 3 (0w )2,
TESem+1 yey e

The first sum now yields simply 7(e)™y(¢), and furthermore Fr(c) = 1 by (b).
The value of the last factor was determined in (4.14), and therefore we are left
with

Ror(e)™ (8 Ve
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The expression in the lemma is thus equal to
(_1)(e—l)m

%m

G IS [ (6) = 4(9). O

The eigenvalues of Frobenius can be collected into an operator

FiH—H  F()(6) = F(d)f(9).

For a function 7 : Y — N as above, Fr is by definition constant on the associated
equivalence classes [¢], and we set Fr([¢)]) := Fr(¢). Let F := F(Y,w) be the
matrix representing the induced operator

F:Hy = He,  F(O)(W)) = Fr([0) £([)),

with regards to the basis (4.9).
Using the two automorphisms 7' and F' introduced above, we construct the
Shintani operator

Sh:=FoT30cF=FoToF,

on H and on H, and denote by Sh(Y, 7) the associated representing matrix with
respect to the basis (4.9). One obtains by Lemmas 4.2 and 4.13(c)—(e) the following
(compare with [7, VIL3]).

Corollary 4.15. The function v € H is a fized point of Sh. The matrices T :=
T(Y,m) and U :==T - F(Y, ) satisfy

=1, U*=1, [T%U]=1

In particular, T and U provide a matrixz representation of SLa(Z) via

0 -1 -1 -1
(1 0)+—>T, <1 0>+—>U.

The preimages of F(Y, ) and Sh(Y, ) under this representation are

G (1)> = F(Y, ), ((1) i) — Sh(Y, 7).

Proof. We have F~ 1Ty = F~1§ = § = Ty, so T"'F~1T~y = ~. Using U3 = 1 this
yields FTFT?y = v, so FT3F~y = . ([

Because of Lemma 4.13(a), the image G of G = (T, U) in PSLy(Z) is a (2, 3, ¢)-
generator group. For e = 2, we therefore have in particular G = S3, for e = 3 we
have G = Ay, for e = 4, G is S4, and finally for e = 5, G = As. As above, each
7w : Y — N furnishes us with an invariant subspace H,, so the representation of
SL2(Z) is also in general far from being irreducible.
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4C. Families. We now return to the symbols introduced in the third section.
Two symbols . and .’ lie in the same family if the multisets of entries of .
and .’ coincide. This induces a decomposition of the equivalence classes of sym-
bols into families, and hence also of the unipotent degrees Uch(BT(f)) that are
parametrized by the reduced symbols. According to Proposition 2.24, the families
are in bijection with special symbols.

Let .# be an e-symbol, n(A) := [{i | A € S;}|, and N := {\ | 0 < n(\) < e}.
Then the family containing . has

(4.16) % I1 <n(€A)>

AEN

elements.

A family .# of reduced symbols .7 of content ct(.#) = em+ 1 can be identified
in an obvious way with a set U(Y,7), as in Section 4A. Namely, let Y be an
(em + 1)-element set and 7 : Y — N be chosen so that |7~ (n)| = |{i | n € S;}|
(this obviously does not depend on the choice of symbol . € .#). We associate
to a class [¢)] of ¢ € ¥ the symbol .# with S; = 7(1)"1(7)). Again, this does not
depend on the chosen representative ¢ € [¢)]. According to the definition of ¥,
the symbol . so obtained is reduced and lies in .#, and the above map defines
a bijection between the m-admissible classes in ¥ and the elements of .%#. The
subset ¥, corresponds precisely to the principal 1-series degrees % of .%.

Let T be the associated matrix of the Fourier transform (4.10). We extend the
definition of the fake degree R from (2.12) to arbitrary symbols . via Ry =0
for . ¢ %#y. We denote by ~.» the unipotent degree of ., as in Section 3B.

Theorem 4.17. Let % be a family. The function
S = Ry(q)

is the Fourier transform of

S = v7(q)-

In particular we have

> w@rs@) = Y Ra()

Vo €EF S eFo

Proof. The equations (3.9) and (2.12) show

(9)

V.
Ry(q) = [J(a — Dé(a) = (-1 Eu(F)a(2),

=1

u(F) (),
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where v and 9 are the functions introduced in (4.4) and (4.5) with g(y) := ¢"®),
and

(—1)&(%) ﬁ(qei —1)

v(F) = = :
R T 681 00)

i=0
only depending on .#. Because g factors through 7, the functions v and 0 lie in
the space H,, and the statement follows from Proposition 4.6. The last identity
is a direct consequence of (4.3) for the restricted transformation if one observes
that the R are polynomials in ¢ with rational coefficients. ([

—_

In the case e = 1 the fake degrees are equal to the unipotent degrees, each
family has one element, and the above theorem is trivial. The statement for e = 2
is contained in [10, Proposition 2.9(i)].

Ezample 4.18. For n = 1, e = 4, so that W,, & Z,, there is a six-element family
with the symbols

0 1 0 1 0 1 0 - 0

1 0 0 0 1 0 1 -

0 ! 10 10 1 |0 10 1

0 0 1 — 0 1 0 1
The unipotent degrees are by (3.9)

(1-1)
4

q(q+ 1) (g +1), %q(q2+1),

(1+41)
4

q(q —1)(q +1), %Q(q—l)(fﬁ'l),

q(g+1)(q —1),

(1+41)
4

10,

The accompanying Fourier transform matrix (4.10) is given by

1—i 2 141 14i 28 —1+i
2 0 2 -2 0 2
1l 14+4i 2 1-i 1-i -2 —-1-i
4] 1+i -2 1—-i 1-i 28 —-1—-i|’
2i 0 —2i 2i 0 2i
“14+i 2 —1-i —-1—-i 2i 1-—i

and the vector of the eigenvalues of Frobenius is (1,1,1, -1, —i, —1).

Alternatively, one could proceed in the proof of [10, Theorem 4.17] as follows:
for a family %, write S = Sy NSy N---N S._1 for the set of those entries of a
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symbol in .Z that appear in all rows. Write S, := S; \ S for the complement, and
F' for the set of symbols

F =S = (S),....S\ )| S € F)

Choose Y’ with [Y'| = em’+1, where ct(#’) = em/+1, and 7" as above. Using the
formulae for v and ¢, one convinces oneself that a common factor, depending
only on .#, can be factored out, so that the remaining terms are exactly the
functions (') and 9(.#”). The transition between the two is then achieved by
the Fourier transform matrix T(Y”, 7).

Remark 4.19. If e is odd or m is even, then the set W(Y') additionally carries the
structure of a homocyclic e-group of order e, under pointwise addition. This
does not in general transfer to the associated families, since |.Z| need not be a
power of e by (4.16) for e > 2. Because of this it does not appear possible to
associate the Fourier transform to a finite abelian group as in the real case.

4D. Harish-Chandra theories for eigenvalues of Frobenius. Using the iden-
tification of families of unipotent degrees with appropriate sets ¥ that was carried
out in the last section, we have assigned an eigenvalue of Frobenius

e—1
—2(e2—1)m —(i*+ei)m;
Fr(vy) = Fr(.7) 24242( 1) HC (i*+ei)m;/2
=0

to every v € Uch(BﬁLe)) with . = (S0, ..., Se—1), |Si| = m;. (It is clear that this
assignment is independent of the chosen identification.) Lusztig has shown that
the unipotent characters v of groups of Lie type can also be assigned a root of
unity Fr(), so that the eigenvalues of the Frobenius map on the v-isotypical part
of each [-adic cohomology group of a Deligne-Lusztig variety is equal to Fr(v)
times an integer power of ql/ 2,

Remark 4.20. By comparing the formulae in [11, Proposition 6.6] with (4.12), one
sees that our eigenvalues of Frobenius in the case of groups B, (q) coincide with
the eigenvalues of the Frobenius map defined by Lusztig. Similarly, we obtain for
e = 1 by Lemma 4.13(b) that Fr(.#) = 1 for all symbols ., which tallies with
the fact that for GL,(q) the eigenvalue of the Frobenius map is 1 for all unipotent
characters.

Also, Lusztig’s eigenvalue of the Frobenius map is compatible with the usual
Harish-Chandra induction: if « lies in the Harish-Chandra series of the cuspi-
dal character A of a Levi subgroup, we have Fr(y) = Fr(A). We show that the
analogous statement holds for every ®-Harish-Chandra series.

We first describe the situation for groups of Lie type. If the unipotent character
~ lies in the d-Harish-Chandra series of the d-cuspidal character A of a d-split
Levi subgroup L of G, then « is parametrized by an irreducible character x of
the associated Hecke algebra J# of the relative Weyl group Wg(L, A). If this
cyclotomic Hecke algebra is in fact the endomorphism algebra of the associated
Deligne—Lusztig induction Rf’ (A), as conjectured in [4, 1B], then there is a natural
candidate F' in 7 for the image of the Frobenius map. This is a central element,
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acting as a scalar on the representation associated to x, which can be written as
a power of ¢ times a root of unity F\. Then the eigenvalue F) should be linked
by the equation Fr(y) = F, - Fr(A). (In the case d = 1 we always have F) =1,
and we recover Lusztig’s statement. )

One obtains the appropriate candidate for F' as follows: let T1,...,T, be the
standard generators of the Hecke algebra ' (W,,,u), and define U; via

U1 = Tl, Uz = TzUz—sz for 2 § 7 S n.

Then U := U; ... U, lies in the centre of 7 [2, Theorem 3.20]. By specializing
the parameters of J to the eth roots of unity, U becomes a generator (of order
e) of the centre of W,,. The Frobenius map then acts as an appropriate power of
U.

The corresponding statement makes sense in the general case for reflection data

of type Bff). Let @ be the minimal polynomial over K of a primitive dth root of

unity &, and define ¢, d’, €/, & as in Theorem 3.14. For vy € Uch(Bﬁf)), let v+ be
an element of Uchg (L), with . having (d', &.)-core ./ and associated character
of the Hecke algebra y. The parameters of the associated Hecke algebra 7 were
determined in Theorem 3.14. The image of the Frobenius map in 7 should now
be the €/th power of the element U described above: F = U¢. This is a central
element, acting therefore as a scalar on the representation of J# associated to x.
This scalar can always be described as a product of an integer power of ¢ times a
root of unity F,. (More precisely, F) also depends on both ¢’ and the parameters
u of 7; these should be clear from the context.)

Simultaneous multiplication of all parameters by a root of unity does not change
the structure of ¢, but rather the root of unity F\. This corresponds to simul-
taneous shifting of the beads on all runners of the abacus diagram of the (d’, &.)-
quotient 2. In order to obtain a well-defined eigenvalue in every case, we require
that the number of beads on all runners of 2 be divisible by ¢. One can check
that this uniquely determines F\.

Theorem 4.21. With the above notation and terms, the eigenvalue of Frobenius
of v € Uch(By(Le)) satisfies the compatibility condition

Fr() = F, - Fr(&"), where x=x(7,®),
for all ®-Harish-Chandra theories.

Proof. As the first step, we determine the change to the eigenvalue of Frobenius
upon removal of a (d’,£.)-hook. Let . be a symbol with |S;| = m;, with content
ct(#) =3 m; = em+1 =1 mod e, and with def(.') = (5)m—>_ im; = 0 mod e.
Then we have

e—1
Fr(&”) =K H C_(i2+3i)mi/2 where k = C2—42(62—1)m'
=0

Removal of a (d’,&:)-hook at A € S; produces a symbol .7”. For this symbol we
have def(7") = €’ mod e, so to calculate the eigenvalue of Frobenius we must cycle
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the rows by —e¢’. The resulting symbol will be denoted by .7. For this symbol,
we have

e—1
Fr(7) = i [ ] ¢ Fe0me /2. (U=e)/2relize) 2% 2ei 2

i=0
e—1 e—1 e—1
— K H Cf(i2+ei)mi/2 . H Cie’mi . H C*(e/zfeel)mi/24(6’2766/72]’6/)/2
i=0 i=0 i=0
= (R ().
The (d',&.)-core .#" is obtained from . by successive removal of (d’, £.)-hooks
in rows ji,...,Jjw of ¥, so we therefore have by induction
(4.22) Fr() = ¢¢ Ci=< () . pr().

For the proof we must therefore calculate the root of unity F. According to [2,
S.29], the central element U acts on the representation of J#(Z; ! Sy, u) (with
u = (up;u1,...,ur—1)) parametrized by a = (g, ..., 0—1), o b ws, > w; = w,
as the scalar

O3
uy® Hu%”ug(a").
i=0
Here, for a partition 8, h(f) is the sum of the differences ¢ — j, over all boxes
in column ¢ and row j in the associated Young tableau. The inner product can

also be interpreted as follows: for every (d’,&.)-hook at position A € S;, with

AN=dpu+s, j =t—¢epu, we obtain an additional factor ues+tug+kes+ﬁr, where

r denotes the constant number of beads on the runners of the symbol 2 of the
(d',&.)-quotient 7. If we substitute in the values for the u; that were given in
Theorem 3.14, then this gives a contribution of a root of unity:

C68+t+3/kes+t€*(/J«‘i’kes-!—t*r) — Ct+6/kes+t*6'(u+kes+t*7’) — Cj
c )

where here the scaling factor ¢ | r, hence e | €'r, was used. Finally, u(g?) contributes
the factor Cfe/(gu). The statement follows by comparing (4.22) with the e’th power

of the root-of-unity factor of U. U

5. REFLECTION DATA OF TYPE tI,(f)

In this section we deal with the second doubly infinite series of irreducible n-
dimensional complex reflection groups that are generated by n reflections. To
this end, we define these as appropriate subgroups of W,, = G(e,1,n). In the
investigation of the associated reflection datum, the reflection groups G(e,p,n),
p | e, appear in a natural way as relative Weyl groups, and their Hecke algebras
introduced in [1]. Also occurring here are the t-twisted reflection data for each
divisor t of e, which represent a direct generalization of the twisted generic groups
of type 2D,,, but also of 2By and “Gs.
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5A. The reflection group G(e,p,n). Let n and e be fixed, let W, = G(e,1,n)
be as in Section 2 and let W,, be the subgroup of W,, generated by the permutations

§1:=s7'sas1 = (L,n+2)(n+1,2n+2)...((e— 1)n+1,2)

and sg,...,S,, considered as a permutation group on en points. In addition to
the relations (2.1), 81, s2, ..., s, satisfy

S e ez = = 2 IRy

(5182)° =1, §18351 = $35183, (S15253)" = (s35182)7,

and this provides a presentation of W,, which is represented by the following
diagram (see [5]).

A

(5.1) ) O O—=0O

In the faithful n-dimensional irreducible matrix representation of W,, over K =
Q(¢), ¢ = exp(2mi/e), W, is generated by the permutation matrices of s;, 2 <
i < n, which swap the (i — 1)th and ith basis vectors, and 31, which acts on the
subspace generated by the first two basis vectors as

0 ¢t
¢ 0)’

and on the remaining basis vectors as the identity. Hence W, is also an n-
dimensional complex reflection group that is generated by n reflections, all of
which have order 2. In [16] these reflection groups are denoted by G(e, e, n). Alter-
natively, Wn can also be defined as the kernel of the linear character v : W, — K
defined in (2.2). Hence W, is a normal subgroup of index e in W,,, and has order
e In!. Clearly for n = 1, W, is the trivial group, while for e = 1 it coincides
with W,. We can therefore assume that n,e > 2 in the following.

To investigate the conjugacy classes of W, we go back to the description of the
classes of W, in Section 2A. The element

1
1
Cz’

of W, lies in the conjugacy class parametrized by o = (—,...,—, (n),—, ..., —),
with a single entry a; = (n). Therefore if the class C' of W), is parametrized by
the e-tuple a = (o, -y Qe—1), @ = (41, - -+, Qi ), @i E ny with Y n; = n, then
it lies in W, if and only if

e—1 .

71(0) = H szi =1,
i=0

and hence if and only if ), im; = 0 mod e. Furthermore, C' decomposes in W, if
the image of the centralizer of an element of C' under v is not all of (¢). In this
case, C' decomposes into g(C) := ged{e, i, a5 | oy # 0} classes of W,.
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In general, set W, , for p | e to be the subgroup of W, generated by sy :=
sf,él, $2,...,8,. We have Wn = Wy, and the W, ,, are the complex reflection
groups G(e,p,n) in the notation of [16].

The irreducible characters of Wn can easily be obtained from those of W,,. Let
x € Irr(W,) be parametrized by a = (ap,...,ae—1). The subgroup (m) of the
symmetric group on {0,...,e— 1} generated by = = (0,1,...,e—1) acts on the e-
tuples a of partitions by cyclic permutation 7 : & — (v, ..., @e—1, ). According
to (2.3), we have Xr) ® 71 = Xa- Let s(a) be the size of the subgroup of ()
fixing a. Since W, = ker~yi, all x that are equivalent under the action of () to
that indexed by a have the same restriction and decompose into s(a) irreducible
characters of W,,. Hence Irr(Wn) is parametrized by e-tuples of partitions up
to cyclic permutation, with the proviso that every a stands for exactly s(a)
characters.

In general, since W, , = ker fyf/ P an irreducible character Y = yo € Irr(W),)
decomposes on restriction to W, , into s,(c) distinct irreducible constituents,
where s,(cx) is the order of the subgroup of (7%/P) that fixes a.

5B. The reflection data t[,(f). By the above, W, is a normal subgroup of index
t := e/p in the reflection group W, ,, with cyclic quotient generated by si. Let

1$(q) = (V,W,,), and
(5.2) T (q) = (V, Wps?)
D

the reflection datum resulting from twisting L(f) by s7. This is a generalization
of the twisted generic group 2D,,, which represents the special case (e,p) = (2,1).
The coset W,,s] consists of those elements w € W,, with v1(w) = (. Because
|Z(Whpp)| = ged(nt, e), the normal subgroup W, of W, ,, has a central supplement
in the case where t | (e/ ged(n, e)). Hence we only have a genuine twisted reflection
datum if ¢ does not divide e/ ged(n,e). In general, for any 1 < p < e, set t:=e/p
and define the associated twisted reflection datum 15" (q) via (5.2).

Let @ be a cyclotomic polynomial over K with a primitive dth root of unity &
as a zero. We set ¢ := ged(e,d), d' = d/c and & := ¢¥. From the description

of the coset W, s using 71 we see that a Sylow ®-torus S of G = tI,(le)(q) has the
same order as that of the reflection datum associated to W,,, except in the case

)

d | en, £ # (P, in which case the exponent is reduced by [. Hence tIT(Le has order

T8 (@) = (¢° = D)(g* = 1) ... (" = 1)(g" = ¢P).
The ®-split Levi subgroups have the structure
(5.3) L = GLy, (6'¢") x -+ x GLy, (& '¢%) x I (a),

where >0, d'n; =n —m and s = e/p’ for some 1 < p’ < e determined via v, by
the condition

=g
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The relative Weyl group Wg (L) = Ay, (WL)/WL of such a Levi subgroup is then
(54) W((}(IL) = Zed’ ! Sk1 X e X Zed’ ! Skn when m 75 0,

where k; := k;(IL) := |{j | n; =i}|, or a subgroup thereof of index e for m = 0.

Using (2.8), we can assign an invariant 6, (W, ¢) to every irreducible character
x of every finite group W with a representation on a finite-dimensional complex
vector space. The polynomial ‘R, is the analogue of the fake degree defined in
(2.9) for tL(f), hence ‘Ro(q) = \tIT(Le)]q - %a. With (2.11) we obtain an explicit
formula for the 0.

Proposition 5.5. Let xo € Irr(W,) be parametrized by a = (ag,...,0_1),
a; = (1, ..., Qim,) F ng, and let S; = (N1, ..., Aim;) be the associated sequence
e s

n

i\
) ITi= H/\GSiﬂ' ¢

L T

of B-numbers. Then the fake degree of Xa for

(5.6) Balq) =

_ We see that a that are equivalent unger (m) actually have the same fake degree
%¥a(q). The order of the zero a(xa) of ¥ at ¢ =0 is, by (5.6),

(5.7) i@(Xa Z 3 X'+ min Z S —mzl<€2k>,

=0 AN ES; =0 AESit; k=1
A<
where (Sp, ..., Se—1) denotes a symbol of S-sequences S; for a with |S;| =m

5C. Hecke algebras and generic degrees. From the structure of the relative
Weyl group of the ®-split Levi subgroups of G given in (5.4) it is clear that,

for the description of the ®-Harish-Chandra series of IT(Le), we need Hecke algebras
H (Wi, p; 1) with parameters u = (uo, . . . , u¢/p—1) for all complex reflection groups
G(e,p,n). These were introduced by Ariki in his article [1], generalizing the cases
e=1,2[8] and p = 1,2 [4]. The definition is based on an appropriate presentation
of Wy, on the generators sg, 51, 52, .., 5y, in line with Definition 2.18. Here we

use an alternative description, from [1, Prop. 1.6], as a subalgebra of ¢ (Bff))
with suitably specialized parameters.

Definition 5.8. Define 57 (W,, ,; u), where u = (ug, .. .,u;—1), to be the Z[u,u™}-
subalgebra of the cyclotomic Hecke algebra 2 (W,,; ) generated by

(TP, T ', T, ..., T},
with the parameters
(59) u= (UOa UOCp; ... 7UOC£_17 e, Up—1y ... 7ut—1<£_1),

where (), := e2mi/p,
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For p = e, this algebra ¢ (Wn; u) agrees with that defined as in Definition 2.18,

based on the diagram L(f).

We recall (see [4, 1C]) that for a split semisimple algebra K¢ over a field K
with symmetrizing form ¢ : K — K, the relative degrees §,(t) of K ¢ with
respect to t are given as the coefficients in the representation

t= Z oy (t)x-

XEIrr (K1)

For the description of the relative degrees of (W, p;u), we use the following
simple observation, which was kindly pointed out to me by M. Broué.

Lemma 5.10. Let K7 and t be as above, K" a split semisimple subalgebra of
K, and t' the restriction of t to K #'. Writing

Resj % (x) = Z ay 5 X,
X' €lrr(K ")

for x € Irr(K .2, we have

oy (t') = Z Ay xOx (t)-

XEIrr (K )

In particular, t' is a symmetrizing form for K" if and only if all of the zxelrr(K%) Ay O (1)
are non-zero.

This allows us to compute the relative degrees of (W), ,;u) under the as-
sumptions of Conjecture 2.20. The result can again be understood via symbols;
the requisite formulas will be established next.

As stated in Section 5A, the irreducible characters of W, ,, are parametrized by
e-tuples of partitions e modulo cyclic permutation by 7!, where t = ¢/p. We again
normalize the tuples of partitions . By adding zeroes, we can alter a so that «;
has m + 1 parts for ¢« = 0 mod ¢, and m parts for the other i. Let Sp,...,S._1
be the associated sequences of S-numbers, and . := (Sp, ..., Se—1) the symbol
so formed. Then the class of .¥ only depends on the partition o modulo cyclic
permutation by 7. In particular, Irr(W,,,) is parametrized by (e-)symbols of rank
n, whose ith row has m + 1 entries for ¢ = 0 mod ¢ and m entries otherwise, where
each .7 stands for s,(.7) := s,(a) characters.

For a symbol . for Wy, ,, let D s (q;v0,...,v—1) = Do(q;wo,..., we—1) be
given by

(5.11)
e—le—1 e—1
@@ e T [T () TLot
1=0 j=i (\,n)€S; xS} =0
p p<Aif i=j
s (y) i i e—1 A e—1 e—1
P q( ( 21)+p) ( ( 22)-’—17 H H dFw; — w; H H m+6(t,z,g)
1,j=0 A\€S; k=1 =0 j=i+1
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where

5(t,i,5) == {1 fi=j=0modt i for0<i<e—1, i [ift],
0 otherwise, P

and where the index of v; is read modulo ¢. In the case p = 1 we clearly obtain the

expression defined in (2.19). In the case e = 2(= p), the above formula becomes

just the generic degrees of the groups of Lie type D,. In general, we have the

following.

Theorem 5.12. Assuming Conjecture 2.20, the relative degree of the character
Xa of the generic Hecke algebra € (W, p;u) with respect to the restriction of

the symmetrizing form t on (W) is given by D o (up; 1,uq,. .., u—1), where
" = (So,...,Se—1) denotes the symbol constructed from a according to the above
rule.

Proof. We saw in Section 5A how the irreducible characters of W,,, can be ob-
tained as constituents of the restriction of irreducible characters of W,,. Based on
results of Ariki [1, Theorem 2.6], the irreducible characters of 74 := 2 (W,; 1) ex-
hibit the same behaviour upon restriction to ¢ := (W, ,;u). For x € Irr(J4)

let x|» = Zfil) () be the decomposition into irreducibles of the restriction to
F€. Then we obtain by Lemma 5.10 that the relative degrees of J# are

Oy () = —=0x(t),  1<i<s(x)

Next, we have s(x) = sp(), where x is parametrized by the tuple o of partitions
with associated symbol .. It is easy to see, and left to the reader to verify, that
the D o (q;vg,...,v4—1) in (5.11) is simply that of (2.19) through specializing the
parameters as in (5.9). Multiplication by p/s,(.#’) and shifting the ith rows of the
symbol ., for all i = 0 mod e/p, yields the result. O

For p = e, i.e., the reflection group W, (5.11) simplifies to only being dependent
on the one parameter ¢, namely

e—le—1

DO G- TIIT I @¢-e¢)
1=0 j=i (A\,u)ES; xS}
e p<A if = j
S(y) em em ’
r(e)™H - o)) H@ Sird°)

assuming the requirement that every row of . has exactly m + 1 entries. We
change our notation in this case so that m indicates the number of entries in each
row of .. Denoting by a(¥’) the order of the zero at ¢ = 0 of D#(q), and by

(5.13)  Dy(q) =
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A(Y) the degree of \tI,(f)]q - Do(q), we have

a(.#) =) min(\,p) - mzf( >

{Aou} k=1
m—1
(5.14) Zmax)\,u Z( ) Z(A—gl)—l—W,
o) k=1 \ES

where in each case the first sum is taken over all unordered pairs of entries of ..
As in the case of W,,, we prove the following lemma, from (5.7) and (5.14).

Lemma 5.15. (a) We have a(xs) > a(-7) for all x.o € Irr(W,,). We have
equality if and only if % is, up to cyclic permutation of the rows, of the

form
Aot Aom
S = : :
Ae—11 0 Ae—im
with
(5.16) Xij < Al forj<l,orj=1andi>k.

We then call . a special symbol.

(b) We have A(xy) < A(S) for all x.o € Irr(W,,). We have equality ezactly
when . is special. Such an & is called cospecial.

(¢) For all x.o € Irr(W,,) we have

i(x7) + A(xs) +alxs) + Alxs) = al7) + AS) + a(S) + A(S).
(d) We have a(.) < N* = N and A() < N. Equality occurs exactly for

that are equivalent to

s =((1,...,n),(0,....,n—1),...,(0,...,n—1)).

6. UNIPOTENT DEGREES FOR tL(f)

(e)

The unipotent degrees for U, are parametrized by symbols of content 0, and

are given by the same combinatorial formula, as with B,(f). The degrees satisfy
a hook formula and a degree theorem. They are sent by a Fourier transform
to the fake degrees of the associated reflection datum. Together with suitable
eigenvalues of Frobenius, we obtain a representation of SLo(Z). In the untwisted
case, the eigenvalue of Frobenius depends only on the equivalence class of the

symbol, and thus allows us to assign them to the unipotent degrees. For the case

Iz(e) our Fourier transform specializes to the exotic Fourier transform of Lusztig
[14].
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6A. Symbols and unipotent degrees for tL(f)

€)

reflection datum 7" will be parametrized by symbols of content ct(.#’) = 0 mod e.
For such an . = (Sp, ..., Se—1), the formula (3.2) for the rank simplifies to

=3 - e<’;’> where  ct(#) = em.

e
We define the defect to be

. The unipotent degrees of the

(6.1) def(.7) =

e—1
— ZZ\SA mod e.
i=0

Note that because of ct(.’) = 0 mod e this in fact only depends on the equivalence
class of .#. By removing an (I,¢(7)-hook, the defect is obviously reduced by j.
From the construction of the (I, (7)-quotient we obtain, via the description of the
irreducible characters of W, ;:

Corollary 6.2. The equivalence classes of symbols of rank n and content con-
gruent to 0 modulo e with a given (I,¢7)-core ' (and of (I,{7)-weight w =
(n — k(")) /1), with each symbol . occurring s(.) times, are in bijection with
the irreducible characters of the reflection group G(el,s("),w).

Definition 6.3. For an e-symbol of rank n, content ct(.#) = em = 0 mod e and
defect def(.#) = pmod e, t := e/p, we define the degree to be

e—le—1

COEE - TITT I ¢ - )
=0 j—i (A,u)esixsj

e(m—1) e(m )
r(eym - g )R H@ Sig°)

As . runs through the set of equivalence classes of e-symbols of rank n, content
divisible by e and defect def(.) = p mod e, where each symbol . appears s(.¥)
times, the multiset Uch(tfr(f)) of such vy is the set of unipotent degrees of t7(e)
(As a consequence, the degree is well defined only up to sign.) The group W,/ W,

acts on Uch(tLEf)), with the generator s; cyclically permuting the s(.#’) copies of
each symbol .#.

For symbols . with e rows of the same length m, v is therefore just the
(conjectured) relative degree (5.13) for ., multiplied by the Poincaré polynomial
of I,(f). The well definedness up to sign will not cause problems as the theorems
are also defined only up to sign. The only exception is Theorem 6.26, in which
(well-defined) degrees are attached to each individual symbol.

Remark 6.5. (a) For e = 2, t = 1,2, the above definition coincides with the
unipotent character degrees for the groups of Lie type D,, and 2D,,.
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(b) One sees that for n = 2 the equation (6.4) provides a description based
on symbols of the unipotent degrees defined by Lusztig in [13] for the
reflection data Is(e) and 2I5(e). In particular, since G(e,e,2) = I3(e), we
thus encode the unipotent character degrees of GL3, Spy, G2, 2Bo and %Gy
in a single formula.

Exzample 6.6. (a) For n =2, e = 3, t = 1, we have that Ws = G(3,3,2). The
set Uch(IéS)) is given by

2 1 12
0], 1], 0 1
0 0 01

One sees that these unipotent degrees are the same as those for the symbols
(3), (1,3) and (1,2,3) for W(A42) = G(3,3,2).

(b) For n = 2, e = 4, t = 1, we have Wy = G(4,4,2). The set Uch(I§4)) is
given by

o
—_

O =
)
—

(2 %), ,

OO O N
O = O =
SO O
el )

0

One sees that these give rise to the same unipotent degrees as the symbols

O E)E) 6 €Y e

for W(B2) = G(4,4,2).
(¢c) For n =2, e =4, t = 4, we have for Uch(4I§4)) the symbols

0 2 0 1 0 1 01 2
— — — 1

0 ’ 0 ’ 1 ’ 0 1

0 1 0 0 1

We have |4I2(4)\ = ¢*(¢* — 1)(¢*> — {4), and Ennola twisting by (g gives
the unipotent characters of 2By. Doing so we transform the two middle
principal series degrees into 1-cuspidal degrees.

(d) For n = 2, e = 6, t = 1 we obtain Wy = G(6,6,2) = W(Gs). The set
Uch(IéG)) is given by

OO O OO NN
[N elNeNell
S OO~ O
OO = OO -
SO O OO
— == = =N
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for the principal 1-series, and the 1-cuspidal symbols

0 1 0 1 0 1 0 1

0 1 0 0 1 0

0 0 1 - 0

— ’ — ’ 0 ’ 0 1

_ 0 0 _

0 _ _ _
In the notation of [6, 13.8], these correspond (in order) to the unipotent
characters

$10, P21, D22, Prgs 13, bL6, Golll, Ga[-1], G2lf], Ga[6?].

(e) For n =2, e =6, t = 2, we have that Uch(2156)) is
0 2 0 1 0 1 0 1 0 1 01 2
0 1 0 0 0 01
0 0 1 0 0 0 1
— ) _ ’ _ ’ o ) _ ) 1
0 0 0 1 0 0 1
0 0 0 0 1 0 1
for the principal 1-series, and the 1-cuspidal symbols are

0 1 0 1

— 0

0 1 —

0 ’ 0 1

0 0

We have ]2I§6)\ = ¢%(q® — 1)(¢*> + 1), and by Ennola twisting with ¢4 we
obtain the unipotent degrees Uch(G2) of “G.

The unipotent degrees again satisfy the Ennola property and the hook formula:

Corollary 6.7. For ally(q) € Uch(tI,(f)) we have £v((q) lies in Uch(SL(f)), where
s=et/(e—tn).

Proposition 6.8 (Hook formula). We have
e byqa(y)]tlff)b/

s(Z) T -¢)

gl

Y (q) =

where the product in the denominator runs over all (7-hooks of .7 of length 1, and
by is defined exactly as in Proposition 3.12 in terms of ..

Let ® be a cyclotomic polynomial over K, with the primitive dth root of unity
¢ as a zero, d = ged(e,d), d' := d/ec, and & = £, As in Section 2, we say
that a degree vy € Uch(tI,(Le)) is ®-cuspidal if it is without (d’,&.)-hooks. We
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use the abbreviation Uchg(G) for the ®-cuspidal degrees of G. According to the
description of the ®-split Levi subgroups in (5.3) the ®-cuspidal pairs of G have
the form (L, X), where

L = GL1(£71¢%) x -+ x GLy(&71¢%) x *I89(q),

6.9
(6.9) A=1® - ®1®X € Uchg(L).

Let ./ be the symbol of rank m which parametrizes the ¢-cuspidal degree X
Then .&" is a (d',&.)-core, and the symbols . € Uch(G) of rank n with (d’, &.)-
core ./ have (d, &.)-weight w := (n —m)/d’. With respect to the action on Uch
defined in Definition 6.3, according to (5.4) the associated relative Weyl group has
structure

W (L, \) = G(ed', s("),w).

We saw in Corollary 6.2 that the unipotent degrees v € Uch(G) with (d’, &.)-core
' are in bijection with the irreducible characters of Wg(IL, A), via the construc-
tion of the (d’, &.)-quotient. More precisely, we have as for Bne) the following.
Theorem 6.10. Let vy € Uch(tL(f)) be parametrized by the symbol . Let £ be a
primitive dth root of unity with minimal polynomial ® over K, set ¢ := ged(e,d),
d' = d/c, and define €' via €% = (¢ =: £,. Let .#' denote the (d',&,)-core, and
2 =(Qo,-.-,Qecar—1) an ed'-symbol of the (d',&.)-quotient of .. Then we have

_ |G(Q)|q’
O =F L),

where G = tIff), v € Uchg (L),

Dg(gc—lqd y W, - - - 7wed’—1)’yy'(q)7

w; = qg_kid,C”e,ki (0<i<ed —1) wherei:=|i/e],
and k; := max;{|Q;| — (1)} — |Q:| + 6(7), with
- / /
5(1) = {1 if 1 =0mod ed /s(.#"),

0 otherwise.

Observe the following: with s’ := e/s(.#”), the above parameters satisfy w; jo =
¢ w;, 0 < j < s(#') — 1, and therefore constitute an allowable set of parameters
for the degrees D g of the Hecke algebra of the reflection group G(ed’, s(.#"), w),
according to (5.11).

Proof. We can proceed exactly as in the proof of Theorem 3.14. It suffices to
show the analogue of (3.15). The subsequent calculations remain valid until the
last chain of equations. There, to the left-hand side a factor of s(.%)/s(Z#), and to
the right-hand side a factor of sg(.7)/sg(7"), must be added, where s := (")
denotes the order of the symmetry group of the core .’ | and .7/ denotes the ed’-
symbol obtained from .7 by remval of a 1-hook at position v € T;. The equality
of these two factors is clear, however, as the symmetry groups of . and # are
each subgroups of the symmetry group of .. (]
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The above result was again already known in some special cases: for d = 1, and
either e = 2 or n = 2, t € {1,e}, it is the usual Harish-Chandra theory for the
groups of Lie type D,,, 2D,,, Go, By and *Gs, and for the generic groups of type
Ir(n) respectively (see [4, 7.2]). The case e € {1,2}, d arbitrary, w(,d’, &) = 1,
was handled in [4, Bem. 2.14, 2.16, 2.19]. In terms of the conjectures given in [4],
we obtain the following.

Corollary 6.11. Let G be a generic group of Lie type D,, or ?D,,. Then, assuming
Conjecture 2.20, the ®4-blocks of G satisfy Conjecture (d-HV6) in [4].

The next statement has an identical proof as for Bq(f).

Corollary 6.12. The degrees v € Uch(tlr(f)) are polynomials.

Remark 6.13. Although the definition of unipotent degrees in (3.9) and (6.4)
makes sense for arbitrary e-symbols ., one does not obtain in general, that is, for
ct() # 0,1 mod e, a polynomial using this rule. The smallest example of this is
the symbol

\)

S = BE
which using an analogous interpretation, should parametrize a unipotent principal
1-series character for the reflection group G(4,2,2) (which is also called D§4) in
[4]) (see Theorem 5.12). Using the Poincaré polynomial (¢* — 1)%/(q — 1)%, one
gets
_ @ -1+ g1

YT N@E - T A

Calculations with possible degrees for G(4,2,2) make it seem unlikely that there

exists for this reflection group a set of polynomials with the properties in Theorem
1.1.

Finally, we obtain (compare with [3] for e = 2).

Corollary 6.14. Under the assumptions of Theorem 6.10, we have

O
" Lia)ly

6B. An involution on Uch(tL(f)). In the case of groups of Lie type, Alvis—Curtis
duality defines an involution on the set of unipotent characters with good functorial
properties. A corresponding involution appears not to exist in the case of the

v (qQ)g | deg(RE () in K[q], where deg(Rf (v.77))

Y (q)-

reflection data BT(,,e), e > 2, because among other reasons the group W, does
not possess a sign character. The group W, however is generated by involutive
reflections and does have a sign character €. For this an analogue of duality can
be defined.
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For this, firstly, let . = (Sp,...,Sc—1) be an e-symbol. For k > max{\ | A €
S} we set

D(S)i:={k—j0<j <k, j¢Si},

D(y) = (‘D(S>0’ oo 7D(S)efl)'
(See [12, 1.4].) Then D(.¥) is also an e-symbol, of the same rank as .#, with
content ct(D()) = e(k+1—m) and defect def(D (")) = —def(.). Furthermore,
the equivalence class of D(.%) does not depends on the choice of k, and by applying

the map twice we obtain a symbol from the original class. Thus this mapping
induces an involution

(615  D:U(L) — Uch("1), 7 = D(1) =)
on the set of unipotent degrees of [ J, i)

Lemma 6.16. (a) For all ¥ we have a(D(%)) = N — A(Y), where n =
rk(.7) and N = e(3) is the degree in q of the Poincaré polynomial P(Wy,).
(b) For all v € Uch(tI,(f)) we have

for some b(y) € K.

Proof. Part (a) follows from (5.14). For the second part we use the hook formula.
If .7 arises from .# by the removal of an (I, ¢(’)-hook at A € S;, then one obtains
D(") by removing the (I,(™7)-hook at k +1— X € D(S);+;. The involution D
thus swaps (I, ¢/)-hooks and (I, ~7)-hooks, and the hook formula, Proposition 6.8,
proves (b) up to a constant b(y) € K. O

In particular, the image of the trivial degree
71(q) =1, from the symbol .1 = ((TL), (0),...,(0)),

is the Steinberg degree
vst(q) :qe(g), from s =((1,...,n),(0,...,n—1),...,(0,...,n—1)),

which coincides exactly with the g-part of \I,se) |. Since (I,¢?)-hooks become their
complex conjugates via D, we see that D also sends (I, (7)-cores to (I,(7)-cores,
and so ®-Harish-Chandra series to ®-Harish-Chandra series, for each cyclotomic
polynomial ® over K. In the case of 1-series, hence the Harish-Chandra series for
® = g — 1, we can specify the operation more precisely. For v € Uch(tlée)), let
" be the (1,(%)-core and Y4 the irreducible character of the associated relative
Weyl group formed from the (1, (")-quotient, according to Corollary 6.2.

Remark 6.17. Let vy € Uch(%(f)) be parametrized by X, and lie in the 1-series
of the 1-cuspidal degree /. Then D(v.) is parametrized by € ® x4, and lies in
the 1-series of yp(yr), where € is the sign character defined in Section 2A.
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Proof. In the construction of the (1,¢°%)-quotient, one interprets the rows of . as
sequences of S-numbers: the e-tuple @ = (ay,...,ae—1) of the associated parti-
tions then parametrizes xo. Obviously, with this process we obtain the e-tuple
(ag,...,al_y) for .7, where o) denotes the conjugate partition of ;. The asser-
tion follows from the statement Xo!, = € ® Xay for symmetric groups. U

Remark 6.18. The involution D constructed above coincides for e = 2 with Alvis—
Curtis duality, but can not in general be obtained through the usual Alvis—Curtis
formula, for if it were, then every 1-cuspidal character would be a fixed point of

D. In I§3), however, there are the two 1-cuspidal symbols

01 2 -
— 1, (o 1 2],
01 2

with degrees —v/—3/3q(q — 1)3(¢ + 1) and v/—3/3¢*(¢ — 1)3(¢ + 1), which are
interchanged by D.

6C. Fourier transform matrices and eigenvalues of Frobenius. As in the

case of B,(f), the unipotent degrees fall into families in a natural way, which are
related to corresponding fake degrees via a Fourier transform.

Let Y be an em-element, totally ordered set, and ¥ := ¥(Y) := {0,...,e— 1}V
the set of functions

Y:Y —-{0,...,e—1}.

Obviously, ¥ is the disjoint union of the sets

Ny = e U m<§> > w(y) =e/tmodep,

yey
for t = e/p, 1 < p < e. Furthermore, let
Vo= {y € V| [~ ()] = m},
and ~ be the involution
RS Y+ 1 where ¥(y) := e — 1(y) mod e.

Obviously we have {¥ = ~*¥. Denote by (, ) the symmetric pairing on ¥ given
by

(6, 9) :=e(d)e(y) [] ¢*WPW,

yey

where
e(yp) = (=1)°"¥), with
() :={w,y) €Y xY |y <y, d(y) <o)}

As in Section 4A one proves:
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Lemma 6.19. For ally,¢ € ¥V and 1 <p <e, t:=e/p, we have
iPrm(E) e (d)e () 10| if ¢(i) = (i) + j mod e
Z<¢,u><u,w>={< (@)e(@)W] i i) = (i) + J mod e,

et 0 otherwise.

As in Section 4A, we call

(_1)m(efl)
T:H—H, — T(f)) = > (6,0 f(t)

T(e)™ et

the associated Fourier transform on the space of functions H := R¥ from ¥ to a
C-algebra R. By Lemma 6.19, it results that

e—1 —
T*(H)w) = (-1 f)
for all ¢ € ¥, and T* is the identity on H. For a fixed function ¢ from Y to a
C-algebra we define
e—le—1
1 /
6200 @) =—JITT  II (o)™ —g)c*@),

T(e)m L4 1L ; .
(e) 1=0 j=i y,y" : (y)=1, Y (y")=J
y>y' if i=j

as well as, for 1 <p<e, t:=e/p,

tv(zb) — {7(¢) if ¢ € t\I’a

0 otherwise,
and
1 e—1 ‘ e—1 '
2L I st I (s —9()) ifv € ¥,
o) =1 "0 =0yu=ici v y)=ieg
>y
0 otherwise.

Proposition 6.21. The function ¢ — (—1)(3)(?) td(¢) is the Fourier transform
of ¢ = ().

Proof. As in the proof of Proposition 4.6, we obtain for ¢inW¥

_1\ym(e—1)
T (tv)(@:( 2 () S c) | [T o™ | 3 I ¢rwem-ow,

2m
T(e
( ) 0ESem yey Petw yeYy

The inner sum does not vanish if and only if o(y) — ¢(y) modulo e is a constant
on Y. If, say, ¢(y) — o(y) = j mod e, then

Z H W) -d) — Cj(e/t+(§)m)’tq/‘ = (=1)i(e=Dmie/tgem—1
Petw yeY
Moreover, ¢ then lies in ¥y, and ¢ induces bijections

oi i+ 5) = {ie i, ..., (m—1)e+i}, 0<i<e—1.
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The corresponding signs satisfy

(—1Dme() = (~1)(B)(3) Heal

The claimed formula follows. O

As before, for ¢ € U we set the eigenvalue of Frobenius to be
Fr(y) o= G« " [ @
yey
Lemma 6.22. For all ¢,y € U and v as in (6.20) we have:
(1) Fr(%b)% =1

(2) Fr(v) =1 if ¢ € W,
(3) Fr(¢) = Fr(y);
(4) 22 pew Fr(¥)Fr(v)Fr(p) (¥, v) (v, ><u,¢> = (=1)Dmr(e)¥ ™y g;
(5) Loew Fr(9)(6, )Fr(v)y(v) = (=1)E=Dmr(e) " y(4).

Proof. This follows as for Lemma 4.13. For part (d), one also uses the equality

(E C(i2+ei)/2> Z H C V2 +e(y))/

i=0 ¢e\1: yey

_Z Z HC Ve (y))/2

p=0 yetl yey
t=e/p

and the observation

> OFr() =0 if  t#£1 0

et

As in Section 3A, a function 7 : Y — N induces an equivalence relation ~, on
U via
prntpifrodp (i) =mop (i) for 0 <i<e—1.

The class of ¢ in ¥ with respect to ~, will be denoted by [w] A 1) € VU is called
m-admissible if there isno y # ¢y € Y with 7(y) = n(y') and ¥(y) = ¥(y’). Denote
by H, the subspace of H generated by those f € H such that

(6.23) f(o) = f() if [¢] = [¢¥], f(®) =0 if ¢ is not m-admissible,

with basis
(6‘24) {f[¢] | QS W—admissible, f[d)} (¢) = 6[¢]7[’¢]} .

This is again invariant under Fourier transform, whence 7" induces a Fourier trans-
form on H. Let, as above, g be a function on Y that factors over (YY) via .
In this case, the functions *y and ‘0 introduced in Section 6C lie in H, and are
exchanged via Fourier transform by Proposition 6.21.

Call the Fourier transform matriz of (Y, 7), the representing matrix T' = T'(Y, )
of T with respect to the basis (6.24).
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The eigenvalue of Frobenius Fr is constant on the equivalence classes [¢)]. The
associated representing matrix will be denoted by F(Y, 7). As before, let

Sh:=FoT3cF=FoToF

be the Shintani operator on H and on H, and denote by Sh(Y, ) the associated
matrix representation with respect to the basis (6.24). One obtains by Lemmas
6.19 and 6.22(c)—(e) the following (compare with [7, VIL.3] for e = 2, t = 1).

Corollary 6.25. The function v € H is a fired point of Sh. The matrices T :=
T(Y,m) and U :=T - F(Y, ) satisfy

T =1, U =1, [T%,U] = 1.
In particular, T and U yield a representation of SLa(7Z) via

0 -1 -1 -1
(1 0)+—>T, <1 0>+—>U.

The preimages of F(Y,7) and Sh(Y, ) under this representation are

(3 ) rom (5 1) s,

6D. Families. As discussed in Section 3C, we can divide the symbols of of | J, Uch(tly(f))
into families, so that two symbols . and .’ lie in the same family if the mul-
tisets of entries of . and .’ coincide. This in turn induces a partition of the
unipotent degrees into families. The unipotent degrees in a family .% are closely
related to a suitable set ¥(Y, 7). The symbols of .%# each have em entries, so let
Y be an em-element totally ordered set and 7 : ¥ — N a function compatible
with the order structure, with |[7=1(n)| = [{i | n € S;}|. We associate to a class of
¥ € U the symbol . with S; = 7(1»~1(7)), which does not depend on the chosen
representative 1) € [¢]. The image of ¢ € U then lies in Uch(tIT(Le)). However,
in this way we obtain each class of symbols exactly e/s(.#)? times. By .%, we
denote the image in .% of ¥y. For t :=e¢/p, 1 < p < e, and a symbol .¥ of content
ct(¥) = 0 mod e, we set

¢ {W if def(7’) = p
Vo = .
0 otherwise.
Theorem 6.26. For every t:=e/p, 1 < p < e, the function
7~ Ry (q)
is the Fourier transform of
S = 2(q).
In particular, we have for every family F of symbols of defect p = e/t,

> @@ = D Ra(@)Rr(q).

SeF SeF
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Proof. This is obtained by comparing the definitions in (5.6) and (6.4) with (6.20),
by using Proposition 6.21 as in Theorem 4.17. It only remains to verify that the
prefactors occurring through the non-trivial symmetry groups cancel each other
out exactly. O

Remark 6.27. Let Y be as above, with em odd. Let ¥, ¢’ € ¥(Y) with
(6.28) P(y) =v(y) +1 forally e Y.

One convinces oneself that then e(v) = e(¢'), so that (¢,9) = (¢,¢') for all
¢ € W, Let ¥ be the set of all 1y € '¥ modulo the equivalence relation (6.28).
Then T induces a Fourier transform

T(£)(@) = Y (6. 9)f ()

Pev
on the space H := R‘i’; We see also that the eigenvalue of Frobenius Fr is therefore
constant on the class 1. Clearly the v-classes are compatible with the [¢)],-classes,

so we obtain in this case an alternative description of the Fourier transform and
the representation of SLy(Z) on the space ¥, hence for the untwisted reflection

datum I, ,(Le).

Ezample 6.29. If m =1 and 7 : ¥ — N has I7710)] = e — 2, [7~1(1)| = 2, then
we get that the [¢];-classes of symbols . = (S, ..., Se_1) are
Sz:{O} fOI‘i#O,k‘,l,k‘—i—l, S():SkJrl:{O,l}, Sk:Sl:®7
or
Si:{()} fori;«éO,l 502512{1}.
The classes can thus also be parametrized by pairs (k,[) of non-negative integers
with0<k<l<e k+l<e or0=Fk<l<e/2. Wesee that
<(k.1’ ll)’ (k.% l2)> <k112+k211 4 C*/ﬂlz*kzh _ Ck1k2+l112 _ C*k1k2*l112
= U(k‘l, k‘g) s
7(e) e
where the sign v(ki, ke) is —1 for k; = 0, ko # 0, or k1 # 0, ko = 0, and equal to
1 otherwise. Furthermore, one immediately sees
Fr((k, 1) = ¢

Since the symbols . have rank 2, they parametrize the unipotent degrees in a fam-

ily of . ée). Comparing shows that the above matrices of the Fourier transform (up
to the sign v(k1, k2)) and the eigenvalue of Frobenius coincide with the correspond-
ing exotic Fourier transform introduced in [14, 3.1]. The result of Proposition 3.2
in [14] is therefore proved by the above, up to the validity of the property 1.1(f).
Since our unipotent degrees for 12(6) differ from those of Lusztig in [13, 4.1] just by
the sign v(k) = —1 if k # 0, we can conclude from Theorem 6.26, that the exotic
Fourier transform in [14] sends the unipotent degrees of I5(e) to the fake degrees.
The case of even e is somewhat more complicated and left to the reader.
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