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0. INTRODUCTION

Let G be a connected reductive algebraic group over the algebraic closure
F q of a finite field I, (where ¢ is a power of a prime p), equipped with a
Frobenius endomorphism F': G — G that gives G an [ -rational structure,
and let G be the group of rational points of G (GF is a finite group
of Lie type). Let ¢ be a prime different from p, and good for G. We
also suppose that ¢ satisfies certain technical conditions: ¢ does not divide
(Z(G)/Z°(G)F| or |(Z(G*)/Z°(G*))F"| (where G* is the Langlands dual
of G taken over the same field Fq), and if G has a component of type 3Dy,
then ¢ = 3.

The aim of this article is to classify the unipotent ¢-blocks of G¥' with
abelian defect groups, and to demonstrate in each case that a general con-
jecture made in [4] holds: if e is an £-block of G with abelian defect group
D, and (D, f) is a maximal e-Brauer pair of G, then the blocks e of G¥
and f of Ngr (D, f) are isotypical. Along the way, we demonstrate a general
result concerning the 7-blocks of G (where 7 is a set of primes ¢ possessing
in particular the above properties). The part concerning the classification
of blocks is also obtained in [8] by other methods.

This paper originally appeared as Blocs a groupes de défaut abéliens des groupes
réductifs finis, Astérisque 212 (1993) 93-117.
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In [6], the analogous results are demonstrated under the stronger hypoth-
esis that ¢ is ‘large’ (i.e., essentially that ¢ doesn’t divide the order of the
Weyl group of G). In this case, these results are obtained by an application
of the generic methods of [6]. To extend to the case of small primes (the
non-generic case) we need to develop techniques combining methods from
[6] and [7].

If ¢ # p, the conditions on ¢ given above automatically hold when the
Sylow f-subgroups of GI" are abelian [11], so we have in particular:

Theorem. If a Sylow ¢-subgroup D of G¥' is abelian, the principal £-blocks
of GI' and Ngr (D) are isotypical.

1. SETS OF PRIME NUMBERS, 7-SERIES

In the first section we introduce the main notation and recall, with some
extensions, the main results from [7]. We determine the main properties of
the primes considered in the sequel.

From now on, we use the following notation: G is a connected reductive
algebraic group over the algebraic closure I_Fq of the field IF, of characteris-
tic p, equipped with an Fg-rational structure. Write I’ : G — G for the
corresponding Frobenius endomorphism, and G for the group of rational
points of G. By a Levi subgroup of G we mean a Levi subgroup L of a
parabolic subgroup of G, and if L is rational, we write RS and *Rf for the
associated Deligne-Lusztig induction and restriction respectively (see, for
example, [10]).

1.A. Background. Let 7 be a set of primes not containing p, and let 7’ be
all primes not in 7. If n is a natural number, write n, for the largest divisor
of n that is a product of elements of .

Definition 1.1. Let O‘S,’F be the class function on G given by

GF (g) = |GF|; g is a 7’-element
0 otherwise.

It is clear that O'S'F (g) only depends on the semisimple part of g.
If v is a unipotent character of G, we write deg(7) for its degree, and
Deg(y) for its generic degree. Thus Deg(y) € Q[x] and deg(y) = (1) =

Deg(7)(q)-
The next facts follow from [7, 2.5].

(1.2)

(1) For every F-stable Levi subgroup L of G and every class function 1)
on LY, we have

RE(0S" 1) = deg(RE (1)) o *RE (¢)

and . .
o5 RE (1) = deg(RE (1)) RE (k1))
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GF . .
(2) o7 is uniform, and

e G . F
oG = Y S g(RT(”f RE(E"),

T !
Tlar |[Wer(T)

where the sum is taken over a set of representations of the GF'-
conjugacy classes of maximal F-stable tori of G, and where Wgr(T) =
Ngr(T)/T.

Remark. By convention, the m-part of a number is always positive. In par-
ticular,

deg(RE (1))x deg(RE (1) = eqer deg(RE (1)),
where eg = (—1)¢ and i is the semisimple F,-rank of G.

We have O';EF = >0, where 6 ranges over the set of characters of T

whose order is a m-number. If uUSF denotes the projection of O‘S,’F onto
the subspace of class functions generated by the unipotent characters, we
deduce that

r_ N~ deg(RE(1)x
(1.3) urS _[% mR%(l).

As is standard, we write £(GY, (s)) for the Lusztig series associated to the
conjugacy class of the semisimple element s € G*I and set E(GF 1) .=
Use(G*F*)ﬂ E(GT,(5)) (see [7]). We write prS’F for the projection from the

space of class functions on G to the subspace generated by the elements
of £&:(GF,1), and we set

F F F
RegS” :=pr Reg® = > x(Dx.
X€ER(GF 1)

Finally, we write URegfr;F for the projection of Regfr;F onto the subspace
generated by the unipotent characters.

The second assertion in the next proposition has already been proved in
[7].

Proposition 1.4.

d S(1)),
(1) RegS" = Y LB WD)x o gty
o TWor (D)

(2) RegSF = USFD(uaSUF{p}), where D denotes Alvis—Curtis duality.
Proof. We obtain (1) by applying pr& " to the formula

deg RG(1) P
RegC" = Y > U RE (RegT
[T]GF
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since
F F F F F
pri (T (Reg™ ) = RE(pry (Reg™ )) = RF (Regy ).
We now prove (2). By (1.3), we have that

r deg(RE (1)) 1
(1.5) noll | = ST pG(1).
= 2 e (m)]
G
Multiplying both sides of (1.3) by JSF and using (1.2(1)), together with the
equality D(RS(1)) = egeTR$ (1), we obtain the result. O

As in [7], we see from Proposition 1.4(2) that Regf’p is the regular char-

acter associated to a central m-idempotent of QG¥, which we denote by
GF
es .

1.B. The case where 7 consists of good primes. Suppose now that
m only consists of primes that are good for G. Hence, for every abelian
m-subgroup S of G, the group Cg&(S) is an F-stable Levi subgroup of G
(see for example [13, 2.1]).

Definition 1.6. A Levi subgroup of G is w-split if it is a connected cen-
tralizer of an abelian m-subgroup of GF'.

A group M is a m-split Levi subgroup of G if and only if there exists an
F-stable maximal torus T of G such that M = C&(TL), where we write
TL for a Sylow m-subgroup of T

Definition 1.7.

(1) An F-stable maximal torus T of G is m-anisotropic if the Sylow 7-
subgroup TZ of T is contained in Z°(G)¥. We write T,(G) for
the set of m-anisotropic maximal tori of G.

(2) For every uniform class function ¢ on G, the w-cuspidal projection
of ¥, denoted by ¢, (1)), is defined by

1
cr(h) = ————RT('RE(¥)).
[TGT%GF Wer(T)|" T T

In what follows, the symbols =gr, <gr, Cgr and <gr, represent the
symbols =, <, C and < modulo G¥'-conjugation.
The following analogue of [6, Lemma 2.14] will be useful.

Lemma 1.8. Let ¢ be a function on the set of all F'-stable maximal tori of
G, invariant under G -conjugation. Let M be a m-split Levi subgroup of
G. We have

1 ¢(T)
S i —— Y A
[T:Tf =g 22 (M) | WerMl rer Gper 1V0ae (1)

Proof. Tt suffices to follow the proof of [6, Lemma 2.14], replacing d by 7. O
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As in [6, §2.C], we write Ablrr(G!") for the character group of the abelian
group GT'/[G, G]¥ (seen as characters of G¥'), and we write Ab,Irr(GT)
for the subgroup of elements of AbIrr(GF) whose order is a m-number. We
set

Ab Reg(GF):= Y 0.
0€Ab,Irr(GF)
Proposition 1.9.
deg RS (1
(1) ReeS = Y BN o (), RegMT e (URegM")).
~  |[War(M)|
[M m-split] o F
F deg RG (1 F
(2) UReeS = Y CBMNU pG o (UReg™”))
oo War (M)
m-split] g F

Proof. The proof is similar to that of [6, 2.16,2.33]. In the formula for

RegSF in Proposition 1.4(1), grouping the tori T according to whether the
subgroups TL are G'-conjugate, and applying Lemma 1.8 to each grouping,
we obtain

1 deg R$(1) q .y TF
T War(M Warr (T T
[MZ]GF\ ar >\[T€nZ(M)]MF\ wr (T)]

deg Ry (1) RS deg Ry (1) RM (ReoT”
E M E T (Reg )
War(M W T

_ deg Ryi(1) MF
= 2 i (v s (crest)
[M]GF

where each sum is over a set of representatives M of G¥'-classes of m-split
Levi subgroups. (1) is therefore a consequence of the following analogue of
[6, 2.34].

Lemma 1.10.
cﬂ(RegS'F) = Ab,rRegGch(URegGF).

Proof of 1.10. According to Proposition 1.4(1) and Definition 1.7(2), we see
that

deg R
er(Regf" ) = Z Wg T”R f(Reg )
1
cW(URegSF) = Z WR%UTF)

It therefore suffices to demonstrate that, for all T € T;(G), we have
R%(Reg;fF) = AbWRegGFRg(lTF). Since the function AbyReg®" is ‘p-
constant’ (see [7, 2.5]) we have that Ab,Reg®" R%(ITF) = RS (Res%l: (AbﬁRegGF).
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Therefore it suffices to verify that
(*) Resg_:’f: (AbﬂRegGF) = RegEF.

The function Resgf’; (AbWRegGF) is a function on T that takes the value
|IGT' /|G, G]¥|, on the elements ¢t € T whose image modulo [G, G| is a
n-regular element, and value 0 on the other elements of TF.

The group G¥'/[G, G] is a quotient of T (see for example [6, §2]) and
|IGT/|G,G]F| = |Z°(G)F|. By the hypothesis on T we have |TF|, =
|Z°(G)F' |, therefore |TF |, = |G /|G, G]¥|; we see that TF N [G,G]F
is a ’-group. As a result, the function Resgg (AbﬂRegGF) takes the value

0 on the 7-singular elements of T¥. This completes the proof of equality
(*). 0

The proof of (2) is identical, starting instead with (1.3). O

Remark. The proof of Lemma 1.10 above shows that there exist m-anisotropic
tori, so Z([G, G])¥" is a 7/-group. This hypothesis is precisely that of Propo-
sition 1.19(1) below.

1.C. F-excellent primes. For reasons that will become clear later (see for
example Propositions 1.15 and 1.16), we must impose some restrictions on
the set of primes that we use (see [13, 2.3] and also [8]).

Definition 1.11. A prime /¢ is (G, F)-excellent if and only if
(1) ¢ is good for G,
(2) £#p,
(3) ¢ does not divide either |(Z(G)/Z°(G))¥| or |(Z(G*)/Z°(G*))F"|,
(4) ¢ is not equal to 3 if G possesses a component of type 3Dj.

The ‘large’ primes (‘generic’) of [6, §5] satisfy these conditions.

Proposition 1.12. Suppose that G is simple. If £ # p and ¢ 1 |W| then ¢
is excellent for (G, F).

Proof. Since the bad primes divide |W|, and since 3 divides the order of the
Weyl group of type Dy, we just have to prove condition (3).

Following the notation of [6], we write R for the root system of G, a subset
of the cocharacter group X of T, and R for the dual system, a subset of
the character group Y of T. Additionally, we write Q(R) and Q(R") for the
Z-submodule of X and Y respectively, generated by R and R respectively,
and let P(R) be the dual of Q(RY) in Q ® X.

The character group of Z(G)/Z°(G) is isomorphic to a p’-torsion sub-
group of X/Q(R). Since the torsion subgroup of X/Q(R), namely the
group Q(R)**/Q(R), is a subgroup of P(R)/Q(R), it suffices to verify
that |[P(R)/Q(R)| and |P(R"Y)/Q(R")| (the latter must be considered to
obtain the result for G*) divides |W|. But, by definition |P(R)/Q(R)| is
the connection index fr of R, and fr = frv divides |W| by [2, Proposition
VI.2.7]. O
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The next property of excellence is fundamental (it has already been ob-
served in [8, 1.2]).

Proposition 1.13. Let L be an F'-stable Levi subgroup of G. If £ is excellent
for (G, F), it is also excellent for (L, F).

Proof. As before, only condition (3) needs verification. By [13, 2.4] the group
H(F, Z(L)/Z°(L)) is isomorphic to a direct factor of H(F, Z(G)/Z°(G)).
This gives the result because for any finite group A with an automorphism
F' we have the short exact sequence

1 - AF Ty HY(F,A) —— 1,

which shows that |H'(F,Z(G)/Z°(G))| = [(Z(G)/Z°(G))F|. The same
applies to L. O

We need some concepts defined in [5] and [6]. Let T be an F,-torus,
defined over F,. The associated Frobenius endomorphism induces on Y (T)
an operator of the form ¢g¢, where ¢ is an endomorphism of finite order.
We call the data T = (X(T),Y(T), ) a generic torus. We write |T| for
the characteristic polynomial of ¢; the notation is ‘justified’ by the fact that
|TH| = |T|(q). Given an integer d, T possesses a unique F-stable subtorus
T4 such that |Ty| is a power of ®; (the dth cyclotomic polynomial). Such
a subtorus is called a ®4-group, and Ty is called the Sylow ®4-subgroup of
T. The Levi subgroups of G that are the centralizers of ®4-subgroups are
called d-split.

Definition 1.14. Let S be an F-stable torus, and let d € N. A prime
¢ is (S, F,d)-adapted if |ST|, = |SL|; (i.e., the Sylow f-subgroup of S¥ is
contained in the Sylow ®4-subgroup of S¥). A set 7 of primes is (S, F,d)-
adapted if all of the elements in it are.

Let T be an F-stable maximal torus of G and @ € Irr(TF). We write
G(T,0) (see [6, 2.C]) for the group generated by T, together with the radical
subgroups U, (relative to T) with 8(a") = 1.

Proposition 1.15. Let L be an F'-stable Levi subgroup of G. Let m be a set
of primes that are excellent for (G, F), and (Z°(L)/Z°(G), F, d)-adapted.
(1) If S is a m-subgroup of (Z°(L))E" then C&(S) is a d-split Levi sub-
group of G.
(2) Let 6 be a w-character of (L/[L, L)), and let T be an F-stable maz-
imal torus of L. Then G(T,0) is a d-split Levi subgroup of G.

Proof. For every element of 7 that is good for G, the group Cg(S) is a
Levi subgroup of G (see for example [13, 2.1]); we have S C Cg&(S) as
S CL C Cg(S) and, as every element of 7 is still excellent for (Cg(S), F)
by Proposition 1.13, we have S C Z°(Cg&(5)). As Z°(Cg(S)) € Z°(L)
(because C&(S) contains L), 7 is still (Z°(Cg(S))/Z°(G), F, d)-adapted.
As aresult, the quotient (Z°(Cg(S)))¥/(ST"- Z°(G))T) is a n'-group, if S is
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the Sylow ®4-subgroup of Z°(Cg(5)); therefore S is contained in S-Z°(G).
Hence we have Cg (S) = C&(S), demonstrating that Cg(S) is a d-split Levi
subgroup of G.

The second assertion follows from the first, applied to the group G*,
which is possible because the primes that are excellent for (G, F') are also
excellent for (G*, F*), and Z°(G) and Z°(G™) have the same generic order,
as do Z°(L) and Z°(L*). O

The following technical result will be used in Section 2 for the description
of ¢-blocks of abelian defect group of G¥'.

Proposition 1.16. Let L be an F'-stable Levi subgroup of G, and let £ be
a prime that is good for G, and not dividing Wgr (L, \) for some unipotent
representation X of LY. If ¢ = 3, suppose in addition that G does not have
a component of type ®Dy. There exists d such that £ is (Z°(L)/Z°(G), F, d)-
adapted.

Proof. To prove the proposition, we may suppose that G is adjoint. Indeed,
if L’ is the image of L in G,q, then Z°(L)/Z°(G) and Z°(L') have the same
generic order. The character A, being unipotent, factors through a unipotent
character \' of GL, and WGFd(L/, N) = Wgr(L, ).

We therefore suppose that G is adjoint. Since an adjoint group is a
product of the restriction of scalars of simple groups, G is a product of

groups of the form (Gga),Fi(a)) (the restriction of scalars of Fge to I, of

(Gy, F})), and (L, \) is a product of (Lga),Fi(a)). As (LE“))F =L and
WG(‘Z)F(“) (Lz(a)7 )\z(a)) = WGiFa (Lla )\z),

k3

we can even replace (Gga), Fi(a), Lga), )\Ea)) with (G, F, L;, i), and suppose

that G is a product of simple groups, each F-stable.
We now use the following lemma, which has appeared in [12, 3.1].

Lemma 1.17. IfT = (X,Y, ¢) is a generic torus, and (T, F) is the algebraic
torus corresponding to a choice of q, then a prime £ that does not divide the
order of ¢ is (T, F)-adapted.

Proof of 1.17. Let [[;_, ®;' be the polynomial order of T. As it is the
characteristic polynomial of ¢ on Y, the order of ¢ is the lowest common
multiple of the orders (as roots of unity) of the zeros of ®;, which is the
lowest common multiple of the d;. Moreover, if ¢ is not (T, F')-adapted, it
divides two of the cyclotomic factors, which we write ®4(q) and ®4(q). It
therefore divides (see, for example [5, Appendix 2, (3)]) the lowest common
multiple of d and d’, so therefore divides the order of ¢, and we have the
lemma. (|

The following paragraph freely uses concepts and notation of [6]. Suppose
that (G, Ty, F) is a triple associated to the generic group G = ((X, R, Y, RY), W ¢),
where T is chosen to be quasi-split, i.e., such that there exists an F-stable
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Borel subgroup B containing Ty. Suppose also that L is associated to
L = ((X,R,Y,R"Y),WLwg). We can identify Wgr (L, \) with Wg(L, )
where A € Uch(G) is such that p&F = X (see [6, 1.26]). Let R be the posi-
tive roots of the root system corresponding to the choice of B. We therefore
have a decomposition as a semidirect product Ny, (L, A) = W, x W’ where
W' = Wg(L, A) consists of those v € Ny, (L, A) such that v(R'") = R'*.
We may assume that, in the class Wpw¢ that defines L, w was chosen with
w(R'*) = R'*. Let § be the order of ¢: we have (w¢)® € Ny, (L, A) and,
since we again have (w¢)®(R'") = R'*, we similarly obtain (w¢)? € W'.
Therefore, by the hypothesis of the proposition, ¢ does not divide the order
of (we)°.

If ¢ does not divide 9, then ¢ doesn’t divide the order of w¢, and by
Lemma 1.17 we see that there is d such that ¢ is (T, F, d)-adapted, where
T is a maximal tori of L corresponding to a generic torus (X, Y, w¢). This
implies in particular that ¢ is (Z°(L), F, d)-adapted, yielding the proposition
in this case.

Now suppose that ¢ divides §. As we have chosen Ty to be quasi-split, ¢
is a diagram automorphism, of order 2 or 3 on each non-split component G;
of G because they are simple and F-stable. Therefore £ = 2 or £ = 3. We
even have, since we assumed that ¢ is good for G, and excluded components
of type 3Dy for ¢ = 3, that 6 = ¢ = 2 and that every non-split component
of G is of type A,. Let G; be such a component; then G; is split and, as
WG; (L;, 0% (X)) = Wg, (Li, Ai) (see [6, 3.3] for the definition of o) we

know, using the result already proved for 6 = 1 for G; , that 2 divides at
most one of the cyclotomic factors of |Rad(L; )|(¢) = £|Rad(L;)|(—¢). This
gives the result since ®4(q) = ®4(—¢) (mod 2). O
Remark. Let G be a group of type Dy, and set (L, \) = (T, 1) where,

e if g=1 (mod 3), T is a maximal torus such that

IT| = (z® + 2+ 1)(z — 1)(z + 1)
e and if ¢ = —1 (mod 3), T is a maximal torus such that
IT| = (22 — 2+ 1)(z + 1)(x — 1).

Hence 3 is not (T, F, d)-adapted for these tori, but, the two tori have a Weyl
group Wgr (T, 1) isomorphic to (Z/2Z)? (see [9]): this shows that excluding
the type 2Dy in the statement of the proposition is necessary.

Proposition 1.18.

(1) Letm be a set of primes different from p, and not dividing the order of
(Z(G*)/Z°(G*)F, and let s be a w-element of GF'. Then Cg(s)f =
Cas)F.

(2) Let w be a set of primes that are good for G, and not dividing the
order of (Z(G)/Z°(G))'. Let T be an F-stable mazximal torus of G
and let 0 € Irr(TF) ;. Then Ngr(T,0) C G(T,0).
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Proof. (1) isin [13, 2.5] (see also [8, 4.4(i)]). (2) can be deduced by applying
(1) to G* and using the fact that, if (T*, s) is dual to (T, #), then, as 7 only
contains primes that are good for G, we have that the group G(T, #) is dual
to Cg-(s). O

The following result will be used in Section 3 for a description of isotypies.

Proposition 1.19.

(1) Let m be a set of primes, none of which divides the order of Z (|G, G])¥".

The restriction of Gt to Z°(G)E induces an isomorphism

Ab,Irr(GF) = Trr(2°(G)E).

(2) Let L be an F-stable Levi subgroup of G, let T be a mazimal torus
of L, and let 7w be a set of primes that are excellent for (G, F), and
that do not divide Z([L,L))". Let § € Ab;Irr(LY), and let 61 be the
restriction of 6 to T, and 07 the restriction to Z°(L)E. We have

Ngr(L,0z) = Ng(r,op)r ().
Proof. The exact sequence
0—-2Z2(G,G)NZ°(G) = Z°(G) —» G/|G,G] = 0
gives the exact sequence of Galois cohomology
0 (Z(IG,G))N 2°(G)" — (Z°(G))"
- (G/[G,G]))" = H'(F, Z([G,G]) N Z°(G)) = 0

and, by assumption, the terms at either end are 7’-groups, whence we get
(1).

Under the assumptions of the statement, G(T, f) is the largest F-stable
Levi subgroup M containing L such that f is the restriction of a character of
Ablrr(MF). Moreover, if T’ is another rational maximal torus of L, we have
G(T,01) = G(T’,61/). Therefore we may suppose that we have chosen T
to be a quasi-split torus of L. Two quasi-split tori are conjugate in LY, and
we can therefore find representatives of Ngr(L,0z)/LY in Ngr(L, T) (and
by (1) these representatives are in Ngr(L, T, ), hence in Ngr(L, T, 0t));
hence Ngr(L,07) = Ngr (T, 0p,L) - LY, which is equal to Ng(t,0.)r (L) by
(1) of the proposition. O

2. UNIPOTENT BLOCKS WITH ABELIAN DEFECT GROUPS

2.A. Necessary conditions. We analyze the structure of maximal pairs of
unipotent (-blocks of G with abelian defect group, when ¢ is excellent for
(G, F).

Let ¢ be a prime that is excellent for (G, F'). Let K be a finite extension
of the field of ¢-adic rationals Q, that is ‘large enough’ for G¥', and let O
be its ring of integers, a finite extension of the ring of /-adic integers Z,.
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Let e be a unipotent block of OGY, i.e., a primitive central idempotent of
OG! such that eef’F = e, where ef’F is the central idempotent correspond-
ing to &(G! 1) (see Section 1). Let D be a defect group of e, which we
suppose is abelian. Set L := Cg(D). Since ¢ is good, there is an F-stable
Levi subgroup of G, and we have (see Lemma 1.17(2) above) L = Cgr (D).
Let f be an ¢-block of L such that Brp(e) - f = f, where Brp denotes the
Brauer morphism (in other words, f is a root of e, and (D, f) is a maximal
e-Brauer pair). Let A be the canonical character of L.

Theorem 2.1.

(1) D is a Sylow ¢-subgroup of Z(LY), and D C Z°(L)¥.

(2) X is a character of {-defect zero of L' /D, i.e., deg(\), = [LL|,.

(3) NGF(Da)‘) = NGF(Lv)‘)f and KT |WGF(L¢)‘)|

(4) X is a unipotent character of L' and it is the unique unipotent char-
acter of LY in the block f.

(5) £1|Z([L,LIF)].

(6) There exists an integer d such that ¢ | ®4(q) and (L, \) is a d-cuspidal
pair for G. The integer d is uniquely determined if L is a proper
subgroup of G, and hence € is (Z°(L)/Z°(Q), F, d)-adapted.

Remark. The group GL15(13) has a unipotent character of 7-defect 0, which
is both 2-cuspidal and 14-cuspidal. We therefore see that the uniqueness of
d in assertion (6) requires that L is proper.

Proof. The first three assertions are classical results of block theory (the
inclusion D C Z°(L)¥ follows from the fact that ¢ is excellent).
To demonstrate (4), we first check that the block f is unipotent, i.e., that

o (g F
fe%‘p = f. By iterating the formula Br<$>(eeG’F) = e?c( ) (see [7, 3.2]),

where x denotes an f-element of G¥', we see that BrD(eZGF) = e%‘F. It
therefore suffices to apply the Brauer morphism Brp to the equality eef’F =
e to get that all constituents of Brp(e) (and in particular f) are unipotent.

The following lemma follows immediately from [14, 3.1].

Lemma 2.2 (G. Hiss). Every unipotent block contains a unipotent charac-
ter.

As A is the unique character of f that is trivial on D, and as all unipotent
characters of L are trivial on Z(L%"), we deduce assertion (4).

To demonstrate (5) note that, since A is unipotent, its restriction to
[L, L]¥" is again an irreducible character. However, |[L, L)¥| = |(L/Z(L))¥| =
ILE/Z(L)¥| - |[HY(F, Z(L))|, therefore (deg\), = |[L,L]¥|,. Hence X is a
character of ¢-defect 0 of [L,L]?, and this implies that this group does not
have a non-trivial central ¢-subgroup, demonstrating (5).

We prove (6). Suppose first that L # G. There therefore exists d € N such
that ¢4 divides the generic order of Z°(L)/Z°(G) and ¢ | ®4(q). As ¢ does
not divide Wgr (L, )|, it results from Proposition 1.16 that d is uniquely
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determined by these conditions. In other words, ¢ is (Z°(L)/Z°(G), F, d)-
adapted. We obtain therefore by Proposition 1.15(i) that L is d-split.
Moreover, there exists a product ¢ of bad primes for L such that c -
Deg(\) € Z[x] is a monic polynomial (see for example, [6, 1.32]). Therefore
|Lss|/c-Deg() is a product of cyclotomic polynomials multiplied by a power
of x, whose value at ¢ is not divisible by ¢. As ¢ divides ®4, we have that
the contribution of the cyclotomic polynomial ®; to Deg(\) and |Lgs| are
equal; this proves that A is d-cuspidal by [6, 2.9], and completes the proof
of Theorem 2.1. O

Remark. Note that, if L = G, the proof above shows that A is a d-cuspidal
character of GI' for all d such that £ | ®4(q) and @y | |Gssl.

2.B. The unipotent m-blocks with abelian defect groups. In this sec-
tion, for some sets w of primes, we define subsets of the m-series E;(G*, 1),
which we show correspond to T-idempotents of ZQGF, and for = = {£} they
correspond to the £-blocks of abelian defect group in GF.
The following notation and hypotheses will be in effect for the rest of this

section:

(Hd) (L, \) is a d-cuspidal pair for G.
(Hm1) 7 is a set of primes excellent for (G, F)).
(Hr2) For all £ € m, L = Cg(Z°(L)}).
(Hr3) deg(A\)x = |LE |,
(Hmd) Wgr(L, ) is a 7'-group.
(Hdm) 7 is (Z°(L)/Z°(G), F, d)-adapted.

Remark. If m consists only of primes ¢ that are excellent for (G, F'), we have
(see Theorem 2.1) that the above hypotheses are satisfied for a suitable
choice of (L, )\) if G has an ¢-block with abelian defect group.

Notation.
e From now on, we assume that we have chosen an F-stable maximal
torus Ty of L.
o Let £ € m. We write e%‘a‘ N for the primitive ¢-idempotent of ZQLY

F

defined by A. Hence e%‘(L N is an ¢-block of LY with defect group
2L,
o We write ef'(i N for the unique block of G corresponding to e}‘fL N

under the Brauer correspondence — in other words, using the notation
of [1], we have

F o F
{1} efmny) € (Z°M)7 s ef wa))-

As Ngr(2°(L)F,efip, ) = Nar (L, A) and € doesn't divide [Wgr (L, \)],

it follows from Brauer’s first main theorem (see for example [1]) that (Z°(L), e}‘& N

. . GFr . .
is a maximal ee’(L’)\)—Brauer pair. In particular,

)
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(2.3) ZO(L){ is a defect group of 6@?(1,)0'

We will provide, among other things, (see Theorem 2.8 below) a complete
description of the characters of Gf' in ef’& NE demonstrating that they are
exactly the characters of &(G'',1) that lie above (L,)). We proceed in
several stages.

Studying E(GF 1, (L, \)).

Let £(GF,1,(L,))) the set of unipotent characters v of G such that
(v, RE(\))gr # 0. We write Irr(GF, eg'(i,/\)) for the set of irreducible char-

F . _GF
acters of G in €L

Lemma 2.4. £(GF,1,(L,\)) C Irr(GF,ef'(i /\)).

Proof. We go by induction on |GF : L¥|. If G = L¥, then the lemma
is trivial. Otherwise, there exists € Z°(L)!, = ¢ Z(GT). Let G(z) :=
C&(x) and G (z) := G(z)F". By induction, the lemma is true if we replace
G by G(x).

Let v € £(GT,1,(L,\)). By the Curtis type formula described as in [3,
4.3], we have

deci %" () = decy " ) (R ().

Since, by [6, 4.5], the character *R(G;(z) (v) is afforded by the free Z-module
generated by

U (G (), 1, (L', X))

L/ M)~ gr (LX)
(where (L/, \') runs through the set of pairs of G(x) that are G¥-conjugate
to (L, \)), we see that
dec;(mez () &GH(@) 1L IN),
L/ M)~ gr (L)
and by induction hypothesis

z,G — F
dec,”" (v) € Z U Irr(GF(a;),eE’(L,)\)).
(L/7)‘/)NGF(L7)‘)

As ((:U),ef(i(,m/z,)) 2 ({1},6?&, )\,)) for all (L', \) ~gr (L, \), to prove the
lemma it now suffices (by Brauer’s second main theorem) to check that

dec?’GF(’y) £ 0.
Applying again the Curtis type formula ([3, 4.3]) we obtain

- +.GF z,LE «

and it remains to check that decf’LF (*RE(v)) # 0. Since, by [6, 3.15],
"RE (v) = (v, RE (V) > Y,

wEWGF (L)/WGF (L1>‘)
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it remains to check that dec?’LF (\) # 0. But, as A is unipotent (therefore

trivial on Z°(L)¥) and is therefore of defect zero, we have dec?’LF N =

A O

The following characterization of abelian defect groups is analogous to
that in [6, 4.8]. Note that, in the case where m = {¢}, it provides a charac-
terization of defect groups in terms of the application of the Deligne-Lusztig
functor RS (such a characterization has been suggested by G. Hiss).

Proposition 2.5. Let v € £(G¥,1,(L,)\)). If T is an F-stable maximal
torus of G, and if (R$(1),7)gr # 0, then the Hall m-subgroup TL of T is
GT'-conjugate to a subgroup of Z°(L)¥. Moreover, there exists an F-stable
mazimal torus T such that TE = Z°(L)E.

Proof. Suppose that (v, RE(1))gr # 0, and let x € T} for some £ € 7. By
the Curtis type formula, we have

RGE W dec?C" (7) = dec? ™" ("RE (7)),

hence in particular dec?’GF (v) # 0 since *R$ (7) = (RE(1),7)gr - 1or and

decf’TF(lTF) # 0. This implies that z is G¥-conjugate to an element of the
defect group of the ¢-block of y, which by Lemma 2.4 is Z°(L)¥".

We now show the first part of the proposition by induction on dim G. If
TE C Z°(G)F, nothing needs to be proved. Otherwise, there exists £ €
and z € TI'\ Z°(G)F. By the reasoning above, x is G!'-conjugate to
some z’ € Z°(L)F'; this conjugation sends T to some maximal torus T’ of
M := Cg(2'). As wis (Z°(L)/Z°(G), F, d)-adapted, it follows from Propo-
sition 1.15(1) that M is a d-split Levi subgroup of G. As (R$/(1),7)gr =
(R$(1),7)gr # 0, it follows that there exists u € (MY, 1) with *R} (1) #
0 and (M, i) < (G, 7). Let (L', \) be a d-cuspidal pair such that (L', \') <
(M, 11). Then (L', \') is GF-conjugate to (L, \), and by induction hypothesis
we have

T <yr Z2°(L)  and  Z°(L)) =gr Z°(L),
hence the first part of the proposition holds.

For every F-stable maximal tori T of L such that (A, R%:(1)) # 0, by [6,
1.38] we have that (deg\), divides |L¥ : T |;. As (deg\), = |LL|,, we
have that T < Z°(L), whence TE = Z°(L)E. O

The next result shows that the m-local subgroups used in our context are,
as in [6], d-split groups.

Lemma 2.6. A Levi subgroup of G containing L is w-split if and only if it
is d-split.

Proof. A m-split Levi subgroup M containing L is the connected centralizer

of a m-subgroup of Z(L)¥. This m-subgroup is necessarily contained in
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Z°(L)F since 7 is excellent for (G, F) (hence excellent for (L, F)). By
Proposition 1.15 and by hypothesis (Hdn), M is d-split.

Conversely, if M D L is d-split, then M is the centralizer of the m-part
of its centre. Indeed, let M’ be the centralizer of the m-part of the centre of
M’. By the above, M’ is d-split. If M’ strictly contains M, the d-part of
the centre of M’ is strictly smaller than the d-part of the centre of M, and
by (Hdr) it follows that it must be true of the m-part, a contradiction. [

As in [6], we set

F
URegﬁw\) = Z degy - 7.
vyeE(GF,1,(L,N))
Lemma 2.7.

(1) Let v € E(GF 1, (L, \)), and let ¥ be a uniform unipotent function
on GF'. Hence

(1) ar = % mwﬂﬁ((zmﬁ(w»m,

where M runs through the set of all d-split Levi subgroups of G
containing L.
(2) We have

F deg(Ry; (1))
URegf )= D m]%ﬁ(deg cr(p) - 1),
(M)l gr

where (M, ) runs through the set of all d-split pairs such that (L, ) <
(M, ).

Proof. We start with (1). As 4 is uniform, we have

3 1 GG
(77¢)GF =17 RT *RT"vb
[Wer(T)
[T}GF GF
We continue as in the proof of Proposition 1.9(1). Here we know that the
terms where M is not m-split and containing L (which is equivalent to being

d-split and containing L by Lemma 2.6) are zero by Proposition 2.5.
For (2), we have

F F
UReg{f,,y= > (7, UReg® )gr.
VGS(GFJv(Lv)‘))

Applying (1) with ¢ = URegG’F7 exchanging the summations, and using the
equality

‘R (UReg®") = deg (R (1)) UReg™ ",
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we obtain
GF deg(Rgp(1)) G MF
UReg(L,)\) - Z ‘WGF (M)‘ Z (’77 RM(Cﬂ‘UReg )>GF Vs
M]gr veE(GT 1,(L,N))

where M runs though the 7-split Levi subgroups of G". Expanding c,rURegMF
Z“Eg(MF 1) deg cx () - @, there are only representatives of G¥'-conjugacy

classes of pairs (M, i) (which are necessarily up to G*'-conjugation above
(L, \)), so we obtain the lemma. O

Descriptions of the blocks

Recall the notation used in [6] for Lusztig’s indexing of the irreducible
characters of G, Let T be a rational maximal torus of G¥'. For 0; a char-
acter of TY" and v a unipotent character of G (T, ), we write X(%(T,e),au)

for the irreducible character of G¥' that corresponds to the pair (6,v) via
the Jordan decomposition of characters.

Theorem 2.8. We set

F F F
Regliny = Y deg(x{ow)XFow)
[(N’evl’)}GF
where 0 ranges over Ab Irr(L¥), N := G(T,0), and v € E(NT, 1, (L, \)).
(1) We have

GF deg Rlc\;/l(l) G MF
=y SEIMUL RS (Ab, . deg cx
R’egﬂ',(L)\) ’WGF(M,M)‘RM( b Reg degc (u’)p’)
(M,p)]gF

where (M, 1) runs through the set of d-split pairs of GF' such that
<L7)‘) <Gr (Mvu)' .

(2) The character RegS(L N 8 the regular character associated to a cen-
tral w-idempotent of QG¥. In particular, its values are divisible by
G"z.

Remark. For m = {{}, the idempotent corresponding to Reng(i N I8 the one
we have already designated by e?(i NE In the general case, we denote by

eSfL N the idempotent corresponding to RegSfL NE

Proof. We set GEP;F := Y60, where the sum runs over all elements 6 of
Ab,Irr(L¥) such that G(T,#) = N. Then

Regw,(L,)\) - Z |WGF (N, V)|RN(®G,7T deg(’/)’/)
[(va)]GF

where (N, v) ranges over the set of d-split pairs such that (L, \) <gr (N,v).
We will use the next technical lemma twice.
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Lemma 2.9. Let ¢ be a GF-invariant function on the set of d-split pairs
(N,v) such that (L,\) <gr (N,v). Then

N,v Wir (L, A
2 Lemne D VI e LU
[(Nvl’):(Lv)‘)ch (ny)}GF ’ {(N7V):(L7)‘)<GF(N7V)}

Proof of 2.9. Note that the first sum covers the Gf-conjugacy classes of
pairs (N, v) while the second sum covers all pairs (N, 7). The lemma easily
follows from [6, 3.14]. O

By Lemma 2.9, we see that

Gr _ (Wnr (L V)] o aNF
Reg(L,)\) - Z ’WGF (L7)\)|RN(@G,71' deg(y’)p’)
NV (L)< gr (Nv)}

Wier (L, A , ,
=y P o) U

By Lemma 2.9, and by Lemma 2.7(2), we have that
NF (War (L A)] e
URegfy, )= . WRN(Z degcr(p)p)
{M;L<M<N} n
where (M, u) is d-split and such that (L,\) < (M, ). By virtue of the
formula
F F
Z @EI,W MF = AbWRegM )
N>M
we obtain
. Wagr (L, A .
Reg((;’%)\) = Z MRI(\;/I(AbWRegM -deg cr(p)p)

War (L, A
{(M,#);(L«\KGF(M,#)}| ar (L, Al

where (M, ) runs through the set of d-split pairs. The formula we need
results by another application of Lemma 2.9. This proves (1).
We move to (2). It is necessary and sufficient to prove that |G|, divides

all of the values of Regffh ) By (1), we see that it suffices to prove that
for all d-split pairs (M, u) such that (L, \) < (M, u),

deg R (1)
(War (M, )]
As Wgr(M, 1) is a quotient of a subgroup of Wgr (L, \) (see [6, 3.14]), we

see that Wgr (M, ) is a 7'-group, and so it suffices to verify that |MZ|,
divides degc,(w). This is a consequence of the following proposition.

Proposition 2.10. For v € £(GF 1, (L, \)), |GE |, divides deg c. (7).

SsIT

|G| divides RS,I(AbWRegMF ~degcr(p)p).

Proof of 2.10. We first prove the following technical lemma, a corollary of
Lemma 1.8.
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Lemma 2.11. Let v € £(GF,1). Then

v seEmlG i My e ) DBl (1)
War(M M |x
[(Muu')}GF | GF( ? l’l’)‘ | SS

F
(Vs D(uafu{p}))GF

where the sum is over representatives of G -conjugacy classes of pairs con-
sisting of a m-split Levi subgroup M of G and where p € E(MF, 1).

Proof of 2.11. By (1.5) and Lemma 1.8 we deduce that
F 3 (DegRy; (1))

D uaf = EGEM RG Cr ua}:/IF .
( U{p}) [M m-split] o F Wer(M)] mfert U{p}))

Therefore
(v, D(wo i)
> (DesRD)e
|

EGEM
[M 7-split] g 7 | WGF ( )

er (o), R ()

On the other hand, again using (1.5), we also have:
|GF N TF‘ﬂ./\{p}
[War(T)

(v Dlex(uoSi Ner = Y. cgem (v, R§(1))gr

- ¥ DegRE (1) (v, RE(1))gr
(War(T)  |GLlx

[TeTx(G)lgr
Degcw( )
B |Gss TF .
Applying this last formula for M, we obtain
GF |GF : MF|7r’ Deg(CTr(*RIE;/I('Y)))
o D(uaﬂu{p}))GF - (M w%}it]GF Tar [War (M) |Mss ™
and the lemma follows easily. O

This lemma allows us to prove the proposition, by induction on \GF LF |.

Indeed, the left-hand side of Lemma 2.11 is an integer, since oC" |, and

mU{p}’
hence the dual of the unipotent projection D(ua7TU {p}), is a virtual character.
If L = G, the sum of the right-hand side of Lemma 2.11 only contains terms
equal to deg ¢, (7)/|GZ. |, whence the result holds in this case. In the general
case, the right-hand side includes only one term where M = G, equal to
deg c.(7)/|GE |+ and, since by the induction hypothesis deg(c,(11))/|MZL |,
is an integer, all of the other terms are m-numbers. Indeed, by [6, 3.3(2)(a)],
(RS (1), 7)gr divides |Wgr (M, p)| and the latter number is prime to 7 by
(Hm4). We deduce that the term for M = G is also a m-number, yielding

the proposition. ([
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O

3. THE ISOTYPIES

Let ¢ be a prime that is excellent for (G, F'). Let ef'(i ») be an {-block

of GI' with abelian defect group D (see Theorem 2.1 for the properties
and notation used here), where L = Cg (D), and where X is the canonical
character of Cgr (D) in the block corresponding to ef& ») under the Brauer
correspondence. Recall the following properties (see Theorems 2.1 and 2.8;
see also [8, 4.2]).

e L is a Levi subgroup of G, and L = Cgr(D). Moreover, there
exists d such that L is d-split and (L, A) is a d-cuspidal pair, and ¢
is Z°(L)/Z°(G)-adapted.

o Irr(ef&A), GT') is the set of constituents of the characters RE (6)),
where 6 € Ab,Irr(LY).

We fix once and for all an F-stable maximal torus T of L. If 8 is a linear
character of L we set (see Section 1 above)

G(9) := G(T,flpr) and  GF(9) := G()F.
By Proposition 1.18(2), we know that the set of irreducible characters of the
group Z°(L)}" x Wgr (L, \) is therefore

Z° (L) xWar (L))

Irr(Z° (L)Y s Wgr (L, \) = {IndZO(L)fNWGF(Q)(L’/\) 0-7)},

where 6 runs through a system of representatives of the orbits of Wgr (L, \)
on Irr(Z°(L){), and where 6 is identified with its extension to T

Theorem.
(1) For every subgroup S of Z°(L)Y, the group M = Cg(S) is a d-
split Levi subgroup of G. We have MY = Cqr(S), and the Brauer
correspondent Brg(eg(i)\)) of eg(i)\) s given by the formula

F F
Brs(eE(L)\)) = Z Q%L’,A’)
(L,\)

where (L', ') ranges over a set of representatives of the MF -conjugacy
classes of d-cuspidal pairs of MF that are G -conjugate to (L, \).
(2) Applying

F o F
150 1 2T (Z°(L)) % War (L, \)) = ZIre(GF ey y)
given by

°(L)f xWgr (LX)

Z
I o L) P Wi ) (LY)

(0-7) = RE(5)(0- 1) (7))

yields an isotypy between (Z°(L)E xWgr(L,A), 1) and (GF, ef’(i /\)).
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Proof. Assertion (1) is proved in [6, 5.8] under more restrictive hypotheses
on /. These hypotheses ensure that M = Cgr(S), and that ef’& \) is an (-
idempotent. However, in our case the first property is assured b§; Pfoposition
1.18(1), and the second is assured by the properties mentioned before the
statement of the theorem.

Similarly, for the proof of assertion (2), we can follow some of the details
of the proof in [6], whose steps we outline.

Recall that, for an f-element = of G, we set G(z) := C&(x) and
G(z) .= G(2)F.

We first show that applying IE’(; N commutes with applying the decom-
position:

©,GF GF _ {GF(a) 2,2°(L)Fx W p (L)
(a) dec&(m) Ty = I&(L«\) -dec, ¢"rGr ,

where
F
e For a class function 1 on G' the class function decf’g /\)(1/1) on
GT'(z) is the function that vanishes outside the f-regular elements

1,G" () / F
and takes the value i (zz’e, L )\)) onz' € G"(z)p.

e Similarly, for ¢ a class function on Z°(L)I" x Wgr(L, \), we write

x,Z°(L)F %
decZ’Z (L) Wer (L) () for the class function on Z°(L)f x War(g) (L, A)

that vanishes outside the set of /-regular elements and takes the value
d(zz’) on 2’ € Z°(L)F x Wear () (L, e
To prove (a), using the Curtis type formula and the fundamental Theorem
3.2 of [6], we reduce to the case where x is central in G, then, using the
character formula for Deligne-Lusztig induction, to the case where z = 1
(see [6, 5.17] and after). We are therefore reduced to proving

1,GF oF GF 1,Z° (L) x W (L)
(e) dec,’q, 5y - Loy = Ty - decy e

We proceed therefore by induction on dim(G) — dim(L). If L = G, then
we use the following lemma (here we differ from [6], in replacing the property
‘d-cuspidal’ by ‘of central defect’).

Lemma 3.1.
(1) Let X be a character of central £-defect in LY and let 0 € AbIrr(LE).

We have
1 1
decé’(lf/\)(e “A) = ﬁAbgRegLF A= Z nA.
. Z°@)F] 2@, e
£

(2) For 0 € Irr(Z°(L)}"), we have

1,ZO(L)F(9) 1 ZO(L)F 1 §
dec = o Res VA "
g Zo@)F 228 ez )
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Contrary to the situation in [6], the two assertions are evident (the first
reflects the fact that a character of central /-defect vanishes on the elements
whose (-part is central).

The induction hypothesis then initially gives us property (a) for all el-
ements € Z°(L)} that are not central in G. Using the fact that any
class function in the block b is a sum of its decomposition for the various
z € Z°(L)}', we deduce (a) for the remaining elements (see [6, 5.20]).

To demonstrate assertion (2) of the theorem, it remains to show that
IE'(Z N realizes a perfect isometry. We proceed again by induction on dim(G)—
dim(L). We do not reproduce the details of the proof of [6], but the reader
can easily verify that the only argument used there that needs to be changed
is [6, Lemma 5.21], which must be replaced by the following lemma.

Lemma 3.2. Let ~ be a character of central (-defect of GT'. For all g € GT,
|Car(g) : Z°(G)F| divides ~(g).

Proof of 3.2. If we replace Z°(G)! in the statement by Z(G)f = Z(GF
(this is allowed since it was assumed  is prime to the order of Z(G)¥ /Z°(G)
this is a well-known property of characters of central defect.

y~—

);

o 0O
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