RAMSEY-TYPE PROBLEMS FOR TILINGS IN DENSE GRAPHS

JOZSEF BALOGH, ANDREA FRESCHI AND ANDREW TREGLOWN

ABSTRACT. Given a graph H, the Ramsey number R(H) is the smallest positive integer n such that
every 2-edge-colouring of K, yields a monochromatic copy of H. We write mH to denote the union
of m vertex-disjoint copies of H. The members of the family {mH : m > 1} are also known as H-
tilings. A well-known result of Burr, Erdds and Spencer states that R(mK3) = 5m for every m > 2.
On the other hand, Moon proved that every 2-edge-colouring of K3,,+2 yields a Ks-tiling consisting
of m monochromatic copies of K3, for every m > 2. Crucially, in Moon’s result, distinct copies of
K3 might receive different colours.

In this paper, we investigate the analogous questions where the complete host graph is replaced
by a graph of large minimum degree. We determine the (asymptotic) minimum degree threshold
for forcing a K3-tiling covering a prescribed proportion of the vertices in a 2-edge-coloured graph
such that every copy of K3 in the tiling is monochromatic. We also determine the largest size of a
monochromatic Ks-tiling one can guarantee in any 2-edge-coloured graph of large minimum degree.
These results therefore provide generalisations of the theorems of Moon and Burr-Erdds—Spencer
to the setting of dense graphs.

It is also natural to consider generalisations of these problems to r-edge-colourings (for r > 2)
and for H-tilings (for arbitrary graphs H). We prove some results in this direction and propose
several open questions.

1. INTRODUCTION

Ramsey theory is a central research topic in combinatorics. Ramsey’s original theorem [29] asserts
that for every r € N and every graph H, there exists an n € N such that every r-edge-colouring
of the complete graph K, yields a monochromatic copy of H. We write R,(H) to denote the
smallest n for which the above holds, and set R(H) := Ro(H).

In general, determining R(H) is a very difficult problem and there are relatively few graphs H
for which the exact value of R(H) is known. So-called tilings provide an interesting class of graphs
whose Ramsey behaviour is quite well-understood. For a fixed graph H, an H-tiling is a collection
of vertex-disjoint copies of H. For m € N, we write mH to denote an H-tiling consisting of m
copies of H. Erdés [13, Problem 9] raised the question of determining R(mK/) for £ > 3. The
following result of Burr, Erdés and Spencer [9] resolves this question for ¢ = 3.

Theorem 1.1 (Burr, Erdés and Spencer [9]). For every integer m > 2, we have R(mKs) = bm.
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More generally, Burr, Erdés and Spencer [9] proved that, for a fixed graph H without isolated
vertices, there exist constants ¢ and mg such that R(mH) = (2|H|— «(H))m+ ¢ provided m > my,
where «(H) is the independence number of H. Burr [7], and subsequently Buci¢ and Sudakov [6],
provided methods for computing ¢ exactly. Buci¢ and Sudakov [6] also obtained the current best
bounds for myg. In the case of K,-tilings, their work states that there is a constant C' > 0 such that
R(mK;) = (20 —1)m + R({ — 1) — 2 provided m > 2¢¢. Moreover, the bound on m is essentially
tight; see [6].

Although not a Ramsey-type question in the classical sense, it is also natural to ask how large a
complete r-edge-coloured graph needs to be to ensure there exists an H-tiling of a given size such
that every copy of H is monochromatic. Crucially, in this setting, different copies of H in the tiling
are allowed to receive different colours. This problem was studied prior to the work of Burr, Erdés
and Spencer [9]. Indeed, the following result of Moon [26] settles the H = K3 case of this problem.

Theorem 1.2 (Moon [26]). For every integer m > 2, every 2-edge-colouring of Ksmyo yields a
Kjs-tiling consisting of m monochromatic copies of Ks. Furthermore, the term 3m + 2 cannot be
replaced by a smaller integer.

Burr, Erdés and Spencer [9] proved an analogue of Theorem 1.2 for larger cliques: any 2-edge-
colouring of Ky, r(re—1)—1 yields m vertex-disjoint monochromatic copies of K, provided m is
sufficiently large with respect to ¢; again the ¢m + R(¢,¢ — 1) — 1 term is best possible. Here, we
write R(r,b) to denote the smallest n such that any red/blue edge-colouring of K, yields a red K,
or a blue Kp.

We remark that there are many other Ramsey-type results concerning finding many vertex-
disjoint monochromatic copies of graphs from a given graph family. Paths and cycles have received
particular attention. Erdés and Gyarfas [14] proved that the vertex set of a 2-edge-coloured com-
plete graph K, can be partitioned into at most 2/n vertex-disjoint monochromatic paths, all of
the same colour, and conjectured the 2,/n term can be replaced by y/n. This was proved recently
by Pokrovskiy, Versteegen and Williams [28] for sufficiently large n. Gerencsér and Gyarfas [15]
observed that the vertex set of any 2-edge-coloured complete graph can be partitioned into two
vertex-disjoint monochromatic paths of different colours. In the 1970s, Lehel conjectured that the
vertex set of any 2-edge-coloured complete graph K, can be partitioned into two monochromatic
cycles of different colours (see, e.g., [2]). Lehel’s conjecture was proved for large n by Luczak,
R6d] and Szemerédi [25]. The bound on n was later improved by Allen [1], and finally Bessy and
Thomassé [5] provided a full resolution of Lehel’s conjecture.

Schelp [30] (see also [24]) proposed the study of Ramsey-type questions where the host graph,
rather than being complete, can be any graph satisfying a given minimum degree condition. Several
results have been proved in this direction. For example, Schelp [30] conjectured that any 2-edge-
coloured n-vertex graph G with minimum degree §(G) > 3n/4 contains a monochromatic path of
length at least 2n/3. This conjecture was verified asymptotically by Gyérfas and Sérkozy [16].
Balogh, Barét, Gerbner, Gyérfas and Sérkozy [3] conjectured that the conclusion of Lehel’s con-
jecture still holds for any 2-edge-coloured n-vertex graph G with minimum degree §(G) > 3n/4,
and proved an asymptotic version of this statement. A stronger asymptotic result was proved by
DeBiasio and Nelsen [12] and an exact statement (for n sufficiently large) was proved by Letzter [23].

Motivated by this line of research, in this paper we consider the natural generalisations of the
aforementioned classical Ramsey-type results about tilings to the dense setting. The works of Burr—
FErdés—Spencer and Moon suggest the following two problems. In the former, one is interested in
finding a large monochromatic H-tiling in a graph with given minimum degree. The latter problem
is the same except we only insist that individual copies of H in the H-tiling are monochromatic,
but different copies of H may receive different colours.
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Problem 1.3. Let H be a fized graph and n,r,§ € N. Determine the largest m € N such that any

r-edge-coloured n-vertex graph G with minimum degree 5(G) > & contains a monochromatic copy
of mH.

Problem 1.4. Let H be a fized graph and n,r,0 € N. Determine the largest m € N such that any
r-edge-coloured n-vertex graph G with minimum degree §(G) > § contains an H-tiling consisting
of m monochromatic copies of H.

Note that Theorems 1.1 and 1.2 provide a full resolution of the case H = K3, r=2and d =n—1
of Problems 1.3 and 1.4 respectively. Indeed, for this case of Problem 1.3 and when n > 6, we have
that m is the integer such that n = dm+k for some 0 < k < 4. Further, for this case of Problem 1.4
and when n > 6, we have that m is the integer such that n = 3m + k for some 2 < k < 4.

The r = 1 case of both Problems 1.3 and 1.4 is equivalent to determining the largest H-tiling
one can guarantee in any n-vertex graph G with 6(G) > 6. By itself, this case of the problem
has received considerable attention, and has motivated a fruitful line of research. An H-tiling in
a graph G is perfect if it contains all the vertices of G. Corradi and Hajnal [11] determined the
minimum degree threshold that guarantees the existence of a perfect K3-tiling. This result was
further generalised to perfect K;-tilings (for every ¢ € N) by Hajnal and Szemerédi [18] and to perfect
H-tilings (for every fixed graph H) by Kiithn and Osthus [22]. Combining the Hajnal-Szemerédi
theorem with an elementary interpolation argument, one can easily determine the minimum degree
threshold to force a Kj-tiling covering a fixed proportion of the vertices (see, e.g., Theorem 3.2
in this paper). The same elementary strategy fails for H-tilings where H is an arbitrary fixed
graph H. Komlés [20] determined (asymptotically) the minimum degree threshold that guarantees
the existence of an H-tiling covering a fixed proportion of the vertices of the host graph, for any fixed
graph H, provided the fixed proportion is less than 1. Therefore, the » = 1 case of Problems 1.3
and 1.4 is (asymptotically) fully understood.

The H = K5 case of both Problems 1.3 and 1.4 has also been resolved. Indeed, the case H = K>
of Problem 1.4 is equivalent to determining the largest K»-tiling in a graph with given minimum
degree, and thus it is covered by, for example, the Hajnal-Szemerédi theorem. The case H = K of
Problem 1.3 has a more interesting history. Given graphs Hy,..., H,, we write R,(H1,...,H,) to
denote the smallest integer n such that any r-edge-colouring of K, using colours cy, ..., ¢, yields
a monochromatic copy of H; in colour ¢;, for some i. Cockayne and Lorimer [10] proved that
R,.(mKs) = (r+1)(m — 1) + 2, resolving the case H = K3, 6 = n — 1 of Problem 1.3. Gyarfas
and Sérkozy [16] determined R(mKa,mKs,S;) for all t,m € N, where S; is the star on ¢ + 1
vertices. The connection of this purely Ramsey-type result to Problem 1.3 is that a red/blue/green
edge-coloured K, which does not contain a green monochromatic copy of S; can be seen as a
red/blue edge-coloured n-vertex graph G with §(G) > n — t. Therefore, Gyéarfias and Sarkozy’s
result resolves the case H = Ko, r = 2 of Problem 1.3. Finally, Omidi, Raeisi and Rahimi [27]
computed R, (mKa,...,mKs,S;) for all r,t,m € N, thus resolving the case H = K of Problem 1.3
in full.

1.1. Main results. In this paper, our main focus is to study the case H = K3, r = 2 of Prob-
lems 1.3 and 1.4. Observe that the case § < 4n/5 is uninteresting, as one cannot guarantee a single
monochromatic copy of K3. Indeed, consider a balanced complete n-vertex 5-partite graph G with
classes V1,..., V5. Clearly 6(G) = [4n/5]. Colour all edges between V; and V;41 red, where the in-
dices are taken modulo 5. All remaining edges are blue. Thus, G does not contain a monochromatic
copy of Kj.

For the case H = K3, r = 2 of Problem 1.3, the following theorem provides an exact answer
when ¢ is a bit larger than 4n/5 or a bit smaller than n — 1.
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Theorem 1.5. Letn € N and G be a 2-edge-coloured n-vertex graph. Then G contains a monochro-
matic copy of mKs where m is equal to

GRS A ()

(B2) [2Gm] oy <) <3

Furthermore, parts (B.1) and (B.2) are best possible, in the sense that the statement of the theorem
does not hold if m is replaced by a larger number.

Case (B.1) of Theorem 1.5 can be seen as a dense generalisation of the Burr-Erdés—Spencer
result, as Theorem 1.1 corresponds precisely to the case n = 5m, §(G) =n — 1 of Theorem 1.5.

Theorem 1.5 does not cover graphs with minimum degree between 5n/6 and 65n/66, however,
we raise the following question.

Question 1.6. Is the following true? Letn > 25 be an integer and G be a 2-edge-coloured n-vertex
graph. Then G contains a monochromatic copy of mKs, where m is equal to

(c1) 2GRy Br<e),

[y

5n

(C.2) [W%ﬂj if S <o(G) < bn

(C.3) {ww if M <§(G) <o

In Section 2.2 we provide extremal examples that show the bounds on m in Question 1.6 cannot
be increased. Note that we put the condition n > 25 in Question 1.6 to ensure that we can separate
into three cases and also to ensure that we have matching extremal examples. It may be possible
that there is an affirmative answer to the question with a smaller lower bound on n.

When H = K3 and r = 2, Problem 1.4 turns out to be much more tractable. The following
theorem provides an (asymptotic) resolution of this case.

Theorem 1.7. Letn € N and G be a 2-edge-coloured n-vertex graph. Then there exists a K3-tiling
in G such that every copy of Ks is monochromatic and the number of copies of K3 in the tiling is
at least

(M.1) L%J if T <6(a),
(m2) |BG=n] o) i 2 <i(G) <
(M.3) 50(G) — 4n if AR <6(G) <

Furthermore, parts (M.1) and (M.3) are best possible and part (M.2) is best possible up to the o(n)
term.

Note that for n > 8, (M.1) deals with the case when the host graph G is complete, and so
generalises Theorem 1.2. On the other hand, (M.3) for n = 5 reiterates that there exists a 2-edge-
coloured K5 without a monochromatic K3; the n = 6 case reiterates that every 2-edge-coloured Kjg
contains a monochromatic Kj.
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1.2. Organisation of the paper and notation. In the next section, we present the extremal
examples showing the sharpness of Theorems 1.5 and 1.7, and the bounds in Question 1.6. The
third and fourth sections cover the proofs of Theorems 1.7 and 1.5, respectively. In the final section
we discuss some further results and research directions. We conclude this section with a list of the
notation used throughout the paper.

Given n € N, we set [n] := {1,2,...,n}. Given two sets A and B, we write AUB to denote the
disjoint union of A and B. For a graph G, we write |G| to denote the number of vertices in G.
A set of vertices S C V(G) is independent if no edge lies in it. A subgraph H of G is spanning
if V(H) =V(G). Givenaset X C V(G), we write G[X] for the induced subgraph of G on X, that is,
the subgraph with vertex set X which contains all edges of G lying in X. Set G\ X := G[V(G)\ X].

Given a partition Vi,..., Vi of V(G), we write G[V1,..., V] to denote the spanning subgraph
of G containing all edges of G except those lying within a class V;, for any ¢ > 1. Given a graph H
and k € N, we write H (k) to denote the blow-up of H where every vertex is replaced by a class of k
vertices. A blow-up of an edge-coloured graph G is an edge-coloured |G|-partite graph with vertex
classes {V,, : v € V(G)} such that if zy € E(G) then all edges between V,, and Vj, are present and
have the same colour as zy, whereas if xy ¢ E(G) then there is no edge between V,, and V,.

We say that a 2-edge-coloured K3 is badly coloured if the edges of each colour form a cycle of
length 5; so a badly coloured K5 does not contain a monochromatic copy of Ks.

2. EXTREMAL EXAMPLES FOR THEOREMS 1.5, THEOREM 1.7 AND QUESTION 1.6

In this section we present extremal examples that show the bounds on the size of the K3-tilings
in Theorems 1.5 and 1.7, and Question 1.6 cannot be increased.

2.1. Extremal examples for Theorem 1.7. The following construction shows the sharpness of
Theorem 1.7 for all its cases.

Extremal Example 1. For every n,d € N such that 4n/5 < § < n — 1, we write EXa(n,0)
to denote the following red/blue edge-coloured graph. We have V(EXa(n,d)) = VoUW U---UVs
where |Vi| =n—39 > 1 for everyi > 1 and |Vp| = 50 —4n > 0. The sets Vi,..., Vs are independent;
all other pairs of vertices form an edge. The subgraph EXa(n,0)[VoUVy, Vo, Vs, Vi, V5] is a blow-up
of a badly coloured K. The edges lying in Vi and the edges incident to both Vi and Vi are red. See
Figure 1 for a representation of EXa(n,d).

FIGURE 1. A representation of the graph EXa (n,d). Note that removing all edges
inside Vp U V7 yields an unbalanced blow-up of K5 with no monochromatic triangle.
5



In the next lemma, we determine an upper bound for the largest K3-tiling in EXa (n, §) consisting
of monochromatic copies of K3s.

Lemma 2.1. Let n,0 € N such that 4n/5 < 6 < n — 1. Then EXa(n,d) is an n-vertex graph
with minimum degree §(EXa(n,d)) = 6. Furthermore, for any collection F of vertex-disjoint
monochromatic copies of K3 in EXa(n,0), we have

40 — 20 —
].7:|§min{55—4n, i n}

2 73

Proof. We have |EXa(n,0)] = [Vo| + ...+ |V5| = (56 — 4n) + 5(n — 0) = n. Every vertex in Vj
has degree n — 1, all other vertices have degree §. In particular, 6(EXa(n,d)) = . Let F be a
collection of vertex-disjoint monochromatic copies of K3 in EXa (n,0).

As EXA(n,0)[Vo U Vi, Vo, V3, Vy, V5] is a blow-up of a badly coloured K3, it does not contain a
monochromatic copy of K3. It follows that every monochromatic copy of K3 contains an edge lying
in Vp U Vi, and thus it must be red. In particular, every monochromatic copy of K3 (i) has at least
one vertex in Vj (since V; is independent) and (ii) at least two vertices in Vp U Vj.

Recall that the blue edges of a badly coloured K5 form a cycle of length 5 and so each vertex
of K5 is incident to two blue edges. As EXa(n,d)[Vp U Vi, Va, V3, Vy, V5] is a blow-up of a badly
coloured K5, we may assume without loss of generality that all edges between VU Vi and V3 U V)
are blue. It follows that (iii) no red monochromatic copy of K3 intersects V3 U Vy. Property (i)
implies |F| < |Vp| = 55 — 4n. Property (ii) implies |F| < |[Vo U V1]/2 = (46 — 3n)/2. Property (iii)
implies |F| < (n— |V3UVy|)/3 = (26 —n)/3.

It is easy to check that
(20 —n)/3 if Tn/8 <4

=4 (46—-3n)/2 if 5n/6<06<Tn/§;
50 — 4n if 4n/5 <0 <5n/6.

(1) min{55—4n, 45;3", 253_”}

Lemma 2.1 and equation (1) imply parts (M.1) and (M.3) of Theorem 1.7 are best possible, and
part (M.2) is best possible up to the o(n) term.
The next construction is an alternative extremal example for part (M.1) of Theorem 1.7.

Extremal Example 2. For everyn,d € N such that Tn/8 < 6 < n—1, we write EXA%(n,§) to de-
note the following red/blue edge-coloured graph. We have V(EX4%(n,8)) = S1US2UR where |Sy| =
|Sa] =n—06 > 1 and |[R| = 26 —n > 1. The sets S; and Sy are independent. All other pairs
of vertices form an edge. All edges with one vertex in Sy U Sy and the other in R are blue. All
remaining edges are red. See Figure 2 for a representation of EXﬁlt(n, J).

The next lemma provides an upper bound for the largest K3-tiling in EXAAlt(n7 0) consisting of
monochromatic copies of K3; this bound matches exactly part (M.1) of Theorem 1.7.

Lemma 2.2. Let n,d € N such that Tn/8 < § < n—1. Then E'Xilt(n, 0) is an n-vertex graph
with minimum degree 5(EX/A”t(TL,5)) = §. Furthermore, for any collection F of vertex-disjoint
monochromatic copies of K3 in EXX*(n,8), we have | F| < (26 —n)/3.

Proof. We have [EXA(n,8)| = [S1| + |S2| + |R| = 2(n — §) + (26 —n) = n. Every vertex in S; U S,
has degree ¢; all remaining vertices have degree n — 1. In particular, § (EXAAlt (n,0)) =19.
Let F be a collection of vertex-disjoint monochromatic copies of K3 in EXAAlt (n,d). Observe that

the blue edges of EXglt(n, 0) form a complete bipartite graph, hence there is no blue monochromatic
6



FIGURE 2. A representation of the graph EXA*(n, ).

copy of K3. Moreover, any red monochromatic copy of K3 must lie in R. Since |R| = 2§ — n, it
follows that |F| < (26 —n)/3. O

2.2. Extremal examples for Theorem 1.5 and Question 1.6. We have three different con-
structions. We start with the one for large degree, which proves the sharpness of part (C.1) of
Question 1.6 and thus of part (B.1) of Theorem 1.5.

Extremal Example 3. For every n,d € N with 5 < § < n — 1,} we write EX\ (n,d) to denote the
following red/blue edge-coloured graph. We have V(EXL (n,8)) = RUBUS where |S| =n —§ > 1,
IR =3|(0+1)/5]+2>5 and |B| =n—|S|—|R| > 0. The set S is independent and all other pairs
of vertices form an edge. All edges lying in R as well as the edges incident to both S and B are
red. All edges lying in B as well as the edges incident to both R and S U B are blue. See Figure 3
for a representation of EX\(n,?).

FIGURE 3. A representation of the graph EXL (n,§). The ratio |B|/|R| is approxi-
mately 2/3.

In the next lemma, we give an upper bound for the largest m such that EXlA (n,d) contains a

monochromatic mKs.

Lemma 2.3. Letn,8 € N with 5 < § < n—1. Then EXJ(n,d) is an n-vertex graph with minimum
degree §(EX (n,0)) = 6. Furthermore, for any monochromatic copy of mKz in EX) (n,d) we have
m < |[(6+1)/5].

Proof. We have |[EXL (n,8)| = |R|+|B|+|S| = n. Every vertex in S has degree d, all other vertices
have degree n — 1, implying 6(EX1 (n,§)) = 6. Also, note that

BLE+1)/5] +2)+ 2L +1)/5] +1) =5[(6+1)/5] +3> 500 —3)/5+3 =06

1We need 5 < § here to ensure |B| > 0.



Since |B| = n — |S| — |R| = 0 — |R] it follows that |B| < 2[(6 +1)/5] + 1.

Observe that there is no monochromatic K3 intersecting S, i.e., every monochromatic copy of
K3 must lie in RU B. In particular, a red copy of K3 must lie completely in R, while a blue copy
of K3 must have at least two vertices in B. Therefore, if there is a monochromatic mK3 then

m < max“\]jJ , V};]J} < maXH3L(6+1§/5J +2J ’ {2{(5+12)/5J +1J} _ {&glJ .

The next construction and lemma show that, if true, then (C.2) of Question 1.6 is sharp.

O

Extremal Example 4. For every n,d € N such that n > 25 and 4n/5 < § < n — 1, we
write EXa(n,d) to denote the following red/blue edge-coloured graph. We have V(EX2(n,d)) =
ViU...UVs where |V;| = n — & for every 2 < i <5 and |Vi| = 46 — 3n. Furthermore, Vi = RUB
where |R| = 2 LM%HJ +1 and |B| = |Vi| — |R| > 0. The sets Va, ..., Vs are independent, and all
remaining pairs of vertices form an edge. The subgraph EX3(n,8)[Vi, Va, V3, Vi, Vs is a blow-up of
a badly coloured Ks. The edges lying in R are red, and the edges lying in B and the edges incident
to both B and R are blue. See Figure 4 for a representation of EX2A (n,0).

FIGURE 4. A representation of the graph EX3 (n,§). Note that removing all edges
inside V; = RUB yields an unbalanced blow-up of K5 with no monochromatic
triangle. The ratio | B|/|R| is approximately 1/2.

Lemma 2.4. Let n,0 € N such that n > 25 and 4n/5 < § <n — 1. Then EX2(n,0) is an n-vertex
graph with minimum degree §(EX2(n,8)) = 6. Furthermore, for any monochromatic copy of mKs
in EX3(n,8) we have m < [(46 — 3n +1)/3].

Proof. We have |EX3 (n,8)| = |Vi| +...+|V5| = (40 — 3n) + 4(n — 6) = n and the minimum degree
is attained by vertices not in V7, yleldlng §(EX2(n,8)) = 6. Also, note that
+1

({4{5—3n+1J ) {46 3n+1J {45 3n—i—1J
2 [ ) 4
3
4
3(5 on - )+1:453n:|V1|.

Since |R| + |B| = |V4], it follows that |B| < [(46 —3n +1)/3].
8
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As EX2A (n,8)[V1, Va, V3, Vy, V5] is a blow-up of a badly coloured Kj, every monochromatic K3 in
EXZ (n,6) must have at least two vertices in Vi. Therefore, m is bounded above by the size of the
largest monochromatic matching in Vj. Observe that all red edges in Vj lie in R, whereas all blue
edges in V] are incident to B. Therefore, if there is a monochromatic mKs then

meme{[5]=[#5)

as required. 0

Our final construction shows the sharpness of part (C.3) of Question 1.6 and thus of part (B.2)
of Theorem 1.5.

Extremal Example 5. For every n,é € N such that 4n/5 < § < n — 1, we write EX3(n,8) to de-
note the following red/blue edge-coloured graph. We have V(EX3 (n,d)) = V1U...UVs where |Vi| =
n—4 for every 2 < i <5 and |V1| = 48 — 3n. Furthermore, Vi = RUBUS where |S| = n — 4,
|R| = [55_%] and |B| = LE"S_%J. The sets Va,..., Vs and S are independent, and all other
pairs of vertices form an edge. The subgraph EX‘E (n,8)[Vh, Va, V3, Vy, V5] is a blow-up of a badly
coloured K. The edges in RUS are red, and the edges incident to B in Vi are blue. See Figure 5
for a representation of EX3(n,?).

FIGURE 5. A representation of the graph EX3 (n,§). Note that removing all edges
inside V; = RUBUS yields an unbalanced blow-up of K5 with no monochromatic
triangle.

Lemma 2.5. Let n,d € N such that 4n/5 < § < n — 1. Then EXi(n, ) is an n-vertex graph with
minimum degree §(EX3 (n,0)) = 6. Furthermore, for any monochromatic copy of mKs in EX3 (n,6)
we have m < [(56 — 4n)/2].

Proof. We have |EX3 (n,6)| = |Vi|+...+|V5| = (40 — 3n) +4(n — §) = n, and the minimum degree
is §(EX3 (n,d)) = 6, attained by the vertices in Vo U...UV5US.

As EX3 (n,8)[Vi, Vo, V3, Vi, V] is a blow-up of a badly coloured K3, every monochromatic K3
in EX3 (n,d) must have at least two vertices in V3. Therefore, m is bounded above by the size of
the largest monochromatic matching in V;. Observe that all red edges in V; are adjacent to R,
whereas all blue edges in V) are incident to B. Hence, any monochromatic matching has size at
most max{|R|,|B|} = [25*], implying m < [25*2] as required. O
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3. PROOF OF THEOREM 1.7

The proofs of parts (M.1), (M.2) and (M.3) of Theorem 1.7 follow a common strategy. We
first partition the vertex set of the host graph into vertex-disjoint cliques of appropriate size and
then find monochromatic copies of K3 within each clique. The first step is essentially achieved by
applying the Hajnal-Szemerédi theorem, which we now state.

Theorem 3.1 (Hajnal-Szemerédi theorem [18]). Let n,t € N such that t divides n. If G is a graph
on n vertices with §(G) > (1 — 1/t)n then G contains a perfect K;-tiling.

It will be convenient to use the following apparently stronger but in fact equivalent statement to
the Hajnal-Szemerédi theorem. While it is a well-known statement, for the sake of completeness
we show how to deduce it from the Hajnal-Szemerédi theorem.

Theorem 3.2. Let n,t € N and G be a graph on n vertices such that

<1—t_11>n§5(G)§(1—1>n.

Then G contains a K-tiling consisting of (t — 1)6(G) — (t — 2)n copies of Ky and a K;_1-tiling
consisting of (t — 1)n — t5(G) copies of Ky—1, such that the two tilings are vertez-disjoint.

Proof. Let G’ be the graph obtained by adding a set S of (t — 1)n — t6(G) > 0 new vertices to G
and all edges with exactly one vertex in S. Then G’ is a graph on n’ := n + |S| = t(n — §(G))
vertices with minimum degree

5(G") = min{6(GQ) + |S|,n} = min{(t — 1)(n — 6(Q)),n} = (t — 1)(n — §(Q@)).

In particular, 6(G’) = (1 — 1/t)n’ and n’ is divisible by ¢. By the Hajnal-Szemerédi theorem
(Theorem 3.1), G’ contains a perfect K;-tiling consisting of n'/t copies of K;. Observe that no edge
lies inside S, thus each copy of K} contains at most one vertex in S. In particular, n’/t — |S| copies
of K; do not contain a vertex from S and |S| copies of K; contain exactly one vertex from S.

It follows that the original graph G contains a K;-tiling consisting of n’/t — |S| = (t — 1)§(G) —
(t — 2)n copies of K; and a K;_;-tiling consisting of |S| = (¢t — 1)n — t6(G) copies of K;_1, such
that the two tilings are vertex-disjoint. (|

At various points of our proofs, we will invoke the following well-known fact.
Fact 3.3. A 2-edge-coloured Kg contains two monochromatic copies of Ks. O

Note that in Fact 3.3 the two copies of K3 are not necessarily vertex-disjoint. The next two
lemmas assert that, for larger dense graphs, we can indeed guarantee the existence of multiple
vertex-disjoint monochromatic copies of K3. The first lemma is new, while the second lemma is an
immediate corollary of Theorem 1.2.

Lemma 3.4. A 2-edge-coloured K7(2) contains three vertex-disjoint monochromatic copies of Ks.

Lemma 3.5 (Moon [26]). A 2-edge-coloured Kg contains two vertez-disjoint monochromatic copies
Of Kg .

To apply Lemma 3.4 in conjunction with Theorem 3.2, we will apply Szemerédi’s Regularity
Lemma [31] and the Blow-up Lemma [21]; the downside of using these techniques is that they
cause the o(n) error term to appear in part (M.2) of Theorem 1.7.

In the next three subsections we prove parts (M.3), (M.1) and (M.2) of Theorem 1.7, respectively.
The proof of Lemma 3.4 appears at the end of the section.
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3.1. Proof of Theorem 1.7(M.3). Let n € N and let G be a 2-edge-coloured n-vertex graph
with 4n/5 < §(G) < 5n/6. By Theorem 3.2, G contains a Kg-tiling consisting of 56(G) — 4n copies
of Kg. By Fact 3.3, each K¢ contains a monochromatic copy of Kj3. It follows that G contains
a K3-tiling consisting of 56(G) — 4n monochromatic copies of K3, as required. Q.E.D.

3.2. Proof of Theorem 1.7(M.1). Recall that part (M.1) of Theorem 1.7 states that any 2-edge-
coloured n-vertex graph G with 6(G) > Tn/8 contains a Kjs-tiling consisting of |(26(G) — n)/3]
monochromatic copies of K3. We prove this by induction on n.

Before this, we prove the case when 7n/8 < §(G) < (7Tn + 2)/8 (for all n € N). Note that any
induced subgraph H of G with |H| = 8(n — 6(G)) < n satisfies 6(H) > 6(G) — (|G| — |H|) =
7(n — 0(G)) = 7|H|/8. Theorem 3.1 implies H, and thus G, contains a Kg-tiling consisting of n —
d(G) copies of Kg. By Lemma 3.5, each Kg contains two vertex-disjoint monochromatic copies
of K3. Taking the union of all such copies yields a K3s-tiling consisting of precisely 2(n — §(G))
monochromatic copies of K3. This concludes the verification of this case, as

{25((?) —n 85(G) — Tn

) J — 2(n—5(G)) + {3J <2n—3(G)) + EJ — 2(n—§(Q)).

Now we can proceed by induction on n. The base cases when 8 < n < 10 are covered by the last
paragraph. Next, we check the inductive step. Suppose G is an n-vertex graph where n > 11. By
the previous paragraph we may assume that §(G) > (7n+ 3)/8. It is easy to show that G contains
a K¢ (e.g., by Theorem 3.2), which in turn contains a monochromatic copy 7" of K3 by Fact 3.3.
Let G' :== G\ V(T). Note that G’ is a 2-edge-coloured graph on n — 3 vertices with minimum
degree §(G’) > 0(G) — 3 > 7(n — 3)/8. By the inductive hypothesis, G’ contains a Ks-tiling
consisting of | (26(G") — (n—3))/3] > [(26(G) —n)/3] — 1 monochromatic copies of K3. Adding T
to this tiling yields a Kjs-tiling in G consisting of at least |(26(G) — n)/3| monochromatic copies
of K3. This concludes the inductive step and the proof. Q.E.D.

3.3. Proof of Theorem 1.7(M.2). To prove this part of the theorem, it suffices to show the
following: Let 7 > 0 and n € N be sufficiently large. Let G be an n-vertex 2-edge-coloured graph
with 5n/6 < §(G) < Tn/8. Then G contains a K3-tiling consisting of at least (46(G) — 3n)/2 —nn
monochromatic copies of Kj.

Let G be as in this statement. First, we use part (M.3) of Theorem 1.7 to show that we may
assume §(G) is bounded away from 5n/6.

Claim 3.6. FEither 6(G) > (5/6 +n/4)n or G contains a K3-tiling consisting of at least (46(G) —
3n)/2 — nn monochromatic copies of Ks.

Proof. Suppose 5n/6 < 6(G) < (5/6 + n/4)n. Then there exists a spanning subgraph F' of G
with 0(F) = [5n/6] = n — [n/6]. We can therefore apply part (M.3) of Theorem 1.7 to F.
Thus, F' (and so G) contains n — 5[n/6] > n/6 — 5 vertex-disjoint monochromatic copies of K.
As 0(G) < (5/6 4+ n/4)n, we have that (40(G) — 3n)/2 —nn < n/6 — 5. Then indeed G contains
a K3-tiling consisting of at least (46(G) — 3n)/2 — nn monochromatic copies of K3, as desired. [

By Claim 3.6, we may assume 6(G) > (5/6+n/4)n. As mentioned at the beginning of this section,
we now employ Szemerédi’s Regularity Lemma [31] and the Blow-up Lemma [21]. Essentially,
the former provides an auxiliary graph R (which is commonly referred to as the reduced graph)
which approximates G in the following sense: the vertex set of G can be partitioned into vertex
classes {V,, : v € V(R)} and a small exceptional set Vj such that if zy € E(R), then the edges
between V, and V, are evenly distributed. One can then argue that, using the Blow-up Lemma,
for our purposes such evenly distributed edges behave essentially as a complete bipartite graph.
In particular, given a collection of vertex-disjoint cliques in R, one can find vertex-disjoint blow-
ups of cliques in the original graph. Our strategy then is to find an appropriate collection of
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vertex-disjoint copies of Kg, K7 and Kg in the reduced graph, using Theorem 3.2. This yields a
collection of vertex-disjoint copies of Kg(2), K7(2) and Kg(2) in the original graph G. We then
apply Fact 3.3, Lemma 3.5 and, crucially, Lemma 3.4.

The next result formalises the “embedding step” from the reduced graph to the original graph G
described above. For simplicity of exposition, we avoid introducing the standard notation used for
the Regularity Lemma and instead keep the technicalities to a minimum. We note that the proof
of this result is standard; the proof of the statement can be found in the appendix.

Lemma 3.7 (Embedding step). For every n > 0 there exists ng = no(n) € N such that for every
graph G on n > ng vertices the following holds. There exist m,{ € N, a partition Vy,Vi,...,V
of V(G) and a graph R with vertex set {V; :i > 1} such that the following properties hold:
(i) 6(G)/n—n/4 <6(R)/|R| <0(G)/n;
(i) |Vi| =m for everyi>1 and |Vo| < nn/2;
(iii) If the vertices {Vi,,...,Vi.} in R form a cliqgue and r < 8, then G[V;,...,V; | contains
a K, (2)-tiling consisting of at least (1 —n/2)m/2 copies of K,(2).

Apply Lemma 3.7 to the graph G to obtain m,¢ € N, a partition Vp, Vp,...,Vp of V(G) and a
graph R satisfying properties (i)—(iii) of Lemma 3.7.

Claim 3.8. There exists a K3-tiling in G consisting of at least (46(R) — 3|R]) - % monochro-
matic copies of Ks.

Proof. By property (i) and the fact that (5/6 + n/4)n < 6(G) < ™n/8, it follows that
5|R|/6 < 6(R) < 7|R|/S.

Suppose first that §(R) < 6|R|/7. Then by Theorem 3.2, R contains a Kz-tiling consisting
of 65(R)—>5|R| copies of K7 and a Kg-tiling consisting of 6| R| —7(R) copies of K¢ such that the two
tilings are vertex-disjoint. By property (iii), G contains a K7(2)-tiling consisting of at least (66(R)—
5|R])% copies of K7(2) and a K(2)-tiling consisting of at least (6| R|— 75(R))% copies
of K¢(2) such that the two tilings are vertex-disjoint. Fact 3.3 implies that every copy of Kg(2)
contains two vertex-disjoint monochromatic copies of K3, whereas Lemma 3.4 implies every copy
of K7(2) contains three vertex-disjoint monochromatic copies of Ks3. It follows that G contains
a K3-tiling consisting of at least

(1—n/2)m
2

(1 —n/2)m

(8- (60(R) —5|R[) +2- (6| R| - T0(R))) - 5

— (43(R) - 3|R]) -
monochromatic copies of K3, as required.

The case §(R) > 6|R|/7 is very similar. By Theorem 3.2, R contains a Kg-tiling consisting
of 76(R) — 6|R| copies of Kg and a K7-tiling consisting of 7|R| — 8(R) copies of K7 such that the
two tilings are vertex-disjoint. It follows that G contains a Kg(2)-tiling consisting of at least (70(R)—
6|R1)% copies of Kg(2) and a K7(2)-tiling consisting of at least (7|R|— 85(R))% copies
of K7(2) such that the two tilings are vertex-disjoint. Lemma 3.5 implies every copy of K3(2)
contains four vertex-disjoint monochromatic copies of K3, whereas Lemma 3.4 implies every copy
of K7(2) contains three vertex-disjoint monochromatic copies of K3. It follows that G contains
a K3-tiling consisting of at least

(1 —n/2)m
2

(1—n/2)m

(8- (7|R| —86(R)) +4- (T0(R) — 6| R])) - 5

= (46(R) = 3|R]) -

monochromatic copies of Kj. (|
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Note that m = (n—|Vp|)/|R| and thus m > (1—n/2)n/|R| by property (ii). Furthermore, 6(R)/|R| >
d(G)/n —n/4 by property (i). Using these inequalities, we obtain

(1= n/2)m (1= n/2)%n n
(43(R) = 31R) - S 2 > (a6(R) = 3{R) - St = (1= /2 (8(R)/1RI - 3)
49 —nn — 44 —
Therefore, by Claim 3.8, G contains a Ks-tiling consisting of at least (46(G) — 3n)/2 — nn
monochromatic K3. This concludes the proof of case (M.2). Q.E.D.

3.4. Proof of Lemma 3.4. We start with the following claim.
Claim 3.9. A 2-edge-coloured K7 contains two monochromatic K3 sharing at most one vertez.

Proof. Suppose the statement of the claim does not hold. Let G be a 2-edge-coloured complete
graph with V(G) = {v1,...,v7} such that every pair of monochromatic copies of K3 share two
vertices. By Fact 3.3, there are two monochromatic copies of K3 in G, without loss of generality T7 =
viveus and T = wvivovy. Note that the only copy of K3 in G\ {v1} that shares two vertices
with both T} and T3 is vovsvs. In particular, G \ {v1} contains at most one monochromatic Ks.
Since G \ {v1} is a copy of Kg, this contradicts Fact 3.3. O

Let G be a 2-edge-coloured K7(2) with vertex set UUV where U = {uq,...,ur}, V. = {v1,...,v7}
and the non-edges of G are precisely the pairs u;v; for i € [7]. By Claim 3.9, there are two
monochromatic copies of K3 in G[V] sharing at most one vertex. If they are vertex-disjoint we are
done, thus we may assume that viv9v3 and v3v4vs are monochromatic copies of K3. By Fact 3.3, the
graph G[U \ {u3s}] contains a monochromatic copy of K3, say u;ujui. By the pigeonhole principle,
we have either |{1,2} N {4, j,k} < 1 or [{4,5} N {i,4,k}| < 1. Without loss of generality we
may assume [{1,2} N {4, j,k}| <1 and in particular 1 ¢ {i,7,k}. Let S := {u1,us,v4,vs,vs,v7}.
Observe that S is vertex-disjoint to vivavs and wju;uy. Furthermore, G[S] is a copy of K¢ and thus
it contains a monochromatic copy 1" of K3 by Fact 3.3. Note that T', vivovs and w;ujuy are three
vertex-disjoint monochromatic copies of K3, as required. Q.E.D.

4. PROOF OF THEOREM 1.5

Let n € N and G be a 2-edge-coloured n-vertex graph. If 4n/5 < §(G) < 5n/6 then by part (M.3)
of Theorem 1.7 there is a K3-tiling in G consisting of at least 56(G) — 4n monochromatic K3. At
least m := [(5d(G) —4n)/2] of these triangles receive the same colour, and thus they form a
monochromatic copy of mKs. This verifies part (B.2) of Theorem 1.5.

For part (B.1), a different approach is needed. We use the following definition which was intro-
duced in [9] for the proof of Theorem 1.1.

Definition 4.1. A bowtie consists of two monochromatic copies of K3 of different colours which
share exactly one vertex.

A useful fact, observed in [9], is that if a complete graph contains two vertex-disjoint monochro-
matic copies of K3 of different colours then it must contain a bowtie. The following lemma is a
strengthening of this statement.

Lemma 4.2. Suppose a 2-edge-coloured Kg contains two vertex-disjoint monochromatic copies of
K3 of different colours. Then for every vertex v € V(Kg), there exists a bowtie containing v.

Proof. Without loss of generality, we may assume V(Kg) = [6], 123 is a red K3 and 456 is a blue
K3. By symmetry, it suffices to prove the statement of the lemma for v = 1.
13



If 1 is incident to two blue edges, 14 and 15 say, then the copies 123 and 145 of K3 form a bowtie
containing 1. Thus, 1 is incident to at most one blue edge. Similarly, 2 is incident to at most one
blue edge. It follows that for some i € {4,5,6} the edges 1i and 2i are red. Then the copies 12i
and 456 of K3 form a bowtie containing 1. O

Using Lemma 4.2, we obtain the following.

Lemma 4.3. Suppose a 2-edge-coloured K7 contains a bowtie. Then there exists another bowtie
on a different vertex set.

Proof. Let B be a bowtie in K7 and let Kp denote the blue copy of K3 in B. Let {z,y} =
V(K7) \ V(B). It suffices to show that there exists a monochromatic copy K of K3 containing
either x or y (or both). Indeed, suppose such K exists and without loss of generality suppose that
K isred. If K and Kp are disjoint, then Lemma 4.2 implies that there is a bowtie B’ containing
either z or y; so B and B’ have different vertex sets. If K and Kpg intersect, then they must share
precisely one vertex; so K and Kp form a bowtie on a different vertex set to B.

We now prove that K exists. Without loss of generality, we may assume xy is red. If there is a
vertex z € V(Kp) such that zz and yz are red, we are done. Thus, for every z € V(Kp), there is
a blue edge incident to z and xy; so two vertices of Kp must be both adjacent via blue edges to
some vertex w € {x,y}, and so we are done. O

We are now ready to prove part (B.1). Let n € N and G be a 2-edge-coloured n-vertex graph
with §(G) > 65n/66. Set m := [(6(G) +1)/5].
Let B and T be two collections of subsets of V(G) satisfying the following properties.

Properties:

(i) For every distinct X, Y € BUT we have X NY = ).
(ii) Each X € B induces a copy of K5 in G that contains a bowtie.
(iii) Each X € T induces a monochromatic copy of K3 in G. Moreover, all these monochromatic
copies of K3 have the same colour.
(iv) |B| is as large as possible. Conditioned on this, |7 is as large as possible.

It is easy to see that G' contains a monochromatic copy of (|B| 4 |T])K3: if the copies of K3
obtained from 7 are red say, then we select a red K3 in each element of B and 7 and then take
their disjoint union. Hence, it suffices to show that |B| 4+ |7| > m. We assume for a contradiction
that |B| 4+ |T| < m. We abuse notation slightly and write V(B), V(T) and V(BUT) to denote the
number of vertices covered by the elements of B, 7 and B U T respectively.

We start by providing a lower bound on |B5|.

Claim 4.4. We have |B| > 5n/33.

Proof. Suppose that |B| < 5n/33. Then the number of vertices in V(BUT) is

5B +3|T| <5|B|+3(m—1—1|B]) =3m+2|B] -3 < 3(5;G)+130;L
First suppose that 7 = ). Since §(G) > 65n/66, we have that 6(G \ V(B)) > 65n/66 — 58| >
4dn/5 — 4|B| = 4]G \ V(B)|/5, where the second inequality follows as we assume that |B| < 5n/33;
hence, there exists a K¢ in G \ V(B). However, this copy of K must contain a monochromatic K3
that is vertex-disjoint to V(B), contradicting the assumption that 7 = 0.

Suppose now that 7 # 0, say T contains a set inducing a red copy T of K3. Let n' := n —
|[V(BUT)|. Since §(G) > 65n/66 and |V (BUT)| < 35(G)/5+ 10n/33, we have that every vertex
xz € V(G) has at least §(G) — |[V(BUT)| > 6n'/7 neighbours in G that lie in V(G) \ V(BUT).
Thus, there exists a K5 in G\ V(BUT) that together with 7' forms a Kg in G. If this copy of Kg
contains a blue K3 then it contains a bowtie by Lemma 4.2. This contradicts the maximality of B,
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thus any monochromatic K3 in this copy of Kg must be red. By Lemma 3.5, this Kg contains two
vertex-disjoint red copies of K3. This contradicts the maximality of 7. O

Combining the lower bound in Claim 4.4 with the minimum degree condition, we obtain the
following claim.

Claim 4.5. Let S C V(G)\ V(B) such that |S| < 10. Then there exists B € B such that the graph
G[B U {s}] is complete for every s € S.

Proof. Suppose for a contradiction the claim is false; so there does not exist a set B € B such
that, in G, the vertices in S C V(G) \ V(B) are adjacent to every vertex in B. By the pigeonhole
principle, this implies that there is a vertex s € S that is non-adjacent to at least |B|/|S| > n/66
vertices in G (and itself), a contradiction as 6(G) > 65n/66. O

We are now ready to combine all our lemmas and claims to conclude the proof.

Let X := (. If T is non-empty, let T be an element of 7. Otherwise, set T := (). We iterate the
following procedure as long as there is some edge uv in G non-incident to V(BUT)UX and | X| < 5.
During the procedure, we maintain the property that G[T'U X] is a clique.

Procedure: Apply Claim 4.5 with S := T U X U {u,v} to find some B € B such that G[B U {s}]
is complete for every s € S. In particular, G[B U {u,v}] is a copy of Kr.

By Lemma 4.3, there exists a vertex set B C BU{u, v} such that B’ spans a bowtie and B’ # B.
Let z € B\ B'.

Set B := (B\{B})U{B'} and X := XU{z}. Note that B and T still satisfy the initial properties.
Furthermore, G[T'U X] is a clique.
END PROCEDURE

If at the end of this procedure |X| = 6, then define Y := X. If | X| <5 and there does not exist
weV(G)\ (V(BUT)UX) such that G[TU X U{w}] is a clique, then we set Y := X. Otherwise,
there is a w € V(G) \ (V(BUT) U X) such that G[T'U X U {w}] is a clique, however, in G, w is
not adjacent to any vertex in V(G) \ (V(BUT) U X);? in this case we define Y := X U {w}.

Note that in all cases G[T' U Y] is a clique. Further, if |Y| < 5 then there are no edges in
G\ (V(BUT)UY).

Claim 4.6. Either (a) |Y|=6 or (b) |Y|=5 and |B|+ |T| =m — 1.
Proof. If |Y| = 6 we are done, so suppose that |Y| < 5. If V(G) = V(BUT)UY, then §(G) <
[V(BUT)UY|— 1. Otherwise, by definition of Y, for every vertex x in V(G) \ (V(BUT)UY) we
have §(G) < dg(z) < |[V(BUT)UY| - 1.
In both cases we conclude that
S(G)<|V(BUT)UY|—=1<5(B|+|T|) +|Y|—1.
Combining the above with |B| +|7] < m —1 and m < (§(G) + 1)/5 we obtain
IG)<bm—6+1Y|<d6(G)—-5+1Y].
In particular, we must have |Y| > 5. However, we assumed that |Y| < 5. Therefore, |Y| = 5 and

all the above inequalities are in fact equalities. Thus, we have |B| + |T| =m — 1. O

First, suppose T is non-empty, hence G[T] is a monochromatic K3. We have that G[T' UY] is
a clique, and in particular it has at least |T'| + |Y| > 3 4+ 5 = 8 vertices. If G[T'U Y] contains a
monochromatic K3 whose colour is different from the colour of G[T, then by Lemma 4.2 it contains
a bowtie. This contradicts the assumption that B is maximal. Hence, all monochromatic copies of

2This latter condition follows by definition of the procedure above.
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K3 in G[T UY] must be of the same colour as G[T]. By Lemma 3.5, G[T'U Y] must contain two
vertex-disjoint monochromatic copies of K3. This contradicts the assumption that 7 is maximal.
Therefore, it must be the case that T is empty. If |[Y| = 6, then G[Y] contains a monochromatic
K3 that does not intersect V(B). This contradicts the maximality of 7. Hence, we may assume
that |Y| =5 and so |[B|+|T| = |B| = m—1. By applying Claim 4.5 with S =Y, there is some B in
B such that G[BUY] is a clique. Since |B|+ |Y| =545 = 10, by Theorem 1.1, G[BUY| contains
a monochromatic copy of 2K3, say red. It follows that there are |B\ {B}| 4 2 vertex-disjoint red
copies of K3. Since |B] =m — 1, it follows that there is a red copy of mKj, as required. Q.E.D.

5. FURTHER RESULTS AND CONCLUDING REMARKS

5.1. Further results on Problem 1.4. In this subsection, we discuss some further results related
to Problem 1.4. First, similarly to Theorems 1.5 and 1.7, if ¢ is not large enough then we might
not be able to ensure even a single monochromatic copy of the sought structure. This is formalised
via the chromatic Ramsey number, a parameter introduced in [8].

Definition 5.1. For » € N and a graph H, we say a graph G is (H,r)-Ramsey if every r-edge-
colouring of G' contains a monochromatic copy of H. The chromatic Ramsey number R, (H,r) is
the least m € N such that there exists an (H,r)-Ramsey graph of chromatic number m.

For example, it is simple to see that R, (K,,r) = R,(K;) for all £, > 2.

Note that by definition of R, (H,r), there is an r-edge-colouring of the (R, (H,r) — 1)-partite
Turén graph on n vertices (for any choice of n € N) that does not yield a monochromatic copy of
H. Thus, Problems 1.3 and 1.4 are trivial if

) i< | (- mme) )

since, in this case, we cannot guarantee even a single monochromatic copy of H. On the other
hand, the Erdés—Stone—Simonovits theorem implies that for any 1 > 0, every sufficiently large
r-edge-coloured n-vertex graph G with §(G) > (1 — m +n)n does contain a monochromatic

copy of H.

The next simple result generalises part (M.3) of Theorem 1.7 for larger cliques and multiple
colours. Set R, (¢) := R, (Ky).

Theorem 5.2. Let n,r € N, £ > 2, and let G be an r-edge-coloured n-vertex graph such that

(- wrts) =0 ()

Then there exists a Ky-tiling in G such that every copy of Ky is monochromatic and the number of

copies of Ky in the tiling is at least (R, (¢) — 1)0(G) — (R, (¢) — 2)n.

Proof. By Theorem 3.2, G contains a Kp (y)-tiling consisting of (R,(¢) — 1)0(G) — (R,(£) — 2)n
copies of Kp (5. By definition, each Kp, () contains a monochromatic copy of Ky. It follows
that G contains a K-tiling consisting of (R,(¢) — 1)0(G) — (R,(¢) — 2)n monochromatic copies
of Ky, as required. O

Note that Theorem 5.2 is best possible. Indeed, consider an r-edge-coloured Kg (4 such that

all monochromatic copies of K, have a common vertex v. Let § € N so that (1 — W)n <6<

1 — +L)n. Consider the n-vertex blow-up G of this K, where v is replaced by a class V of size
R-(0) r(£)

(Ry(€) —1)d — (R, (£) — 2)n and all other vertices are replaced by a class of size n — §. Note that
d(G) = 4, and every monochromatic copy of Ky in G must contain some vertex in V. Therefore,
any collection of more than |V| monochromatic copies of K, cannot form a Kj-tiling.
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The next theorem considers the case where §(G) is close to n — 1. To state it, we need the
following variant of the Ramsey number.

Definition 5.3. Let r > 2. A special r-edge-colouring of a graph G is an r-edge-colouring of G
using colours ¢y, ..., ¢, such that there exists a v € V(@) that is not incident to any edge of colour
¢, for some i € [r]. The special Ramsey number SR, (H) is the smallest n € N such that any special
r-colouring of K, yields a monochromatic copy of H. We write SR, ({) := SR, (Kj).

Theorem 5.4. For every r,0 > 2, there exists ng € N such that the following holds. Let G be
an r-edge-coloured graph on n > ng wvertices and with 6(G) > (1 — 1/ng)n. Then there exists a
Ky-tiling in G consisting of monochromatic Ky and the number of copies of Ky in the tiling is at

least
\‘(‘S’Rrw) B 2)5(G) B (SRT'(E) B 3)”J
7 .

Observe that the bound on the number of copies of K, in Theorem 5.4 is optimal, as shown by
the following construction. Firstly, the case ¢ = 2 is trivial since SR, (2) = 2 and an n-vertex graph
can have at most |n/2| vertex-disjoint copies of K. So fix 7, € N with » > 2 and ¢ > 3, and let
ng := SR,(¢) —2 > 1. Pick any n,0 € Nwithn—1>6 > (1 —1/ng)n. Consider a special r-edge-
coloured copy H of Kgp, (¢)—1 which does not contain a monochromatic copy of Ky; say the vertex v
is not adjacent to any red edge. Let G be the r-edge-coloured graph obtained by blowing up each
vertex in V(H) \ {v} to a class of size n —§ > 1 and v to a class U of size n — (n — 6)(SR,(¢) — 2).
Observe that

n—m-=0)(SR ) —2)>n—(n—(1—-1/ng)n)(SR,(¢) —2) =0,
so the blow-up is well-defined. Finally, add all edges inside U and colour them red. Note that §(G) =
n—(n—0) = d. Any monochromatic copy of K, in G must have at least two vertices in U, otherwise
there would be a monochromatic K, in H, a contradiction. However, since all edges in U are red
and all edges between U and V(G) \ U are not red, it follows that every monochromatic copy of Kp
must lie completely in U. Therefore, if there are m vertex-disjoint monochromatic copies of Ky

in G then | (SR,.() —2)6 — (SR, (£) — 3)n
m < {EJ = { / J ’

where the right-hand side of the above inequality matches the bound in Theorem 5.4.

Recall that the proof of case (M.1) of Theorem 1.7 combined Lemma 3.5 with the Hajnal-
Szemerédi theorem. To prove Theorem 5.4, we need a generalisation of Lemma 3.5 to larger cliques
and multiple colours. For two colours, such a generalisation was obtained by Burr, Erdés and
Spencer [9], as mentioned in the introduction. We obtain a further generalisation for more colours.

Theorem 5.5. For every r,{ > 2, there exists some sufficiently large t € N such that every r-edge-
coloured Kyyi sR, (1)—2 contains t vertez-disjoint monochromatic copies of Ky.

Theorem 5.5 is sharp. Indeed, pick a special r-edge-colouring of Kgg, (s)—1 that does not contain
a monochromatic Ky; say no edge of colour c is adjacent to the vertex v in Kgp, ()—1. Then blow-up
the vertex v into a class A of size t/ — 1, and add all edges inside A and colour them c. The resulting
graph is an r-edge-coloured Ky gg, (r)—3- Every monochromatic K, must lie in A, and thus there
are no t vertex-disjoint monochromatic K.

Proof of Theorem 5.5. Take tg := ({ — 1)R,.(¢), t := R,(to) and n := t£ + SR, (¢) — 2. It suffices
to show that any r-edge-coloured copy G of K, contains t vertex-disjoint monochromatic copies
of Ky. Asn >t = R,(to), there exists a monochromatic copy K of Ky, in G, say a red copy.
Next, we construct a collection H of vertex-disjoint monochromatic copies of K,. This is achieved
by repeatedly adding monochromatic copies of K, to H according to certain rules. We write V(H)
17



to denote the set of vertices contained in some copy of K, in H. We also define C := V(K) \ V(H)
and V :=V(G)\ (V(K)UV(H)). Note that, as we add copies of K; to H, the sets V', C and V(H)
will be modified accordingly. It is convenient to think of V' and C' as the vertices in V(G) \ V(K)
and V(K) that have not yet been used to form copies of Ky in H. Initially, we set 1 := () and so
we have V =V(G) \ V(K) and C = V(K). We add copies of K; to H in three phases.

Phase I. If V contains a monochromatic copy of Ky, add it to H. Iterate this as long as possible.

After Phase I is completed, we must have that there is no monochromatic copy of Ky in V. In
particular, we have |V| < R,(¢). Note that no copy of K, added to #H so far intersects K, hence
we still have C' = V(K) and so |C| = ({ — 1)R,(£) > (¢ — 1)|V|.

Phase II. If there is a vertex v € V and a set X C C with |X| = £ — 1 such that all edges
between v and X are red, then G[{v} U X] is a red copy of K,;. Add it to H and iterate as long as
possible.

After Phase II is completed, if V = ) then V(H) UV (K) = V(G). Since K is monochromatic,
it is easy to see that there exist t vertex-disjoint monochromatic copies of K, as required. Hence,
suppose that V' # ().

Observe that after each iteration of Phase II, the quantities |V'| and |C| decrease by 1 and ¢ —1,
respectively. Thus, after Phase II is completed, it is still the case that |C] > (¢ — 1)|V| > 0.

Since both V and C' are non-empty, Phase II must have terminated because for every vertex
v € V there are at most £ — 2 red edges between v and C. This fact together with |C| > (£ —1)|V]|
implies there exists a subset S C C of size |S| = [V such that none of the edges between S and V'
are coloured red.

Phase IIL. If |[V| > SR, (¢)—1, then pick any vertex v € S\V(H) and observe that G[V U{v}] has
at least SR, (¢) vertices and is equipped with a special r-edge-colouring (namely, no edge incident
to v is coloured red). Therefore, G|V U {v}] contains a monochromatic copy of K,. Add this copy
to H, and iterate as long as it is possible.

Observe that after each iteration of Phase III, the quantity |V| decreases by either £ — 1 or ¢
while |S'\ V()| decreases by either 1 or 0. In particular, after Phase III has terminated we have
|[V| <|S\ V(H)|. Hence, it must be the case that Phase III terminated because |V| < SR,.({) — 2.

It follows that |V (H)UV(K)| > tf. Since K is monochromatic, it is easy to see that G[V(H) U
V(K)] contains t vertex-disjoint monochromatic copies of Ky, as required. ]

We are now ready to prove Theorem 5.4.

Proof of Theorem 5.4. Let r,¢ > 2 and t € N be sufficiently large so that the statement of Theo-
rem 5.5 holds. Let ng :=tf + SR, (¢) — 2. It suffices to show that for any r-edge-coloured graph G
on n > ng vertices and with §(G) > (1 — 1/ng)n, there exists a Ky-tiling in G such that every copy
of Ky is monochromatic and the number of copies of K, in the tiling is at least

\‘(SRT‘(Z) B 2)6(G) B (SRT‘(E) B 3)”J
7 .

We proceed by induction on n. Before this, we consider the case when (1 — 1/ng)n < 6(G) <
((np — 1)n + £ —1)/ng (for all n > ng). Note that any induced subgraph H of G with |H| =
no(n — 6(G)) < n satisfies 6(H) > 0(G) — (|G| — |H]|) = (no — 1)(n — §(G)) = (1 — 1/ng)|H]|.
Theorem 3.1 implies H, and thus G, contains a K, -tiling consisting of n — §(G) copies of K,,. By
Theorem 5.5, each K, contains ¢ vertex-disjoint monochromatic copies of K,. Taking the union
of all such copies yields a K-tiling consisting of precisely ¢(n — §(G)) monochromatic copies of Kj.
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This concludes the verification of this case, as

{(SRT(E) - 2)6(G)€ — (SR.(¢) — 3)n J S+ {(SRT(E) 24 w)a(a)g — (SR.(0) — 3 +t0)n J

— t(n - 5(G)) + {”0‘5((;) _E(”O - ””J <t(n—6(G)) + V;lJ — in - 8(G)).

Now we can proceed by induction on n. The base cases when ng < n < ng+£—1 are covered by the
last paragraph. Next, we check the inductive step. Suppose G is an n-vertex graph where n > ng+/~.
By the previous paragraph we may assume that 6(G) > ((ng — 1)n + £)/ny.

It is easy to show that G contains a K,, (e.g., by Theorem 3.2), which in turn contains a
monochromatic copy T of Ky by Theorem 5.5. Let G’ := G\V(T'). Note that G’ is an r-edge-coloured
graph on n — ¢ vertices with minimum degree 6(G’) > 6(G)—¢ > (1—1/no)(n—¥¢). By the inductive
hypothesis, G’ contains a K-tiling consisting of

{(SRT(@ —2)6(G") — (SR, (¢) — 3)(n — E)J S {(SRT(E) —2)0(G) = (SR (¢) — 3)nJ 3

l - l
monochromatic copies of Ky. Adding 7' to this tiling yields a Ky-tiling in G with the required
number of monochromatic copies of K;. This concludes the inductive step and the proof. U

5.2. Open problems. In general, Problems 1.3 and 1.4 remain wide open. The main open problem
which complements our work is Question 1.6; if true, this would fully generalise Theorem 1.1 to
the minimum degree setting. It would also be interesting to improve the error term in case (M.2)
of Theorem 1.7; we believe that the o(n) term should not appear at all. Ideas used in the proof of
the Hajnal-Szemerédi theorem (see also [19]) may be helpful.

Although our argument for case (B.1) of Theorem 1.5 does not immediately generalise to larger
cliques and multiple colours, it seems likely that some of the ideas used should be useful. The main
challenge is to prove analogues of Lemmas 4.2 and 4.3.

Another potentially interesting future direction is the asymmetric version of Problems 1.3 and 1.4;
that is, the monochromatic tiling one seeks in each colour could be different now.

Finally, we remark that Ramsey-type results for tilings have been used in some interesting
applications. For example, in [17] an analogue of Theorem 1.1 was proved where one insists that
the monochromatic copy of mK3 must lie in a connected subgraph of its own colour. This result was
used to determine the Ramsey number of an ‘almost’ square of a cycle C,,. It would be interesting
to see if our results in this paper have similar applications (perhaps via the regularity method).
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APPENDIX

In this appendix, we prove Lemma 3.7 using the regularity method. First, we introduce some
notation. The density of a bipartite graph with vertex classes A and B is defined to be

__e(A,B)

d(A,B) : Al B

where here e(A, B) is the number of edges between A and B. Given € > 0, a graph G and two
disjoint sets A, B C V(G), we say that the pair (4, B)g is (e, d)-regular if d(A, B) > d and, for all
sets X C A and Y C B with |X| > ¢|A| and |Y| > ¢|B|, we have |d(A,B) —d(X,Y)| < e. The
pair (A, B)g is (g, d)-super-regular if all sets X C A and Y C B with |X| > ¢|A| and |Y| > ¢|B|
satisfy d(X,Y) > d and, furthermore, dg(a) > d|B| for all a € A and dg(b) > d|A| for all b € B.
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The following is the degree form of Szemerédi’s Regularity Lemma.

Lemma 5.6 (Regularity Lemma [31]). For every ¢ > 0 and every {y € N there is an M =
M (e, ly) such that for every d € [0,1) and for every graph G on n > M wvertices, there exists a
partition Vo, Vi, ..., Vy of V(G) and a spanning subgraph G' of G such that the following holds:

o (< t< M and |Vy| <en,

o Vil =1[W| for everyie€ [,

o do(z)>dg(xz) — (d+e)n for all z € V(G),

e for alli € [(] the graph G'|V;] is empty,

o foralll <i<j<{ (V;,Vj)g either has density O or is (e, d)-regular.

The reduced graph R of G with parameters e, {y and d is the graph with vertex set {V; : i € [¢]}
and in which V;Vj is an edge precisely when (V;,V;)q is (e, d)-regular. The following well-known
consequence of the Regularity Lemma states that the reduced graph almost inherits the minimum
degree of the original graph.

Proposition 5.7. Let {y € N, let 0 < e,d, k < 1 and let G be an n-vertex graph with §(G) > kn.
If R is the reduced graph of G obtained by applying Lemma 5.6 with parameters €, £y and d,
then 6(R) > (k — 2 — d)|R). O

Lemma 5.8 (Blow-up Lemma [21]). Given a graph R of order £ and d, A > 0, there exists an e > 0
such that the following holds. Given any m € N, let V1, Vs, ..., Vp denote the vertex classes of the
blow-up R(m) of R (so |Vi| =m for all i € [{]). Let G be a graph obtained from R(m) as follows:
for every 1 <1i < j < £ such that (V;, V;) induces a complete bipartite graph in R(m), (V;, Vj)a now
forms an (g, d)-super-reqular pair. If a graph H with A(H) < A lies in R(m), then there is a copy
of H in G.

Lemma 3.7 now follows easily from Lemmas 5.6 and 5.8. In the proof below, constants in the
displayed hierarchy are chosen from right to left.

Proof of Lemma 3.7. Given 1 > 0, choose constants
0< 1/n0 < 1/@0 LekKd<kn, 1/8.

Given n > ng, let G be an n-vertex graph as in the statement of the lemma. Apply Lemma 5.6 to
the graph G with parameters €, {3 and d to obtain £ € N, a partition Vg, Vi, ..., V; of G, a spanning
subgraph G’ of G, and a reduced graph R of G. Set m := |V4].

By Proposition 5.7 we have 6(R) > (§(G)/n—2e—d)|R| > (6(G)/n—n/4)|R|, and so §(R)/|R| >
0(G)/n —n/4. By greedily deleting edges, we may further assume that §(R)/|R| < 6(G)/n and so
property (i) holds. Property (ii) also holds as ¢ < n/2. It remains to verify property (iii).

Let V;,,...,V;, form a clique in R with r < 8. By deleting ‘small degree’ vertices, for each j € [r],
one obtains a set VZ’J C V;, such that |Vl’]| = [(1—re)m| and so that (Vl’J, Vi )ar is (2e,d—re)-super-
regular for each distinct j,k € [r]. Now by Lemma 5.8, G'[V;,..., V] ] (and thus G[V;,...,V])

contains a K, (2)-tiling consisting of at least (1 —7/2)m/2 copies of K, (2); so indeed (iii) holds. [
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