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ABSTRACT. We study conditions under which an edge-coloured hypergraph has a particular
substructure that contains more than the trivially guaranteed number of monochromatic
edges. Our main result solves this problem for perfect matchings under minimum degree
conditions. This answers recent questions of Gishboliner, Glock and Sgueglia, and of Balogh,
Treglown and Zarate-Guerén.

1. INTRODUCTION

An old problem of Erd&s concerns the existence of colour-bias substructures in edge-coloured
hypergraphs [7, 8]; that is, a copy of a particular hypergraph F' in an r-edge-coloured hyper-
graph H that contains significantly more than a 1/r-proportion of its edges in the same colour.
We investigate this question in the case when H has large minimum degree and F' is a perfect
matching.

Colour-bias problems for spanning structures were initially studied for graphs. A classic
result of Dirac states that every graph G on n > 3 vertices with minimum degree §(G) >
n/2 contains a Hamilton cycle; moreover, this minimum degree condition is sharp as simple
constructions show. Balogh, Csaba, Jing and Pluhér [2] gave a colour-bias analogue of this
result: given any € > 0, there exists a v > 0 so that if G is a sufficiently large n-vertex
graph with §(G) > (3/4 + ¢)n, then any 2-edge-colouring of G admits a Hamilton cycle
with at least (1/2 + )n monochromatic edges. Moreover, for n divisible by 4, there are
2-edge-coloured n-vertex graphs G with 6(G) = 3n/4 so that every Hamilton cycle in G
contains precisely n/2 edges in each colour. Subsequently, this result was generalised to r-
edge-colourings by Freschi, Hyde, Lada and Treglown [9] and Gishboliner, Krivelevich and
Michaeli [13].! Analogous results (in the 2-edge-coloured setting) have been established for
K,-factors by Balogh, Csaba, Pluhdr and Treglown [3], and more generally for H-factors by
Brada¢, Christoph and Gishboliner [6]. A version for kth powers of Hamilton cycles was
proved by Bradac [5]. Colour-bias problems have also been considered for random graphs by
Gishboliner, Krivelevich and Michaeli [12].

In what follows, we focus on related questions for hypergraphs. Formally, a k-uniform
hypergraph (k-graph for short) H has a set of vertices V(H) and a set of edges E(H), where
each edge consists of k vertices. For 1 < ¢ < k — 1, the minimum £-degree of H, denoted
0¢(H), is the maximum m such that every set of ¢ vertices in H is contained in at least m
edges. The ¢ =1 case is referred to as the minimum vertex degree; the £ = k — 1 case is the
minimum codegree.

Colour-bias problems for hypergraphs have been investigated for tight Hamilton cycles and
perfect matchings. Mansilla Brito [18] gave a minimum codegree result for forcing a colour-
bias copy of a tight Hamilton cycle in a 2-edge-coloured 3-graph. More generally, Gishboliner,
Glock and Sgueglia [11] determined optimal minimum codegree conditions for colour-bias
tight Hamilton cycles in r-edge-coloured k-graphs for all » > 2 and k > 3.

Recall that a perfect matching in a hypergraph H is a collection of vertex-disjoint edges
that covers all vertices of H. For 1 < ¢ < k, we define myy, as the (asymptotic) minimum ¢-
degree ezistence threshold for perfect matchings. More precisely, my , is the infimum ¢ € [0, 1]

'In these results, the 3/4 in the minimum degree condition is replaced by (r + 1)/2r.
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such that for every ¢ > 0 and n sufficiently large and divisible by k, every n-vertex k-graph
H with 6¢(H) > (c+¢) (Z:g) contains a perfect matching.

A simple consequence of Dirac’s theorem is that mj o = 1/2. This was extended to higher
uniformities and codegrees by R6dl, Rucinski and Szemerédi [22], who in fact proved a more
exact result. There is a large body of work for lower degree types, and we refer the reader to the
survey of Zhao [23] for a more detailed history. We remark, however, that the minimum vertex
degree case of the problem is largely open, and m; j, is thus far only known for k£ < 5 [1, 14, 16].
It is widely believed that the thresholds are attained by certain simple partite constructions
(see, e.g., [23]), which leads to the central problem of the area:

Conjecture 1.1. For every 1 < /¢ < k, we have my ) = max {%, 1-— (k—;l)k_g} )

What can we say about colour-bias in perfect matchings? For codegrees, this was solved
by the above mentioned work on tight Hamilton cycles [11, Corollary 1.2] as well as by
Balogh, Treglown and Zérate-Guerén [4, Theorem 1.3]. In fact, this latter work determined the
asymptotically optimal minimum ¢-degree condition for forcing a colour-bias perfect matching
in an r-edge-coloured k-graph on n vertices whenever 2 < ¢ < k and r > 2. Their result shows
that a relative minimum ¢-degree of my + € forces a perfect matching containing at least
n/(kr) + yn monochromatic edges, where v > 0 is small with respect to €, k and r. In other
words, colour-bias perfect matchings are born at the same time as perfect matchings when
2<UIl<Ek.

Results. We study this problem for all choices of . Our main result states that the minimum
f-degree threshold for the existence of a colour-bias perfect matching for any r-edge-colouring
is the maximum between the existence threshold my; and the maximum minimum /-degree
of a certain family of k-graphs, which we will denote by Fj,,.. In particular, whilst we already
mentioned that in the range 2 < ¢ < k, the existence threshold my j, prevails, for £ =1 a more
nuanced picture emerges.

To describe our family of k-graphs Fj,, we need the following terminology. Let H be a
k-graph and {Vi,Va,...,V,} be an r-partition of V(H). We say that an edge e € E(H) is of
type j = (41, j2, - - ., Jr) with respect to (V1,Va,...,V;) if [enV;| = j; for all i € [r]. Note that
since every edge of H has size k, it holds that )., j; = k and j; > 0 for each i € [r]. We also
let ; € {0,1}" be the canonical vector with 1 in the ith position and 0 otherwise. We say
that a pair (j, o), consisting of a vector j = (j1,72,...,Jr) € N and o € {—1,1}, is k-valid if
o+ 1ji=k,and j; +0 >0 for all i € [r].

Definition 1.2. For k,r > 2, and given a k-valid pair (j, o), we say that an r-edge-coloured
k-graph H belongs to the family F} (j, o) if there is a partition {V4,...,V;} of V(H) such
that, for each i € [r], the i-coloured edges of H are k-sets of type j + oe; with respect to
(V4,...,V,). Note that this does not necessarily mean all edges of type j+ oe; are present in
H though. If they are all present for all choices of i € [r], we say that H is edge-mazimal.

We also let Fy. ,(j, o) € Fj: ,.(J, o) be the family of k-graphs H where n := |V (H)| is divisible
by kr and the corresponding vertex partition satisfies, for every i € [r], that |V;| = Tj;',zan.

We define 7 :=J; , Fi (4, 0) and F :=; , F,r(J, o), where both unions range over
all k-valid pairs (j, o).

The crucial property of this family is that for every n-vertex k-graph in Fy ., every perfect
matching has exactly n/(kr) edges in each colour (see Lemma 3.1 for a proof, and Figure 1 for
an example). Thus, colour-bias in perfect matchings requires a minimum degree that exceeds
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the one found in the family Fj,,. We therefore define

o 60(H)
Jepr = lim - max. (VD)
|V(H)|=krn * k¢

Hy Vi = T, Vel = V5| = § Hy: Vi = |Va| = 3¢, V5| = § Hs:|Vi| = 5, [Ve| = V5| = 3
FIGURE 1. The edge-maximal members of Fj , for k = r = 3. Up to symme-
try, there are three different cases, corresponding to different possible choices
of 3-valid pairs (j1,jo,j3) € N3, and o € {—1,+1}. The choices correspond
to (j1,J2,743,0) € {(2,0,0,+1),(1,1,0,+1),(2,1,1,—1)} and are pictured as
H,, Hy, Hs, respectively. In each case, the red, blue and yellow edges represent
the 1-coloured, 2-coloured, 3-coloured edges, respectively. The minimum ver-
tex degree of those three 3-graphs are (49/81+0(1)) (";1), (32/81+40(1)) ("51)
and (5/9 + 0(1))(”;1), respectively. The maximum 6;(H;) is attained by
51(H1). This shows that f17373 == 49/81

Our main result states that every r-edge-coloured k-graph whose minimum ¢-degree forces
a perfect matching and at the same time denies membership in Fj , must already exhibit a
colour-bias perfect matching.

Theorem 1.3. Let € > 0 and £, k,r € N where 1 < £ < k and r > 2. There exist v > 0
and ng € N such that if n > ng is divisible by k, then every r-edge-coloured k-graph H on n
vertices with

8o(H) = (max{ fo,r, mer} +) (5 77)
has a perfect matching containing at least n/(kr) 4+ yn edges of the same colour.

Our result answers a question posed by Gishboliner, Glock and Sgueglia. In [11, Section
8] they asked for which values of ¢, k,r the minimum /¢-degree threshold for colour-bias per-
fect matchings in r-edge-coloured k-graphs exceeds the corresponding existence threshold.
Theorem 1.3 tells us that this is the case precisely when fy 1, > my .

As discussed earlier, Balogh, Treglown and Zérate-Guerén [4] showed that, for 2 < ¢ < k
and r > 2, the colour-bias perfect matching threshold coincides with the (ordinary) threshold
for perfect matchings my . It is not hard to see that Theorem 1.3 recovers this result.

Observation 1.4. For all v > 2 and 2 <1 < k, we have fpr, < myp.

1

27
forr < % Suppose otherwise. This implies that there exists an n > 2rk, a k-valid r-tuple
(j, o), and an n-vertex k-graph H € Fj, ,(j, o) such that d2(H) > %(ki2) Since H € Fy,»(j,0),
there exists a partition {Vi,...,V,} of V(H) such that |V;| = (rj; + o)n/(rk) > n/rk > 2 for
all i € [r]. Let {z1,y1} C V1 and {z2,y2} C V5. By the minimum 2-degree condition, there
exists a (k — 2)-set S such that both e; = {z1,y1} U S and ea{x2,y2} U S are edges in H.
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Then |e; N V1| = leaN V1|42, letNVa| = |eaNVa| —2, and |e; NV;| = |eaNVj| for all 3 < i < r.
But then it is not true that all edges of H are of type j + oe; (for some ¢) with respect to
(V1,...,V,), a contradiction. O

However, as we will see, for £ = 1 the inequality fi 5, > my can hold, depending on the
values of k and r. In light of Theorem 1.3, to determine the minimum vertex degree threshold
for colour-bias perfect matchings, we need to understand the values of f; 1., denoted by fi .
for short.

Given k and r, consider the edge-maximal r-edge-coloured k-graph in Fj, generated by
the k-valid pair (j, o) where j = (k —1,0,...,0) and o = 1. This k-graph consists of r parts,
the first V1 of size (kr —r+1)n/kr and all of the others Vs, ...,V of size n/kr; the i-coloured
edges contain k—1 vertices in V; and the remaining one in V;, for each 1 < < k. (In Figure 1,
this k-graph is depicted as Hj in the case k = r = 3.) In fact, this specific k-graph is the
one that maximises the minimum vertex degree in the definition of f ,, except in a couple of
cases.

Lemma 1.5. For each k,r > 2 such that (k,r) & {(3,2),(4,2)}, we have

r—1\""!
=(1- )
fk,r < Lr >
We obtain this formula in Section 4 as a consequence of Lemmata 4.1 and 4.2 and a simple

computer search. The exceptional cases k € {3,4} and r = 2 are resolved as follows.

Lemma 1.6. f32 =3/4 and fi2 = 175/256.

We remark that f3o = 3/4 is attained by the edge-maximal 2-edge-coloured graph in F3 o
generated by the 3-valid pair (j,o) with j = (1,1) and 0 = 1; and fy2 = 175/256 is attained
by the edge-maximal 2-edge-coloured graph in F4 2 generated by the 4-valid pair (j, o) with
j=(2,1)and o0 = 1.

Next, we state a few direct consequences of Theorem 1.3 and the previous two lemmata,
obtained via some simple calculations. Abbreviate the vertex-degree threshold for perfect
matchings by my = mqy, and let by, = max{f;,, m;} denote the minimum vertex degree
threshold for colour-bias perfect matchings.

For graphs, that is when k£ = 2, and any r > 3, the inequality fo, = (r+1)/(2r) > 1/2 =may
holds (see Lemma 4.3). This implies that by, = (r + 1)/(2r), and recovers the known graph
results, which follow from the work on Hamilton cycles [9, 13].

Using Lemma 1.6 and the known values of m3 and my, together with Theorem 1.3 we have
that b3 o = 3/4 and by = 175/256. The case (k,r) = (3,2) solves a question posed in [4,
Question 4.2].

For general values of k,r, we can decide whether the ordinary and colour-biased thresholds
coincide (formally by, = my) by checking whether fy, < mj. The next corollary summarises
our findings for two colours.

Corollary 1.7. If Conjecture 1.1 is true, then by o > my, if and only if 2 < k < 16. Uncon-
ditionally, we have by o > my, for 2 <k <5 and byo = my, for k> 17.

For k,r > 3 we obtain the following complete answer.

Corollary 1.8. Let k,r > 3. Then by, = my, if and only if (k,r) ¢ {(3,3),(4,3),(3,4)}.

The paper is organised as follows. In the next section we prove a key lemma used in the
proof of Theorem 1.3. In Section 3 we prove Theorem 1.3. The calculations needed to deduce
Lemma 1.5 are provided in Section 4. We finish the paper with some concluding remarks in
Section 5.
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Remark: Just before submitting this paper, we learnt of simultaneous and independent
work of Lu, Ma and Xie [17, Theorem 4] who have also proved a version of the ¢ = 1 case of
Theorem 1.3.

2. SWITCHERS FROM LARGE COMMON NEIGHBOURHOODS

In this section, we introduce the notion of a switcher, which is a gadget that allows us
to manipulate the colour profile of a matching. Roughly speaking, our key contribution,
Lemma 2.1, states that k-graphs with sufficiently large common neighbourhoods and no small
switchers must be members of the extremal family ]-",j’r from Definition 1.2. From this,
Theorem 1.3 can be easily derived (see Section 3).

Formally, an i-switcher is the union of two r-edge-coloured matchings M; and Ms with
V(M1) = V(Ma) such that M; has more edges of colour ¢ than Ms. Its order is |V(My)]. A
switcher is an i-switcher for some i € [r]. For a vertex x in a k-graph H, we write N(z) (or
sometimes Ny (z) for clarity) for its neighbourhood, which is the set of (k — 1)-sets Y such
that {x} UY is an edge in H.

Lemma 2.1 (Key Lemma). Let H be a k-graph on n vertices such that for every x,y € V(H),
there are at least k* verter-disjoint (k — 1)-sets in N(z) N N(y). Suppose H has an r-edge-
colouring with at least one edge of each colour and no switcher of order at most k* +k. Then
He F;,.

For the proof of Lemma 2.1 we require some additional vocabulary. Given an r-edge-
coloured k-graph H and x € V(H), we write N;(z) for the (k — 1)-sets Y € N(x) such that
{z} UY forms an edge of colour i. A directed graph D consist of a set of vertices V(D)
and a set of (directed) edges FE(D), where each edge is a pair (x,y) of vertices. For a vertex
z € V(D), we denote by N;)(z) its out-neighbourhood, which is the set of all vertices y such
that (x,y) € E(D). The in-neighbourhood N, (x) is defined analogously.

Proof of Lemma 2.1. Let ¢: E(H) — [r] be an r-colouring such that there is at least one edge
of each colour and H is free of switchers of order at most k% + k.

Claim 2.2. Let z,y € V(H) be distinct, and let i,j € [r] be distinct colours. Suppose that
there is some S € N(x) N N(y) such that

c{z}usS)=i and c({y}uUS)=j.

Then, for every S” € N(x) N N(y), we have that c({x}US") =i and c({y} US’) = j. In other
words, N(x) N N(y) = Ni(x) N N;(y).

Proof of the claim. Let S’ € N(x) N N(y), and assume first that S’ is disjoint from S. If
c({z} U S # i or e({y} US") # j, then define My := {S U {z},5" U {y}} and My :=
{SU{y}, S U{z}}. So My U M; forms a switcher of order 2k < k? + k, a contradiction.
Now assume that S and S’ intersect. By assumption, there exists S” € N(z)NN(y) disjoint
both from S and S’, and we can repeat the argument above, first with S and S” and then
with S” and S’. Thus the claim holds for all S € N(z) N N(y), as desired. |

For each colour ¢ € [r], let D; be the directed graph with vertex set V(D;) = V(H) such
that (z,y) € E(D;) if there exists at least one S € N(z) N N(y) such that ¢c({z} US) =1
and c({y} U S) # i. Recall that by assumption, there are at least k? vertex-disjoint S €
N(x) N N(y). So if (z,y) € E(D;), then Claim 2.2 implies that there are at least k? vertex-
disjoint S € N(z) N N(y) with ¢({z} US) =i and c({y} US) # i.

Claim 2.3. The edge set E(D;) is non-empty for every colour i € [r].
5



Proof of the claim. For the sake of a contradiction, suppose that E(D;) = () for some colour i.
By an assumption in the lemma, there is an edge e of colour ¢ and an edge f of another colour.
Let {x1,...,25} := e\ f and {y1,...,ys} := f \ e. We can greedily select pairwise disjoint
(k—1)-sets Si,...,Ss, such that for each t € [s], S is disjoint from eUf and Sy € N (x¢) NN (y¢).
Observe that for t € [s], it follows that {z;:} US; and {y:} U S; must either be both of colour
i or both have colour distinct from 4, since D; neither contains (z¢,y¢) nor (y;, ;). Define

My :={e}U{{y}USi:tes]} and My:={f}U{{as} USi:te[s]}.
Then M; U M is an i-switcher of order k — s + s(k + 1) < k% + k, a contradiction. |

Note that Claim 2.2 easily implies that D; has no directed cycle of length two. We now
show that D; cannot have directed paths of length two.

Claim 2.4. For each i € [r], D; contains no directed path with two edges.

Proof of the claim. For the sake of a contradiction, suppose that both (x,y) and (y, z) are
edges in D;. Thus there are colours 7, ¢, both distinct from ¢, such that we may pick S €
Ni(z) N Nj(y), T € Ni(y) N Ng(z) and U € N(z) N N(z), all pairwise disjoint. Let

My ={Su{z},TU{y},UU{z}} and My:={SU{y},TU{z},UU{z}}.
Then M; U M, is an i-switcher of order 3k < k% + k, a contradiction. [ |

For each colour i € [r], define
Viti={z e V(Dy): |Nl—i(37)’ >0} and V= {z € V(D;): [Np, ()] > 0}.

Note that Claim 2.4 readily implies that VZ-Jr and V;~ are disjoint. We now prove that they
partition the vertex set V(D;) = V(H) and that the underlying graph is complete bipartite.

Claim 2.5. For every i € [r], we have that V;" UV,” = V(H) and E(D;) =V;" x V".

Proof of the claim. First, we observe that for an arbitrary (z,y) € E(D;) and any vertex
z # m,y, one of the four pairs (z,z2),(z, ), (y,2),(z,y) must belong to E(D;). Suppose
otherwise. Since (x,y) € E(D;), there is a colour j # i such that there are at least k2 disjoint
sets in N;(z) N N;(y). Pick pairwise disjoint sets S € N;(z) N N;(y), T' € N(xz) N N(z) and
U € N(y) N N(z). The assumption (z, z), (z,z) ¢ E(D;) implies that either both ¢({z} UT)
and c({z} UT) are equal to i, or both are distinct from 4. Similarly, either both ¢({y} U U)
and ¢({z} UU) are equal to ¢ or both are distinct from 7. Set

My ={Su{z},TU{z},UU{y}} and My:={SU{y},TU{z},UU{z}}.

Then M; U M, is an i-switcher of order 3k < k% + k, a contradiction.

Now suppose that there is a vertex z € V/(D;) \ (V,;T UV,7). Let (x,y) € E(D;), and note
that z # x,y. But then one of the four pairs (z, 2), (2, z), (v, 2), (2, y) must belong to E(D;) by
the above observation, which shows that z € V;" UV,, a contradiction. Since V(D;) = V(H),
this confirms the first part of the claim.

Next, we show that the edges of D; are precisely the pairs pointing from Vi+ to V,”. Firstly,
notice that there are no edges within Vf, within V,™, or going from V™ to Vf, as otherwise
we have a directed path of length two in D;, thus contradicting Claim 2.4. Secondly, suppose
that there are vertices y € V;" and z € V,~ such that (y,2) ¢ E(D;). As z € V., there
is an edge (z,z) with € V" distinct from y. Since both z and y are in V,©, we have
(z,y), (y,z) & E(D;). Moreover, (z,y) is not an edge in D;, since there is no path of length
two in D;. In summary, (z,z) is an edge of D;, while none of (z,y), (y,z), (y,2) and (z,y)
are. But this contradicts our initial observation. |

Claim 2.6. Either {V;" };cpy or {V; }Yiep) forms a partition of V(H).
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Proof of the claim. We prove first that
for all distinct i, j € [r], we have V," N VjJr =QorV; NV, =0. (2.1)

For a contradiction, suppose that there are distinct 4, € [r] so that we can pick vertices
T € Vf N V}* and y € V.7 N Vj_. By Claim 2.5, we know that (z,y) is an edge in both
D; and Dj, and therefore there are colours ¢,m € [r], with ¢ # ¢ and m # j, such that
|Ni(z) N Ne(y)l, |N;(z) N Ny (y)| > 1. This contradicts Claim 2.2; so (2.1) holds.

Next we show that {V;™ };ep) or {V;"}igp forms a collection of pairwise disjoint sets. If
r = 2, this follows from (2.1); so suppose that » > 3. Note that

for every distinct 4, j € [r], we have V;" NV # 0 or V" NV~ #10. (2.2)

Indeed, otherwise VZ-+ = Vj_ and V;© = VjJr for some choice of 7, j. Consider another colour
¢ € [r]\ {i,j}. By (2.1), without loss of generality we may assume that V;" N Vf = (); thus,
Vf cV. = Vj"'. In particular, V[" N Vj+ # (0 and (2.1) imply that V,” N Vi = (. But
then V,” C Vj+. So V,5 UV,” = V(H) is contained in Vj+, a contradiction to the fact that
V; C V(H) is non-empty. Hence, (2.2) holds.

Pick distinct colours 4,7, ¢ € [r] and suppose that V;© N Vj+, VjJr N VZF and V,” NV,” are
non-empty. We then have V" N Vj_ = Vj_ nv, = V;r N Vi+ = (). This, however, implies that

Vv =(viinv nvo)uvitnvinvy) =4,

which together with V;” N V;” = 0 implies that V;” = 0, a contradiction. In conclusion, for
any three distinct colours i, j, £ € [r], one of the sets Vi+ N V;*, V}* ﬁVeJr and V,” NV,” must be

empty. An analogous argument shows that one of the sets VZ* N Vj+, Vj_ NV, and V, NV~
has to be empty also.

Consider a complete graph K where V(K) = [r]. Colour an edge ij € E(K) with + if
vtn Vj+ # 0; colour ij € E(K) with — if V" NV;™ # 0. By (2.1) and (2.2), every edge in
K gets precisely one colour. Moreover, the argument in the previous paragraph shows that
every triangle in K is monochromatic (i.e., all + or all —). This in turn implies that K itself
is monochromatic. Without loss of generality suppose that every edge in K is coloured —.
Then (2.1) implies that for all distinct i, € [r], we have V" N VjJr = 0. That is, {V;" }icp
forms a collection of pairwise disjoint sets, as required.

Finally, we argue that such a collection must also form a partition of V(H). Indeed,
suppose that {V¢+}ie[r} are pairwise disjoint (the corresponding case with {V;™ }c|, follows
analogously). Fix any colour i € [r] and recall that V;* UV, = V(H) by Claim 2.5. Moreover,
(z,y) € E(D;) for any z € V;" and y € V,". However, this implies that (y,z) € E(D;) for
some other colour j € [r] by definition of the directed graphs, and hence y € Vj+. |

Claim 2.7. For every colour i € [r], there is some integer 0 < j < k — 1 such that every
edge in H has either type (j,k — ) or (j + 1,k — j — 1) with respect to (V.*,V."). Moreover,
e € E(H) has colour i if and only if e is of type (j + 1,k — j — 1) with respect to (V;7,V,7).

Proof of the claim. Let i € [r] be given. Suppose that there are indices 0 < j < ¢ < k and
edges e, f € F(H) such that e has type (j,k — j) and f has type (¢, k — £), both with respect
to (V.7 V7). We write U := (eU f)\ (eN f), and note that UNV," and UNV,™ have each size
at least £ — j. Let us call a pair of vertices (z,y) € U? crossing if x € V;" and y € V,”". By
the above observation, we may write U = {x1,y1, ..., Zq, yq} such that the number of crossing
pairs (x¢,y¢), denoted by s, satisfies s > £ — j.
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Now, take sets Sy € N(x¢)NN(y:), one for each ¢ € [¢]. We can greedily pick S, ..., S: to be
pairwise disjoint and also disjoint from e U f, since by assumption we have at least k? vertex-
disjoint choices in every step. Note that, crucially, if (z, y:) is crossing, then c({z:} U S;) =i
and c({y:} U S¢) # i. Moreover, if (z¢,y:) is not crossing then (z¢,y:) ¢ E(D;) and thus
{z+:} U Sy and {y:} U S; are either both of colour i or both of a colour distinct from 3.

Next, consider G := M; U My C E(H) where

My :={e} U{{y}USi: t€lq]} and My :={f}U{{z}US;:t€]q]}.

We remark that in any case, G has (k — q) + q(k + 1) < k? + k vertices.

Moreover, note that My has s + 1,s or s — 1 more i-coloured edges than M;, where the
three possibilities occur if ¢(f) = i # c(e); c(e) and ¢(f) are both or neither equal to i;
c(e) =i # c(f), respectively. Thus, if £ > j + 2, then s > 2, and hence My has always at
least s — 1 > 1 more i-coloured edge than M;, and therefore G is an i-switcher, which is a
contradiction. Hence, we can only have ¢ = j + 1 and s = 1. In this case, the only way for
G to not be an i-switcher is that c¢(e) = i and ¢(f) # ¢, which proves the second part of the
statement. |

We now have all the tools to argue that H € F;; .. By Claim 2.7, for each i € [r] there exists
0 < fi < k such that the i-coloured edges are precisely those of type (f; + 1,k — f; — 1) with
respect to (V;7,V;7). By Claim 2.6, one of {V;" };c(,y or {V;™ }ie) partitions V(H). Assume
first that {Vf}ie[r] partitions V(H). We need to show that there exists j = (ji,...,Jr) € Nj
and o € {—1,+1} such that o+ _;_, j; = k, and all i-coloured edges are of type j+ oe; with
respect to (V;,..., V7).

Let 0 := 1 and j; := f; for all i € [r]. We claim that this choice satisfies the required
properties. Indeed, let e be a 1-coloured edge. By our choice of fi, e must be of type
(fi + 1,k — fi — 1) with respect to (V;*,V;"). Now, let za,...,z, be such that e is of type
(fi +1,29,...,2,) with respect to (V;7, V5, ..., V7). For any i # 1, since e is not i-coloured
it must be of type (fi,k — f;) with respect to (Vi+, V7). This implies that f; = x;. Thus, we

have that
T T T
U+Zji:1+Zfi:(1+f1)+zxi:k‘,
i=1 i=1 i=2

as required. Also, our choice implies that the i-coloured edges are precisely those that are of
type (ji + 1,k — j; — 1) with respect to (Vi+, V.7), which is equivalent to being of type j + oe;
with respect to (V;F,..., V).

Finally, in the case that {V;™ };c|,) partitions V(H), we instead set o := —1, and for each
i € [r] we set j; := k— f;. With these changes, the proof is analogous to the previous case. [

3. PROOF OF THE MAIN THEOREM

This section is dedicated to the proof of Theorem 1.3. We require the following two technical
lemmata.

Lemma 3.1. Let k,7 > 2 and let n € N be divisible by k. Let H € ]-";T be an n-vertex
r-edge-coloured k-graph with corresponding partition {V1,...,V;.}, r-tuple (ji,...,jr) and o €
{—=1,+1}. Suppose au,...,a, >0 are such that > ;_; a; = 1, and for every i € [r], we have
\Vil = (Ji + oai)n/k. Then every perfect matching in H contains exactly a;n/k i-coloured
edges for every i € [r].

Proof. Let M be a perfect matching in H. For each i € [r], let z; be the number of i-coloured
edges in M. Note that Y ;_, x; = n/k. Let i € [r] be arbitrary. Note that each non-i-coloured
8



edge of H intersects V; precisely in j; vertices, and every i-coloured edge of H intersects V;
precisely in j; + o vertices. Therefore,

(i + oai) = Vil = ji (* - 332) + (Ji + o)z = ji + wio,

k k
which solves to z; = a;n/k, as desired. O

Lemma 3.2. Let k,r > 2. For every 8 > 0 and 1 < ¢ < k, there exist v > 0 and ng € N
such that the following holds. Let H € .7-",2} be an r-edge-coloured k-graph on n > ng vertices
with a perfect matching which has at most n/(rk) + yn edges of each colour. Then 6¢(H) <

(ff,k,r + /B) (Z:g) .

Proof. Given > 0 and 1 < ¢ < k, we choose v > 0 sufficiently small and then ng € N
sufficiently large with respect to . Let H be a k-graph as in the statement of the lemma. By
definition of 7y ., there is a partition {W,...,V,} of V(H), a tuple j = (j1,...,jr) € N, and
o € {—1,+1} such that, for each i € [r], the i-coloured edges of H are those of type j + oe;
with respect to (V1,...,V,).

Let M be a perfect matching in H as in the statement of the lemma and, for i € [r], let M;
be the set of i-coloured edges of M. By assumption, we have that |M;| < (1/r + vk)n/k for
each i € [r]. This also implies that |M;| > (1/r — yrk)n/k, and thus |M;| = (1/r £ yrk) n/k.
Furthermore, since H contains a perfect matching, if ¢ = 1 we know that jn/k < |V;| <
(ji + 1)n/k for every i € [r]; if 0 = —1 we know that (j; — 1)n/k < |Vi| < jin/k for every
i € [r]. In particular, this implies there are aq,...,a, > 0 such that ) . , a; = 1, and for
every i € [r], we have |V;| = (j; + oca;)n/k.

Our observations in the last paragraph allow us to apply Lemma 3.1 to conclude that, for

every i € [r]|, we have
1 n
il =\ g -+t rk —. d
Wil = (it o (2 amk) ) 7 (3.1)

Let X C V(H) be an arbitrary set of ¢ vertices. For each ¢ € [r], we write p; for the
number of vertices that X has in Vj. Let ds(X) denote the number of s-coloured edges in H
containing X. It follows that

= (00, (G0

i€[r\{s}
Therefore, using (3.1), the definition of f;, and the choice of v and ng < n, we have

1) = Y 00 < w49 ).

1€[r]

as required. O
Now we are ready to derive our main result.

Proof of Theorem 1.3. Let € > 0 and ¢, k,7 € N where 1 < /¢ < k and r > 2. Set f:=¢/3 and
let 0 < v < B/(k® + k?) be such that the statement of Lemma 3.2 holds with 4/ playing the
role of 7. Then choose 0 < v < +'/(2r?) and let ng € N be sufficiently large.

Let n > ng be divisible by k. Let H be an n-vertex k-graph with 6,(H) > (max{ fo i, mex}+
£) (Z:ﬁ); by definition of my, H contains a perfect matching. For the sake of a contradiction,
suppose that there is an r-edge-colouring of H such that for every perfect matching M in H
and every colour i € [r|, the number of i-coloured edges in M is at most n/(kr) + yn.

Let S be a maximal collection of vertex-disjoint switchers of order at most k% + k in H.

Claim 3.3. The size of S is at most v'n.



Proof of the claim. Assume otherwise. Recall that a switcher is the union of two matchings
M and My with V(M) = V(Maz) together with a colour 4, such that M; has more edges of
colour ¢ than Ms. We call M; and My its majority and minority state, respectively. Clearly
there exists some colour i € [r], such that there is a collection S; C S of i-switchers where
S| = [7/n/r].

Let H' C H be the k-graph obtained from H by removing V(S;). The choice of v ensures
that do(H') > (max{fex,, mer} + 5/2)(2:5). Thus, H' contains a perfect matching M.

Let M’ be the union of M with the minority state matchings of S;; so M’ is a perfect
matching in H. By assumption, M’ has at most n/(kr) 4+ yn edges of each colour. So in
particular, M’ has at least n/(kr) — (r — 1)yn edges of colour i. Let M"” be the union of
M with the majority state matchings of S;. It follows that M” has at least v'n/r > ryn
more edges of colour ¢ than M’, and thus more than n/(kr) 4+ yn edges of colour i in total, a
contradiction. |

Let H' C H be the k-graph obtained from H by removing V(S). Thus,

So(H') > (max{ fopr, mer} +¢/2)(725). (3.2)

So there is a perfect matching M in H’. By assumption, M has at most n/(kr) + yn <
[V (H")|/(kr)+~'|V(H")| edges of each colour. Indeed otherwise, we could choose one matching
from each switcher in S and add it to M, resulting in a perfect matching of H containing at
least n/(kr) + yn edges of one colour, a contradiction.

Next, we show that H' € ;. by applying Lemma 2.1. To this end, note that H' does not
contain any switcher of order at most k% + k by the maximality of S. Moreover, since M has
at most n/(kr) + yn edges of each colour, it has at least one edge of each colour. Therefore,
H' still has at least one edge of each colour. Finally, we observe that every two vertices
x,y € V(H') have at least k? vertex-disjoint (k — 1)-sets in their common neighbourhood in
H'. Indeed, as myy, > 1/2 (see, e.g., [23]) we infer from (3.2) that 6, (H') > (1/2+¢/2)(}Z1)-
This shows that | Ny (x) N Ny (y)| > (¢/2) (Zj), and thus we may greedily select k? vertex-
disjoint elements. We may therefore apply Lemma 2.1 to deduce that H' € Fpr Recall
that M is a perfect matching in H' with at most |V (H')|/(kr) + +'|V(H")| edges of each
colour. Therefore, we may apply Lemma 3.2 to deduce that d¢(H') < (for, +£/3) (Z:g),
which contradicts (3.2). O

4. NUMEROLOGY

In this section we are interested in quantitative aspects of fi,. Our main goal is to prove
Lemma 1.5, which determines fj,, in all but two cases.

Our first goal is to give a formula for f; , that is simpler to calculate. Given a k-valid pair
(j,o) with j € Nj and o € {—1,1}, we define

. 51(H)

RN (IVE)-1y

T60 = By B o) V1)
V()

and thus we have

Jrr = jeNgT?gfim} JGoo)-
(j,0) is k-valid
Therefore, our first task will be to understand f; ) for a given k-valid pair (j,o). The next

lemma gives a formula for f(; ;) which removes the limit and the dependency on n. We denote

the multinomial coefficient of non-negative integers n, k1, ..., km, by (k1 " km) = kllnilkm'

10



Lemma 4.1. For each k,r > 2 and each k-valid (j, o), we have

1 k r .
) Je,s
fo0) = 1<z<r { kkrk=1(rj; + o) ZJ (j&l, ... ,je,r> H(TJS o) } ’

/=1 s=1

where jo s is the sth coordinate of the vector j + oey; that is, jo s = js if £ # s, and js + o if
{=s.

Proof. Recall that, given n divisible by kr, the size of the classes Vi, ..., V, in any n-vertex
k-graph in the family Fy . (j, o) are fixed and equal to |V;| = (rj; + o)n/rk for each 1 <i < k.
Amongst such k-graphs H, the maximum §;(H) is attained when H is a k-graph in Fj, ,(j, o)
where all the possible edges of a given type are present; from now on let H be such a k-graph
on n vertices.

To understand 6;(H), first we will calculate the number of ¢-coloured edges incident to a
vertex v; € V;, for each i,¢ € [r]. To do this, note that the ¢-coloured edges of H are of type
j+ oep. Suppose first that jy; # 0. Then the ¢-coloured degree dy(v;) of v; is equal to

do(vi) = (L‘fj :11> H <‘J‘fs|>

s#i

Since we are interested in the limiting value as n — oo, we can use the approximation
() = (1 + o(1))a*n* /k! to write the formula above as

k
T'j' +O' jZ,iil njl,i_l T,j _|_o. jZ,s njg’s

de(vi) = (1+0(1))< Zrk > Goao 1! IT é;,k o]

,S°

jei = 1! si
- [T (7)) S
= (1+o0(1)) s:ﬁl 03}2?”: mf@_ﬁ _ (:;)HZZ_MS
= (1+o0(1)) 3:11[1 (Tjs]f:’j)j"s: mfﬁ . (%Y*l
- [P
=(1+0(1)) _Sfll(rjs + g)je,s] <j@71, k ’j&r> kkrk—lj(éé-i — <Z: D

Now, note that if j,; = 0, then the ith coordinate of j 4+ oey is zero, which implies that v;
does not belong to any ¢-coloured edge and thus dy(v;) = 0. But the formula above coincides
also in this case (because of the presence of the jy;), so it is valid in all cases.

The degree dg(v;) is obtained by considering the sum of dy(v;) over all possible ¢ € [r], and
therefore

T

dH(’UZ) . 1+0 . j’s
(y)  kRrk=L(rg; +0 Zj (]21,...,je,r) H(WSJFU)Z .

k—1 s=1

The minimum vertex degree of H can be calculated by taking the minimum over i € [r]. This

gives the claimed formula. O
11



The formula above is enough to compute the values of fj , for small values of k,r using a
simple computer program; see Table 1.

mj, Jr2 Jr3 Jra Jrs Jr6 Jr,7 Jrs Jreo | Jfrao
0.5555 0.75 1 0.6049 | 0.5625 | 0.5377 | 0.5216 | 0.5102 | 0.5017 | 0.4951 | 0.4899
0.5781 || 0.6835 | 0.5787 | 0.5363 | 0.5120 | 0.4961 | 0.4850 | 0.4768 | 0.4705 | 0.4654
0.5903 || 0.6561 | 0.5641 | 0.5220 | 0.4978 | 0.4822 | 0.4713 | 0.4632 | 0.4570 | 0.4521
0.5981 || 0.6472 | 0.5549 | 0.5129 | 0.4889 | 0.4734 | 0.4626 | 0.4546 | 0.4485 | 0.4437
0.6034 || 0.6410 | 0.5485 | 0.5066 | 0.4827 | 0.4674 | 0.4567 | 0.4487 | 0.4427 | 0.4379
0.6073 || 0.6365 | 0.5438 | 0.5020 | 0.4782 | 0.4630 | 0.4523 | 0.4444 | 0.4384 | 0.4336
9 |10.6102 || 0.6330 | 0.5402 | 0.4985 | 0.4748 | 0.4596 | 0.4490 | 0.4412 | 0.4352 | 0.4304
10 | 0.6125 || 0.6302 | 0.5374 | 0.4957 | 0.4721 | 0.4569 | 0.4464 | 0.4386 | 0.4326 | 0.4279
11 1 0.6144 || 0.6280 | 0.5351 | 0.4935 | 0.4699 | 0.4548 | 0.4442 | 0.4365 | 0.4305 | 0.4258
12 1 0.6160 || 0.6261 | 0.5332 | 0.4916 | 0.4681 | 0.4530 | 0.4425 | 0.4348 | 0.4288 | 0.4241
13| 0.6173 || 0.6245 | 0.5316 | 0.4901 | 0.4666 | 0.4515 | 0.4410 | 0.4333 | 0.4274 | 0.4227
14 | 0.6184 || 0.6232 | 0.5303 | 0.4888 | 0.4653 | 0.4503 | 0.4398 | 0.4321 | 0.4262 | 0.4215
151 0.6193 || 0.6221 | 0.5291 | 0.4876 | 0.4642 | 0.4492 | 0.4387 | 0.4310 | 0.4251 | 0.4205
16 | 0.6201 || 0.6211 | 0.5281 | 0.4866 | 0.4632 | 0.4482 | 0.4378 | 0.4301 | 0.4242 | 0.4196
17 1 0.6209 || 0.6202 | 0.5272 | 0.4858 | 0.4624 | 0.4474 | 0.4370 | 0.4293 | 0.4234 | 0.4188
18 | 0.6215 || 0.6194 | 0.5264 | 0.4850 | 0.4616 | 0.4467 | 0.4362 | 0.4286 | 0.4227 | 0.4181
19 | 0.6221 || 0.6187 | 0.5257 | 0.4843 | 0.4610 | 0.4460 | 0.4356 | 0.4279 | 0.4221 | 0.4174
20 | 0.6226 || 0.6181 | 0.5251 | 0.4837 | 0.4604 | 0.4454 | 0.4350 | 0.4274 | 0.4215 | 0.4169
21 1 0.6231 || 0.6175 | 0.5245 | 0.4831 | 0.4598 | 0.4449 | 0.4345 | 0.4269 | 0.4210 | 0.4164
221 0.6235 || 0.6170 | 0.5240 | 0.4826 | 0.4593 | 0.4444 | 0.4340 | 0.4264 | 0.4205 | 0.4159

0o 3 O U i W|

TABLE 1. Computed values of fj, for 3 <k <22 and 2 < r < 10, truncated
to the fourth decimal. Marked in red are the the values of f;, that exceed

k—1 .
my =1-— (k’—;l) , the conjectured value for my.

We further simplify the formula of Lemma 4.1 by removing the minimum.

Lemma 4.2. For each k,r > 2 let (j, o) be a k-valid pair with j1 > jo > --- > jr. Then we

have
G [ (2k +1 = 0)(rjr + )\
fG.0) = kFrk=1(rj, + o) [jTA(J’U) to < 2 +140 ’
where
k—o 4 i
1I(G,0) = |( . . rjs + o)’
( ) <]1a7]7‘)g(] )
and

2k +1—0)(rje+0)\’
2je+14+0 '

AG,o) = ;1 (!

Proof. We start from the formula given by Lemma 4.1. Let d; denote the ith term in the
minimum of that formula, so that f(; ;) = min{ds,...,d,}. The idea is to rewrite each d; by
incorporating the multinomial coefficient with a £ — o term as above. Using that j,; = j; if
¢ # i and j;; = j; + 0, and distinguishing the cases o € {—1,+1} we get

k H’" . 4 (2k+1—a)(rjg+a)>g< k—o > ro .
s Je,s — - ) S+ Js
(jé,l,---,j£7r> s+ 0) ( 2ji+1+0 11tris +o)

s=1 Il Jr s—1
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2k+1—o0)(rje+o)\7 .
= (L) Ty )
2je+140
So, using the values j,; again, we get
I0(j, o oo 2k+1—o0)(rj; +0)\’
LTG0 [y (GRG0
krkrk=1(rj; 4+ o) 2ji+1+0
Note that the lemma states that f(;,) = dr = mini<;<, d;. Let
o 2k +1—0)(rj; +0)\°
A
P10m0+0( % t1lto ,
and note that it is enough to check that ¢ = r minimises ¢(j, o,7).
We begin our analysis with the case ¢ = 1. In this case, we have that

. " e+ 1
A(j,1) = kz : .
o Jetd

d;

j,0,1) ;= —
9@, 0,1) it

Note that the function j +— (rj +1)/(7 + 1) is monotone increasing, so each term in the sum

is at least ijll; therefore A(j,1) > krzj’“—:f > kr. On the other hand, we also have that each

term in the sum is strictly less than r, so we also have A(j, 1) < kr?.
Now, note that

rii+ 1 i+l
We claim that this is minimised when ¢ = r. To see this, consider the function
AGG, Dz k
9(x) = re+1  xo+1
for x > 0. We claim that g(j,) < g(z) holds for each x > j,: this clearly implies the inequality

we wanted.
A straightforward calculation reveals that the derivative ¢’ is

J(x) = AG, 1) (z +1)2 — k(rz +1)2

(x4 1)2(rz+1)2
Since the denominator is positive for all x > 0, the change of sign of ¢’ is determined by
the numerator, which is a quadratic function. The leading coefficient of the z? term in the
numerator is A(j,1) — kr? < 0, so ¢'(z) is eventually negative for large 2. Moreover, we
have that ¢’(0) > 0, so we can deduce for positive x that ¢’(z) changes sign exactly once.
Let * > 0 be the unique maximum of g(x); then g(z) is monotone increasing in [0,z*) and
monotone decreasing in [z*,00). To see that ¢(j,) < g(x) holds for each x > j, it is enough
to check that j, < x*, and that the inequality ¢(j,) < lim; o0 g(x) holds.

Indeed, we have
AGDG , k _AGD  AGD | k_AGY

90r) rir+1 0 e 41 r r(rje+1)  gr+1 r a9

9(,1,1) =

where we used A(j,1) > krrjjr’—jll in the inequality.
To see that j, < z* it is enough to check that ¢’(j.) > 0, for which it is enough to see that
A(3,1)(jr +1)? = k(rj, + 1)2 > 0. This indeed holds, because

77T+-1 2<<rr$w+1 - AG 1%
Gr+1 gr+ 1 k

where we used A(j,1) > kr% again. We conclude that indeed, if o = 1, d; is minimised
when r = i, as desired.
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The case where ¢ = —1 can be proven in an analogous way. O

Now, from the formula given by Lemma 4.2, we can show that f; ) is maximised whenever

oc=1and j=(k—1,0,...,0). We begin our analysis with the case k = 2.

Lemma 4.3. For all r Z 2, fgﬂa = f((1,07...70),1) = %

Proof. For ¢ = 1, up to symmetry, the only possible j which makes (j,o) a 2-valid tuple
is (1,0,...,0); so it suffices to rule out the case 0 = —1. For ¢ = —1, up to symmetry,
the only possible j which make (j,o) a 2-valid tuple are (2,1), for r = 2, and (1,1,1) for
r = 3. In the first case, we actually have f((21)—1) = f((1,0),1); and in the second case we have

fain,—1) =3 = fi1.00)1)- 0

Next, we verify the fact for all large k or r.

_1\k—1
Lemma 4.4. Let k> 23 orr > 5. Then fi, = (1 - %)

In fact, this is all we need to prove Lemma 1.5 and Lemma 1.6, as the values not covered
by the previous two lemmata are finitely many and can be checked by computer (all of them
appear in Table 1). We will need the following bounds, which follows by using sharp versions
of Stirling’s approximation to bound the factorials [20].

Lemma 4.5. Let r > 2, 0 € {—1,+1} and ji,...,jr > 1 such that Y_;_, ji =k —o. Then

( k—o >< 1 k—o (k—o)k)
jl:"'7j’r o \/27_‘_7’—1 szl ]7, H;:l ]ljl .

Proof of Lemma 4.4. Fix k,r as in the statement, and let f;T = (1 — % . Note that in

the case where 0 =1 and j = (k — 1,0,...,0), we have that f; ,) = [t Hence, we need to
show that for any other k-valid pair (j, o), we have that f;q) < fi .

We begin by considering the case o = 1. Let j = (j1,...,J,) satisfy j; > --- > j, > 0 and
> t—1je =k —1. By Lemma 4.2, we have

T (rje+ 17 k-1 (= k(i +1) k(rj. +1)
f(jvﬂ) = kkpk—1(pq 1 : . Jr Z ; 1 + ; 1
rE (e + 1) \Juy - — je+ Jr +

:H£:1<rje+1)”( k:—1> Jr Z”:m‘wl L1
rjr+1 Je+1 ) g+

kk—lpk—1 Jly ooy Jr —
Iy (rge+ 1) (k=1
a (kr)k—1 (jlvu-,jr
where in the last step we wrote

W) e im‘eﬂ L
VUi \&E et ) et

)k—l

.

Let 1 < s < r be the maximal index so that j; > 0, which implies that [;_, (rj, + 1)” =
. i k— k— . . .. % _ _
H‘Z:hl (rje + 1)’ and (jh...,ljr) = (31135) Using this, and writing f; . = (r(k—1)+1)%~"/(kr)*~1,
we have

o) _ Tliy (rge+ 1) < k-1
fio (k=1 + 1)1
14

j17"‘7j5

, )W(j). (4.1)



Since j; > --- > js > 1, we can use Lemma 4.5 to get

f(j,o) < 1 Hj 1 (ij + 1)j2 k—1 (k B 1)(5_1) (J)
fie Ve (k=) + D T 3 T, 57 7
. ji
1 o (7“ + %Z) k-1

= ram W)
Var'Th ()Rt | Tl i

Je
1 Hf 1 ( r]g> k —
= s—1 I i1 W()
V2T (1+ r(k—1) ) He 1 Ji
T es/” k—
S s—1
r+1y27 [To=1 i

where in the last step we used that (1+ 1/ (rj,))” < e/ in each term of the product, and
k—1
we also used that (1 + ﬁ) > (r+1)/r. Moreover, as Y ,_,ji=k—1

), (4.2)

S
. ) k—1
[liizi="——. (4.3)
¢=1
and, since jo > --- > js > 1, we also bound the product as follows: for a fixed value of jo, the
product of j;’s is minimised when j3 = --- = js=1and j; =k —1 — jo — (s — 2). Hence,
S
14 = g2k — G2 — s +1). (4.4)
=1

Now we separate the analysis in some cases.

Case 1: s < r. In this case j, = 0, and therefore W (j) = 1. Using (4.2), we get
foo) _ em k-1
fl;k,r B A% 27’[’5_1 H;:l ji’

which together with (4.3) gives

. s/r
f(J*p) <= 2/—51 < e\/sg—l <1
fk,r \/% v 2T
provided s > 3. The case s = 1 is trivial, so we can assume that s = 2. Now, using (4.4), we
get j1jo > jo(k — j2 — 1) > k — 2, so by (4.2) we have that

f(j,g)< roeXm k-1 o e k-1
fre T lN2r\[ T 5~ r+1Vern

We have r > s = 2, so 7 > 3. Note that re?/"/(r + 1) < 3¢*?/4 for all » > 3. Also,
k—1=j14 72> 2, s0k > 3. Using these two bounds, we get

. 2/r _ 2/3
f(J,g)é roe k 1_36 Vi<l
fr, Tr+1V2rVk-27 4\2r
Case 2: s =1 > 5. Now we may bound W (j) as
1 (~rje+1 1 1 1
WaE) < = = 4+ — <7r+4+ - <r+4+-, 4.5
(‘])_r<; jg—l—l) Jgrt1 7 Jr+17 2 (45)
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where in the second inequality we used that (rz+1)/(x+1) < r holds for all z > 1. Combining
this with (4.2) and (4.3), and using that r > 5, we get

f(j*’") < e\/f_l <r+ 1) <1
fk,r V2 2

Case 3: s =1r < 5. Since r < 5, by assumption we have k > 23 in this case.
Suppose first that s = r = 4. Using (4.4), we get j1j273j4 > jo(k—3—j2) > k—4. Together
with (4.2), (4.5), and substituting s = r = 4, we have

Joo) o4 e JR=1( 1Y )
fi, o5 e VE—4a " T2

which holds for all k > 6.
Now, assume s = r = 3. Note that if jo > 2, by (4.4) then we have that jij2j3 > 2(k — 4).
Using this, together with (4.2) and (4.5), we get

fo) 3 e | k-1 1
D C P70 (340 <1
e 1\ amy \PT2) <

where the last inequality uses £ > 10. Hence, we can assume s =1 = 3 and js = 1. Therefore,
js = 1 and j; = k — 3. This implies that W(j) = ii g + < % Hence, from (4.2) we get

i )<3ngi L_l<1,
f,M 4 2nV k-3

where the last inequality holds for k > 6.
Finally, we can assume s =1 =2. If jo > 4, then by (4.4) we have j1jo > 4(k — 5). We
also have W (j) <7+ % = 5. Then, using (4.2) we have

jo) o2
f;w 3\ﬁ

where the last inequality holds for k& > 23.
Assume now that s = r =2 and jo = 3; hence j1 = k—4. We have jijo = 3(k—4), and we

also have W (j) = (% %) +1=1+2x2T <13 From (4.2), we deduce

=3
'0 g
fk'r 3 \/7

where the latter inequality holds for all £ > 9.
Assume now that s = r = 2 and jo = 2; hence j; = k — 3. We have j;jo = 2(k — 3), and we

also have W(j) = % (2(k’;3’)+1 + g) + 3 =1 —|— 2 2k 5 S 2. From (4 2) we deduce

2
fG,0) <2,
Jir — =3 W

where the latter inequality holds for all £ > 15.
Hence, we can assume that s = r = 2 and jo = 1. This implies that j; = k£ — 2, so
= (k —2,1). Thus, from (4.1) we have

fay 3@k -2)+1)%2 (k-1
= e (o) xve-2)
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A direct computation shows that

1 /2(k—2 1 3 1 5k — 6
W(k—2,1>=<()++>+:.

3 k—1 2 2 3k-3
Therefore,
fony <2k - 3>“ 3k—3 5k—6
f,j,Q 2k — 1 2k—1 3k-3
2k — 3\ D2 o 3\ T2 5E 6
= <2k—1) <2k—1> 2k —1
y <2k—3>‘3/2 k-6 _
- 2k — 1 2k — 1 ’
where the last inequality holds for all k¥ > 16. This finishes the case o = 1.
For 0 = —1, the strategy is similar. Note that we can assume r > 3, because f((j, j,),~1) =

f(Gi-1jo—1),1)- Let r >3 and j = (ji1,...,Jr) satisfy j1 > jo > -+ > jp > land k + 1 =
> ¢—1 je- Note this implies k + 1 > r as well. By Lemma 4.2, we have

k41 N\ Ty (rje — 17 <
— w
<j1, . ,jr> kkrk_l(k; +1) (J)a

fG.0) =

where in the last step we wrote

S ~ je )\ 1
W(J)'_m'r1<<;rjz1> m;1>'

Using Lemma 4.5 and similar bounds as before, we get

Foor _( BH1 N1 o Tl (e — 1)
fl;k,r a <j17 e 7jr) k(k’ + 1) W( )(r(k — 1) + 1)k—1 (4.6)
N S L s AR
SV a1 ) Y A L S e o g <1 W)
1 k+1 = r2(k+1) [ r(k+1) !
- ev2r H;:ljiW(J) k <r(k ~ 1)+ 1>
S AR DUl (4.7)

< — -WQ
v 2 ! szl Ji k

Using k +1 > r and j, > 1, we get the simple bounds W (j) < 1/(r — 1) and (k +1)/k <
r/(r —1). Plugging this in we get

fG.0) e r? k+1
— < — — (4.8)
fkﬂw V2 =12\ oy di

Now we bound the term 2 := H%HJ" in different ways depending on whether r» > 6 or not.
=1Ji

We always have [[,_, j: > j1 > (k+1)/r, which implies Q < /r. Plugging this into (4.8), we
are done for each r > 6.

Suppose r = 5, which implies that k > 4. If jo > 2, then H?:l Ji > 2j1 > 2(k+1)/5,
and therefore Q < /5/2, which again is enough in (4.8). If jo = 1, then H?:l Ji =J1 =
k+2—1r =k — 3. This implies that @ = \/(k+ 1)/(k — 3). These values of ji,...,j5 yield
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that W (j) = 8109kk:26506. Combining these observations with (4.7), we are done for all k > 5; the

only remaining case, k = 4, can be checked directly.

Suppose 7 = 4; so k > 23. If jo > 2, we have H;}lei >2(k—3),s0 Q< % Using
W) < 1/(r—1) = 1/3 in (4.7) we are done for all k > 23 (in fact k& > 8 suffices). Hence

we can assume jo = 1; so H?Zl ji=n1i=k—2and Q= 1/%. In this case, W(j) = ééi:g‘f.

Again using these expressions in (4.7) we are done for all £ > 23 (in fact k > 16 suffices).

Finally, suppose r = 3. If j3 > 2, we have that H?Zl Ji > 4(k—3),s0 Q2 < 4(]?213). Note

that in this case W (j) < 2/5. Combining these observations with (4.7), we are done in this
subcase for all & > 23. Next suppose j3 = 1 and j > 3. We have that H?:l Ji > 3(k —3), so

Q< 3("::13). Note that in this case j3/(rjzs — 1) = 1/2 and ja/(rj2 — 1) < 2/5; further, as

k > 23, we have that j; > 12 and so j1/(rj1 — 1) < 12/35. This implies that W(J) < 13/35.
Combining these observations with (4.7), we are done in this subcase for all £ > 23. The final
subcases when j3 = 1 and j € [2] can be checked by applying (4.6) directly. O

We finish this section with a short derivation of Corollaries 1.7 and 1.8. To see Corollary 1.7
we just compare the values of fro = (1 — 1/(2k))*~! given by Lemma 1.5 for k > 5 and the
conjectured values mj, = 1— ((k—1)/k)*~1 < my, for the 1-degree perfect matching threshold.
The key point here is that f; o is decreasing in k and m) is increasing in k, so the corollary
follows by checking that fig2 > mjg and fi72 < mj;. Similar monotonicity arguments yield
Corollary 1.8.

5. CONCLUSION

In this paper, we have investigated the emergence of colour-bias in perfect matchings under
minimum degree conditions. We conclude with a few remarks and open problems.

5.1. Stability for perfect matchings. In the cases where fj, > my, our proof of Theo-
rem 1.3 actually shows that if H has minimum vertex degree 1 (H) > (my + o(1)) (Zj) then
either H has a perfect matching of significant colour-bias or H is close (in edit distance) to
an element of ]:,:J,.

5.2. Cycles. A natural question in connection to our research is whether the results can be
extended to cyclical structures such as tight Hamilton cycles. Formally, a k-uniform tight
cycle comes with a cyclical ordering of its vertices such that every k consecutive vertices
form an edge. A fundamental result of Rodl, Rucinski and Szemerédi [21] states that an
n-vertex k-graph with minimum codegree at least (1/2 + o(1))n contains a tight Hamilton
cycle. Note that a tight Hamilton cycle of order divisible by k contains a perfect matching,
so the minimum degree thresholds for tight Hamiltonicity are bounded from below by the
corresponding thresholds for perfect matchings.

Colour-bias questions in this setting have been investigated by Mansilla Brito [18] as well as
Gishboliner, Glock and Sgueglia [11] for codegree conditions, who showed that in this situation
the threshold for ordinary resp. colour-bias perfect matchings resp. tight Hamilton cycles
coincide. For vertex degree however, a more nuanced picture emerges, which we illustrate
with the following two problems.

We believe that the minimum vertex degree thresholds for colour-bias perfect matchings and
tight Hamilton cycles agree in the case of 2-edge-coloured 3-graphs. Note that this behaviour
differs from the ordinary threshold, which is known to be 5/9 [19].
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Conjecture 5.1. For everye > 0, there are v > 0 and ng € N such that every 2-edge-coloured
3-graph H onn > ng vertices with §;(H) > (3/4 +¢) (3) contains a tight Hamilton cycle with
colour-bias above yn.

Note that Conjecture 5.1 has the same extremal example [4, Example 4.1] as the (k,r) =
(3,2) case of Lemma 1.6.

It is plausible to suspect that this phenomenon persists for higher uniformities and the
thresholds for colour-bias perfect matchings and tight Hamilton cycles are always the same.
However, already for 4-graphs the pattern changes. Indeed, consider the following construc-
tion. Partition the vertex set of H into V; of size 7n/8 and Va of size n/8 where n is divisible
by 8. Add all edges that are not of type (2,2). Colour the edges of type (4,0) red and of type
(3,1) blue. The other edges can be coloured arbitrarily. For reasons of space and connectiv-
ity, a tight Hamilton cycle in H can only be constructed using edges of type (4,0) and (3, 1).
Owing to the sizes of V7 and Vs, a perfect matching formed by edges of type (4,0) and (3,1)
has to be colour-balanced. Since n is divisible by 4, every tight Hamilton cycle in H is the
(edge-disjoint) union of 4 perfect matchings and has thus to be colour-balanced too. On the
other hand, the minimum vertex degree of H is (365/512 — o(1)) (}), which is larger than the
threshold for colour-bias perfect matchings. We believe that this construction is sharp.

Conjecture 5.2. For everye > 0, there are v > 0 and ng € N such that every 2-edge-coloured
4-graph H on n > ng vertices with 61 (H) > (365/512 + €) (3) contains a tight Hamilton cycle
with colour-bias above yn.

5.3. Random hypergraphs. We can mimic the proof of our main result to find colour-bias
perfect matchings in other situations; as long as for every z,y € V/(H) we have at least Q(n)
vertex-disjoint S € N(z) N N(y). This property holds with high probability (w.h.p.) in a
binomial random k-graph Hy(n, p) if p>n*~1 = Q(n), that is, if p = Q(vn2=*). We sketch
how to use the Key Lemma (Lemma 2.1) in this setting.

Proposition 5.3. For any k > 3 and r > 2, there exist Cy,, v, > 0 such that, for p >
Ckﬂ«nl_k/z, and n divisible by k, w.h.p. H ~ Hy(n,p) has the property that, for each r-edge-
colouring of H, there exists a perfect matching containing at least n/(kr) + g n edges of the
same colour.

For k = 2 and any r, an analogue of Proposition 5.3 is known to hold, even with the optimal
discrepancy and (essentially) optimal value of p; see [12, Theorem 2.

Proof sketch. Let Cy, be sufficiently large, p := C’kﬂqnl_kﬂ, and H := Hg(n,p). One can
check that, w.h.p.,
(i) every set X C V(H) of size at least n/(2r) contains an edge of H, and

(ii) for each pair of distinct vertices z,y € V(H) and each set X C V(H) of size at least
n/3, we have that N(x) N N(y) N X # 0.
We also claim that, w.h.p.,
(iii) for every X C V(H) of size at least n/2 and divisible by k, there exists a perfect
matching in H[X].
To see this, we use a sprinkling argument. Let p* be such that Hy(n/2,p*) contains a perfect
matching with probability at least 1/2. By the work of Johannson, Kahn and Vu [15] we know
that we can take p* = O(n'*logn). Let T := p/p*. Note that T > Q(n*/?/logn) = w(n),
since k > 3. For each 1 < ¢ < T, define H; := Hy(n,p*) on the same vertex set V. Then
H* = UiT:1 H; distributes as Hi(n, q) with ¢ < T'p* = p, so it suffices to show that w.h.p. H*

satisfies (iii). Indeed, for each set X C V of size at least n/2, the probability of not containing
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a perfect matching in H;[X] is at most 1/2, so for H* the probability is at most 2= = 2-«(),
which allows us to take a union bound over the at most 2" choices of X.

Assuming that H satisfies (i)—(iii), we can conclude the proof. Indeed, given any r-edge-
colouring of H and Z C V(H) with |Z| < n/2, property (i) implies that H \ Z does not belong
to Fi, (since k-graphs G in Fy, contain an independent set on a least |V (G)|/r vertices and
H \ Z does not). If |Z] < n/2, then using property (ii) repeatedly implies that there exist at
least k? vertex-disjoint (k — 1)-sets in (N(x) N N(y)) \ Z, for every x,y € V(H). Thus, we
can apply repeatedly the Key Lemma (Lemma 2.1) to greedily find n/(2k*r) vertex-disjoint
switchers in H, each of size at most k? + k. After removing the switchers we are left with a
set of vertices of size at least n — (k% + k)n/(2k*r) > n/2, so property (iii) implies that there
exists a matching in H covering precisely everything outside the switchers. This allows us to
conclude as in the proof of Theorem 1.3. O

We observe, however, that the threshold @(n_(k_l) logn) for getting a perfect matching
w.h.p. in Hg(n,p) is much lower than what Proposition 5.3 requires. We leave as an open
problem determining the correct threshold (depending on k,r) that always guarantees the
existence of a colour-bias perfect matching in Hy(n,p), no matter how we r-colour its edges.
This question recently motivated Gishboliner, Glock, Michaeli and Sgueglia [10] to study
matchings in sparsifications of edge-coloured hypergraphs, see [10, Theorem 1.4] for more
details.

5.4. Switchers and absorbers. In this paper, we showed that k-graphs whose minimum
degree surpasses a certain threshold must contain a colour-bias perfect matching. Key to
this result are certain small configurations called switchers, which are basically two super-
imposed matchings of different colour profiles. There is another well-known configuration in
the context of perfect matchings, which is called an absorber. Formally, a k-uniform absorber
consists of two matchings such that one of them covers exactly k more vertices than the other.
Absorbers play a crucial role in the problem of finding perfect matchings under minimum de-
gree conditions (see, e.g., [14]). In our proof, we exploited the fact that every pair of vertices
shares many common neighbours. As it turns out, the same fact can be (and has been) used
to construct absorbers for perfect matchings. It is thus natural to wonder whether there is a
more direct connection between the two structures. We formalise this discussion as follows:

The existence of absorbers can be captured with the concept of lattice completeness. For
a k-graph H with vertex set V and an edge e € E(H), we denote by 1. € NX the indicator
vector, which takes value 1 at index v if v € e. We set 1, = 1, for e = (v). The lattice of
H is the additive subgroup £(H) C Z"Y generated by the vectors 1. with e € F(H). We say
that L(H) is complete if it contains the transferral 1, — 1, for every u,v € V. Note that
the lattice of a k-graph is (trivially) complete if every two vertices of H share a common
neighbour. Moreover, it can be shown that a k-graph whose lattice is complete in a robust
sense admits an absorber. On the other hand, it is not hard to see that a k-graph, which has
a perfect matching after the deletion of any k vertices, must have a complete lattice. In other
words, lattice completeness is something we can (essentially) take as granted in the context of
extremal perfect matching problems. It is therefore a tantalizing (if somewhat open-ended)
question whether one can replace the common neighbourhood condition in Lemma 2.1 with
a lattice completeness condition.
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