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What is this talk about...

m  Stability properties of the Raviart—Thomas interpolation for low-regular vector
fields (H* N H(div), 0 < s < 1/2) on anisotropic elements

m  Quasi-optimal convergence of the Galerkin BEM for the electric field integral
equation on polyhedral surfaces discretised by graded meshes

Background papers
+ AB, S. Nicaise, e WIth draded meshes for the electric Tield intearal
Eauatlon on polyhedra sur?aceg Numerische Mathematik, Vol. 132 (2016),
no. 4, pp. 631-655.
+ AB, S. Nicaise, TIOr error analysis o1 the BEMV Wi raded meshes for the
ectric Tield inteqgral equation on polyhedral surfaced Computers &
Mathematics with Applications, Vol. 71 (2016), no. 8, pp. 1636—1644.
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Motivation: Galerkin BEM on graded meshes for EFIE

® Electric field integral equation (EFIE): given k > 0, f € X/, find u € X s.t.

a(u, v) ;== (Wdivr u, divr v) — K (W, v) = (f,v) Y e X (1)
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Motivation: Galerkin BEM on graded meshes for EFIE

® Electric field integral equation (EFIE): given k > 0, f € X/, find u € X s.t.
a(u, v) := (Vi divr u, divr v) — k2(lllku,v) =(f,v) WweX (1)

» [ CR®is a Lipschitz polyhedral surface

(i.e., T = 0Q, where Q C R? is a Lipschitz polyhedron)
> X =H"?(divr, 1) := {u € HY*(); divru € H (N}

—-1/2 1/2 !

> HY(N) = (H*(N)

Hﬁ/Q(F) is the tangential trace space of H' () on I’

H71/2(r) — (HI/Z(F))/

» W, W, are single layer boundary integral operators on I for the
Helmholtz operator —A — k2
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® Electric field integral equation (EFIE): given k > 0, f € X/, find u € X s.t.
a(u, v) := (Vi divr u, divr v) — k2(lllku,v) =(f,v) WweX (1)

» [ CR®is a Lipschitz polyhedral surface

(i.e., T = 0Q, where Q C R? is a Lipschitz polyhedron)
> X =H"?(divr, 1) := {u € HY*(); divru € H (N}

—-1/2 1/2 !

> HY(N) = (H*(N)

Hﬁ/Q(F) is the tangential trace space of H' () on I’

H71/2(r) — (HI/Z(F))/

» W, W, are single layer boundary integral operators on I for the
Helmholtz operator —A — k2

» Infinite-dimensional kernel of divr ~» a(-, -) is not coercive
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Motivation: Galerkin BEM on graded meshes for EFIE

® Electric field integral equation (EFIE): given k > 0, f € X/, find u € X s.t.
a(u, v) ;== (Wdivr u, divr v) — K (W, v) = (f,v) Y e X (1)

m  Graded meshes fvon Petersdorif, Stephan
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Motivation: Galerkin BEM on graded meshes for EFIE

® Electric field integral equation (EFIE): given k > 0, f € X/, find u € X s.t.
a(u, v) ;== (Wdivr u, divr v) — K (W, v) = (f,v) Y e X (1)

m  Graded meshes fvon Petersdorif, Stephan

» Grading parameter 8 > 1, the refinement level N > 1, h= N"!
» Generate the mesh on Q via x; = (i/N)?, x2 = (j/N)°, i,j=0,1,...,N

» Map cells back to the faces of ' to generate Af

LA

Qr Q
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m  Goal: quasi-optimality of the Galerkin BEM on graded meshes for EFIE
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Motivation: Galerkin BEM on graded meshes for EFIE

® Electric field integral equation (EFIE): given k > 0, f € X/, find u € X s.t.

a(u, v) := (Vi divr u, divr v) — k2(lllku,v) =(f,v) WweX (1)

m  Graded meshes fvon Petersdorif, Stephan 90|

m  Goal: quasi-optimality of the Galerkin BEM on graded meshes for EFIE
» Xp = RTo(A?) - divr-conforming BEM space over A?

» Theorem: I hg < 1 such that Vh < hy and V3 € [1, 3), the Galerkin
BEM for (1) admits a unique solution u, € X and

lu—upllx < C inf flu—vlx ()
veXy

» Main challenge: isolating the kernel of divr
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® Electric field integral equation (EFIE): given k > 0, f € X/, find u € X s.t.
a(u, v) ;== (Wdivr u, divr v) — K (W, v) = (f,v) Y e X (1)
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m  Goal: quasi-optimality of the Galerkin BEM on graded meshes for EFIE

= Main ingredients of the proof [Buffa, Hiptmair_03}
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m  Goal: quasi-optimality of the Galerkin BEM on graded meshes for EFIE

= Main ingredients of the proof [Buffa, Hiptmair_03}

(A) there exists a stable direct decomposition X = V & W such that alyxv and
—alwxw are both X-coercive, and alvxw and alwxv are both compact;

(B) there exists a discrete decomposition X, =V, + W;, W, C W, that is
uniformly stable w.r.t. h;

(C) the gap property sup inf M

< g(h) with ¢(h) = 0 as h — 0.
vpev, VeV [[Vallx
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= Main ingredients of the proof [Buffa, Hiptmair_03}

(A) there exists a stable direct decomposition X = V & W such that alyxv and
—alwxw are both X-coercive, and alvxw and alwxv are both compact;
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®  Stability of Raviart—Thomas interpolation ~ the key to proving (B) and (C)
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m  Goal: quasi-optimality of the Galerkin BEM on graded meshes for EFIE

= Main ingredients of the proof [Buffa, Hiptmair_03}

(A) there exists a stable direct decomposition X = V & W such that alyxv and
—alwxw are both X-coercive, and alvxw and alwxv are both compact;

(B) there exists a discrete decomposition X, =V, + W;, W, C W, that is
uniformly stable w.r.t. h;

(C) the gap property sup inf w

< g(h) with ¢(h) = 0 as h — 0.
vpev, VeV [[Vallx

®  Stability of Raviart—Thomas interpolation ~ the key to proving (B) and (C)
» anisotropic elements

» low-regular vector fields v.€ H* N H(div) with 0 < s <1/2
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Preliminaries

= Standard approach [Apel"99] [Acosta, Apel, Duran, Combardi 11]
» Study componentwise stabilitonf the RT-interpolant on the reference
element K (in this talk, K = T)
» Use scaling properties of the Piola transformation on the anisotropic
element K € Af
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Preliminaries

= Standard approach [Apel"99] [Acosta, Apel, Duran, Combardi 11]

» Study componentwise stability of the RT-interpolant on the reference
element K (in this talk, K = T)

» Use scaling properties of the Piola transformation on the anisotropic
element K € Af

m | owest-order Raviart—Thomas elements

RTo(T) = {(a.b)" + c(a.x); a,b,c € R}
» Raviart-Thomas interpolation operator Mgt : H(T) N H(div, T) = RTo(T)

[ (u—ﬁRTu)mds:O i=1,2,3
€
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Preliminaries

= Standard approach [Apel"99] [Acosta, Apel, Duran, Combardi 11]

» Study componentwise stability of the RT-interpolant on the reference
element K (in this talk, K = T)

» Use scaling properties of the Piola transformation on the anisotropic
element K € Af

m | owest-order Raviart—Thomas elements

RTo(T) = {(a.b)" + c(a.x); a,b,c € R}
» Raviart-Thomas interpolation operator Mgt : H(T) N H(div, T) = RTo(T)

/A (u—ﬁRTu)mds:O i=1,2,3

€i

®  The desired result: for all u € Hs(?) N H(div, /7\') with s > 0, one has
[(Arru)e], + S {ul, U; HS(?)} + |divull,z  for £=1,2

In this talk, £ =1
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The case of s > 1/2

® The desired result: for all u € H*(T) N H(div, T) with s > 1/2, one has

||(ﬁRTU)1||O'7— < {UL u2; HS(?)} + [[divull, 7
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The case of s > 1/2

® The desired result: for all u € H*(T) N H(div, T) with s > 1/2, one has
||(ﬁRTU)1||O'7— < {UL u2; HS(?)} + [[divull, 7

» Orru=(a,b)" +c(x1, %) with a,b,c € R
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The case of s > 1/2

® The desired result: for all u € H*(T) N H(div, T) with s > 1/2, one has
IArru)lly 7 < {un s BT} + divall, 7

» Orru=(a,b)" +c(x1, %) with a,b,c € R

= [l(Mrruhll 5 = lla+ cxallo 7 S lal + [l < a+ |+ 2|

A. Bespalov * RT interpolation on anisotropic elements & BEM for Maxwell 5/10



The case of s > 1/2

® The desired result: for all u € H*(T) N H(div, T) with s > 1/2, one has
IArru)lly 7 < {un s BT} + divall, 7

» Orru=(a,b)" +c(x1, %) with a,b,c € R

= [l(Mrruhll 5 = lla+ cxallo 7 S lal + [l < a+ |+ 2|

B 2c =div ﬁRTU

A. Bespalov * RT interpolation on anisotropic elements & BEM for Maxwell 5/10



The case of s > 1/2

® The desired result: for all u € H*(T) N H(div, T) with s > 1/2, one has
IArru)lly 7 < {un s BT} + divall, 7

» Orru=(a,b)" +c(x1, %) with a,b,c € R

= [l(Mrruhll 5 = lla+ cxallo 7 S lal + [l < a+ |+ 2|

B 2c =div ﬁRTU = ﬁo(div u)
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The case of s > 1/2

® The desired result: for all u € H*(T) N H(div, T) with s > 1/2, one has
IArru)lly 7 < {un s BT} + divall, 7

» Orru=(a,b)" +c(x1, %) with a,b,c € R

= [l(Mrruhll 5 = lla+ cxallo 7 S lal + [l < a+ |+ 2|

» 2¢ = div Mgru = No(divu) = Q/Adivu
T
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The case of s > 1/2

® The desired result: for all u € H*(T) N H(div, T) with s > 1/2, one has
IArru)lly 7 < {un s BT} + divall, 7

» Orru=(a,b)" +c(x1, %) with a,b,c € R

= [l(Mrruhll 5 = lla+ cxallo 7 S lal + [l < a+ |+ 2|

. 2c:divﬁRTu:ﬁo(divu):2/Adivu — o < [divull, 5
T
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. 2c:divﬁRTu:ﬁo(divu):2/Adivu — o < [divull, 5
T

B a4 c|= (/I'\IRTu~n,1)0,52‘

A. Bespalov * RT interpolation on anisotropic elements & BEM for Maxwell 5/10



The case of s > 1/2

® The desired result: for all u € H*(T) N H(div, T) with s > 1/2, one has
IArru)lly 7 < {un s BT} + divall, 7

» Orru=(a,b)" +c(x1, %) with a,b,c € R

= [|(Mrru)illy 7 = la+ oxally 7 < lal + lel < [a+ c| +2[c|
= 2c = div figru = fo(divu) = Q/Adivu — o < [divull, 5
T

B a4 c|= ‘(ﬁRTu -n, 1)0,52‘

=|(u-n,1)oz| (definition of Mgr)

A. Bespalov * RT interpolation on anisotropic elements & BEM for Maxwell 5/10



The case of s > 1/2

® The desired result: for all u € H*(T) N H(div, T) with s > 1/2, one has
IArru)lly 7 < {un s BT} + divall, 7

» Orru=(a,b)" +c(x1, %) with a,b,c € R

= [|(Mrru)illy 7 = la+ oxally 7 < lal + lel < [a+ c| +2[c|
= 2c = div figru = fo(divu) = Q/Adivu — o < [divull, 5
T
B a4 c|= ‘(ﬁRTu -n, 1)0,52‘

=|(u-n,1)oz| (definition of Mgr)

= [(v1, 1o, |

A. Bespalov * RT interpolation on anisotropic elements & BEM for Maxwell 5/10



The case of s > 1/2

® The desired result: for all u € H*(T) N H(div, T) with s > 1/2, one has
IArru)lly 7 < {un s BT} + divall, 7

» Orru=(a,b)" +c(x1, %) with a,b,c € R

= [l(Mrruhll 5 = lla+ cxallo 7 S lal + [l < a+ |+ 2|

. 2c:divﬁRTu:ﬁo(divu):2/Adivu — o < [divull, 5
T

" jatcl= ‘(ﬁRTu n, 1)0,52‘
=|(u-n,1)oz| (definition of Mgr)
= |(t1,1)03, |
S lutll sz (trace theorem, s > 1/2)
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The case of s > 1/2

® The desired result: for all u € H*(T) N H(div, T) with s > 1/2, one has
Arru)efl, 7 < {ur v B (T)} + divull,

» Mgru= (a.b)" + c(x1,x)" with a,b,c €R

= [|(Arru)illo 7 = lla+ cxally7 S lal +lel < [a+ c| +2|c|

. 2c:divﬁRTu:ﬁo(divu):2/Adivu — o < [divull, 5
T

= Ja-+cl = |(firru-n, Do
=|(u-n,1)oz| (definition of Mgr)
= [(u1, 1)os|
S lunllgs 7y (trace theorem, s > 1/2)
= Final estimate: H(I'IRTu)1H0 # S llurllys 7y + Idivully 7
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The case of 0 < s < 1/2: naive bound

® The desired result: for all u € H*(T) N H(div, T) with 0 < s < 1/2, one has

||(ﬁRTU)1||O'7— < {UL u2; HS(?)} + [[divull, 7
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The case of 0 < s < 1/2: naive bound

® The desired result: for all u € H*(T) N H(div, T) with 0 < s < 1/2, one has
Arru)efl, 7 < o s B (T)} + ldivull,

m Use Green's formula to estimate |a + c| = (u-n, 1)g3,

1 oné,

» Sete e (0,s)and fix o € H¢ T) such that @ = ~
(0.5) and fix o € HI"4(T) 0 {0 et

> (u-n 1)z = (U, V), ¢ +/Adivu<p
T
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The case of 0 < s < 1/2: naive bound

® The desired result: for all u € H*(T) N H(div, T) with 0 < s < 1/2, one has
Arru)efl, 7 < o s B (T)} + ldivull,

m Use Green's formula to estimate |a + c| = (u-n, 1)g3,

1 oné,

» Sete e (0,s)and fix o € H¢ T) such that @ = ~
(0.5) and fix o € HI"4(T) 0 {0 et

> (u-n 1)z = (U, V), ¢ +/Adivu<p
T

= (u1,019)y 7 + (U2, 0200)y 7 + /A divup
7
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The case of 0 < s < 1/2: naive bound

® The desired result: for all u € H*(T) N H(div, T) with 0 < s < 1/2, one has
Arru)efl, 7 < o s B (T)} + ldivull,

m Use Green's formula to estimate |a + c| = (u-n, 1)g3,

1 oné,

» Sete e (0,s)and fix o € H¢ T) such that @ = ~
(0.5) and fix o € HI"4(T) 0 {0 et

> (ll -n, 1)0.’6\2 = (ll, V(p)o? + ﬁ diVU(p
7
= (u1,019)y 7 + (U2, 0200)y 7 + /A divup
7

= [(u1,019)5 7| < Nlunllpeery 1810]lye(7) (duality argument)
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® The desired result: for all u € H*(T) N H(div, T) with 0 < s < 1/2, one has
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7
= (u1,019)y 7 + (U2, 0200)y 7 + /A divup
7

= [(u1,019)5 7| < Nlunllpeery 1810]lye(7) (duality argument)

Sl gy 1@l ez (continuity of 81 : H™F — H™*; e < s)
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The case of 0 < s < 1/2: naive bound

® The desired result: for all u € H*(T) N H(div, T) with 0 < s < 1/2, one has
IArru)lly 7 < {un s B (T} + divall, 7

m Use Green's formula to estimate |a + c| = (u-n, 1)g3,

1 oné,

» Sete e (0,s)and fix o € H¢ T) such that @ = ~
©0.9) v (7) ¢ {O on 0T\&

> (u-n1)os = (u, V)5 + /A divue
7
= (u1,019)y 7 + (U2, 0200)y 7 + /A divup
T

L] |(ul,61<p)0f| < ||LI1||HE(?) ||61<p||H,5(?) (duality argument)
Sl gy 1@l ez (continuity of 81 : H™F — H™*; e < s)

m Possible final estimate: H(ﬁRT“)lHO,? Slnllpsy + el ys gy + Idivullg
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The case of 0 < s < 1/2: naive bound

® The desired result: for all u € H*(T) N H(div, T) with 0 < s < 1/2, one has
IArru)lly 7 < {un s B (T} + divall, 7

m Use Green's formula to estimate |a + c| = (u-n, 1)g3,

1 oné,

» Sete e (0,s)and fix o € H¢ T) such that @ = ~
©0.9) v (7) ¢ {O on 0T\&

> (u-n1)os = (u, V)5 + /A divue
7
= (u1,019)y 7 + (U2, 0200)y 7 + /A divup
T

L] |(ul, 61<p)0f| < ||U1||HE(?) ||61<p||H,5(?) (duality argument)
Sl gy 1@l ez (continuity of 81 : H™F — H™*; e < s)
m Possible final estimate: H(ﬁRT“)lHO,? Slnllpsy + el ys gy + Idivullg

~ Fails when scaling to an anisotropic T (hard luck!)

A. Bespalov * RT interpolation on anisotropic elements & BEM for Maxwell 6/10



The case of 0 < s < 1/2: good bound

= A tighter bound is required for (12, 8>¢0), +
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The case of 0 < s < 1/2: good bound

= A tighter bound is required for (12, 8>¢0), +

m Key idea: use anisotropic H*-seminorms for u € HS(/'I\')

1 1
|U|in(?) = / |U('vX2)|I2-15(><2,1) dxa, |U‘iH§(7—) = / |U(X1, ')ﬁ-ls(o,xl) dxi;
0 0
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The case of 0 < s < 1/2: good bound

= A tighter bound is required for (12, 820) 7

m Key idea: use anisotropic H*-seminorms for u € I—IS(/'I\')
2 ! 2 2 ! 2
Wiy = [Nl e, gy = [ e, Moo o
0 0

|U|A’4f(?) + |“|AH;(?) S ||U\|Hs(?) Yue H(T)
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The case of 0 < s < 1/2: good bound

= A tighter bound is required for (12, 820) 7

m Key idea: use anisotropic H*-seminorms for u € I—IS(/'I\')
|U|AH5(7—) */ [u(- X2)|H5(><21 dxz, |U‘AH5 / [u(x, - |H50x1) axi;

|U|A’4f(?) + |“|AH;(?) S ||U\|Hs<?) Yue H(T)

= Bound for (w2, &200), 7

1
2
(12,0200 7| S by / 00t e
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The case of 0 < s < 1/2: good bound

® A tighter bound is required for (u2, 02¢), +

m Key idea: use anisotropic H*-seminorms for u € I—IS(/'I\')

|U|AH5(7—)7/ e X2)|H5(><21 dxa, |U‘AH5 / lu(xa, - |H50x1) dxi;

|U|A’4f(?) + |“|AH;(?) S ||U\|Hs<?) Yue H(T)

= Bound for (w2, &200), 7

1
2
(12,0200 7| S by / 00t e

= Final estimate: ||(Mrru)i|ly + < llnll 5 + |2 g7y + lldivully 7
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The case of 0 < s < 1/2: good bound

® A tighter bound is required for (u2, 02¢), +
® Key idea: use anisotropic H*-seminorms for u € H*(T)

|U|AH5(7—)7/ [u(- X2)|H5(><21 dxz, |U‘AH5 / [u(x, - |H50x1) dxi;

|U|A’4f(?) + |“|AH;(?) S ||U\|Hs<?) Yue H(T)

Bound for (u2, 02¢0), 7

1
2
’(U2 Oap OT} ~ ‘U2|AH5 / H(P(Xl ||H1 €(0,x1) dX1)

Final estimate: H(ﬁRTu)luov’-f- S lusllys 7

+|U2‘AHS —I—HleUHOT

Corollary: ||uy — (Mgru) N7 S lunlye

7) + |2l a7y + Idivullg
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The case of 0 < s < 1/2: good bound (sketch of the proof)

®  The bound we want to prove:

1
2
|(u2, 820), 7| S |U2] apss7) / lo(xa, e (o) Xm)
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The case of 0 < s < 1/2: good bound (sketch of the proof)

®  The bound we want to prove:

(62,0500, € ey [ 1000 M0 05)

® Denote /(x1) := (0,x) for any x; € | := (0, 1) and use Fubini's theorem:

1
(12.00), 7 = [ (tnlx, ). 0200, V) 1
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The case of 0 < s < 1/2: good bound (sketch of the proof)

®  The bound we want to prove:
(220 7| S 0l / 10061, Moy )
® Denote /(x1) := (0,x) for any x; € | := (0, 1) and use Fubini's theorem:
1
(12, 00),7 = [ (0,0, 82001, ) B
0
= Crucial observation:

LONE L p(a) € HE (i) 2 in (0,1) 3
= —~ X1, X a.e. In , X;
?710 onoT\a pla 0 ' !

A. Bespalov * RT interpolation on anisotropic elements & BEM for Maxwell 8/10



The case of 0 < s < 1/2: good bound (sketch of the proof)

®  The bound we want to prove:

(220 7| S 0l / 10061, Moy )
® Denote /(x1) := (0,x) for any x; € | := (0, 1) and use Fubini's theorem:
1
(12, 00),7 = [ (0,0, 82001, ) B
0

= Crucial observation:

LONE L p(a) € HE (i) 2 in (0,1) 3
= —~ X1, X a.e. In , X;
?710 onoT\a pla 0 ' !

1
— / 9(x0) (1, 82p(x1, )y b = 0 Vg € L(1)
0
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The case of 0 < s < 1/2: good bound (sketch of the proof)

®  The bound we want to prove:

(62,0500, € ey [ 1000 M0 05)

» Denote /(x1) := (0,x) for any x; € | := (0, 1) and use Fubini's theorem:

1
(12,00), 7 = [ (eal, ), 0000, V)

:/01 (uz(le) [U2( )]I(Xl aztp(xl )) dx

0./(x1)
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The case of 0 < s < 1/2: good bound (sketch of the proof)

®  The bound we want to prove:

(62,0500, € ey [ 1000 M0 05)

» Denote /(x1) := (0,x) for any x; € | := (0, 1) and use Fubini's theorem:

1
(12,00), 7 = [ (eal, ), 0000, V)

:/1 (uz(Xl ) - [U2( )]I(Xl Op(x, )) dx

0./(x1)

/ HU2 — [wa2(x1, )] )]I(xl) ||82<p(x1, M -e 1) dxa

A. Bespalov * RT interpolation on anisotropic elements & BEM for Maxwell 8/10



The case of 0 < s < 1/2: good bound (sketch of the proof)

®  The bound we want to prove:
3
62,0200, ey [ o Y0 )

i 1820058, Vl-ce s (4)

B (1, 000)y 7 < /HU2 m/m

8/10
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The case of 0 < s < 1/2: good bound (sketch of the proof)

®  The bound we want to prove:
3
62,0200, ey [ o Y0 )

i 1820058, Vl-ce s (4)

B (u2,000)57 < / HU2 = [ua(x1, )]le)
® Scaling argument & Friedrichs’ inequality (e < s):

S |U2(X1, ')|H5(l(xl)) a.e. on (O, 1) S X1

He(1(x1))

HuQ(xl, 3 —m/(n)

8/10
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The case of 0 < s < 1/2: good bound (sketch of the proof)

®  The bound we want to prove:
3
62,0200, ey [ o Y0 )

16200(x1, ')HH’E(/(xl))Xm (%)

w2(xa, -) — [2(x ')]/(xl) HE(100)

" (2, 020) 7 < / ‘

® Scaling argument & Friedrichs’ inequality (e < s):

S |U2(X1, ')|H5(l(xl)) a.e. on (O, 1) S X1

He(1(x1))

HuQ(xl, 3 —m/(n)

) € HYE(I(x1)) = e, € C°(I(x1)), n=1,2,... such that

" p(x
©n = @(x1,+) in Hi¢(I(x1)) as n — oo

8/10
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The case of 0 < s < 1/2: good bound (sketch of the proof)

®  The bound we want to prove:

1
2
’(U2 0200) OT} ‘U2|AHS / (- ||H1 €(0,x1) dX1)

(U2, 0200),, / ‘

Scaling argument & Friedrichs’ inequality (e < s):

HuQ(xl, 3 —m/(n)

to(x [U2( )]/ (x1) 1))||62<p(x1, M-y da (%)

S e N €. O’ 1) >
He(I(x1)) ™ |U2(X1 )|H (I(x)) Qa.e.on ( ) x1

B op(xi, ) € Hy °(I(x)) = Jn€ G(I(x1)), n=1,2,... such that
©n = @(x1,+) in Hi¢(I(x1)) as n — oo

® Scaling argument (twice, for ¢, € C°(/(x1)), n=1,2,...), continuity of
d: H7™¢(0,1) — H™5(0, 1), Friedrichs’ inequality, density argument:

1820(x1, lt-2(1q)) S 10031, ) i-e(ig)y @ € 0on (0,1) 3 x
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The case of 0 < s < 1/2: good bound (sketch of the proof)

®  The bound we want to prove:

1
2
|(u2, 820), 7| S |U2] apss7) / lo(xa, e (o) Xm)

s ||62<p(xl, M)y dxa

B (u, 32([1)0?</ Huz — w20, )], )

1
< / 1501, Y ) 19061, ioegomy)
0

8/10

A. Bespalov * RT interpolation on anisotropic elements & BEM for Maxwell



The case of 0 < s < 1/2: good bound (sketch of the proof)

®  The bound we want to prove:

1
2
|(u2, 820), 7| S |U2] apss7) / lo(xa, e (o) Xm)

s ||62<p(x1, M)y dxa

B (2,000), 7 < /HU2 m/m

1
< / 1501, Y ) 19061, ioegomy)
0

1 1 1 1
2 2
S ([ et Moy ) ([ 100, Vet )

8/10
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The case of 0 < s < 1/2: good bound (sketch of the proof)

®  The bound we want to prove:

1
2
|(u2, 820), 7| S |U2] apss7) / lo(xa, e (o) Xm)

1))||<'?’2(P(X1v N H< () B

B (2,000), 7 < /HU2 m/m

1
< / [0, M0y 10061, Mlioegony s
1 % 1 5 %
S ([ et Moy ) ([ 100, Vet )

1 1
3
= |U2‘AH§(?) (/0 llo(x, ')”illfs(o,xl) Xm)

8/10
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Application to the BEM on graded meshes for the EFIE

® The result so far: Vu € H(T) N H(div, T) with 0 < s < 1/2,

||“1 - (nRT”)luo,? S |“1|Hs(?) + |“2|AH;(?) + [|divull, #
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Application to the BEM on graded meshes for the EFIE

® The result so far: Vu € H(T) N H(div, T) with 0 < s < 1/2,
”u1 - (ﬁRTu)IHOj— < |U1|Hs(?) + |U2|AH§(?) + ||diV”||o,?
= Scaling on T := conv{(0,0), (h1,0), (h1, h2)}: Yu € HY*(T) s.t. divu € R,

2 max{hf,hg} 5 5 . 2
e = (Prerea 3 S T2 2 (un gy + 1l ey + iV Ul g
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Application to the BEM on graded meshes for the EFIE

® The result so far: Vu € H(T) N H(div, T) with 0 < s < 1/2,
[[en = (Mrru)ly 7 S ol sy + |U2] ppgs 7y + [Idivullg 7
= Scaling on T := conv{(0,0), (h1,0), (h1, h2)}: Yu € HY*(T) s.t. divu € R,

2 max{hf,hg} 5 5 . 2
e = (Prerea 3 S T2 2 (un gy + 1l ey + iV Ul g

= L2-error bound for the RT interpolation on the graded mesh Af on T:

~

Vu € HY*(T) such that divru € diveXs, [lu—Mrrull, - <077 lull o
' 1
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Application to the BEM on graded meshes for the EFIE

® The result so far: Vu € H(T) N H(div, T) with 0 < s < 1/2,
[[en = (Mrru)ly 7 S ol sy + |U2] ppgs 7y + [Idivullg 7
= Scaling on T := conv{(0,0), (h1,0), (h1, h2)}: Yu € HY*(T) s.t. divu € R,

2 max{hf,hg} 5 5 . 2
e = (Prerea 3 S T2 2 (un gy + 1l ey + iV Ul g

= L2-error bound for the RT interpolation on the graded mesh Af on T:

~

Vu € HY*(T) such that divru € diveXs, [lu—Mrrull, - <077 lull o
' 1

® Projection operator: 3 Q : H> () N H(divr, ) — X4 (s > 0) such that

din o Qh = rlo o din and ||U — QhuHHil/z(r) S h1/278|\u — I-IRTU”H(dinvr)
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Application to the BEM on graded meshes for the EFIE

® The result so far: Vu € H(T) N H(div, T) with 0 < s < 1/2,
[Jon — (nRT”)luo,? S sy + |”2|AH;(?) + [|div ully 7
= Scaling on T := conv{(0,0), (h1,0), (h1, h2)}: Yu € HY*(T) s.t. divu € R,

2 max{hf,hg} 5 5 . 2
e = (Prerea 3 S T2 2 (un gy + 1l ey + iV Ul g

= L2-error bound for the RT interpolation on the graded mesh Af on T:

~

Vu € HY*(T) such that divru € diveXs, [lu—Mrrull, - <077 lull o
' 1

® Projection operator: 3 Q : H> () N H(divr, ) — X4 (s > 0) such that

din o Qh = rlo o din and ||U — QhUHHi]/z ) S h1/278HU — nRTu”H(dinvr)

(r
= Verification of the gap property: Vu € Hi/z(l') such that divru € divr Xy,

lu— Quullx < h3/2*5/2*5||u||H1/2( provided that 8 < 3
1

)
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Conclusions

u Compongntwise stabﬂity of the Raviart—Thomas interpolant of
u € H°(K)NH(div,K), 0 < s <1/2

» Green's formula
» Anisotropic H°-seminorms

» Both components of u must be included in the stability result
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u Compongntwise stabﬂity of the Raviart—Thomas interpolant of
u € H°(K)NH(div,K), 0 < s <1/2

» Green's formula
» Anisotropic H°-seminorms

» Both components of u must be included in the stability result

= Quasi-optimal convergence of the Galerkin h-BEM with graded meshes for the
EFIE on polyhedral surfaces (provided that 3 < 3)
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u € H°(K)NH(div,K), 0 < s <1/2

» Green's formula
» Anisotropic H°-seminorms

» Both components of u must be included in the stability result

= Quasi-optimal convergence of the Galerkin h-BEM with graded meshes for the
EFIE on polyhedral surfaces (provided that 3 < 3)

m (Almost) optimal convergence rate 1*°~¢ of the h-BEM can be recovered
using graded meshes with B < 3

A. Bespalov * RT interpolation on anisotropic elements & BEM for Maxwell 10/10



Conclusions

u Compongntwise stabﬂity of the Raviart—Thomas interpolant of
u € H°(K)NH(div,K), 0 < s <1/2

» Green's formula
» Anisotropic H°-seminorms

» Both components of u must be included in the stability result

= Quasi-optimal convergence of the Galerkin h-BEM with graded meshes for the
EFIE on polyhedral surfaces (provided that 3 < 3)

m (Almost) optimal convergence rate 1*°~¢ of the h-BEM can be recovered
using graded meshes with B < 3
m  Extensions to the EFIE on piecewise plane (orientable) open surfaces

» Quasi-optimality result does hold
(using the decomposition technique in 5. _Heuer, Hiptmair 10f)

» Optimal convergence rate ~> open problem
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