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What is this talk about...

* A computational method for uncertainty quantification
(stochastic Galerkin FEM)

* Numerical solution of elliptic PDE problems with parametric or
uncertain inputs

x Design, analysis, and implementation of adaptive algorithms for
computing stochastic Galerkin approximations
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Motivation: computational UQ

®  Probabilistic description of uncertainty

» PDEs with random inputs
» parametric PDEs
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m  Challenges for numerics (and analysis)
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» guaranteed and reliable error control in approximations
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Motivation: computational UQ

®  Probabilistic description of uncertainty

» PDEs with random inputs

» parametric PDEs

m  Challenges for numerics (and analysis)

» high-dimensional parameter domain ~+ ‘curse of dimensionality’

» guaranteed and reliable error control in approximations
(rigorous a posteriori error analysis)

» tuning of spatial and stochastic components of approximations

» adaptive algorithms that are provably convergent with optimal rates

m Stochastic Galerkin finite element method (SGFEM)

» a posteriori error estimation
» adaptive algorithms
» multilevel discretisation

» convergence and rate optimality
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Parametric model problem (1/2)

Problem formulation: find v : D x ' = R satisfying

=V - (a(x,y)Vxu(x,y)) = f(x) xeD, yerT,

M
u(x,y) =0 xeoD, yer. (M)

= Domains
» D C R? ~~ physical domain
» :=[-1,1]" ~ parameter domain

A. Bespalov * Adaptive stochastic Galerkin methods for parametric PDEs 3/31



Parametric model problem (1/2)

Problem formulation: find u: D x I' — R satisfying

=V - (a(x,y)Vxu(x,y)) = f(x) xeD, yerT,

M
u(x,y) =0 xeoD, yer. (M)
= Domains
» D C R? ~~ physical domain
» [:=[-1,1]" ~ parameter domain
Remark
Parameters yi1, y», ... can be seen as images (observations) of independent
real-valued random variables with cumulative distribution functions
m1(y1), m2(y2), . ... Then, the joint cumulative distribution function is defined
as

m(y) == H Tm(ym), and /_1d7rm(ym) = /rdﬂ(y) -1
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Parametric model problem (1/2)

Problem formulation: find u: D x ' — R satisfying

—Vx - (a(x,y)Vxu(x,y)) = f(x) xeD, yerT, (M)
u(x,y)=0 x€odD, yer.
= Domains
» D C R? ~~ physical domain

» [:=[-1, 1]N ~» parameter domain

= Assumptions on the diffusion coefficient
> a(x,y) = ao(x) + Zymam(x) forxe D, y= (Ym)men €T
meN

» 0<afin < ao(x) < ag"™ < oo for almost all x € D

L F

YT o
meN

<1 & ) amlliso) < o0
L>(D) meN
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Parametric model problem (1/2)

Problem formulation: find u: D x ' — R satisfying

—Vx - (a(x,y)Vxu(x,y)) = f(x) xeD, yerT, (M)
u(x,y)=0 x€odD, yer.
= Domains
» D C R? ~~ physical domain

» [:=[-1, 1]N ~» parameter domain

= Assumptions on the diffusion coefficient
> a(x,y) = ao(x) + Zymam(x) forxe D, y= (Ym)men €T
meN

» 0<afin < ao(x) < ag"™ < oo for almost all x € D

L F

YT o
meN

<1 & ) amlliso) < o0
L>(D) meN

Remark: ao(x) typically represents the mean field, i.e., ao(x)= [ a(x, y)dm(y).
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Parametric model problem (2/2)

Problem formulation: find v : D x ' = R satisfying

=V - (a(x,y)Vxu(x,y)) = f(x) xeD, yerT,

M
u(x,y) =0 xeoD, yer. (M)

» X:=Hy(D), P:=L3(T), 7(y) =Lpen Tm(ym); V= L5([GX)2XQP.

A. Bespalov * Adaptive stochastic Galerkin methods for parametric PDEs 4/31



Parametric model problem (2/2)

Problem formulation: find v : D x ' = R satisfying

=V - (a(x,y)Vxu(x,y)) = f(x) xeD, yerT,

M
u(x,y) =0 xeoD, yer. (M)

= X:=Hy(D), P:=L3(1), 7(y) =[Loen Tm(ym); V:i=L5(X)2¥XQP.

m Bilinear forms on V
> Bo(u,v):= /r/D ao(xX)Vu(x,y) - Vv(x,y)dxdm(y)
» B(u,v):=Bo(u,v)+ Z /ym/ am(X)Vu(x,y) - Vv(x,y)dxdm(y)

meN
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Parametric model problem (2/2)

Problem formulation: find v : D x ' = R satisfying

=V - (a(x,y)Vxu(x,y)) = f(x) xeD, yerT,

M
u(x,y) =0 xeoD, yer. (M)

= X:=Hy(D), P:=L3(1), 7(y) =[Loen Tm(ym); V:i=L5(X)2¥XQP.

m Bilinear forms on V
> Bo(u,v):= // ao(xX)Vu(x,y) - Vv(x,y)dxdm(y)
» B(u,v):=Bo(u,v)+ Z /ym/ am(X)Vu(x,y) - Vv(x,y)dxdm(y)

meN

Weak formulation: given f € L*(D), find u € V such that

B(u,v) = F(v) = /r/o f(x)v(x,y)dxdm(y) forallveV (%)
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Parametric model problem (2/2)

Problem formulation: find v : D x ' = R satisfying

=V - (a(x,y)Vxu(x,y)) = f(x) xeD, yerT,

M
u(x,y) =0 xeoD, yer. (M)

= X:=Hy(D), P:=L3(1), 7(y) =[Loen Tm(ym); V:i=L5(X)2¥XQP.

m Bilinear forms on V
> Bo(u,v):= // ao(xX)Vu(x,y) - Vv(x,y)dxdm(y)
» B(u,v):=Bo(u,v)+ Z /ym/ am(X)Vu(x,y) - Vv(x,y)dxdm(y)

meN

Weak formulation: given f € L*(D), find u € V such that

B(u,v) = F(v) = /r/o f(x)v(x,y)dxdm(y) forallveV (%)

[Schwab, Gittelson "T1]f the assumptions on a(x, y) ensure the wellposedness of (x).
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Orthogonal polynomials in the parameter domain

® (P,)nen, ~ orthonormal polynomials in L2 (—1,1); Po(ym) =1
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Orthogonal polynomials in the parameter domain

1l
—

B (Pp)nen, ~ orthonormal polynomials in L2 (—1,1); Po(ym)

m J:={vEN] : #supp(v) < oo} where supp(v) = {m e N: vy # 0}
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Orthogonal polynomials in the parameter domain

® (P,)nen, ~ orthonormal polynomials in L2 (—1,1); Po(ym) =1

m J:={vEN] : #supp(v) < oo} where supp(v) = {m e N: vy # 0}

B P(y) = H Pup(ym) forv=(Um)men €39 and y = (Ym)men €T

meN

Example
V= (2, 5, 0, 3, 0, .. ) ~> supp(l/) = {1, 2, 4} ~> P.,(y) = Pz(yl) P5(y2) P3(y4)

= {P,:v €7} is countable orthonormal basis of P = L3(T)
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Orthogonal polynomials in the parameter domain

® (P,)nen, ~ orthonormal polynomials in L2 (—1,1); Po(ym) =1
m J:={veNy: #supp(v) < oo} where supp(v) = {m € N: v, # 0}

u Pu(y) = H 'Dum(ym) for v = (l/m)meN €J and y = (ym)meN er

meN
Example
v=1(2,5,030,...) ~ supp(v) ={1,2,4} ~ P.(y) = P2()1) Ps(y2) P3(ya)
m {P,:v €7} is countable orthonormal basis of P = L2(I)

m  Generalized polynomial chaos (gPC) expansion
Vav(xy)= Z vu(x)P,(y) with unique coefficients v, € X

ved
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Stochastic Galerkin FEM (1/2)

®m  Finite dimensional subspace

Ve CVEX@P

Galerkin projection:

find ue € V, such that B(ue, va) = F(ve) forall v eV,
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Stochastic Galerkin FEM (1/2)

®m  Finite dimensional subspace

Ve CVEX@P
Galerkin projection:

find ue € V, such that B(ue, va) = F(ve) forall v eV,

= Galerkin orthogonality

B(u—us,va) =0 forall v, €V,

m  Best approximation property

. 1/2
llu—uell = min [lu— vl where || - || :=B(-,-)"
VeEVe
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Stochastic Galerkin FEM (2/2)

m gPC expansion: u(x,y) = Z uy(x)P,(y) with unique coefficients u, € X
ved

m Discretisation in the parameter domain
» P. C T~ finite index set
» P.=span{P, :v € P} CP=L2(I)
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Stochastic Galerkin FEM (2/2)

m gPC expansion: u(x,y) = Z uy(x)P,(y) with unique coefficients u, € X
ved

m Discretisation in the parameter domain
» P, C I~ finite index set
» P.=span{P, :v € P} CP =12
» semidiscrete approximation via truncation of gPC expansion

u(x,y) =~ Z u,(x)Pu(y) € X® P, with coefficients u, € X

vEPe
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Stochastic Galerkin FEM (2/2)

m gPC expansion: u(x,y) = Z uy(x)P,(y) with unique coefficients u, € X
ved

m Discretisation in the parameter domain
» P, CJ ~ finite index set
» P.=span{P, :v € P} CP =12
» semidiscrete approximation via truncation of gPC expansion

u(x,y) =~ Z u,(x)Pu(y) € X® P, with coefficients u, € X

vEPe

m Discretisation in the physical domain
> Te ~> mesh of D
> Xo=383(Ts) C X ~ first-order finite elements
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Stochastic Galerkin FEM (2/2)

m gPC expansion: u(x,y) = Z uy(x)P,(y) with unique coefficients u, € X
ved

m Discretisation in the parameter domain
» P, CJ ~ finite index set
» P.=span{P, :v € P} CP =12
» semidiscrete approximation via truncation of gPC expansion

u(x,y) =~ Z u,(x)Pu(y) € X® P, with coefficients u, € X

vEPS

m Discretisation in the physical domain
» To ~» mesh of D
» Xe=83(Ts) C X ~ first-order finite elements
> approximate u, & sy € X

u(x,y) ~ Z Uey(X)P.(y) with coefficients us, € X,

vEPe
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Stochastic Galerkin FEM (2/2)

m gPC expansion: u(x,y) = Z uy(x)P,(y) with unique coefficients u, € X
ved

m Discretisation in the parameter domain
» P, CJ ~ finite index set
» P.=span{P, :v € P} CP =12
» semidiscrete approximation via truncation of gPC expansion

u(x,y) = Z uy(X)Pu(y) € X® P, with coefficients u, € X

vEPS

m Discretisation in the physical domain
» To ~» mesh of D
» Xe=83(Ts) C X ~ first-order finite elements
> approximate u, & sy € X

u(x,y) ~ Z Uey(X)P.(y) with coefficients us, € X,

vEPe

B Ve =Xe®P,, dimV, = (dimX,) x (#2P.)
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Enhancement of SGFEM approximations (1/2)

m  Enhancement of approximations in physical domain

> initial mesh 7o

» add new vertices to 7 ~> mesh refinement

» mesh refinement by newest vertex bisection (NVB)
» 7o ~ uniform refinement of 7s T.
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Enhancement of SGFEM approximations (1/2)

m  Enhancement of approximations in physical domain

> initial mesh 7o

» add new vertices to 7 ~> mesh refinement

» mesh refinement by newest vertex bisection (NVB)

» 7. ~ uniform refinement of 7e Te

= Enhancement of approximations in the parameter domain
» add new indices to P,
» finite set Qo C J\ Pe ~~ detail index set (‘boundary’ of P,)
» P, =P, UQ. ~ uniform enrichment of P,
» P, =span{P,:ve P} DOP,

Example
» P.=1{(0,0,...);(1,0,...);(0,1,0,...)}
— Q.={(2,0,...):(1,1,0,...);(0,2,0,...);(0,0,1,0,...)}
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Enhancement of SGFEM approximation (2/2)

" Vo= (X.@P) 0 (Xe@P,) DV,

Auxiliary Galerkin approximation:

find Ts € V. such that B(Te, %) = F(V) for all v, € V,
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Enhancement of SGFEM approximation (2/2)

" Vo= (X.@P) 0 (Xe@P,) DV,

Auxiliary Galerkin approximation:

find Ts € V. such that B(Te, %) = F(V) for all v, € V,

=l P = =T+ v =TI = e =Tl < v~
—_————

error reduction
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Enhancement of SGFEM approximation (2/2)

" Vo= (X.@P) 0 (Xe@P,) DV,
Auxiliary Galerkin approximation:
find Ts € V. such that B(Te, %) = F(V) for all v, € V,

=l P = =T+ v =TI = e =Tl < v~
—_————

error reduction

Saturation assumption:

there exists 0 < Gear < 1 such that ||| u — T ||| < Gsasll| v — v |||
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A posteriori error estimation in SGFEM

= Estimator structure

m =~ |lu— us | = (X-error)® + (P-error)?
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A posteriori error estimation in SGFEM

= Estimator structure

m =~ |lu— us | = (X-error)® + (P-error)?

m A posteriori error estimation for SGFEM
» residual-based error estimators
Ltigel,_Gittelson, >chwab, Zander 14

» hierarchical error estimators
LB, _Fowell, >ilvester 14||E., Silvester - 10]

> two-level error estimators
LB._Fraetorius, Rocchi,_Ruqggeri; CMAME 19]

A. Bespalov * Adaptive stochastic Galerkin methods for parametric PDEs
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https://dx.doi.org/10.1016/j.cma.2013.11.015
https://dx.doi.org/10.1137/130916849
https://dx.doi.org/10.1137/15M1027048
https://doi.org/10.1016/j.cma.2018.10.041

A posteriori error estimation: spatial estimator

m  Two-level spatial error estimator
Viund ephan, Wellse 98 \/ d D 99

» N.© ~ set of interior midpoints

> Do, € X, ~ hat function associated with z € A"

i) = 3 (PP Bl 0P
vEPe 1/zv(p’Z”LZ(D

NF
> (X-error)® ~ Z 12 (2) ~

zeNF
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A posteriori error estimation: parametric estimator

®m Hierarchical parametric error estimator

» veQ, (N.B.: Q,is the boundary of the index set P,)
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A posteriori error estimation: parametric estimator

®m Hierarchical parametric error estimator

» veQ, (N.B.: Q,is the boundary of the index set P,)

» Recall Galerkin orthogonality

B(u— s, Vo) = F(ve) — B(ts, va) =0 forall ve € Vo =X, @ P,
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A posteriori error estimation: parametric estimator

®m Hierarchical parametric error estimator

» veQ, (N.B.: Q,is the boundary of the index set P,)

» Recall Galerkin orthogonality

B(u— s, Vo) = F(ve) — B(ts, va) =0 forall ve € Vo =X, @ P,

> If vo € Xi ®@span{P,}, then F(va) — B(ts, va) # 0
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A posteriori error estimation: parametric estimator

®m Hierarchical parametric error estimator

» veQ, (N.B.: Q,is the boundary of the index set P,)

» Recall Galerkin orthogonality

B(u— s, Vo) = F(ve) — B(ts, va) =0 forall ve € Vo =X, @ P,

> If vo € Xi ®@span{P,}, then F(va) — B(ts, va) # 0
» Define &, € Xo ® span{P,}

B(€w, V) = F(ve) — B(te, ve) for all vs € Xo ® span{P,}
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A posteriori error estimation: parametric estimator

®m Hierarchical parametric error estimator

» veQ, (N.B.: Q,is the boundary of the index set P,)

» Recall Galerkin orthogonality

B(u— s, Vo) = F(ve) — B(ts, va) =0 forall ve € Vo =X, @ P,

> If vo € Xi ®@span{P,}, then F(va) — B(ts, va) # 0
» Define e, € Xo ® span{P,}

Bo(€ev, Vo) = F(va) — B(te, va) for all va € Xo ® span{P,}
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A posteriori error estimation: parametric estimator

®m Hierarchical parametric error estimator

>

>

O
v € Q. (N.B.: Q, is the boundary of the index set P,)

Recall Galerkin orthogonality
B(u— s, Vo) = F(Va) — B(lls, Vo) =0 forall vo € V, =X, ® P,
If vo € Xo ®span{P,}, then F(va) — B(ts, va) # 0
Define e,, € Xo ® span{P,}
Bo(€sv, Vo) = F(Va) — B(Us, va) for all vy € Xo ® span{P,}

() = lewl?, = Bolew, ew)

(P-error)’ &y~ mi(v)

vEQe

A. Bespalov * Adaptive stochastic Galerkin methods for parametric PDEs 12/31


https://dx.doi.org/10.1137/15M1027048

A posteriori error estimation: main results

ILB.._Fraetorius, Rocchi,_Ruggeri; CMANE 19]

® 7. = (estimated X-error)® + (estimated P-error)® = Z ni(z) + Z ns(v)

zeNt vEQe

Theorem 1 (equivalence of total error estimate and error reduction)
There exists C = C(ao, T, To) > 1 such that

Cl'md <Its — wa || < Cm2
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A posteriori error estimation: main results

ILB.._Fraetorius, Rocchi,_Ruggeri; CMANE 19]

® 7. = (estimated X-error)® + (estimated P-error)® = Z na(z) + Z ns(v)

zeNt vEQe

Theorem 1 (equivalence of total error estimate and error reduction)
There exists C = C(ao, T, To) > 1 such that

C'me <IITe—u I < Cmi

Corollary (efficiency & reliability)

B lu—uwl?>C'n? (efficiency)

ﬁ n?  (reliability)

sat

B saturation assumption = ||u—u[]® <
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A posteriori error estimation: main results

ILB.._Fraetorius, Rocchi,_Ruggeri; CMANE 19]

® 7. = (estimated X-error)® + (estimated P-error)® = Z na(z) + Z ns(v)

zeNt vEQe

Theorem 1 (equivalence of total error estimate and error reduction)
There exists C = C(ao, T, To) > 1 such that

Chnl <1 —wa|I> < Cni
Remark

> 7.(2) is associated with an interior edge midpoint z € N,
» 7l(v) is associated with a new index v € Q,

These are local error reduction indicators for
spatial refinement / parametric enrichment = key to adaptivity

A. Bespalov * Adaptive stochastic Galerkin methods for parametric PDEs 13 /31


https://doi.org/10.1016/j.cma.2018.10.041

Adaptive SGFEM algorithm

Adaptive algorithm
INPUT: initial mesh 7o & initial index set Po = {(0,0,...)}
FOR£=0,1,2,3,... DO:
®m SOLVE: compute approximation u, € V; for mesh 7; and index set P,
m ESTIMATE: compute local error indicators and the total error estimate
» spatial & parametric indicators ~ {m,(z); z € N}, {me(v); v € Q}
> energy error estimate 1y = Y. 13 (2) + > n3 (v)
z v

® MARK: mark certain vertices M, C ./\/';r and indices R, C Qy

REFINE: enhance approximation space
» mesh refinement (NVB) ~ Tgi1 = refine(7z, My)

» parametric enrichment ~» Py 1 = P, U R,

QUTPUT: stochastic Galerkin approximations {u,} and error estimates {n,}
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Adaptive SGFEM algorithm

Adaptive algorithm
INPUT: initial mesh 7o & initial index set Po = {(0,0,...)}
FORZ£=0,1,2,3,... DO:
®m SOLVE: compute approximation u, € V; for mesh 7; and index set P,
m ESTIMATE: compute local error indicators and the total error estimate
» spatial & parametric indicators ~ {m,(z); z € N}, {me(v); v € Q}
> energy error estimate 1y = Y. 13 (2) + > n3 (v)
» IF my, < tol THEN STOP ) ’
® MARK: mark certain vertices M, C ./\/;r and indices R, C Q,

REFINE: enhance approximation space
» mesh refinement (NVB) ~ Tgi1 = refine(Tz, My)

» parametric enrichment ~» Py 1 = P, U R,

QUTPUT: stochastic Galerkin approximations {u,} and error estimates {n,}
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Dorfler marking strategy

= Dérfler marking for a generic sequence [Doriler_96]
» Let {Bs; s=1,2,..., S} be a generic sequence (e.g., error indicators).

» Given 6 € (0, 1], build a subset M C {1,2,..., S} of minimal cardinality
such that {Bs; s € M} is the set of #M largest elements of the original

sequence and
s

N opized B

seEM s=1

A. Bespalov * Adaptive stochastic Galerkin methods for parametric PDEs 15 /31


https://doi.org/10.1137/0733054

Dorfler marking strategy

= Dérfler marking for a generic sequence [Doriler_96]
» Let {Bs; s=1,2,..., S} be a generic sequence (e.g., error indicators).

» Given 6 € (0, 1], build a subset M C {1,2,..., S} of minimal cardinality
such that {Bs; s € M} is the set of #M largest elements of the original

sequence and
s
N opized B
1

seEM s=

® MARK: mark certain vertices M, C N,;" and indices R, C Q,

» Dérfler marking for {m:(2); z € N} with 6x € (0, 1] yields M, C N}

» Dorfler marking for {m(u); Ve Qe} with 6p € (0, 1] yields R, C Q,
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Refinement criterion

Energy error estimate: || u— u||> ~ 77 = Z 1y (z) + Z (V).

zeN, veQ,
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Refinement criterion

Energy error estimate: ||| u— w ||| ~ nf = Z ny(z) + Z (V).

zeN, veQy

Error reduction estimates:

01T = well®~ Y ni(z) and 1@ - wll® ~ Y ni(v),

zeEM, vER,

where T;* and @} are two enhanced Galerkin approximations.
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Refinement criterion

Energy error estimate: ||| u— w ||| ~ nf = Z n(2) + Z (V).

zeN; veQ,
Error reduction estimates:

01T = well® = D ni(z) and (1T — well* =~ ni(v),

zEM, vER,

where T;* and @} are two enhanced Galerkin approximations.

m REFINE: enhance approximation space
» IF > mi(2) > > mi(v) THEN
ZEM, VERy

perform mesh refinement (NVB) ~~ Toy1 = refine(7Tg, M)

» IF Y mj(z) < > m;(v) THEN

zeM, VER,

perform parametric enrichment ~~ Ppr; = Po U R,
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Convergence of adaptive SGFEM

Energy error estimate: || u— u||> ~ 77 = Z 1y (z) + Z (V).

zeN, veQ,

IB., Praetorius, Rocchi, Ruggeri; SINUM "19§

Theorem 2 (convergence of error estimates)
For any 0%, 6p € (0,1] = elim ne = 0.
—00

A. Bespalov * Adaptive stochastic Galerkin methods for parametric PDEs

17/31


https://doi.org/10.1137/18M1229560

Convergence of adaptive SGFEM

Energy error estimate: ||| u— w ||| ~ nf = Z n(2) + Z (V).
zeN; veQy

IB., Praetorius, Rocchi, Ruggeri; SINUM "19§

Theorem 2 (convergence of error estimates)

For any 0%, 6p € (0,1] = elim ne = 0.
—00

Remarks

m Theorem 2 provides a theoretical guarantee that, for any given positive
tolerance, the adaptive algorithm stops after a finite number of iterations.

= No assumptions on the Galerkin approximations generated by the algorithm.

m The result extends to more general marking strategies.
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Numerical results: test problem set-up

B —V-(aVu)=1inDxT, u=00ondDxT
= D:=(-1,1)*\(~1,0]* ~ L-shaped domain D
= Diffusion coefficient [Eigel,_Gittelson, >chwab, Zander "14f

a(x,y) =1+ Zym (Am™ cos(2mB1(m)x1) cos(2mB2(m)x2)) ,

m=1
A=0547, Bi(m)+Ba(m) =: kme {1,1; 2,2,2; 3,3,3,3; 4,4,4,4,4; ..}

® {ym}men are images of U(—1,1) iid mean-zero r.v. => dmtm(ym) = 3 dym.
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Numerical results: test problem set-up

B —V-(aVu)=1inDxT, u=00ondDxT
= D:=(-1,1)*\(~1,0]* ~ L-shaped domain D
= Diffusion coefficient [Eigel,_Gittelson, >chwab, Zander "14f

a(x,y) =1+ Zym (Am™ cos(2mB1(m)x1) cos(2mB2(m)x2)) ,

m=1
A=0547, Bi(m)+Ba(m) =: kme {1,1; 2,2,2; 3,3,3,3; 4,4,4,4,4; ..}

® {ym}men are images of U(—1,1) iid mean-zero r.v. => dmtm(ym) = 3 dym.

= Mean field E[u.] and variance Var(u.) of the Galerkin solution v
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Experiment 1: advantages of adaptivity

1071 LI A T L TTTIT] Li— T T LTI T 1T LTI |

error estimate

1073
—©— no adaptivity
Ll L1l [N Ll Ll L1i
102 103 104 10° 108 107
degrees of freedom
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Experiment 1: advantages of adaptivity
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Experiment 1: advantages of adaptivity

LI A T L TTTIT] Li— T T LTI T 1T LTI [ ———

101

—6—no adaptivity

only spatial adaptivity
—&— only parametric adaptivity
—A— full adaptivity

error estimate
T T 1T rrrr

—

103} --- O(N'7?) .
- .
| —— O ) ]

Lol Lol Lol Lol IR Lol
102 103 10% 10° 106 107

degrees of freedom

u O(N’1/2) ~+ optimal rate for parameter-free problem
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Multilevel methods

m |dea ~ use a hierarchy of approximations in physical domain

m  Multilevel methods in UQ

» Multilevel Monte Carlo
[Gres_08] [Cliffe_Giles, Scheichl; Teckentrup 11} [Giles 15]

» Multilevel quasi-Monte Carlo
I[Kuo, Schwab, Sloan "15f

» Multilevel stochastic collocation

ILleckentrup, Jantsch, VWebster, Gunzburger 15§

» Multilevel stochastic Galerkin FEM
— theoretical benchmarks for convergence analysis
[Cahen, DeVore, Schwab_10, [T], [Gittelson_13]
— practical realisations
IEigel,_Gittelson, >chwab, Zander 14§ [[Crowder, Powell, B. 19]

— optimal convergence rates for practical realisations ~~ open problem...
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Multilevel stochastic Galerkin FEM (ML-SGFEM)

m |dea ~ use a hierarchy of approximations in physical domain
m SGFEM approximations ~ finite (sparse) gPC expansions

> Ul(x,y) = Z Uew(X)Pu(y) with coefficients te, € Xo = Sg(7s)

vEPe

» Voi=X,®P., dimV, = (dimX,) X (#P.) ~» single-level SGFEM
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Multilevel stochastic Galerkin FEM (ML-SGFEM)

m |dea ~ use a hierarchy of approximations in physical domain
m SGFEM approximations ~ finite (sparse) gPC expansions

> Ul(x,y) = Z Uew(X)Pu(y) with coefficients te, € Xo = Sg(7s)

vEPe

» Voi=X,®P., dimV, = (dimX,) X (#P.) ~» single-level SGFEM

m  Multilevel discretisation in physical domain ~» multilevel SGFEM
» Hierarchy of meshes ~ {7a }eo,

> Ul(xy) = Z Uew (X)Pu(y) With te, € Xo, = Sp(7a) forall v € Py

vEPe
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Multilevel stochastic Galerkin FEM (ML-SGFEM)

m |dea ~ use a hierarchy of approximations in physical domain
m SGFEM approximations ~ finite (sparse) gPC expansions

> Ul(x,y) = Z Uew(X)Pu(y) with coefficients te, € Xo = Sg(7s)

vEPe

» Voi=Xe®P,, dimV, = (dimX,) x (#%P.) ~> single-level SGFEM

m  Multilevel discretisation in physical domain ~» multilevel SGFEM
» Hierarchy of meshes ~ {Te }oep.

> u(x,y) = Z Uew (X)Pu(y) With te, € Xo, = Sp(7a) forall v € Py

vEDPe

> V. = @ [X.u ®Span{Pu}]

vEPe

» dimV, =) dimX,,

vEPe
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A posteriori error estimation in ML-SGFEM

ILB.._Fraetorius, Ruggeri; SIAM/ASA JUQ 21 (to appear)j

m  Extending a posteriori two-level /hierarchical error estimator to ML-SGFEM

ma = (estim. X-error)® + (estim. P-error)® = Z Z na(v, z) + Z na(v)

vePe zeN, vEQe

The goal is to prove M = ||| Ue — t || ~» What is Ts in the multilevel case?
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A posteriori error estimation in ML-SGFEM

ILB.._Fraetorius, Ruggeri; SIAM/ASA JUQ 21 (to appear)j

m  Extending a posteriori two-level /hierarchical error estimator to ML-SGFEM

ma = (estim. X-error)® + (estim. P-error)® = Z Z na(v, z) + Z na(v)

vePe zeNSt, vEQe

The goal is to prove M = ||| Ue — t || ~» What is Ts in the multilevel case?

Single-level SGFEM: T € €P) [X. @ span{P.}] & € [X. ® span{P,}]

vEPe v€EQe

Multilevel SGFEM: @i € @B [Xow ® span{P.}] & @ [Xo @ span{P,}]

vEPe vEQe
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A posteriori error estimation in ML-SGFEM

ILB.._Fraetorius, Ruggeri; SIAM/ASA JUQ 21 (to appear)j

m  Extending a posteriori two-level /hierarchical error estimator to ML-SGFEM

ma = (estim. X-error)® + (estim. P-error)® = Z Z na(v, z) + Z na(v)

vePe zeN,, vEQe
The goal is to prove M = ||| Ue — t || ~» What is Ts in the multilevel case?

Single-level SGFEM: T € €P) [X. @ span{P.}] & € [X. ® span{P,}]

vEDPe vEQe

Multilevel SGFEM: T € €P) [Xo, ® span{P.}] & P [Xo ® span{P,}]

VEDP veQe
Theorem 3
> 77- = |HUc — Ue |||
> [lu—uslll 2 me (efficiency)

» saturation assumption == || v — we || < me (reliability)
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ML-SGFEM: challenges

ML-SGFEM: find us € Vo = @P [Xo, @span{P,}] s.t. B(u, v) = F(v) Vv € V..
vEPe
®  |mplementation
» Computation of non-square stiffness matrices associated with two
different FE meshes

Key observation: any two meshes are NVB refinements of the same initial
mesh 7o ~+ exploiting the binary tree structure of the NVB refinement

» The Kronecker product structure of the Galerkin matrix is lost ~~
implementation of the preconditioner
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ML-SGFEM: find us € Vo = @P [Xo, @span{P,}] s.t. B(u, v) = F(v) Vv € V..
vEPe
®  |mplementation
» Computation of non-square stiffness matrices associated with two
different FE meshes

Key observation: any two meshes are NVB refinements of the same initial
mesh 7o ~+ exploiting the binary tree structure of the NVB refinement

» The Kronecker product structure of the Galerkin matrix is lost ~~
implementation of the preconditioner

m  Adaptive construction of X., ~» marking and refinement of FE meshes
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ML-SGFEM: challenges

ML-SGFEM: find us € Vo = @P [Xo, @span{P,}] s.t. B(u, v) = F(v) Vv € V..

vEDPe
®  |mplementation

» Computation of non-square stiffness matrices associated with two
different FE meshes
Key observation: any two meshes are NVB refinements of the same initial
mesh 7o ~+ exploiting the binary tree structure of the NVB refinement

» The Kronecker product structure of the Galerkin matrix is lost ~~
implementation of the preconditioner

m  Adaptive construction of X., ~» marking and refinement of FE meshes

= Analysis ~> optimal convergence rate (7)
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Marking strategy

B MARK: mark certain vertices My, C ./\f;; (v € Py) and indices R, C Q,
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Marking strategy

® MARK: mark certain vertices My, C N, (v € P;) and indices R, C Qp

= Recall the error estimate: n; = Z E mv, z) + Z m (V)

veDP, ZE_/\/‘ZrV veQy

® Idea ~» combined marking/enrichment of spatial and parametric components
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Marking strategy

® MARK: mark certain vertices My, C N, (v € P;) and indices R, C Qp

= Recall the error estimate: 7; = Z E m(v, z) + Z n(v)

veP, ZE',\/Z+V veQy
m Idea ~» combined marking/enrichment of spatial and parametric components
» Use Dorfler marking for
{ne(v, 2); v €Po, z€ N} U {me(v); v € Q)

with 6 € (0, 1] yields My, C ./\/';U (v € Pp) and R, C Q, satisfying

i<y > mw.2)+y mv)

vePyzeMy,, veR,
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Experiment 2: effectivity of the error estimation

o error estimate 0
Effectivity index := = N 7z
reference error (||| Upof |||2 — ||| Up |||2)

T \\\HH‘ T \\\HH‘ T \\\HH‘ T T T 11117
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Experiment 2: rate optimality of adaptive ML-SGFEM

TTTTTT T TTTTT TTTTTT T T T TTTTT T
10‘1g —A— adaptive SL-SGFEM
—A— adaptive ML-SGFEM
--- O(N"Y3)
— O(N?)

1072

error estimate
T 1 T TT1T1]

102 108 104 10° 106 107
degrees of freedom

L] O(N’m) ~~ optimal rate for parameter-free problem
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Experiment 2: evolution of the index set

=0 (0 0)
=1 (10)
=2 (0 1)
(20)
=3 (001)
(110)
(300)
L=4 (0001)
(1010)
=5 (00001)
(21000)
L=6 (000001)
(100100)
(201000)
(020000)
(400000)
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Experiment 2: locally refined meshes in ML-SGFEM

‘ (1

PR

SR
IR
s

RRBEERRE
KKX

KRR

REEL

v=(01) v=(11) v=(40)
#To = 24664 #Ty = 11550 #Ty = 1809
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Optimal convergence of adaptive ML-SGFEM

ILE.._Fraetorius, Rugger, IMANUM 21 (appeared online)j

m Concept of ‘multilevel structure’ ~ Py = [Ps, (Tov)vep.]

m Concept of ‘multilevel refinement’ ~» P, = REFINE(P,, M.,)
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Optimal convergence of adaptive ML-SGFEM

ILE.._Fraetorius, Rugger, IMANUM 21 (appeared online)j

m Concept of ‘multilevel structure’ ~ Py = [Ps, (Tov)vep.]
m Concept of ‘multilevel refinement’ ~» P, = REFINE(P,, M.,)
m  Concept of optimality ~ approximation class As (s > 0)

uehs, — 3I{P such that || u— u; ||| = O((dimV;)~®)

}ZENO
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Optimal convergence of adaptive ML-SGFEM

ILE.._Fraetorius, Rugger, IMANUM 21 (appeared online)j

= Concept of ‘multilevel structure’ ~ Py = [Ps, (Tev)ve.]
m Concept of ‘multilevel refinement’ ~» P, = REFINE(P,, M.,)
m  Concept of optimality ~ approximation class As (s > 0)

uehs, — 3I{P such that || u— u; ||| = O((dimV;)~®)

}ZENO

Theorem 4 (convergence & rate optimality of adaptive ML-SGFEM)

® Saturation assumption = linear convergence for each 6 € (0, 1]

Jqg € (0,1) suchthat ||u— gl < glllu— wel] forall £€ Ng

m  Strong saturation assumption = optimal convergence for sufficiently small 8

If s>0 and u€ A, then sup(#P;— #Po+ 1)° ||| u— w ||| < Cllul|as

£eNg
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Concluding remarks

What have we achieved?

m A framework for the design, analysis and implementation of adaptive
algorithms for stochastic Galerkin FEM (single-level and multilevel)

» Novel reliable and efficient a posteriori error estimates

» Theoretically justified error reduction indicators to drive adaptivity
» Convergence and rate optimality analysis

» Efficient implementation and extensive testing

m  Extensions (for single-level SGFEM so far)
» Goal-oriented error estimation and adaptivity
1B, _Fraetorius, Rocchi,_Ruqggeri; CMAME 19]

» Problems with non-affine parametric data

»; % 0
D

» Parameter-dependent linear elasticity (incl. the incompressible limit case)
IKkhan, B., Fowell,_>ilvester; Math, Comp. 21}
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