Figure 1: A plot y = |acosf| and y = 1.

Solutions to Assessed Problem Sheet 2. MSM3A05b/MSM4AO05b.
Nonlinear Systems and Chaos

Question 1.

(a) We have the following system
F+ef(x)t+x=0, (1)

where
1 x>
ro={ 1 Rz ®

Let us assume that a limit cycle exists of the form a = acost (we can just assume tg = 0). We then require
evaluation of the integral (using the method of averaging)

2w

I= f(acost) - —asint - sintdt = 0.
0

To ease the algebra we may use the substitution § = ¢ — m, whence cost = cos(m + 0) = —cosf and
sint = —sinf. We therefore have

I= f(—acos®) -sin? §dh = 0,

where we have taken out —a and assumed a # 0. We note that f(—acosf) is symmetrical about § = 0 and
so we have

/ f(—acosf) -sin®0df = 0,
0
A plot of the graph between 6 = 0 and 8 = 7 reveals that the curve y = |acos | crosses the line y = 1 at

the two points = o = cos™!(1/a) and § = 7 — « (see Fig. 1). It is clear that |acosf > 1 (and so f = 1)
for 0 € [0,a] U [m — a, 7] and |acosf < 1 (and so f = —1) for 6 € [a, 7 — . We therefore have

/ —losin29d0+/ +1-sm29d9+/ —1-sin®60do = 0.
0 «@ T—

Using the relation
/sin2 0do = 1sin 20 — Q,
4 2

1 [e% 1 T—Q 1 27
—[4sin29—2]0+{4sin29—g}a —{4sin29—g} =0.

we have

This can be simplified to
4da = 2sin2a + T,

where

0<a=cos* <1) < m/2.
a

(b) To show that the differential equations are equal we use the system

dw x dx
T E——ﬁ(w‘*‘F(fE))a



where F(z) = —z when |z] < 1 and F(x) = x — 2sgn(z) if || > 1. We therefore differentiate the second
equation to yield

A’z dw dx
e ey A
a2 6<dt +F) dt>’

—€ (E> — e F'(z).

€

Now F'(z) = =1 if || < 1 whilst F'(z) = 1 if |z| > 1 (note the sgn term does not affect differentiation).
Thus we see that if |z| < 1 we have & = —z + ez and if |z| > 1 we have & = —x — e& which is the form of
the original equation (taking into account the different values of f).

(d) A sketch of the curve w = —F(x) is shown in Fig. 2 (below) along with the locus of points describing
the limit cycle.

(e) The period of the limit cycle
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~ 26/ ——dr = —2¢[Inz]} = 2¢In3.
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