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ABSTRACT. Motivated by an attempt to find a general chain rule formula for
differentiating the composition f o g of Lipschitz functions f and g that would
be as close as possible to the standard formula (f o g)’(z) = f/(g(z)) o ¢'(z),
we show that this formula holds without any artificial assumptions provided
derivatives are replaced by complete derivative assignments. The idea behind
these assignments is that the derivative of f at y is understood as defined only
in the direction of a suitable “tangent space” U(f,y) (and so it exists at every
point), but these tangent spaces are chosen in such a way that for any g they
contain the range of g’(x) for almost every x. Showing the existence of such
assignments leads us to detailed study of derived sets and the ways in which
they describe pointwise behavior of Lipschitz functions.

INTRODUCTION

The main motivation for the research presented here is to provide a general chain
rule formula for differentiating the composition f o g of Lipschitz functions f and
g between finite-dimensional or infinite-dimensional spaces that would be as close
as possible to the basic formula

(0.1) (fog)(z)=f'(9(z)) o g'(2),

where h/(x) denotes the derivative of a map h : X — Y, which is considered as
an element of the space L(X,Y) of continuous linear maps of X to Y. Recall
that, as observed by a number of authors, even for Lipschitz functions this formula
may become invalid at every z. A typical example is given by g : R — R? and
f : R? = R defined by

g(z) = (z,0) and f(z,y) = |y|;

the chain rule fails because f is not differentiable at any g(x).

For mappings between finite-dimensional spaces this question was previously
studied by Ambrosio and Dal Maso [2]. In the Lipschitz setting (we will discuss
their more general setting allowing g to be of bounded variation later) they prove
that, given Lipschitz g : R™ — R™ and letting for a.e. x € R™,

(0.2) T = {y ER™ :y=g(x)+ ¢ (z;2) for some z € R”},
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then for every Lipschitz f : R™ — R* the derivative (f|_,)'(g(z)) exists for a.e.
x € R™ and )

(0.3) (fog) (@) =(fl,4) (9(z)) o g'(x) forae xeR"

Comparing (0.3) with (0.1), we notice a significant difference: while in (0.1) the
derivative of f on the right hand side depends only on f and the point at which
it is taken, in (0.3) it depends also on the function g. A more natural analogue of
(0.1) would be

(0-4) (fog) (@) =(fls,, ) (9(x))og'(z) forae zeR",

where the “tangent space” T}, depends only on the point at which it is taken and
on the function f, and is such that (f|,, )'(y) exists for every y. We call a (Borel)
family of spaces (T}),erm for which (0.4) holds a tangent space assignment for f
and the mapping fY(y) = (fl,,)'(y) a derivative assignment for f. (Thus there
is essentially no difference between the concepts of tangent space assignments and
derivative assignments for f, but the former is better suited to questions of existence
and the latter to applicability to the chain rule formula.) Of course, the validity
of (0.4) requires that for a.a. x, the image of g'(z) be contained in Ty (,; in other
words that for every g, the tangent space T defined in (0.2) be contained in Ty,
for a.a. x € R™. We call derivative assignments for f that satisfy this condition
for every Lipschitz g complete (Definition 4.1). It does not follow immediately that
complete derivative assignments for f exist. Our main results, Theorems 5.2 and
5.7, show that they indeed exist, even in the infinite dimensional situation of spaces
having the Radon-Nikodym property, in which case “almost all” is understood in
the sense of the o-ideal £ defined in Section 1.

There is no canonical way to choose a tangent space assignment for a given f. We
present several ways of defining them. The simplest to describe is defining 7}, as a
maximal linear subspace in the direction of which f is differentiable. However, this
assignment can be highly nonmeasurable, which seriously limits its applicability.
In Example 5.4 we point out that under the continuum hypothesis there are even
less constructive choices. We therefore take great care to establish measurability
of the tangent space assignments (7}),cr= and the corresponding “generalized
derivatives” fY(y). A more constructive example is obtained, for instance, by
choosing T, as the space of all vectors e such that the directional derivative f/(y; e)
exists and whenever f/(y; €’) exists, one has

fllysete)=f(y;e)+ fy; €).

In Remark 5.8 we show that this assignment is measurable with respect to the
o-algebra generated by Suslin sets (and hence universally measurable). Although
this may already be useful in applications, the natural measurability requirement
in this context is Borel measurability. In Proposition 5.1 we therefore define several
tangent space assignments by replacing the additivity of the directional derivative
with inclusions between so-called derived sets, which are the limit sets of decreasing
sequences of sets of divided differences with the upper bound for the denominator
going to zero, and in Theorem 5.7 we show that this approach indeed leads to Borel
measurable tangent space assignments.

The above program leads us naturally to a detailed study of derived sets of
Lipschitz mappings. In particular, in the infinite dimensional situation lack of
compactness means that the derived sets understood as limit sets may not describe



the behavior of the function; for example, they may be empty. We therefore base
our considerations on so-called approximating derived sets, explain how one should
understand the inclusion between them, and give rather precise information on
smallness (in the sense of porosity) of sets in which various notions of derived sets
give different results.

We also address the following natural question. Even if one has a working chain
rule formula (0.4) for a composition of two functions with tangent space assignment
(Ty)yern depending on the outer function f, this still does not settle the problem for
the composition of three or more functions. Indeed, as presented above, the chain
rule formula gives the derivative of fog : R” — R¥ almost everywhere, so the whole
image of a mapping w : R! — R™ may lie in the set of points where the chain rule for
fog does not hold. We answer this problem by stating and proving in Theorem 4.2
the chain rule formula for obtaining a complete derivative assignment for f o g by
composing complete derivative assignments for f and g. This immediately implies
a chain rule formula for any finite composition of mappings, also in the case of
mappings between separable Banach spaces with the Radon-Nikodym property.

A natural question which was pointed out to us by J. Borwein is whether a
chain rule for mappings f : Y — R holds with a naturally defined subdifferential,
in particular, with the Michel-Penot subdifferential. We show that with the Michel-
Penot subdifferential is it false, but that it holds with the upper Dini subdifferential
0P f(y) (defined in 6.7). The chain rule then takes the form

OP(fog)=(0"f)og aec.
and corresponds to defining the tangent space assignment 7}, as the set of directions
at which all elements of 97 f(y) attain the same value. This result generalizes earlier
work by Craven, Ralph and Glover in [11] where the chain rule via the upper Dini
subdifferential is proved for the composition of a Lipschitz function and a Gateaux
differentiable function.

Finally, we briefly explain that our results show that the g dependent “tangent
spaces” T¢ may be replaced by the (f dependent) derivative assignments also in the
chain rule of Ambrosio and Dal Maso [2] in which the inner function g is assumed
to be only of bounded variation. (This rule generalized a number of previous
results, for whose discussion we refer to [2].) To describe it, we assume without
loss of generality that the given function g : R™ — R™ of bounded variation has
been already modified so that it is approximate continuous at every point of the
set E of points at which it has an approximate limit and denote by Vg/|Vg| the
Radon-Nikodym derivative of the L(R™, R™)-valued measure Vg, the distributional
derivative of g, with respect to its variation |Vg|. Then, analogously to (0.2),

(0.5) ng{yeRm:y:g(x)+—(x)-z for somezeR”},

is well-defined |Vg| almost everywhere, and [2] shows that for every Lipschitz
f: R™ — RF with f(0) = 0 the derivative V(f|_,)(g(z)) exists for |[Vg| a.e.
x € R™ and for every Borel A C F, 4

Vg

(0.6) V(fog)(A) = /AV(fITg)(g(ﬂf)) ° @@)d\vmm.

We show in Theorem 7.4 that for any complete derivative assignment (T})ycrm
and any function g : R" — R™ of bounded variation the inclusion TY C Ty,
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holds for [Vg| a.e. # € R". Hence (0.6) holds also with V(f|_,)(g(x)) replaced by
(Fla,,., ) 9(a)).

Acknowledgment. We wish to thank Jonathan Borwein and Warren Moors who,
probably motivated by their chain rule in the special case of essentially smooth
Lipschitz functions [7], brought some of the problems treated here to our attention,
and to Ludék Zajicek for a number of useful observations and comments.

1. PRELIMINARIES

To make our results independent of future developments in the study of dif-
ferentiability of Lipschitz functions f : X — Y between separable Banach spaces
X and Y, we will understand the notion “almost everywhere” in the sense of the
o-ideal generated by the sets of non-differentiability of such functions. The main
notions of differentiability we will be interested in are the one-sided derivative of f
at a point x € X in the direction of e € X, which is defined by

o+ re) — f(2)

! . =1 .
f+<.'1}, e) 1‘1\‘1’% r ’

the bilateral derivative of f at x in the direction of e, defined by
F(as ¢) = tim L@ FTE) /@),

r—0 T

in both cases, of course, provided the limit exists; and the Gdteauz derivative of
f at z, which is, by definition, the mapping f'(z) : X = Y, f'(z)(e) = f'(z; e),
provided all these derivatives exist and the map e — f’(z)(e) belongs to L(X,Y),
that is, it is continuous and linear.

Notice that f'(x; e) exists if and only if both f! (x; e) an f’ (z; —e) exist and
fi(x; —e) = —f (x; e); and if this is the case, f'(x; e) = f!(z; e). In particular,
in the definition of the Gateaux derivative f’(z; e) may be replaced by f! (x; e).

The o-ideal L. Let X be a separable Banach space, We denote by £ (or £L(X))
the o-ideal generated by sets of points of Gateaux non-differentiability of Lipschitz
mappings of X to Banach spaces with the Radon-Nikodym property. Hence £ C X
belongs to £ (or, as we say, is Lipschitz null, or, shortly, £ null) if there are Lipschitz
mappings f; : X — Y;, where Y; have the Radon-Nikodym property, such that

EC U{x € X : f; is not Gateaux differentiable at z}.
i=1
As usual, we will use expressions such as “a property P(z) holds for £ almost every
x € X7 instead of {x € X : not P(z)} € L.
It is easy to see that F C X is £ null if and only if there is a (single) space Y
with the Radon-Nikodym property and a (single) map f: X — Y, such that

E C {z € X : f is not Gateaux differentiable at z}.
More substantially, [37] shows that £ is generated by the sets of directional non-
differentiability of Lipschitz maps into spaces with the Radon-Nikodym property.

So E C X is £ null if and only if there are e; € X and Lipschitz mappings
fi : X = Y;, where Y; have the Radon-Nikodym property, such that

EC U{x € X : (fi)\.(z; e;) does not exist}.

i=1



However, even on this fairly basic level most questions are open. One of many
interesting open problems about the o-ideal L is whether it is generated by the sets
of points of (Gateaux or directional) nondifferentiability of real-valued functions.
Interestingly, unlike in the one dimensional case, it is not true that every set from
L(R?) is contained in the set of non-differentiability of a single real-valued Lipschitz
function (see [35, Theorem 6.4] or, for more detailed results on this phenomenon,
[13, 14, 15]), but by [1] it is contained in the union of the sets of non-differentiability
of two such functions.

Very recently, significant progress had been made on the description of the
o-ideal £ in the finite dimensional situation. In one dimensional spaces it coin-
cides with the o-ideal of sets of Lebesgue measure zero. (The fact that the former
is included in the latter follows from Lebesgue’s Theorem on differentiability of
monotone functions, the converse can be found, e.g., in [8] and a full description
of non-differentiability sets on R is in [39] or [19].) The key differentiability result,
Rademacher’s Theorem ([38] or [18, Theorem 3.1.6]), shows that in any finite di-
mensional space L is contained in the o-ideal of sets of Lebesgue measure zero. In
the converse direction, a geometric description of sets from £ in finite dimensional
spaces and the coincidence of £ with Lebesgue null sets in the two dimensional case
was obtained in [1], and very recently announced (but not yet published) results
of Csornyei and Jones [12] use this description to show that £ coincides with the
o-ideal of Lebesgue null sets in every finite dimensional space.

In infinite dimensional spaces, several estimates of the size of the sets from £
are known. Aronszajn’s Theorem [3] (Theorem 8.3 of this note) gives a rather
strong result, and in this sense contains all earlier results estimating the size of £
(including Christensen’s [9] very appealing notion of “sets of Haar measure zero”).
However, [37] provides some o-ideals that are strictly contained in Aronszajn null
sets and still contain L.

Notice that results on, say, differentiability of Lipschitz functions may be easily
extended to locally Lipschitz functions. For example, if G is an open subset of a
separable Banach space X, Y has the Radon-Nikodym property and f: G — Y is
locally Lipschitz, then f is differentiable £ almost everywhere on G. This may be
seen as follows: We write G = |J;2 | B(z;,r;), where f is Lipschitz on B(z;,s;) C G,
define fi(z) = f(z) if € B(w;,s;) and fi(z) = f(z; + si(z — @i)/||z — i|) if
x ¢ B(z;,s;), and observe that the set of points of non-differentiability of f is
covered by the union of the sets of points of non-differentiability of f;. The same
argument applies in a number of situations we investigate, and we will therefore
often state our results for locally Lipschitz functions on open sets, but prove them
for everywhere defined Lipschitz functions only.

Porosity. We now introduce the concept of (directional) porosity, which will often
become the main tool in our investigations. We say that P C X is porous in
direction of e € X if there is a ¢ > 0 such that for every x € P and € > 0 there is
0 < t < e for which B(z + te,ct) N P = (). Here B(z,r) denotes the open ball of
radius r centered at z.

When V C X, we say that P is -V -directionally porous if there are e; € V such
that P = Uf; P; where P; is porous in direction of e;. In case V = X we speak
about o-directionally porous sets.

Many of our results on £ null sets will stem from the obvious fact that if P is
porous in the direction of a vector e € X then the function f(z) = dist(x, P) is
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not differentiable in the direction of e at any point of P. For the sake of reference,
we record an immediate consequence of this observation for o-directionally porous
sets.

1.1. Lemma. Fvery o-directionally porous subset of a separable Banach space is
Lipschitz null.

The role of porosity has often turned out to be crucial in obtaining deep results
on differentiability. The reason for this can be seen in the research monograph [29]:
these sets tend to form a subclass of nondifferentiability sets that captures the
worst type of local behavior. However, while [29] is mainly concerned with Fréchet
differentiability and the related (ordinary) porosity (in whose definition one allows
the unit vector e to depend on x and ), here we treat questions related to directional
or Gateaux differentiability, and so we are concerned with directional porosity.
Because of that our definition of directional porosity is sligthy finer than in [29] in
that the directions are oriented. This is a genuine difference, as by an example in
[32] a set porous in the direction of e need not be a countable union of sets porous
in the direction of —e. We will, however, sometimes need to consider the directions
as not oriented. This could be implemented by requiring that the set V in the
definition of o-V-porosity be symmetric about zero, but we find it more convenient
to speak about o-(£V')-porosity, where £V =V U -V and =V ={-v:v e V}.

Notice also that our notion of o-V-porosity is related to directional differentia-
bility and so differs from the notion of o-directional porosity in the direction of
V', which has been used to investigate Fréchet differentiability in [29]. However,
the following lemma implies that this difference disappears when V' is finite dimen-
sional; it shows that no new notion of (unoriented) o-porosity would be obtained
had we defined porosity using finite dimensional directions instead of one direction.
Its proof is a modification of the arguments from [41] to our situation.

1.2. Lemma. Suppose that X is a Banach space, U its subspace spanned by a finite
set V', and that a set E C X has the property that for every x € E there is ¢, > 0
such that for every 6 > 0 one may find w € U and t > 0 such that § >t > c,||ul]
and EN B(z +u,t) =0. Then E is o-(£V)-porous.

Proof. Let vq,...,v, be a basis for U chosen from elements of V. We write X as
a direct sum of U and of a closed subspace W, denote the corresponding projec-
tions 7y and my and, noting that the statement does not depend on the choice
of (equivalent) norm, we assume that the norm of X is the ¢; sum of the norm
1>, Aivil| = >, |Ail on U and of the original norm on W. We will also assume that
there is 0 < k < 1 such that ¢; > & for all x € F; clearly E is a countable union of
such sets.

Let 1 —1/n < ¢ <1 and m € N be such that ¢™ < k. For y € X and r, s > 0 let

K(y,r,s) =y+{velU:|lu] <r}+{weW:|w|] <s}
and for each 7,5 =0,1,... let
F,; = EOU{K(y,q*ir, q'r): K(y,r,r)NE =0,r <277} and

Gij = n Fir\ Fi_q1j for i > 1.
k=0



Observing that E = ()2 F, ; and Fy ; = 0 for each j, we infer that

E=J( Fi\ ) F-1) = U U Gis-
i=1 j=0 5=0 i=15=1

Let ¢ = min(¢*""'(1 - q),q—1—1/n). If € G;; and k > j, we find y € X

and 0 < 7 < 27% such that K(y,7,7) N E = 0 and = € K(y,q 'r,q¢'r). We

write 7y (y — x) = Y, Aivy, choose [ such that )| is maximal, and show that

B(z + N, c|\]) € K(y, ¢~ Yr, ¢ Yr). Indeed, if z € B(z + Ny, ¢|N\]), then

w2z = )l < llz = 2l + 7o (@ =yl < elh]+ > Al
i#l
el + @ =1/n) > N < eqT (1 —1/n)g < g0

and
lmw (z = Il < ||z = 2] + ll7w (2 = )| < M| +g'r
<@ 1=q)g ' +q'r < ¢V
Using also that » < 277 and Gi,; NFi_1; =0, we infer
Gij N B(x + N, cN|) € Gij N K (y, g Dy, q('fl)r) = (.

Since the number of possible directions v; is finite, one of them has to occur for
infinitely many k with the same sign of A;, and we conclude that G ; is a union of
2n sets each of which is porous in one of the directions +v;. ([

1.3. Corollary. Suppose that X is a separable Banach space and that the linear
span of a set V. C X 1is dense in X. Then every o-directionally porous subset of X
is o-(£V)-porous.

Proof. Let w, € X and E = |J, Ej be such that for every € Ej, there is a
sequence t; \, 0 such that B(x + t;wy,t;/k) N Ex = 0. To prove that FEj is
o-(£V)-porous it suffices to choose v1,...,v, € V and Ay,..., A\, € R such that
llwe — >, Aivil| < 1/(2k), to observe that Ej, is porous in the direction of ) . A;v;
and to use Lemma 1.2. [l

Measurabilities, etc. Here we collect several facts about measurable or Lipschitz
dependence of derivatives on variables. We omit their simple standard proofs.

1.4. Lemma. Let f be a real-valued locally Lipschitz function on an open subset G
of a Banach space X. Then
(i) the function (z,v) — Df(x,v) is a Borel measurable function on G x X,
and
(ii) for every x € X the function v — Df(z,v) is Lipschitz; it is K-Lipschitz
if f is K-Lipschitz a neighborhood of x.

1.5. Lemma. Let Y and Z be Banach spaces, Y separable, and let f be a locally
Lipschitz mapping of an open subset G of Y to Z. Then

(i) the set {(y,v) € G x Y : f\(y; v) exists } is a Borel subset of G XY,
(ii) the mapping (y,v) — f'(y; v) (whose domain is the set from (i)) is Borel
measurable, and
(iii) for everyy € G the set {v €Y : fi(y; v) exists } is closed in Y.
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1.6. Corollary. The o-ideal L is generated by Borel sets, i.e., every N € L is
contained in a Borel set B € L.

2. BASIC NOTIONS AND RESULTS

In this section we deduce crucial estimates of the size of derived sets of Lipschitz
mappings between Banach spaces. These results have quite satisfactory formula-
tion in the finite dimensional case (e.g., Corollary 2.15 and Corollary 2.24), but
their formulation is not obvious in infinite dimensional spaces, partly because the
usual notion of derived sets needs compactness, and we are forced to replace the
study of derived sets by the study of their § approximating sets. Three main
types of comparison of approximating derived sets are then considered. The sim-
plest one is essentially known and concerns the chain rule in a fixed direction, a
slightly more complicated concerns the comparison of derived sets based on differ-
ent (subdifferential-type) ideas, and the most complicated, and most applicable,
concerns dependence of derived sets on directions.

Derived sets. Suppose that Y and Z are Banach spaces, f : Y — Z,and y,v € Y.
The derived set of f at the point y in the direction of v is defined as the set
Df(y,v) of all existing limits limy, oo (f(y + tnv) — f(y))/tn, where t,, \, 0. The
d-approzimating derived set of f at y in the direction of v is defined, for § > 0, by

Dsf(y,v) = {f(y””t)f(y) 0<t< 5}.
It is easy to see that
(21) Df(y,v) = m ’D(sf(y,'U)-
>0

Other, from our point of view less important, notions of derived sets have been
usually implicitly considered by a number of authors (see, for example, [31, 40, 10]).

The first, closest to the previous one, is obtained by defining, for each §,¢ > 0
the (9, ¢)-approximating Zahorski derived set of f at y in the direction of v by

fly+sv+tv) — f(y + sv)
t

Zscfly,v) = { 10 <t < 6,dist(0,[s, s +t]) < ct} )

Similar ideas in multidimensional situation lead to defining for each §,¢ > 0 the
(6, ¢)-approximating Michel-Penot derived set of [ at y in the direction of v by

f(@g+tv) — f(9)

P&,c.f(yv U) = { n

10 <t <o,dist(y, [9,9 + tv]) < ctv||} .

The ideas behind Clarke’s subdifferential provide our last notion of derived sets
by defining, for each § > 0 the §-approxzimating strict (or Clarke—Rockafellar) de-
rived set of f at y in the direction of v by

f(g+tv) — f(9)

Csf(y,v) = { .

:0<t<5,||gjy|<6}.
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All these notions lead to the notion of corresponding derived sets by formulas
analogous to (2.1).

Zf(yﬂ]) = U m Z(S,Cf(yvv)a Pf(yav) = U m P&,cf(y’v)v and

c>06>0 c>06>0
Cfly,v) = (G v)-
>0

Immediately from the definition we can see how the approximating derived sets
behave when the direction is multiplied by a scalar as well as connections between
various derived sets. We state most of them precisely in the case of Dy only.

2.1. Lemma. Let f:Y +— Z and \,c > 0.
(i) Dsf(y,0) = {0}.
(11) Disf(:’/a )\’U) = )\D)\(;f(y,’l)),

(iil) Dsf(y,v) C Zs.cf(y,v) = =Z5.f(y, —v).

Proof. Ounly the last equality in (iii) may need an argument. If 0 < ¢ < § then
flytsvtitv) = flytsv)  fly=(s+t)(=v) +1(=v)) = fly = (s +t)(=v))

t t
and dist(0, [s, s + t]) < ct is equivalent to dist(0,[—(s+t),—(s+¢) +¢t]) <ct. O

We denote by H(Z) the family of non-empty bounded subsets of Z and recall
that the Hausdorff distance of S, T € H(Z) is defined by

o(S,T)=inf{e >0: S C B(T;¢) and T C B(S; ¢)},
where B(S; €) = {z € Z : dist(z, 5) < e}. We also let

0+(S,T) = supdist(z, T)
zes

and observe that o(S,T) = max(g+(5’, T), 04 (T, S’)) = o(T, S).
2.2. Remark. Clearly, if Z is finite dimensional and if f is Lipschitz on a neighbor-
hood of y, the intersection in formula (2.1) may be replaced by the limit of Dy f(y, v)

as d \, 0; analogous observations apply to the definitions of the remaining derived
sets. No comparable statements hold if Z is infinite dimensional.

We will also need the following simple facts.

2.3. Lemma. Suppose that a mapping f of a Banach space Y to a Banach space
Z is K-Lipschitz on a neighborhood of a point y € Y. Then for every R > 0 there
is 0o such that for every 0 < § < dg and every ¢ > 0,

V= D5f(yav)7 U= Zé,cf(ya U)? U= Pé,cf(ya U), and v +— C(;f(y7'l))

are K-Lipschitz mappings of {v € Y : ||v]| < R} to H(Z) equipped with the Haus-
dorff metric.

Proof. If fis K-Lipschitz on B(y, A), we let §p = ﬁ and infer that if 0 < t < &,
|lw|| < R, and g € B(y,dp), then

1(f(§ + tw) = )/t = (f(§+tv) = F@) /] < K [lw — o],

which immediately implies the statement. (I
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2.4. Lemma. Suppose that a mapping f of a Banach space Y to a Banach space Z
is K -Lipschitz on a neighborhood of a point y € Y. Then for every R > 0 there is
0o > 0 such that for 0 < da < 01 < &g and ||v|| < R we have

61— 0
p(Délf(y,’lJ>,D§2f(y,U)> < 2[(”UH - 2

Proof. Choosing §p as in the proof of the previous lemma, we see that for any
6o>(51>t1>62>t2>07
Hf y+t1v) fly)  fly+tev) — f(y)H
to
fly+tav) ’

< Hf (y +tiv) -

< .
t1 —1

< 2K |v]| =—=2.

[+ 1w+ 20— S| - £

Taking first the infimum over ¢5 and then the supremum over ¢; gives the result. [
Chain rule formula in given direction.

2.5. Proposition. Suppose that X, Y and Z are Banach spaces, that g : X — Y
is differentiable at a point x € X in the direction of e € X, and that f : Y — Z is
Lipschitz on a neighborhood of g(x). Then

lim oD ©.6)(r,€), D5 (gla) . €))) =0
Proof. Let 0 < K < oo and A > 0 be such that f is K-Lipschitz on B(g(z),A).
For any € > 0 we find n > 0 such that
lg(z +te) — g(x) — tg! (z; ¢)|| < et/K
for every 0 <t <, let kK = min{n, A}/(1+ Hg; x; e)||), and infer that
1(f(g(x) + tgy (x5 €)) = fg(x)) = ((f 0 g) (= + te) = (f 0 g) (@)l
<K ||g(x +tg+(x; e) — g(x + te) H <et
whenever 0 < t < k. Consequently, if 0 < ¢t < § < k, we have that

dist((f(g(x) + tg) (x: €)) — f(9(2)))/t, Ds(f 0 g)(w,€)) < £, and
dist(((f o g)(x + te) = (f 0 9)(x))/t, Ds f(g(x), g’ (x; €))) < &,

and we conclude that

o(Ds(fog)(x,e), Dsf(g(x),d\ (x;€))) <e
if0<d < k. O

(2.2)

2.6. Corollary. Suppose that g : X — Y is differentiable at a point x in the
direction of e and that f : Y w— Z is Lipschitz on a neighborhood of g(x). Then

D(fog)(z,e) = Df(9(x), g (z; e)).
Proof. By the formula (2.2) from the proof of Proposition 2.5,

o £0) 19 (5 €) — f9(@))  (Fog)w+te) — (fog)(x)
t\0 t t

=0.
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We note that in the simple example of Lipschitz mappings g : R — R2? and
f : R? s R defined by g(x) = (z,zsin(log|z|)) and f(z,y) = y — xsin(log|z|)
(where we let zsin(log |x|) = 0 for z = 0) we have fog =0, (1,0) € Dg(0,1), and
1 € Df((0,0),(1,0)). So the assumption of existence of ¢', (x; e) is necessary for the
ability to find one of the derived sets knowing the other. However, if Y and Z are
finite dimensional and g is Lipschitz on a neighborhood of z, we have at least that
D(fog)(z,e) C Uyepg(a,e) PSf(9(2),v), which follows from the following statement
by Remark 2.2.

2.7. Proposition. Suppose that X, Y and Z are Banach spaces, that g : X — Y
is such that the sets Dsg(x,e) converge to V € H(Y) as 6 \, 0, and that f 1Y — Z
is Lipschitz on a neighborhood of g(x). Then

lim o+ (Ds(f ©9)(w, €), Uyev D f(9(x),0) = 0.

Proof. Let 1 < K < oo and A > 0 be such that f is K-Lipschitz on B(xz,A). For
any € > 0 we find n > 0 such that for every 0 < ¢t < n there is v; € V for which

lg(x +te) — g(x) — to,|| < et/K,
let k = min{n, A}/(1 4+ sup{||v]| : v € V'} + ||e]|), and infer that
1(f(g(x) + tvr) = f(g(x))) = ((f o g)(x +te) = (fog) ()| < et

whenever 0 < t < k. Consequently, if 0 <t < § < k, we have that
dist(((f 0 9)(x +t€) — (f 0 9)(@)/t. U,y Daf (9(x).v) < e,

and we conclude that

Q+(D5(fog)(x’e)7Uv€V D5f(g(.’1§),’l})) S 2e
if0<d <k O

Comparison of derived sets. We will see in Example 2.17 that in infinite di-
mensional situation the Hausdorff distance (and even the much weaker distance
| diam(S) — diam(7")|) does not have the expected property that Dsf(x,—e) is of-
ten close to —Ds f(x,€e). The basic reason behind this is that while in the final
dimensional situation H(Z) equipped with the Hausdorfl distance is separable, in
the infinite dimensional situation it is not. For us, a more revealing version of this
observation is that the Hausdorff distance on H(Z) is

(2.3) 0+(S,T) = sup (S, T),
¢€Lip, (Z)
where Lip, (Z) is the set of real-valued functions ¢ on Z with Lip(¢) < 1, and
(2.4) 06(9,T) = sup ¢(z) — sup ¢(z);
zeSUT z€T

and that we can restrict the supremum in (2.3) to countably many ¢ € Lip,(Z)
if Z is finite dimensional, but cannot do so if it is not. In the following, we avoid
this problem by taking countably many Lipschitz functions ¢ on Z and considering
H(Z) equipped with countably many distances gg.

Notice that g, defined by (2.4) should be thought of as a weaker analogue of g,
not of p. In particular, p4(S,T) = 0 whenever S C T and 04(S0,T) < 04(S1,T)
whenever Sy C S;. One can also define, in the same way as for the Hausdorff
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distance, a symmetrized version of this distance as max{g4(T,5), 04(S,T)}. We,
however, do not do it, since we do not have any genuine use for it.

It is obvious that g4(S,T) < 04 (S5,T) and, since

sup @(z) —supd(z) < sup ¢(z) —supP(z) + sup @(z) — sup ¢(z),
zeSUU zeU zeSuT zeT zeTUuU zeU
we see that g4 satisfies (the nonsymmetric version of) the triangle inequality
05(S,U) < 04(5,T) + 04(T,U).

As in the use of the distance o, where it is often convenient to use the inclusion
S C B(T; ) ={z:dist(z,T) < e} instead of the (essentially equivalent) inequality
0+(S,T) < ¢, it will be often convenient to denote

(1) = Sup o(2)

and
By(Tse) ={z € Z: ¢(2) < ¢(T) + ¢}
and use S C By(T'; €) instead of the (essentially equivalent) inequality 94(S,T') < €.
Note that (2.3) immediately implies B(T'; €) C B4(T; €) for any T' € H(Z) and
¢ € Lipy (Z).
2.8. Examples. The following choices of ¢ and the description of the corresponding
sets By(T'; €) in a Banach space Z will be used in the following text.
(i) If Q@ € H(Z) and ¢(w) = dist(w, Q) then By(S; €) = B(Q; 0+(S, Q) +¢).
(i) If z € Z and ¢(w) = |jw — z|| (which is a special case of (i) with @ = {z}),
then By(T; €) = B(z,r,(T) + ¢), where r,(T) := inf{r > 0:T C B(z,r)} is
the outer radius of T" about z.
The set Lip,(Z) will be equipped with the topology of uniform convergence on

bounded sets. Its main use stems from the fact that the distances g4 do not change
much with uniform changes of ¢, which is recorded in the following lemma.

2.9. Lemma. If ¢,v¢ € Lip;(Z) and S,T € H(Z), then
By(T; €) C By(S; 04(T, S) + Sup |6(2) — ¥(2)] + )

and

04(S,T) < 0y(S,T) + 2sup |p(2) — (2)].
zeSUT

Proof. The first statement follows by observing that for z € B, (T} €),
¥(2) <9(T) +e < ¢(T) +5up |o(2) — P(2)] + ¢
ze
< 0(8) +09(T 5) + sup |6(2) — ¥ (2)] +e.
ze

and the second by estimating

04(S,T) = sup ¢(2) — sup ¢(2) < suptp(z) —sup(2) + 2sup |p(2) — ¥ (2)|. O
zeSUT zeT zeSUT zeT zeSUT

2.10. Lemma. Suppose a mapping f of a Banach space Y to a Banach space Z is
Lipschitz on a neighborhood of a point y € Y. Then for any ¢ > 0 the sets

{(U7 (rb) €Y x Llpl(Z) : limé\o Q¢(25,Cf(yv U)a Déf(yvv)) = O}a
{(Ua ¢) €Y x Llpl(Z) : lim5\(0 ,Q¢(735,cf(y,v),D5f(y,v)) = 0}7
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and
{(v,¢) € Y x Lipy(Z) : lims~0 04(C5f(y,v), Ds f(y, v)) = 0}
are closed in'Y x Lip,(Z).

Proof. For small enough ¢ the sets whose g4 we are limiting all lie in a fixed ball
B(0,r). Hence, metrizing Y x Lip,(Z) by

dist((u, ¢), (v,9)) = [[u = v[l + sup.e (o, [9(2) = P(2)],
we see from Lemma 2.3 and Lemma 2.9 that the g4(-,-) involved in these lim-

its are Lipschitz as functions of (v, ¢), with a bound on their Lipschitz constant
independent of . The statement follows. O

2.11. Lemma. Suppose that f :Y — Z is a K-Lipschitz mapping between Banach
spaces Y, Z. Suppose further that ¢ € Lip;(Z), ve Y, e, >0, c € R, and that E
is the set of y € Y such that ¢ < ¢(Dsf(y,v)) <c+e/2. Ifj €Y and 0 <t <
are such that ¢(M) > c+e then B(§, ) NE = 0.

Proof. If x € B(g]7 %) N E, we would infer from

Hf(iwtv)*f@) f(ertv)*f(fE)H < 2K |z —gll _

, <
t t t 2

that

1@+ t) = J@)y _ (fat ) - (@)
) <5

2.12. Proposition. Suppose that Y and Z are Banach spaces, V is a separable
subset of Y, and ® is a separable subset of Lip,(Z). Suppose further that f is a
locally Lipschitz mapping of an open subset G C'Y to Z.

(i) There is a o-(£V)-directionally porous set Pz C'Y such that
l' Z D =
61\% Q¢( 5,cf(y?v)7 §f(y,U)) 0

for every p € ®, ye G\ Pz, v eV, and ¢ > 0.
(ii) There is a o-porous set Pp C'Y such that

(%1{(1(1) Q¢(P5,Cf(y7 U)a D§f(y7 U)) =0

for everyp € ®, ye G\ Pp, v €V, and ¢ > 0.
(iii) There is a meager set Pc C'Y such that

%% g¢(C5f(y,v),D5f(y,v)) =0

for every p € b, y € G\ Pe andv € V.

c+€<¢( )+%<c+5. O

Proof. We may assume that f is K-Lipschitz on Y = G. Finding countable dense
subsets W C V and ¥ C &, we infer from Lemma 2.10 that it suffices to prove
the statements with V, ® replaced by W, ¥. Hence we may reduce the proof to the
case when V and & are countable, and we may reduce it further to the case when
V and ® are one element sets, since the sets we are interested in are unions of sets
corresponding to the pairs (v, ¢) € V' x ®. The same reasoning shows that we may
assume that ¢ > 0 in (i) and (ii) is fixed.

Assume therefore that V' = {v}, ® = {¢} and ¢ > 0, and let 0 < ¢ < 1. For
n =1,2,... and k = 0,£1,%2,... let E, 1 be the set of those points y € Y
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such that ke/2 < ¢(D, f(y,v)) < (k+ 1)e/2 for every 0 < n < 1/n. We prove
that ¥ = Un,k E, k. Given any y € Y we use that f is Lipschitz to infer that
the function 1 — ¢(D, f(y,v)) is bounded. Hence s := limsup, o #(D, f(y,v)) is
finite, and we may choose k = 0, £1,... such that ke/2 < s < (k+ 1)e/2. Finding
n € N such that ¢(D, f(y,v)) < (k+ 1)e/2 for any 0 < n < 1/n, and using the
monotonicity of ¢, we have that ke/2 < s < ¢(D, f(y,v)) < (k+ 1)e/2 for all
such 7, implying that y € E,, 1.
(i) Let

P,y={yeE,}:lim SUPs0 06(Zs5,cf(y,v), Ds fy,v)) > e}

If y € P, 1, there are arbitrarily small 0 < § < 1/n for which one may find 0 < t <
and s € R such that dist(y, [y + sv,y + sv + tv]) < ct||v|| and

¢<f(y+5v+tv) —f(y+57f))
t
Hence Lemma 2.11 with § = y + sv implies that B(y + sv,et/(4K)) N P, = 0.
Since ||sv|| < dist(y, [y + sv,y + sv + tv]) + [[tv|| < (¢ + 1)t||v||, we infer that
B(y + sv,es/(4(c+1)K)) N P, = 0, which means that the set P, j is porous at y
in the direction of v or —v, where the sign depends on whether s was positive for
arbitrarily small § or not.
(ii) Let

P ={y € En : limsup, o 0¢(Ps,cf(y,v), Ds f(y,v)) > e}
If y € P, 1, there are arbitrarily small 0 < § < 1/n for which one may find 0 < ¢t < §
and § € Y such that dist(y, [§, § + tv]) < ct||v]| and
F@+tv) — f(9)
o(==—=—")

Since [|g — y|| < dlst(y, [9,9 +t
that B(g,et/(4K)) N P, =0,

(iii) Let
Pk ={y € En s limsups o 04(Csf(y,v)), Ds f(y,v)) > €}

If y € P, 1, there are arbitrarily small 0 < § < 1/n for which one may find 0 < ¢t < §
and § € Y such that ||y — §|| < ¢ and

S(PIHVZIWY . oy g, )) e 2 K5 +e.

Then Lemma 2.11 implies B(y,¢et/(4K)) N P, = 0, which means that y does not
belong to the interior of the closure of P, . O

> ¢(Dsf(y,v)) +e> k% +e.

> ¢(Dsf(y,v)) + > kf te.

) + |ltv]] < (¢ + 1)¢||v|| and Lemma 2.11 implies
e

v]
the set P, j is porous at y.

2.13. Corollary. Let f be a locally Lipschitz mapping of an open subset G of a
Banach space Y to a separable Banach space Z and let V C'Y be separable. Then
there is a o-(£V)-porous set P C'Y such that for everyy € Y\ P andv €V,

o o)) < 9 T di
gl\r"% diam(D; f(y, —v)) < 2 }1\% diam(Ds f (y, v)).

Proof. Let P C Y be the o-(V U —V)-directionally porous set obtained by the
use of Proposition 2.12(i) with ® consisting of functions ¢,(w) = ||w — z||, where
z € Z. Denote ¢ = lims\ o diam(Dsf(y,v)). Given y € Y \ P and ¢ > 0, find
0o > 0 such that diam(Dsf(y,v)) < ¢+ ¢ for every 0 < § < §p and pick any
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z € Ds, f(y,v). Using that Dsf(y, —v) C Z51f(y,—v) = —Zs.1f(y,v) and that
By (Dsf(y,v); €) C B(z,c+ 2¢) for 6 < dy, we estimate

. R
lim diam (D5 (3, ~v)) < lim diam(Z;,1 (3. v)

< limsup diam(By, (Ds f(y,v); €)) < 2¢ + 4e. O
50
2.14. Corollary. Let f be a locally Lipschitz mapping of an open subset G of a
Banach space Y to a separable Banach space Z and let V C'Y be separable. Then
the set of those points y € G for which there is a direction of v € V' at which f is
unilaterally but not bilaterally differentiable is o-(V U —V')-porous.

Proof. Since existence of f'(y; v) is equivalent to lims\ o diam(Ds f(y,v)) = 0, this
follows from Corollary 2.13. (]

2.15. Corollary. Suppose thatY is a separable Banach space and that f is a locally
Lipschitz mapping of an open subset G C'Y to a finite dimensional space Z.

(i) There is a o-directionally porous set Pz C'Y such that Zf(y,v) = Df(y,v)
for every y € G\ Pz and everyv €Y.
(ii) There is a o-porous set Pp C Y such that Pf(y,v) = Df(y,v) for every
y € G\ Pp and everyv €Y.
(iii) There is a meager set Po C Y such that Cf(y,v) = Df(y,v) for every
y€ G\ Pz and everyv €Y.

Proof. Since Z is finite dimensional, we may use Proposition 2.12 with ® = Lip, (7).
Thus, to prove (i), we use Proposition 2.12(i) to infer that there is a o-directionally
porous set Pz C Y such that

hmé\o Q(b(Z(S,cf(yv U))v D5f(y’ ’U)) =0

for every ¢ € ®, y € G\ Pz, v € V, and every ¢ > 0. Using this with ¢(z) =
dist(z, D f(y,v)), we immediately infer (i). The proofs of the remaining statements
are similar. (]

We have already seen in Corollary 2.13 that the approximating derived sets enjoy
good, but not perfect, symmetry properties. If the range is finite dimensional,
Corollary 2.15 (i) gives a better result, namely that the derived sets are symmetric.

2.16. Corollary. Let f be a locally Lipschitz mapping of an open subset G of a
separable Banach space Y to a finite dimensional space Z. Then there is a o-
directionally porous set P C'Y such that Df(y,v) = =D f(y, —v) for everyy € G\ P
and every v €Y.

2.17. Example. The need for replacing the Hausdorff distance by weaker distances
is illustrated by an example of a Lipschitz mapping f : R — £ (R) such that for
every y € R,

(2.5) lims o diam(Ds f(y, —1)) < 1 < 2 < limgo diam(Ds f(y, 1)).

Notice that this example does not use nonseparability of /.., since £,, may be
replaced by the separable space spanned by the range of f. In particular, this
example also shows that the constant 2 in Corollary 2.13 cannot be improved.

To construct f, we first define g : R — R by g(z) = xsin(¢(x)) where ¢ : R — R
is continuously differentiable on (0, 00) and such that ¢(z) =0 if 2 <0 or & > 1,
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and ¢(z) = 24/log(1/z) if 0 < x < 1/e. It is obvious that g is a bounded Lipschitz
function and that Dsg(0, 1) contains both values 1 and —1, thus

(2.6) lims~ o diam(Dsg(0,1)) > 2.

We show that

(2.7) lims\ o sup, g diam(Dsg(x, —1)) < 1.

Clearly, it suffices to consider x > 0 only. Given 0 < € < 1, we use uniform
continuity of ¢’ on [%6—1/52’ o0) to find 0 < 6 < %6_1/82 so that |¢'(z) — ¢'(y)| < ¢

if 2,y > %6*1/52 and |z — y| < 8. Consider first the case when z > e~1/¢*. Then
for any z — § < y < z the mean value theorem provides y < £ < x such that

(9(y) = 9())/(y =) = g' ()] = |g'(€) — ' ()] <,
so all values of (g(y)—g(z))/(y—x), y < x belong to the interval [¢'(z) —¢, ¢'(z) +¢]

of length 2e. In the case when 0 < =z < e/ we distinguish two possibilities. If
0<y<a, we get

[(9(y) = 9(2))/(y — ) — g(x )/xl n(4(y)) —sin(¢(2)))/(y — )|

y(si
y(¢(y) — o(x))/(y — =)

yld' ()l = 1//log(1/y) < e.

Finally, if y < 0, (g(y) — g(x))/(y — :17) = g(z)/(z — y) belongs to the interval
with end points 0 and g(x)/x. Together, the two cases show that all values of
(9(y) — g(x))/(y — x), y < z belong to the smallest interval containing 0 and
g(x)/x £ &, whose maximal possible length is 1 + 2e.

Having proved (2.7), we denote g,(z) = g(u + z) and define f : R — £ (R)
by f(u) = gu, u € R. Since ||gy — gvlloo < Lip(g)|u — v, f is Lipschitz. The zth
coordinate of an element from D f(y, —1) belongs to Dsg(y + x,—1), and so the
inequality (2.7) implies the first inequality in (2.5). For the last inequality in (2.5)
we notice that x = (—y)th coordinates of elements from D;f(y,1) run through
whole Dsg(0,1) and use inequality (2.6).

Exactness of porosity descriptions. We show that the main results describing
the size of the sets of points at which derived sets may differ are exact. For the case
of the strict or Michel-Penot derived set these are variants of existing relatively
simple constructions, and although we will present them, we will treat them briefly
and not always in the optimal way. For the Zahorski derived sets our results are
new, and the arguments are substantially more involved; we therefore handle this
case in detail.

A predecessor of these results, which is a special case of Theorem 2.20(ii), is
that for every o-porous set P there is a Lipschitz function that is not Fréchet
differentiable at any point of P; see [29, Theorem 3.4.3]. In fact, our argument
for 2.20(ii) differs from theirs only slightly. Also, [29, Remark 3.4.4] indicates an
argument showing a special case of Theorem 2.20(i) that for every o-directionally
porous set P there is a Lipschitz function that is not Gateaux differentiable at
any point of P. The argument in [29, Remark 3.4.4] is not completely clear, since
it effectively reduces the complement of a set to a disjoint union of balls, and
this may not preserve directional porosity. However, we may slightly modify it
in the following way. Write P as a union of directionally porous sets P, deduce
from [6, Theorem 7] or [24] that there are Lipschitz g : X — [0,1] such that
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min(1, dist(x, Py)) < gr(z) < 2min(1, dist(z, Py)) and gi is Gateaux differentiable
on the complement of P;. Now observe that the method of proof of [29, Theorem
3.4.3] shows that g := )", crgr, where ¢, > 0 are sufficiently small constants, is
Lipschitz and Gateaux non-differentiable at any point of P. Incidentally, if X* is
separable, which is the main case of the proof of [29, Theorem 3.4.3], we may use
[20] (or [22, Corollary 19]) to replace in the above argument Gateaux by Fréchet,
thereby providing an alternative proof of this result.

Before continuing, we should remind ourselves that o-porous sets need not be
o-directionally porous, and that meager sets need not be o-porous. Indeed, for
the latter consider any meager set on the line whose complement is Lebesgue null,
and for the former recall that in any infinite dimensional separable Banach space
there is a o-porous set whose complement is null on every line, see [36, Theorem 1]
of [4, Theorem 6.39].

As a technical tool, we will use the following notions and results. A function
f:Y — R is called uniformly Gateaux differentiable if it is Gateaux differentiable
on G and for every u € Y the convergence of (f(y + tu) — f(y))/t to f'(y)(u) is
uniform in y € Y. By a result of [24], for any closed set F' C Y and r,& > 0 there is a
uniformly Géateaux differentiable f : Y — [0, 1] such that Lip(f) < e+1/r, f(z) =1
forz € F,and f(x) = 0if dist(xz, F') > r. The function f is called regularly Gateaux
differentiable at y if it is Gateaux differentiable at y and Pf(y,u) = f'(y)(u) for
every u € Y. It is immediate that a continuous uniformly Gateaux differentiable
function is regularly Gateaux differentiable at every point and that the function
x — dist(x, P) is regularly Gateaux differentiable at every point of P that is not a
porosity point of P.

2.18. Lemma. Let P C Q be closed subsets of a Banach space Y anduw € Y. There
are a function h: Y — [0,00) and a closed set Q O spt(h) such that

(i) 0 < h(z) < min(1,dist(z, Q)) < min(1, dist(z, P));

(ii) Lip(h) < 120;
(iii) h s reqularly Gateauz differentiable at every point of Y \ P;

(iv) QnQ C P;

(v) whenever y € P and Q is porous at y in the direction of some vector v €Y,
then Q U Q is porous at y in the direction of v as well;
(vi) whenever y € P and Q is porous at y in the direction of the vector u, then

there are ¢ > 0 and t; \( 0 such that y + t;u + ctyu,y + t;u € 6:2 \ Q and
h(y+tiu+ct,u)—h(y+t;
(y+tiu CCZ) (y+tiu) > 10|l
Proof. We assume that [lul| = 1, find u* € Y* with [|[u*| = u*(u) = 1, let kK = 2,
n; = 5(k! — KkIT1) and r; = 7, and for i € Z and j € N denote

Pj={yeY u'(y) =in;, & —n; <dist(y,Q) < & +n;, dist(y, P) < w//?}.

We observe that P; ; are closed sets and dist(P; ;, Px,;) > max(n;,n;) for (,j) #
(k,1). Indeed, if [ = j the u* images of these two sets are at least n; apart, and if
[ > j then dist(y7 Q) < Kl+m < kI 40, for every y € Py and dist(z, Q) > K7 —n;
for every z € P; ;. Hence the distance of P; ; and Py is at least kI —RITL —2n; = n;.

Denote by Z the set of pairs (i, j) for which P; j # (). For every (i, j) € Z denote
B;; = {y : dist(y, P, ;) < 2r;} and choose a uniformly Géteaux differentiable
function h;; : Y — R such that 0 < h;; < &/, h;;(y) = kIt for y € P,
hij(y) = 0 when dist(y, P; ;) > 2r; and Lip(h; ;) < k7t /r; = 245 /(1 — k) = 120.

lim inf;
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Define h =3 ; o hijj and @ = PUL, jez Bi ;. Notice that
dist(B; j, Br,i) > dist(P; j, Pry) — 2(rj +71) > 5(n; +m) — 2(r; +11) = 2(rj +11)

whenever (i,7) # (k). Since B;; C {y,dist(y, P) < x7/2 4 2r;} are closed sets,
this implies that every point of Y\ P has a neighborhood meeting at most one of
the sets B, ;. Recalling that spt(h; ;) C B, ;, and that h; j(z) < kI < kI —n; <
dist(z, Q) < dist(z, P) for x € B, ;, we get (1)—(iv).

To prove (v), let @ be porous at y € P in the direction of a unit vector v with
constant 0 < ¢ < 1. Let a > 0 be so small that a(x? 4+ n; + 2r;) < (1 — a)r; for
every j. We show that Q U Q is porous at y in the direction of v with constant cc.
Consider any ¢ > 0 such that ¢t < dist(y + tv, Q) < t. If dist(y + tv, Q) > act, we
are done, so suppose

dist(y + tv, Q \ Q) = dist(y + tv, Q) < act.

Then there are 4, j such that (¢,j) € Z and dist(y + tv P”) < 2r; + act. Since
ct < dist(y+tv, Q) < k¥ +n;+2r; +act, we get (1—a)ct < k7 +n;+2r;. Therefore
act < a(k? +nj +2r;)/(1 —a) < rj and so dist(y + tv, P, ;) < 3r;. Since y € Q,
dist(y, P; ;) > k7 —n; > 3r;, and so there is 0 < s < ¢ so that dist(y+sv, P; ;) = 3r;.
Then every z with dist(z, y+sv) < r; satisfies 2r; < dist(z, P; ;) < 4r;. For (k,1) #
(i, ) we have dist(z, Py,) > dist(P; ;, Ps) —4r; > $m > 2r;. This means z ¢ Q\Q.
As dist(z, Q) > dist(P; ;, Q) — dist(y + sv, P, j) — r; = dist(P; ;, Q) — 4r; > 0, we
get z ¢ Q). Tt follows that dist(y + sv, Q) >1rj > ocs.

To prove (vi), let @ be porous at y € P in the direction of v and find ¢g > 0 and
sk \y 0 so that B(y + spu,cos) N Q = 0. Let jo € N be such that x70/2~1 < ¢
and fix for a while an index k with s, < 7. Let j = j(k) € N be such that
w! < dist(y + spu, Q) < k7~ Then j > jo, so we have /2" 1s;, < cosp < K771
Find 3;. € (0, si] such that dist(y+3,u, Q) = x? and observe that this choice implies
k) < 5 < sp < K1 /ey < KI/2. Choose the largest £, < 51, so that u*(y + tru) is
an integer multiple of 7;. Then 8 > tx > 5 —n; > kI —n; > nJ In particular,
dist(y + tpu, P) < sp < w//2, from which we see that y + tku € P;; for some
i =1i(j,k) = i(k) € Z. We also recall that this implies h(y + tpu) = r+!

We let ty, = 5, — 2r; and show that h(y + txu) = 0. For this, first recall that on
P; j, w* is identically equal to in;. Since u* (y+tru) = in;—2r; = in; —n; /4, we infer
from y+tyu € P; ; that 2r; > dist(y+tpu, P; ;) > dist(u*(y+tpuw), u* (P ;)) = 2r;.
Consequently, h; j(y + tyu) = 0. For (¢, ;') different from (i, j) we have

dist(y + txu, Py ) > dist(Py jr, Py j) — 2r; > max(n;,n;) — 2r; > 27}
and so hy j/(y + txu) = 0 as well. Hence h(y + tku) = 0 and consequently

h(y + teu+ 2rju) — h(y + tyu) _ h(y + trhu) — hy + thu) _ kI

= 60.
2T‘j QT’j 27"j

Letting ¢y := 2r;/t, and using that h is Lipschitz, we see that (vi) holds provided
a subsequence of ¢j converges to some ¢ > 0. But for this it suffices to observe that
ek > 2r/sk > coin; /R = Leor(l — k) and ¢ < 2r;/(5, —n; — 2r;) < 1. O
2.19. Proposition. Let P be a closed subset of a Banach space Y. Then for any
Uy, ug, -+ €Y there is a Lipschitz function g : Y — [0,00) such that

(i) 0 < g(x) < min(1,dist(z, P));

(ii) g is regularly Gdteauz differentiable at every point of Y \ P;
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(iii) whenever P is porous at a point y € P in the direction of u;, there are ¢ > 0
and t, \, 0 such that liminfy_, g(y+tkui+0tlz::)_g(yﬂkui’) > 4w

(iv) whenever P is porous at a point y € P and uw € Y, there are ¢ > 0, y, — y
and ti, > c||lyr — y|| such that tx, 0 and liminfy_, MH’;—W > 4|ul|.

(v) whenever y € P is not an interior point of P and uw € Y, there are yp, — y

and t N\, 0 such that liminfy_, g(y’“"’t’“t—z)_g(yk) > 4|ull-

Proof. Apply the 5r-covering theorem to the family of balls B(z,r(x)), z € Y \ P,
where r(z) = min(1,dist(z, P)) to find disjoint balls B(x;,7(x;)) such that for
every € Y \ P there is ¢ with B(z,r(z)) C B(x;,5r(x;)). Let

Qo=Y\ UB(% 37(x:)).

then, as follows from the definition of r(2) we necessarily have 2r(z) < ir(z) +

$r(x;) + 2r(z;), implying r(z) < 3r(z;) and B(z, 37(x)) C B(wz;,r(z;)). Hence j
is unique by the disjointness of B(x;,r(x;)).

We show that for every « € P and y € Y \ P there is z € (z,y] so that
B(z,tr(y)) N Qo = 0. For this, assume that B(y, 37(y)) N B(zj, 3r(z;)) # 0

for some j, infer from 2r(y) < ir(y) + 3r(z;) that r(y) < 3r(z;) and so that

3 2
ly — ;|| < r(z;) and, using that ||z — ;|| > 2r(z;), find z € (z,y] so that
|z — ;|| = 3r(x;). Hence B(z, 3r(z;)) NQo = 0, and the claim follows by recalling

that 17(y) < 4r(x;). Notice that this implies that porosity points of P are porosity
points of Qg, directional porosity points of P are directional porosity points of Qg in
the same directions, and non-interior points of P remain non-interior points of Q.

We finish the starting part of the construction by choosing a Lipschitz, uniformly
Gateaux differentiable function ¢ : Y — [0,1] such that ¢(0) =1 and ¢(y) = 0 for
[yl > 1, and defining ho(z) =3, ir(z;)p(16(x — ;) /r(x;)).

Letting Qo = Qo, we recursively define for k = 1,2, ... closed sets Q, and Qj, and
functions hy, : Y — R by letting first Qp = Qr_1 UQr_1 U {z : dist(z, P) > 27*~1}
and then using Lemma 2.18 with the sets P, Q) and the vector uj to define the
set Q) and the function hy,.

Observing that 2.18(i) implies that 0 < hj, < 27571 we see that the function
g:= ZEOZO hy is well defined and 0 < g < 1. Moreover, each hy, is zero on P and the
sets spt(hy) \ P are disjoint. As a consequence of this we see that (i) and (ii) hold
and that ¢ is Lipschitz with constant bounded by 120 on every segment contained
in Y\ P. The last fact together with the already proved (i) shows that Lip(g) < 120.

Let P be porous at y € P in the direction of u;. Use 2.18(vi) to find ¢ > 0 and
tr \ 0 such that y + tpu; + ctpuj,y + tyu; € Qj \ Q; and

it W B + ctiug) — By (y + truy)
k— o0 cty

Since g(y + tru; + ctruj) = hi(y + tru; + ctru;) and g(y + truj) = hi(y + treuy),
we conclude that

> Afuy]].

i inf 9(y + tru; + ctruy) — gy + truy)

> 4|ws]l.
k— 00 cty - ”uj”

This proves (iii).
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To prove (iv) and (v), consider any u € Y \ {0} and any sequence z, € Y \ P
such that z; — y € P. Find i so that B(zg,7r(2x)) C B(x,,5r(zr,)) and let

Toid. Then 6r(x;,) < |24, —yll < 5r(zs,) + ||z —yll, s0

0 <r(w) < ||z — yll and [|lzi, — yl| < 6/[zx — || Since g(yx + teu) = ho(yr + tru)
and g(yx) = ho(yx), we conclude that yr — y, ¢t N\, 0 and

Yk = T, —tru where tj, =

lim inf 9(ye + teu) — 9(yr) = liminf oYk + txw) — ho(yr) = (i) = 4|ull.

k—o0 tr k—o0 tr 4ty

This proves (v). For (iv) we choose the sequence zj so that r(zx) > collzr — yl-
Then, using 5r(z;,) > r(zk) > collzr — y|| and letting C = |jul|(1 4+ 80 4+ 80/¢yp),

lye — yll < tellull + |74, — 2zl + [[26 — yll < tellull + 5r(@i,) + 5r(2i, ) /co = Cti.

Hence (iv) holds with any 0 < ¢ < 1/C. O

It is now straightforward to combine the functions g, obtained by using the
above result with a sequence of sets P to get functions with irregular behavior
on a prescribed o-directionally porous, o-porous or meager set. In the following
theorem we therefore state only the main such result. However, several additional
observations about the function we construct in 2.20(ii) may be useful: it is Gateaux
differentiable at every point of P with the exception on those belonging to a o-
directionally porous set P; C P; for every point y € P; of which there is v € V'
with Z f(y,v) # Df(y,v); and at every point of P\ P; the function f is irregularly
differentiable in every direction in the sense used in [29]. This shows that it would
not make sense to improve the sufficient condition for I'-almost everywhere Fréchet
differentiability results, namely the I'-nullness of porous sets, to I'-nullness of the
sets of point of irregular differentiability, although the latter is what is actually
used in [28] and [29].

2.20. Theorem. Let P be a subset of a separable Banach space Y .

(i) If P is o-directionally porous, there is a Lipschitz f : Y — R such that for
every y € P there isv € V with Zf(y,v) # Df(y,v).
(ii) If P is o-porous, there is a Lipschitz f : Y — R such that P f(y,v) # Df(y,v)
for everyy € P and v € Y \ {0}.
(iii) If P is meager, then there is a Lipschitz f : Y — R such that Cf(y,v) #
Df(y,v) for everyy € P and v € Y \ {0}.

Proof. Let uy,us,... be a sequence of unit vectors dense in the unit sphere of
Y. (i) Write P = U;0=1 P, where Py is porous in direction of ux. Let g be the
functions constructed in Proposition 2.19 with P = P,. Choose 0 < A, < 27F
so that for every j, A; > 32 AyLip(gx). The functions f; = 3777 i Apgr are
clearly well-defined and Lipschitz.

Given y € P find the least j for which there is ¢ such that y € P; and P; is

porous at y in the direction of w;. By 2.19(iii) find ¢ > 0 and ¢; \, 0 such that

gi (yFtruitctru)—g; (Y+trui) - 4. Then
cty, -

liminfy_,

lim inf Fiy + thui + ctuus) — f5(y + trus)
k—o0 Ctk

> 4N — Y MeLip(gr) > 32,
k=j-+1
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and by 2.19(i)

lim sup fily +tu;) — f;(y)

<Aj+ Z ALip(gr) < 2A;.
t—0 t

k=j+1

If k < j and y € Py, 2.19(i) implies that g, is differentiable at y in the direction of
u;, and if y ¢ Py, the same conclusion follows from 2.19(ii). Hence the statement
holds with f = fi.

(ii) Write P = (J,o, Px where P, are porous and define gi, A\x and f; as in (i).
Given y € P find the least j such that y € P; and P; is porous at y. For every
v € Y \ {0} replace y + txu; in the above argument by the y; from 2.19(iv) and
u; by v to infer that Pf;(y,v) # Df;(y,v). If k < j and y € Py, 2.19(i) implies
that gy is regularly Gateaux differentiable at y, and if y ¢ Py, the same conclusion
follows from 2.19(ii). Hence the statement holds with f = f.

(iii) The argument is similar to the previous ones and can be omitted. O

Subadditivity of derived sets. Though we postpone the case of one dimensional
range to the next section, we should remark that it is now easy to deduce from
2.12(iii) or from 2.15(iii) the result of [21] on generic convexity of upper derivative;
indeed one can improve it by using 2.12(ii) or 2.15(ii) to a result on convexity of
upper derivative with a o-porous exceptional set. However, even this improvement
is not sufficient to obtain useful information about derivative of composite functions,
and we need a considerable refinement of our previous results to achieve this. As
in the previous part of our study, the Hausdorff distance is too fine for our purpose
(see Example 2.25), and we will continue using the idea behind the distances g
introduced above. However, even they become too coarse for our purpose, and we
will therefore state the result using the neighborhoods By(S; ¢).

2.21. Lemma. Let f : Y — Z be a K-Lipschitz map between separable Banach
spaces Y and Z, u,v € Y, ¢ € Lip;(Z) and € > 0. Then there is a o-u-porous set
P CY such that for every y € Y \ P the inclusion

(2.8) Dsf(y,u+v) C Dsf(y,u) + By(Ds f(y,v); €)
holds for all sufficiently small § > 0.

Proof. Since the function 6 — ¢(Dsf(y,v)) is bounded and monotonic, for every
y €Y there are rational numbers ¢, 7 > 0 such that ¢ < ¢(Dsf(y,v)) < ¢+ ¢/2 for
every 0 < 6 < 7. Let P, ; be the set of y € Y that have this property and for which
(2.8) fails for arbitrarily small 4.

It suffices to show that each P, ; is porous in the direction of w. For this, consider
any y € P., and, given any 0 < ¢ < 7 for which (2.8) fails, find 0 < t < § with

(f(y +t(u+v)) = f()/t ¢ Dsf(y,u) + By(Dsf(y, v); €).
Since (f(y +tu) — f(y))/t € Dsf(y,u), we infer that
(f(y +tu+tv) — fy +tu))/t ¢ By(Dsf(y,v); €).

Observing that P, . is contained in the set £ from Lemma 2.11, we use this lemma
with § = y + tu to infer that B(y + tu,et/(4K)) N P, = 0. 1t follows that P, ; is
porous at y in the direction of u, as needed. (I
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2.22. Proposition. Suppose that Y and Z are separable Banach spaces and that
® C Lip,(Z) is separable. Suppose further that V' and W are subsets of Y and that
f is a locally Lipschitz mapping of an open subset G of Y to Z. Then there is a
o-V -directionally porous set P C'Y such that for every ¢ € ®, e >0,y € G\ P,
veV, andw e W one may find 6g > 0 such that

Ds f(y,v +w) C Dsf(y,v) + By(Ds f (y, w); €)
for every 0 < 8 < dg.

Proof. As explained in the introduction, we may assume that f is K-Lipschitz
on Y. Choose countable dense sets V; C V, W7 C W, and ®; C ®. Fixe > 0
and for v; € Vq, w; € Wy, and ¢ € @1 let P, ,,¢, be the o-vi-porous sets from
Lemma 2.21 used with e replaced by 7 := ¢/7. We show that the statement holds
with P =, cvy w,ew .6y ed, Porwi 1, Which is clearly a o-V-porous set.

Let y¢ P,veV,we W, and ¢ € ®. Find v; € V1, w; € Wy and ¢; € &5 such
that |lv —vi|| < 7/K, [w —wi|| < 7/K, and sup,¢po,x) [#(2) — ¢1(2)| < 7. By
Lemmas 2.3 and 2.9,

Dsf(y,v+w) C B(D(;f(y,vl +w1);27)
C B(Dsf(y,v1) + By, (Ds f(y,w1); 7); 27)
C B(B(Dsf(y,v); 7) + By, (Ds f(y, w); 27); 27)
C Dsf(y,v) + B(Bg, (Ds f(y, w); 47); 37)
C Dsf(y,v) + By(Ds f(y,w); 7). O

2.23. Corollary. Suppose that X, Y, Z are separable Banach spaces, ® C Lip,(Z)
is separable, V. C X and W CY. Ifg: X — Y and f : Y — Z are locally Lipschitz
mappings, then there is a o-V -directionally porous set P C X such that for every
peED, e>0,ze X\P, we W, and for every direction of v € V for which
g’ (x; v) exists there is g such that

Ds f(9(), gy (z; v) +w) C Dsf(g(x), g (x5 v)) + Bo(Ds f(g(x),w); €)
whenever 0 < § < dg.

Proof. Let g: X @Y — Y be defined by gl ®y) = g(x) +y, and let h = fog.
We now treat V and W as subsets of X @ {0} and {0} @ Y respectively. Using
Proposition 2.22; we find a o-V-directionally porous set @ C X @Y such that for
every p €D, >0, 2Py e XY \Q, v eV, and w € W one may find §; > 0 for
which

Dsh(z @ y,v ® w) C Dsh(z @ y,v) + By(Dsh(z ® y,w); €/2)
for every 0 < § < 0.

Note that P = {x € X : 200 € Q} = QN X is a o-V-directionally porous subset
of X. Let p € @, >0,z € X\ P,veV,we W, and let ¢/, (x; v) exist. By the
above consequence of Proposition 2.22 used for x =2 ¢ 0 € X \ P, we find §; > 0
such that

(2.9) Dsh(z,v & w) C Dsh(z,v) + By(Dsh(z, w); £/2)

holds for every 0 < 6 < d;. Since xz,v € X, we have that g(z) = g(x) and
J (x; av + bw) = ag', (x; v) + bw exists for any a,b > 0. Hence Proposition 2.5



23

implies that there is 0 < dg < 41 such that
(2.10) o(Dsh(z,av + bw), Ds f(g(x), ag', (x; v) + bw))
= 0(Dsh(z,av + bw), Ds f(§(), 7' (x5 av + bw))) < £/6
for every 0 < 0 < dg and a,b = 0,1. Hence (2.9) and (2.10) give that for any
0<é < dy,
Dsf(9(x), g (x5 v) + w) C D5 f(g(x), g’ (x5 v)) + By(Ds f(9(x),w); €). O

2.24. Corollary. Suppose that f is a locally Lipschitz mapping of a separable Ba-
nach space Y to a finite dimensional space Z. Then there is a o-directionally porous
set P C'Y such that

Df(y,v+w) C Df(y,v) + Df(y, w)

for everyy € Y\ P, andv,w €Y.
If, in addition, X is a separable Banach space and g : X — Y is locally Lipschitz,
then there is a o-directionally porous set Q@ C X such that

Df(9(x),9'(z; ) + w) C Df(g(x), 9 (z; €)) + Df (9(x), w)
whenever x € X \ Q, e € X is such that ¢'(x; e) exists, and w €Y.
Proof. We prove just the additional part, since the former follows from it by consid-
ering the identity mapping g. From Corollary 2.23 with ® = Lip,(Z) we infer that
there is a o-directionally porous set Q C X such that for every e > 0, z € X \ Q,

w € Y, and for every direction of e € X at which g is differentiable there is §p such
that

Dsf(9(x), g (x5 €) + w) C Dsf(g(x), 9 (x5 €)) + By(Ds f(g(x),w); €)
whenever 0 < § < §p and ¢ € Lip,(Z). The statement follows by taking the limits
as d N\, 0 and with € N\, 0, and by using that Df(g(z),d' (z; €)) + Df(g(z),w) is
compact. O

The following example illustrates the need for the finite dimensionality assump-
tion on Z, even in the situation when X =R, Y = R?, g(z) = (z,0) and Z = /5.

2.25. Example. There is f : R? + {5 such that f(z,0) = 0 and
lim sup diam(Ds f((z,0), (1,1))) > 2 > v/2 > limsup diam (D5 f((x, 0), (0, 1)))
INO N0

for every = € R.

Proof. Let ej, j =1,2,..., be an orthonormal basis of /5. We define
flz,y)=0 ify<Oory=>1
f(x, 2721-) =97 % (621 COS(272Z-7T1‘) + €e2i4+1 sin(272i7rz)),
f(x, 272i+1) = 272i+1(62i COS(2721‘7T1‘) + e2i4+1 sin(272i7m’)),

and extend f to a function which is affine on each segment [(x,27771), (x,277)],
j=0,1,....

The first inequality follows by observing that for every x € R the unit vectors
(f(x+272,272) — f(2,0))/27% and (f(x + 272+, 27200 — f(2,0)) /272 are
opposite to each other, and hence diam(Ds f((z,0), (1,1))) > 2 for each § > 0.

To prove the second inequality, let + € R and 0 < ¢t < 1/2 and observe
that for ¢t € [277,279%1] the slope (f(z,t) — f(z,0))/t is a convex combination
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of the slopes (f(z,277) — f(x,0))/277 and (f(x,2777) — f(x,0))/277F1. Hence
Dsf((x,0),(0,1)) is contained in the convex hull of the mutually orthogonal unit
vectors eg; cos(272mx) + egiq 1 sin(27 %) which has diameter v/2. O

3. CONVEXITY OF UPPER DERIVATIVE AND OTHER RESULTS FOR ONE
DIMENSIONAL TARGET

In this section we intend to treat the special case of real-valued functions. The
results, including the main Theorem 3.6, are easy corollaries of those from the pre-
vious section. However, the special nature of the problems, in particular the pos-
sibility of considering various upper derivatives, deserves a separate consideration.
We recall that to each of the J-approximating derived sets of a real-valued locally
Lipschitz function f on a Banach space Y there corresponds an upper derivative
by

Df(y,v) =supDf(y,v), Bf(y,v) =sup Zf(y,v),

Zf(y,v) =supPf(y,v), Cf(y,v) =supCf(y,v).

We will use the names upper (Dini) derivative, Zahorski’s upper derivative, Michel-
Penot’s (or Michel-Penot) upper derivative, and strict (or Clarke) upper derivative,
respectively.

It is easy to see directly or via the fact that Ds f(y,v) converge to D f(y, v) in the
Hausdorff metric that Df(y,v) = limsosup Dsf(y,v), which is clearly the same
as the more usual definition from the introduction. Similarly, the definitions of the
remaining upper derivatives may be transformed to their more familiar forms.

Taking suprema in 2.15, we immediately get the result of [21] for strict upper
derivative and its counterpart for other upper derivatives.

3.1. Proposition. Let f be a real-valued locally Lipschitz function on an open
subset H of a separable Banach space Y .

(i) There is a o-directionally porous set Qz C Y such that Bf(y,v) = Df(y,v)
for everyy € H\ Qz and everyv € Y.
(ii) There is a o-porous set Qp C Y such that Zf(y,v) = Df(y,v) for every
ye H\Qp and everyv € Y.
(iii) There is a meager set Qc C 'Y such that Cf(y,v) = Df(y,v) for everyy €
H\ Q¢ and every v €Y.

Symmetry of Dini derivatives of real-valued functions on separable spaces follows
immediately from 2.16, or from (i) above.

3.2. Theorem. Let f be a real-valued locally Lipschitz function on an open subset
H of a separable Banach space Y. Then there is a o-directionally porous set () C'Y
such that D f(y,v) = —Df(y,—v) for every y € H\ Q and everyv € Y.

Having recapitulated results following from the general investigations in Sec-
tion 2, we come to the main theme of this section. In addition to proving, on a sep-
arable Banach space Y, convexity of the upper derivative except for a o-directionally
porous set, we also address a related question: Can one define a “new” upper de-
rivative which would be convex at every point and which would coincide with the
upper derivative except a “very small” (e.g., o-directionally porous) set? (This is
just the first step; ultimately, we wish to have a notion that would allow natural
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formulations of the chain rule.) The strict upper derivative is clearly not the an-
swer, as is shown by many well known examples (including the one in 2.20(iii)).
The Zahorski’s upper derivative coincides with the upper derivative except for a
o-directionally porous set, but easy examples show that it need not be convex at
every point, and the Michel-Penot’s upper derivative may differ from the upper
derivative in a too large set, as shown by the example mentioned in 2.20(ii). In
the case of Michel-Penot’s derivative this example may not seem to be convincing,
since we still get an agreement except for a o-porous set. However, in connection
with the chain rule formula, o-porous sets may turn out to be too large, and we will
see in Example 6.6 that this upper derivative indeed does not lead to a satisfactory
chain rule formula. Since the problem seems to be that these upper derivatives
may attain values much larger than the Dini derivatives, a natural candidate for
the notion of upper derivative that would satisfy our requirements is the smallest
convexification of upper derivatives. In similar context this is usually presented
in dual form (and in the language of subdifferentials), and so we first recall its
construction.

3.3. Lemma. Let p be a Lipschitz positively homogeneous function on'Y . Then the
function

p(u) = sup(p(u +v) — p(v))
veY

is well-defined, Lipschitz, positively homogeneous, subadditive, and therefore convez.

Proof. Since p(u 4+ v) — p(v) < CJlul|, where C is the Lipschitz constant of p,
p is well-defined. If ¢ > 0, we use the positive homogeneity of p to infer that
p(u) = sup,ey (p(u +v) = p(v)) = tsup,ey (p(u/t +v/t) — p(v/t)) = tp(u/t). I
ui,ug € Y and € > 0, we find v € Y such that p(u; +uz+v) —p(v) > p(us +ug) —e.
Then p(ur + uz) — € < p(ur + uz +v) — p(v) = (p(ur + u2 +v) = p(uz +v)) +
(p(uz +v) — p(v)) < p(ur) + p(uz). Finally, the subadditivity of p implies that
Plur) — p(uz) < p(ur — ug) < Cllur — ugl|, so p is Lipschitz. O

If f is a real-valued function on a Banach space Y which is Lipschitz on a
neighborhood of a point y € Y, we define

Df(y,u) = sup (Df(y,u+v) — Df(y,v)).

3.4. Lemma. Let f be a locally Lipschitz real-valued function on an open subset H
of a Banach space Y. Then

(i) for every y € H the function u Bf(y,u) is Lipschitz, convex, positively
homogeneous, and subadditive,
(ii) if f is Gateaus differentiable at y € H, then Df(y,u) = f'(y; u) for every
ueyY,
(iil) f is Gateaux differentiable at y € H if and only if ﬁf(y,u) = —5(—f)(y, w)
for everyu €Y,
(iv) if Y is separable, then the mapping (y,u) — Df(y,u) is Borel measurable.

Proof. (i) Follows from Lemma 3.3.
(ii) If f is Gateaux differentiable at y, then Df(y,w) = f'(y; w) for all w € Y.
Therefore,

Df(y,u) = Sgg(ﬁf(yyuﬂ%) —Df(y,v)) = sgg(f’(y; u+v)— f'(y; v) = f'(y; u).
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(iil) If f is Gateaux differentiable at y, this follows from (ii) used for functions +f.
For the opposite direction, observe that v — D(£f)(y,u) are both convex and
Lipschitz, so the assumed equality implies that they are linear and continuous.
Since the upper and lower derivatives of f at y are between these two values,
F'(y; u) exists and is equal to Df(y, u).

(iv) Let V be a countable dense subset of Y. Consider any real number a. Then

{(y,u) : Df(y,u) < a} ={(y,u) : Df(y,u+v) = Df(y,v) <aVveY}
= (N {(y,w) : Df(y,u+v) = Df(y,v) < a}.
veV

Hence it suffices to show that for each fixed v € Y and A = 0,1, the function
ha(y,u) = Df(y, Au + v) is Borel measurable. But this follows by observing that
for any fixed b € R, the set {(y,u) : Df(y, \u+v) > b} is

G ﬁ U {(y’u):f(ert(Aquv))—f(y)>b+%},

n=1m=1¢e(0,1/m)NQ t

and the sets involved in this expression are open. ([l

3.5. Proposition. Let f be a real-valued locally Lipschitz function on an open
subset H of a separable Banach space Y. Then there is a o-directionally porous set
Q C Y such that Df(y,v) = Df(y,v) for everyy € H\ Q and every v € Y.

More generally, if G is an open subset of a separable Banach space X and
g : G — H 1is locally Lipschitz, then there is a o-directionally porous set P C X
such that Df(g(z), ¢ (z; €)) = Df(g(x), ¢ (x; €)) whenever x € G\ P and e € X is
such that ¢'(z; e) exists.

Proof. To prove the second statement, we use 2.24 to find a o-directionally porous
set P C X such that

Df(g(z)g'(x; €) + w) C Df(g(x), g (x; €)) + Df (9(x), w)

whenever x € G\ P, e € X is such that ¢'(z; e) exists, and w € Y. Taking suprema,
we infer that for any such z, e and w,

Df(g(x),g'(z; €) + w) < Df(g(), g'(x; €)) + Df(g(x), w).

Hence Df(g(z), ¢ (z; €)) = Df(g(z), g (x; €)), as claimed. The first statement
follows from the second with X =Y, G = H and g the identity. ]

Convexity of upper derivatives follows immediately from Proposition 3.5 and
Lemma 3.4(i).

3.6. Proposition. Let f be a real-valued locally Lipschitz function on an open
subset H of a separable Banach space Y. Then there is a o-directionally porous
subset Q of Y such that for every y € H \ Q the function v — D f(y,v) is convex
onY.

We also remark that Theorem 3.6 and Theorem 3.2 easily give that, for a
real-valued locally Lipschitz function f on a separable Banach space Y the set
of points y at which the directions of differentiability do not form a linear subspace
of Y is o-directionally porous and that, consequently, with exception of points of
a o-directionally porous set Gateaux differentiability of f may be deduced from its
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directional differentiability in a spanning set of directions. Since we prove more in
8.1 and 8.2 we omit the (simple) details.

4. CHAIN RULE FORMULA

As explained in the introduction, the idea behind our notion of “generalized
derivatives” or, as we will call them, “derivative assignments” is simple: given a
Lipschitz mapping f of a separable Banach space Y to a (separable) Banach space
Z, we choose for each y € Y a closed linear subspace U(f,y) of Y such that f'(y; u)
exists for each u € U(f,y) and depends linearly on u. The generalized derivative
is then defined as the map u € U(f,y) — f'(y; u). Thus the simplest, though not
very useful, example of a derivative assignment is to assign to every y the trivial
subspace {0}. The assignment U(f,y) = Y if f is Gateaux differentiable at y
and U(f,y) = {0} otherwise is also not useful for obtaining a chain rule: since
our problem is precisely that the image of g may lie in an £ null set of points at
which f is not differentiable, we need to assign non-trivial spaces also to (some)
such points. Notice however, that for a nowhere differentiable Lipschitz function
f i R — Z (which exists provided Z fails to have the Radon-Nikodym property)
these two assignments coincide and in fact such an f has only this trivial derivative
assignment.

We provide more substantial examples of derivative assignments in the next
section. Before that we give precise definitions of these assignments and of the
notion of their completeness. The notion of completeness is exactly what we need
in order to obtain a natural formulation of the chain rule formula, and we therefore
immediately state and prove chain rules involving complete derivative assignments,
although their existence will be established only in the next section.

4.1. Definition. Let Y, Z be separable Banach spaces and f:Y +— Z.

If U is a linear subspace of Y and y € Y, we say that f is Gdteaux differentiable
at y in the direction of U if there is a continuous linear mapping L(y) : U — Z,
which is termed the Gateauzr derivative of f at y in the direction of U such that
limy o (f(y + tu) — f(y))/t = L(y)(u) for every u € U.

A derivative assignment for f assigns to every y € Y the Gateaux derivative
fY(y) of f at y in the direction of some closed linear subspace U(f,y) of Y. It is
often more convenient to speak about the assignment U(f,y); this is justified by
observing that fY(y) is uniquely determined by U(f,y).

The derivative assignment y € Y — fY(y) is said to be complete if for every
separable Banach space X and every Lipschitz mapping g : X — Y there is an
L null set N C X such that ¢’'(z; e) belongs to the domain of fY(g(z)) whenever
z€ X\ N,ec X, and ¢'(z; e) exists.

A complete derivative of f assigns to every y € Y a continuous linear map-
ping f3(y) : Y — Z in such a way that for every separable Banach space X and
every Lipschitz mapping g : X + Y there is an £ null set N C X such that
f'(g(2); g'(x; €)) exists and is equal to f¥(g(z))(¢'(w; e)) whenever z € X \ N,
e € X, and ¢'(z; e) exists. In particular, a complete derivative may be obtained
from a complete derivative assignment fY by extending, for each y € Y, f¥(y) to
a linear operator f¥(y) defined on the whole Y, provided all these extensions ex-
ist. Conversely, every complete derivative f? is obtained in this way provided that
f has a complete derivative assignment, since if U(f,y) is a complete derivative
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assignment then {u € U(f,y) : f'(y;u) = f3(y)(u)} is also a complete derivative
assignment.

The importance of complete derivative assignments stems from the validity of
natural statements of the chain rule formula. We first state and prove it as a rule
for finding a complete derivative assignment for a composition of functions with
given complete derivative assignments.

4.2. Theorem. Suppose that X,Y,Z are separable Banach spaces and g : X —'Y
and f Y — Z are locally Lipschitz functions having complete derivative assign-
ments t € X — gV (z) andy €Y — fY(y). Then

(4.1) zeX = f(g(x)og" (2),
is a complete derivative assignment for fog: X — Z.

Proof. We first notice that the composition of derivative assignments is a derivative
assignment (without assuming completeness): the domain of fY(g(z))og"(x) is the
closed linear subspace U, := {e € U(g,z) : ¢V (x)(e) € U(f,g(x))}, the composition
fY(g(z)) o g¥(z) is continuous and linear on its domain and by the chain rule for
Gateaux derivatives it is the Gateaux derivative of f o g in the direction of U,,.

Let W be a separable Banach space and h : W — X a Lipschitz map. To prove
completeness of our assignment, we have to find an £ null set N C W such that
h'(w; e) belongs to Uy () whenever w € W\ N, e € W, and h/(w; e) exists.

By completeness of the derivative assignment gV there is an £ null set Ny ¢ W
such that h’/(w; e) belongs to the domain of g¥(h(w)) whenever w € W \ Ny,
e € W, and h/(w; e) exists. Similarly, by completeness of the derivative assignment
SV there is and £ null set No C W such that (g o h)'(w; e) belongs to the domain
of fY((goh)(w)) whenever w € W\ No, e € W, and (g o h)'(w; e) exists.

Let N = N1 UN> and suppose that w € W\ N and e € W are such that h'(w; e)
exists. Since w ¢ Ni, h/(w; e) belongs to the domain of g¥(h(w)) and the chain
rule for the composition g o h in direction of e implies that (g o h)'(w; e) exists
and (g o h) (w; e) = ¢'(h(w); K (w; e)) = g¥ (h(w))(h'(w; e)). Since w € X \ Na,
it follows that (g o h)'(w; e) and so ¢g" (h(w))(h'(w; e)) belongs to the domain of
fY(g(h(w))). Hence h'(w; €) € Up(y), as required. O

The notion of derivative assignments has been chosen so that this rule immedi-
ately extends to a composition of any number of functions and to complete deriva-
tives.

4.3. Theorem. Suppose that X;, i =1,...,n+ 1, are separable Banach spaces and
gi + X; = Xiy1, i =1,...,n, are Lipschitz functions.
(i) fxe X;—gY(x),i=1,...,n, are complete derivative assignments, then
21 € X1+ gy (z) 0+ 0 g7 (21),
where x; = g;—1(xi—1), is a complete derivative assignment for g, o--- o g.
(ii) Ifz € X; — g? (z),i=1,...,n, are complete derivatives, then
21 € X1 gi(an) 00 gi (1)
is a complete derivative of g, o--- 0 g7.

These chain rules easily imply the chain rules for finding the Gateaux derivative
of a composition.
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4.4. Theorem. Suppose X;, i = 0,...,n + 1, are separable Banach spaces, and
gi + Xy = X1, @ = 0,...,n are Lipschitz functions such that g;, i = 1,...,n,
have complete derivative assignments x € X; — g (). Then for L almost every
xo € Xo at which gy is Gateaux differentiable, the composition g, o---0 g 0 go i
Gateauz differentiable at xo and

(4.2) (gn o0 910 90) (x0) = gy (xn) 0 -+ 0 g7 (1) © go(o0),

where x; = gi_1(x;—1). This, in particular, means that for each ug € Xq the
direction of u; = gf(xo)(ug) belongs to the domain of gy (x1), the direction of
us = g7 (z1)(u1) belongs to the domain of g3 (x2), ete.

Similarly, if x € X; — g? (x), i=1,...,n, are complete derivatives, then
(4.3) (gn o0 g0)' (wo) = g (wn) © -+ 0 g} (1) © gh(o)-
for L almost every xo € Xo at which gy is Gateaux differentiable.

Proof. Since by Theorem 4.3, g\ (x,) o ---0 gy (z1) is a complete derivative assign-
ment for g,o---ogy, for £ almost every xg € X at which gg is Gateaux differentiable
the image of g{(z) lies in the domain of gY (z,) o --- o g7 (x1) in the direction of
which g, o -+ 0 gy is Gateaux differentiable with derivative gY (z,) o --- o g7 (x1).
Hence the first statement follows from the chain rule for Gateaux derivatives and
the second statement is an immediate consequence of the first. O

4.5. Remark. If X7 has the Radon-Nikodym property, then g¢ is Géateaux differen-
tiable £ almost everywhere, and hence the chain rule formulas (4.2) and (4.3) hold
for £ almost every x.

5. EXISTENCE AND MEASURABILITY OF COMPLETE DERIVATIVE ASSIGNMENTS

To show that the results of the previous section give non-trivial information, we
construct a number of complete derivative assignments and establish their measur-
ability properties. We will see in Proposition 5.2 that all assignments defined in the
following proposition are complete provided Z has the Radon-Nikodym property.
The assumption that Z has the Radon-Nikodym property is natural, since testing
completeness of a derivative assignment with X = Y and ¢ the identity, we see
that for a complete assignment to exist f has to be Gateaux differentiable £ almost
everywhere. However, it does not seem reasonable to require the Radon-Nikodym
property already in the definition of derivative assignments; the assignment depends
on f, and there are maps between spaces without the Radon-Nikodym property for
which a complete derivative assignment exists. (In this connection, see Remark 5.3.)

5.1. Proposition. For any Lipschitz mapping f of a separable Banach space Y to
a separable Banach space Z each of the following defines a derivative assignment.

(i) To each y € Y we may assign a mazximal subspace U(f,y) in the direction of
which [ is Gateaux differentiable at y.

(ii) For each y € Y we define U,(f,y) as the set of those directions u € Y such
that f'(y; w) exists and such that, whenever f'(y; v) exists, then f'(y; u+ v)
does and f'(y; u+v) = f'(y; u) + f'(y; v).

(iii) If Z = R, we define Uy(f,y) as the set of all directions w € Y such that
Df(y7u) = 7D(f)(y7 77"’) = 7D(7f)(yau) = D(ff)(yv 7u)
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(iv) If Z is finite dimensional, we define U.(f,y) as the set of all directions u € Y
such that f'(y; u) exists and Df(y,tu+v) C f'(y; £u) + Df(y,v) for every
veY.

(v) With the radius v,(S) of a set S € H(Z) about a point z € Z defined as the
infimum of those r > 0 for which S C B(z,r), we let U.(f,y) be the set of
those directions u € Y for which f'(y; u) exists and which have the property
that for every e > 0, v € Y, and z € Z there is 09 > 0 such that for every
0<d< 50,

Ds f(y, +u+v) C f'(y; +u) —l—B(z,rz(Dgf(y,v)) —l—s).

(vi) The previous example may be generalized in the following way. Suppose that
® C Lip,(Z) is separable in the topology of uniform convergence on bounded
sets, and satisfies the condition that for every z € Z and T > 0 there are
¢ € ® and € > 0 such that Bg(z; €) C B(z,7). We define Us(f,y) as the set
of those directions u € Y for which f'(y; u) exists and which have the property
that for everye >0, v € Y, and ¢ € ®, there is dg > 0 such that for every
0<d<dy

Ds f(y, +u+v) C f'(y; +u) + By(Ds f(y,v); €).
Moreover,

(a) Uu(f,y) is the intersection of all mazimal subspaces U of Y in the direction
of which f is Gateauz differentiable at y; in particular U(f,y) D Ua(f,y) for
any choice of U(f,y) in (i);
) Ua(f59) D Ur(fy);
(¢) Ur(f,y) coincides with Ug, (f,y) where @, :={||- —z||: z € Y};

) if Z is finite dimensional, U.(f,y) coincides with Us(f,y) for ® = Lip,(Z2);
(e) if Z=R, U(f,vy), U-(f,y), Uc(f,y) all coincide;

Proof. (i) Since f is Lipschitz, Lemma 2.3 implies that every subspace in the di-
rection of which f is Gateaux differentiable at a point y, is contained in a maximal
subspace having the same property, and that such maximal subspaces are closed.
Hence U(f,y) is a closed linear subspace of Y in the direction of which f is Gateaux
differentiable.

(a) If f is Gateaux differentiable at y in the direction of a subspace U and
u € Uy(f,y), it is Gateaux differentiable at y in the direction of the linear span of
U U {u}. If U is maximal, it follow that it contains u. Conversely, if u ¢ U,(f,y)
then either f’(y;u) does not exist and u does not belong to any U(f,y), or f/(y;u)
exists and there is v such that f'(y;v) exists and f is not Gateaux differentiable in
the direction of the linear span of {u,v}. Taking for U(f,a) a maximal subspace
of Y containing v in the direction of which f is Gateaux differentiable, we have
ug U(f,y).

(ii) By (i) and (a), U,(f,y) is a closed subspace of Y in the direction of which f
is Gateaux differentiable.

(b) It suffices to use the definition of U, (f,y) with z = f/(y,v) and observe that,
if f'(y,v) exists, r.(Dsf(y,v)) = 0 as § — 0.

(c¢) The definition of U,.(f,y) is a slightly more geometric description of the
special case of (vi) in which ® is the collection of functions ¢, (w) = ||w — z||.

(d) If w € U(f,y), v € Y and € > 0, we use the finite dimensionality of Z
to infer that there is 69 > 0 such that Dsf(y,u +v) C B(Df(y,u + v),e) and
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Df(y,v) C B(Dsf(y,v),e) for every 0 < d < do. Hence
Dsf(y,u+v) C f'(y; u) + B(Dsf(y,v), 2¢),
and the requirement of (vi) holds for every ¢ € Lip,(Z).
If u € Uip,(2)(f,y) and v € Y, we get that for ¢(z) := dist(z,Df(y,v)) and

any € > 0 there is dg > 0 so that Dsf(y,u +v) C f'(y; u) + By(Dsf(y,v); €) for
0 < § < dp. Taking limit as 6 N\, 0, we get by Example 2.8(i)

Df(y,u+v) C f'(y; u) + B(Df(y,v); 2¢),

which, since € > 0 is arbitrary, gives Df(y,u +v) C f'(y; u) + Df(y,v).
The above arguments apply also to —u instead of u, and so U.(f,y) = Us(f,y).

(e) We show Uy(f,y) C Up(f,y) C Uc(f,y) CUf,y)-

Suppose u € Uy (f,y). Using the inequality Dg(y,u) > Dg(y,u) with g = f and
g = —f, we infer that f}(y; u) exists and is equal to Ef(y,u) = fﬁ(ff)(y,u).
Together with the same argument used in the direction of —u we get that f'(y; u)
exists. Let e >0, v €Y, and z € Z. Since

Df(y,u+v) < Df(y,u) + Df(y,v) = f'(y; u) + Df(y,v)
and

Df(y,u+v) > —D(—f)(y,u) — Df(y,v) = f'(y; u) — Df(y,v),

we infer that for sufficiently small § > 0,

Dsf(y,u+v) C [f(y; w) + Df(y,v) =&, f'(y; u) — Df(y,v) + €]
C f'(y; w) + B(2,7:(Ds f(y,v)) +¢),
where Df(y,w) = inf Df(y,w) for y,w € Y. This and a similar argument for —u
show that the requirements of the definition of v € U, (f,y) hold.

Suppose u € U,.(f,y), e >0, v € Y and ¢ € Lip,(Z). By definition of U,.(f,y)
with z = £(Df(y,v) + Df(y,v)) there is o > 0 such that for every 0 < § < 4y,

Dsf(y,u+v) C[f'(y; u) + Df(y,v) — &, f'(y; u) + Df (y,v) + €.

Since Df(y,v) D [Df(y,v), Df(y,v)], Dsf(y,u+v) C f'(y; u) + B(Df(y,v),e) for
0 < 6 < &g. Consequently, Df(y,u+v) C f'(y; u)+ B(Df(y,v),e), which, together
with a similar inclusion for —u shows that u € U.(f,y).

Finally, suppose u € U.(f,y). Given € > 0 find v € Y so that

Df(y,u) < Df(y,u+v) — Df(y,v) +e.

By the definition of U.(f,y), the right side is at most f/(y; u)+¢, and we infer that
'y u) < 5f(y,u) < f'(y; u) + . Hence 5f(y,u) = f'(y; u). Similarly we show
that —5(f)(y, —u), —5(—f)(y,u) and ﬁ(—f)(y, —u) are all equal to f/(y; u).
(ifi-vi) Tt remains to show that Us(f,y) is a closed linear space in the direction
of which f is Gateaux differentiable. Suppose u,v € Ug(f,y). We first show that

(5.1) I/ (y; u+v) exists and is equal to f'(y; u) + f'(y; v).

Given 7 > 0, choose ¢ € ® and € > 0 such that By (f'(y; v); 2¢) C B(f'(y; v), 7).
By assumption, there is dp > 0 such that for every 0 < § < do,

Dsf(y,u+v) C f'(y; u) + Bg(Ds f(y,v); €).
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Since f'(y; v) exists, Ds, f(y,v) C B(f'(y; v); €) provided Jy is small enough, and
then for any 0 < § < d,

Ds f(y,u+v) C f'(y; u) + Bs(B(f'(y; v); €); €) € B(f'(y; w) + f'(ys v); 7).
Hence f! (y; u+v) exists and is equal to f'(y; u)+ f'(y; v), and the same argument
in the direction of —u shows (5.1).

Next we show that u+ v € Ug(f,y). Given £ > 0 and w € Y, find dg > 0 such
that for every 0 < § < do,

Dsf(y,u+ (v+w)) C f'(y; w) + By(Dsfy,v+w); £/2)
and

Ds f(y,v+w) C f'(y; v) + By(Ds f(y, w); /2).
Hence

Dsf(y,u+v+w) C f'(y; u) + Bs(Ds f(y,v +w); £/2)
C f'(y; w) + f'(y; v) + By(Ds f(y, w); €)
= f'(y; u+v) + By(Ds f(y, w); €).

This and a similar argument for —u show that, indeed, u + v € Us(f,y).

Finally, suppose @ € Ug(f,y) and v € Y. Given € > 0, find u € Us(f,y) such
that ||u — @] < e, and for this u we find dy > 0 such that for every 0 < § < dp,

Dsf(y,u+v) C f'(y; u) + By(Ds f(y,v); e).
Then by Lemma 2.3,

Dsf(y,u+v) C B(Dsf(y,u+v),Lip(f)e)

f'(ys u) + By(Ds f(y,v); €), Lip(f)e)

f'(y; ), 2Lip(f)e) + B(By(Ds f(y, v); €), Lip(f)e)
C f'(y; @) + By(Ds f(y,v); (3Lip(f) + 1)e).

This and a similar argument for —u show @ € Us(f,y), and so finish the proof. O

/
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5.2. Proposition. If in Proposition 5.1 the space Z has the Radon-Nikodym prop-
erty, each of the derivative assignments constructed there is complete.

Proof. By the additional statement in Proposition 5.1 we just need to consider
the assignment Us(f,y) defined in 5.1(vi). To prove its completeness, let X be a
separable Banach space and g : X — Y a Lipschitz map.

We first check that there is an £ null set @ C X such that f/'(g(z); ¢'(x; e))
exists and is equal to (f o g)'(x; e) whenever x € X \ Q, e € X, and ¢'(z; e) exists.
Indeed, since Z has the Radon-Nikodym property, and the mapping fog: X — Z
is Lipschitz, the set N of points where f o g is not Gateaux differentiable, is £ null.
For all x € X \ N and all e € X, Proposition 2.5 shows that

lim o(Ds(f 0 9)(z, €), Ds f(9(x), g4 (x; €))) = 0.

Since Ds(fog)(x, e) converges to (fog)’, (x; e) in the Hausdorff metric, and since this
argument can be used also in the direction of —e, this shows that f'(g(z); ¢'(z; €))
exists and is equal to (f o g)'(x; €), as required.

We are now ready to finish the proof of completeness of Up. Let v € Y and
¢ > 0. By Corollary 2.23 there exists a o-directionally porous set P C X such that
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for every ¢ > 0, x € X \ P, v € Y and for every direction e € X at which g is
differentiable one can find dy > 0 such that for every 0 < § < &y,

(5.2)  Dsf(g(x), gy (z; €) +v) C Dsf(g(x), g (x; ) + By(Ds f(g(x),v); €).

If z € X\(NUP) and e € X are such that ¢’(x; e) exists, we may assume dy has been
chosen small enough to guarantee Dsf(g(x),d! (z; e)) C B(f'(9(x); ¢'(x; €)),€).
Hence (5.2) implies that

Dsf(g(x),g'(x; e) +v) C f'(g(x); ¢'(x; €)) + By(Ds f(g(x),v); 2¢).

The same argument may be used in the direction of —e, and we conclude that
indeed ¢'(z; e) € Us(f, g(x)). O

5.3. Remark. This proof shows that the assumption that the Banach space Z has
the Radon-Nikodym property may be replaced by a weaker one, which depends not
on the quality of the space Z but of the function f: we only need that for every
separable Banach space X and every Lipschitz mapping g : X — Y there is an
L null set N C X such that (f o g)'(x; e) exists whenever x € X \ N, e € X.

We now turn our attention to measurability of derivative assignments. The
reason why we care so much about their (Borel) measurability is apparent from
the following example, which points out that “generalized derivatives” for which a
chain rule formula holds may be defined in a highly non-constructive way.

5.4. Example. Assuming the Continuum Hypothesis, we order all Lipschitz map-
pings of R to R? into a transfinite sequence g, indexed by countable ordinals. For
each = € R? we find the first ordinal o« = «, for which there is ¢ € R such that
Ja(t) = x, go is differentiable at ¢ and g/, (t) # 0, and we denote v, = ¢/ (¢).
Whenever f : R? — R we choose for each z € R? any linear map f¥(z) : R - R
such that f%(z)(vy) = f'(z; ve) if f'(2; v,) exists and such that f5(z) # f'(x) if
f is differentiable at . We show that for any Lipschitz mapping g : R — R2,
(fog)(t) = f¥(g(t))(g'(t)) holds for almost all t. Since this formula clearly holds
for almost all ¢ for which g’() is a multiple of vy), we just have to show that the
set T of those ¢ for which ¢'(t) exists and is not a multiple of v, has measure
zero. Find « so that g = g, and denote by T the set of those (s,t) € R? for which
9a(t) = gp(s), g, (t) # 0, g5(t) # 0 and g, (t) is not a multiple of gj(s). Since
T}y consists only of isolated points, it is countable. If ¢ € T', the minimality of the
choice of o) guarantees that ay) < a. Also, we cannot have ay) = a, since
then ¢'(t) = vy(). Hence T'C Uy, {t: (35)(t,s) € T} is countable, and it follows
that the chain rule formula holds, even though it never happens that f%(z) is the
derivative of f at z!

We say that the derivative assignment y — fY(y) is Borel measurable if the
set of triples (y,u, f¥(y)(u)) such that u belongs to the domain of f¥(y) is Borel
measurablein Y x Y x Z.

5.5. Remark. By standard descriptive set theoretic arguments (see, for example,
[25, Theorem 14.12]) the requirement of this definition is equivalent to saying that
the set U of the pairs (y,u) such that w belongs to the domain of fY(y) is Borel
measurable in Y x Y and that the mapping (y,u) — f’(y; u) is Borel measurable
on U. Because of Lemma 1.5, the latter requirement is automatically satisfied if f
is Lipschitz.
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We intend to show next that the assignment Ug from Proposition 5.1(vi), and
so also those from (iii), (iv), (v), are Borel measurable. For this, we first establish
Borel measurability of sets from which Ug is built.

5.6. Lemma. Whenever f : Y — Z is Lipschitz, u,v,w € Y, ¢ € Lip;(Z) and
a, B,v,e,7 >0, there is a Borel set E C'Y such that

{y eY: Daf(yau) - Dﬁf(y,v) + B¢(D“/f(y7w)§ 5)}
CEC{yeY:Daf(y,u) CDsf(y,v) + Bs(Dyf(y,w); € +7)}

Proof. Given any m € N, we denote by F;, the set of those y € Y for which one
can find 1/n <r <« — 1/n such that

(f(y+ru) — f(y)

(5.3)  dist Daf(yv) + By(Dy fly,w)i €)) 2 7,

and we show that each F), is closed. Let yx, € F,,, yr. — y, andlet 1/n <1 < a—1/n
be such that (5.3) holds with y replaced by yi and r by 7. It suffices to assume
that r; — r and show (5.3) for this 7. Suppose, for a contradiction, that (5.3) fails,

(f(erru) — /)

dist .Df(y,v) + By(D f(y,w); 5)) < T

This means that there are 0 < s < 8, 0 <t <~y and z € Z such that

¢(z)<¢(f(y+ttz)*f(y)>+€

and

Hf(y+ru) — I flyts)—fy)

<T.

By continuity, both these inequalities remain valid when we replace y by y; and r
by 7 for k large enough, providing a contradiction with (5.3).

Let E=Y\U,2, F. D, f(y,u) C Dgf(y,v)+Bs(D, f(y,w); €), then clearly
y € E. Conversely, if y € E, we choose for every 0 < r < a an n € N such that
1/n <r <a—1/n and use that y ¢ F,, to infer

fly+ru) — f(y)

r

€ B(Dﬁf(y,’l}) + B¢(D7f(y7w)>g); T)
C Dgf(y,v) + Bo(Dy f(y, w); € + 7). 0

5.7. Theorem. FEach of the assignments from Proposition 5.1 (iii)—(vi) is Borel
measurable.

Proof. By the additional statement in Proposition 5.1 we just need to consider the
assignment Ug (f, y) defined in 5.1(vi), and by Remark 5.5 it is enough to show that
the set A of pairs (y,u) € Y x Y, such that u € Us(f,y), is Borel. Let W and ¥
be countable dense subsets of Y and @, respectively. For 0 = +1, u,v e W, ¢ € ¥
and p,q € N use Lemma 5.6 to find a Borel set Ey 4 v.4.p,q Such that

{y €Y : Dsf(y,ou+v) C Dsf(y,ou) + Bs(Dsf(y,v); €)}
C Eguwwppq Clye€Y :Dsf(y,ou+v) CDsf(y,ou) + By(Dsf(y,v); 2¢)}

where e =1/p and § = 1/q.
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We show that

oo o0 o0

(5.4) A= {(y,u) : f(y; u) exists and y € ﬂ ﬂ ﬂ ﬂ U ﬂ Eo’,u,'u,w,p,q}'
o=+1veW ¢YeW p=1r=1q=r
If (y,u) € A, f/(y; u) exists, and for every 0 = +1, v € W, 1) € U and p € N we
may find §y > 0 such that for every 0 < § < dy,

Dsf(y,ou+w) C f'(y; ou) + By(Ds f(y,w); 1/2p).

Choosing r € N such that r > 1/dy, we infer from f'(y; ou) € Dsf(y,ou) that
Y € By yv,p.p,q for every ¢ > r. Hence (y,u) belongs to the right side of (5.4).

Assume now that (y,u) belongs to the right side of (5.4), 0 =+1,e >0,v €Y,
and ¢ € ®. Find p € N, 9 € W and ¢ € ¥ such that p > (3 4+ 4Lip(f))/e,
[0 — vl < 1/p, and supy,<rip(s) [¥(2) — ¢(2)| < 1/p. By our assumption, there is
r € N such that y € E; 4,594 for every ¢ > r. Let 69 = 1/7g, where rg > 7 is
such that (||u|l + |lv|])/r0 < 1/p. For every 0 < § < §p we find ¢ > rg such that
dg:=1/(g+1) <6 < 1/q and using Lemma 2.4 conclude that

Ds f(y,ou+v) C B(Ds, f(y, ou+v), 2Lip(f)([[ull + [[v]))/9)
C B(Ds, f(y,ou+v),3Lip(f)/p)
C B(Ds, f(y,ou) + By (Ds, f(y,9); 2/p), 3Lip(f)/p)
C B(Ds, f(y,ou) + By(Ds, f(y,v),3/p); 4Lip(f)/p)
C Ds, f(y,ou) + By(Ds, f(y,v); (3 +4Lip(f))/p)
C Dsf(y,ou) + By(Ds f(y, v); €).

Having established (5.4), we recall that the set {(y,u) : f'(y; u) exists} is Borel
by Lemma 1.5 (i), and conclude that (5.4) shows that A is Borel. O

5.8. Remark. While the assignment from Proposition 5.1 (i) has non-constructive
features reminiscent of Example 5.3, the assignment U, (f, z) from 5.1 (ii) is defined
in a way suggesting that is may be measurable. In fact, it is measurable with respect
to the o-algebra generated by Suslin sets (and hence universally measurable). To
see this, let F denote the set of (y,u) € Y x Y such that f'(y; u) exists, and let F'
be the set of (y,u,v,w) € Y* that satisfy the following three conditions.

hd (yvu)a (y,U) SO

& Ww=1u-+v;

o either (y,w) ¢ E, or (y,w) € E and f'(y; w) # f'(y; u) + f'(y; v).
Then Lemma 1.5 implies that F' is Borel, and so

{(w,9) s ueUa(f,y)} = E\{(y, ) : Bu,w)(y,u,v,w) € F}

is a complement of a Suslin set.

6. EXISTENCE AND MEASURABILITY OF COMPLETE DERIVATIVES

Finally, we want to address briefly the problem of defining complete deriva-
tives. As already pointed out, this is an extension problem, since we construct
complete derivatives by considering a complete derivative assignment y — fY(y)
and attempting to extend, for each y, the mapping fY(y) from its domain to the
whole space; of course, we would also prefer to do this in a measurable way. There
are three cases we consider, since firstly, such an extension is easy to establish in
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Hilbert spaces, secondly, we have the Hahn-Banach Theorem if the target space is
one dimensional, and thirdly, an abstract selection may be used if there is enough
(weak) compactness in the target space. We recall that the Borel measurability
of y — f¥(y) means that the mapping (y,v) — f¥(y)(v) of Y x Y to Z is Borel
measurable; since we are in complete separable metric spaces, this is equivalent
to requiring that the set of triples (y,v, f(y)(v)) is a Borel measurable subset of
Y XY xZ.

6.1. Lemma. Suppose thatY, Z are separable Banach spaces and subspaces U(f,y)
of Y define a measurable derivative assignment for a Lipschitz map f :' Y — Z.
If Y s reflexive, then for every bounded closed convex subset G of Y the sets
{y: GNU(f,y) £ 0} and {y: GNU(f,y) = 0} are Borel measurable subsets of Y.

Proof. Let U = {(y,u) : w € U(f,y)}. Theset V=UN (Y x G) is a Borel subset
of Y x G with closed convex sections V, = {u € G : (y,u) € V}. Endowing G
with the (compact metrizable) weak topology, we see that V is a Borel subset of
Y x G with compact sections, hence, according to [25, Theorem 28.8], its projection
{yeY :V, #0}={y: GNU(f,y) # 0} is a Borel subset of Y. The second set is
complementary to the first. O

The special case of Hilbert spaces, including finite dimensional spaces.
We emphasize that finite dimensional spaces are included in this simple approach;
this is, of course, achieved by choosing an arbitrary scalar product.

6.2. Proposition. Let Y be a separable Hilbert space and let Z be a separable
Banach space. Whenever y € Y — fY(y) is a measurable complete derivative
assignment for a Lipschitz map f : Y — Z, then f3(y) = f¥ o P,, where P, is
the orthogonal projection onto the domain of f¥(y), is a Borel measurable complete
derivative of f.

Proof. Since the mapping (y,v) — f'(y; v) is measurable on its domain which is
a Borel subset of ¥ x Y (see Lemma 1.5), it suffices to show that the mapping
(y,v) = (y, Py(v)) is Borel measurable, which is the same as saying that the map-
ping (y,v) — P,(v) is Borel measurable.

Let U(y) denote the domain of f¥(y), U := {(y,u) : w € U(y)}, and let (v;,r;)
be a sequence dense in Y X (0,00). We fix a closed ball B in Y and put

Vin = {(y,v) : |Jv = v|| < 1/n, B(vi,7;)NU(y) = 0, B(vs, r; + 1/n)NBNU(y) # 0}.
Observing that Lemma 6.1 implies that the sets V; ,, are Borel measurable, we see
that

(oo} (oo}
{(g:v) : Py(v) € BY = () |J Vi,
n=11i=1
is a Borel subset of Y x Y, which implies the statement, since every open subset of
Y is a countable union of closed balls. [l

Note. By using Proposition 6.2 with the derivative assignments from Proposition 5.1
(v) or (vi), or with Proposition 5.1(iv) if Z is finite dimensional, or Proposi-
tion 5.1(iii) if YV is one dimensional, we thus obtain a measurable complete de-
rivative which extends the Géteaux derivative in the sense that if f is Gateaux
differentiable at y, then f3(y) = f'(y).
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The special case of one dimensional target spaces. We show that the com-
pleteness of the assignment from Proposition 5.1(iii) enables relatively simple con-
structions of complete derivatives for real-valued mappings. Obviously, applied to
each coordinate separately this also gives a proof of existence of complete derivatives
for mappings into finite dimensional spaces.

6.3. Proposition. Let Y be a separable Banach space and let f :' Y — R be
locally Lipschitz. Suppose that, for each y € Y, f3(y) € Y* is chosen such that
F3(y)(u) < Df(y,u) for every u € Y. Then y s f4(y) is a complete derivative.

Proof. Because the derivative assignment from Proposition 5.1(iii) is complete, in
order to verify that y +— f¥(y) is a complete derivative it suffices to show that
3 (y)(v) = Df(y,u) for every u € Y such that Df(y,u) = —D(f)(y,—u). But

this is obvious, since f% (y)(fu) < Df(y, +u) implies that 3(y)(u) < Df(y,u) and
P (u) = =f4(y)(—u) = =Df(y, —u) = Df(y,u). U

Since D f(v) is convex and subadditive, the Hahn-Banach Theorem implies that
Proposition 6.3 may be used to find complete derivatives of all Lipschitz functions.
However, we are again left with a measurability problem, which is answered in the
following statement.

6.4. Proposition. Let Y be a separable Banach space and let f :' Y — R be locally
Lipschitz. Then there is a norm to w* Borel measurable mapping f5 : Y — Y*
such that f3(y)(u) < l~)f(y, u) for everyu €Y for ally,u €Y.

IfY* is separable, any such f$ is norm to norm Borel measurable. In particular,
y+— f3(y) is a measurable complete derivative.

Proof. For y € Y put
Ty)={y* €Y : Yo eY{y*,v) < ﬁf(y,v)}

Since the functions v — D f(y,v) are Lipschitz, convex, and subadditive, the Hahn-
Banach Theorem implies that T(y) # () for each y € Y. Moreover, each T(y) is
clearly w*-closed and bounded, hence w* compact. We prove that T is a norm to
w* Borel measurable multivalued mapping. To this end it is sufficient to prove that
for every v € Y and every ¢ € R the set

Ave={yeY :T(y)n{y": (y",v) > c} # 0}
is Borel measurable. By the Hahn-Banach Theorem and by Lemma 1.4,

Ape={y: Df(y,v) > c} = U{y : Df(y,v+w;) — Df(y,v) > c},

where w; is any sequence of elements of Y dense in Y. Hence Lemma 1.4 implies
that A, . is Borel measurable. The first statement of the proposition now follows
by the Kuratowski-Ryll-Nardzewski selection theorem (see [26]).

If Y* is separable, w* and norm Borel sets in Y* coincide, which implies the
second statement of the Proposition. ([l

6.5. Remark. On may, of course, try to impose other conditions on f% in Proposi-
tion 6.4. The most natural would be to require the lower bound by the correspond-
ing lower derivative, i.e., that for all y,v € Y,

~D(~f)(y,v) < {f¥(y).v) < Df(y,v).
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Since —D(—f)(y,v) < Df(y,v), the only difference in the proof would be the
difference in non-emptiness criteria and therefore in the use of the Hahn-Banach
Theorem.

Chain rule and subdifferential. We first give an example showing that the chain
rule fails with the Michel-Penot subdifferential and then show, as promised in the
introduction, that it holds with the upper Dini subdifferential.

6.6. Example. For x € R let ¢(x) be its distance to the nearest integer. Denote e, o
the standard basis of R?, define f(ze; + 2 %ep) = 27F(28~22) for k = 0,1,2,...
and x € R, f(xze; + yea) = 0 if y < 0, observe that f is Lipschitz on its domain,
and extend it to a Lipschitz function from R? to R. Then, for a.e. z € R,
limsup 2% (f(ze; + 2 %ey + 27 %e1) — f(zer + 27 %ey)) > 1/4.
k— o0

Indeed, for almost every z € R there are infinitely many k for which one can
find an integer n such that n < k=24 < 4 1/4, and for any such k we have
2F(f(zer +27Feg +27Fey) — f(xer +27%ep)) = (2820 + 1/4) — (28 22) = 1/4.

It follows that for a.e. € R there is £(x) belonging to the Michel-Penot sub-
differential of f at we; such that £(x)(e;) = 1/4. So with g : R — R? defined by
g(x) = zeq we do not get that (f o g) = £(g(x))(g’) a.e.

6.7. Definition. The upper Dini subdifferential OF f(y) of a locally Lipschitz func-
tion f: Y — R at a point y € Y is

P f(y) = {y* € Y* :y*(v) < Df(y,v) for every v € Y.}

6.8. Theorem. Suppose f :Y — R and g : X — Y are locally Lipschitz maps,
where X,Y are separable Banach spaces and Y has the Radon-Nikodym property,
Then for L almost all x € X,

0”(f o g)(x) = (9 f(g(x))) o ¢’ (2).
Proof. For each y € Y choose some f$(y) € 0P f(y). Let U(f,y) be the assign-
ment from Proposition 5.1(iii). Since f¥(y) is a complete derivative and U(f, )
a complete assignment, for £ almost all z € X both ¢'(z) and (f o g)'(z) exist,
(f o g)(x) = f¥(g(x)) o ¢’(z) and the range of ¢'(x) is contained in U(f,g(z)).
Since ﬁf(g(x)) is linear on U(f, g(w)), the restrictions of f¥(g(x)) and any y* €

9P f(g())) to U(f, g(x)) coincide. Hence y* og'(z) = f¥(g(x)) o g'(x) = (f o g9)'(x)
for every y* € 9P f(g(z))). O

Existence and measurability for reflexive target spaces. We start with a
special case of a result due to Lindenstrauss [27] whose simple proof is due to
Pelczynski [34]. Both proofs may be found in [4, Theorem 7.2].

6.9. Lemma. If Y and Z are Banach spaces, Z is reflexive, and f :' Y w— Z is
K -Lipschitz on a neighborhood of y and Gateaux differentiable in the direction of
a linear subspace U C Y, then there is a linear mapping L : Y — Z of norm at
most K such that f'(y; v) = L(v) for allv e U.

6.10. Proposition. Let Y be a separable Banach space and let Z be a separable
reflevive space. Whenever y € Y — fY(y) is a measurable complete derivative
assignment for a Lipschitz f : Y — Z, then there is a Borel measurable complete
derivative f3(y) such that f3(y)(v) = f¥(y)(v) for every y €Y and every v in the
domain of f¥(y).
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Proof. Suppose f is K-Lipschitz. The set £ of linear mappings of Y to Z of norm
at most K considered in the topology of pointwise weak convergence is a compact
metrizable space. Denote, as always, by U(f,y) the domain of fY(y) and let
S :={(y,L) €Y x £: L(u) = f'(y; u) for all u € U(f,y)}.

For every y € Y the set {L € £ : (y,L) € &} is compact and, according to
Lemma 6.9, non-empty. Provided & is Borel, we infer from the Kuratowski-Ryll-
Nardzewski selection theorem (see [26]) that there is Borel measurable f%:V s £
such that (y, f¥(y)) € & for every y € Y. Clearly, this f% has all properties required
from the complete derivative of f.

It remains to show that & is Borel. For this, let (w;, s;) be a sequence dense in
Y x (0,00), and denote

S ={(y, L) €Y x £: B(wi,s;) NU(f,y) = 0}

and

T ={(y,L) €Y x £: dist(L(w;), Ds f(y, w;)) < 4K s; + diam(D; f (y, w;))Vé > 0}.
These sets are Borel, &; by Lemma 6.1, and ¥; by Lemma 1.4. We let

T=((&UTy)
i=1
and finish the proof by showing & = ¥.

If (y, L) € & and B(w;, s;) NU(f,y) # 0, we choose u € B(w;,s;) NU(f,y) and
use Lemma 2.3 to estimate
dist(L(w;), Ds f (y, wi)) < 2K [Ju — w;|| + dist(L(w), Ds f (y, u))
< 2K [Ju — w;|| + diam(Ds f (y, u))
< 4K ||Ju — w;|| + diam(Ds f (y, w;))
< 4Ks; + diam(Ds f (y, w;)).
If (y,L) € T, u € U(f,y), and € > 0, we find 4 such that ||w; —u|| <e/2 <s; <e
and infer from B(w;,s;) NU(f,y) # 0 that
dist(L(u), Dsf(y,u)) < 2Ks; + dist(L(w;), Ds f (y, w;))
< 6Ks; + diam(Ds f (y, w;))
< 8Ks; + diam(Ds f (y, u)).

Choosing § small enough we conclude ||L(u) — f'(z; w)|| < 8Ke, implying L(u) =
f'(y; u), and so (y,L) € . O

7. CHAIN RULE WHEN THE INNER FUNCTION IS NOT LIPSCHITZ

This section is devoted to the situation in which a finite dimensionality assump-
tion helps to strengthen the chain rule to cases when the innermost function is
not assumed to be Lipschitz. Two such extensions are of interest: pointwise chain
rule at almost all points at which the inner function is differentiable and the chain
rule treated in [2] for the weak derivative when the inner function is of bounded
variation. Because of Theorem 4.3 it suffices to state the results for composition of
two functions only.

The pointwise case is handled by reducing it to the Lipschitz situation for count-
ably many mappings.
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7.1. Lemma. Let f be a Borel measurable map of a separable Banach space X to
a Banach space Y. Then the set

FE = {:E € X :limsup |/ (@ +tw) - F@)]
N0 t

< 0o for every u € X}.

can be covered by countably many Borel sets on each of which f is Lipschitz.

Proof. For x € X and k,l € N denote
Vii(z) ={veX: ||f(x + 2_lv) — f(x)” < 2_lk‘} and Vi (z) = ﬂ Vi1 ().
1=0

We first show that for every uw,z € X, r > 0, and k£ > 0, f is Lipschitz on the
set A of those x € B(z,r/4) for which B(u,r) \ Vi(z) is meager. To see this,
consider any z,y € A, z # y and find [ > 0 so that 27/ 2r < |lz —y| < 271717,
Since (B(u,r) \ Vi(z)) and (B(u,r) \ Vi(y)) — 27'(z — y) are both meager and
B(u,r) — 272 — y) D B(u,r/2), there is

v € Blu,r/2) N Vi(z) N (Vi(y) — 27 (z — y)).

Since v € Vi(2), || f(z +27'v) — f(a)| < 27"k, and, since w := v+2'(z—y) € Vi(y),
we also have Hf(y—i—Q*lw) — f(y)H < 27k, But 2+ 27 = y + 27w, implying
that ||f(z) - F(y)]l < 271k < (8K/r) o — yl|.

Next we show that the set E defined in the hypothesis of the Lemma can be
covered by countably many sets of the above form. Let u; € X be dense in X and
denote by F; j j the set of z € X for which B(u;,277)\ Vi (z) is meager. Given any
z € E, the definition of E shows that (J;—, Vi(z) = X. By Baire category theorem
there is k such that Vi (z) is not meager. Since Vi (x), being Borel, has the Baire
property, its complement is meager in some nonempty open set. Hence there are
i,j € N such that B(u;,277) \ Vi(z) is meager. It follows that E; ;x cover E, and
so do the sets E; j , N B(u;,27772) on which, as shown above, f is Lipschitz.

From the above argument it may not be apparent that the sets we have con-
structed are Borel. However, they can be easily made Borel, since whenever f is
Lipschitz on A, we can extend it to a Lipschitz function g on A and observe that f
is Lipschitz on the set {x € A: f(z) = g(x)} which is Borel and contains A. O

7.2. Lemma. Let f,g: X — Y be Borel measurable maps between separable Banach
spaces X and Y. Then the set of v € X at which f(x) = g(x), both f and g are
Gateaux differentiable, and f'(x) # ¢'(x) is o-directionally porous.

Proof. Replacing f by f — g, we may assume that g = 0. Let F = {« : f(z) = 0},
and, for z € F, and k,l,m € N denote

Viz(z) i={ve X |flz+tv) —tz]| < %\t| lz|| for |¢| < 2_k}.

Fix for a while v € X, r > 0, z € Y and k € N and let A be the set of those
x € E for which B(u,r) \ Vi () is meager. We show that A is porous in the
direction of u. To see this, consider any x € A and suppose there are 0 < t < 2%
and y € A such that ||y —z — tul| < rt/2, in other words ||(y — z)/t — u|| < r/2.
Since B(u,r) \ Vi.(x) and (y — z)/t — (B(u,r) \ Vi .(x)) are both meager and
(y — )/t — B(u,r) D B(u,r/2), there is

veBu,r/2) NV (2) N ((y —2)/t — Vi - (y))-
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Since [t| < 27% and v € Vi .(z), | f(z +tv) —tz|| < 3|t|]|z]|. Observing that
w = —v+ (y— )/t € Vi.(y), we also have | f(y —tw) +tz|| < 3|t[[|z]. But
x+tv =y —tw, and so 0 = ||2tz + f(x +tv) —tz — (f(y — tw) + t2)|| > |¢] ]zl
provides the required contradiction.

It remains to show that E can be covered by countably many sets of the above
form. Let u; € X be dense in X, z; € Y dense in Y and denote by E; ;1 the set
of z € X for which B(u;,277) NV, (x) is meager. Given any z € E, any v € X
for which f’(x; v) # 0 belongs to Vi ., (x) once k is sufficiently large and z; is close
enough to f’(z; v). Hence Uy~ Uj2g Vi, (z) contains all v € X with f/(z; v) # 0,
and by Baire category theorem there are &, such that Vj ,, (z) is not meager. Since
Vi,z (), being co-Suslin, has the Baire property, its complement is meager in some
nonempty open set. Hence there are 4,7 € N such that B(u;,279) \ Vi, () is
meager. It follows that Ej ;1 are directionally porous sets covering F. ([l

7.3. Proposition. Suppose Y, Z are separable Banach spaces and f :Y — Z is a
Lipschitz function having a derivative assignment y € Y — fY(y). Then for every
finite dimensional X and Borel measurable g : X — 'Y, fog is Gateaux differentiable
at L almost every point x at which g is, and (f o g)' (x) = f¥(g(x)) o ¢'(x).

Proof. By Lemma 7.1 there are Borel sets Fj, C X such that g is Lipschitz on each
F}, and the union of the Fj contains all points of Géateaux differentiability of g. By
[29, Lemma 5.5.3] we may extend the restriction of g to F, to a Lipschitz function
gr : X = Y. Since the chain rule holds for the compositions f o gi, we just have
to establish that g} (x) = ¢’(z) for all x € F}, except for a set belonging to £. But
this was shown in Lemma 7.2. O

In the case when X = R, Y has the Radon-Nikodym property, g : R — Y
has bounded variation and f : Y — Z is a Lipschitz map with a derivative as-
signment fY, g is differentiable almost everywhere and so the previous proposition
implies that (f o g)'(z) = fY(g(z)) o ¢'(z) at almost every x € R (where almost
every means with respect to the Lebesgue measure). However, in contrast to the
case when g is Lipschitz, f o g cannot be fully recovered from its derivative. We
therefore show that a natural formula transforming the distributional derivative of
g (which is a measure) into the distributional derivative of f o g also holds, thus
replacing the g-dependent direction of differentiability in the result of [2] by an
f-dependent choice of the domain of fY. We treat only the case of one dimensional
domain, since the extension to higher dimensions can be obtained by repeating
the arguments of [2], but we treat the problem in somewhat more general setting.
Assuming that a function g : R — Y is such that for some Radon measure y in R
and p-Bochner integrable ¢ : R — Y, one has g(v) — g(u) = f(u’v] o(s) du(s) for
every interval (u,v] C R, we show how to find a u-Bochner integrable function that
integrates to (f og)(v) — (f o g)(u), where f is a Lipschitz map having a derivative
assignment. Notice that such ¢ is necessarily left continuous and is of bounded
variation, and that for any left continuous function g of bounded variation with
values in a space with the Radon-Nikodym property such ¢ and p necessarily exist.

To find a “derivative” of fog, we will transform the given function g of bounded
variation into a Lipschitz function. This will be done with the help of the fact that
every Radon measure v in R satisfying v > A (where ) is the Lebesgue measure)
is an image of A under a non-decreasing Lipschitz surjection ¢ : R — R. (So, by
definition of image measures, v(E) = A(g~!(E)) for every Borel set E C R.) Such
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a function ¢ is easy to define: choosing sg with u({sg}) =0, we let

q(t) = sup{s > so : V[s0, s] < t} for t > 0, and
q(t) = inf{s < s¢ : Vs, s9] < —t} for t < 0.
We also recall the formula for integration with respect to the image measure,
(7.1) / h(s)dv(s) :/ h(q(t)) dt
E a1 (E)

whenever one of these integrals exists.

7.4. Theorem. Suppose that g : R — Y s such that for some Radon measure
u in R and p-Bochner integrable ¢ : R — Y, g(v) — g(u) = f(um] o(s)du(s) for
every interval (u,v] C R. Letting S = {s € R : u({s}) > 0}, we have that for any
Lipschitz f 1Y — Z with a derivative assignment fY,

fg(v)) = fg(u))

_ Flg(s+) = flg(s=)) 4 s
- /( ons (s) dp(s) + /( PRACELCLID

for every interval (u,v] C R.

Proof. Define a new Radon measure v on R by v(E) = XE) + [,(1 + ¢]) dp.
Observing that p is absolutely continuous with respect to v and its Radon-Nikodym
derivative satisfies dflzj < T30 +1||¢H’ we let ¢ = ¢j—5 and infer that |[¢]] < 1 and
g(v) — g(u) = f(u,U] ¥(s) dv(s) for every interval (u,v] C R.

Since v > A, it is an image of A under a non-decreasing Lipschitz surjection
q : R — R. The function % o ¢ is bounded and measurable; let h be its indefinite
Bochner integral. Then h is Lipschitz and ' =1 ogq, M-a.e. For o, € ¢ 1(R\ 9),
a < 3 we have ¢~ (q(a), ¢(8)] = (, 8], which implies that

/ wla(t)) dt = g(a(B)) — gla(a)),

using (7.1). Hence we may assume that h = gogon ¢ *(R\ S). When s € S, the
function h has constant derivative ¢(s) on the interval ¢=!(s) , and we infer that h
is affine with values at the left and right end-points g(s—) and g(s+), respectively.

Let f:Y — Z be Lipschitz with a derivative assignment fY. Then f o h, being
Lipschitz and a.e. differentiable, is an indefinite Bochner integral of its derivative.
Hence, given any u,v € R, u < v and denoting («, 8] = ¢~ (u, v],

flg(uw)) = f(g(v))

B

= F(W()) — F(h(a) = / (FonY(®)dt

= d v d
éegms /K v [ )

= S - S— Y(g(s s)dv(s
Se(%ms(f(g( )= o+ [Pl

L[ Sl - Flse)) o

- N s [ e, O
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8. FINAL REMARKS

In this section we briefly indicate how our results may be used to prove some
known differentiability results, including Rademacher’s and Aronszajn’s theorems
and existence of intermediate derivatives. The ideas of these proofs are by now
standard: the main point, Lebesgue differentiation theorem, has been key already
to the first infinite dimensional differentiability results in [3, 9, 30], the finite dimen-
sional version is very close to [33], and porosity approach has been already used also
in the infinite dimensional case, both in studying differentiability and intermediate
differentiability, for example in [5, 23, 37].

8.1. Corollary. Let f be a locally Lipschitz mapping of a separable Banach space
X to a Banach space Y. Then there is a o-directionally porous subset P of X such
that for every x € X \ P the set V, of those directions in which f is differentiable is
a closed linear subspace of X and the mapping v — f'(x; v) is a continuous linear
mapping of V,, to Z.

Proof. The statement follows immediately from Corollary 2.14, Proposition 2.22
used with ® being the collection of functions ||y — yo|| where yo € Y, and Exam-
ple 2.8(ii). O

As a special case of 8.1 we have

8.2. Corollary. Let f be a locally Lipschitz mapping of a separable Banach space
X to a Banach space Y. Let A be the set of all points x € X for which there is a
subset W, of X such that

(i) f(x; w) exists for all w € Wy,

(ii) the closed linear span of W, is X, and

(iii) f is not Gdteaux differentiable at x.

Then A is o-directionally porous.

From the point of view of this paper, Aronszajn’s theorem [3] says that in separa-
ble Banach spaces £ null sets are small in the sense of Aronszajn [3] The more famil-
iar version that Lipschitz mappings of separable Banach spaces into spaces having
the Radon-Nikodym property are Gateaux differentiable except for an Aronszajn
null set is, of course, equivalent to it (and is what we actually prove).

8.3. Theorem. For every L null set E in a separable Banach space X and for every
sequence v, € X whose linear span is dense in X there are Borel sets E, C X such
that E C |J,, En and, for every n, the set E,, has one dimensional measure zero on
every line in the direction of vy,.

Proof. Tt clearly suffices to show that for any Lipschitz mapping f of X to a Banach
space Y with the Radon-Nikodym, the set E of points at which f is not Gateaux
differentiable has the claimed property. Let A be the o-directionally porous set
from 8.2. Using Corollary 1.3, we write A = |J(A;" U 4;;), where A is porous in
the direction of +v,,. By [29, Lemma 10.1.4] we may find Borel sets BX > A* which
are also porous in the directions +v,,. We observe that the intersection of B with
every line L in direction of v, in a porous set in L, therefore of one dimensional
measure Zzero.

Let C,, be the set of points x € X at which f is not differentiable in the direction
of v,. From Lemma 1.4 we infer that C,, are Borel sets and from the definition
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of the Radon-Nikodym property that they have one dimensional measure zero on
every line in direction of v,. Hence the sets E,, = B, U B,, UC,, have the required
property. O

In another direction, a simple application of Theorem 3.6 concerns the somewhat
exotic notion of intermediate derivative: y* € Y* is said to be an intermediate de-
rivative of a function f : Y + R at a point y € Y if Df(y,v) < (y*,v) < Df(y,v)
for every v € V. Locally Lipschitz functions on separable, and even some non-
separable, Banach spaces are known to possess the intermediate derivative generi-
cally, see, e.g., [17, 16]. In the separable case we improve the existence statement
from a generic result to a o-directionally porous one.

8.4. Corollary. Let f be a real-valued locally Lipschitz function on an open subset H
of a separable Banach space Y. Then f has an intermediate derivative at all points
of H, except those which belong to a o-directionally porous set.

Proof. Let Q C Y be a o-directionally porous set with the properties from The-
orem 3.6 and Theorem 3.2. If y € H \ @, the function v — Df(y,v) is convex,
continuous and positively homogeneous, so the Hahn-Banach Theorem provides us
with y* € Y* such that (y*,v) < Df(y,v) for every v € Y. Multiplying the in-
equality (y*, —v) < Df(y,—v) by —1 and using that Df(y,v) = —Df(y, —v) by
Theorem 3.2, we obtain that Df(y,v) < (y*,v), so y* verifies the requirements
from the definition of the intermediate derivative. O
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