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Introduction: The Laplacian

Theorem (F. & M. Riesz 1916)

Q) C C simply connected domain with rectifiable boundary

harmonic measure w <K o = Hl ’89

o [Lavrentiev 1936] Quantitative version

o [Bishop-Jones 1990] F. & M. Riesz can fail without some topology

( . . . )
o Higher dimensions

o Qualitative vs. Quantitative
o Goals ~> < > ~> Connectivity 777
o Converse

| @ Elliptic operators

J
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Harmonic measure
o QCR" ! n>2 open

o Harmonic measure {w™ } xeq family of “probabilities” on 9

B N Lu=01n Q
w(X) = . f(z)dw™ () solves (D) uly0 =" f € Co(09)

@ Surface ball

X A(z,r) = B(x,r) NN, x € 0N

o2 ° o =H",
N F

w™ (F)

o 00 ADR ~» o(A(z,r)) = 1", x € Jf)
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@ Surface ball

A(z,r)=B(z,r)NE,z € E

o FF ADR ~ o(A(zx,r)) ="

o Rectifiability Countable union of Lipschitz Images o-a.e.
o Uniform Rectifiability = ADR and Big Pieces of Lipschitz Images

o [David-Semmes 1991]
Eis UR <= FEis ADR + ALL “nice SIO” are bounded in L*(E)
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[Jerison-Kenig 1982] NTA/CAD domains

@ Openness ~> Corkscrew condition

o Path-connectedness ~~ Harnack chain condition

No Harnack chain

No corkscrew

@ Interior Corkscrew and Harnack Chain

o Qis CAD = o Exterior Corkscrew
o 00 ADR
) ) o Interior Corkscrew and Harnack Chain
o () is 1-sided CAD =
o 000 ADR
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F. & M. Riesz extension: Version I

Theorem (F. & M. Riesz 1916)

) C C simply connected domain, 012 rectifiable — w <K o

Theorem (David-Jerison 1990; Semmes 1989)

w € Ax(0)
n—+1

w(A)

@ Where is the rectifiability?
[David-Jerison 1990]: Q CAD — 0Q UR
o CAD ~> Exterior corkscrew

@ Why do we need the exterior information? ~~> PDE properties!!!
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F. & M. Riesz extension: Version II

Theorem
o O c R*"! 1-sided CAD
@ 00 UR — @ Q CAD — Quwe A,

@ — @ [Azzam, Hofmann, Nystrom, Toro, M.]

o UR = Existence of exterior corkscrews
@ — @ [David-Jerison; Semmes]
@ — @ [Hofmann, Uriarte, M.]
o 9N is UR < // |V2Sf|2dist(-,8Q)dX§/ |f|? do
R7+1 o9
o Local Th Theorem: {bg}oep ~* {w*?}gep Harmonicity!!!

o PDE properties in 1-sided CAD domains
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F. & M. Riesz extension: Version II

Theorem
o O c R*"! 1-sided CAD
@ 00 UR — @ Q) CAD — @uwe A,

o Can we consider other elliptic operators in @7

@ — @: [Kenig-Pipher| or [Fefferman-Kenig-Pipher]
@ — @: V3S seems difficult!!!

Problem 1: PDE properties
@ = @

Problem 2: Existence of Exterior Corkscrews
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o Lu(X) = div(AVu)(X), X € Q
o A(X) = (ai,j(X

))1<Z. i<nil real, symmetric,
A(X)E- €= AE? and [A(X)E - n| < Afg] |n]

o wy, elliptic measure

o Q CcR" CAD o §(X) := dist(X, 90)

VA|§ € L®(9)
Q —  wyp € Ay

IVA|*6 is a Carleson measure

WL, € Aoo

0 } = wLero

A is a Carleson perturbation of Ag

UM Mamell (GSIG)  Fres boundary results | Birmingham, Sept. 2016 12/ 28



Sketch of the proof

The Laplacian Elliptic operators
0000000000

Introduction
OC@0000

000 0000

Elliptic operators on 1-sided CAD
o O c R"! 1-sided CAD o [ =div(AV) elliptic operator

o Goal: Find classes of matrices A such that

wr, € Aso — 0} UR —or () CAD—

Proposition (e.g., Hofmann, Toro, M.)

o O c R 1-sided CAD

The Jerison-Kenig program can be carried out for L

o Holder continuity at OS2 o Bourgain’s estimate

o Caffarelli-Fabes-Mortola-Salsa’s estimate @ wy doubling
o Comparison principle

Furthermore,
° wy, € RH, <~ L?' _Dirichlet problem 1s solvable

0 wy € Ay, < L%-Dirichlet problem is solvable for large q

Birmingham, Sept. 2016 13 / 28
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000

Free boundary results I

°o Ac Liploc(Q)
o |VA|S € L®(Q)

o |VA| is a Carleson measure:

o //
sup _ VAX)|dX <
ceon  0(A(x,7)) VAX)]
0<r<diam (052) B(x,r)N2

Theorem (Hofmann, Toro, M.)
o Q0 C R™! 1-sided CAD
wr € Ao = Ext. Corkscrews (2 CAD) <= 012 UR

© QOur conditions are stronger than [Kenig-Pipher]

o Converse implication is also true
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Free boundary results II: Perturbation

o Good operator: Lou = div(A4gVu)

° wr, € A = | | RH, ° wr, € RH,
g>1

o Perturbed operator: Lu = div(AVu)
o Question 1: When wy, € Ay? ~> Fefferman-Kenig-Pipher

© Question 2: When is wy, € RH,? ~> Dahlberg
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Dahlberg’s and Fefferman-Kenig-Pipher’s perturbation

o Disagreement between Ly and L

X 2
aX)= s [Ao(¥)— AY)| ~ du(x) = DXL gy
YeB(X,5(X)/2) 6(X)
Theorem (Cavero, Hofmann, M.)
o () 1-sided CAD
T
@ Carleson measure: sup M < 00
Acon 0(A)
WL, € Aoo = wjy, € AOO
T
@ Vanishing Carleson measure: lim sup M =0

r—0t A,con 0(Ar)

WL, € RHp — wy, € RHp
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o ) 1-sided CAD

o L Laplacian (or an operator as in [Hofmann, Toro, M.])
o [ “Carleson perturbation” of L

wr € Ay <— wreA, <<— QCAD <«<— 00 UR
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Sketch of the proof: The Laplacian

o A=1 ~» L = L Laplacian

o |Goal: we A, = Exterior Corkscrews

©

02 ADR ~» D = {Q}gep dyadic grid [David-Semmes; Christ|

o Bad cubes B = B(c) := {Q € D : ¢g-ext. corkscrew fails for Q}
: . 1 /
o Goal: |Packing condition  sup ——= Z o(Q") =M <

o QeD~3Q ¢ BnDg with 27 My(Q) < 1(Q") < Q)

o Q' has a cop-ext. cks. = Q has a co 2~ M ext. cks.
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Sketch of the proof: Packing condition

: » 1 /
o Goal: | Packing condition  sup (0 g o(Q") =M <
o)
QeD Q'eBNDg

@ John-Nirenberg reduction: The following suffices

For every Qo € D, 3F = {Q;}; C Dg, pairwise disjoint such that

° 0<QO\UQj) > %OU(QO)

o Y @)= Y a@< 2o

— 100
QEBQDJ;QO QGBODQO: QIQ;eF
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Sketch of the proof: Stopping time
° Qo €D~ Xq (interior) corkscrew relative to 100 Qg
o [Bourgain]: w*°(Qo) > C;*

o Normalization: w := Cpya(Qo)w™? G :=Cpo(Qo) G(+, Xo)

o(Qo)
.. . w(@Q) . .
o Subdivide (dyadically) and stop when Q) is too big or too small
o)
o F C Dg, pairwise disjoint
w(Q) .
o ~1forQeD i.e. :
7 (Q) Q F,Qo (e, Q¢ QJ)
0 we A WJ(QO\UQJ>_WU(QQ)
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Sketch of the proof: Estimate for ) € BN Dz g,

° Qe BNDrg, ~ ® smooth cut-off for Bg

o(Q) veLw w(Q) ~ /m ® dw = /Q VG(X)-V&(X)dX

/ (VG(X) = B) - VO(X)dX + - //wb
/vg ARAL 106 dXB//VCD

@[] 1960x) = B dx + |71 |0 1 Bo)
QQBQ

= Q)" (I + 1)
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Sketch of the proof: Estimate for ) € BN Dz g,

o QeB = IT=|3]|Qex NBg| < col(Q)" ~ e l(Q) 0(Q)

° f_//mBQ }VQ(X)—E(CZXS//U ,E---+//Z€QBQ—11+12
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Sketch of the proof: Estimate for ) € BN Dz g,

o () 1-sided CAD ~= Ug, connected union of Whitney boxes

° §(X) =~ Q) for X € Ug,

© Poincaré inequality in Ug . Constant depends on e€!!!
X
o Caffarelli-Fabes-Mortola-Salsa’s ~~ 9(X) Re w(Q) for X € Ug,.
0(X)  o(Q)

w(Q)
o(Q)

I = //U IVG(X) — BldX S ¢ //U IV2G(X)|dX
S H@o@} (], Iocorauoix)’
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Sketch of the proof: Estimate for ) € BN Dz g,

° Qe BNDrg,

1
l 2
7(Q) 5 wolQ) +eo(@) +Cool@? ([[ 9% 5() ax)
Q €
@ Picking ¢y and € small enough
(Q) S // V2G(X)PO(X)dX  VQeBNDrg,
Uq,e
o Qo =int( |J Uj,)is I-sided CAD
QED]‘—,QO
Valdie
A5 [[ 1v9C0ra)ax < ot
QEBOD]: ,Qo
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Sketch of the proof: Integrations by parts

o | Goal: // ‘V2Q|2ng§U(QO)

@ G harmonic = 0G harmonic
° 2|V(9G)|*G = L£((8G)?) G = div [V((99)?) G — (9G)* V]

o “Divergence Theorem”

// V(0G)]?GdX = //*dlv ((06)*) G — (8G)* VG| dX

= [ [V((09)%) G - (96)*VG] - 7dH"

004
S / [IV*G]|VG|G +|VG|)* | dH"
00y
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Sketch of the proof: Integrations by parts

o We know

gX)  w@)

(X)) T o(Q)
@ Mean Value property 4+ Caccioppoli’s inequality

VG(X)| < %m 5(X) [V2G(X)] < %m

~1, XeUge Q€Drg

o Finally,

// V(9G) y2ng</ [IV?G|IVG|G +|VG|® ] dH"

*

S H™(90) = (diam (024))" = £(Qo)" = 0(Qo) U
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Thank you for your attention!!!
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