<O «Fr 4 > QA

Dorothee Frey

Delft University of Technology, Netherlands

September 14, 2016

it
a

it
-



Weights: w € LL (R"), w >0, w € (0,00) a.e.

A, condition: p € (1,00). w € A, if

p—1
[w]a, = sup <][ wdx) <][ = dx> < o0
B \Us B
T Calderén-Zygmund operator, w € Az, then
Tl 2wy < erlwlaalIfll2e)-
Ex: Riesz transform R = V(—A)~%/2
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Weights: w € Lj;.(R"), w >0, w € (0,00) a.e.

A, condition: p € (1,00). w € A, if

p—1
[w]a, = sup <][ wdx) <][ = dx> < o0
B \Us B
T Calderén-Zygmund operator, w € Az, then
Tl 2wy < erlwlaalIfll2e)-
Ex: Riesz transform R = V(—A)~%/2

p€(l,0). TCZO, w € Ap, then

max(1,717)
[Tl < cprlwla, 7 Ifllee()-
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Riesz transform

IVL™Y2F||2 < c|If]l2

for e.g. L = —divAV with A € L°(R"; M"(C)) unif. elliptic
(sharp) weighted estimate?
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Operator theory - beyond Calderén-Zygmund theory

Riesz transform
IVLTY2F))2 < | fl2

for e.g. L = —divAV with A € L*(R"; M"(C)) unif. elliptic

(sharp) weighted estimate?

Assumptions on L
o L injective, f-accretive operator, 6 € [0, Z), with dense domain in L*(R")
0 31 < pyo <2< go < oo s.th.

—tL —1/po 1/40 —cd(B1B)
[le™ " Lro (By)— L0 (82) < C|Bu| |B2| /%€ ¢

for all balls By, B> of radius v/t.
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beyond Calder6n-Zygmund theory: conditions on T

© T bounded linear operator on L*(R"),
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beyond Calder6n-Zygmund theory: conditions on T
© T bounded linear operator on L*(R"),

@ 3 N € N s.th. for all balls By, B> with radius /¢,

IT(EL)" e ™ || ro () s 190 (82) < C|Ba| /P |Ba|*/ % (1 +

d(Bi, Bz)

2y 4t
t )
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Replacement of Calderén-Zygmund conditions

beyond Calder6n-Zygmund theory: conditions on T
@ T bounded linear operator on L*(R"),

@ 3 N € N s.th. for all balls By, B> with radius v/t,
_nt1

~ , d(Bi,B)?\ 2
| T(L)" €| ro (By) s 190 () < C|Ba| "7 |Ba|*/ (1+%)

© 3p1 € [po,2):

yEB(x,r)

1/q0
(J[ | Te= "t f|% dX> S nf  Me(TH) + inf M (F)(y).
B(x,r) ye€B(x,r
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@ [? unweighted: by assumption / solution of Kato problem AHLMcT
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© LP unweighted:

@ [? unweighted: by assumption / solution of Kato problem AHLMcT
[ TFll<collFl,,

p € (po, qo);
Hofmann-Martell, Blunck-Kunstmann; Auscher-Coulhon-Duong-Hofmann
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(Weighted) Boundedness of T

@ L? unweighted: by assumption / solution of Kato problem AHLMcT

© LP unweighted:
I Tfll<collflls, P € (Po,go);

Hofmann-Martell, Blunck-Kunstmann; Auscher-Coulhon-Duong-Hofmann

@ L” weighted, not sharp: w € A,/,, N RHqq/py

1 Tllp(w) < CoopllFllir(w)s p € (po, qo).

Auscher-Martell
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(Weighted) Boundedness of T

@ L? unweighted: by assumption / solution of Kato problem AHLMcT

© LP unweighted:
I Tfll<collflls, P € (Po,go);

Hofmann-Martell, Blunck-Kunstmann; Auscher-Coulhon-Duong-Hofmann

@ L” weighted, not sharp: w € A,/,, N RHqq/py

1 Tllp(w) < CoopllFllir(w)s p € (po, qo).

Auscher-Martell

reverse Holder class RH:

[w]rH, = sup (ﬁ w? dx)l/‘7 <][dex> < 00

w € Ap n RHq — w? € Aq(p—l)+1
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L, T as above, with critical exponents po, qo.

p € (po, Go). There exists ¢, > 0 such that for all w € A,/py N RHqq/p)
with

Tl s1e, < o([w]ay) o (WRH G, )

pP—po qo—p
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L, T as above, with critical exponents po, qo.

p € (po, Go). There exists ¢, > 0 such that for all w € A,/py N RHqq/p)

Tl < collwla, p [WlRHG, /)™
with
= ass)
@ :=maxq ———, — 5.
p—po’ Go—p
Note: With po
p= 1+_/ € (panO)y
9o
we have 1
o= if p € (po,p|,
pP—po (po. ]
and

qo—]. .
o= — pre P,q90).
do — P [ )
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Interaction - \Weighted sharp bounds

L, T as above, with critical exponents po, qo.

Theorem (Bernicot, F., Petermichl 2016)
p € (po, qo). There exists c, > 0 such that for all w € A,)ps N RH(gq/p)y

[Tl —1e, < o[wlay ) [WRH g /)

with
et
@i=maxq ————,—— 5.
P—Po Go—p
Note: With
. Po
p =1 + 2 € (P07q0)7
9%
we have 1
o = if p € (po, bl
P — Po ( ]
and )
do — .
a=—— if p€[p,qo).
do— P [ )
If go = p}, then p =2, and one has a sharp L2 inequality with o = 52

2—po’
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e If po =1 and go = oo, then

a=max{1,i}.
p

-1
~ reproving A conjecture for e.g. R = V(—A)~*/2 (not for all CZO)

«O0>» 4F>» «=>» « =) Q>



e If po =1 and go = oo, then

a:max{l,ﬁ}.

~ reproving A conjecture for e.g. R = V(—A)~*/2 (not for all CZO)
@ no need for pointwise regularity estimates on full kernel
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e If po =1 and go = oo, then

1
a:max{l,m}.

~» reproving A conjecture for e.g. R = V(—A)"*/2 (not for all CZO)
@ no need for pointwise regularity estimates on full kernel

@ result holds true on doubling metric measure space
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© Holomorphic functional calculus of L

- bounded H* functional calculus on L? by assumption;

- extension to LP for p € (po, qo) by extrapolation
optimal weighted:

(L)t s12, < oo (g g [l ) Il
for all ¢ € H*(S57).
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Examples of operators T

@ Riesz transforms R = VL~1/2
- in Euclidean space/ doubling Riemannian manifold with bounded geometry
and nonnegative Ricci curvature;

- in a convex doubling subset of R” with the Laplace operator associated with
Neumann boundary conditions.

Then for all p € (1,00), w € Ap,

1
IRl s S i, a=max{1 251
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Examples of operators T

@ Riesz transforms R = VL~1/2
- in Euclidean space/ doubling Riemannian manifold with bounded geometry
and nonnegative Ricci curvature;

- in a convex doubling subset of R” with the Laplace operator associated with
Neumann boundary conditions.

Then for all p € (1,00), w € Ap,

1
IRl s S i, a=max{1 251

Note: only Lipschitz regularity of the heat kernel, no pointwise regularity
estimate for full kernel of Riesz transform (no CZO).
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Examples of operators T

@ Riesz transforms R = VL~1/2
- in Euclidean space/ doubling Riemannian manifold with bounded geometry
and nonnegative Ricci curvature;

- in a convex doubling subset of R” with the Laplace operator associated with
Neumann boundary conditions.

Then for all p € (1,00), w € Ap,

1
IRl s S i, a=max{1 251

Note: only Lipschitz regularity of the heat kernel, no pointwise regularity
estimate for full kernel of Riesz transform (no CZO).

© Paraproducts associated with L
For g € BMO.(R"),
M (f) = / QU@ Pg) &
0

~+ sharp weighted algebra properties for fractional Sobolev spaces
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Examples of operators T

@ Fourier multiplier go = oo
linear symbol m on R" satisfying Hérmander condition

1/s
sup (Rm'" / 3?m(£)lsd£> < oo
R>0 R<|€1<2R

for all |a| </, some s € (1,2] and | € (n/s, n).

T(f) = T(f) : x /e"xfm(g)?(g) dé.
[Bui, Conde-Alonso, Duong, Hormozi '15]: kernel of T satisfies L"-L* regularity
off-diagonal estimates, r € (n/l,c0).

Then assumptions satisfied with pp = r and go = cc.
Reproves main result of [Bui, Conde-Alonso, Duong, Hormozi '15].
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Step 1: Sparse domination

Step 2: Weighted estimate for “sparse” operator
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Sparse collection

For any cube @ C R" there exists a shifted dyadic cube
ReD*={27%(0,1)"+ m+ (-1)‘a: ke Z meZ"}
for some o € {0, 3, 2}", such that

Q C R,{(R) <6/(Q).

Denote D :=|J, D*, and call dyadic set any element of D.

Definition (Sparse collection)

A collection of dyadic sets S := (P)pecs C D is said to be sparse if for each P € S
one has

M) > lel< Il

Qéechg(P)

where chs(P) is the collection of S-children of P: the maximal elements of S that
are strictly contained in P.
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p € (po, o). There exists C > 0 such that for all f € LP and g € L?" both supported
with

in 5Qo for some Qo € D, there exists a sparse collection S C D (depending on f,g)

/ Tf - gdx
Qo

<cy |P

1/po , 1/qp
(f £ dx) (][ |g|q°dx> .
e 5P 5P

Stopping time argument for maximal operator
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Maximal operator T# of T

T#f(x) = sup

1/q0
<][ | Te "(BPLf|% dy) . xeM,
%gall B
for f € L®

loc*

T# is of weak type (po, po) and bounded in LP for p € (po,?2].

Via Cotlar-type inequality, extrapolation.
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Maximal operator T# of T

T#f(x) = sup

1/q0
<][ | Te "(BPLf|% dy) . xeM,
%gall B
for f € L®

loc*

T# is of weak type (po, po) and bounded in LP for p € (po,?2].

Via Cotlar-type inequality, extrapolation.

Run stopping time argument with sets

1/po
E= {x € Qo | max{Mg, o f(x), Tgof(x)} > <][ |f|P dx) }

5Q
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Step 2: Weighted estimates for sparse operators

Proposition

Po, go € [1,00] with po < qo, and p € (po, o). Suppose S is a bounded operator on
LP, and suppose there exists ¢ > 0 such that for all f € LP and g € LP" there exists a
sparse collection S with

1/po , 1/qq
(S(e) < e S (][ 7P dx) (][ g% dx) P,
PcS 5P

Then there exists a constant C = C(S, p, po, o) such that for every weight
weAr N RH( . )/, the operator S is bounded on Lf, with
Po ?

1S1l e, < C <[W]AL[W]RH(%°)/>Q7

Po

with
o = max , .
pP—po’ Go—p
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Only for n = 1.

For p>1, wa:x—|x[*isin Ay, ifandonly if -1 <a<p—1,

[w-1tela, et
ase — 0.

bl

[wp—l—,s]Ap ~ g (p=1)
If s > 1, then w_y /s, is critical for RH,

[w—l/s+e]RHs ~e

1/s
sparse collection S = {/, :=[0,27"] : n € N}

choice, asymptotically as r — oo.

p € (po, go). There exist functions f, g such that ¢(r) = r® is the best possible
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Thank you for your attention.
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