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What is delamination?
Modeling delamination by HVI

Energetic approach
Examples
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Control — first approach
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Vehicle crash resistance (cars, helicopters)
Design of structural elements with

HIGH ENERGY ABSORPTION

Classic design: buckling & plasticity

' )~ (0 )

Modern design: use of composite materials
energy absorbed by DELAMINATION
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WHAT IS DELAMINATION

L aminate

I delamination

= =

Modeling: Unilateral contact conditions + adhesive

Typical load-displacement diagram
load

—

u
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VI in MECHANICS (discretized)

Equilibrium: Find v € R™, T € R™, so that

(Au,v) = (L,v)+(T,v) Vv eV

— T € B(u) componentwise
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VI in MECHANICS (discretized)

Equilibrium: Find v € R™,T € R™, so that

(Au,v) = (L,v)+(T,v) Vv eV

— T € B(u) componentwise

Example: (unilateral contact b.c.)

¢ ¢ ¢ ¢ ¢ B(u)

N

% 7
fu, <0 then T,=0 0 u,, <0
ifu, =0 then T, >0 ﬁn(u)=< [0, +c0] u, =0
0 u, >0

Described by a multifunction 3(w): T, € B, (uy,)
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VI in MECHANICS (discretized)

Equilibrium: Find v € R™,T € R™, so that

(Au,v) = (L,v)+(T,v) Vv eV

— T € B(u) componentwise

B : R — R maximal monotone multivalued map
B=03 (={z|(z,v—u)<j(v)—7(uw)}) 7 convex
= —(T,(v—u)) == Ti(vi —u;) <) (J(vi) — j(us))

= OUR SYSTEM BECOMES
(Au, (v —u)) + > ((v:) —j(w)) > (L, (v —u)) VYoeV
equivalent to

(Au,v) = (L,v)+(T,v) VvoeV

— T € 0j(u) componentwise
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hAu, vi = hL, ui+hT, ui ∀v ∈ V
− T ∈ �(u) componentwise

kocvara
� : R → R maximal monotone multivalued map
� = @j (:= {z|hz, v − ui ≤ j(v) − j(u)}) j convex
⇒ −hT, ui = −PTi(vi − ui) ≤ P(j(vi) − j(ui))

kocvara
hAu, vi +X(j(vi) − j(ui)) ≥ hL, ui ∀v ∈ V

kocvara
hAu, vi = hL, ui+hT, ui ∀v ∈ V
− T ∈ @j(u) componentwise


HEMIVARIATIONAL INEQUALITIES

(Au,v) = (L,u) + (T,u) Vv eV

—T € 9j(u) componentwise

WHAT IF 3 IS NOT CONVEX ?
Panagiotopoulos (1985 —): take 873 ... Clarke subdifferential

9j = {w|j°(u;v) > (w,v) Yo}

where 3°(u;v) ...Clarke generalized directional derivative
~T € B(u) = 8j(u) (W) = (T,v —u) < Y jo(usv — u)

HVI: (Au,v — u) + > 3°(uwsv —u) > (L, (v —u)) YveV

(Au,v) = (L,u) + (T,u) Vv eV

—T € 8j(u) componentwise
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hAu, vi = hL, ui + hT, ui ∀v ∈ V
−T ∈ @j(u) componentwise

kocvara
P HVI: hAu, v − ui +Pjo(u; v − u) ≥ hL, (v − u)i ∀v ∈ V

kocvara
P
hAu, vi = hL, ui + hT, ui ∀v ∈ V
−T ∈ @j(u) componentwise


EQUIVALENCE TO OPTIMIZATION PROBLEMS

(Au, v — u)+ ZJ('U'L) —Jj(ui) 2 (L,(v—u)) YveV (V1)
> 3%(usv — u) (HVI)

For A symmetric, VI equivalent to
II(v) := 5(Av,v) + J(v) — (L,v) — inf
> 3(vi)

VI = II(v) convex
0 € JII(w) 1storder condition, necessary & sufficient

HVI =  J(v) (and thus IT(v)) nonconvex
0 € 8II(u) only necessary condition
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hAu, v − ui+Xj(vi) − j(ui) ≥ hL, (v − u)i ∀v ∈ V
Xjo(u; v − u)

kocvara
�(v) := 1
2 hAv, vi + J(v) − hL, vi → inf
Pj(vi)

kocvara
nonconvex

kocvara
necessary


Clarke vs. limitting subfifferential

Discretized HVI:
(Au,v) = (L,u) + (T,u) Yo €V,
—T € 9j(u)

K\ ~ Why Clarke ?

Nature: minimizes potential energy I1
HVI just necessary optimality condition
Clarke subdiff. too large
Mordukhovich’s limitting subdifferential smaller,
corresponds better to this kind of problems
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kocvara
hAu, vi = hL, ui + hT, ui ∀v ∈ V,
−T ∈ @j(u)

kocvara
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Simple model of delamination

I odhesive

Global model at one point of the contact boundary:
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Model example—two strings

Two parallel elastic strings, one breakable
I

@@

e
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HVI approach (1D system, 1 time step)

E, elasticity of string 1
E, elasticity of string 2

Energy: 1st stage (unbroken): w(Ey + E2)u
2nd stage (broken): uFqiu

stress-strain strain energy

Problem: min[min{u(E; + E3)u,uEiu + D} + ful
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min
u
[min{u(E1 + E2)u, uE1u + D} + fu]
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Energetic approach ( 1D system, time step k)

E, elasticity of string 1
E, elasticity of string 2

Energy: 1st stage (unbroken): w(Ey + E2)u
2nd stage (broken): uFqiu

Stored energy:  zu(Eq + CE2)u, ¢ € {0,1}

Free energy: su(E1 + CE2) + fru
Dissipated energy: ({g|g — ¢)D

Problem:

1
%?Eu@h+fEﬂu+fmv+@md—Cﬂ?

st. ¢e€{0,1}
Cold = €
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min
u,�
1
2
u(E1 + �E2)u + fku + (�old − �)D
s.t. � ∈ {0, 1}
s.t. �old ≥ �


Theorem: The HVI problem

min[(min{u(E;, + E3)u,uFE;u + v} + fu]
IS equivalent to the ‘energetic problem’

1
min Eu(El + (E2)u + fru + (ag—1 — ¢)D

st. ¢€{0,1}

(also in general multidimensional case).

Relaxation: ¢ € {0,1} — ¢ € [0,1]
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Relaxation:


Energetic approach, general formulation

Minimize V(u, () + R(¢—¢*1)
subjectto Lu > w*,

(Ua,i — ug,;) - Vi = 0,

(4,7) € Iog, o, B8=1,...,m,

¢*~1 > ¢ >0 componentwise.

with

2
V(u,¢) = Z (ug:Aaua)—l— Zwka (u1,i—uz,5) ' b(ng) (U1, —us,;)
a=1

(¢,3,k) €I

and

(i,3,k)ET
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Minimize V (u, �) + R(�−��−1)
subject to Lu ≥ w�,
(u�,i − u�,j) · �ij ≥ 0, (i, j) ∈ I��, �, � = 1, . . . ,m,
��−1 ≥ � ≥ 0 componentwise.
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Control of the delamination problem

The aim: find such parameters that an objective function depending on
the terminal state is minimized.

“Conceptual” MPEC:

minimize @(x,y)

subjectto x € Ugq,
y Is the terminal state of the delamination process

depending on parameter x,
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minimize '(x, y)
subject to x ∈ Uad,
y is the terminal state of the delamination process
depending on parameter x,


Model example—four strings

two + two parallel elastic strings, red breakable
R

@@
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kocvara
Goal: find stiffness parameters of the green strings such that, at the
terminal time, as much energy is dissipated as possible.


Model example—four strings

two + two parallel elastic strings, red breakable
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Goal: find stiffness parameters of the green strings such that, at the
terminal time, as much energy is dissipated as possible.

kocvara
of the green strings such that, at the


Model example—four strings

two + two parallel elastic strings, red breakable

Jo N R
v
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kocvara
Goal: find stiffness parameters of the green strings such that, at the
terminal time, as much energy is dissipated as possible.

kocvara
breakable
green strings such that, at the


Model example—four strings

two + two parallel elastic strings, red breakable

S E N N
| / /

]
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Goal: find stiffness parameters of the green strings such that, at the
terminal time, as much energy is dissipated as possible.

kocvara
such that, at


Model example—four strings

two + two parallel elastic strings, red breakable

S E N N N

'

Goal: find stiffness parameters of the green strings such that, at the
terminal time, as much energy is dissipated as possible.

On the Modeling and Control of the Delamination Problem — p.21/28



G

AN
ST

I

20

[ Iy

On the Modeling and Control of the Delamination Problem — p.23/28



Model example—four strings

Delamination problem at time 2:
2

min S (ej(ui—ui_y)? + Ge(ui—ui_1)* + (¢ =Cied)
ui ugi¢ines S

subject to

min Cf -+ C;‘“

e1,e2,uf,u3,(%,¢5
subject to
e;1 +ex =2
(w1, uz,(1,C2) Solves (*) at time k.
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min
e1,e2,ui
1,ui
2,�i
1,�i
2
�k
1 + �k
2
subject to
e1 + e2 = 2
(u1, u2, �1, �2) solves (*) at time k.

kocvara
min
ui
1,ui
2,�i
1,�i
2
2
Xj=1 �ej(ui
j−ui
j−1)2 + �i
je(ui
j−ui
j−1)2 + (�i−1
j −�i
j)ed�
subject to
ui
2 ≥ ui
ui
j − ui
j−1 ≥ 0, j = 1, 2
�i−1 ≥ �i ≥ 0


Solving the MPECs as NLPs

Idea: replace the equilibrium problem by KKT system.
Convert MPEC:

minimize ¢ (x,y)
min f(x; y) }

subjectto y solves
s.t. g(z;y) <0

into NLP
minimize p(x,y)

subjectto V, f(xz;y) + AVyg(z;y) =0
g(z;y) <0, A>0
g(z;y)A >0

NLP doesn’t satisfy MFCQ but can be solved by (some) current NLP
software.
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minimize '(x, y)
subject to y solves( min f(x)
s.t. g(x) ≤ 0)

kocvara
minimize '(x, y)
subject to ∇f(x) + �∇g(x) = 0
g(x) ≤ 0, � ≥ 0
g(x)� ≥ 0


Solving the MPEC

Idea: replace the equilibrium problem (*) by KKT system for every time
step.
Convert MPEC into NLP:

€1,€2,U1,U2 ,rCrll,l(?z ,multipliers Cf + Czk
subject to

e; + ez = 2

KKT?!

KKTN

where N is the number of time steps.
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min
e1,e2,ui
1,ui
2,�i
1,�i
2
�k
1 + �k
2
subject to
e1 + e2 = 2
KKT1
. . .
KKTN


Solving the MPEC

Main trouble: the delamination problem (*) is nonconvex and has
several isolated local minima (stationary points).

Only one corresponds to a “physical solution” (but not the global
minimum).

MPEC's upper level objectives may force the system toward
“non-physical” solutions

— (very) fine time discretization may be needed

— (very) large system

Four-string example:
2 “upper-level” variables, 4 “lower-level” variables, 32 time steps
— 354 NLP variables
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Model example—four strings

two + two parallel elastic strings, red breakable

oo UK N R
i //

.

ex = 1, (N =¢V =0
1.7,e2 = 0.3, ¢ =¢V =0

“Physical” solution: eq
“Non-physical” solution: e;
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