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Abstract

The paper considers a classic formulation of the topology optimization problem of discrete
or discretized structures. The objective function to be maximized is the smallest natural
frequency of the structure. The model of the problem takes into account multiple load con-
ditions, equilibrium of forces, constraints on compliance and volume, and the effect of pos-
sible non-structural mass. After the statement of the mathematical model we discuss serious
obstacles for a successful numerical treatment of this formulation such as non-Lipschitzean
behavior and even discontinuity of the objective function. As a cure we present an equiv-
aent reformulation as a bilinear semidefinite programming problem without the pitfalls of
the original problem. An algorithm is presented for finding an approximation of aglobally
optimal solution up to a user-defined accuracy. The key ingredient of this algorithm is the
treatment of a sequence of linear SDPs. Numerical examples are provided for truss struc-
tures. Examples of both academic and larger size illustrate the theoretical results achieved
and demonstrate the practical use of this approach. We conclude with an extension on
multiple non-structural mass conditions.

Keywords. Topology optimization, Vibration of structures, Optimization of Eigenvalues, Nonlinear
semidefinite programming
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1 Introduction

The subject of this paper is topology optimization of discrete and discretized structures with
consideration of free vibrations of the optimal structure. Maximization of the fundamental
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eigenvalue of astructureisaclassic problem of structural engineering. The (generalized) eigen-
value problem typically reads as

K(z)w = MM (x) + My)w

where K (x) and M (z) are symmetric and positive semidefinite matrices that continuously (of-
ten linearly) depend on the parameter z. The main difficulty brings the nonsmooth dependence
of eigenvalues on this parameter. In fact, we shall see below that the dependence of the smallest
eigenvalue on z may even be discontinuous in topology optimization problems.

The problem has been treated in the engineering literature since the beginning of 70s; see the
paper [18] and the overview [17] summarizing the early development. See also the recent book
[19] for up-to-date bibliography on this subject. The general problem of eigenvalue optimiza-
tion belongs also to classic problems of linear algebra. When the matrix M (z) + M, is positive
definite for all =, then one can resort to the theory developed for the standard eigenvalue prob-
lem; see [13] for an excellent overview. Not many papers studying the dependence of the
elgenvalues on a parameter are available for the general case when M (z) + M, isonly positive
semidefinite; see, e.g. [6, 20, 22].

The paper isorganized asfollows. In Section 2 we present aformulation of the structural design
problem where we maximize the fundamental frequency, i.e., the smallest eigenvalue of certain
generalized eigenvalue problem, subject to equilibrium conditions and constraints on the vol-
ume and the compliance. We illustrate several severe theoretical difficulties of this formulation
as non-Lipschitzean behavior and even discontinuity of the involved functions. In Section 3 we
formul ate this problem as a semidefinite program (SDP) with abilinear matrix inequality (BMI)
constraint. This formulation, however straightforward, has never been used for the numerical
solution of the problem, up to our knowledge. The reason for this was the lack of available
SDP-BMI solvers. We solve the problem by a recently developed code PENBMI [10]. Due to
the BMI, the reformulated problem is nonconvex. By consideration of a related convex SDP,
however, it is possible to improve lower and upper bounds for the globally optimal function
value of the original problem. This, finally, leads to an algorithm for finding an approxima-
tion of a globally optimal solution of the original problem up to a given acurracy. Section 5
presents some numerical examples of different size. These examplesillustrate the formulations
and theoretical results developed in the paper and also demonstrate the solvability of the SDP
formulations and thus their practical usefulness. In Section 6 the paper closes with an extension
to problems with several independent non-structural masses applied at different time points.

All formulations and theorems in the presentation are devel oped for problems using discrete or
discretized structural models satisfying certain properties. All numerical examples show trusses
to keep the notation and visualization fixed and simple. The theory, however, also appliesto dis-
cretized structures, for instance, to the variabl e thickness sheet or the free material optimization
problems (see, e.q., [4]).

This paper is based on a mathematically oriented paper of the authors (see [2]). Here we want
to present material and new examples relevant for practicioners.

We use standard notation. In particular, the & x k identity matrix is denoted by 7., and ker(A)
and range(A) denote the null space and the range space of amatrix A, respectively. The notation
“A = 0” means that the symmetric matrix A is positive semidefinite and “ A > 0" meansthat it
is positive definite. For two symmetric matrices A, B the notation“ A = B” (*A = B”) means
that A — B is positive semidefinite (positive definite). Finally, z # 0 means that at least one



component of avector x isnot equal to zero and = > 0 saysthat all components of = are greater
than zero.

2 Problem definition

2.1 Basicnotations, generalized eigenvalues

We consider ageneral mechanical structure, discrete or discretized by the finite el ement method.
The number of members or finite elements is denoted by m, the total number of “free” degrees
of freedom (i.e., not fixed by Dirichlet boundary conditions) by n. For a given set of L (inde-
pendent) load vectors

feeR" f, #0, (=1,...,L, Q)

the structure should satisfy linear equilibrium equations
K(ZE)Ug:fg, gzl,,L (2)

Here K (z) is the stiffness matrix of the structure, depending on a design variable x. We will
assume linear dependence of K on x,

with x; K; being the element stiffness matrices. Note that the stiffness matrix of element (mem-
ber) e; istypically defined as R

T K = CUz'PiKiPiT (4)
where P, P! is a projection from R™ to the space of element (member) degrees of freedom. In
other words, K; isamatrix localized on the particular element, while K; livesin the full space
R™. Further,

v K = / 2; BT E;B; dV

where the rectangular matrix B; contains derivativesof shape functions of the respective degrees
of freedom and E; is a symmetric matrix containing information about material properties. To
exclude pathological situations, we assume that

ngrange<§:Ki> foral ¢=1,....L (5)
=1

which means that there exists amaterial distribution x > 0 that can carry al loads f/, i.e., there
exist corresponding u, . . ., u, satisfying (2).
Similarly to the definition of K (x), the mass matrix M (x) of the structure is assumed to be
given as
M(z) =" a;M;, M; = P,M;PF (6)
=1
with element mass matrices



Here V; contains the shape functions of the degrees of freedom associated with the ;" element.

Thedesign variablesz € R™, = > 0, represent, for instance, the thickness, cross-sectional area
or material properties of the element. We will assume that

x; >0, 1=1,...,m.

Notice that the matrices IA(Z-, ]\Z have the properties }AQ = 0, J\Z >~ 0, and thus K(z) = 0,
M(z) = 0foral x > 0. From apractical point of view, it is worth noticing that the element
matrices K; and M; are very sparse with only nonzero elements corresponding to degrees of
freedom of the i*" element. That means, for each i, the matrices K; and M, have the same
nonzero structure (see aso Lemma 1 below). The matrices K (z), M(z), however, may be
dense, in general.

In the sequel, we will sometimes collect the displacement vectors uq, ..., u; for al the load
cases in one vector

w=(ul,...,ub)t e RE™

for simplification of the notation.

In this paper we do not rely on any other properties of stiffness and mass matrices than those
outlined above. Therefore, the problem formulations and the conclusions apply to a broad
class of problems, e.g., to the variabl e thickness sheet problem or the free material optimization
problem (see, e.g., [4]). For the sake of transparency, however, in the examples we concentrate
on aparticular class of discrete structures, namely trusses.

In this article, we will additionally consider free vibrations of the optimal structure. The free
vibrations are the eigenvalues of the generalized eigenvalue problem

K(z)w =AM (x) + Mp)w. (8)

The matrix M, € R™*" is assumed to be symmetric and positive semidefinite. It denotes the
mass matrix of a given non-structural mass (“dead load”). The choice M, = 0 is of course
included in our development.

In the sequel we use the notation
X ={zeR"|z>0, z#0}

for the set of all design variablesreferring to non-zero structures.

As a consequence of the construction of K (x) and M (z) we state a first fact which is widely
known among practicioners. However, a strictly mathematical proof, athough very simple, is
difficult to find in the literature.

Lemmal For each z € X it holdsthat

ker(M (x) + My) € ker(K(x)) .

Proof: Let u € R™ beinker(M (z) + My). Thenu” (M (z) + My)u = 0, i.e. (see (6)),

0=u" ( > 4, PMPT + Mo>u =" wi(PTu)" My(PTu) + o Mou .
=1 1=1



Because]\Z = 0 for all 7, and because M, = 0, we conclude that
Pfu=0 for al 7 such that ; > 0.
Hence, by the definition of K (x) and by (4),

K(x)u = ZmiKiu = ZxZPJA(ZPlTu = Z xiPil?iPiTu =0,
i=1 i=1 i 7#0

and the proof is complete. O
We now want to define a function A,,;, (+) that assigns a given structure represented by vector
x € X the smallest eigenvalue A of problem (8). Before doing that, we mention the fol-
lowing dilemma hidden in the generalized eigenvalue problem (8). If x € X isfixed and
(A, w) € R x R* isasolution of (8) with w # 0 but with w € ker(M (z) + M,) then Lemma 1
shows that also K (z)w = 0. Hence (u, w) is aso a solution of (8) for arbitrary 1 € R. In
this situation we say that this eigenvalue is undefined; otherwise it is well-defined. Because
undefined eigenval ues are meaningless from the engineering point of view, we want to exclude
them from our considerations. This leads to the following notation.

Notation 2 For any z € X, let A\, () denote the smallest well-defined eigenvalue of (8), i.e,
Amin(2) = min{ | 3w e R":  K(x)w = ANM(z) + My)w,
w ¢ ker(M(x) + M) 1

By standard linear algebraand by Lemma 1 it is seen that \,,,;, (x) can be written in the form of
a Rayleigh quotient,

. u' K (z)u

f 9

w: (M(m)lilMo)u;éo uT(M(x) + My)u ©)

fordl z € X (see eg., [2] or [9]). This shows that the function \,,;,(+) is finite and non-
negativeon X .

/\min (ZE) =

2.2 Problem definition, difficulties

Maximization of the smallest eigenvalue of a mechanical structure is of paramount importance
in many industrial applications; see, e.g., [17]. In this article we define it as the problem of
maximizing the smallest (well-defined) eigenvalue of (8) subject to equilibrium conditions and
constraints on the compliance and on the volume:

max  Apin() (P)

zeR™ yeRL ™

subject to

(Z%KJW:ﬂ’KZLHL
=1

flu, <7, (=1,...,L

m
=1

z; >0, i=1,...,m.



This problem, or its minor modifications, has already been considered at several places in the
literature. It finds valuableinterest in practical applications (see[17, 19, 13]). To the knowledge
of the authors, however, arigorous treatment of this problem with positive semidefinite matrices
K and M (i.e., permitting z; = 0 for some 4, as needed in topology optimization) has not been
considered, so far.

Remark 3 We mention that problem (P) is closely related to the following minimum volume
problem with an eigenval ue constraint:

m

min E z; (10)
zeR™ yeRLn £ 1
1=

subject to

<Z$K> w=f, 0=1,...,L
=1

flue <7, (=1,...,L
/\min(l‘)zX

x; > 0, 1=1,...,m.

Here A > 0 isagiven lower bound for the minimal eigenvalue, and ¥ plays the samerole asin
problem (P). Among practicioners, this problem is sometimes treated instead of (P). It should
be noted, however, that the solutions of both problems are generally not the same, even after a
suitable scaling. An exampleis discussed below in Ex. 16.

Similarly, (P) is closely related to the problem with the roles of A, (-) and the function
(x,u) — ax f# u, interchanged (the worst-case minimum compliance problem). Theoret-

ical investigations on the interrelations between (P), (10), and the latter problem can be found
in[2]. o

We now discuss several difficulties related to formulation (P) in the light of its numerical treat-
ment.

Difficulty 1: Nondifferentiability Itiswell-knownthat A,..;,(-) generally isanon-differentiable
function. At least if x > 0 it iseasy to seethat problem (8) is equivalent to

(M(z) + M) 2K (z)(M(z) + M) 2w = Aw .

Then A\ (+) isdifferentiableif the multiplicity of the minimal eigenvalue of the above problem
isone (see, eg., [13]). In numerical procedures, some practicioners circumvent nonsmoothness
by small perturbationsin the variable x to achieve differentiability. It should be noted, however,
that the use of algorithms of nonlinear (i.e., smooth) optimization in such a methodology may
lead to wrong results.

Difficulty 2: Non-Lipschitzean behavior The natural cure to Difficulty 1 isthe use of meth-
ods of Nonsmooth Optimization. These methods use generalized gradient information instead
of gradient information, i.e., take non-smoothness into account. From the viewpoint of the au-
thors the most general framework with yet numerically tractable problems is provided by the



Figure 1: Example 4—initial design.

calculus of Clarke (see, e.g., [7]). This calculus works with functionsthat are locally Lipschitz-
continuous (“1.1.c” inshort). A function f : X — R isdefinedtobel.l.c.if foreachz € X
there exists some neighborhood U (z) of z and aconstant L = L(z) such that

W <L fordlzec (XNUZ)) (11)
r—XT
(where || - || denotes, e.g., the euclidean norm). Note that any I.I.c. function is continuous.

Property (11) shows that (maybe severa distinct) limits of the quotient on the left hand side
exist for r — z. These limits then mimic the “slopes’ of the non-smooth function f at
when approaching = from different directions, say. These data can be used also in a numerical
approach, e.g., building a piece-wise linear model near z. There exist a few algorithms and
codes for calculating a local optimizer of al.l.c. function f.

Hence, if A\ (-) was l.l.c., then the nonsmooth calculus of Clarke could be used and known
numerical procedures could tackle problem (P). The following numerical example, however,
indicates that A, (-) lacks to be I.l.c. near the boundary of X. This is slightly unexpected,
given the well-known fact that the eigenvalues of the standard symmetric eigenvalue problem
arel.l.c. functions (see, e.g., [5]).

Example 4 Consider a 3 x 3 ground-structure on a square 1 x 1 area in 2D with all nodes
connected and with a horizontal force (—1,0) applied at the central node (L = 1); see Fig. 1.
We use the (scaled) Young's modulus 1.0, for simplicity, in al bars. Now consider problem (P)
where we have replaced the zero lower bound on the design variables by a parameter = > 0.

)\min Ps
e Amin(7) (Pe)

subject to

<ZxK> w=1fs, (=1,...,L
=1

fZTu€§77 gzlaaL

m
=1

T; > €, 1=1,...,m.

Let (zf,u’) denote a solution of this problem. We have numerically calculated (z*, u*) for
1.5-1077 < e < 2-1072 (We will show later on how this can be done). Figure 2 shows the
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Figure 2: Example 4 demonstrating apparent non-Lipschitz behavior of the minimum eigen-
value function close to the boundary of the feasible region. The graph of the function (left) and
its derivative (right) are shown.

Figure 3; Example 4—optimal structuresfor z; > 2 - 1072 (left) and z; > 0 (right).

behavior of the objective function A, (+) a the optimizers «* when ¢ is varied. The function
Amin(+) loOksall but Lipschitz (for smaller values of  we were unable to compute the function
value due to round-off errors). To seeits behavior more clearly, we plot in the right-hand figure
the derivative (computed by finite differences) in theinterval [1.5- 1077, 1.6 - 1075]; thisfigure
confirms the non-Lipschitz behavior. When we solve the minimum eigenvalue problem (P)
with z > 0, we obtain the optimum value A* = 0.7071068. Obviously, the picture is not a proof
of a non-Lipschitz behavior but it is very indicative. The optimal trussesfor e = 2 - 102 and
for the problem with x > 0 are shown in Figure 3 (left and right, respectively). In thefirst case,
only bars that are not equal to the lower bound ¢ are presented. In both cases, the compliance
constraint was inactive. O

The use of positive lower bounds is also addressed below.

Difficulty 3: Discontinuity Asalready indicated in the previous example, problem (P) inher-
ently contains an even more serious difficulty which is not seen at afirst glance. First, it can be
proved that \,.,;,(+) isupper semicontinuous (“u.s.c.” inshort) on X, i.e., that for each sequence
(z%);en C X of structures converging to some structure z € X we have the inequality

lim sup Amin (%) < Amin(T) (12
(for the proof, see [2]). Unfortunately, lower semicontinuity, i.e.,

lim inf Apin(2°) > Amin(Z),

1—00



Figure 4: Example showing possible discontinuity of A,

does not necessarily hold for structures z on the boundary of X. As a consequence, A, (-)
lacks to be continuous at such points. This unpleasant fact is related to the situation that some
elgenvalues may become undefined when K (z) becomes singular. The following example of
academic size illustrates this behavior.

Example5 Consider the planar truss depicted in Figure 4 with the four nodal points (0, 0),
(0,1), (3,2), and (1, 3). Let the truss be symmetric w.r.t. its horizontal axis, so consider only
two design variables, x; and x5, denoting bar volumes. Again, the Young’'smodulusis1.0 inall
bars, for simplicity. Then the corresponding stiffness and mass matrix have the following form.

-2 0 0 0
B 0 x;-2 0 0
K@ =10 o mn2 o
0 0 0 a2
T - 2v/2 0 0 0
0 T 2v/2 0 0
M —
(z) 0 0  2-2V5 0
0 0 0 T - 2v/5

Hence, if 1 > 0 and 2, > 0 then, due to the specia situation that here K and M are diagonal,
we can easily calculate the four structural eigenvalues by taking the quotients of corresponding
entriesin the diagonalsof K and M,

2 1 1 o 2 1

win — v5 07 avan = vz~ 071,
32 T2 8 T2 ~
22w 0.2, ST~ 0.07,

Anaogoudly, if z; > 0 and z, = 0 then the first two eigenvalues are m‘”‘f—l ~ 0.71 as before,
but the remaining two eigenvalues become undefined. Summarizing, for any design vector

x = (x1,z9) Withz; > 0 we obtain

~ 0.07 forzo >0

Amin = 50v5
() {7~071 for x5 = 0.

Thus, A (+) isdiscontinuous at all points x with z; > 0 and x5 = 0. As seen, the reason for

the discontinuity lies in the fact that, when =, = 0, the eigenvalue WI—Q becomes undefined
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Figure 5. Example 6 demonstrating possible discontinuity of \,;,; initia structure (left) and
graph of the minimal eigenvalue as afunction of ¢ (right).

and A\ () “jumps up” to what was before the second smallest eigenvalue. This example also
nicely illustrates the upper semi-continuity of i, (-) mentioned above; see (12).

O

Note that the possible discontinuity of A,.;,(-) preventsthe use of the continuation approach al-
ready discussed above, i.e., the use of smaller and smaller positive lower bounds on the design
variables (see problem (P.)). This continuation approach is widely used in Structural Opti-
mization. To make this transparent, let again (z*, u}) denote a solution of problem (P.) for
each e € [0, 0] (where é > 0 is some given number). Assume that the solution structure =} is
uniquefor al € € [0, ], and that there exists z with ¥ — z for ¢ \, 0. Then, due to possible
discontinuity, it might happen that

g{% /\min(xg) < /\min(a_j) < )\min(xo)7
i.e., thelimiting structure 7 is different from the solution structure of the problem (P.) for e = 0,
the unperturbed problem (P).

Thefollowing example showsthat A, (z}) for e \, 0 may convergeto avaluethat isfar below
the true optimal value \.;,(z*) of (P) (although here =¥ — ).

Example 6 Consider the 2D ground-structure shown in Figure 5, together with boundary con-
dition and the force applied at the central node. Figure 5-right shows the behavior of the objec-
tivefunction \,,,;,,(z7) of the problem (P.), wheree liesin theinterval [2-107°,3-1073]. We can
observe linear behavior of the minimal eigenvalue; this (multiple) eigenvalue is associated with
vibrations of the right-hand corners that are only connected to the structure by the e —thick bars
(see Figure 6-left). Hence, when ¢ reaches zero, those bars disappear, the corresponding entries
in the stiffness and mass matrices become zero and the eigenvalue becomes undefined. Using
the continuation approach, we would then use a limit of the sequence of solutionsfor ¢ — 0,
i.e, we arrive at a value around 0.113924 for Ay, (2*) (Which is Ay, (27) fore = 2- 107°).
However, solving problem (P), i.e., (P.) with e = 0 (see below how to do this...) then we
obtain the true solution =* of (P) with A\, (2*) = 0.707107; the optimal structure is depicted
in Figure 6-right. Here we clearly see the discontinuity of \,,;, on the boundary of the feasible
domain. O

10



Figure 6;: Example 6—optimal structuresfor z; > 2 - 10° (left) and z; > 0 (right).

Difficulties4to 6 There are three other (though minor) difficultiesin the numerical approach
dealing with (P). First, problem (P) is nonconvex and thus we cannot expect more than local
optimality of a solution obtained by a suitable numerical approach, whether is this approach
based on descent concepts or on optimality conditions (due to the large number of variables,
application of methodsfrom global optimization are not applicablein practical situations). Sec-
ond, the numerical calculation of A, () at given points z is expensive and delicate. Although
there are well-established numerical proceduresin program libraries to solve this problem, it is
still achallengeto calculate A, () in reasonable time and with sufficient precision. The same
istrue for the calculation of a corresponding eigenvector which is needed for the calculation of
the gradient of \,;, at = (provided \,;, is differentiable at z). There are three other troubles
connected to this point. First, only the minimal eigenvalue should be calculated. Dueto the size
of the matrix, it isnot desirable to calculate all eigenvalues and select the minimal one. Second,
accuracy is a problem, in particular for the decision whether an eigenvalue is the minimal one,
whether its multiplicity is one or bigger, and whether it iswell-defined at all. This corresponds
to the third trouble, ill-conditioning: if K (z) is (nearly) singular (and this is often the case in
topology optimization), most of the solution procedures will break down.

Asaconsequence of all these difficulties, we conclude that formulation (P) is not useful for our
purpose, i.e., numerical solution of the topology optimization problem. From the authors' point
of view, the most crucial obstacles are the non-Lipschitzean behavior and the discontinuity of
the objective function because they are of theoretical nature and exclude the use of standard
numerical procedures. Notice that in meaningful topology optimization problems many or even
most of the design variables x; will become zero at the optimum and thus the treatment of
singular stiffness matrices and the related non-Lipschitzean behavior or discontinuity of A i, (+)
isamust.

In the following section we present an equivalent formulation of the problem which largely
overcomes all the difficulties explained above.

3 Reformulation as semidefinite program

Recall that problem (P) is nonconvex and discontinuous. Furthermore, it implicitly includes
the computation of the smallest eigenvalue A, (2*) of (8) at each iteration point z* of a cer-
tain solution procedure. In this section we give a reformulation of (P) which is much easier to
analyze and to solve numerically. Although this reformulation seems to be known in the com-

11



munity of Mathematical Programming, it has never been used for the numerical solution, up to
our knowledge.

We start with an auxiliary result expressing the compliance constraints as so-called linear matrix
equalities based on the ordering cone of positive semidefinite matrices. Recall the notation “ ="
explained at the end of the Introduction.

Proposition 7 Let z € R™, x > 0, and v € R befixed, and fixanindex ¢ € {1,..., L}. Then
there exists u, € R™ satisfying

K(xjug=fo and  flu, <7

(—’Yfz fzg)) =0

Proof: Note that K (z) may be singular in our case, so that we cannot directly use the Schur
complement theorem (see, e.g., [3]). We first write the matrix inequality equivalently as

if and only if

oy —2affv+ 0" K(z)v >0 Vae€R,VveR". (23)

=" AsK(z) = 0, we know that u, minimizes the quadratic functiona (v — vT K (z)v —
2f}v) with the minimal value — f/ u,. Thus

VI K (z)v —2ffv> —flug > —y Yo eR™.
Using the substitution v = ow, o € R, we can write this as
(ow)TK(z)(ow) — 2f] (cw) > —y Vo € R,Vw € R",

hence
w'K(z)w — L2ffw > —%~ Vo e R\ {0},Vw € R"

whichisjust (13) witha = 2.
“<" Puta = 1. Then we get from (13) that

y=2ffv+vTK(x)v >0 Yo eR",
and so the convex quadratic function
q: v —2ff v+ v K (2)v

is bounded from below. By this, standard linear algebra shows that ¢(-) possesses a global
minimizer u, € R, i.e., the gradient of ¢ vanishes at u,, proving

K(.CE)U,Z = fg .
Inserting thisinto (13) with o = 1, we have
v =2f ug+ug fy >0,

thatis, v > f} u,, and we are done. O
Asasecond step we use adifferent representation of A, (+), based again on matrix inequalities.

12



Proposition 8 For all = € X,
Amin(2) = sup{A | K(z) — A(M(z) + Mo) = 0} .

Proof: Let x € X begiven and recall representation (9) of A ().

Let usfirst show the “>" part. Take an arbitrary \ satisfying K (z) — A(M (z) + M,) = 0,i.e,
u' K (x)u — Ml (M(x) + Mo)u >0 Yu#0.

Consider u with (M (x) + My)u # 0; then we have

ul K (x)u
M () + Myyu =

Because \ and u were arbitrary, we can write “inf” in front of the fraction and “sup” in front of
A and the inequality remains valid. Now insert (9).
The proof of the“ <" partissimilar: Let

< ul K (x)u

A= inf .
u: (M(m)l—r&-lMo)u;:éO UT(M(I) + M())’LL

Then
ul K (x)u

uT (M (x) + Mo)u
for all w with (M (x) + My)u # 0 which in turn means that

A<

ul Ku — Mu® (M (z) + Mo)u > 0 Vu o (M(x) + My)u # 0.

If (M(x) + Mo)u = 0thenu € ker(K(x)) by Lemmal, and thus the above inequality holds
aswell. All inal, K(z) — A(M(z) + M,) = 0,i.e,
A <sup{\ | K(z) — A(M(x) + M) = 0} .

O

Proposition 7 showsthat the displacement vectors u, may be eliminated and that the compliance
constraints may be treated by matrix inequalities which linearly depend on the design variable
x. Similarly, Prop. 8 shows that A,.,;,(-) may be expressed through a variable A € R subject to
matrix inequality as constraints. We arrive at the following problem formulation:

LB (5)
subject to

7 I _
(—fz K@)zo, (=1,...,L

m
=1

1'120, izl,...,m
K(z) — MM (z) + My) = 0.

13



Here the constants 5 and V' are given as in the original problem formulation (P). Notice that
the variables are now x (as before) and A € R (new). The state variablesu,, ¢ = 1,. .., L, have
been eliminated and are implicitly hidden in the first group of matrix inequalities.

Dueto the matrix inequalitiesamong the constraints, problem (S) belonsto the class of so-called
semidefinite programming problems (SDP). During the past decade this problem class has been
extensively studied by many researchers of the mathematical programming community. For
introduction to SDPs we refer to the monographies [3] and [8].

The above problem reformulation results in the following theorem. It directly follows from
Propositions 7 and 8.

Theorem9 (a) If (2*,u*) isa global maximizer of (P) then (z*, \*) is a global maximizer
of (S) and \* := A (2*). Moreover, the optimal values of both problems coincide.

(b) If (z*, \*) isa global maximizer of (S) then there exists u* such that (z*, «*) isa global
maximizer of (P). Moreover, the optimal values of both problems coincide, i.e., \* =
)\min(ﬂf*).

We emphasize that, due to the SDP reformulation, the originally discontinuous problems be-
came continuous; afact of big practical value. Moreover, the numerically difficult evaluation of
Amin(+) IS Circumvented, but matrix inequalities must be treated instead. Also note that (S) isan
SDP problem with a bilinear matrix inequality (BMI) constraint, i.e., is generally nonconvex.
We remark, however, that problem (S) hides a quasiconvex structure; see[2].

By using the Propositions 7 and 8, we may also clarify the existence of solutions of our prob-
lems.

Theorem 10 Problem (S) (or, equivalently, problem (P)) possesses a solution if and only if it
possesses feasible points.

Proof: By Prop. 7, problem (S) can be written in the form

max{ A\pin(z) |z € F} 14
with the feasible set
I m v _fZT . . - ) 17
]:._{xeR ‘ (_ﬂ Kl > =00 > 0; ;ngv}.

Because the cone of positive semidefinite matrices is closed, the set F is compact. Moreover,
0 ¢ F dueto assumption (1), i.e,, 7 C X. Hence, because A, (-) iS upper semi-continuous
(u.s.c.) on X (see eg., [2]), itisu.s.c. on F. Now, each u.s.c. function attains its supremum on
anon-empty compact set (see, e.g., [15, Thm. 2.13.1]). O

4 Calculation of global maximizers

Instead of using methods from Global optimization for the calculation of aglobal maximizer of
problem (S), we may use the close relation of (S) to certain convex SDPs. In the following we

14



propose a practical framework for finding the global solution of (S) (or (P); see Thm. 9) based
on the solutions of a sequence of convex SDPs.

For fixed A > 0 and fixed 9 > 0 consider the following linear SDP:
A Beald. o)
subject to

7 —f B
(—ﬁ ng)zo, (=1,...,L

in <V

1=1

V<V

x; >0, i=1,...,m
K(x) — (A +06)(M(x) + My) = 0.

We mention that an SDP of this type has first been formulated and studied in [16]. It repre-
sents a problem where volume is minimized subject to compliance constraints (see Prop. 7) and
eigenvalue constraints. Note that by Prop. 8 the matrix inequality constraint

K(x) — (A +6)(M(x) + My) =0

simply means that A, () > A + 6. Problem (S,o1[), d]) is therefore just an extension of the
problem (10) mentioned above in Remark 3.

In the following, the feasible set of problem (S,qi[A, 0]) is denoted by F (), 6), for simplicity.
Notice that (Sai[A, 8]) isalinear SDP, i.e., a convex optimization problem for which a global
maximizer can be calculated, provided F (), ¢) # @. Moreover, because (Syq[A, 0]) isaconvex
SDP, modern solution procedures are able to recognize (up to numerical acurracy) whether
F(X,0) = @ ornot.

The following proposition gives a tool for the estimation of the (globally) optimal objective
function value of problem (S). Its proof is easy because the constraints in the considered prob-
lems are almost identical.

Proposition 11 Let (z, \) be feasible for (S) and let A** denote the (globally) optimal function
value of problem (S). Moreover, let 6 > 0 be arbitrary and consider the problem (S,q[A, 0])
with the parameters# and V' copied from (S). Then the following assertions hold:

(@ If F(X, o) # @ thenfor each (z, V) € F(\, ) thepoint (x, A+ 0) isfeasiblefor (S), i.e,

A< A+ <A (15)

(b) If F(\,6) = @ then
A< A <A+ (16)

The practical value of this proposition liesin the possibility to improve upper and lower bounds

for \** which can be numerically calculated through solutions (or only feasible points) of the
convex linear SDPs of the type (Svo1[ ), 6]).
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As a pre-processing step, we first calculate initial lower and upper bounds ALY on A**. For
this, first compute a feasible point (z, A) of (S) and choose arbitrary 6 > 0. Then find the
smallest k € N such that F (), 2%) = & by treating (S,.1[)\, 2%5]) repeatedly. Set

ANo=A+21  and A= A+2%.

Then Prop. 11 shows that
0 <A <A <AV (17)

With these bounds it is easy to construct the following bisection type algorithm which in each
step reducesthe gap (A}, — A}) by afactor of (at least) 5.

Algorithm 12 Choose an accuracy n > 0 and afeasible point (g, Ag) for (S).
Put o := 3(Aj — A\§) and k := 0. Goto Step 2.

1. Calculate afeasible point [or even alocal maximizer] (zx, \x) of (S) with the additional
constraint “\ > \L”,

2. If Ay > AL then update AL by AL = ).
3. If AV — AL <y then EXIT with theresult (z*, \*) := (1, \).

4. Put b, := 1(\Y — AL) and consider problem (S.oi[A, dx))-

4A. Put AL, := A} + 6, k:=k+1,andgoto Step 1.
Otherwise, if F(\x, d,) = @, then:
4B. Put A, :== \{ — &, k:=k+1,andgoto Step 1.

The proof of the following proposition is a straightforward exercise.

Proposition 13 Let (S) possess a global solution (z**, \**) (see Thm. 10). Then the following
assertions hold.

(a) Algorithm 12 iswell-defined, and after each iteration we have

M <A <A <A and AL — A< 27RO = 2.

(b) Algorithm 12 terminates after a finite number K of iterations, and

K < FH(ASJ —Qé))—ln(nw

(where [a] = min{N | N € N,a < N}, asusual).
At termination, theresult (z*, A*) isfeasiblefor (S) with
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Notice that the additional constraint “A > A\£” in Step 1 of Algorithm 12 does not cause any
trouble because it islinear. But it guarantees that the sequence (), is monotonically increas-
ing. Moreover, the calculation of global maximizers (in Step 4A), resp. local maximizers (in
Step 1), instead of just feasible points should significantly speed up the algorithm. In this case
the update of AV in Step 4B, resp. of AL in Step 2, may lead to a much bigger reduction of the
gap Ay — Aj-

For the numerical treatment of the SDP problems (S) and (Sya[A, d]) one must resort to methods
of semidefinite programming. Such methods, and corresponding codes, are nowadays available
for linear SDPs. We mention Internet pages plato.la.asu.edu/bench.html which includes the list
of available SDP solversand also benchmarks of SDP software and neos.mcs.anl.gov/neos/solvers/
which can be used for on-line solution of SDP problems. The limiting factor of these codes
is, however, the problem size which, compared to general nonlinear programs, is restricted to
problems of medium size. The problem (S) even requires a method which can deal with bilinear
matrix inequalities. We will use such a method to solve example problemsin the next section. It
should be noted, however, that algorithms and codes for SDPs with bilinear matrix inequalities
are on the edge of current research and are not yet standard.

5 Numerical examples

In this chapter we present numerical examples which will, on the one hand, illustrate some of
the theoretical results and, on the other hand, demonstrate the practical use of the SDP problem
formulation.

The code we have used for the solution of the nonlinear SDP formulations is PENBMI, ver-
sion 2.1 (see [12]). This code implements the generalized Augmented Lagrangian method, as
describedin[11, 21]. In particular, PENBMI can treat bilinear matrix inequalities asis necessary
for problem (S) (see[10]).

The examples were solved on a Pentium 4-M 2GHz PC running Windows XP. All problems
were formulated and solved in MATLAB using the YALMIP parser [14] to PENBMI. Apart from
the CPU time needed to solve the examples, we will aso give the number of inner iterations of
PENBMI. Oneinner iterations basically amounts to the solution of a system of linear equations
of dimension m.

Example 14 Consider a 3-by-3 truss with al nodes connected by potential bars. The nodes
on the left-hand side are fixed in both directions, a horizontal force (—1,0) is applied at the
right-middle node; see Figure 7-left. No nonstructural mass is considered, i.e.,, My, = 0. The
Young modulus of al bars in this and all subsequent examples is set to one. When solving
the problem of maximizing the minimum eigenvalue (S) with V' = 1.2 and ¥ = 1, we obtain
A* = 4.9691 - 10~2 and an optimal design z* shown in Figure 7-right. The next Figure 8 shows
the influence of the optimal design on V; we solve the same problem but with different bounds
on the available volume, V = 1.5 and V = 2.0. The corresponding optimal eigenvalues are
A =6.9899-10"2 and \* = 10.811 - 1072, respectively. In al three problems, PENBMI needed
about 130 inner iterationsto find the optimal solution. The solution time was below one second.

¢

Example 15 This academic example illustrates the possible nonuniqueness of solution to the
problem (S). Consider a2 x 3 ground-structure with boundary conditions and load (1,0) as
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Figure 7: Three-by-three truss (Ex. 14): initial layout and optimal topology for V' = 1.2

> r

Figure 8. Three-by-three truss (Ex. 14): optimal topology for V = 1.5 and V = 2.0

depicted in Figure 9-left. Put M, = 0,5 = 10, and VV = 10. The computed optimal structure
x* ispresented in Figure 9-right; the optimal objectivefunction value of (S) isA* = A (z*) =
0.70711. Whilethevolume constraintisactive at = *, the compliance constraint isinactive (more
precisely, after calculating some «* correspondingto z*, we havev* := ffu* = 0.1 <7 = 10).
Proposition 2.10 from [2] suggeststhat if we scale the solution x* by a certain factor p, we will
still get asolution to problem (S). For instance, if we solve the same problem but with V' = 1.0,
then we will obtain a solution with the same A* and with v* = 1.0, i.e., still within the 7 limits.
Table 1 summarizes these numbers. It also presents the results for the case when M, = 10. In
this case, the optimal solution isno longer scalable. O

Table 1: Results of Example 15 for different data
My V o A*
0 1 1 0.70711
0 10 0.1 o0.70711
10 1 1 0.08761
10 10 0.1 0.41421

Example 16 Here we demonstrate the possible nonuniqueness of solutions to the minimum
volume problem (10). The purpose is to show that problems (10) and (S) are indeed not equiv-
alent and one cannot assume to get a solution of the (nonlinear) problem (S) be solving the
(linear) SDP counterpart to problem (10).

Consider the same ground-structure and boundary conditionsasin Ex. 14 (see Fig. 7-l€ft). The
load vector, however, has changed to a single vertical force (0, 1) applied at the bottom-right

18



Figure 9: Example demonstrating possi ble nonuniqueness of solution of the (S) problem

Figure 10: Example 16—qgraph of \,,;, oninterval between two structures of the same volume
and compliance

node. Let further 7 := 0.5 and consider the single load min-volume problem without vibration
constraint

zER™, y€Rn 4

min Z T; (18)
=1

subject to
K(z)u = f,
flu<y,
x; > 0, 1=1,...,m.

This problem can be formulated as a linear program [1], and thus the set
Xlgy = {2" | Fu": (2", u”) solves (18)}

of solution structures of (18) is given by the set of all convex combinations of the most-left and
most-right structure in Figure 11, i.e., by the set

X = {(1— ™ + pa® | p € 0, 1}

where z'* denotes the most-left and 2:** the most-right structurein Fig. 11. Wehave Y” z; = 18
and fTu* = 1foral z* € Xig) and corresponding optimal displacement vectors . *. Figure 10
shows the dependence of the minimum vibration eigenvalue on the parameter 1 of this convex
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AR\

Figure 11: Example 16—structures corresponding to points 1-5 on the graph in Figure 10

combination, i.e., aplot of the function
(= Amin((1 = )z + pa®),  pe[0,1].

The points 1-5 in the plot correspond to the structures in Figure 11, left to right. We observe
that \.;, ismaximized at ;1 ~ 0.0536, i.e., at structure number 3. Let us now add the vibration
constraint to problem (18); thus we arrive at problem (10). For example, put A := 0.037 which
isthevalue of \,,;, for structure number 2 in Figure 11. Thenitisclear from the plot in Fig. 10
that any structure between truss number 2 and number 5 is a solution to problem (10), and the
vibration constraint will be inactive for the structures strictly in between. O

Example 17 We now present an example with multiple loads. Consider a7 x 3 nodal grid
with the ground-structure, boundary conditions and loads as depicted in Figure 12(a). Each of
the forces f; = (—1,0) and f, = (0, 1) represent an independent load case. The result of the
standard minimum volume multiple-load problem (no vibration constraints) with ¥ = 0.01 is
shown in Figure 12(b). When we consider both forces as asingleload and solve a problem with
no vibration constraints, we would obviously get aresult consisting of a single rod between the
two oposite forces. The volume of this structureis V* = 35.485. Figure 12(c) shows the result
of the multipleload minimum eigenval ue problem (S) with boundsy = 0.01 and V' = 40.0. The
optimal smallest eigenvaueis \* = 6.2216 - 10~3. For a comparison, we also show a result of
the single load problem (both forces considered as a single load) with 7 = 0.02 and V' = 40.0;
the optimal structure with \* = 8.1674 - 10~3 is presented in Figure 12(d). All solutions were
obtained by PENBMI in less than 10 seconds. O

Example 18 We consider the same problem scenario as in Example 14 but with a 7x7 full
ground-structure with 1176 potential bars; see Figure 13-left. In addition, we assign nonstruc-
tural mass of size 10 at the loaded node, i.e., M, # 0. We solve the problem (S) with5 = 1
and V = 3.0. Figure 13-right shows the calculated optimal design =*. The optimal eigenvalue
is\* = 4.2383 - 1072. To solve the nonlinear SDP problem by PENBMI, we needed 143 inner
iterationsand 10 min 5 sec of CPU time. Note that the optimization problem had 1177 variables,
two matrix constraints of sizes 85 x 85 and 84 x 84 (one linear and one bilinear), one linear
inequality constraint and bounds on all variables. O

Example 19 Finally, we present aresult of athree-dimensional example. Theinitial configura-
tion isindicated in Figure 14-left: a ground-structure of 5x3x3 nodes, each of them connected
by a potential bar, resulting in 990 potential bars. All nodes on the left-hand side are fixed
and the vertical force (—1,0,0) is applied at the central right-hand side node. There isalso a
nonstructural mass of size 50 assigned to this node. We solve the problem (S) with ¥ = 1 and
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(b)

(©)

(d)

Figure 12: A medium size multiple-load example (Ex. 17): initia layout (a); optimal topol-
ogy without (b) and with (c) vibration constraints; single-load optimal result with vibration
constraints (d)

V = 1.0. Figure 14 shows the optimal structure from different viewpoints. The optimal value
of the smallest eigenvalue is 2.4460 - 10~* Note that, at the optimum, the value of the compli-
anceisy = 0.184, so the compliance constraint is inactive. When we decrease the bound on
complianceto 7 = 0.05, we get the simple design shown in Figure 15; this time the optimal
eigenvalueis2.1753 - 1074,

The optimization problems were again solved by PENBMI; to get a solution, it needed about
200 inner iterations and 10 min of CPU time. O

6 An extension: the multiple-mass problem

Here we propose an extension of the original problem formulation (P) and its SDP reformula
tion (S), respectively. Assume that we have N matrices M, 0 = 1,..., N, corresponding to
N different nonstructural masses that can be applied independently. For each mass we obtain a
different minimal well-defined eigenvalue which is denoted by

Amin(@, MP) = min{ | FJw € R* 1 K(z)w = MM (z) + Mo)w,
w ¢ ker(M(z) + MP) }.

Here we simply distinguish with respect to the particularly considered non-structural mass,
compare to Notation 2 in Section 2.

Then the objective function \,,;,(+) in problem (P) may be generalized to the worst-case mini-
mal eigenvalue, i.e., to the function

r— min Api(z, Mék))
1<k<N
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Figure 13: Example 18—a medium-size problem, initial layout and optimal topology

which isto be maximized. Problem (P) becomes

max min_ Apin (2, Mék)) (29

z€R™ ueRLn 1<k<N

subject to
szKz Ug:fg, gzl,,L
=1

m
i=1
x; > 0, 1=1,...,m.

By the same steps as above we transform (P) into an equivalent SDP and arrive at the following
generalization of (S), for which theorems analogous to Thm. 9 and Thm. 10 hold.

max A\ (20)

zER™ AER
subject to

vof B
(h K(fx))zo, (=1,...,L

IR
=1
1'120, izl,...,m
K(z) = AMM(z)+ M"Yy=0, k=1,...,N.
Because the mathematical structure of this formulation is the same as that of problem (S), we

may use again the code PENBMI to solve this problem numerically; we may also construct an
algorithm analogous to Algorithm 12.
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Figure 14: Example 19—a medium-size 3d problem, initial layout and optimal topology from
different angles of view.

Figure 15: Example 19—a medium-size 3d problem, optimal topology for 57 = 0.05.

Example 20 Consider a 3-by-3 truss with al nodes connected by potential bars. The nodes
on the left-hand side are fixed in both directions, two nonstructural masses are placed in the
corners on the right-hand side; see Figure 16-1eft. An external load is not applied, i.e., L = 0.
Figure 16-middle shows the optimal design for formulation (S) when both masses are consid-
ered a “single” nonstructural mass. Figure 16-right presents the result of the multiple-mass
formulation (20), where the two nonstructural masses are considered being independent from
each other. The volume bound in both problemswas V' := 1 and the resulting optimal eigenval-
ueswere \* = 4.758 - 1072 in the single-mass case and A\* = 7.365 - 102 in the multiple-mass

case. O
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Figure 16: A multiple-mass problem (Ex. 20: initial layout (Ieft), a“single-mass’ result (mid-
dle) and a multiple-mass optimal structure (right)
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