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(In reality we shall only treat a few specific cases.)



Universal semigroup compactifications.



Universal semigroup compactifications.

Definition. Given a topological group G a semigroup

compactification (X,ψ) of G is defined as a pair, where X
is a semigroup with a compact Hausdorff topology and ψ :
S → X is a continuous homomorphism with dense image
such that:

(i.) in X all right translates x 7−→ xy are continuous and
(ii.) the left translates y 7−→ ψ(s)y are continuous in X for

all s ∈ G.



Definition. A semigroup compactification (X,ψ) of G is
said to be universal w.r.t. a property P if

(i.) (X,ψ) has the property P and,
(ii.) whenever (Y, ϕ) is a semigroup compactification of G

wich has the property P, there exists a surjective contin-
uous homomorphism π : Y → X such that the following
diagram commutes:

X
π

−→ Y

ψ

x




ր ϕ

G.



Example. If G is a discrete infinite group it is well known
(...) that the Stone-Čech compactification βG with product
defined by

x · y := lim
s→x

lim
t→y

s+ t

is the compactification of G which is universal w.r.t. the
joint continuity property.
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Admissible algebras.

Notation. Let C(G) denote the algebra of bounded contin-
uous complex–valued functions defined on G.

• Given s ∈ G we denote by ρs [λs] the right [left] transla-
tion by s, defined by ρs(t) := ts [λs(t) := st] for t ∈ G.

• Given a function f : G → G we write Ls(f) for f ◦ λs.



• Given a subalgebra F ⊆ C(G) we say that F is left intro-
verted if for every n ∈ F∗ and f ∈ F the function n · f
defined by

(n · f)(x) := 〈n,Lx(f)〉 (x ∈ G)

belongs to F.
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• Given a subalgebra F ⊆ C(G) we say that F is left intro-
verted if for every n ∈ F∗ and f ∈ F the function n · f
defined by

(n · f)(x) := 〈n,Lx(f)〉 (x ∈ G)

belongs to F.
(The algebra is left–m–introverted if this holds only for
multiplicative functions.)

• Translation invariant subalgebras of C(G) containing
the constants which are left–m–introverted are called
admissible.



Fact. There is a precise correspondance between admissible
subalgebras of C(G) and universal semigroup compactifica-
tions of G.



• IfX is a universal semigroup compactification of G, then
the functions in C(G) which can be continuously ex-
tended to X form an admissible algebra.



• IfX is a universal semigroup compactification of G, then
the functions in C(G) which can be continuously ex-
tended to X form an admissible algebra.

• Given an admissible algebra F there exist a semigroup
compactification GF which is universal with respect to
the property that are precisely the functions in F which
can be continuously extended to GF.



A “concrete” way to construct GF is to regard it as the quo-
tient β(Gd)/ ∼ where x ∼ y if, for every f ∈ F we have that
fβ(x) = fβ(y).



Representability.



Representability.

Definition. The universal topological group compactifica-
tion of G is called the AP–compactification (AP for almost
periodic) and denoted by GAP. The semigroup compactifica-
tion of G universal w.r.t. the property of being a semitopo-
logical semigroup (i.e. having separately continuous mul-
tiplication) is called the WAP–compactification (WAP for
weakly almost periodic) and denoted by GWAP.



Representability.

Definition. The universal topological group compactifica-
tion of G is called the AP–compactification (AP for almost
periodic) and denoted by GAP. The semigroup compactifica-
tion of G universal w.r.t. the property of being a semitopo-
logical semigroup (i.e. having separately continuous mul-
tiplication) is called the WAP–compactification (WAP for
weakly almost periodic) and denoted by GWAP.

The spaces AP(G) and WAP(G) have several interesting
characterisations.



• AP(G) is the closed subalgebra of C(G) generated by
the coefficients of all finite dimentional irreducible rep-
resentations of G into a Hilbert space.



• AP(G) is the closed subalgebra of C(G) generated by
the coefficients of all finite dimentional irreducible rep-
resentations of G into a Hilbert space.

• A function f ∈ C(G) is in AP(G) if and only if LG(f) is
relatively compact.



• (H. Bohr) A function in C(R) is almost periodic if for
every ε > 0 there esists ℓε > 0 such that interval of
length ℓε contains an element t such that ‖Lt(f)−f‖ <
ε.



• (H. Bohr) A function in C(R) is almost periodic if for
every ε > 0 there esists ℓε > 0 such that interval of
length ℓε contains an element t such that ‖Lt(f)−f‖ <
ε.

• (Wilhelm Maak) A functions in C(G) is in AP(G) if
for every ε > 0 there exists a finite cover of G with the
property that, whenever there exist s, t ∈ G and a, b ∈ G
such that asb and atb are in the same member of the
cover, then:

|f(csd)− f(ctd)| < ε (c, d ∈ G).



• Solutions of second order linear differential equation are
in AP(R).



Definition. A group G is said to be unitarily representable

if it can be embedded into the unitary group of some Hilbert
space (endowed with the strong operator topology).
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Fact. TFAE:

(i) G is reflexively representable;
(ii) G embeds into GWAP;
(iii) WAP(G) determines the topology of G.
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Our contribution.

If G is a non–compact SIN group, then GWAP contains a
topological copy of βκ \ κ, where κ is the compact covering
number of G.

This led to the question of whether every SIN group (or at
least every Abelian one) is reflexively representable.



Theorem. (S.F. & J. Galindo) The aditive group c0 is not
reflexively representable.



Theorem. (S.F. & J. Galindo) The aditive group c0 is not
reflexively representable.

The proof follows the lines of Raynaud’s proof that c0 cannot
be uniformly embedded into ℓ2.



Lemma 1. Let G be a topological group, φ ∈WAP(G) and
fix integers n > k ≥ 1. Let 〈xi1,...,ik〉 and 〈yik+1,...,in〉 be
two multi-indexed sequences in G. Fix n free ultrafilters
p1, . . . , pn on . If π is a shuffle with cut k, then

p1–lim
i1
. . . pn–lim

in
φ(xi1,...,ik + yik+1,...,in) =

= pπ(1)–limiπ(1)
. . . pπ(n)–limiπ(n)

φ(xi1,...,ik + yik+1,...,in).



Lemma 2. Let G be a metrizable group equipped with a
translation invariant metric d and let e denote its identity.
If the embedding w : G → G is a homeomorphism, then for
every ε > 0 there exists a continuous weakly almost periodic
function φε and some δε > 0 such that φε(e) = 0 and, for
every x ∈ G,

|φε(x)| < δε implies d(x, e) < ε.



Theorem. (S.F. & J. Galindo) The aditive group c0 is not
reflexively representable.

We won’t give a proof but it follows the lines of Raynaud’s
proof that c0 cannot be uniformly embedded into ℓ2.



Proof of Theorem. Suppose towards a contradiction that
c0 embeds into its WAP-compactification and consider the
weakly almost periodic function φ and the positive number
δ > 0 determined by ε = 1/2 in Lemma 1.

Since φ is continuous, there will be some α > 0 such that
‖x− y‖∞ < α implies |φ(x− y)| < δ/2.

Fix k such that 1/k < α and consider the vectors sn ∈ c0
defined so that their first n coordinates are 1/k and the rest

are 0. The inequality ‖
∑2k
j=1(−1)jsj‖∞ < α then holds.



Clearly, the same inequality will hold for every sequence of
indices n1 < n2 < . . . < n2k:

∥

∥

∥

k
∑

j=1

sn
2j

−

k
∑

j=1

sn
2j−1

∥

∥

∥

∞
< α.

We have thus that, for every n1, . . . , n2k (with n1 < n2 <
. . . < n2k)

∣

∣

∣
φ
(

k
∑

j=1

sn2j
−

k
∑

j=1

sn2j−1

)
∣

∣

∣
< δ/2.



Taking p-limits along free ultrafilters p1, . . . , p2k, we get

∣

∣

∣
p1–lim

n1

p2–lim
n2

. . . p2k–lim
n2k

φ
(

k
∑

j=1

sn2j −

k
∑

j=1

sn2j−1

)
∣

∣

∣
≤ δ/2.

The permutation sending 1 → 1, 2 → 3, 3 → 5, . . . ,k→
2k − 1, k + 1 → 2, k + 2 → 4,. . . ,2k→ 2k is a shuffle.



By Lemma 2 (recall that φ is weakly almost periodic) the
above limit equals

p1–lim
n1

p3–lim
n3

p5–lim
n5

. . . p2k−1– lim
n2k−1

p2–lim
n2

. . .

. . . p2k–lim
n2k

∣

∣

∣
φ
(

k
∑

j=1

sn2j −

k
∑

j=1

sn2j−1

)
∣

∣

∣
.



Hence for large enough n1 < n3 < n5 < . . . < n2k−1 < n2 <
n4 < . . . < n2k we have that

∣

∣

∣
φ
(

k
∑

j=1

sn2j −

k
∑

j=1

sn2j−1

)
∣

∣

∣
< δ.

The election of φ and δ implies that

∥

∥

∥

k
∑

j=1

sn2j −

k
∑

j=1

sn2j−1

∥

∥

∥

∞
< 1/2.



But, taking into account that n1 < n3 < n5 < . . . < n2k−1 <
n2 < n4 < . . . < n2k, a moment’s reflection shows that

∥

∥

∥

k
∑

j=1

sn2j
−

k
∑

j=1

sn2j−1

∥

∥

∥

∞
=

∥

∥

∥

k
∑

j=1

sj −
2k
∑

j=k+1

sj

∥

∥

∥

∞
= 1.

This is the desired contradiction.



Definition. A metric on G is stable if for every sequences
〈xn〉n, 〈yn〉n in G and every pair of ultrafilters p, q ∈ β we
have that

p− lim
n
q− lim

m
d(xn, ym) = q− lim

m
p− lim

n
d(xn, ym).



Theorem. (I. Ben Yaacov, A. Berenstein, S.F.) If G is
metrizable and reflexively representable then G admits a uni-
formly equivalent stable metric.



Theorem. (I. Ben Yaacov, A. Berenstein, S.F.) If G is
metrizable and reflexively representable then G admits a uni-
formly equivalent stable metric.

Corollary. The aditive groups T and J are not reflexively
representable.


