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Abstract. We establish two global bounds measuring the distance from any vector to the
solution set of the co-coercive variational inequality. To prove our results, we use the fact that the
co-coercivity condition is sufficient for the (strong) monotonicity of (perturbed) fixed point and

normal maps associated with variational inequalities.
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1 Introduction

Throughout the paper, || - || denotes the 2-norm
(Euclidean norm) of the vector in R™. Let f :
R"™ — R" be a continuous function and K be a
closed convex set in R™. The finite-dimensional
variational inequality, denoted by VI(K, f), is to
find an element z* € K such that

(z — 2T f(z*) >0 forall z € K.

The above problem can be reformulated as the
following fixed point equation and normal equa-
tion (see e.g. [2, 11]):

mo(z) = —lg(z —af(x)) =0, (1)

Do (2) = f(Uk(2)) + oz — k() =0, (2)

where « is an arbitrary positive scalar and ITg ()
is the projection operator on the convex set K,
ie., lg(x) = min,ex ||z — z||. Equation (1) is
called the fixed point equation, and (2) is called
the normal equation. It is well-known that z* is a
solution to VI(K, f) if and only if it is a solution
to equation (1), i.e., mo(z*) = 0, and that if z*
is a solution to VI(K, f), then z* — L f(2*) is a
solution to equation (2); Conversely, if ®,(u*) =
0, then ITx (u*) is a solution to VI(K, f).

The following definition has been extensively
used in the literature.

Definition 1.1 (i) A function f: R™ — R"
is said to be monotone if (x —y)T (f(x)— f(y)) >
0 for all xz,y € R™.

(i) A mapping f is said to be strongly mono-
tone if there is a scalar ¢ > 0 such that (v —
DT (f (@) — F9)) > el —y|1? for all 2,y € R

(i) f is said to be co-coercive in R™ if there
exists a constant 8 > 0 such that

(@—=y)"(f(@) = f(y) =B || fl@) = fly) I (3)

for all x,y € R".

The co-coercivity condition was used in sev-
eral paperssuch as 3, 4, 5,9, 11, 12]. Tt is evident

that any co-coercive map is monotone and Lip-
schitz continuous (with constant L = 1/3) but
it is not necessary to be strongly monotone (for
example, the constant mapping). Zhao and Li
[11] showed that the co-coercivity of f can be
related to the monotonicity of 7, (x) and @, (x)
and the strong monotonicity of their Tikhonov-
type perturbed forms. They proved under suit-
able choice of a that the fixed point map and
normal map are monotone if f satisfies the co-
coercivity condition (3). They also proved the
strong monotonicity of the perturbed forms of
Ta(x) and @, (z) under co-coercivity or mono-
tonicity assumption on f. For the later use, we
state their results as follows.

Theorem 1.1 [11] Let K be an arbitrary
closed convex set in R". Let f : R® — R™ be a
continuous co-coercive map with modulus 3 > 0,
i.e., condition (3) is satisfied. Then the following
results hold:

(a) For any fized a satisfying 0 < o < 403, the
fized point map o (x) defined by (1) is monotone
m .

(b) If scalars o and € are chosen such that
0<a<4f and 0 <e <2(1/a—1/(43)), then
the perturbed map mq () = x—Ig(x—a(f(z)+
ex)) is strongly monotone (in x).

Theorem 1.2 [11] Let K be an arbitrary
closed convex set in R". Let f : R® — R™ be a
continuous co-coercive map with modulus 3 > 0.
Then the following results hold:

(a) For any constant « such that o > 1/(4[3),
the normal map ®,(x) given by (2) is monotone
m .

(b) If0 < e < a and a > 1/(40), then
the perturbed normal map ®q (x) = f(llx(z))+
ellg(x) + a(x — g (x)) is strongly monotone in
x.

Error bounds have played a very important
role not only in theoretical analysis but also in
convergence analysis of iterative algorithms for
VI(K, f). A comprehensive, state-of-art survey



of the theory and rich applications of error bounds
can be found in [1] and [6] and the references
therein. In this paper, we use the perturbed
fixed point or normal map to establish the global
bounds of the solution of VI(K, f). Our methods
are different from those approaches used in [1].
Specifically, the following two basic results are
employed to show our global bounds for solutions
of variational inequalities. To our best knowl-
edge, such results are the first time being used
to establish the global bounds for variational in-
equalities. The first one is the Williamson’s ge-
ometric estimation of fixed points of Lipschitz

contraction maps.

Lemma 1.1 [10] Let T : D C R* — R"
be a Lipschitz mapping of D into R"™ with con-
stant L € (0,1), d.e., | T(x) — T(y)|| < L||x — y|
for all x,y in D. Let x € D and suppose x #*
T(xz). Then the fized-point of T is contained in
the closed ball B(e, k) centered at e € R™ with
radius k, where

e=(1-1/(1 = L*))z+ T(z)/(1 — L?)

and

k= Llz—T(x)ll/1~ L?).

The next result is the upper-semicontinuity
theorem concerning weakly univalent maps es-
tablished by Ravindran and Gowda [8].

Lemma 1.2 [8] Let g : R™ — R™ be weakly
univalent, that is, g is continuous and there ex-
ists one-to-one continuous function g : R" —
R"™ such that gi. — g uniformly on every bounded
subset of R™. Suppose that g~ 1(0) = {z € R" :
g(x) = 0} is nonempty and compact. Then for
any given v > 0, there exists a scalar 6 > 0 such
that for any weakly univalent function h : R —
R™ with

sup [h(z) — g(z)|| <4,

we have

0#h'(0) C g '(0)+7B,

where B denotes the open unit ball in R™ and )
the closure of Q = g=1(0) +vB.

2 Global bounds for solutions
of VI(K, f)

For any set D C R", we denote by dist(z, D) the
distance from the vector = to D, i.e.,

dist(z, D) = {min ||z —y|| : y € D}.

We denote the solution set of a variational in-
equality by SOL(K, f).

We now prove the global estimation for the
solution of a co-coercive VI(K, f) by using the
perturbed fixed point map and the normal map.

Theorem 2.1 Let f be a co-coercive map
with modulus B > 0 on R™. Suppose that the so-
lution set of VI(K, f) is nonempty and bounded.
Let o be a constant satisfying 0 < o < 3. Then
there exists a constant § > 0 such that for any e
satisfying

0 1 2 2
0 1 - __ _ _
<6<m1n{a 50 o ﬁ},
the following estimation holds

170 ()]

1—, + «

dist(x, SOL(K, f)) <

for all x € R™ where M* = sup,.q|lz|, @ =
SOL(K, )+ aB and

r=1/(1-ac)? +2a%/8 < 1.

Proof: Given « > 0, it well-known that the
set
7 10) = {z € R" : mo(z) = 0}

(e}

coincides with the solution of VI(K, f), i.e.,

7 1(0) = SOL(K, f).

«

By the assumption, 7, *(0) is bounded. Let «
be a fixed constant satisfying 0 < a < 8. By
Theorem 1.1 (a), m(z) is monotone, and hence



weakly univalent. It follows from Lemma 1.2
that there exists a constant § > 0 such that for
any weakly univalent function h : R® — R™ sat-
isfying
sup [|h(z) — ma(2)|| <, (4)
where () is the closure of the set Q := 7, (0) +
aB, we have
0 # h~1(0) C7,(0) + aB = SOL(K, f) + aB.
(5)
Denote M* = sup,cq ||z|. Consider the per-

turbed map 7, (), where

0 1 2 2

0 <e<min{—-— ol 20 a 3

|2

which implies that ¢ < 2(1/a—1/(4(3)). It follows
from the Theorem 1.1 (b) that m, () is strongly
monotone. Thus the set 7, 1(0) has a unique
element, denoted by z,(g). Notice that

sup [|a.e () — ma ()]

zEQ

= sup [Tk (z — a(f(x) +ex) —
e

<sup ||z — a(f(x) +ex) —
e

Ik (z — af ()]l
(z —af(@)ll
= sup ae|z||
e
=aeM”
< 4.

Since any monotone map is weakly univalent,
substituting 7, (x) for h(x) in (4) and (5), we
have

{za(e)} = ma2(0

) C 7, (0) +aB
_ SOL(Kf)

aB
which implies that

dist(z4(¢), SOL(K, f)) < « (6)

We now give an estimation for the term ||z —

xo(€)]]. Since f is co-coercive, for any = € R"
we have
Ik (z — a(f(z) + ex)) = Uk (y — alf(y) +ey))|®
lz — a(f(z) +ex) -

I IA

(y —a(f(y) +ey)l
(1 - ag)?|lz - y|* — 201 - ag)(z -
+a?||f(2) = F()II?

(1 —ag)’lle —yl|* — 2a(1 — ae)Bl|f(z) — f(y)II”

IN

)" (f(2) = f()

+a®[|f(z) = f(y)II* (since e <1/(2a) < 1/a)

= (1-oae)’|z —y|* + 2% f(z) — fW)?
+(@® = 2aP) | f(z) - W)

< (1—ae)z —yl* + 220 f(2) — fF)I
(since 0 < a< )

< ((1—ag)®+20%/8) ||z — yl|*.

—fl <

(1/68)]|lz — y|| since f is a co-coercive map with
modulus B > 0. Under our choice of €, we can

The last inequality follows from || f(x)

easily verify that

r:\/(l—a€)2+2a2€/ﬁ€ (0,1). (7)

Therefore, the mapping p°(z) =: g (z—a(f(z)+
It is evident that
By

ex)) is a contraction map.
zq(€) is the unique fixed point of p°(z).
Lemma 1.1, we have

_z—p(x) 1l —Pa(ﬂﬁ)H)
1—r2 7 1—r2

{za(e)} C B (:1:

for all x € R™. Therefore,

z —p°(z) rllz —p* ()|
rafe) - [o - TP < HEE L
for all x € R™. Hence,
|z — p°(2)|| |z — p°(2)||
< — < .
T Slle-zal@l < ==

Since 7o (z) = x — p°(x), particularly, we have
|z — za(e)|| < [Imae(2)||/(1 — 7). Therefore, by
(6) and the above, we have

dist(z, SOL(K, f))
< & — za(e)|| + dist(z4(g), SOL(K, f))
<mae(@)l/1—7) +a

for any x € R", where r is given by (7). O

The next global estimation is by means of a
perturbed normal map. Its proof is similar to
that of Theorem 2.1.

Theorem 2.2 Let f be co-coercive on R"
with modulus B > 0. Suppose that the solution



set of VI(K, f) is nonempty and bounded. Let o
be a constant satisfying

2 «
g2

Then following estimation holds for all x € R™,

0<e< min{%,?a

}.
dist(x, SOL(K, [)) < [[®ae(x)[/(1-7) +a

where C* = sup,¢q |1k ()], Q@ := SOL(K, f) +
aB andr =+/(1—¢/a)?+2¢/a?3 € (0,1).

Proof: Notice that zeros of &, (x) are in one-

to-one correspondence with the solutions of VI(K, f).

Namely, if z* solves VI(K, f), then 2*—1 f(2*) €
®_1(0); Conversely, if u* € ®_1(0), then z* =
IIx(u*) is a solution to VI(K, f). Since f and
Ik (-) are continuous, the set of zeros of ®q(x)
is bounded if and only if SOL(K, f) is bounded.
Thus by our assumption, ®,%(0) is nonempty
and bounded.

Let o > 1/5. By Theorem 1.2 (a), we see
that ®,(z) is monotone, and hence weakly uni-
valent. From Lemma 1.2, for such a given scalar
«, there exists a corresponding constant § > 0
such that for any weakly univalent function h(x)
with

sup ||h(z) — @o(z)|| < 0
€
where Q) is the closure of the set Q = ®.1(0) +
aB, we have

(8)

0 #h"1(0) C ®,(0) + aB. (9)

Let € > 0 be given such that
2 «
B2

where C* = sup,q ||[IIx (z)||. Then we have

2

§
0<e< min{aﬂa

sup [|Pae(z) — Pa(2)||
€

< sup (1 () + <lIk (2) + az — Tlx(@)

—(f(k(2)) + a(z — gk (z)))]

= esup ||k ()
zeQ

=eC* < 6.

which implies that h(x) := @, .(z) satisfies (8).
Therefore, it follows from (9) that ®,1(0) C
®,1(0) + aB. By Theorem 1.2 (b), ®,(z) is
strongly monotone, and hence ®_1(0) contains
a unique element denoted by z(g). Thus,

dist(z4(c), ®;1(0)) < a.

07

(10)
On the other hand, by co-coercive property of f,
we have
[ S R R ()
o a,e a a,e

= |- éf(HK(x)) +(1- é)ﬂx(m)
_ {—éf(HK(y)) +(- %)Hx(y)] I®

_ %Hf(nKu))ff(nK(y)ﬂF

o — &

OSSPk (@) ~ T )] - 21— )

o(f(Ik (2)) = f(Ix ()" (x (z) — Mk (y))

<[5 - 20- 5] 1) - fT )
+(1 = 2| () — e ()]

< D)) - £ )P
(1= 2) [T (@) — e ()]

< Ja- 2 B e - meer

€2 2e 2
< [(1— E) +a25] |z —yll”
The second inequality follows from the fact
1/a* —28/a <0.

The third inequality follows from that

1f (ke (2)) = f(Hx (y))]| < ;HHK(:[:) — Hx @)l

Under our choice of a and ¢, it is easy to see that
r=: /(1 —¢/a)?+2e/a?3 € (0,1). Thus, the
mapping r — é@mg(q}) is a Lipschitz continuous
map with the constant less than 1, i.e., a con-
traction map. Notice that the (unique) solution
zq(e) of @y (x) = 0 is just the fixed point of
the map z — 1@, .(z). By Lemma 1.1, we have
for any = € R"™ that {z(¢)} is contained in the
following ball

—r2z
B
(1 —r2 +

x— 10, (z) r|ldg(z)]
1—7r2 1—1r2 ’



Thus for any x € R"™, we have
[[Pae ()]l [|[@ae ()]l
< .
a(l+r) O —n
Therefor, by (10) and the above inequality, we
have

<z —=

dist(z, ®_1(0))
< |lz — za ()|l + dist(za(e), 51(0))
< N2ac@ll
al-r)

for any x € R™. The proof is completed. O

We have shown two global bounds for the so-
lution of VI(K, f) by using the perturbed fixed
point map and normal map. In particular, if
f is strongly monotone and Lipschitz continu-
ous, i.e., there exist constants ¢ > 0 and L > 0
such that (f(z) — f(y)"(z —y) = cfz -yl
and Lz — y|| > ||f(x) — f(y)|| for any distinct
z,y, then we see that (f(z) — f(y)) (z —y) >
(¢/L?)||f(z) — f(y)||*. Thus, strongly monotone
and Lipschitz maps are co-coercive. Since in this
case the corresponding VI(K, f) has a unique
solution (see [2]), we see that results of Theo-
rems 2.1 and 2.2 hold trivially when the func-
tions are strongly monotone and Lipschitz con-
tinuous. However, in this special case, we can
further improve this result such that ||7, ()| and
| ()] become the global error bounds for the
solution of VI(K, f) under suitable choice of «.
The global error bound using the residual func-
tion ||7ma(x)|| was proved by Pang [7]. See also
Proposition 6.3.1 in [1]. So, we do not discuss the
error bounds by using |7, (x)||. Here, we prove a
global error bound by using the residual function

[®a ()]

Theorem 2.3 Let f be strongly monotone
on R™ with modulus ¢ > 0 and let f be Lipschitz
continuous on R™ with constant L > 0. Let o be
a fived scalar such that o > max{2¢, L?/2c}. De-
note by x* the (unique) solution of normal equa-
tion ®,(x) =0. Then

[ ®a(2)|l
(1+r)

[®a ()]

<l a(l—r)

- <

for all x € R™, where

Proof: We show that under the assumption
the mapping x — é@a (z) is Lipschitz continuous
on R"™ and the Lipschitz constant is less than 1.
Indeed,

2

R )

= Hf(HK(m)) g () + LW

— Tk (y)

= I (@) — P () + [T 2) — T ()]
=2 (e () ~ £ ()" (T () — T ()

< LM@) = TP + 1M (0) — T ()
-2 e ) ~ T ()]

- (1%+L2> M) — T ()]

< (1-%0- )il

The first inequality follows from the Lipschitz
continuity and strong monotonicity of f. The
last inequality follows from the non-expansiveness
of the projection operator. Since

o > max{2¢c, L?/2c},

we have

(11)

Therefore, x — 2@, (z) is a contraction map with
the constant r given as the above. It is evident
that the fixed point of z— 1 ®,(z) coincides with
the solution of ®,(z) = 0. Denote it by x*. By
Lemma 1.1, for any © € R™ we see that {z*} is

contained in the following ball
B —riz Lt 1o,(2) 7L, (2)]
1—r? 1—r?

1— 72
Therefore, we have

[ ®al)l
(1+7“)

[Pa ()]l

< ll=- a(l—r)

2| <



for all € R™, where r is given by (11). O

Remark: We have shown in the proof of
Theorem 2.3 that the map x — L&, () is a con-
traction map if a > max{2¢c, L?/2c}. By Ba-
nach’s fixed point theorem, the Picard-type iter-
ative scheme

= ok L (o) = ) - L (g (a)

converges to the unique solution x*, i.e., ®,(z*) =
0, and hence y* = i (z*) is the unique solution
to VI(K, f). Moreover,

|l — 2| < rFllat =20 /(1 =),

where r is given by (11). Hence, the iterative
scheme

P = T (T () — (1T (),

o > max{2¢c, L?/2¢}

converges R-linearly to the unique solution of
strongly monotone and Lipschitz continuous vari-
ational inequality problems.

Acknowledgments

This author was supported by Grant No. 10301032

and No. 7100101, The National Natural Science
Foundation of China, and by CONACyT-SEP
project SEP-2004-C01-45786, Mexico.

References

[1] F. Facchinei and J.S. Pang,
dimensional variational inequalities and

Finite-
complementarity problems, Volumes (I) and

(IT), Springer-Verlag, New York, 2003.

P.T. Harker and J.S. Pang,
dimensional variational inequality and non-

Finite-
linear complementarity problems: A sur-
vey of theory, algorithms and applications,
Math. Program., 48(1990), 161-220.

[3] T.L. Magnanti and G. Perakis, A unify-
ing geometric solution framework and com-
plexity analysis for variational inequalities,
Math. Program., 71(1995), 327-352.

T.L. Magnanti and G. Perakis, The or-
thogonality theorem and the strong-f-
monotonicity condition for variational in-
equality algorithms, SIAM J. Optim.,

7(1997), 248-273.

P. Marcotte and J.H. Wu, On the con-
vergence of projection methods: Applica-
tion to the decomposition of affine varia-
tional inequalities, J. Optim. Theory Appl.,
85(1995), 347-362.

J.S. Pang, Error bounds in mathematical
programming, Math. Program., 79(1997),
299-332.

J.S. Pang, A posteriori error bounds for
the linearly-constrained variational inequal-
ity problem, Math. Oper. Res., 12(1987),
474-484.

G. Ravindran and M.S. Gowda, Regu-
larization of Pg-function in box varia-
tional inequality problems, SIAM J. Op-
tim., 11(2000), 748-760.

[9] P. Tseng, Further applications of a split-
ting algorithm to decomposition in vari-
ational inequalities and convex program-
ming, Math. Program., 48(1990), 249-263.

[10] T.E. Williamson, Jr., Geometric estimation
of fixed points of Lipschitz mappings, Part

I1, J. Math. Anal. Appl, 62(1978), 600-609.

[11] Y.B. Zhao and D. Li, Monotonicity of fixed
point and normal mappings associated with

variational inequality and its application,
SIAM. J. Optim., 11(2001), 962-973.

[12] D. Zhu and P. Marcotte, Co-coercivity
and its role in the convergence of iterative
schemes for solving variational inequalities,

SIAM J. Optim., 6(1996), 714-726.



