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Abstract. We consider a rather general class of mathematical programming problems with data
uncertainty, where the uncertainty set is represented by a system of convex inequalities. We prove
that the robust counterparts of this class of problems can be reformulated equivalently as finite and
explicit optimization problems. Moreover, we develop simplified reformulations for problems with
uncertainty sets defined by convex homogeneous functions. Our results provide a unified treatment
of many situations that have been investigated in the literature and are applicable to a wider range of
problems and more complicated uncertainty sets than those considered before. The analysis in this
paper makes it possible to use existing continuous optimization algorithms to solve more complicated
robust optimization problems. The analysis also shows how the structure of the resulting reformu-
lation of the robust counterpart depends both on the structure of the original nominal optimization
problem and on the structure of the uncertainty set.
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1. Introduction. In classical optimization models, the data are usually assumed
to be known precisely. However, there are numerous situations where the data
are inexact/uncertain. In many applications, the optimal solution of the nominal
optimization problem may not be useful because it may be highly sensitive to small
changes of the parameters of the problem.

Sensitivity analysis and stochastic programming are two traditional methods to
deal with uncertain optimization problems. The former offers only local information
near the nominal values of the data, while the latter requires one to make assumptions
about the probability distribution of the uncertain data which may not be appropriate.
Moreover, the stochastic programming approach often leads to very large optimiza-
tion problems and cannot guarantee satisfaction of certain hard constraints, which is
required in some practical settings.

An increasingly popular approach to optimization problems with data uncertainty
is robust optimization, where it is assumed that possible values of data belong to some
well-defined uncertainty set. In robust optimization, the goal is to find a solution
that satisfies all constraints for any possible scenario from the uncertainty set and
optimizes the worst-case (guaranteed) value of the objective function. See, e.g., [5,
6,7,8,9,10, 11, 12, 13, 14, 21, 22, 23, 24, 25, 26, 29, 35, 39, 40]. The solutions
of robust optimization models are “uniformly good” for realizations of data from the
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uncertainty set. Early work in this direction was done by Soyster [39, 40] and Falk [22]
under the name of “inexact linear programming.” The robust optimization approach
has been applied to various problems in operations management, financial planning,
and engineering design (see, e.g., [29, 26, 10, 6, 31, 35]).

A formulation of a robust model as a mathematical programming problem is called
a robust counterpart. Since in the robust approach the constraints must be satisfied
for all possible realizations of data from the uncertainty set, the robust counterpart is
typically a complicated semi-infinite optimization problem. A fundamental question
in robust optimization is whether the robust counterpart can be represented as a
single finite and explicit optimization problem, so that existing optimization methods
can be used to solve it. Such an analysis also helps to understand computational
complexity of robust optimization problems.

So far, to obtain sufficiently simple robust counterparts, the uncertainty set was
normally assumed to have a fairly simple structure, for example, a Cartesian product
of intervals, an ellipsoid, an intersection of ellipsoids, or a set defined by certain norms
(see, e.g., [2,3,4,5,6,7,8,9,10, 11, 12, 13, 14, 23, 24, 25, 26, 29]). Of course, the
simpler the uncertainty set is, the easier it is to solve the robust optimization problem,
and in some situations simplifying assumptions about uncertainty sets is natural when
modelling a practical problem. However, more complicated uncertainty sets may be
encountered in both theoretical study and in applications (see Remark 3.1 for details).
Therefore, it is important to understand possibilities of the robust approach dealing
with problems involving complicated or general uncertainty sets. Study of robust
optimization problems with general uncertainty sets may provide additional tools for
modelling intricate real-life situations and a unified treatment of specialized cases.
Moreover, such a study can provide additional insights and results and even improve
known results for some specialized cases when general results are reduced to such
specialized cases (see section 6 for details).

In this paper, we consider robust optimization problems with uncertainty sets
defined by a system of convex inequalities. The optimization problems we consider
may be nonconvex and are wide enough to include linear programming, linear com-
plementarity problems, quadratic programming, second order cone programming, and
general polynomial programming problems. We prove that the robust counterparts
of the considered problems with uncertainty are finite optimization problems which
can be formulated by using the nominal data of the underlying optimization prob-
lem and the conjugates of the functions defining the uncertainty set. Compared with
the original optimization problem, a major extra difficulty of the robust counterpart
comes from the conjugates of the functions that define the uncertainty set. The con-
jugates of these functions usually are not given explicitly and may be difficult to
compute. To identify explicit and simplified formulations of robust counterparts, we
focus on a class of convex functions whose conjugates can be expressed explicitly.
Our strongest results and simplest reformulations of robust counterparts correspond
to the case where the uncertainty sets are defined by convex homogeneous functions.
This class of uncertainty sets is broad enough to include most uncertainty models that
have been investigated in the literature, as well as many other important cases, for
example, where deviations of data from nominal values may be asymmetric and not
even defined by norms.

We note that instead of optimizing the worst-case value of the objective function,
another possibility is to optimize the worst-case regret, which is the worst-case devia-
tion of the objective function value from the optimal value under the realized scenario,
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or, in other words, to minimize the worst-case loss in the objective function value that
may occur because the decision is made before the realized scenario is known. This
criterion leads to minmax regret optimization models [29, 2, 1, 3, 4]. Minmax regret
problems are typically computationally hard [29, 4], although there are exceptions
(see, e.g., [2, 1, 3]). Minmax regret problems also fit the general paradigm of robust
optimization, but we do not consider them in this paper. We also note that there are
other concepts of robustness in the literature under the name of “model uncertainty”
or “ambiguity.” See, e.g., [42, 28, 17, 33, 18, 38, 27, 37, 16, 19, 20, 21, 31, 41].

This paper is organized as follows. In section 2, we describe the class of optimiza-
tion problems that we consider. In section 3, we define the uncertainty set of data and
provide an equivalent, deterministic representation of the robust optimization prob-
lems via Fenchel’s conjugate functions. In section 4, we give an explicit representation
for the robust counterpart when the uncertainty set is defined by (nonhomogeneous)
convex functions that fall in the linear space generated by homogeneous functions of
arbitrary degrees. The case of uncertainty sets defined by homogeneous functions is
studied in section 5. Specializing the general results of sections 3, 4, and 5 to robust
problems where the nominal problem is a linear programming problem and/or the
uncertainty set is of a special type commonly used in the literature is discussed in
section 6, and concluding remarks are provided in section 7.

2. A class of optimization problems with data uncertainty. We consider
the following optimization problem:

(1) min{c’z: fi(x) <b;, i=1,...,m, F(z) <0},

where ¢ = (c1,...,¢,)T and b= (by,...,b,)T are fixed vectors, and f;’s are functions
of the form

(2) fila) = (W<i>(x)>T MOVO (@), i=1,...,m,

where W (z) and V# (z) are two mappings from R" to RN:, M is an N; x N; real
matrix, and N;’s are positive integers. We write W) (z) and V¥ (z) as W® (z)
W (@), ..., W (@) and VO (z) = (V7 (2),..., V) (2))T, where each W\ (j =
1,...,N;) is a function from R™ to R.

We assume that only the data M®), i =1,... m, are subject to uncertainty. In
(1), F(x) < 0 denotes constraints without uncertainty, e.g., the simple constraints
x > 0. We assume that ¢ and b are certain without loss of generality, because a
problem with uncertain ¢ and b can be easily transformed into a problem with certain
coefficients of the objective function and right-hand sides of the constraints. Also, if
the objective function is not linear, it can be made linear by introducing an additional
variable and a new constraint. We note that functions f; are linear in the uncertain
data M@ (but can be nonlinear in the decision variables ).

The above optimization model is very general. For example, it includes the fol-
lowing important special cases.

Linear programming (LP). Let A € R™*™ (i.e., an m X n matrix) and b =
(b1,...,bm)T. Without loss of generality, we assume m < n. Consider functions f;(z)
of the form (2), where

WO(zx)=e €R", VO@)=2cR", MY = [ 61 ] ,

nxn
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where e;, throughout this paper, denotes the ith column of an n x n identity matrix,
and 0 in M@ denotes an (n —m) x n zero matrix. It is evident that the inequalities
fi = WOOHTMOYE < b i = 1,...,m, are equivalent to Az < b. Therefore,
problem (1) with F(z) = —z < 0 reduces to the following LP problem:

(3) min{c’'z: Az <b, > 0}.

This implies that the LP problem (3) with uncertain coefficient matrix A is a special
case of the optimization problem (1) with uncertain data M (1), There is also another
way to write an LP problem in the form (1)—(2); see (38) and (39) in section 6.2 for
details.

Linear complementarity problem (LCP). Given a matrix M € R"*™ and a vector
q € R, the LCP is defined as

Mz +q>0, >0, xT(Mx—i—q):O.

Solutions to the LCP are very sensitive to changes in data because of the equation
2T (Mz 4 q) = 0. When the matrix M is uncertain, it is hard to find a solution that
satisfies the above system and is “immune” to changes of M. Thus, it is reasonable
to consider the optimization form of the LCP, i.e.,

min{z? (Mz 4+ ¢q) : Mz +q>0, x >0},
or equivalently
min{t: 27 (Mz +q) -t <0, Mz+q>0, >0},

which is less sensitive in the sense that it is equivalent to the LCP if the LCP has a
solution and can still have a solution even when the LCP has no solution. The above
optimization problem can be reformulated as (2) by letting

€T

) o(n+1)
W (z) = 1 e Rz w = eR™ fori=2,...,n+1,
e €i—1
B n—1
—N—
) M qg 0 0...0
M@ =
0 0 -1 0 01’
| M —q O
x
) 1 il
V() = ; eR™, i=1,...,n+1,
on—1)

where ¢ € R, and 0t and 0(*~Y denote (n + 1)- and (n — 1)-dimensional zero
vectors, respectively. It is easy to verify that problem (1) with F'(z) = —z < 0 and
fi=(WNTMOYE <0 (i =1,...,n+1) is the same as the optimization form of the
LCP. It is worth mentioning that Zhang [43] considered equality constrained robust
optimization, and his approach may be also used to deal with LCPs with uncertain
data.
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(Nonconvex) quadratic programming (QP). Consider functions f;(z) of the form
(2), where

T

W(i)(x)—< 1 ) c Rl fori=0,...,m,

VO (z) = ( f ) e RV VO(z) = ( g ) €R"™ fori=1,....,m
and

fori=0,...,m,
@ -1

(4) MO = [ @ 0 ]
(n+1)x (n+1)

where each Q; is an n X n symmetric matrix and each ¢; is a vector in R™. Then the
optimization problem (1) with the objective ¢t and constraints f; = (W®)T MOV ) <
—¢i(i=0,...,m) is reduced to the following QP problem:

min  z7Qox + ¢ + o

st. 2TQr+q¢lzr+c¢; <0 fori=1,...,m.
Thus, a QP problem with uncertain coefficients (Q;,¢;)(i = 0,..., m) can be repre-
sented as an optimization problem (1) with uncertain data M) given as (4).

Second order cone programming (SOCP). Let A € R™*™ b€ R™, c € R", and /8
be a scalar. Let

W) = V0@ = (] ) e

and

(5) MO =

AT A — T 0
20TA - 287 vTh—p2 |

and W) (z) = e € R™ (the vector with all components equal to 1), V@) (z) = z €

R™, and
—cT
0 .
nxXn

Then the constraint f; = (WI)TMOVD) < 0 together with fo = (WE)H)T M)
V() < B, is equivalent to the second order cone constraint: |[Az +b|| < ¢’z + 3. In
fact, f1 < 0 can be written as

M@ =

(Ax + b)T(AJ: +b) < (Fz+ p)?,

and f, < 3 can be written as ¢’ x4 3 > 0. Combination of these two inequalities leads
to a second order cone constraint. Thus, uncertainty of the data (A, B, ¢, 3) leads to
uncertainty of the matrices M) and M®).

Polynomial programming. We recall that a monomial in zy,...,z, is a product
of the form x7* - 252 --- 2%, where a1, ..., a, are nonnegative integers. It is evident
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that if the components of W(x) and V() are monomials, then for any given matrix
M, a function of the form (2) is a polynomial. Conversely, any real polynomial is a
linear combination of some monomials, i.e.,

n

P(x1,29,...,Zpn) = E C’("‘l’o""""’o‘")x‘flmgQ...ma ,

n

(a1,02,...,an)

where C(®1::2n) are real coefficients. Then the simplest way to write it in the form (2)
is to set W (z) = e, set V(x) to be the vector of all monomials x5 ... 2" appear-
ing in P(x), and set M to be the diagonal matrix with diagonal entries C(a1,02,50m)
Thus polynomial optimization with uncertain coefficients is a special case of (1) with

uncertain data M(®.

3. Robust counterparts as finite deterministic optimization problems.
We start with a description of the uncertainty set. Let K;, i =1,...,m, be a bounded
subset of RN? that contains the origin. Suppose that the uncertain data M@ (i =
1,...,m) of the ith constraint of (1) are allowed to vary in such a way that the

deviations from their fixed nominal values M(i) fall in K;. That is, the uncertainty
set of the data M is defined as

(6) u; = { M

vec(M(i)) - vec(M(i)) € K; } , i=1,...,m,

where for a given matrix M, vec(M) denotes the vector obtained by stacking the
transposed rows of M on top of one another. Then the robust counterpart of the
optimization problem (1) with uncertainty sets U; is defined as follows:

(7) minc’z

) T . ) —
st f; = (W(” (:v)) MOVO(2) <b; YMD ethyi=1,...,m,F(z) <0,

which is a semi-infinite optimization problem. The optimal solution to this problem
is feasible for all realizations of the data M),

We denote by 6(u|K) the indicator function of a set K (see [36]), and the conjugate
function of 6(u|K) is denoted by 6*(u|K), which is equal to the support function
Y (u) = max{ulv : v € K}. First we state the following general result, which shows
that the robust counterpart (7) can be written equivalently as a finite deterministic
optimization problem, regardless of the type of uncertainty sets.

THEOREM 3.1. The robust optimization problem (7) is equivalent to the following
finite and deterministic optimization problem.:

min ¢’ x

. (WO ) T

VO (z) + 6*(xilel(coK;)) < by, i=1,...,m,
F(z) <0,

where cl(coK;) denotes the closure of the convex hull of set K;, and x; = W (z) ®
V() € RN! ie., is the Kronecker product of the vectors W@ (z) and VO (z).

Proof. In fact, the constraint f; = (W (2))T MOV (z) < b; for all vec(M ™) —
vec(M" ) € K; is equivalent to

(8) sup {W(i)(a:)TM(i)V(i)(x) : vec(M(i)) - vec(ﬁ(i)) € Ki} <b;.
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Notice that for any square matrices B, C, we have tr(BC) = (vec(B))Tvec(CT). Thus,
we have

(wo ($)>T ROV () = tr (M(i)v(i)(x) (wo (I))T)
= (UGC(M(i))>T vec (W(i)(x) (V(i)(x))T>

= (vec(]Tﬂ“))T (W(i) () ® 174 (ac)) )

Denoting x; = W® (z) ® V@ (x), the constraint (8) can be written as

\T A —
b; > sup { (vec(M(l))) xi : vee(MW) — vec(M( )) € KZ}

AT AT
= (vec(M( ))) xi + sup ulx; = (Uec(M( ))) xi+ sup uly
u€K; uecl(coK;)

- (W@') (x))T MV (2) + 5 (xilel(coks)).

The original semi-infinite constraints become finite and deterministic constraints. 0

For robust optimization, when the uncertainty set is not convex, the robust coun-
terpart remains unchanged if we replace the uncertainty set by its closed convex hull.
This observation was first mentioned in [7] and can be seen clearly from the above
result. Because of this fact, we may assume without loss of generality that each K;
is a closed convex set. In applications, the convex set K; is usually determined by a
system of convex inequalities. So, throughout the rest of the paper, we assume that
K; is a closed, bounded convex set containing the origin and it can be represented as

(9) Ki={u] g < a0, j=1, 00} i1,

(@)
J

functions from R ? to R. Here R = RU {400} and “proper” means that the function
is finite somewhere (throughout the paper, we use the terminology from [36]). Since

0 € K;, we have g\ (0) < AV for all j =1,...,¢0.

Remark 3.1. In this remark, we give additional motivation for considering the
general uncertainty set (9) as opposed to special uncertainty sets studied in the lit-
erature. We note that the importance of studying robust problems with complicated
uncertainty sets was emphasized, for example, in [15].

(i) Consider the following uncertainty set:

where £ ’s are given integers, Ag Vs are constants, and g:"’’s are proper closed convex

(100 U=<SD|Fze RN :D=Do+v(z)=Do+ Y AD;z, [lz] <Q ¢,
JEN

where ) is a given number, Dy is a given vector (nominal values of the uncertain
data), and AD;’s are directions of data perturbation. This uncertainty set has been
widely used in the literature (see, e.g., [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 23, 24, 25, 26].
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It is the image of a ball (defined by some norm) under linear transformation; i.e., the
function 9 (z) here is a linear function in z. This widely used uncertainty set can be
written in the form (9) with only one convex inequality g(u) < Q, where function
g(u) is also homogeneous of 1-degree, and g(u) is not a norm, in general, unless
|N| is equal to the number of data and the data perturbation directions AD7’s are
linearly independent (see section 6.1 for details). This typical example shows that
it is necessary to study the case when the functions gﬁl)(u) in (9) are convex and
homogeneous (but not necessarily norms). Section 5 of this paper is devoted to this
important case.

For the uncertainty set I defined by (10), the function () is linear in z. In some
applications, however, such a model is insufficient for description of more complicated
uncertainty sets. The next two examples show that in some situations the function
1(z) may be nonlinear, and hence the uncertainty set may be much more complicated.

(ii) Consider SOCP. It is often assumed that the data (A,b,c) are subject to an
ellipsoidal uncertainty set which is the case of (10) where the norm is the 2-norm.
When we reformulate SOCP into the form of (1), the data M) is determined by the

matrix (5). It is easy to see the data M) belongs to the following uncertainty set:
(11) Z/l:{D’EIzER‘N‘ :D=D"+9(2), |2 <0},

where 1(z) is a quadratic function in z. Thus, this example shows that a more com-
plicated uncertainty set than (10) might appear when we make a reformulation of
the problem. Such reformulations are often made when a problem is studied from
different perspectives.

(iii) This example, taken from [23], shows that a nonlinear function (z) arises
in (11) when robust interpolation problems are considered. Let n > 1 and k be given
integers. We want to find a polynomial of degree n — 1, p(t) = 21 + - - - + 2,t" ! that
interpolates given points (a;,b;), i.e., p(a;) = b;,7 = 1,..., k. If interpolation points
(ai, b;) are known precisely, we obtain the following linear equation:

n—1
1 a1 s aq I b1
1 ap - a’,fl T b,
Now assume that a;’s are not known precisely, i.e., a;(8) = a; +6;,i = 1,..., k, where

the 6 = (61,...,0k) is unknown but bounded, i.e., ||6]lcc < p, where p > 0 is given. A
robust interpolant is a solution x that minimizes || A(§)x—b|| over the region ||6]|c < p,
where

1 al(é) al(é)"_l
Aw = | s
1 ak(é) ak(é)"_l

is an uncertain Vandermonde matrix. Such a matrix can be written in the form (11)
with nonlinear function ¥(z). In fact, we have (see [23] for details)

A(8) = A(0) + LA(I — DA) 'Ry,

where L, D, and R4 are constant matrices determined by a;’s, and A = @i?:léifn,l.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/13/16 to 147.188.55.174. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

1444 IGOR AVERBAKH AND YUN-BIN ZHAO

(iv) Our model provides a unified treatment of many uncertainty sets in the
literature. Note that (11) can be written in the form (9) by letting g(D) = inf{||2]| :
D = ¢(2)}. Then U — {Do} = {D : g(D) < Q}. This can be proved by the same
argument as Lemma 6.1.

(v) Studying problems with general uncertainty sets may in fact lead to new or
stronger results for important special cases, as we demonstrate in section 6.

Since robust optimization problems, in general, are semi-infinite optimization
problems which are hard to solve, the fundamental question is whether a robust
optimization problem can be explicitly represented as an equivalent finite optimization
problem, so that the existing optimization methods can be applied. We are addressing
this question in this paper. It should be mentioned that, generally, two research di-
rections are possible: (1) developing computationally tractable approximate (relaxed)
formulations; (2) developing exact formulations which, naturally, will be computation-
ally difficult for sufficiently complicated nominal problems and/or uncertainty sets.
Our paper focuses on the second direction; the first direction was investigated, for
instance, in Bertsimas and Sim [14]. We believe that both directions are important
for theoretical and practical progress in robust optimization; we comment on this in
more detail in section 6.

Let us mention some auxiliary results and definitions. Given a function f we
denote its domain by dom(f) and denote its Fenchel’s conjugate function by f*, i.e.,

ff(w)=sup (wTa: - f(x)) .

z€dom(f)

We recall that the infimal convolution function of ¢;(j = 1,...,¢), denoted by g1 ¢
go © -+ o gy, is defined as

¢ ¢
(g10g20---0ge)(u) = inf gj(Uj):Zuj:U :
j=1 j=1

The following result will be used in our later analysis.

LEMMA 3.1 (see [36, Theorem 16.4]). Let f1,...,fs : R* — R be proper convex
functions. Then (cl(f1)+---+cl(fe))* = cl(ffo---of;), where cl(f) denotes the closure
of the convex function f. If the relative interiors of the domains of these functions,
i.e., ri(dom(f;)),i =1,...,£, have a point in common, then

¢ * ¢ ¢
<Zfﬁ> (@)= (f{o-of)@)= inf{Zfi*(ffi) : sz = CC} ;
=1 i=1

i=1

where for each x € R™ the infimum s attained.
Now we consider the robust programming problem (7) where the uncertainty set
is determined by (6) and (9). We have the following general result.

THEOREM 3.2. Let K; (i = 1,...,m) be given by (9), where each gj(.i)(j =
L...,09) is a closed proper convex function. Suppose that Slater’s condition holds
for each t; i.e., for each i, there exists a point uéi) such that g§i)(ugi)) < Ag-i) for all
j=1,...,09. Then the robust counterpart (7) is equivalent to

minc’
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*

() yiQ
st (W) MOV @)+ 3 ATAT [ STAP ) () <
j=1 j=1

i=1,...,m, AV>0, j=1,....09 i=1..m
F(z) <0,

where x; = W (z) @ V@ (). This problem can be further written as

minc’ z

yiQ)
; T — (&) (i DING YINOINC )
st (WO(@)) MVO@) + 3 APAD + 1000, u0) < by, i=1,..,m,

j=1

0 otherwise,
() P O
AT =0, j=1,...0%, i=1,...,m,
F(z) <0,

where J; = {j : )\g-i) > 0,7 = 1,...76(”}, A denotes the vector whose components
are )\g-i), j=1,...,09 u) denotes the vector whose components are u§-i),j € J;, and

ONSOA N MOING .
THAD, 4 0)) = Yjen (9j> (Uj /)‘j) if Ji # 0,

0 otherwise.

Proof. We see from the proof of Theorem 3.1 that x is feasible to the robust
problem (7) if and only if F/(x) < 0 and for each ¢ we have

(13) (W@(z))T MV () + max u”x; < b

Let Z(xi) = max{uT; : u € K;}, where K; is given by (9), which by our assumption
is a bounded, closed convex set. Thus the maximum value of the convex optimiza-
tion problem max{u”y; : u € K;} is finite and attainable. Denote the Lagrangian
multiplier vector for this problem by A(*) = ()\gi), )\(21‘)7 cee )\22)) € Rﬁ(i). Since Slater’s
condition holds for the problem max{u®; : v € K;}, by Lagrangian saddle-point
theorem (see, e.g., Theorem 28.3, Corollary 28.3.1, and Theorem 28.4 in [36]), we have

(14) Z(xi) = —min{—uTx;: ¢ (w) <AV, j=1,... 0D}
()
=—  sup inf | —uTy;+ Z )\S»l) (g;l)(u) - A;Z))
A(i)eRﬂ_("’) weRN? j=1
¢() 2(1)

=— sup — Z )\g-i)Ay) + inf 2 —uTy; + Z A§i)g§i) (u)
AOer{ | 521 u€ RN =1
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¢() (8
=— sup |- Z )\gl)Agl) — sup [ufyi— Z )\gz)gj(-z)(u)
A(z)eRﬁ(” | =1 weRN? j
() 20 *
=— sup (=3 APAT [ DAY ) ()
Aert® \ o1 i=1

*

() i)

= wf (Y APAD [ YA ()
j=1 j=1

i 2(3)
ADeRE

Under our assumptions, the above infimum is attainable (by the existence of a saddle
point of the Lagrangian function [36]). Substituting (14) into (13), we see that z
satisfies (13) if and only if it satisfies the following inequalities for some \(9):

*

() ¢
(15) (W(i) (x)) V(Z) )+ Z)\ )A 04 Z A;_l)gj(_l) (xi) < bs,
j=1
j i i @
(16) 2D =Pl e Y.

Indeed, if x is feasible to (13), since the infimum in (14) is attainable, there exists
some \(¥) ¢ Rﬁ(l) such that (2, \(¥)) is feasible to the system (15)—(16). Conversely,
if (z,A\(") is feasible to (15) and (16), then by (14), we see that (15) implies (13).
Replacing (13) by (15) together with (16), the first part of the desired result follows
from Theorem 3.1.

We now derive the optimization problem (12). Suppose that (z, \(*)) satisfies (15)
and (16). We have two cases.

Case 1. J; = {j : PYREEN 0,j = 1,...,40} # (. Denote by u(?) the vector

Aj
whose components are u( ), j € J;. Notice that for any constant o > 0, the conjugate

(af)*(z) = af*(z/a). For given \) € Rﬂ( ' by Lemma 3.1, we have

2D *

S0 (v = inf ZA()( <z) WPAP) yi = 3l
j=1

J€J; jeJ;

Again, by Lemma 3.1, the infimum above is attainable, and hence there are u(.i),

j
7 € J;, such that

¢()

) 0= A () )
j=1

Jj€J:

S,

J€Ji

Case 2. J; = (). Notice that

*

¢()

Z Algi)g§i) (w) = sup (wlu—0) =

j=1 ueR™

oo if w#0,
0 ifw=0.
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Since (z, A\(?) is feasible to (15) and (16), we conclude that for this case

*

yiQ

xi =0, | YA | (a)=o0.
=1

Combining the above two cases leads to the optimization problem (12). 0

We see from Theorem 3.2 that the level of complexity of the robust counterpart,
compared with the nominal optimization problem, is determined mainly by the con-
jugate functions (g(-l))* (j=1,...,% i=1,...,m) and functions x; (i =1,...,m).
The more complicated the conjugate functions are, the more difficult the robust coun-

terpart is. Notice that the constraint Zj e, ugi) = x; is an explicit expression, and in

some cases, e.g., LP, y; is linear in z and thus does not add difficulty. We also note
that when ¢() = 1, i.e., when K; is defined by only one constraint, then uy) = X4,
in which case the formula >, ; ugl) = x; will not appear in (12). For an arbitrary
function, however, its conjugate function is not given explicitly, and hence (12) is not
an explicit optimization problem. As a result, to obtain an explicit formulation of
the robust counterpart, one has to compute the conjugate functions of the constraint
functions gj(?), which except for very simple cases is not easy. This motivates us to
investigate in the remainder of the paper under what conditions the robust counter-
part in Theorem 3.2 can be further simplified, avoiding the computation of conjugate

functions.

4. Explicit reformulation for robust counterparts. For any function f, let

RD(f)= |J of(@);

zedom(f)

that is, RD(f) is the range of the subdifferential mapping 9f(-). If f is differentiable,
RD(f) reduces to the range of its gradient mapping, i.e., RD(f) = {Vf(z) : = €
dom (f)}. In this section we make the following assumption.

Assumption 4.1. The functions gﬁ')(j =1,...,0% i=1,...,m) in (9) belong to
the set of convex functions f that satisfy the condition

(17) dom(f*) = RD(f).

In fact, by the definition of subdifferential, the following relation always holds for
any proper convex function: dom(f*) 2 RD(f). Condition (17) requires the converse
also to be true. Indeed, condition (17) holds for many functions. It is evident that all
convex functions defined on a subset of R™ with RD(f) = R" satisfy condition (17).
For example, when the function f is differentiable and strongly convex on R™, the
gradient Vf(x) is a strongly monotone function from R™ to R™. This implies that
V f(x) is a bijective mapping [34, Theorem 6.4.4], and hence we have ®D(f) = R™. A
simple example is the quadratic function f = %xTQx + bx + ¢, where @ is a positive
definite matrix; then RD(f) = {Qx +b: z € R"} = R". When RD(f) # R", (17)
can still be satisfied in many cases. Later, we will show that all convex homogeneous
of 1-degree functions satisfy (17) trivially, and RD(f) of any function of this class
is a closed bounded region including the origin. Notice that for any (u,z) such that
u € Of(x), we have f*(u) = uTz — f(z). The importance of condition (17) is that
under (17), for any w € dom(f*) there is « € dom(f) such that v € 9f(x) and there-

fore f*(u) = ulx — f(x). Therefore, under Assumption 4.1, the robust counterpart
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(12) can be represented explicitly. However, we omit the statement of this general re-
sult. We are now interested in functions that have more properties leading to further
simplification of the robust counterpart.

We recall that a function b : R® — R is said to be positively homogeneous if there
exists a constant p > 0 such that h(Az) = Mh(z) for all A > 0 and z € dom(h). If
such a p exists, we simply say that the function A is homogeneous of p-degree. Notice
that the definition implies 0 € dom(h) and h(0) = 0. We consider the linear space Ly
generated by homogeneous functions; i.e., L is the collection of all functions that are
finite linear combinations of homogeneous functions. Notice that for any real number
a, (ah)(x) is also a homogeneous function if h is homogeneous. Therefore, L is the
set of all finite sums of homogeneous functions. Clearly, a function f which is the sum
of several homogeneous functions f; is not necessarily homogeneous, unless all f; have
the same homogeneous degree. Linear space Ly includes many important classes of
functions. Needless to say, all homogeneous functions (in particular, all norms | - ||)
are in Ly and all polynomial functions are in Lg.

The classical Euler homogeneous function theorem claims that if f is continuously
differentiable and homogeneous of p-degree, then pf(z) = 7'V f(x), where Vf(z) is
the gradient of f. Below we establish a somewhat different version of the Euler ho-
mogeneous function theorem. This version allows the function to be nondifferentiable
and nonhomogeneous but to belong to Ly and be convex.

LEMMA 4.1. Let f : R® — R be a convex function in Ly. Thus, f can be
represented as f(x) = fi(z)+ -+ fn(z) for some N, where each f; is homogeneous
of p;-degree, respectively.

(i) For any x € dom (f), we have

N
> pifitw) = inf yTwx= sup ylw
i—1 y€of(x) yef(z)

i.e., for anyy € Of(x), we have Zfil pifi(x) =yl

(ii) Suppose that f : R* — R is a convex function and is homogeneous of p-degree.
Then for any x € dom(f) and for any y € Of(z), we have pf(x) = yTx.

Proof. For any given x € dom(f) and y € df(z), by definition of subdifferential
we have f(u) > f(x) +y"(u — z) for all u € dom(f). Notice that x € dom(f) if
and only if € dom(f;) for all ¢ = 1,..., N. Since all f;’s are homogeneous, for any
t > 0, we have u = tx € dom(f;) for all ¢ = 1,..., N. This in turn implies that
u = tx € dom (f) for any ¢ > 0. Setting u = ¢tz in the above inequality and by using
homogeneity, we have

fltz) = Zfi(ta:) = Ztmf,»(a;) > f(x) +yT(tr —x) V t >0,

N
(18) =1 fi(x) = -1y x>0

i=1

For t > 1, dividing both sides by ¢t —1 and noting that y is any given element in 9f(x),
we see from the above inequality that

N1

lim fi(x) > sup yTz.
=l =~ t—1 yedf(x)

1=
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Thus, we have vazl pifi(T) = SuPyeos() yTx. Similarly, when ¢ < 1, dividing both
sides of (18) by ¢ — 1, we can prove that

P — 1
i fi _1 T fi(x) < inf yTa.
pr im Z @ s vt

=

Combining the last two inequalities yields the desired result (i). Setting N = 1, we
obtain the result (ii) from (i). O

Notice that when N > 1, Lemma 4.1 requires convexity of f but does not require
convexity of individual functions f;, which can be nonconvex. The next theorem
is the main result of this section, which states that the robust counterpart can be
represented explicitly by using only the nominal data and the constraint functions g;
together with their subdifferentials.

THEOREM 4.1. Let K; (i = 1,...,m) be given by (9), where each g](,l)(j =
1., 09 i =1,... ,m) is a closed proper convex function and belongs to the lin-
ear space Ly, and is represented as

m (39)

(19) Z h{) (z

where each h,(cij)(x) 18 homogeneous of pkj) degree, and each m'Y) > 1 is a given

integer number. Let gjo satisfy Assumption 4.1 and Slater’s condition for each i.
Then the robust programming problem (7) is equivalent to

min ¢l
T . 09
st (W(i)(“’» MOV (@) + 3 APAD 41O < b i=1,.m,
j=1
@
(20) Yi = Sjenuy if Ji #0, . -
0 otherwise,
/\(Z .]:17 .,E(i)7 1 =1, ,m,
F(z) <0,

where x; = WO (z) @ VO (x) and J; = {j )\gi) >0,j=1,...,09}, and

m (49)

T(i):{ S jen W (SRS 07 = O @) i 3 £ 0,

0 otherwise,

where wy) satisfies that uy)/)\gz) € (9g§1) (wy)) forje J; #0.

Proof. Let f € Ly be any convex function such that f(x) = fi(x) + -+ fn(2),
where f; is homogeneous of p;-degree, and let f satisfy condition (17). Let y* be any
element in dom(f*) = RD(f). This implies that there exists some point z* € dom (f)

such that y* € 9f(z*). Then, for any = € dom(f), we have f(x) > f(z*) + (y*)T
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(x —x*), which can be written as (y*)7x — f(z) < (y*)T2* — f(2*) for all z € dom(f).
This, together with Lemma 4.1, implies that

N N
(21) Fu) =) = f@*) = pifile”) = f@) = (pi — D) fila").

i=1 i=1
Setting f = gj(-i) and y* = uy)/)\;i)7 where gﬁo is given by (19), it follows from (21)
that

i)

(o) @A) = 32 6k~ m wl),

k=1

where w§i) can be any point such that ug-i)/)\;-i) € ag;i)(wj(-i)). Substituting the above

into Theorem 3.2, we have the desired result. 0 4
We now consider the case in which all the functions gj(.z)(j =1,... ,E@)) are ho-
mogeneous. This is a special case of (19) with m() =1 (for all j = 1,...,0% i =

1,...,m). We have the following result.
COROLLARY 4.1. Let K; be given by (9), where each g](.z)(j = 1,...,09) is
()

convexr and homogeneous of py)-degree, and g; satisfy Assumption 4.1. Then the

robust programming problem (7) is equivalent to (20), but Y is given as follows:

v _ { Tien @ =X g @) it 520,
0 otherwise,
where w'”) satisfies that u(i)/)\(i) € 9g'" (w(i)) forje J; #0
i 1A €095 (W jeJi#0.
It is worth mentioning that Y9 can be written as

) — { 2jer, (1 - 1/p§”) (W Tw it J; £ 0,

0 otherwise.

This follows from (ii) of Lemma 4.1. Actually, for any function f satisfying Assump-
tion 4.1, (21) can also be written as f*(y*) = (y*)Tz* — f(2*) = (1 — 1/p)(y*)Tz*.
Therefore,

(97) @ /A0y = (1= 1/ @) Tl /A0

for some w]@ such that ugz)/)\y) € 8g§1)(wj(-l)).

Remark 4.1. (i) Notice that in Corollary 4.1 we do not require Slater’s condition,
since it was shown in [32] that for homogeneous convex optimization, Lagrangian
duality results hold without Slater’s condition.

(ii) It should be mentioned that Slater’s condition in Theorem 4.1 is not essential,
and can be removed in many situations, or enforced by slightly changing the constants

A;i) in (9). Any function g in the linear space Ly is the sum of some homogeneous
functions whose value is zero at the origin. Thus 0 € K; implies that 0 = g§i) (0) < Ag.i)
for j=1,...,09; ie., all constants A;i) must be nonnegative in (9) when g](»i) €Ly.

If all Ag-i) are positive, Slater’s condition holds trivially (this is the situation in most
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)

practical applications; for example, when gﬁi is a norm, Ay) is positive since otherwise

the uncertainty set contains at most one point). If not all Agi) are positive, replacing
A;i) in (9) by Ay), where ﬁgz) = Ag-i) if Agi) > 0, and 3;1) = ¢ otherwise, for some
small € > 0, allows us to satisfy Slater’s condition.

In the next section, we show that in homogeneous cases the above results can be
further improved without making Assumption 4.1.

5. Homogeneous cases. We now show that for homogeneous of 1-degree func-
tions, Assumption 4.1 holds trivially, and for a degree p # 1, a simple transformation
will make the resulting functions satisfy Assumption 4.1. We also further simplify the
reformulation. We first prove some basic properties of homogeneous functions. Part
(i) of the following lemma in fact follows from [30], but for completeness we provide a
simple proof. It appears that the result of part (ii) of the following lemma should be
valid for nondifferentiable functions as well, but for simplicity of the proof we state it
for twice differentiable functions.

LEMMA 5.1. Let f: dom(f) C R™ — R be convex and homogeneous of p-degree.

(i) If the degree p > 1, then f(x) > 0 over its domain, and if p < 1, then f(x) <0
over its domain.

(ii) Let f be twice differentiable over its domain. Then for p > 1, the function
(f(z))Y? is convex and homogeneous of 1-degree; for p < 1, the function —(— f(x))'/?
is convexr and homogeneous of 1-degree.

Proof. Let z be any point in dom (f). By homogeneity and convexity of f, we
have

(1/2)" f(z) = f(z/2) < f(z)/2+ f(0)/2 = f(z)/2.

Thus, [(1/2)? —1/2] f(z) <0, and hence the result (i) follows.

We now prove the result of part (ii). Consider the case of p > 1. By (i), p > 1
implies that f(x) > 0 over its domain. Let € > 0 be any given positive number. Denote
ge(z) := (f(z) +¢)*/?. Notice that dom(g.) = dom (f), and g is twice differentiable.
We prove first that g. is a convex function for any given € > 0. It suffices to show
that V2g.(z) = 0 (positive semidefinite). Since

1 -

VZg:(2) = ~(f(2) +e)v

» K; - 1) Vi@)Vf@)" + (f(x)+e)Vif(x)|,

it is sufficient to prove that

1
(5-1) VIV + (@) + V(o) 0.
By Schur complementarity property, this is equivalent to showing that
@) +e) Vi)
Vf(x) Vi) |
Thus, we need to show for all (t,u) € R"*! that

r(f@) +e) Vi@)" ] ( t )
Vi) V@) [\ u

(p(t, u) = (tv uT)

B ;% 2 (f(2) + ) + 2tV f(2) u + u V2 f (z)u > 0.
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Case 1. t = 0. By convexity of f, uTV2f(x)u > 0 for any u € R™; thus we have
o(t,u) > 0.
Case 2. t # 0. In this case, it suffices to show that for any v € R™

(1 u) = ﬁ(ﬂx) +e) + 2V f(2) u+ V2 f(z)u > 0,

Since V2f(z) = 0, the function (1, u) is convex with respect to u, and its minimum
is attained if there exists some u* such that

(22) Vi) = -V f(x)u,

and the minimum value is

* p *
p(l,u") = E(f(x) +e)+ Vi)
By Euler’s formula, we have 27V f(x) = pf(z). Differentiating both sides of this
equation, we have (p— 1)V f(z) = V2 f(z)z, which shows that the vector u* = *ﬁ

satisfies (22); thus the minimum value is

* 1 T p
p(l,u*) = p_l(f(:v)+s) . 1Vf(ac) x = p_ls > 0.

The last equation follows from Euler’s formula again. Therefore ¢(t,u) > 0 for any
(t,u) € R*'. Convexity of g.(x) follows. Since & > 0 is arbitrary and (f(x))"/? =
lim, ¢ g (), we conclude that (f(x))'/? is convex.

The case of p < 1 is considered analogously. 0

According to our definition of a homogeneous function, its domain includes the
origin. The next lemma shows that Assumption 4.1 is satisfied for any homogeneous
of 1-degree convex function, and its subdifferential at the origin defines the domain
of the conjugate function.

LEMMA 5.2. Let h : dom(h) € RN — R be a closed proper conver function and
be homogeneous of 1-degree. Then

RD(h) = | J 0h(z) = 0h(0).

zedom(h)

Moreover, dom(h*) = RD(h) = 0h(0).

Proof. Let z be any subgradient of h at x; then for any given y and any positive
number A we have h(\y) > h(z) + 27 (\y — ). Since A is positive, dividing both sides
of the inequality by A and using homogeneity of h, we have

h(z) - 2Tz,

hy) > 2L Ty

Let A — oo. We have h(y) > 2Ty, which holds for any y. Consider the set
S:={z: 2Ty < h(y) for any y € dom(h)}.

From the above proof, we have seen that Oh(z) C S for any z, i.e., RD(h) C S. In
particular, we have 9h(0) C S. Conversely, since h(0) = 0, we see that any z € S is a
subgradient of h at x = 0. Thus, we have S C 9h(0). We conclude that RD(h) = S =
Oh(0). The first part of the lemma has been proved.
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We now prove the second part of the lemma. For any y* € RD(h), there exists
an z* such that y* € df(z*), and by definition of subgradient, we have that (y*)7xz —
h(z) < (y*)Tz* — h(z*) for any = € dom(h), which implies that h*(y*) < oo, i.e.,
y* € dom(h*). Thus, the inclusion ®RD(h) C dom(h*) holds trivially (we mentioned
this observation at the beginning of section 4).

Now we show that converse inclusion is also valid. Suppose that y* € dom(h*).
We show that y* € S. Notice that for homogeneous of 1-degree function h, dom(h) is
a cone. Thus, for any given positive number A\, we have

MF(y*) = sup (y)T(Az) = Ah(z) = sup (y)"(Az) — h(Az) = B*(y*).
z€dom(h) z€dom(h)

Since A > 0 can be any positive number, we have h*(y*) = 0, which in turn implies
that (y*)Tx — h(z) < h*(y*) = 0 for any = € dom(h), and therefore y* € S. The
desired result follows. 0

We can now simplify the robust counterpart for the homogeneous 1-degree case.

THEOREM 5.1. Let K; be defined by (9), where all the functions g§i), i

1,...,09 are closed proper convex functions and are homogeneous of 1-degree. Then
the robust counterpart (7) is equivalent to

min ¢’z
T (D)
i (@) 1 (4 i) A (i .
s.t. (W()(x)) M V(Z)(x)—I—Z)\;)A§) <b;, i=1,...,m,
j=1
@
T if J; £ 0,
(23) B L A TR
0 otherwise,

A >0, j=1,...,09, i=1...m,
F(z) <0,

where x; and J; are the same as in Theorem 4.1, and ugi)/ky) € 5gj(»i)(0) forje J; #
0, i=1,...,m.

Proof. Under the conditions of the theorem, Lemma 5.2 claims that Assump-
tion 4.1 holds, and, moreover, %D(gEi)) = 6g§i)(0) foralli=1,...,¢®. From the proof
of Theorem 4.1, when J; # 0, we can set wéi) = 0, and hence T() = (géi))*(uy)/)\g.i)) =
0. Thus, in this case, T(? = 0 no matter what J; is. Therefore, the robust counterpart
(7) eventually reduces to (23). As mentioned in Remark 4.1, we do not need Slater’s
condition for homogeneous cases. 1]

When gj(-i) is homogeneous of pg-i)—degree, where pg-i) # 1 and is twice differentiable,
by (ii) of Lemma 5.1, we may transform it into a homogeneous of 1-degree function.
Then we can use Theorem 5.1. When p§i)
nonpositive; thus the constraint gj(i) < A;i) becomes redundant (since A;i) >0) and
thus can be removed from the list of constraints defining K;. Therefore, without loss
§i) > 1. We now have the following result.
THEOREM 5.2. Let K; be defined by (9), where the functions géi), j=1,...,09,

y) > 1), respectively.

< 1, by Lemma 5.1, the value of g‘gi) is

of generality, we assume that all p

are twice differentiable, convez, and homogeneous ofpy)-degree (p
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Then the robust programming problem (7) is equivalent to

min e’ x
2 —
@ () 770D () A
s.t. (W (x)) MV (x)—I—Z)\ AV <b;, i=1,...,m,
j=1

() -
Xi_{zjehuj sa 70 i=1,..

0 otherwise,

where x; and J; are the same as in Theorem 4.1, ugi) € Ag.i)agj@(o) forj e J; #
0, i=1,...,m, and

(i) 2 @ 1.

i ) i — i () i
(20 g { (g5, pl >, A@{ @, g > 1,
J @ _ 7 (
g] I pj _1a A] ’ pj

Proof. We note that for p;i) > 1, since gJ(i

the constraint gj(j’) < Aéi) in (9) is equivalent to (gj(.i))l/p;i) < (Agi))l/p§i>. Define g}“

) and Ag-i) are nonnegative by Lemma 5.1,

and AJ@ as in (24). Then this result is an immediate consequence of Theorem 5.1
and Lemma 5.1. a

From Theorems 5.1 and 5.2, the structure of robust counterparts of uncertain
optimization problems mainly depends on the subdifferentials of gj(-z) or gj(.” at the

origin when functions gJ@

Notice that any norm is convex and homogeneous of 1-degree and can be defined
on the whole space. (But the converse is not true; for example, consider f(¢): R — R
given by f(t) =tift > 0and f(¢t) = 2|t| if t < 0. Clearly, f is convex and homogeneous
of 1-degree, but it is not a norm, because f(—1) # f(1).) Theorem 5.1 can be
immediately applied to the case of an uncertainty set defined by a finite system of
norm inequalities. For this case, however, in addition to the above formulation of the
robust counterpart via subgradients at the origin, we can further simplify it using

are homogeneous.

dual norms and eliminating all variables )\y). For any norm || - ||, we denote its dual

norm by |- [, i.e., [[ull« = sup < uTx. When g](-l) is a norm, we denote it by | - ||(*)

and its dual norm by | - || 9.

COROLLARY 5.1. Let K; be defined by (9), where all gj(.i)(j =1,...,00 =
1,...,m) are norms, denoted, respectively, by || - || (j = 1,...,£9 i = 1,...,m);
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then the robust counterpart (7) is equivalent to

min ¢l x

(D)

s.t. (W(i)(ac))TM(i)V(Z )+ Z (U) <

¢()
Xqu(z) t=1,...,m,
F(z) <0,

where x; = WO (z) @ VO ().
Proof. Notice that u € 9||0|| if and only if uTz < ||z| for any = which can be
written as uT(;U/||x||) <1, ie. ||uH < 1. Therefore, forj eJ; #0, uy)/)\;l) € 8g§l) (0)

)H(”) < /\ . Therefore, the constraints of

(23) can be further written as

yiQ)
(W@@» v o)+ 3 AAY <b, i=1,0m

Jj=1
Z icJ, u(z) if Jl 7é @,
Xi = JeJdi I , 'L:la- ,m,
0 otherwise

A >0, j=1,...,09 i=1,...m,
1 <A wie g £0, i=1,...,m,
F(z) <O0.

It is evident that the above system is equivalent to

¢()
(W@)(x)) Oy ZA“ AD <b i=1.... .m,

P18 < XD =1, 60, =1, m,

¢

Xi :Zugi), 1=1,...,m,
j=1

M0 >0 =10 =1, m,

F(z) <0.
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Eliminating the variables )\gi), the above system becomes

£ -
. T___ i . . 11 (39)
(W(”(m)) MOV () +3 a0 \ugw Ty, i=1,...,m,
=1 ’
¢()
Xi = Zuéz), t=1,...,m,
j=1
F(z) <0.
The desired result is obtained. 0

6. Special cases. Complexity of robust counterparts depends both on the struc-
ture of the original optimization problems and on the structure of the uncertainty
set. The harder the original optimization problem is and/or the more complex the
uncertainty set is, the more difficult the robust counterpart is. In this section, we
demonstrate how the general results developed above can be simplified by consider-
ing special optimization problems and/or special uncertainty sets. We take the LP
problem as an example of a special optimization problem and take the widely used
uncertainty set (10) as an example of a special uncertainty set. Thus we obtain new
results for problem (1) with uncertainty set defined by (10) and for robust LP with
general uncertainty sets. For this simplest of the considered cases (robust LP with
uncertainty set (10)), we show that our results contain a number of related results in
the literature, but they are under less restrictive assumptions, thus generalizing and
strengthening these results.

6.1. Problem (1) with uncertainty set U defined by (10). Now we consider
the uncertainty set (10), i.e.,

U=:¢D|3ze RN :D=Dy+ > AD;z, |z]| <Q
JEN

Since this model has been widely used in the literature (see, e.g., [5, 6, 7, 8, 9, 10,
11, 12, 13, 14]), it is interesting to see how our general results can be simplified when
reduced to the above uncertainty set. Let H denote the matrix whose columns are
ADj;,j=1,...,|N|, ie,

H =][ADy,... ,AD‘N‘].
Define the function
(25) g(u) =inf{||z|| : Hz = u}.

Then g(u) is convex and homogeneous of 1-degree (convexity is proven in [36], and
homogeneity can be checked directly). Now we show that the uncertainty set (10) can
be represented equivalently in the form (9).

LEMMA 6.1. Consider the uncertainty set U given by (10). Let K = {u| g(u) <
Q}, where g is given by (25). Then we have K =U — {Dg}.

Proof. Let u be any point in K. By the definition of g(u), there exists a point
z* such that g(u) = ||z*|| and Hz* = u. Since v € K implies g(u) < Q, we have
lz*]] < €. By the definition of U, we see that u € U — {Dy}.
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Conversely, suppose that u € U — {Dp}. Then there exists a point D € U such
that w = D — Dy. By the definition of U/, there exists a point z such that u = Hz and
Iz]| < €. By the definition of g, this implies g(u) < €, and hence u € K. ad

If the vectors {AD; : j = 1,...,N} are linearly independent, from Hz = u we
have z = (HTH)"'H” . Thus, we have

U~{Do} = K = {ulg(u) = [(H"H)'H"ul| < Q}.

Since in general |N| is less than the number of data of the problem, the term HTu
can be zero even when u # 0. Thus, g(u) is not a norm in this case, unless {AD; : j =
1,..., N} are linearly independent and |N| equals the number of data of the problem,
in which case H is an |N| X |N| invertible matrix.

Notice that K here has only one constraint which corresponds to the case (V) = 1
for all i = 1,...,m, and by Theorem 16.3 in [36] the conjugate function of g(u) is
given by

(26) g'(w) :{ O <

00 otherwise,

where || - ||« denotes the dual norm of || - ||.
We now consider our problem (1), where data M()’s are subject to uncertainty
of the type (10); i.e., for each i, the data M ®) belong to the set

(27) M® |3z e RNOL pO =310 1 ST oaMPz, 2@ <@
JEN{)

This can be written equivalently as

U; = {vec(M(i) )
(28)

Jz € RNI, vec(M®) = USC(M(()i)) + Z vec (AM]@) zj, Iz < Q® } ,
JEN

i =1,...,m, where N is the corresponding index set (not to be confused with
N;—the dimension of matrix M®), and Q) is a given number. Note that we add
the index (i) to the norm (i.e., || - ||”)), which allows us to use different norms for
different constraints. Accordingly, we have the function

g (u) = inf{||z| D : HDz = u},

where H® = [vec(AM™), vec(AM), ... ,vec(AMl(i])(i)l)], and thus by Lemma 6.1
we have

U; — {vec(ﬁ(i))} = K; = {ulg? (u) < QY.

Using (26), we have

. 0, [(H)Tw|W <1,
(29) (g™)*(w) ={ 1) ”. B
00 otherwise.

Now we have all the necessary ingredients to develop our result. We first note that
in this case, £() =1 for all i = 1,...,m since the uncertainty set &; has only one
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constraint g() (u) < Q™. So, A is reduced to a scalar. Therefore, the constraints of
the robust counterpart (12) that correspond to index i reduce to

. T__ oy . L :

(30) (W“) (:c)) MOV (z) 4 ADQD 4 1O < p,,
u(i)7 )\(7') > 07

where

(32) ) { A (g@)* (D /X@), X6 > 0,

0, A0 = 0.

When A(® > 0, the system (30)—(32) becomes
, T iy . N N , .
(Wu)(x)) MOV () + AXDQO £ 2D (g@) (D )AD) < p,
Xi = u®,

Eliminating u(* and using (29), the above system is equivalent to
(W@(z))T MOV (2) + ADQD < p,,
IO () I < 2D
This can be written as
(33 (WO@) MOV + 2 (E ] < b
When A\(%) = 0, the system (30)—(32) is written as
(WO) V0w <b,
xi = 0.

Clearly, this system can be written as (33), too. Hence, by Theorem 3.2, we have the
following result.

THEOREM 6.1. Under the uncertainty set (27) (or equally, (28)), the robust
counterpart (7) is equivalent to

minc’ z

(@) .
§bi, Z:].,...,TTL7

*

A T iy . A
s.t. (W@)(x)) MOV (z) + QW)

[CRIe

F(z) <0,

where x; = WO (2)@V ) (z) and HO) = [vec(AMl(i)), vec(AMQ(i)), cee Avec(MJ(\fzi) )]
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6.2. LP with general uncertainty sets. Consider the LP problem discussed
in section 2: min{c'x : Ar < b, x > 0}, where A € R™*" b€ R™, and ¢ € R". As
discussed in section 2, without loss of generality, we assume that only the coefficients
of A are subject to uncertainty.

There are two widely used ways to characterize the uncertain data of LP problems.
One is the “row-wise” uncertainty model (a separate uncertainty set is specified for
each row of A), and the other is what we may call the “global” uncertainty model (one
uncertainty set for the whole matrix A is specified). We first consider the situation
of “global” uncertainty.

Suppose that A is allowed to vary in such a way that its deviations from a given
nominal A fall in a bounded convex set K of R™" that contains the origin (zero).
That is, the uncertainty set is defined as

(34) U = {Alvec(A) — vec(A) € K},
where K is defined by convex inequalities:

Here Aj’s are constants, and all g; are closed proper convex functions. Then the
robust counterpart of the LP problem with uncertainty set U is

(36) min{c’z: Az <b, x>0 VA e U}.

First, from section 2 we know that for LP we can drop indexes i for gj(-l) and Ag-l)
in the previous discussion, since in the reformulation of LP as a special case of (1) and
(2), the data matrix for each constraint (2) is the same; i.e., M = [4],, for all i
(see section 2). Second, we note that for LP, the vector y; = W @ V) = ¢; @ z is
linear in x. Therefore, the results in previous sections can be further simplified for LP.
For example, Theorems 3.1, 3.2, and 5.2 and Corollary 5.1 can be stated as follows
(Theorems 6.2 through 6.4 and Corollary 6.1, respectively).

THEOREM 6.2. The robust LP problem (36) is equivalent to the convexr program-
ming problem

min ¢’ x

s.it.alz + 6" (xilel(co(K))) < b;, i=1,...,m,
x>0,

where cl(co(K)) is the closed convex hull of the set K, and x; = e; ® .

Since 6*(-|cl(coK)) is a closed convex function, the robust counterpart of any LP
problem with the uncertainty set denoted by (34) and (35) is a convex programming
problem.

THEOREM 6.3. Let K be given by (35), where g;(j =1...,¢), are arbitrary closed
proper convex functions. Suppose that Slater’s condition holds; i.e., there exists a
point ug such that gj(uo) < A; for all j =1,...,¢. Then the robust LP problem (36)
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s equivalent to

min e’ x

¢ ¢
s.t. ELZT:E+Z)\§”Aj+ Z)\y)gj (xi) <b;, i=1,...,m,

or equivalently,

mincl

4

j=1

(37) X { Siens’ T A0,

0 otherwise,

where x; = €;  x, Ji:{j:)\gi) >0,j=1,...,4}, and

0 otherwise.

() :{ Siesn AV g @ Ny if g £0,

Remark 6.1. (i) For LP, the constraint “x; = >_,c ;. ug-i)” is a linear constraint.

(ii) It is well known that for any convex function f, the function f(z,t) = tf(z/t),
where ¢ > 0, is also convex in (z,t), and is positive homogeneous of 1-degree, that is,
flaz,at) = af (z,t), for any a > 0. Problem (37) shows that all functions involved are
homogeneous of 1-degree with respect to the variables (z, @), u(i)). Thus, the robust
LP problem (36) is not only a convex programming problem but also a homogeneous
programming problem, i.e., an optimization problem where all functions involved are
homogeneous.

THEOREM 6.4. Let K be defined by (35), where the functions g;,j = 1,...,4,
are twice differentiable, convex, and homogeneous of p;-degree (p; > 1), respectively.
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Then the robust LP problem (36) is equivalent to

min el z

¢
s.t. diT:c—FZ)\;l)ANj <b;, i=1,...,m,
j=1

= Zje]i ugl) if Ji # 0,
' 0 otherwise,
AW >0, j=1,...0 i=1,...,m,
x>0,
where x; and J; are the same as in Theorem 6.3, ugi) € ,\;”agj(o) forje J; #0,i=
1,...,m, and
(gj)l/pj7 Dj > la N (Aj)l/pja Dy > 17
gj = Aj =
COROLLARY 6.1. Let K be defined by (35), where all g; (7 =1,...,¢) are norms,

denoted, respectively, by || -1, 7 =1,...,¢; then the robust counterpart (36) is equiv-
alent to

mincl z

4
stoale+ Y AP < b, =1, m,
j=1

¢
i :
€i®x:Zu§-), t=1,...,m,
j=1

x > 0.

Now we briefly discuss the situation of “row-wise” uncertainty sets. In this case,
in order to apply our general results, we reformulate LP in the form (1) in a different
way than in section 2. Consider functions f;(z) of the form (2), where W (z) = ¢; €
R", V@ (z) = z € R" (same as in section 2). Throughout the rest of the paper, we

denote by A;(i =1,...,m) the ith row of A. Thus, A; is an n-dimensional row vector.
The n x n matrix M is the matrix having A; as its ith row and 0 elsewhere, i.e.,
0
(38) M9 = | A, L i=1,...,m.
0
nxn

Then the ith constraint of Az < b can be written as

(39) fi = WOTMOVEO <p;

for i = 1,...,m. Then applying the results of sections 3, 4, and 5 to the optimization
problem (1) with the above inequality constraints and F'(z) = —x < 0, we can obtain
a formulation for robust LP with “row-wise” uncertainty sets. We omit these results.

The formulation for other special cases such as the LCP and QP can be derived
similarly; we leave these derivations to interested readers.
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6.3. LP with uncertainty set of type (10). In this section, we consider the
LP problem min{c’x : Az < b,z > 0} under uncertainty of type (10). We will show
that our results in this section include a number of recent results on robust LP in the
literature as special cases. From Theorems 6.1 and 6.3, we have the following result.
THEOREM 6.5. (i) Under the “row-wise” uncertainty set

(40) U= A |Bue RN A =4, + Z AAg‘i)“jv [ul| @ <0 5
JEN®
the robust counterpart of LP is equivalent to

min ¢’ x
(1)

(41) s.t. ELZTJ:+Q(” <b;, i=1,...,m,

\(Hm)z

*

x>0,

where the matriz H®) = [(AAY))T, (AAéi))T7 e (AA\(2<¢)|)T]'
(ii) Under the “global” uncertainty set

(42) U= AFue RN A=A+ Adjuy, flull <Q
JEN
where A is an m X n matriz, the robust counterpart of LP is equivalent to

minc’ z

Sbh 1=1

*

e, M,

(43) st.alz+Q HFIT@

x>0,

where the matrizc H = [vec(AA1),vec(AAs), ... ,vec(AAN))] and X; = egm) ® x,

where egm) denotes the ith column of the m x m identity matriz. FEquivalently, the

inequality (43) can be written as

Sbi, i=1,...,m,

*

~, \T
alz+Q H (H(l)) x

where the matriz HO = [(AA])Tel™  (AAy)Tel™ ... (AA‘N|)TeEm)].

Proof. To prove the result (i), we show that it is an immediate corollary of
Theorem 6.1. To apply Theorem 6.1, we first reformulate the LP problem in the form
(1) as we did at the end of section 6.2. The ith constraint of Az < b, i.e., A;x < b;,
can be written as (39), where M®) is given by (38). Clearly, we have

vee(MW) = e; @ AT, vec(M(i)) =e ®Z?.

Notice that when A; belongs to the uncertainty set (40), then the vec(M ) belongs
to the following uncertainty set:

{vec(M(i))

Ju e RN, vee(MW) = ¢; ®ZZT + Z (ei ® (AA;“)T) Uj, flul| ) < Q@ } .
jeN(®)
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By Theorem 6.1, robust LP is equivalent to

minc’ z
(%)

s.t. ELZT.I + 0 <b

(P

i, t=1,...,m,
*

x>0,
where y; = ¢; ® x and the matrix
PO = le; @ (AAP)T, e @ (AAP)T, ., e;@ (AAf )T
Notice that

(P(i))T xi = [(AAf)T (2AD)T, L aAf )T e
Therefore, the result (i) holds.

Using the uncertainty set (42), item (ii) can also be proved by applying Theo-
rem 6.1. In fact, we can reformulate the LP problem in the form of (1) as in section 2,
where all the data matrix M® are equal to [‘g]nxn. Notice that the uncertainty set
(42) can be written as

{m({gp su e ([4]) =vee ([2]) + 5 vee ([ 5] ) o ||u||<9}.

JEN
This is the uncertainty set of the form (28). Thus, by Theorem 6.1, robust LP is
equivalent to

min ¢’ x

stoalx+QH x|l <bi, i=1,...,m,

denotes the ith column of the m x m identity

x>0,

where x; = ¢; ® z and the matrix

vec ,vec

0
Denote by x; = egm) ® x, where ev(;m)
matrix. It is easy to check that

AA,
0

AA N
0

H:

~ ~, . \T
H'x; = H'X; = (H(l)) x,
where the matrices

H = [vec(AAl), vec(AAs), ..., vec(AA‘M)] ,

HO = [(AAI)Teg’"), (AA)TE™ (AA‘N|)Te§m)} .

Thus, the desired result (ii) follows. a
Notice that dual norms appear in (41) and (43). If the norms used are some
special norms such as 1,02, o, 01 N oo, lo N Lo, then their dual norms || - ||« are

explicitly known (see, e.g., [14]).
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In [12], Bertsimas, Pachamanova, and Sim studied the case of robust LP with
uncertainty sets defined by general norms. Their result provides a unified treatment
of the approaches in [23, 24, 6, 7, 11]. However, their result is a special case of
Theorem 6.5. Their uncertainty set is defined by the inequality

[[M (vec(A) —vee(A))]| < A,

where M is an invertible matrix and A is a given constant. Clearly, this inequality
can be written as

vec(A) = vec(A) + M u, |lul| < A.

This is a special case of the uncertainty model (42), corresponding to the case when
|N| is equal to the number of data and the perturbation directions AA;’s are linearly
independent (here AA;’s are the column vectors of M~1). So, when we apply Theo-
rem 6.5(ii) to such a special uncertainty set, we obtain the same result as “Theorem
2” in [12]. But our result in Theorem 6.5(ii) is more general than the result in [12] be-
cause our result can even deal with the cases when the perturbation direction matrix
H is singular and even not a square matrix.

It should be mentioned that “Theorem 2” in [12] can also be obtained from our
Corollary 6.1. Since M is invertible, we can define the function g(D) = || M D||, which
is a norm. The uncertainty set is defined by only one norm inequality, i.e., g(D) < A.
So, setting £ = 1 in Corollary 6.1, we obtain “Theorem 2” in [12] again.

Now we compare Theorem 6.5 with the corresponding results for robust LP in
Bertsimas and Sim [14]. For LP, Theorem 6.5(i) strengthens (generalizes) the corre-
sponding result in [14] in the sense that we do not impose extra conditions on the
norms, but in [14] a similar result is obtained under the additional assumption that
the norms are absolute norms. Below we elaborate on this in more detail.

As we pointed out in section 2, without loss of generality, it is sufficient to consider
the case when only A is subject to uncertainty. For LP, only “row-wise” uncertainty is
considered in [14]; for the ith linear inequality A;x < b;, A; belongs to the uncertainty
set (40). Bertsimas and Sim [14] defined f(z, 4;) = —(A;z — b;), and

sj = gz, AAY) = max{—(AA )z, (AAP)z} = ‘(AAg.i))x . j=1,...,N®.

Bertsimas and Sim [14] proved that for LP, when the norm || - ||¥) used in (40) is an
absolute norm, the robust LP constraint is equivalent to

Fla,A) = Q||| (or equally, f(x, 4;) > QWy, |5 < ).
That is,

A —b; > 00 N
1 (= ‘N(z)‘

[(AaP) @AD" (8]

which is

(0)
AANT (AANYT L aa®D 7]
( 1) 7( 2) 7""( |N(i>|) T

This is the same result as Theorem 6.5(i). So, Bertsimas and Sim [14] proved the result
of Theorem 6.5(i) under the assumption that the norms used are absolute norms. We
obtain this result without additional assumptions on the norms.
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We can also apply our general results to nonlinear problems such as SOCP and
QP. Let us comment on the differences of our approach from the approach of Bert-
simas and Sim [14]. Applying our general results to robust QP would lead to ezact
formulations which, in general, would be computationally difficult. Bertsimas and
Sim [14] aim at obtaining computationally tractable approzimate formulations. These
are two different ways of approaching nonlinear robust optimization problems. Com-
putationally tractable approximate formulations are important for practical solution
of large-scale problems: approximate solution is the price one has to pay for compu-
tational tractability. Exact formulations are also important. First, from a theoretical
viewpoint, they allow us to gain more insight and to study the structure of the prob-
lems. Second, they can be used in practice to obtain exact solutions to small-scale
problems. Third, they can provide new or strengthened results for important special
cases when restricted to such cases, as demonstrated in this section.

7. Conclusion. One of our main goals was to show how the classic convex anal-
ysis tools can be used to study robust optimization. We showed that some rather
general classes of robust optimization problems can be represented as explicit math-
ematical programming problems. We demonstrated how explicit reformulations of
the robust counterpart of an uncertain optimization problem can be obtained if the
uncertainty set is defined by convex functions that fall in the space Ly and satisfy the
condition (17). Our strongest results correspond to the case where the functions defin-
ing the uncertainty set are homogeneous, because in this case the condition (17) holds
trivially, and the robust counterpart can be further simplified. Our results provide
a unified treatment of many situations that have been investigated in the literature.
The analysis of this paper is applicable to much wider situations and more compli-
cated uncertainty sets than those considered before; for example, it is applicable to
cases where fluctuations of data may be asymmetric and not defined by norms.
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