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Abstract

It is well known that a wide-neighborhood interior-point algorithm for linear programming performs much better in imple-
mentation than its small-neighborhood counterparts. In this paper, we provide a unified way to enlarge the neighborhoods of
predictor—corrector interior-point algorithms for linear programming. We prove that our methods not only enlarge the neigh-
borhoods but also retain the so-far best known iteration complexity and superlinear (or quadratic) convergence of the original
interior-point algorithms. The idea of our methods is to use the global minimizers of proximity measure functions.
© 2006 IMACS. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Consider the canonical linear programming problem:
min{ch: Ax=b, x> 0},

where ¢ € R", b € R™, A € R™*" and rank(A) = m. We assume that the problem has an interior-point, i.e., there
exists a point (xo, 59, yo) such that

Axozb, ATy0+SO=c, x0>0, s> 0.

This assumption guarantees the existence of the central path on which most interior-point algorithms are based. There
are two key factors that are closely related to the practical behavior of an interior-point algorithm, i.e., the search di-
rection and the neighborhood of the central path. A large body of implementation shows that interior-point algorithms
using wide neighborhoods perform much better than those counterparts based on small neighborhoods. Thus, how to
enlarge the neighborhood of central path is an interesting and important issue for improving the efficiency of interior-
point algorithms. This is why many authors have been studying the wide-neighborhood interior-point algorithms for
optimization problems (see, e.g. [1,5,6,11,12,16,19,23,24]). A neighborhood of the central path is determined by
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some proximity measure function that is used to measure the distance between the point (x, s) > 0 and the central
path. The following proximity measure functions are widely used in the literature of interior-point methods for linear
programming [8,17,20,21]:

’
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In general cases, the parameter i can be calculated at (x,s), and thus we can write u as w(x,s). For any given
proximity measure function 6 (x, s, i (x, s)), the neighborhood of the central path can be defined as

N() = {(x,s) > 0: 8(x,s, /L(x,s)) < t},

2

where 7 is a given positive number. For most interior-point algorithms, the parameter i > 0 is set to be the duality
gap xs/n. However, we note that most proximity measure functions used in interior-point algorithms have global
minimizers with respect to w. For any given (x, s) > 0, let u.(x, s) denote the global minimizer of §(x, s,-), i.e.,

S(x, s, y,*(x,s)) <8(x,s,pu) forall u>0.
Then the corresponding neighborhood is given by
N*(1) = {(x,s) > 0: S(x,s,,u*(x,s)) < r}.

Clearly, the neighborhood N*(7) is larger than N'(t) for any wu(x, s) # u«(x, s), i.e., for a given proximity measure
function §(-), the neighborhood N*(t) is the largest neighborhood. This suggests that we may use the neighborhood
N*(7) to replace the original neighborhood N () of interior-point algorithms. The purpose of this paper is to adapt
the predictor—corrector-type interior-point algorithms to use the new neighborhood N*(7) so that the algorithms can
work in wider neighborhoods. We first give here a brief review on predictor—corrector methods. The primal and dual
predictor—corrector algorithm for linear programming was proposed by Mizuno et al. [10], also see Barnes et al. [2].
This method was later extended to complementarity problems and other optimization problems (see, e.g. [5,7,15,
16,18,19,22]). Some authors also proposed the infeasible version of this method such that the algorithm can start
from an infeasible point (see, for instance, [13,14]). A more practical predictor—corrector algorithm was proposed
by Mehrotra [9], which was based on the power series algorithm in [3]. Other power series (high-order) predictor—
corrector algorithms can be found in [4,16,18], etc. Two neighborhoods are used in predictor—corrector algorithms:
One is used in so-called predictor steps and the other is used in corrector steps. Since the original Mizuno—Todd—Ye
method is actually working in small neighborhoods, several authors tried to modify this algorithm to work in some
wider neighborhoods in order to achieve a faster convergence of the algorithm (see, for example, [5,6,11,12,15,16]).

Let p1gap denote the duality gap xTs/n throughout this paper. We note that Mgap = xTs/n is the global minimizer
of the proximity measure function 8jg (x, s, i) with respect to w. Therefore, it is natural for §jg(-)-based interior-
point algorithms to use the duality gap as the updating rule for p during the course of iteration. However, for other
proximity measure functions, ftgap is not a global minimizer. For example, the global minimizer (see [11]) of the
function 8¢ (x, s, @) is

xTs
Y Cxs) T

The predictor—corrector algorithms that use 8¢ (x, s, ;t) as the proximity measure function have been studied by sev-
eral authors [11,15]. Especially, Peng et al. [11] has already studied how designing an interior-point algorithm by

(X, 8) =
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using the above-mentioned minimizer . (x, s). In this paper, we focus our attention on the cases of 2-norm and co-
norm neighborhoods that were commonly used in the literature of interior-point algorithms. We note that the global
minimizer of the 2-norm proximity measure function 6, (x, s, () is

(HTs? YL (xisi)?

M (X, 8) = =
N xTs xTs

and the global minimizer (see Lemma 3.1 in this paper) of the co-norm proximity measure function 8o (x, 5, (t) is

max| g <p XiSi +minggi<n XS
5 )

By using the global minimizers of the proximity measure functions §>(-) and §o(-), we provide in this paper
a unified method to enlarge the neighborhood of the central path, and hence we give a new design for predictor—
corrector algorithms. Also, we prove that our algorithms retain both the so-far best known iteration complexity and
the quadratic convergence of the original algorithms.

This paper is organized as follows. In Section 2, we describe the algorithm based on 2-norm neighborhood, and
prove that the algorithm retains the best known O(/n log(xg so/€))-iteration complexity for small-neighborhood al-
gorithms. In Section 3, we study the case of co-norm neighborhood, and prove that the algorithm retains the best
known O(n log(xg so/¢€))-iteration complexity for co-norm neighborhood algorithms. Finally, we point out that both
algorithms in the paper are quadratically convergent in the sense that the duality gap sequences converge to zero
quadratically.

We use the following notation throughout the paper. e denotes the vector with all components equal to 1. For any
positive vectors x, s € R and a real number ¢, the symbols xs and x? denote the vector whose components are x;s;
and xl.q (i=1,...,n), respectively. For any vector x € R", we denote min(x) and max(x) denote the smallest and the
largest components of x, respectively, i.e., min(x) = minj g; g, X; and max(x) = maxg; <, Xi.

/L*()C,S) =

2. Algorithms based on 2-norm neighborhoods

In this section, we consider the predictor—corrector algorithm based on the small neighborhood determined by the
2-norm proximity measure function:

3

2

XS
Sr(x,s,1u) = H— —e
7

which was used in the original Mizuno—Todd-Ye method. As we pointed out in the last section, for a given vector
(x,s) > 0 it is easy to verify that the global minimizer of §,(x, s, ) with respect to u is
( x2)T S2

X,8)=
I’L*( ) .XTS

In what follows, we denote w4 (x, s) by wuy for simplicity. We first give two constants T and 7 in (0, 1) satisfying

_ (14377
2047

Since 7T € (0, 1), it is easy to verify that r < 1. The idea of predictor—corrector methods is very natural. Roughly
speaking, the predictor—corrector method follows the central path of linear programming by alternating predictor steps
and corrector steps. Starting from a point in certain neighborhood N () and moving along a predictor search director,
the predictor step produces a predicted point in A/(T) that is larger than A'(t). At the predicted point, a corrector
director is calculated, and a suitable stepsize along the corrector direction yields the next iterate that is back inside
the neighborhood A (t). In our algorithm, the predictor search direction is the same as the one in Mizuno—Todd-Ye
method [10], i.e., the solution to the following system:

)

rt<t<t wherer:

AAx =0,
ATAy + As =0,
SAX + xAs = —xs. 2)
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We denote by

x(0)=x+6Ax, s(@)=s54+0As.
The steplength 6, is determined by the following rule

Oy = max{t €(0,11: (x(®),5(0)) >0, 82(x(0), s(0), ux(6)) <7, VO € (0, t]}, 3)
where

[x(0)1Ts(0)?
x(@)Ts(9)

Different from traditional methods, our corrector search direction is the solution to the system

s (8) = s (x(0), 5(0)) =

AAx =0,

ATAy+ As =0,
2.2

sAx—i—xAs:xs—xs . “4)
223

A characteristic of system (4) is that the duality gap remains invariant along the direction (Ax, As). Actually, since
AxTAs = 0, we have
(x + GAx)T(s +6As) = xTs +0(xTAs + sTAx) +02AxTAs

(x
(x

=xTs+6 TAs-l—sTAx)
23T .2
x°)'s
=sz+0<sz—( ) >
s
=xTs.

The last equality above follows from the fact s = (x?)Ts%/xTs. We now describe the algorithm as follows.

Algorithm 2.1. Given two positive numbers 7 and 7 in (0,1) satisfying (1), and an initial feasible point (x°, s°) > 0

0\2\T (.02
such that 8,(x?, 5%, %) < v where 0 = %

Step 1 (Predictor). Solve system (2) with (x,s) := (xk, sK) for the search direction (Axk, Ask). Compute the
steplength 9!: according to (3), and set

. Set k := 0, and do the following steps:

e\ 27T <k 2
K <k kL ok ak k4 ok Ak _i [GDTGY)
(-x ,S)Z(x +9*Ax , S +9*AS ), and M*:W

Step 2 (Corrector). Solve system (4) with (x, s, ity) = ()Ek, sk, /li) for the corrector direction (Aik, AEk). Set
(FHL K H) = (75 oF AK 5 4 ok ASY),

where

min(xk5%)2

min(ikik)(l — \/1 —2(1=7r) ik max(ikik))

O[kZ

max (x*s%)

Set k := k + 1. Repeat the above steps until certain stopping criterion, for instance ,ulgap = (MTsk/n < e, is satisfied.

At each step if (x¥, sX) > 0, the positivity of (x¥, §%) follows directly from the choice of 9!:. Later, we will see that
the positivity of (x¥*1, s¥*1) follows from the choice of a* (see the proof of Theorem 2.1). Thus, Algorithm 2.1 is
well-defined. We now aim at proving that the algorithm has an O(y/n log (X(ZJ)-iteration complexity. First, we have
several technical results.
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Lemma 2.1. [10] Let (x, s) > 0 be given. For any given u € R", if(&;c, Ss) is the solution to the system
AAx =0,
ATAy + As =0,
s&c + x&v =1u,

then (&35, &/s) satisfies the following inequalities

Z Ax;As; = Z |AX; As;| < —”(XS) 2y

iely iel_

2’
where I = {i: Ax;As; >0} and I_ = {i: Ax;As; <0). Hence, | AxAslloo < 3I(xs)~12ull3.

For the sake of convenience, we suppress the iteration index k and denote (xk, sk ), ()Ek, sk ) by (x,s) and (x, 5), re-
spectively, if there is no confusion arising. Similarly, denote (Ax*, As*) and (AXX, A5K) by (Ax, As) and (Ax, As),
respectively. We also denote by p = ﬂ and w = 8X4s

*

Consider the interval [0, 7) Where N = Mminy, <0 | Clearly, there exists a unique 6 e (0, 1) such that the transfor-

mation n = 02/(1 — 0) is a bijection from [0, 9) to [0, r)). For any given (x, s) > 0, since p, = xHTs 2/x s, it is easy
to verify that
xTs [sz]2

2
[82(x. 5. us) ] =n — . —n—m, )

and

n n
Y opi=)y_pl (6)
i=1 i=1

where p; = x;s; /s fori =1, ..., n. We recall that

(x(©)2)T5(6)?
(x(0),5(0)) = (x+0Ax,s+0As) and . (0) = OO
From system (2), it is evident that
x(@)Ts@) =1 —0)xTs and x;(0)s;(0) = (1 —O)x;s; + 0> Ax; As;. (7

We now prove the next result.

Lemma 2.2, Let n = 92/(1 — 0). Then for any n € [0, 17), we have

[52(x(0), 50), 11+(0)) " — [82x, 5. ) ]* < f ()
where

- 1
fan) = (1 +lwle) ) ———-
; (pi +nw;)?

Proof. By (5), (6) and (7), we have

0)Ts 6 T
[82(x(6). 50), (@) ] — [82(x. 5. )]’ ( x()s()) (n—-xs>
X

s (0) M
Ts  [x®)7Ts0)]
T e x@)Ts0)?
xTs [(1—6)xTs]?

a E - Yo L= 0)xisi +02Ax; Asi]?
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xTs (sz)2
Mo Dy (xisi + nAX; Asi)?

=Xn:pi<1 _ Z?:1 Pi )
, Yo (pi 4+ nwi)?

iz pi) Xoi—y @upiwi + nw; )
= 3)
> (pi +nwi)?
Since x; As; + s; Ax; = —x;s; foralli =1, ..., n, we have
xiz(Asi)2 + siz(Axl-)2 + 2x;85; Ax; As; = x?si2

foralli = 1,...,n. Thus, 4x;s; Ax; As; < x*s? which implies that

()'s?

Note that equality (5) implies that xTs/u, <n, i.e., Y, pi <n.Dividing both sides of the inequality above by /Li,
we have

4>|~

E xisi Ax; As; <

Xn: < ()cz)Ts2 xTs < n ©)
Wi s —— =57 7
Pi Wi 4#3 4/1,* 4

i=1
Since AxTAs =0, we have Z;’zl w; = 0, which implies that

Zwi=2|wi|,

iely iel_
where I = {i: w,- > 0} and I_ = {i: w; < 0}. Setting u = —xs in Lemma 2.1 and by using (9), we can easily see that
T
Yw<<h and ule< o<l (10)
ws 4 dpy 4
l€1+
Therefore, by (9) and (10), we have
n n n
Y @piwi +nw?) <2 piwi + nllwllos Y lwil
i=1 i=1 i=1
n n
<5 200wl Z wi
lEI+
n
<5(1+77||w||oo)~ (11D

By harmonic inequality, we have

Z(Pz + nw;i) Zm n’. 12)

i=1
Thus, by (8), (11) and (12), we have

U(Zz 1Pl)[ (1+77||w||oo)]2 1

2 2
[82(x(0), 50), 1 ®)]” = [8x, 5, )] < - Ty

< nn® (1 + nl[wlloo) Z 1
2n? — (pi + nwi)?

1 - 1
= — 1+ -
S 77||w||oo)§ T

=: f(n).
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The second inequality above follows from the fact Y ', p; <n. O

Let 0, be the steplength given by (3), and let n, = i . Therefore,

2
6, = i . (13)

N« + (77*)2 + 41,
To prove the iteration complexity of Algorithm 2.1, we need an estimate of the lower bound of 6,. From (13), it is
sufficient to estimate the lower bound of 7, since the function ¢ (¢) = 2 is an increasing function in (0, 00).

t+A/ 1244t

Lemma 2.3. Let 0, be the steplength in predictor step, determined by (3), and let n, = 1

Bmin(p) 2(1 — B)* min(p)* (7> —12)}
lwlloo n(l+ Bmin(p)) ’

where B € (0, 1) is a given number independent of n, for instance, B = 0.9.

Ny 2 min{

Proof. We first note that f(n) satisfies the properties: f(0) =0 and f(n) — oo as n — 7. Thus, there exists an 7
such that

fiH=t>—1>>0.

Let 7j be the smallest solution to the above equation. If 7 < £ ”nl:)l‘rll(p ). then we have
22 = £ () = 21+ llwleo) Z S
2 — (pi +7wi)?
_1 - 1
>1(1+ Bmin(p) . =
2 2 )g (min(p) — 7illwlloo)?
(14 B min(p) ———
- min(p)) ———s——,
2" P =) min(p)?

1.e.,
20— B)? min(p)*(z2 — 7%
17T + Bmin(p))

Since either 7j > £ ﬁﬁif) orij< 8 Hrz)iﬁg’), we conclude that

7> min { Bmin(p) 2(1— p)>min(p)* (7% —2) }
- lwllee n(1+ Bmin(p)) '

To prove the desired result, it suffices to show that 1, > 7. Actually, since f(0) = 0 and since 7 is the smallest solution
to the equation f(¢) = 72 — 72 > 0 in the interval (0, ), we deduce that

f) <> —1% forallnel0,7].

Thus, for any 6 € [0, 67] where 0 satisfies that (5)2/(1 — 5) = 7, it follows from Lemma 2.2 that
[82(x(0), 50), @) < T2+ [B2(x, 5, )] — 12 < 72

The last inequality follows from that 8, (x, s, i) < t. Thus, for any 6 € [0, é], we have
82(x(0),5(0), u«(0)) < T < 1.

which also implies that (x(6), s(6)) > 0. By definition of 8,, we conclude that 6, > 6, and hence 1, > 7. The proof is
complete. O
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We are ready to prove the following result.

Theorem 2.1. Let (x*, s*, //,],‘F) be generated by Algorithm 2.1. Then the following properties hold.

(1) 82(xk, sk, pL* <t forallk >0; 52(x 5K M* < Tforallk >0.
i . k+1 _ k
(ii) The duality gap Moap = (1-6; )ugap forall k > 0. i

(iii) There exists a constant o € (0, 1) independent of n such that Of Z for all k > 0, which implies that Algo-

rithm 2.1 has an O(y/nlog W)-iwmtion complexity.

Proof. Result (i) can be proved by deduction. We assume that 8 (xk, sk, ,uﬁ) < 7. By the choice of Oi‘, the inequal-
ity 8,(x*, 5%, ik) < T holds trivially. It suffices to prove that 8, (x*+1, sk+1 1 k+1) < 7. Note that for any constant
7 € (0, 1) we have
(1+437)2
=0 <<
2(1+1)3

Since 8, (&%, 5 u*) 7, we have (1 — T)pb* <xisE <+ f)ﬁi. Thus,

[min(x¥5%)]2 7\ (1-1)? T \?

— 2 (1= - ) > ~(1- .

2max(xksk),u*( <1+r> ) 2(1+r)( <1+r> >
_ 14201 -7

2(1+17)3
=1-r

The above inequality can be written as

Lro(1- [1-20 - pamaxEHY
aofi-yi-20-n iR ) <

Therefore,
<k 2K max(Fk5k)
. mln(x S )(1 —\/ 2(1 — )m)
o= Kok
max(x~sk)
- - kck
AL+ D(1 —\/ —2(1 - ) EamaEa))
<
= max (xk5%)
S -
= max(xksk)
-k
. I,L*
Noting that for any 0 < ¢ < G
sksk ~k<k
Hl_, :maxl_,ﬁ_l_w
iE e 1<i<n Ly I
In particular, setting t = oek, we have
~k<k k=k
XS min(x-s
Hl—ak Sy pminED (14)
M* o0 M*

On the other hand, by Lemma 2.1, we have
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1 1 7922\ |12
91, < gap 5974 (745 - 250

4“* M 2

1 1 k5N |12
< 57| () (e - —k)
2“* M 2
max (t¥5%) ‘ wksk |12 )
2k iE

We also note that o is the solution to the following quadratic equation with respect to 7:

min(x¥s ) max(x s )
ik 2k

Therefore, by (14) and (15) and noting that ||x%5% /X — e|| < T, we have

xk+]sk+] )Ekgk —{—ak(ikfk _ (ik)Z(gk)Z/'b—L*) 4 (Olk)zA)EkAfk
—— —¢|| = = —¢
ik 2 s 2
~kck kck
XS XS _
= <_—k—e> <€—Olk_—k)+(0lk)2wk
M
—k—k
XS
| (G -o) == )], et
*
~kck ~kck
XS XS k _k
< ¥ —e| + ()],
Ky lloo /L* 2
_ kmln(x K ) 021 -k
~(1-a —e| +@rlatl,
/’L* /’L* 2
kN2 <k k —kck
min(x*s o max(x™s XS XS
<[1ak 5 (@) max( )-k—e]-k—e
M* 2““* M 2 [0 2
L min(x¥56)  (ok)? max(xK5K) | ©ksk
S|l-a ok ok k¢
My 2“* 22 2
<rt
<7

Since T < 1, the inequality above also implies that (x**!, s¥*1) > 0. Since uk‘H is the global minimizer of the

function 82(xk+1, sk*1 1) with respect to u > 0, we conclude that
k1 g+ k41 k41
X xktlg
8 (KT AL k) = ki el <|—=———-¢| <z
11 3
Mo 2 [ 2

Result (i) is proved.
k(1 _ gky,k
Note that Pgap = (1-65) Mgap and

(xk+l)TSk+l _ ()Ek +ockA)?k)T(§k +ockA'k)

k k
= (¥) 55 + akeT (;z"gk M) + (oF) (A7) " ask

ﬂ*
= (#)"5.
It follows that
K+l - k
Hgap = “gap (1- 0*)““gap'

Result (ii) follows.
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We now prove (iii). Since Z?:l pi <nanddr(x,s, uy) < 7,itfollows that 1 > min(p) > 1 — 7. Note that ||w]| oo <
n/4. From Lemma 2.3, we conclude that ni > f, where

2(1 = B)2(1 — 1)(7? —rz)}
1+ 8 '

is an increasing function on (0, 0o), we obtain

o= rnin{4,3(1 — 1),

2t

t+A/t2+4t

Since the function £(¢) :=

ok _ 20k . 2(p/n) e
ok DIk p/n 4o/ +4p/n V0
2

(XO)TSO)'

where 0 <o = < 1. As aresult, the iteration complexity of the algorithm is O(y/n log — a

1+/1+4/p

3. Algorithms based on co-norm neighborhoods

Since the original Mizuno—Todd-Ye method is actually working in small neighborhoods of the central path, many
investigators tried to adapt this method to work in some wider neighborhoods such as the co-norm neighborhood in
order to achieve a faster convergence of the algorithms. See, for example, [5,11,12,15,18]. In this section, we consider
the predictor—corrector algorithm working in co-norm neighborhoods. We discuss how to further enlarge the co-norm
neighborhood by using the global minimizer of the co-norm proximity measure function, and prove that the proposed
algorithm retains the best known iteration complexity for co-norm-neighborhood interior-point algorithms. First, we
have the following result.

Lemma 3.1. For any given (x,s) > 0, the unique global minimizer of the function §so(x, s, 1) = || % — e|loo With
respect to (4 is given by
max(xs) + min(xs)
Koo = )

2
and the least value of 800(x, s,) is given by

max(xs) — min(xs)

8 LI = . .
00 (X, 5. Hoo) max(xs) + min(xs)

Proof. For any given vector (x, s) > 0 and scalar ¢ > 0, it is easy to verify that
XiSi
t

—1

Soo(x,s,1) = max
1<i<n

max(xs) min(xs)
= max — 1], —1
t t
max(xs) min(xs)
= max — 1, 1— ; .

When 0 < ¢ < w, it follows that

max(xs)

— -

which is decreasing in the interval (0, W] When ¢t > w, it follows that
min(xs)

Soo(x,85,1)=1— p ,

Soo(x,5,1) = L,

which is increasing in the interval [ R2t(s)Fmin(es)

max(xs)+min(xs)
2

, 00). Thus for any given (x, s) > 0, the global minimizer of 6 (x, s,-)

in (0, 00) is t, = , at which the least value of the proximity measure function is given by
max(xs) min(xs) max(xs) — min(xs)

Soc(X,8,t) =——— —1=1-— = - .
ty ty max(xs) + min(xs)

The proof is complete. O



Y.B. Zhao / Applied Numerical Mathematics 57 (2007) 1033—1049 1043

In this section, all notation is similar to those in Section 2 except for u, being replaced by uo. For instance, we
still use 9, to denote the stepsize in predictor steps, and (Ax, As) is the search direction in the predictor step. 6, is
given by

Oy = max{t €(0,1]: x(8) >0, s() >0, Soo(x(G) 5(0), /LOO(Q)) 7, V0 € (0, t]} (16)
where x(0) =x +0Ax,s(0) =s + 6 As and
max(x(0)s(60)) + min(x(0)s())

Moo (8) = >
Denote by
Omax =max{t € (0,1]: x(0) >0, s(6) >0, VO € (0, t]}. 17

Clearly, 6, < Omax. We now specify the algorithm as follows.

Algorithm 3.1. Given a constant T such that 0 < 7 < 2, and given 7 such that T — —(1 —T)=r1 <7, and given an

initial feasible point (x°,s%) > 0 such that 850 (x?, 5%, u%) < © where %, = w Set k :=0, and do
the following steps:

Step 1 (Predictor). Solve system (2) with (x,s) := (xk,sk) for the search direction (Ax¥, Ask). Compute the
damping parameter Gf according to (16), and set

<k sk - oeksk
ma min
(75, 55) = (x* + 6k Axk, sk + gF Ash), ik = X(x“s )-ZF in(x'5%)

Step 2 (Corrector). Solve the following system for the corrector direction (Ax¥, A5):
AAFF =0,
ATAF* 4+ A5k =0,
sEAxh 4+ 7FASE = gk e — xF5E.
Set (x* 1, sy = (3% + ok AXK, 5% + ok ASF), where
K 2(t —1)
n(1+/1— (7 — t)npk,/min(xksF))

Set k := k + 1. Repeat the above steps until certain stopping criterion, for instance ugap < &, is satisfied.

Later, we will see that the steplength X is well-defined. We now start to analyze the algorithm and prove that the

algorithm has an O(n log ) z )) iteration complexity. For simplicity, we suppress the iteration index k when there
is no confusion arising.

Lemma 3.2. Let (Ax, As) be the predictor search direction. Let Omax be defined as (17) and

XiSi

A

n=

in —— = min —,
Ax, As, <0 |Ax;Asi|  w;i<0 |w;|

where p := ;fTSo and w = %. If Omax < 1, then i < Nmax := (Omax)?/ (1 — Omax).

Proof. By definition of 6y,,x, it follows that

Xi S
Omax = min{ min d
Ax; <0 |AXx; | Asl <0 |As;|

Thus, there exists some i such that either x;, + Omax Ax;, = 0 or s, + Omax As;, = 0. Hence,

0= (-xi() + emaxAxio)(sio + emaxAsio) = (l - emax)xiosio + (emax)zAxio Asi()- (18)
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Since Omax < 1 and x;,s;, > 0, equality (18) implies that Ax;,As;, < 0. Dividing both sides of (18) by 1 — Omax, we
have

XiySip + Nmax AXjy Asiy =0,

where max = (Bmax)?/(1 — Bmax). By definition of 7}, we conclude that max > 7. O
We now prove that 1, = (0)? /(1 — 6,) has a lower bound.

Lemma 3.3. Let 0, = (6,)%/(1 — 6), where 0, is the steplength in the predictor step. Then
41 —-1)09 4z —-1)]1
147 ° 147

Ny = min{ .
n
Proof. Noting that the predictor step starts from the point (x, s) that satisfies 80 (x, 5, [too) < T. There are only two
cases.
Case 1. 800(x(0),5(0), oo (0)) — S0 (X, §, hoo) < T — T for all 0 < € < Omax. In this case, by definition of 6,, we
have that 6,, = Opax. There are only two sub-cases.
Sub-case 1. Opax = 1. For this case, n = 92/(1 —0) > o0 as 6 — Opax = 1. Thus,

7" > 0.9min(p)/|lwllo 19)

holds trivially, since n, = oo in this case.

Sub-case 2. Opax < 1. Since 0, = Oax < 1, it follows that n* = npax 1= (Qmax)z/(l — Omax)- By Lemma 3.2, we
have nmax = 7 = 0.9 min(p)/||w|co. Therefore, for this sub-case, inequality (19) remains valid.

Case 2. There exists a point 6 € (0, Omax) such that

800 (x(0), 5(0), o (0)) = 8(x, 5, ftog) > T — T > 0.
Since 850 (x(0), 5(0), oo (0)) — 8(x, 5, hoo) = 0, by continuity, there must exist a point 8" € (0, Oax) such that
800 (x(0"),5(0"), oo(0) — 8(x, s, o) =T — 7.

Let 6’ be the smallest solution to the above equation. Let ' = (9")2/(1 — 0). We now prove that 7’ is bounded from
below. Since either n’ > 0.9min(p)/||lw|lco or n’ < 0.9min(p)/||w| o, it is sufficient to prove that n’ has a lower
bound if n’ < 0.9 min(p)/||w|eo. We first note that

max(xs + nAxAs) < max(xs) + || AxAs||co, (20)
and that for all n < 0.9min(p)/||w|ls We have

min(xs + nAxAs) > min(xs) — || AxAs|leo > 0. 201
It is easy to see that for any given number ¢ > 0, the function ¢(¢) = ;jr—g is increasing with respect to 7, and the
function y () = ﬁ—;i is decreasing with respect to ¢. Thus, by (20), (21) and Lemma 3.1, for any 1 < 0.9 min(p)/||w|l o
we have

max(x(0)s(0)) — min(x(0)s(0))

max(x(0)s(0)) + min(x(0)s(0))

max((1 — 0)xs +62AxAs) —min((1 — 6)xs + 0> AxAs)
max((1 —0)xs +02AxAs) +min((1 — 0)xs + 02AxAs)
max(xs + nAxAs) — min(xs + nAxAs)

max(xs + nAxAs) + min(xs + nAxAs)

max(xs) + || AxAs|loco — (min(xs + nAxAs)

max(xs) + || AxAs|loo + (Min(xs + nAxAs)

max(xs) + 1| Ax As|loo — (min(xs) — nl|Ax As|loo)
max(xs) + 1| AxAs|loo + (min(xs) — nllAxAslloo)

_ max(xs) — min(xs) 2| Ax As oo

"~ max(xs) +min(xs)  max(xs)+ min(xs)

= 8o0(x, 5, Hoo) + Nllwlleo (22)

800 (X(8), 5(8), 1oo(0)) =

N

N
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where w = AxAs/l. The first inequality above follows from (20) and the increasing property of ¢(z), and the
second inequality follows from (21) and decreasing property of x (). The last equality above follows from the fact
max(xs) + min(xs)
= Moo-
2
Since §o0 (%, §, hoo) < T, We have | — 7 < p; = X;Si /oo < 1 + 7. Thus, by Lemma 2.1, we have

1/2

xTs n(l+1)
dus =~ 4
Noting that (22) holds for any 7 < 0.9 min(p)/||w| 0. Thus, if " < 0.9 min(p)/||w| s, from (22) and (23), it follows
that

1wlloo < —— [ rs)™2xs | = 23)
w S xS xs|y=

;o (oo (x(0"),5(0"), oo (0") — 8o (X, 5, o)) _ 4(T —T)
Nz > .
lwlloo n(1+1)

Therefore, we have
0.9min(p) 47 — 1) }
lwleo "n(1+17))

n > min{
Notice that

500()6(9/), s(0"), Hoo(e/)) KT+, 8, o) — T KT,
which also implies that (x(0"), s(0")) > 0. By definition of 0, we conclude that 8’ < 0. This in turn implies that
ns = 1. Therefore, both cases 1 and 2 imply that
. {0.9 min(p) 4(t — 1) }
Ny 2 min ,
lwleo n(l+1)
. {4(1 —1)0.9 4(1?—1')} 1
> min —

147 7 1+t |n
The last inequality follows from (23)and 1 +t > min(p) > 1 —7. O

In what follows, we consider only the case n > 2.

Lemma 3.4. Suppose that n > 2. Let T be given as in Algorithm 3.1. There exists a constant 0.25 <y <1 — (21(T_f)fr;

independent of n such that

(1—9*)<1—a+af‘°°><1—y9*,
Hgap

where 0, and a are the steplength in predictor and corrector steps in Algorithm 3.1, respectively.

Proof. By choice of T and t, we have

_ 1—7  min(xs)
T—1T< < — )
n Niloo
i.e.,
(T — Do
min(xs)
This implies that the steplength « used in the corrector step is well-defined. First we note that
2(Tt — 1) 2(t — 1)
o= < .
n(l+ \/1 — (T — T)njioo/ min(ik*5k)) n
On the other hand, since n > 2 and 7 — IZ—f =71 < 7T < 1,itis easy to see that 0.9(1 — 7) > 7 — 1. As a result, by
Lemma 3.3 we have
4T —1)
n(l41)’

Ny =2



1046 Y.B. Zhao / Applied Numerical Mathematics 57 (2007) 1033—1049

Since 0 < 7 < %, we have
2(1 —1)

TS T - - <X
3 (4107

Therefore, there exists a constant 0.25 <y <1 — g('l"f)g such that

2(1 - f)(_l - Y) S 1
1+
Since T < 7, it follows that
20 —=7)(1 —y)
(I+1o)7
Thus, we have
20—7)2(1-0)(1—y) _n(1—=7D)A—y)
< - < =
n 1+t T
_0=-D-y) _601-D(-y)
T =00 T (1-6)T

> 1.

i.e.,
(1- 9*)— O (1 —y).
Adding both sides of the above inequality by 1 — 6, yields
ot
(1 —9*)<1 + —.) <1 —y0s.
1—-1
Since ||X5/floo — €llco < T, which implies that 1 — T < X;5; /il < 1 + T, we have
- —T— . R
Mgap x_ s > mlr_l(xs) S 1
oo Mfleo oo

i.e., floo/fgap < 1/(1 — 7). Therefore, we have

(1-6,) (1—a+a ><(1—0*)<1—a+ * )
Hgap -7

=1 —e*>(1+ ‘”_) <1—yh,.
1—1

We now prove the main result in this section.

= ’

The proof is complete. O

Theorem 3.1. Suppose that n > 2. Let T and t be given as in Algorithm 3.1, and let (xk, sk, u’éo) and ()Ek, Sk, [L’éo) be
generated by Algorithm 3.1. Then the following properties hold.

(1) o0 (xk, sk, 1k ) < v and 850 (3%, 5%, 3X.) < T for all k.
(ii) /Lléjbl <(1- y@f)ugapfor all k, where y is given as in Lemma 3.4.
(iii) There exists a constant o € (0, 1) independent of n such that 9!; > 7, and hence the algorithm has an

(XO)TSO) . . .
O(nlog ~—_—=)-iteration complexity.

Proof. (i) can be proved by deduction. It is sufficient to show that if 8o (x*, s%, uX ) < 7, then 800 (&, 5%, 5k <
T and 800 (¢!, s* 1, ukF1) < 7. We now assume that 8o (x*, 5%, 1k ) < 7. The fact 850 (3%, 5%, 1K) < < 7 follows
immediately from the choice of the steplength 9!:. Since T < 1, this also implies that (x¥, %) is positive. We now
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prove that the next iterate (x¥*!, s¥*1) is back inside the original neighborhood, i.e., oo (x**1, s¥+1, k+1) < 7. Note
that

Axk A ‘ 1 19 2
. < ——|G5H T2 (ke — 7F5F
e I R Rl
Tk “kck |2
x*s
<lE ™G~ =
4 5o lloo
ko wksk |2
S minko €T 3%
min(x*s%) Moo oo
Therefore,
k k <k gk k(k ckck k ~k A Sk
x+1s+l_e I +a (/Looe—xs)+(a)2Ax AS e
5o % 5o %
Skck <k A ok
xS AXx"As
= H(l —ozk)<7 — e) + (Olk)zT
MOO /'LOO o
Skck <k A ok
x5 2l AX®As
g(l_ak) T—e +(0lk) =i
MOO x MOO oo
Skck k2 7k Skok |2
x“s o n x*s
g(l_ak) T_eH +( )I‘LOO . = ‘e_ —
758 o 4 min(x*s¥) Moo oo
—k <k ok Sk ok
n x*s x*s
=(1—at+ (@)t T _, — —e
4min(xksk) | ik, oo/ |k ~
==k
nTti -
<(1-of 4 (@) —= )z 24
= < (@) 4 min(xksk) @
From the beginning of the proof of Lemma 3.4, we have
1> (7 — n)nptk,/ min(x455).
Thus, the following quadratic equation in ¢ has at least one solution
==k
nt
|2 THoo T (25)

4min(x*sk) T
It is easy to see that
ok — 2(t—1)
n(1 4 /1 — (T — )njik_/ min(xk5k)
is the least solution to Eq. (25). Thus, it follows from (24) that

xk+lsk+l 7\ _
_ <|=)rt=r1.
00 T

This also implies that (x¥*1, s¥*1) > 0. Since
pkit = (max(xk+lsk+1) + min(xk+1sk+l))/2

is the global minimizer of the proximity measure function 5, (ka RLans -), we conclude that

—e

ik,

k+1 k+1 k41 i tlghtd
SOo(x , S _—

Moo ') = <7,

o]

k+1
Moo
as desired.

We now prove (ii). Notice that (Aik)TAEk = 0. By using that fact that [Lgap =(1- 6,’:) /L]éap and by Lemma 3.4,
we have
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ol (xk+1)Tsk+l B ()Zk +OlkA)fk)T(§k +akA§k)
&ap n n

_EHTEE ok (EHTATE + 9T AR

N n

= (1 = o) igap + 0" i

ﬂk
= I:Lgap<l — (Xk +ak_;.0)
Hgap

,lek
<(1 —Q’;)(l —of ok )M’gap
Hgap

< (1 - Vef)ﬂléap'

Finally, we prove that 9!; > % where o € (0, 1) is a constant independent of n. Actually, in the proof of Lemma 3.4,
we have pointed out that ni >4(t —t)/n(l + 7). Notice that T — 7 = I;—f We conclude that ni > n% for some

2 is increasing function on (0, co). Thus, we
!

t+A/t2+4,

constant v independent of n. Observe that the function &(¢) :=

obtain
ok — 2k N 2(v/n?) L9
ok kAR T w2+ J/n2)2 + 4/ n
2Jv 0T

where 0 <o = < 1. Therefore, the algorithm has an O(n log = —)-iteration complexity. O

Vv 44

Before closing this section, we point out that both Algorithms 2.1 and 3.1 are quadratically convergent in the sense
that the duality gap sequences generated by these algorithms converge to zero quadratically. Actually, by a proof
similar to that of Theorem 4.1 in [11], we can easily obtain the following result.

Theorem 3.2. Let (x*, s%) be generated by Algorithm 2.1 or Algorithm 3.1. Then the algorithm is quadratically
convergent in the sense that ulé;&)l = O((;ng,ap)z). Moreover, every accumulation point of the sequence @k, s is a
strictly complementary solution of the problem.

4. Conclusions and future work

Most numerical experiments demonstrate that interior-point algorithms working in wider neighborhoods perform
better than those counterparts using smaller neighborhoods. Inspired by this fact, we present in this paper a unified
method to enlarge the neighborhoods of interior-point algorithms. As an example, we consider so-called predictor—
corrector methods, and show how to use the least value of a proximity measure function to enlarge the neighborhoods
of the original methods. We also prove that the proposed algorithms in this paper retain the best known iteration
complexity and local superlinear convergence of the original algorithms. Our methods can be viewed as a new design
for interior-point methods.

It is worth mentioning that the following proximity function is also widely used in interior-point algorithms:

(i) |
s
M 00

where the operation (-)~ performs componentwise, i.e., for any vector y € R", the ith component of the vector (y)~
is min(0, y;),i=1,...,n.In Rf'H, we note that § (x, s, u) =0 for all 4 € (0, min(xs)], and 5 (x, s, ) > 0O for all
> min(xs). This implies that the global minimum point of §__ (x, s, u) with respect to u is not unique. In fact, any
u € (0, min(xs)] is the global minimum point and the least value of the proximity function is zero. Therefore, if we
take 1 to be one of these minimum points, the neighborhood is enlarged to be the whole positive orthant, i.e., R’} , .
In this case, we can say that the interior-point algorithms do not need a particular neighborhood of central path, and
thus the algorithms do not require any proximity measure function. The analysis for such an interior-point algorithm
is a worthwhile and interesting future work.

So(x, s, u) =
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It should be mentioned that in [5] the convergence of a predictor—corrector algorithm with co-norm-neighborhood
with parameter o (corresponding to T under consideration in this paper) was chosen to be in the open interval (0, 1).
However, we prove only the convergence of Algorithm 3.1 in this paper with the parameter 7 in the interval (0, %].
At the present, we do not know whether Algorithm 3.1 with parameter 7 in (%, 1) is convergent or not. We leave this
important question as a future research topic.
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