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1. Introduction

We will prove an analogue of Glauberman&l)-Theorem, [4] and [6,
Theorem 8.2.1, p. 279], that can be used to study finite groups that admit a
coprime group of automorphisms. This analogue is unusual in that no hypothesis
of p-stability is required. Used in conjunction with the Bender Method, it may
make it possible to prove very general results about finite groups that admit a
coprime group of automorphisms. The reader is referred to [7] and [8] for a fuller
discussion of the Bender Method, GlaubermatisTheorem angb-stability.

Before stating the main result of this paper, we introduce some notatién. If
andG are groups then we say thRtacts coprimely orGG if R acts as a group of
automorphisms o, if R andG have coprime orders and if at least oneRobr
G is soluble. Suppose th& acts coprimely orG and thatp is a prime. Define

0,(G: R) =" \N5(R. p).

Recall thatg (R, p) is the set of R-invariant p-subgroups ofG and that

N (R, p) is the set of maximal members pfg (R, p) under inclusion. Sylow's
Theorems for Groups with Operators [6, Theorem 6.2.2, p. 224] asserts that
N (R, p) consists of Sylowp-subgroups of; and thatCq (R) acts transitively

by conjugation on/;(R, p). It is a consequence of this last assertion that

E-mail addressp.j.flavell@bham.ac.uk.

0021-8693/02/$ — see front mattér 2002 Elsevier Science (USA). All rights reserved.
Pll: S0021-8693(02)00521-5



250 P. Flavell / Journal of Algebra 257 (2002) 249-264

0,(G; R) is characterized as being the unique maxink's (R)-invariant
p-subgroup ofG.
The main result proved in this paper is the following:

Theorem A. Suppose that the grouR acts coprimely on the grou@ # 1, that
p > 3is aprime and thaF*(G) = 0,(G). SetP = 0,(G; R). Then

K®(P) <G.

In particular, P contains a nontrivial characteristic subgroup that is normatn

Theorem Ais proved by invoking Glaubermai’§°-Theorem [5, Theorem A]
and Theorem B below on modules. The original idea was tdZusgP) instead of
K°°(P) and to mimic the proof of Glaubermar¥s-Theorem, using Theorem B
as a substitute fop-stability. However the proof of th&J-Theorem requires
the Frattini Argument, which cannot be applied to the subgroOpéG; R).
Fortunately, there is no such impediment to applying the rather less well known
K°°-Theorem.

We remark that the exact definition &°(P) is unimportant for applications,
rather it is the conclusion that some nontrivial characteristic subgroup isf
normal in G. In fact, the definition ofK*°(P) is more formidable than the
definition ofZJ(P). But curiously the reverse observation is true for the proofs of
the K*° andZJ-Theorems.

Before stating Theorem B we recall that Bfis a G-module andg € G then
g acts quadratically onV if [V, g,g] =0 and[V,g] # 0. If V is a faithful
G-module then we may regai@ as being contained in the ring Efid) and we
often express the conditidi, g, g] =0 as(g — 1)2= 0. Of course[V, g] # 0 is
just another way of saying thatacts nontrivially onV.

Theorem B. Suppose that the group acts coprimely on the grou@, thatp > 3

is a prime and thatV is a faithful G R-module over a field of characteristic
p. Then any element ad,(G; R) that acts quadratically orV is contained in
0,(G).

The proof of Theorem B requires the following result of independent interest.

Theorem C. Suppose that is a group, thatp > 3is a prime, thatV is a faithful
G-module over a field of characteristje and thatL is a 2-local subgroup ofG.
Then any element @, (L) that acts quadratically orV is contained inO,(G).

We remark that the spin module fof,, shows that the conclusion of
Theorem C may fail ifp = 3.

Finally, we give an example of how Theorem A can be used to study the
automorphism group of a simple group. It is a well known consequence of the
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Classification of Finite Simple Groups that an abelian group that acts coprimely
and faithfully on a simple group must be cyclic. The proof of the following
corollary to Theorem A sheds a little light on this observation.

Corollary D. Suppose that the abelian growpacts coprimely and faithfully on
the simple groufs. Let M be the set of proper subgroups@fthat are maximal
subject to beingr-invariant and containing”g (R).

Suppose thap > 3 and that F*(M) = O,(M) for all M € M. ThenR is
cyclic.

2. Preliminariesto the proof of Theorem C

Suppose that is a group and thap is a prime. For any-elementa € G
define:
Xo(a)={X<G]| ()aeX,
(i) a ¢ Op(X) and
(iii) a € 0,(Y)wheneven € ¥ < X}.

Notice thatXs (a) # @ provideda ¢ 0,(G).
Lemma 2.1. Suppose thak € X (a). Then

(i) X ={(a,a*)forsomex e X.
(ii) « is contained in a unique maximal subgroupXof

Proof. (i) is a consequence of the Baer—Suzuki Theorem [1, Theorem 1.1, p. 4]
and the fact that ¢ 0, (X). (i) follows from Wielandt's First Maximizer Lemma

[9, Lemma 7.3.1, p. 222]. Alternatively, J.H. Walter’s proof of the Baer—Suzuki
Theorem as given in [1] can be trivially adapted to prove (iip

The following result is essentially due to Glauberman [2, Theorem 3.2].
Theorem 2.2. Assume the following
(i) Gisagroup,p isan odd prime and is a p-element ofG.
(i) V is a faithful G-module over an algebraically closed field of characteris-
tic p.
(iif) a acts quadratically orV/.
(iv) X € Xg(a).
Then the following hold

(a) X contains a unique involution.
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(b) Leti be the unique involution iX. Set
Xo=Cx(Cv(i)).

ThenXg is a normal subgroup oX with index1 or p, X = Xo{(a) and there
existsx € Xp such thatX = (a, a*).

(c) If Cy(X) =0thenX = Sly(p) and V is a direct sum of natural Sl(p)-
modules.

Remark. A naturalSLo(p)-module over an arbitrary field is @l (p)-module
that has a basis with respect to which any ma(ﬁc‘ig) is represented by itself.

3. Theproof of Theorem C

Assume Theorem C to be false and consider a counterexampleGitind
then dimV minimized. Then

a¢ 0,(G). @

We may suppose that the field of definitionfis algebraically closed. Sinde
is a 2-local subgroup af there is a 2-subgroup+# 1 such that. = Ng (S). Now
pis odd andz € O, (L) < Cr(S) whence[a, S]= 1. ChooseS1 with § < 51 €
Syl,(Cg(a)). Thena € C;(S1) < Cg(S) soa € 0,(C;(51)) < Op(NG(S51)).
Hence we may replacg by S; to suppose that

S € Syl(Cg (a)). ()
Moreover, the minimality of G| implies that
G =(aC)s. 3)

Step 1. G acts irreducibly onV'.

Proof. Assume false. Let/ be a G-composition factor ofV and setG =
G/Cg(U). Note that 0,(G) = 1 since the field of definition forU has
characteristig.

We claim that{(a®), S] = 1. Let H be the inverse image df;(S) in G, so
thatL < H.If H=G thenS < G and aga, S] = 1, the claim follows. IfH # G
then the minimality of G| and dimV forcesa € O,(H) and theri € OP((_}) =1
Thus the claim follows in this case also.

What we have just done implies that

[[4°). 5] < N Co @
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where the intersection is over &l-composition factorg/ of V. This intersection
is well known to equalD,(G). SinceG = (a%)S it follows thatS0,(G) < G.
Now S is a Sylow 2-subgroup of O, (G) so the Frattini Argument yields

G = Ng(5)0,(G).

Buta € 0,(Ng(S)) whencea € O,(G). This contradiction completes the proof
of Step1. O

ChooseX € Xg(a). Theorem 2.2 implies thaX has a unique involution,
which we shall denote by Nowi € Cg(a) andS € Syl,(Cg (a)) so conjugating
X by a suitable element @' (a), we may suppose that

i€s. (4)

The following step shows that there are two cases to be considered. The first
case is a rather dull wreathed configuration that is easy to eliminate. Towards the
end of the second, more interesting case, we use an idea of Stark [10].

Step 2. One of the following holds

(i) i has two conjugates iy, |S: Cs(i)| =2 and[(a®), Cs(i)] = 1.
(i) i € Z(G).

Proof. Sincei € Z(X) we havea ¢ 0,(Cg(i)). On the other handa €
0,(Cs(S)). Hence we may choose maximal subject to

ieT<S and a¢0,(Cs(T)).
ChooseSp with T < So < S and |[So : T| = 2. Sincea ¢ 0,(Cg(T)), the
minimality of |G| yields

G = Cg(T)So. (5)
In particular,7 < G. Then [(a%),T] = 1 since[a,T] = 1. Now X = (a¥)
whenceX < Cg (7). It follows that

ieZ(T). (6)

If [i, So] =1 then (5) and (6) imply that (ii) holds. Hence we shall assume that
[i, So]l # 1 and prove that (i) holds.

Now |So : T| = 2 so we see that has two conjugates ;. Recall that
a ¢ 0,(Cg(i)). Then asCg(i) < G the minimality of G implies thata ¢
0,(Cs(Cs(i))). From (6) we havg” < Cs(i) so the maximal choice df forces
T = Cg(i). From (5) we obtain

S=Cs(T)So < Cs(i)So=T So = So,

whenceS = Sg. The final two assertions in (i) now follow from$g : 7| = 2 and
[(@%). T1=1. O
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Step 3. The first possibility of Stepdoes not hold.

Proof. Assume that it does. Choose S — Cs(i). Thens interchanges andi®
by conjugation. Now is an involution and ¢ Z(G). ConsequentlCy (i) # 0.
SetU = Cy (i). Sincei® = {i, i*} it follows from the irreducibility ofG on V
that

V=U®&Us.
Let K = (%) < G, so thatX < K. Since[i, K] = 1 it follows thatK normalizes
U andUs. Let Xo= Cx(U). ThenXy = Cxs(Us) and

[Xo, X3] < Cxk(U)NCk(Us)=1.
It follows that

(X0, Xp) = Xo x XJ. (7
By Theorem 2.2 there exisise Xg such thatX = (a, a*). Now

xx® e Cs(S)
because interchanges{p and X3, becausgs : Cs(i)| = 2 and becaus& x
Xp < K < Cg(Cs(i)). By hypothesis: € 0,(Cs(S)), whence

fa,a™)

is a p-group.

Let H = (Xo, Xp, a). Sincea normalizes bothXo and X we see from (7)
that X < H. SetH = H/X}. Thenx® = 1 so(a,a*) is also ap-group. Recall
that X = (a, a*), so X is a p-group. NowXo N X$ = 1 so X is a p-group.
But X = Xg{a) by Theorem 2.2 s is a p-group. This contradicts the fact that
a ¢ 0,(X) and completes the proof of this step

Step 4. The second possibility of St@mloes not hold.

Proof. Assume that it does. There Z(G) so the irreducibility ofG on V yields
Cy (i) =0. In particularCy (X) = 0 so by Theorem 2.2 we have tha& SLo(p)
and thatV is a direct sum of natur@Lo(p)-modules.

Let P = (a). We may suppose thaP corresponds to the subgrm(é(l’).
ChooseQ < X such thatQ corresponds to the subgro(ﬁ)*i). LetT = Nx(P)N
Nx(Q) so thatT = (t) wheret corresponds to the matri({) t(,)l) for some

generator of GF(p)*.
SinceV is a direct sum of natur&@Ly(p)-modules we have that

V=[V.PI®[V, O]

that t+ acts on[V, P] as scalar multiplication by and on[V, Q] as scalar
multiplication byt —1; and thatV /[V, P]1 =7 [V, O].
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From [P, S] =1 it is clear thatS normalizes[V, P]. The next objective is
to show that some suitable conjugatebhormalizes botHV, P] and[V, Q].
Consider the chain

V>|[V,P]>0. 8)

Let H be the stabilizer of this chain, so that = Ng([V, P]). Let K be the
subgroup ofH consisting of those elements which act trivially on each factor
of (8). ThenK is an elementary abeligh-group andk < H. A generator forP
acts quadratically ofv so

P <K <Cg(P).

Now T and S normalizeP soT,S < H. Sincer acts on[V, P] as scalar
multiplication by z and onV/[V, P] as scalar multiplication by ! we deduce
that [T, S] < K. In particular,7SK is a soluble subgroup aff. Now S is a 2-
group andl' = Z,_1 soK is a normal Sylowp-subgroup off SK.

Hall's Theorem implies that there existse K such that(T, S¥) is a p-
complement inT SK. Then as[T, S] < K we have[T, $¥] = 1. Recall that
ke K < Cg(P), thatP = (a) and thata € 0,(C(S)). Thena € 0,(Cs(5%)).
In particular, we may replacg by S* to suppose that

[T,S]=1.

Recall thatt is a generator forGF(p)*. Then t # t~1 since p > 3.
Consequently: has exactly two eigenspaces: theeigenspacegV, P] and
the t~1-eigenspacgV, Q]. By the previous paragrapfr, S] = 1, so these
eigenspaces are boshinvariant.

Lets € S. Then[V, Q] = [V, Qf] so asQ is quadratic onV it follows that
(Q, Q°) acts trivially on each factor of the chain > [V, Q] > 0. This implies
that(Q, Q%) is an elementary abelign-group.

Choosee € P such thate corresponds to(}9) and f € Q such thatf

corresponds t¢; ~%). Then
(ef)?=i € Z(G).

Letg = f*. Then as € C;(S) we have
(ef)?=i=i"=(eg)”.

Thus fef = geg and then(g~1f)¢ = gf~1. Now g and f commute since
(Q, Q°) is abelian. Consequently

_ 1 -1
() =(er)
But ¢ has odd prime ordep so this forcesg=1f = 1. Thusg = f and sos

commutes withf. Now X = (e, f) so we deduce thatcommutes withX. Since
s was an arbitrary member ¢f we have shown that

X < Cg(S).
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Buta € 0,(Cg(S)) anda ¢ O,(X). This contradiction completes the proof of
Step4. O

Step 2 is contradicted by Steps 3 and 4. The proof of Theorem C is complete.

4. Preliminariesto the proof of Theorem B

Lemma 4.1. Suppose that the grouR acts coprimely on the groug and thatp
is a prime. Then

() NG(R, p) S SYl,(G).
(i) Cg(R) acts transitively by conjugation Ay (R, p).
(iif) If H is an R-invariant subgroup ot; then

0,(G; R)YNH < 0,(H; R).
(iv) Suppose thak is a normal subgroup ofi R and setGR = GR/K. Then
Cz(R)=Cg(R)
and
0,(G; R) < 0,(G; R).
Proof. (i) and (ii) are Sylow’s Theorems for Groups with Operators. A proof of
these and the first assertion in (iv) may be found in [6, Theorem 6.2.2, p. 224]. The
remaining assertions follow from the fact th@f,(G; R) is the largesiRCg (R)-
invariantp-subgroup ofG.

In (iv) we remark thaiR acts coprimely orG and that the containment may be
strict. O

Lemma 4.2. Suppose that the group acts coprimely on the grou@. Let X be
a G-conjugacy class of subgroups@fand suppose thaX is R-invariant. Then

(i) X contains at least one member thatRsinvariant.
(i) Cg(R) acts transitively by conjugation on the set Bfinvariant members
of X.

Proof. A Frattini Argument followed by an application of the Schur—Zassenhaus
Theorem. O

Lemma 4.3. Suppose that the grougR acts coprimely on the groufs.
Suppose thaKy, ..., K, are distinct subgroups af that are permuted amongst
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themselves bR and that[X;, K;] =1 for all i # j. Let p be a prime and set
R1=Ng(K1). Then

0,(G; R)N K1 < Op(K1; R1).
Proof. We may suppose thak acts transitively on K1, ..., K,}. For eachi
chooser; € R such thatk; = Ki Then{z,...,t,} is a right transversal t®1
in R.
ChoosePy € Wk, (R1, p) and setP = (P3, ..., P/"). Now [K;, K;] = 1 for
all i #£j andP < K; so it follows thatP is a p-group. If g € R theng = ht;

for somek € R1 and some. Then P$ = P{”" = P < P. It follows that P is
R-invariant. Choose?™* with P < P* € U (R, p). We have

PL< PNK1<P*NK1€Wk, (R1, p)
SO asP; € |/|}}1(R1, p) we deduce that
P1=P*NKj.

Since P* € UG (R, p) the definition of 0,(G; R) yields 0,(G: R) < P*
Consequently

0,(G; R)N Ky < P1.
Now P; was an arbitrary member M’;q(Rl, p) SO
Op(G; R)N K1 < Op(K1; R1)
as desired. O
Lemma 4.4. Suppose that is a group, thatV is a faithful G-module over a field

of characteristicp # 2, and that the Sylov2-subgroups ofG are abelian. Then
any element of; that acts quadratically orV is contained inO,(G).

Proof. See [6, Theorem 3.8.3, p. 108]0

5. Quadratic modules
Throughout this section we assume the following:
Hypothesis5.1.
(i) Gisagroupandp > 3is a prime.
(ii) V is a faithful G-module over an algebraically closed field of characteris-

tic p.
(i) 0,(G)=1
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(iv) G contains elements that act quadratically &n

Following Thompson [11], set

Q = {g € G| g acts quadratically oir |,
d

mindimV(g—-1) and
geQ

Qs = {geQldimV(g—1)=d}.
Define an equivalence relationon Q, by

a~b iff Va—1)=V(® -1 andCy(a)=Cy(b).
Let

r={AcG|leA andA* is an equivalence class of}.

The members of. are elementary abeliagp-groups. To see this, givea € X
choose: € A* and observe that acts trivially on every factor of the chain

V>V(@a-1)>0.

Moreover, distinct members @ have trivial intersection.
The following result of Thompson [11] is fundamental. Timmesfeld gives a
proofin [12, 20.9, p. 120].

SL,-Lemma. Suppose thaX = (a, b) for somea, b € Q, and suppose that is
not a p-group. ThenX = Sly(p") for somen € N, V is completely reducible as
an X-module and every nontrividt -composition factor o¥ is two dimensional.

Lemma 5.2. Continue with the notation of the SlLemma. Let be the unique
involution in X and letA be the member of that contains:. Then[A,i]=1.

Proof. We haveV =Cy (i) ® [V,i]. Now Cy (i) < Cy(a) so the definition of
~ yields thatA acts trivially onCy (i). Also, [V, A] =[V,a] <[V,i] SO A
normalizeqV,i]. Buti is an involution sa acts as scalar multiplication byl
on[V,i]. ConsequentlyA,i]=1. O

Theorem 5.3. Suppose thad, B € ¥. Then eithefA®) and (B°) commute oA
and B are G-conjugate. Moreover, it; = (A%) then X is a singleG-conjugacy
class of subgroups.

Proof. The first assertion follows from Timmesfeld [12, 3.16, p. 23] or a slight
modification of an argument of Stark [10, Theorem I]. N&w Z(G) since
0,(G) = 1. Thus the second assertion follows from the firsty
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Theorem 5.4. Let P € Syl,(G) and setP = (P N Q). Then some member &f
isnormal inP.

Proof. Suppose that" < P with T = (T N Q4). We claim that eithefT, P]1 N
Qi #Wor[T, P]=1. Suppose thdfl', P] # 1. Then there existe T N Q,; and
s € PN Q such that{r,s] # 1. Let H = (t,s). By a result of Glauberman [3,
Theorem 3.3] there existsc H' N Q4. But H' = [(¢t), (s)] < [T, P] so the claim
is proved.

Note thatP N Q, # ¥ sinceQy is a union of conjugacy classes. Hence we may
choosel minimal subjectto £ T < P andT = (T N Q). SinceP is ap-group
we have[T, P] < T so the claim and the minimal choice Bfyield [T, P] = 1.
Choosar € T N Q, and letA be a member of that containg. Now [a, P1=1
and distinct members of have trivial intersection. ThuB normalizesA.

The definition of P implies thatP is maximal subject to being a-group and
generated by members . Now A# € Q whenceA < P, which completes the
proof. O

6. Theproof of Theorem B

Assume Theorem B to be false and consider a counterexamplg@ithnd
then dimV minimized. We may suppose that the field of definition Vofis
algebraically closed. Let

Q = {g € G| g acts quadratically o }.
Then
an Op(G§ R) ,(Z Op(G)~ 9)

Step 1. GR acts irreducibly onV. In particular,
0,(G)=1.

Proof. Assume false. Let/ be aG R-composition factor oV and set
G =GR/Cgr(U).

Lemma 4.1 implies that
0,(G; R) < 0,(G; R).

Now G R acts irreducibly orU so 0,(G) < 0,(GR) = 1. Then the minimality
of dimV implies that no element of0,(G; R) acts quadratically onU.
Consequently

QN 0,(G; R) <[ \Ca ),
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where the intersection is over aff R-composition factord/ of V. But this
intersection is0, (G) so (9) is contradicted. We deduce tl@aR acts irreducibly
onV. O

Step 2. Suppose thaiQ # 1 is an R-invariant subgroup ofO,(G; R) with
0=(0NQ).LetC =Cgs(0Q). Then

(i) The Sylow2-subgroups o are contained inZ(G).
(i) QNC < 0,(0).

Proof. Note thatC is R-invariant. ChooseS € |/.(R,2) and letL = Cg(S).
Using Lemma 4.1(iii) we have

0 < O0p(G; R)NL K Op(L; R).

If L # G then the minimality of|G| forces Q < O,(L) and then Theorem C
yields 0 < 0,(G) =1, a contradiction. Thud = C and (i) is proved. In
particular, the Sylow 2-subgroups@fare abelian so Lemma 4.4 implies (ii)O

Hypothesis 5.1 is satisfied so we assume the notation defined there. Our first
objective is to find amR-invariant member o that has nontrivial intersection
with 0,(G; R). An argument similar to one used near the end of the proof of
Theorem C then yields a contradiction.

Step 3. Let P € U (R, p) and setP = (P N Q). Then there existd € ¥ such
that A < P. Moreover, for any suci we have

ANO,(G;R)#1.

Proof. The existence ofdA follows from Theorem 5.4. To prove the second
assertion leQ = (0,(G; R) N Q) and letZ = AN Z(P) # 1. Recall than* € Q
so Step 2 yields

Z < 0,(C6(Q)).

Now Q is RCq(R)-invariant whence0,(Cs(Q)) < 0,(G; R) and then 1#
Z<ANOL(G;R). O

Step 4. X is a singleG-conjugacy class of subgroups.

Proof. Continue with the notation in the statement of Step 3. Lgthe theG-
conjugacy class of that containsA. Observe thaR acts by conjugation on the
G-conjugacy classes of'. Let {K1,...,K,} be the orbit that containk;. For
eachi let K; = (K;). Theorem 5.3 implies thdtK;, K;] =1 for all i # j. Let
R1 = Ng(K1). By Lemma 4.3 we have

0,(G; R)N K1 < O0p(K1; Ry).
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Now A € ¥ soA# € Q. By Step 3 we have N 0,(G; R) # 1. Consequently
QN O0py(K1; R1) #0.

SinceK; < G and0,(G) = litfollows thatO, (K1) = 1. Then the minimality of
|G| yields K1 = G and then Theorem 5.3 implies th&tis a singleG-conjugacy
class. O

Step 5. There existsA € X' such thatd is R-invariantandA N 0,(G; R) # 1.

Proof. Let
A={P<G|Pisap-groupandP = (P N Q)}

and letA* be the set of maximal membersAf If P € A* thenP = (13 N Q) for
someP € Syl,(G). Consequentlyt* is a singleG-conjugacy class of subgroups.

Step 4 and Lemma 4.2 imply that we may choase X such thatA is R-
invariant. Using Theorem 5.4 and Step 4 we see fatA) contains a member
of A*. Note thatNg(A) is R-invariant. By Sylow's Theorem, the members of
A* contained inNg (A) form a singleNg (A)-conjugacy class. Using Lemma 4.2
there eX|stsP < Ng(A) such thatP € A* andP is R-invariant.

ChooseP ¢ NG (R, p) with P < P. SinceP € A* we haveP = (PN Q) =
(PN Q). Also A < P since A* € Q, whenceA < P. Step 3 implies that
AN O0,(G; R) # 1, completing the proof of this step.

ChooseA € X in accordance with Step 5 and choose

aeA*N0,(G;R).

The definition ofX and~ imply that[V, A] = V(a — 1). Then asA is R-invariant
it follows that

V(a — 1) is R-invariant (10)
Recall the definition ofY; (a) given in Section 2. ChoosE € X (a).

Step 6. X = Slo(p) and V is a direct sum of natural Sl(p)-modules.

Proof. The Sly-Lemma and Theorem 2.2 imply that = Slo(p), that V =
Cy(X)®[V, X]and thafV, X] is a direct sum of natur@Ly(p)-modules. Thus
it suffices to show thaf'y (i) = 0 wherei is the unique involution irX.

We claim thati € Z(GR). Lemma 5.2 implies thafi, A] = 1. Now A N
0,(G; R) is R-invariant andA” € Q so Step 3 implies that € Z(G). Since
[V, X] is a direct sum of natur&Ly(p)-modules it follows that acts as scalar
multiplication by—1 onV (a — 1). Then using (10) we obtain

0#V(@—1 <Cv([i,RD.
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But [i, R] is R-invariant and als@ -invariant becausee Z(G). The irreducibil-
ity of GR onV forcesCy ([i, R]) = V, whencdi, R] = 1. This proves the claim.

The irreducibility ofG R on V and the claim prove thaty (i) = 0, completing
the proof of this step. O

Let P = (a). By Step 6 and a suitable choice of basis we may suppose’that
corresponds to the subgroqpigﬁ}. ChooseQ < X such thatQ corresponds

to the subgroup{(é ’5)} Let T = Nx(P) N Nx(Q) so thatT = (r) wherer

corresponds to the matri t(,)l) for some generator of GF(p)*. SinceV is
a direct sum of naturé&dlo(p)-modules it follows that

V=I[V.Pl®[V, 0l

thatr acts on[V, P] as scalar multiplication by and on[V, Q] andV/[V, P] as
scalar multiplication by —1. By (10) we know thafV, P] is R-invariant.

Step 7. There is a choice oX such thafV, Q] is R-invariant.

Proof. Let H be theG-stabilizer of the chain
V >[V,P]>0, (11)

and letK be the subgroup consisting of those element& dhat act trivially on
every factor of (11). Thel®X < H andK is an elementary abeligngroup. Since
P = (a) anda € Q we have

ae K <Cg(a).

Now R stabilizes (11) by (10), henc# is R-invariant. Also,T < H since
T < Nx(P). Sincer acts oV, P] as scalar multiplication by and onV/[V, P]
as scalar multiplication by 1 it follows that

[T,R]I<K.

ConsequentlyT K is R-invariant.

Recall thatK is a p-group and thaf” = Z,_;. ThusT is a p-complement
in TK and then by Lemma 4.2 there is @tinvariant p-complement. Hence
there existk € K such thatR < Ngg(T*). In particular,[T*, R1< T*N K =1.
(BecauseR centralizes K /K andK is a p-group.)

Now k € K < Cg(a) S0 XX € Xg(a). Thus, replacingX by X* we may
suppose thaf7, R] = 1. Sincep > 3 andt is a generator folGF(p)* we
haver # t~1. In particular,s has precisely two eigenspaces: theigenspace
[V, P] and ther ~1-eigenspacéV, Q]. As [, R] = 1, the eigenspaces forare
R-invariant. This completes the proof of Step 11
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We are now in a position to complete the proof of Theorem B. Chdpge
accordance with Step 7. Lét* be the subgroup af consisting of those elements
that act trivially on every factor of the chain

vV >[V,Q]>0. (12)

ThenQ* is an elementary abeligingroup. Recall thaV is a direct sum of natural
Slo(p)-modules, so the elements Of act quadratically ofV. In particular,

Q<0
Now [V, Q] is R-invariant soQ* € U (R, p). The definition of0,(G; R)
implies that(0,(G; R), Q%) is a p-group. NowP = (a) anda € O,(G; R) soO

(P, Q) isap-group. But{P, 0) = X = Sly(p). This contradiction completes the
proof of Theorem B.

7. Theproof of Theorem A
First we restate part of [5, Theorem A].

Theorem (Glauberman)Suppose thatG is a group, thatp is a prime, that
F*(G) = 0,(G) andthatP is a p-subgroup oG with 0, (G) < P. If no element
of P acts quadratically on any chief factox/Y of G with X < 0,(G) then
K*®(P) <G.

Assume the hypotheses of Theorem A. We may repldey R/Cr(G) to
suppose thar acts faithfully onG. Then asF*(G) = 0,(G) and asR andG
have coprime orders it follows th#@*(GR) = 0,(G) = 0,(GR).

Suppose thak /Y is a chief factor ofGR with X < 0,(G). SetV =X/Y
and regardV as aG R-module oveiGF(p). Let GR = GR/Cgr(V). Now GR
acts irreducibly orV sinceV is a chief factor ofG R. Consequenthy ,(G) = 1.
Lemma 4.1(iv) implies thaP < 0, (G; R). Invoking Theorem B, we see that no
element ofP acts quadratically ov. Glauberman’s Theorem, witfi R in place
of G, implies thatk*°(P) < G. The proof of Theorem A is complete.

8. Theproof of Corollary D

Assume the hypotheses of Corollary D. Let
P=0,(G;R).
ChooseM € M and letPy = 0,(M; R). SinceCg(R) < M it follows that
Po=PNM.
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By hypothesis,F*(M) = 0,(M) so Theorem A implies thaK*°(Pp) < M.
Now G is simple, whenc@? = Ng(K*°(Py)). ThenNp(Py) < Np(K*®(Pp)) <
M N P = Py. We deduce thaPg = P, that M = Ng(K*°(P)) and thatM =
{NG(K®°°(P))}. In particular,

G # (M).

Assume now thatR is non cyclic. ThenG = (Cg(a) | a € R¥). SinceR is
abelian, for eactu € R* we know thatCg(a) is R-invariant. Also,Cg(R) <
Cg(a). It follows that

G =(M).

This contradicts the previous paragraph. We concludeRhatcyclic.
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