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1. Introduction

The max-algebraic cyclicity theorem states that if A € R"ﬁ" is irreducible and its maximal cycle

geometric mean A (A) equals 1, then the sequence of max-algebraic powers A¥ becomes periodic after
some finite transient time T(A), and that the ultimate period of A¥ is equal to the cyclicity of the critical
graph. Cohen et al. [17,18] seem to be the first to discover this, see also [4,8,19,32]. Generalizations to
reducible case, computational complexity issues and important special cases of the cyclicity theorem
have been extensively studied in [8,20,28,29,36,37].
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The cyclicity theorem naturally leads to the concept of attraction cone Attr (A, t), by which we mean
the solution set of a two-sided system A (A)A” ® x = A" ® x for any r > T(A) (all such systems
are equivalent). In particular, Attr(A, 1) is the set of vectors such that {A¥ ® x, k > 1} converges to a
max-algebraic eigenvector of A (i.e., vector x such that A ® x = A(A)x holds).

The problem of characterizing attraction cones is related to some control problems in max-linear
systems. For instance, given some “periodic regime”, it is desirable to describe its attraction domain
consisting of vectors which are driven to that regime by means of repeated action of max-linear
operator. For Mairesse [34], periodic regime is a given set of vectors such that the sequence {A"x, k>
1}, for the vectors x from the corresponding attraction domain, remains within that set after large
enough time. He studies attraction domains for 3 x 3 matrices by examining all possible special cases,
in each case providing a nice graphical interpretation of the result.

Braker [6, Section 8.3] studies eigenvector attraction spaces, which are the same as Attr(A, 1) of the
present paper. He gives a sufficient condition when for x € Attr(A, 1), the critical part of all vectors in
{A¥®x, k > 1}is constant and equals the critical part of a particular max-algebraic eigenvector of A. No
description of attraction spaces was developed in [6], whether in terms of max-linear systems or bases
of max-algebraic spaces. The present paper offers such a description, in terms of a two-sided system of
max-linear equations whose coefficients can be computed from the entries of A in a polynomial time.
Using the elimination method of Butkovi¢ and Hegediis [10], improved and implemented recently by
Allamigeon et al. [3], a basis of the solution set of any such two-sided system can be also obtained.

Our main tool is a special diagonal similarity scaling A — X~ 'AX called visualization, which brings
A to a form where all the entries of A do not exceed A (A). Such scalings can be traced back to a work
of Fiedler and Ptak [26], and the present paper studies their role in max algebra continuing the thread
of [9,12,13,22-25,39,42,44].

Nodes and edges that belong to the cycles attaining A (A) constitute the critical graph, which is very
important for max algebra [4,19,31,32].

One of the main benefits of visualization is that it highlights the relation of max-algebraic periodicity
to Boolean periodicity, leading from the spectral projector of Cohen et al. [17,18], see also Baccelli et
al. [4], to CSR-representations introduced in Sergeev [42], see also Sergeev and Schneider [43] where
a more general notion of CSR-expansions is introduced and studied. For the max-algebraic powers of
nonnegative irreducible matrices, CSR-representation means that A' = A{(A)C ® St @ Rfort > T(A),
where C and R are extracted from some Kleene star (see page 1743), and S is diagonally similar to the
Boolean adjacency matrix of the critical graph.

A key role in Boolean periodicity is played by cyclic classes. Being inserted with S into the CSR-
representation, they determine the whole periodic dynamics of A” by cyclically permuting critical
rows and columns. This naturally leads to circulant symmetries of periodic powers, and means that
the dimension can be effectively reduced from n to ¢ + ¢, where ¢ is the total number of cyclic classes
and ¢ is the number of non-critical nodes. We show in Theorem 4.3, page 1747, that the equations of
the system A‘(A)A” ® x = A" ® x that correspond to the non-critical nodes are redundant, and the
remaining critical subsystem can be written as S ® R ® x = R ® x. This subsystem conveniently
breaks into several chains of equations, which correspond to the strongly connected components of
the critical graph.

The chains of equations can be further reduced by means of the chain cancellation, which generalizes
the well-knownruleax &b =cx @ d < b = cx @ dif a < c. The coefficients of the reduced system
come from the core matrix, whose entries are maxima in the blocks of A’ determined by strongly
connected components of the critical graph together with noncritical nodes. The main result of the
paper appears as Theorem 4.5, page 1748, where the system for Attr(A, 1) is explicitly written in terms
of the core matrix and cyclic classes. This leads to further research problems: (1) how to efficiently
compute the coefficients of the system, (2) how to describe the extremal solutions (in the sense of
[11]).

We briefly outline the contents of the paper. Section 2 is devoted to necessary preliminaries on max
algebra, Boolean algebra, cyclic classes, and some results on the properties of max-algebraic powers in
the periodic regime. In Section 3, we describe concepts and constructions associated with the periodic
regime, which are core matrix, CSR-representation and circulants. In Section 4, we derive the system
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for attraction cone, and study its extremal solutions and the computation of coefficients in the case
of strongly connected critical graph. In Section 5 we give two examples illustrating the results of the
paper.

We remark that the periodicity of max algebraic powers of matrices studied here can be regarded
as an “exactly solvable model” of max-plus semigroups studied by Merlet [35].

Parts of the present paper and Ref. [42] have been included in the monograph of Peter Butkovic [8,
Chapter 8.

2. Preliminaries
2.1. Kleene star and maximum cycle geometric mean

By max algebra we understand the analogue of linear algebra developed over the max-times semi-
ring Rmax, x which is the set of nonnegative numbers R equipped with the operations of “addi-
tion” a @ b := max(a, b) and the ordinary multiplication a ® b := a x b. Zero and unity of this
semiring coincide with the usual 0 and 1. The operations of the semiring are extended to the non-
negative matrices and vectors in the same way as in conventional linear algebra. That is if A = (a;),
B = (bjj) and C = (c;j) are matrices of compatible sizes with entries from Ry, we write C = A @ B if
¢ij = a;j @ bjj = max(aj, by) foralli, jand C = A® Bif ¢j = Py, aikby; = maxy(aikby;) foralli, j.If A
is a square matrix over R then the iterated productA ® A ® - - - ® A in which the symbol A appears
k times will be denoted by Ak,

The max-plus semiring Rpax, + = (RU {—o0}, @ = max, ® = +), developed over the set of real
numbers R with adjoined element —oo and the ordinary addition playing the role of multiplication,
is another isomorphic “realization” of max algebra. In particular, x — exp(x) yields an isomorphism
between Rpmax 4+ and Rpax, x. In the max-plus setting, the zero element is —oo and the unity is 0.
We will use the possibility to switch to this setting in the last section of this paper, which contains
examples. The main benefit is that max-plus operations with integers are much easier to perform by
hand.

Let A € R'*". Consider the formal series

A =10ABA S -, (1)
where I denotes the identity matrix with entries
5 — 1, ifi=j,
Y7 lo, otherwise.

Series (1) is a max-algebraic analogue of (I —A) ™. Itis called the Kleene star in the case of convergence
to a finite matrix. It can be shown that for any A € R',*",

Ais aKleene star < A> = A, ai =1 Vi
& ai =1, gjajx < aie Vi, j, k.

(2)

Below afj‘- will denote the (i, j) entry of A*.
Series (1) converges to a finite matrix if and only if A(A) < 1, where

LA =P @ (@i, Gy - - - Qi) 7" (3)

koir,...,ig

is called the maximum cycle geometric mean (briefly m.c.g.m.) of A. In this case A* = [PAP- - - DA™ .
See Carré [14], or [32] Lemma 2.2, or [8] Proposition 1.6.10 for reference. The operation of taking
m.c.g.m. is homogeneous: A(uA) = pA(A), and hence any matrix with A(A) 7 0 can be scaled so

that A(ﬁA) = 1. Matrices with m.c.g.m. equal to 1 will be called definite.

ToA = (aj) € rer” we can associate the weighted digraph D(A) = (N(A), E(A)), with the set of
nodes N(A) = {1, ..., n} and the set of edges E(A) = {(i,j) | a; # 0} with weights w(i, j) = aj.
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Suppose that 7 = (i1, ..., i) is a path in D(A), then the weight of 7 is defined to be w(r,A) =
Qi iy iy - - - Qi ifp > 1,and 1if p = 1.1f iy = i) then 7 is called a cycle.

It will be important that the entries of Ak, denoted by afjk), are equal to the maximal weights of
paths of length k connecting i to j, and the non-diagonal entries of A* (denoted a,?;») represent just the
maximal weights of paths from i to j, with no length restrictions.

When any two nodes of D(A) can be connected to each other by paths with nonzero weight (equiv-
alently, they belong to a cycle), D(A) is called strongly connected and A is called irreducible. Otherwise,
Ais called reducible.

Acycle r = (iy, ..., i) in D(A) is called critical, if A(A) = (w(m, A))l/k. Every node and edge
that belongs to a critical cycle is called critical. The set of critical nodes is denoted by N, (A), the set of
critical edges is denoted by E.(A). The critical digraph of A, further denoted by C(A) = (N:(A), Ec(A)),
is the digraph which consists of all critical nodes and critical edges of D(A). For definite A € R”+X”, it
follows that A* is well defined, AA* < A*, and in particular aj; = 1 and aija;; < 1forall i, j. Moreover

it can be shown that
(19]) € EC(A) < aija; = 1a (4)

since any (i, j) € E.(A) lies on a critical cycle and the nondiagonal entries of A* represent weights
of certain paths. Further we assume without loss of generality that the critical graph occupies first c
nodes, i.e., that N.(A) = {1, ..., c}.

Forany A € R"f", A(A) plays the role of the largest eigenvalue, with respect to the max-algebraic
eigenproblem A ® x = Ax. If A is definite then any column of A% with i € N.(A) is a max-algebraic
eigenvector of A. Moreover if A is irreducible then A* is finite and any such vector is finite. The structure
of max-algebraic eigenspace (or as we would say, eigencone) was established by Gondran and Minoux
[30] and Cuninghame-Green [19, Chapter 15]. See also [4, Theorem 3.23], [31, Section 6.4], [32, Lemmas
2.7 and 2.8] or [8, Theorem 4.4.8] for more specific reference.

There are certain transformations that do not change max-algebraic structures associated with
nonnegative matrices. Consider a positive x € R’} and define

X1 ... 0
X =diag(x) == -, *|. (5)
0 ... xp

The transformation A — X~ 'AX is called a diagonal similarity scaling of A. Such transformations do not
change A (A) and C(A) [24]. They commute with max-algebraic multiplication of matrices and hence
with the operation of taking the Kleene star. Geometrically, they correspond to automorphisms of R”,
both in the case of max algebra and in the case of nonnegative linear algebra. Further we define a
particularly convenient form of matrices in max algebra.

A matrix A € R is called visualized, if

aj < AA), Vi, j=1,...,n (6)
aj = A(A), V(i.j) € Ec(A) (7)

Note that (7) can be deduced from (6) and the definition of A(A) (3).

Visualization scalings were known already to Afriat [1] and Fiedler and Ptak [26], and motivated
extensive study of matrix scalings in nonnegative linear algebra, see e.g. [24,25,38,39]. We remark
that some constructions and facts related to application of visualization scaling in max algebra and
beyond have been observed in connection with max algebraic power method [22,23], behavior of
matrix powers [9], max-balancing [38,39] and tropical methods in eigenvalue perturbation theory [2].

As observed by Fiedler and Ptak [26], a matrix A € R'*" with A(A) = 1 (i.e., as we call it, definite)
can be scaled to a visualized form by any column of A*. A more detailed description of visualization
scalings is given in [44] in terms of the convex cone {x | A ® x < x} and its relative interior.
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The present paper, along with [42,43], can be seen as a follow-up of [12,13,21,44] which established
basic techniques and terminology of visualization used here.

2.2. Max algebra and Boolean matrices

Max algebra is related to the algebra of Boolean matrices. The latter algebra is defined over the
Boolean semiring S which is the set {0, 1} equipped with logical operations “OR”a @ b := a Vv b and
“AND” a ® b := a A b. Clearly, Boolean matrices can be treated as objects of max algebra, as a very
special but crucial case.

For a strongly connected graph, its cyclicity is defined as the g.c.d. of the lengths of all cycles (or
equivalently, all simple cycles). If the cyclicity is 1 then the graph is called primitive, otherwise it is
called imprimitive. We will not distinguish between cyclicity (or primitivity) of a Boolean matrix A and
the associated digraph D(A). Further we recall an important result of Boolean matrix theory.

Proposition 2.1 (see Brualdi and Ryser [7]). Let A € S"*" be irreducible, and let y, be the cyclicity of
D(A) (which is strongly connected). Then for each k > 1, there exists a permutation matrix P such that
P~A*P has r irreducible diagonal blocks, where r = gcd(k, ya), and all elements outside these blocks are
zero. The cyclicity of all these blocks is y4 /.

In max algebra, let A € R}*". Define the Boolean critical matrix Al°l = (ai[jc]) by

[c1 _ 15 (lﬂ.’) € EC(A)
%G =10, (i.j) ¢ E(A). 8)

Let A,B € RT”. Assume that C(A) has n; strongly connected components (briefly, s.c.c.) ¢, for
u =1,...,ne, with cyclicities y,,. Denote by N, the set of nodes in C,,. Denote by B, the block of B
extracted from the rows with indices in N, and columns with indices in N,,.

The following proposition was obtained in [13], as a corollary of Proposition 2.1. See [42, Proposition
3.3] for a simple proof, which uses visualisation.

Proposition 2.2. Let A € R*" and L (A) # 0.

1. A(A%) = AK(A).

2. (AHIA = (alchk,

3. For each k > 1, there exists a permutation matrix P such that (P”AkP)I[fl]L, foreachyu =1, ...,nc,
has r, := ged(k, y,,) irreducible blocks and all elements outside these blocks are zero. The cyclicity of

all blocks in (P~ A*P)IC] is equal to y,, /1.

For a path 7 in a digraph G = (N, E), where N = {1, ..., n}, denote by I(7) the length of 77, i.e.,
the number of edges traversed by 7.

Proposition 2.3 (see Brualdi-Ryser [7]). Let G = (N, E) be a strongly connected digraph with cyclicity
vc. Then the lengths of any two paths connectingi € N toj € N (with i, j fixed) are congruent modulo .

Proposition 2.3 implies that the following equivalence relation can be defined: i ~ j if there exists
a path 7 from i to j such that [(r) = 0(mod y;). The equivalence classes of G with respect to this
relation are called cyclic classes [5,40,41]. The cyclic class of i will be denoted by [i].

Consider the following access relations between cyclic classes: [i] — ¢ [j] if there existsa path v from
anode in [i] to a node in [j] such that [(7r) = t(mod y;). In this case, a path 7 with [(7r) = t(mod y;)
exists between any node in [i] and any node in [j]. Further, by Proposition 2.3 the length of any path
between a node in [i] and a node in [j] is congruent to t, so the relation [i] — [j] is well-defined.
Class [j] is called adjacent to [i] if [i] —1 [j].
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Cyclic classes can be computed in O(|E|) time by digraph condensation methods [5,7].

The notion of cyclic classes and access relations can be generalized to the case when G has n,
disjoint strongly connected components G,, with cyclicities y,,, for © = 1, ..., nc (this is how the
critical graph in max algebra looks like). In this case we write i ~ jifi, j belong to the same component
G, and there exists a path 77 from i to j such that [(7w) = 0(mod y,,).If I(x) = t(mod y,,), then we
write [i] —¢ [j]. In this case the cyclicity of Gis y :=lem.(y,), u =1, ..., nc.

We will be interested in the cyclic classes of critical graphs, and below we also give an interpretation
of these, in terms of the Boolean matrix All. Let A € ]R"f". Following Brualdi and Ryser [7] we can

find an ordering of the indices such that any submatrix AEJS]L which corresponds to an imprimitive
component C,, of C(A), will be of the form

c
0o A o - 0
c
0 o Al ... 0
- ; ; 9)
...ooAld
0O 0 o Ay s
Ad 0 0o .. 0
where k = y,,. Indices s;, for i = 1, ..., k, correspond to cyclic classes. More precisely, the cyclic
class corresponding to s; is adjacent to the cyclic class corresponding to siyq fori = 1,...,k — 1,

and the cyclic class of sy is adjacent to the cyclic class of s1. By Proposition 2.2 part 2, when A is raised
to power k, Al s also raised to the same power over the Boolean algebra. Any power of Al has a
block-permutation form similar to (9), with a different pattern of nonzero blocks.

Theorem 5.4.11 of [33] implies that the sequence (AK)I1 = (AC1)¥ becomes periodic after k <
(n—1)? +1, with period y = lem(y,), =1, ..., nc. Inthe periodic regime, all entries of nonzero
blocks are equal to 1. This fact is one step from the periodicity of matrices in max algebra.

Further we always assume that the cyclic classes are properly arranged meaning that any submatrix
Al is of the form (9).

2.3. Spectral projector and periodicity in max algebra

We assume as before that the critical graph C(A) occupies the first c nodes. For a definite A € R”JFX",
consider the matrix Q (A) with entries

C
g = Pajay, ii=1,....n (10)
k=1

The max-linear operator whose matrix is Q (A), is a max-linear spectral projector associated with A, in
the sense that it projects Ri on the max-algebraic eigencone {x | A® x = x}, see [4] Subsection 3.7.3.
We also note that Q (A) is important for the policy iteration algorithm of [16].

We will need the following property of Q (A) which follows directly from (10).

Proposition 2.4. For a definite A € R”+X”, any column (or row) of Q (A) with index in 1, ..., cis equal
to the corresponding column (or row) of A*.

This operator is closely related to the periodicity questions.

Theorem 2.5 (Baccelli et al. [4], Theorem 3.109). Let A € R!*" be irreducible and definite, and let all
s.c.c. of C(A) have cyclicity 1. Then there is an integer T(A) such that A" = Q(A) forallr > T(A).

It can be easily shown that Theorem 2.5 can be generalized to the situation when A is in a blockdi-
agonal form with irreducible definite diagonal blocks A1, . .., Ay so that
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A= E T . E . (11)

IfAis irreducible and definite, then A for all k > 1 can be transformed by a simultaneous permuta-
tion of columns and rows to the blockdiagonal form (11), where all blocks Ayq, . . ., Ay are irreducible
and definite.

Indeed, let us show that Ayq, ..., Ay, are definite (i.e., that the m.c.g.m. of each block is 1). On one
hand, itis evident when A is assumed to be visualised, that the m.c.g.m. of each block does not exceed 1.
On the other hand, any column A’ with 1 < i < cisa positive max-algebraic eigenvector of Aand hence
of A. This shows that each block of A has an eigenvector with eigenvalue A(A), hence the m.c.g.m. of
each block, being equal to the largest max-algebraic eigenvalue of that block, cannot be less than 1.

It follows from Proposition 2.2 part 3 that all components of C(AY) are primitive, where y is the
cyclicity of C(A).

These arguments lead us to the following extension of Theorem 2.5.

Theorem 2.6. Let A € R*" be irreducible and definite, and let y be the cyclicity of C(A). There exists
T(A) such that

1. AY = Q(AY) forallty > T(A);
2. AT = A" forallt > T(A).

T(A) will be called the transient, and the powers A" for r > T(A) will be called periodic powers.
The following properties of periodic powers were establlshed in[42], Propositions 4.4 and 4.5. Both
properties are deduced there from Theorem 2.6 above (though not explicitly stated in that paper).

Here and in the sequel a,-(jk) will denote the (i, j) entry of A, with a few explicitly stated exceptions
from this rule.

Proposition 2.7. LetA € R"f" be a definite and irreducible matrix, and lett > 0 be such thatty > T(A).
Then for every integerl >0

t)/+l (ty) ty+l ty+l _
GB AT AT = @
i=1

a7t 1 <k<n (12)

ik

In the following T, (A) denotes the number after which the critical rows and columns of A" become
periodic. It is shown in [42] that T.(A) < n?. It can be conjectured that T,(A) < (n — 1)% + 1, the
same bound as for the Boolean periodicity.

Proposition 2.8. Let A € R"*" be a definite and irreducible matrix, and leti,j € {1, ..., c} be such that
[i] = [j], for some 0 < | < y.

1. For any r > T.(A), there exists t > 0 such that

af " Van = A a7 Ar = AT (13)
2. IfAis visualized, then for allr > T.(A)
+1 +1

Let us also note the following corollaries of Proposition 2.8.

Corollary 2.9. LetA € R”X" be irreducible and visualized. For r > T.(A), all rows (and all columns) of
AT with indices in the same CyCllC class are identical.
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r+ Y
-

r+ an
i. .

Corollary 2.10. Let A € R'*" be irreducible. Forr > T.(A) andi € N, A} = A and Al = A

Proof. If Ais visualized then this follows from Proposition 2.8, part 2. Now observe that the equalities

r+ r+ . . . .. . .
A=A, " and Al =A; Vi are invariant under diagonal similarity scaling. [

3. Properties of periodic powers
3.1. Core matrix

In the sequel we always assume that A € R"ﬁ” is irreducible. Let C(A) consist of n. components
€, with cyclicities y,,, for u = 1,...,c. Let y = Lcm. () and ¢ be the number of non-critical
nodes. Further it will be convenient (though artificial) to consider, together with these components,
also “non-critical components” C,, for 4 = nc +1, ..., nc + ¢, whose node sets N, consist of just one
non-critical node, and whose set of edges is empty.

Consider the block decomposition of A” for r > 1, induced by the subsets Nyforp=1,...,n.+cC
The submatrix of A" extracted from the rows in N, and columns in N, will be denoted by A,(L); IfAis
visualized and definite, we define the corresponding core matrix Acore — (aupv), w,v=1,...,n+
Cc by

oy = max{a | i € Ny, j € Ny} (15)

The entries of (A%°™)* will be denoted by O[;iv' Their role is investigated in the next theorem.

Theorem 3.1. Let A € R'[*" be a definite visualized matrix and r > Tc(A). Let ., v =1, ..., nc + C be
such that at least one of these indices is critical. Then the maximal entry of the block Ag‘)) is equal to a:iu.

Proof. The entry o}, is the maximal weight over paths from y to v, with respect to the matrix Acore,
We take such a path (i1, ..., u;) with maximal weight, where 1 := p and w; = v. With this path
we can associate a path 77 in D(A) defined by 1 = 71 0 01 0 T3 0 ... 0 071 o T}, Where T; are critical
paths which entirely belong to the components C,,;, and o; are edges with maximal weight connecting
Cp; to Cy; - Such a path exists since any two nodes in the same component C,, can be connected to
each other by critical paths if u is critical, and if 1 is non-critical then C,, consists just of one node.
The weights of 7; are equal to 1, hence the weight of 7 is equal to oz;iv. It follows from the definition
of ay, and “;v that oz;v is the greatest weight over all paths which connect nodes in C;, to nodes in
Cy. As at least one of the indices w, v is critical, there is freedom in the choice of the paths 71 or 7
which can be of arbitrary length. Assume w.l.o.g. that w is critical. Then for any r exceeding the length
ofo107130...007-1 0 7y which we denote by I,,,, the block A;(Il)) contains an entry equal to O‘;*w which
is the greatest entry of the block. Taking the maximum T’(A) of I,,, over all ordered pairs (i, v) with
 or v critical, we obtain the claim for r > T’(A). Since at r > T.(A) the critical rows and columns of
AT are periodic, the claim also holds for r > T.(A). O

3.2. CSR-representation

For a definite visualized matrix A € R"ﬁ", the statements of Propositions 2.7 and 2.8 can be
combined in the following. Let C € R'*“ and R € RY*" be matrices extracted from the first ¢ columns

(resp. rows) of Q (AY) (or equivalently (A¥)*), and let S := AlC] the critical matrix of A defined by (8).

Theorem 3.2. LetA € R"*" be definite and visualized. Forr > T(A) andr = I(mod y),A” = C®S'®R.

In particular, the submatrices of critical columns of A", resp. critical rows of A", are expressed as C ® S,
I
resp.S' ® R.
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Proof. By (10) Q(A”) = C ® R, and by Theorem 2.6 A¥* = Q(AY) = C ® R for yt > T(A). Further C
(resp. R) can be extracted from the first ¢ columns (resp. rows) of A%, Thus the claim is already proved
forr =yt > T(A).

As S = Al it follows that 1) the (i, j) entry of S' can be 1 only if [i] — []], 2) for each pair of
classes [i] —; [j] and each i; € [i] there exists j; € [j] such that the (i1, j1) entry of S! equals 1.

Using these two observations and equation (13) applied to A¥* and AV for yt > T(A), we obtain
that the critical columns of A are given by C ® S' and the critical rows of AY**! are given by S' ® R.

Combining this with any of the two equations of (12), we obtain that AY‘*! = C ® S' ® R, for any
yt > T(A). O

Further we observe that the dimensions of periodic powers and the CSR-representation established
in Theorem 3.2 can be reduced.
The rows and columns with indices in the same cyclic class coincide in any power A", where r >

Tc(A) and A is definite and visualized. Hence the blocks of A", for u, v =1, ..., n. +candr > T.(A)
(in particular, r > n?), are of the form
@l Esyey oo @) Eson
Ap= =+ ] (16)
@) Eqey oo @) Eqen
where k (resp. m) are cyclicities of C,, (resp. C,), indices sq, ..., sk (resp. ty, ..., ty) correspond to

properly arranged cyclic classes of C,, (resp. Cy), and Eg; are matrices with appropriate dimensions
with all entries equal to 1. We assume that C;, has just one “cyclic class” if u is non-critical.
Formula (16) defines the square matrix A® with ¢ + € rows and columns, where ¢ is the total

number of cyclic classes, as matrix with entries ﬁ;rg Corresponding to (16), this matrix has blocks

=(r) =(1)

asm $1tm
A=1: . (17)
al o..oal

It follows that AT 172 = AT @ AT forall ry, r, > T.(A). In words, the multiplication of any two
powers A7) and A" for ry, r, > T.(A) reduces to the multiplication of AC") and A(2).

If we taker = yt + [ where yt > T(A) (instead of T, (A) above) and denote A := A1 then due
to the periodicity we obtain

AtHD _ Ayt (A(V[-H))l — Al’ (18)

so that A7 can be regarded as the Ith power of A where r = I(mod y), forallr > T(A).
Matrices C, R, and S’ for t > (n — 1)® + 1 have the same block structure as in (16). This shows that
the behavior of periodic powers A" is fully described by

A=C®5®R, r=Imod y), (19)

where S is a ¢ x ¢ Boolean matrix with blocks

010---0
001---0

Suw=1+ 10 |, Spw=0foru#v, (20)
000 ---1

100---

(=]
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where C and R are extracted from critical columns and rows of AY = Q(AY), or equivalently, formed

from the scalars in the blocks of C and R. The dimensions of C and R are (¢ +¢) x ¢ and ¢ x (¢ + ©),
respectively.

3.3. Circulant properties

MatrixA € ]R’jrxn is called a circulant if there exist scalars a, . . . , a1 suchthata; = ag whenever
j —i=d(mod n). This looks like

Qp o1 O - Op—q
Qp—-1 Qo Q&1 -+ Op-2
A= |®n—2 Qp—1 Qg -+ QAp_3 (21)
(051 [0 (071

We also consider the following generalizations of this notion.
Matrix A € Rﬂxn will be called a rectangular circulant, if aj = aps whenever p = i + t(mod m)
and s = j + t(mod n), for alli, j, t. When m = n, this is an ordinary circulant given by (21).

Matrix A € R}™" will be called a block k x k circulant when there exist scalars a1, . .., ak and a
block decomposition A = (Aj), i,j = 1, ..., k such that Aj = a4Ejj ifj — i = d(mod k), where all

entries of blocks Ejj are equal to 1.

A € R is called d-periodic when ajj = ajs if (s — j) mod n is a multiple of d, and when aj; = as;
if (s — j) mod m is a multiple of d.

We give an example of 6 x 9 rectangular circulant A:

012012012
201201201
120120120
012012012
201201201
120120120

This example provides evidence that a rectangular m x n circulant consists of ordinary d x d circulant
blocks where d =g.c.d.(m, n). In particular, it is d-periodic. Also, there exist permutation matrices P
and Q such that PAQ is a block circulant:

000111222
000111222
222000111
222000111
111222000
111222000

PAQ =

We formalize these observations in the following.
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Proposition 3.3. Let A € R™" be a rectangular circulant, and let d =g.c.d.(m, n).

1. Ais d-periodic.
2. There exist permutation matrices P and Q such that PAQ is a block d x d circulant.

Proof. 1. There are integers t; and t; such that d = tym + tyn. Using the definition of rectangular
circulant we obtain a;j = aj;, if s = j + tym(mod n), and hence if s = j 4 d(mod n). Analogously for
rows, we obtain that aj; = ag;, if s = j + t;n(mod m), and hence if s = j + d(mod m).

2. As Ais d-periodic, all rows such thati+d = j(mod m) are equal, so that {1, ..., m} can be divided
in d groups each with m/d indices, in such a way that A;. = A;. if i and j belong to the same group.
We can find a permutation matrix P such that A* = PA will have rows A/1. = ... = A:j, = Aq,
A:1+1- =...= A/Zd_ = A,., and so on. Analogously we can find a permutation matrix Q such that
A" = PAQ will have columns A"} = ... = Ay = A/}, Ay, = ... = A, = A/, and so on. Then A”
has blocks (A}) fori,j =1, ..., d. of dimension n/d x m/d, where Aji = aj;Ej;, and E;; has all entries
1. As A is d-periodic, it can be shown that its submatrix extracted from the first d rows and columns,
is a circulant. Hence A” is a block circulant. O

When g.c.d.(m, n) = 1, the rectangular circulant is 1-periodic, i.e., a constant matrix.

Proposition 3.4. Let A € R'*" be a definite visualized matrix which admits block decomposition (16),
andr = T(A). Let C,,, Cy, be two (possibly equal) components of C(A), and d = g.c.d.(Yy., Yv)-

1 ;\g‘), is a rectangular circulant (which is a circulant if © = v).
2. For any critical ;t and v, there is a permutation P such that (PT;\P)g])) is a block d x d circulant matrix.

3. If r is a multiple of y,,, then Af{L are circulant Kleene stars, where all off-diagonal entries are strictly
less than 1.

Proof. 1. Using Eq. (14) we see that for all (i, j) and (k, ) such that k = i + t(mod y;,) and | =
Jj+ t(mod yy),

" — g0 _ 70

Skt — Msity - Ysitj*

2.1f u = vthenP = I,and if u # v then P is any permutation matrix such that its “subpermutations”
for N, and N,, are given by P and Q of Proposition 3.3.

3. Part 1 shows that ;‘% are circulants for any r > T(A) and critical w. If r is a multiple of y,, then,

using the periodicity of critical rows and columns (Corollary 2.10) we obtain that ;\521 are submatrices

of A = Q(A") and hence of (A”)*. This implies, using (2), that they are Kleene stars. As the uth
component of C(A) is just a cycle of length y,,, the corresponding component of C(A"*) consists of y,,
loops, showing that the off-diagonal entries of ;\gI)L are strictly less than 1. [J

4. Attraction cones
4.1. A system for attraction cone

Let A € R" and A(A) = 1. The attraction cone Attr(A, t), where t > 1 is an integer, is the set
which consists of all vectors x, for which there exists an integer r such that A" ® x = A™™ ® x, and
hence this is also true for all integers greater than or equal to r. Actually we can speak of any r > T(A),
due to the following observation.
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Proposition 4.1. Let A be irreducible and definite. The systems A" ® x = A" ® x are equivalent for all
r > T(A).

Proof. Let x satisfy A* ® x = A*T! ® x for some s > T(A), then it also satisfies this system for all
greater s. Due to the periodicity, for all k from T(A) < k < s there exists | > s such that Ak = Al
Hence A¥ ® x = ATt ® x also hold for TA <k<s. O

Corollary 4.2. Attr(A, t) = Attr(A%, 1).

Proof. By Proposition 4.1, Attr(A, t) is solution set to the system A" ® x = A"t ® x for any r > T(A).
It follows that A? ® x = A/*1) @ x for any | > T(A)/t, and hence for any | > T(A!). O

An equation of A” ® x = A" ® x whose index (meaning the index of the corresponding row
of A"and A”)isin {1, ..., c} will be called critical, and the subsystem of equations with indices in
{1, ..., c} will be called the critical subsystem.

Theorem 4.3. Let A be irreducible and definite and let r > T(A). Then A” @ x = A" ® x is equivalent
to its critical subsystem, which can be written as S ® R® x = R ® x.

Proof. Consider an equation of A}, ® x = A,C,H ® x whose index is non-critical. Using (12) it can be

written as

C C
P aPA @ x=Palat @x, (22)
i=1 i=1
hence it is a max combination of equations in the critical subsystem.
As the systems A’ ® x = A" ® x are equivalent to each other for all r > T(A), we can assume
w.l.o.g. that r is a multiple of y. It follows now from Theorem 3.2 that the critical subsystem above can
be writtenas S R R x =R @ x. O

Itis proved in [42], following the idea of [40], that the coefficients of the system of A" @ x = A™ ™ ®x
for r > T(A) can be obtained in O(n® log n) operations, by means of matrix squaring and permutation
on cyclic classes.

Next we show how the specific circulant structure of A" at r > T(A) can be exploited, to cancel
the redundant terms in the system of equations for the attraction cone Attr(A, 1). Due to Theorem 3.1
the core matrix A" = {a,,, | w,v = 1,...,nc}, and its Kleene star (A“")* = {ar, | pov =
1, ..., nc} will be of special importance. We introduce the notation

MO @) ={eN, | a =a

uvls

i€Ny,, Yv:Cy #Cp, 23)

KOG = {t>claf = ok} i €Ny,

where C;, and C,, are s.c.c. of C(A), N, and N,, are their node sets, and v(t) in the second definition

denotes the index of the non-critical component which consists of the node t. The sets Mﬁ” (i) are

non-empty for any v, critical i and r > T.(A), due to Theorem 3.1. However, K (i) may be empty.
The results of Subsection 3.3 lead to the following properties of M‘(f) (i) and K ().

Proposition4.4. Letr > T.(A) and u,v € {1, ..., n¢}.

1. If[i] —¢ [j] then MUF0 (i) = MP (j) and K9 (i) = KD j).

2. Each Mgr) (i) is the union of some cyclic classes of C,,.

3. Letie Nyandd = g.c.d.(yy, yv). Then, if [p] C Ml(f) (i) and [p] —q4 [s] then [s] < Mff)(i).

4. Leti,j € Ny and p,s € N,. Let [i] —¢ [j] and [p] —¢ [s]. Then [p] C M‘(f)(i) if and only if
[s] €MD ().
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Next we establish the cancellation rules which will enable us to write out a concise system of
equations for the attraction cone Attr(A, 1).
Ifa < c, then

{(x:ax®b=cx®d} = {x: b=cxPDd}. (24)
Now consider a system of equations over max algebra:
n n n
Paixi®cr =P axi Dz =+ =P anixi S cn. (25)
i=1 i=1 i=1
Suppose that a1, ..., € Ry are such thatay; < o foralllandi,and §; = {i | a5 = o4}
forl = 1,...,n. Let S be such that Ul_;S; = {1, ..., n}. Repeatedly applying the elementary
cancellation law described above, we obtain that (25) is equivalent to
Paixidcr =P aixi®c, = =P aix; ® cn. (26)
i€S i€Sy ieSy

We will refer to the equivalence between (25) and (26), which we acknowledge to [21], as to chain
cancellation.
Using notation (23) and Proposition 4.4 we formulate the main result of the paper.

Theorem 4.5. Let A € R'*" be a visualized matrix and r > Tc(A) be a multiple of y. Then Attr(A, 1) is
the solution set of the system

@xk@ @ a;iv @ X | © @ a;iv(t)xf

keli] Co#Cp kEM\(,r)(i) teK® (i)
=Puwoe P o, B xw|le P o, (27)
keljl Co#Cp keM{” (j) tek ™ (j)

where [i] and [j] range over all pairs of cyclic classes such that [i] —1 [j] and C,, is the component of C(A)
which contains both [i] and [j].

Proof. By Theorem 4.3 the attraction cone Attr(A, 1) is described by the systemS ® R®@ x = R ® X,
which can be written as

éBaf;?xk 69 afxe. Vi il =1 1] (28)

forany r > T.(A).

Proposmon 3.4, part 2, implies that all principal submatrices of A" extracted from critical compo-
nents have a circulant block structure. In this structure, if r is a multiple of y, all entries of the diagonal
blocks are equal to 1, and the entries of all off-diagonal blocks are strictly less than 1. Hence we can
apply the chain cancellation (equivalence between (25) and (26)) and obtain the first terms on both
sides of (27). By Theorem 3.1 each block A, contains an entry equal to a ,- For a non-critical v(t),
this readily implies that the corresponding “subcolumn” A, (¢) contains an entry at () Applying the
chain cancellation we obtain the last terms on both sides of (27). Due to the block circulant structure of
Ay with both w and v critical, see Proposition 3.4 or Proposition 4.4, we see that each column of such
block also contains an entry equal to Ol - Applying the chain cancellation we obtain the remaining
terms in (27). O

Remark 4.6. We can allow any r > T.(A) in (27), but then k € [i] and k € [j] in the first terms on
both sides have to be replaced by k [i] =+ [k] and k: [j] — [k] respectively.
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Remark 4.7. As Attr(A, t) = Attr(A’, 1), system (27) also describes more general attraction cones, it
only amounts to substituting C(A") for C(A) and the entries of ((A")°"®)* for o, (the dimension of

this matrix will be different from that of A" in general, see Proposition 2.2 part 3).

We note that the system for Attr(A, 1) naturally breaks into several chains of equations correspond-
ing to the s.c.c. of C(A). If we start with (28), it can be equivalently writtenas R ® x = H ® y, where

H e R‘r"‘ is a Boolean matrix with entries

1, ifieN
hi =1 K> 29
W {0, otherwise. (29)

We can apply cancellation as described in the proof of Theorem 4.5, to get rid of redundant terms on
the left-hand side of the two-sided system.

If C(A) is strongly connected then H is a vector of all ones, and the two-sided systemRQ@x = HRQy
becomes essentially one-sided. We treat this case in the next subsections.

4.2. Extremals of attraction cones

System (27) in general consists of several chains of equations corresponding to s.c.c. of C(A). Each
chain is of the form

PDaxi=Paxi=--- = P axi. (30)

i€eTq i€T, i€Ty

where T; U ... UTy, = {1, ..., n} and a; come from the entries of (A“")*,
Here, we consider only the case of strongly connected C(A), i.e., only one chain. By scaling y; = a;x;
we obtain

PByi=PByi==Pw (31)

i€Tq i€l i€Ty

Note that when the critical graph is not strongly connected, we have several chains of equations
and the coefficients of (30) in general cannot be scaled to get (31) for each chain at the same time.

By e' we denote the vector which has the ith coordinate equal to 1 and all the rest equal to 0. Vector
y € R will be called scaled if @i, y; = 1, and set S is called scaled if it consists of scaled vectors.
We say that V C ]R’}r is generated by S C R”+ (also, S is a generating set of V) if S C V and for any
x € V there existy', ... ,yl e€Sandq, ..., € Ry suchthatx = @fz] aiy'.

We investigate extremal solutions of (31): a solution x is called extremal if x = y @ z for two other
solutions y, z implies that x = y or x = z [11,27]. The following can be deduced from the results of
[10,11,27].

Proposition 4.8. The solution set of any finite system of max-linear equations has a finite generating set.
In particular, it is generated by extremal solutions, and any set of scaled generators for the solution set
contains all scaled extremal solutions.

In the next proposition we show that extremal solutions of (31) can have only 0 and 1 components.
Proposition 4.9. Lety be a scaled solution of (31)andlet0 < y; < 1 for somei. Theny is not an extremal.

Proof. Let K< :={i | 0 < y; < 1}and K! := {i | y; = 1}, and define vectors v* and v! (k) for each
k € K= by

o |1, ifiek!
" 710, otherwise’

1, ifi e K'U{k}

1
L) =
vi (k) 0, otherwise

(32)
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Observe that both v° and v! (k) for any k € K<, are solutions to (31), different from y. We have:

y=2"® P y-v'(k), (33)
keK=

hence y is not an extremal. [J
Let T = (t;;) be the m x n Boolean matrix defined by

1, ifjeT,
v 0, otherwise, (34)
where T; are from (31).
Asubset K C {1, ..., n}is called a covering of T if each T; contains an index from K. The following
is immediate.

Proposition 4.10. A scaled vector y is a solution of (31) if and only if K' := {i | y; = 1} is a covering of
T.

A covering K is called minimal if it does not contain any proper subset which is also a covering.

A covering K will be called nearly minimal if it contains no more than one proper subcovering K'.
Observe that then the complement K\ K’ consists of just one index. Hence, a covering is nearly minimal
if and only if there may exist no more than one i € K such that K\ {i} is a covering.

Proposition 4.11. Extremal solutions of (31) are precisely v := Dick ei, where K is a nearly minimal
covering of T.

Proof. If a covering K is not nearly minimal, then there exist i and j such that K[i] := K\{i} and
K[j] := K\{j} are both coverings of T. Then vKUT and vKUT are both solutions and v = vKIil @ vKU]
hence v is not extremal.

Conversely, if v€ is not extremal, then there exist y # v and z # vX such that v€ = y @ z. Hence
y < v€and z < vK, and also y and z are not proportional with each other. By Proposition 4.9, see in
particular (33), we can represent y and z as combinations of Boolean solutions of (31). These solutions
correspond to coverings, which must be proper subsets of K. At least two of these coverings must be
different from each other (since y and z are not proportional), hence K is not nearly minimal. O

Thus, the problem of finding all nearly minimal coverings of a Boolean matrix is equivalent to the
problem of finding all extremal solutions of (31).
The following case applies if the critical graph is strongly connected and occupies all nodes.

Corollary 4.12. Let Ty, ..., Ty be pairwise disjoint, then the scaled extremals are precisely all vectors
v* = @ijcs €', where S is an index set which contains exactly one index from each set T;.

Proof. Any such set S forms a minimal covering of T, and it can be shown that the solution set of (31)
is generated by v°, so there are no more scaled extremals (or nearly minimal coverings). O

4.3. An algorithm for finding the coefficients of an attraction system

Coefficients of the system of equations which defines attraction cone are determined by the entries
of (A%"®)* which can be found in O((n. + ¢)3) operations, where n is the number of s.c.c. of C(A)
and ¢ is the number of non-critical nodes. However, it remains to find the places where these coeffi-
cients appear, i.e., the sets M,(f) (i) and K™ (i) fori = 1, ..., c. Solving this problem, we get another
polynomial method for computing the coefficients of (27).

Here we restrict our attention to the case when C(A) is strongly connected. In this case there are no
second terms on both sides of (27) and we need only K" (i). The digraph D(A"¢) associated with the
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matrix A“" consists of one critical node which corresponds to the whole C(A) and will be denoted by
W, and ¢ non-critical nodes v(t), for t > c. The core matrix is of the form

ACore _ (1 h , (35)
g

the entries a,,, and the entries of h, g and B = (by(s),v(r)) are given by
app =1,
C C
ho@y = vy = MaX dit,  8u(r) = Av(p = MaXdg, >, (36)

bysyvey = dvsyve) = ast, S >¢, t>cC.

Denote by [—, i] the cyclic class [j] such that [j] —, [i]. For each t > ¢, we initialize Boolean
c-vectors P; by

1, if[—qi]N argllncai(akt #0
k=

P (i) = (37)

0, otherwise.

P; encode the Boolean information associated with h (shifted cyclically by 1).

Further we compute the Kleene star of the non-critical submatrix B := Ay, where M denotes
the set of non-critical nodes, and store the information on the lengths of paths with maximal weight
and length not exceeding ¢ in sets U associated to each entry of B. To compute these sets we use the
formula

B"=1®B® - - ®B ', (38)

where for each entry of this matrix series we find the arguments of maxima.

Note that bl(jt) < b;}‘- for all t > ¢ and all i, j, since every path of length exceeding ¢ — 1 contains
a cycle which can be deleted from the path while strictly increasing the weight. Therefore, paths with
lengths exceeding ¢ — 1 do not contribute to Ug.

To combine the information associated with h and B*, we recall the max-algebraic version of bor-
dering method due to Carré [14], which computes

*
1 AT 1 h' ® B*

(ACore)* — — ® i (39)
g B B*®g B*®B*®g@h QB

where h, g € Ri. Note that all information that we need for system (27), is in the entries of hT ® B*
and in the indices of equations of the system where the entries of h” @ B* appear. Computing (h' ® B*);
means in particular obtaining the “winning” indices
_ *
Wt = arg r;]>acx hV(S)bU(S)U(l‘) . (40)

After that, the idea is to combine Ps with Uy for all s € W, and unite the obtained indices. More
precisely, for each number m stored in Us; we define the shifted Boolean vector P;,”™ by

1, if[—>mpq il Narg r,n%f s # 0
k=

P (i) = (41)

0, otherwise.
Equivalently,
P ™(i) =1 & Ps(j) = 1and [j] = [i]- (42)
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After that, we define

G:=1\ V\V ™ (43)

seW; meUg

Proposition 4.13. Lett > c, and let r > T(A) be a multiple of y. Then for alli < ¢, t € K™ (i) if and
only if G¢ (i) = 1.

Proof. By (42)and (43), G¢(i) = 1ifand only if there exists € W; and m € U such that ;"™ (i) = 1.
Then there exists a path 771 o T o, where 777 startsini, belongs to C(A) and has length —m—1(mod y),
7 is an edge which attains h, ) = maxj_, a5, and 7, is entirely non-critical, has length m, weight

b7 (syv(r)» and connects s to t. The weight of 71 o T o ma isequal to 1 - hs - by, = a}, ), and the length
)

is a multiple of y, meaning that a,” = o, ) and t € KT ().

The other way around, let t € K ) (i). Then there exists a path 7 of length r that connects i to t
%

and has weight o), , ;) = @ hu(s)b} 5),,(r)- We can decompose 7w = 7r{ o v’ o 77, where 7’ is an edge
connecting a critical node to a non-critical node s’ > ¢, and 74 has only non-critical nodes. Obviously
w(r) < w(t’ oms) < P hobSsue) = - But w(m) = o), hence w(t' o)) = o
and w(rr{) = 1 so that 7 entirely belongs to C(A). As w(t’) < h, ) and w(mry) < by (syn(p) DUt
w(t' o)) < B hv(s)bj(s)v(t), we deduce that w(t’) = h,(yy and w(my) = bt(s’)v(t)‘ In particular,
the length of 75 does not exceed ¢ — 1. Using (42) and (43) we conclude that G;(i) = 1. O
Summarizing above said, we have the following algorithm for computing the coefficients of (27)in
the case when C(A) is strongly connected. Recall that in this case there is no second term on both sides
of (27). The computation of coefficients of the third term includes the computation of h ® B* and the

sets K" (i) for i < c (in fact we can improve the algorithm since only y of them are different).

Algorithm 1. Compute the coefficients of (27) if C(A) is strongly connected.

Input. Visualized matrix A, critical graph C(A) which is strongly connected and the cyclic classes of
C(A).

1. Compute h (takes c¢ operations) and initialize P; for t > ¢ (takes O(cC) operations).

2. Compute B* and sets Uy for all s, t > c. It takes O(c*) operations (see (38)).

3. Compute hB* and G; for t > ¢, by (40), (42) and (43). Computation of hB* and W; by (40) requires
0(c?) operations, computation of shifted Boolean vectors is O(cc?), and the conjunction (43) takes
0(cc®) operations.

4. Compute K ") (i) using Proposition 4.13. This requires cc operations.

As the overall complexity does not exceed 0(c*) + 0(c*¢) + 0(cc®) = 0(nc>) + 0(c*C) operations,
we conclude the following.

Proposition 4.14. LetA € R"ﬁ” be visualized, C(A) be strongly connected, ¢ be the number of non-critical
nodes, and suppose we know C(A) and all cyclic classes. Then Algorithm 1 computes the coefficients of the
attraction system in no more than 0(c>n) + 0(c?c) operations.

Itis also important that the eigenvalue and an eigenvector of irreducible matrix can be computed by
the policy iteration algorithm of [15], which is very fast in practice. After that, C(A) and the cyclic classes
can be computed in O(n?) time. Thus we are led to an efficient method of computing the coefficients in
the case when A is irreducible and C(A) is strongly connected, especially in the case when the number
of non-critical nodes is small. Note that the case of irreducible A and strongly connected C(A) is generic
when matrices A are real and generated at random. Also, in this generic case it almost never happens
that maxima in blocks or among the weights of paths are achieved twice, which means that we do not
need to assign Boolean vectors or sets to each entry. In this case the total number of operations in the
algorithm is reduced to O(c3) 4 0(cc), which comes from computing h and B*.
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When C(A) is not strongly connected, the bordering method (39) can be used to obtain an algorithm
which operates only with the entries of A“". However, the complexity of operations with indices and
Boolean numbers significantly increases in that general case.

5. Examples
5.1. Circulants

Here we consider a 9 x 9 example of definite and visualized matrix in max-plus algebra

-8 0 -1 -8 -8 -9 -4 -5 -1
-4 -5 0 -2 -6 0 -7 -3 -9
-7 -9 -8 0 -8 -4 —6 -9 —-10
-8 -8-10-7 0 —4 -6 —-10 —1
A=|-2 -8 -7 -4 -8 0 -3 -1 —10{. (44)
0O -1 -2 -7-10 -6 -3 -6 -1
-10 -7 -7 -7 -6 -1 =5 0 -9
-8 3 6 -8 6 -8 —-5-10 0
-4 -3 -5 -6 -6 —-10 0 -6 -9

The critical graph of this matrix consists of two s.c.c. comprising 6 and 3 nodes respectively. They
are shown in Figures 1 and 2, together with their cyclic classes.
The components of C(A) induce block decomposition

Al A
A A A 7 (45)
Ay A

Fig. 1. Critical graph of (44).
II 11l %

v VI
117 11

Fig. 2. Cyclic classes of the critical graph.



1754 Sergel Sergeev / Linear Algebra and Its Applications 435 (2011) 1736-1757

where

-8 0 —1 -8 —8 —9

—4 -5 0 -2 —6 0
-5 0 -9

-7-9 -8 0 —8 —4

An = , App=1]-5-10 0 (46)
~8-8-10-7 0 —4

0 —6 —9
—2 -8 -7 —4 -8 0
0 -1 -2 -7 —10 —6
The core matrix and its Kleene star are equal to
ACore _ (ACore)* — ( 0 _1) (47)
-1 0

By calculating A, A%, .. . we obtain that the powers of A become periodic after T(A) = 6. In the block
decomposition of A% analogous to (45), we have the following circulants:

0 —-1-2 0 —1-2 2 -1 -1
20 -1-2 0 —1 —1-2 -1

A — “1-20 -1-20 | A — -1-1 -2
0 —1-2 0 —1 -2 —2 -1 -1
20 -1-2 0 —1 —1-2 -1 (48)
“1-20 -1-2 0 1 -1 -2
~3-1-2 -3 -1-2 0 -3 -2

A =12 -3 -1-2-3-1], AY=]|-20 -3
—1-2-3-1-2-3 —3-2 0

The corresponding blocks of “reduced” power A® are

0 —1 -2 —2 —1 -1
A9 =|-2 0 —1|, AY=|-1-2-1],
-1-20 —1-1-2
(49)
-3 -1 -2 0 —3 —2
AV =|-—2-3-1|, A =[-2 0 -3
-1 -2 -3 —3-2 0

Note that Z\S?) and Z\g? are Kleene stars, with all off-diagonal entries negative.

Using (48), we specialize system (27) to our case, we see that this system of equations for the
attraction cone Attr(A, 1) consists of two chains of equations, namely

X1Px3 DX —1) DX —1) =%Dx5D (X7 —1) D (xg — 1)
=x3®x D x7—1) D (xg — 1),
=)D —1)DBx; =03 —1)D (xs — 1) Dxg
=X —1) D (x4 —1) D xo.
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1/;\3...

Fig. 3. Critical graph and non-critical nodes of (51).

Note that only 0 and —1, the coefficients of (A°"®)* (which is equal to A“™ in our example), appear
in this system.

5.2. Algorithm for the strongly connected case

Here, we consider a 6 x 6 max-plus example
-3 0 —-1-19 =7 -3
—3 -4 0 —10 —19 —16
0 -3 —-1-10 —8 -8
) (51)
-1 —-4-4 -1 -1 =3
-1 -1-4 -2 —4 —1
—4 -2 -4 —1 —4 —1

and apply to it the algorithm described in Subsection 4.3. The critical graph of this matrix consists just
of one cycle of length 3, and there are 3 non-critical nodes.
The core matrix in this case is equal to

0 —10 —7 -3
ACore: -1 -1 -1-3
-1 =2 —4 —1
-2 -1 —4 —1

Vector h = (—10 — 7 — 3)T, whose components are computed by
3

hi = @am, fori = 4,5, 6,

(52)
k=1

comprises 2, 3, 4-components of the first row of A The arguments of maxima in (52) give, after
the cyclic shift by one position, the Boolean vectors
P,=(101), Ps=(010), Pg = (010). (53)

These vectors encode, for the corresponding non-critical nodes t = 4, 5, 6, the starting cyclic classes
(here, just critical nodes!) of paths which go from C(A) directly to t and whose length is 3.
The non-critical principal submatrix of A and its Kleene star are equal to

-1 -1-3 0 —1 -2
B=|-2-4-1|, B"=|-2 0 —1
-1 —4 —1 -1-20
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The lengths of optimal non-critical paths (whose weights are entries of B*) can be written in the matrix
of sets

{oy {1} {2}
U=|{1,2} {0} {1} (54)
{1} {2} {0}
Further we compute
0 —1 -2
W@B =(-10 -7 —-3)®| -2 0 —1|=(—4 —5 —3)
-1-20

The maxima in @, hbf; for all i are achieved only at t = 6, so Wy = W5 = Wg = {6}. Hence Gy,
Gs and Gg are shifted Pg and the shift is determined by the components in the last row of U which is
({1} {2} {0}). From Pg = (0 1 0) we conclude that

G4=(001), Gs=(100), Gg = (010).

By Proposition 4.13 we have that G;(t) = 1 if and only if t € K™ (i) (where r > T(A) is a multiple
of y = 3). Using this rule we obtain that K (1) = {5}, KT (2) = {6}, K™ (3) = {4}, and using the
vector of coefficients h' ® B* = (—4 — 5 — 3), we can write out the system for attraction cone

1D (X5 —5) =X ® (X —3) =x3D (x4 — 4). (55)

To verify this result, we observe that in our case T(A) = 8 and

—1-10 —4—6—4

0 —1—-1-5-5-4
e |-10 -1-5-6-3
A° =
—2-1-2-6-1-4
—2 -1 -1-5-7 —4
-2 -3 -2-6-7—6
0 —1—-1-5-5—-4
-1 0 —1—5—6 —3
o |[-1-10 —4-6-4
A% =
-2 -2 -1-5-7 5
-1 -2-1-5—-6 —5

Applying cancellation to the critical subsystem of A% ® x = A’ ® x, we obtain (55).
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