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This text is in max-plus, ® is sometimes omitted.
Supereigenvectors are the elements of

V(AN = {:U eR" Az > M,z # 5} ,
where A ¢ R"" and ) € R.

We also denote

V(AN = xé@n;Ax:)\x,m;«és

{ -
Vi(A,N) = {az eR"; Az < Az, z # 5},
N = {1,..,n}.
A(J) is an abbreviation for A (J,J).
Lemma 1 If Ax > Az, x finite then A < X (A).
Proof. Take any ¢ = i1, Then

At iy < aiyip + T,

for some 79. Similarly
Az, < Giyig + Ty

for some i3 and so on. By finiteness and by omitting, if necessary, a few first
indices we get for some k :

Atz < Qgiy + Ty -
After adding up and simplifying we have
e Y}
]

Proposition 2 V* (A, \) # 0 if and only if X < A (A).
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Proof. Suppose first Az > Az, # . Let J = supp (), then

By Lemma 1 we have A < A (A
Suppose now A < A(A). Let x

)
A(A)). Then z # € and

ATz (J) > z(J).
(J)) = A(A
eV (4,
Ar=AA)®z > Q.

Corollary 3 If A(A) = ¢ and V*(A,\) # 0 then A = ¢ and V* (4,e) =

7"

—{e}-

We will now assume that A (A) > € and so without loss of generality A (A) =

0> A

Proposition 4 For every J C N there exists an x € V* (A, ), where A =
MNA(J)) and x (N - J) =

Proof. Let J C N. Then there exists a z # ¢ such that A(J)z = A(A(J)) z.
Set z (J) =z and x (N — J) = €. Then
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Proposition 5 If AQ x > A(A(J))x, z # ¢, where J = supp (x) then there
exists a critical cycle (i1,42,...,9) in A (J) such that

A(C)z(C)=A(A())z(C), (1)
where C = {1,142, ..., 0k} -

Proof. If A (A (J)) = e then every cycle is critical and at least one component,
say 4, of A(J)® x is € because has an e column. Then we can take C = {i}.
Let us now suppose that A (A (J)) > ¢ and denote A = A (A (J)). Let 41 € J.
Then
Atz < mjax (ailj + xj) = Giyiy T Tiy

for some i5 € J. Similarly we have

A+ @i, < max (ai; + 25) = Qiyig + Tig
J

for some i3 € J, and so on. By finiteness and by omitting, if necessary, a few
first indices we get for some k :

Atz < max (@ij +T5) = Qigiy + T4y -
After adding up and simplifying we have

\ < Ay

St T L0 <A (A4()).

Hence none of the inequalities can be strict and (1) follows. m
Questions:

1. How to find all solutions?
2. Generators of V* (A, \)?
3. Basis of V* (A, \)?



