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Abstract

This paper follows on from, and complements the material in, the
thesis [8], which focuses on integer solutions to systems of equations
in max-algebra. In this paper we present some results regarding the
descriptions of the set of integer solutions to the integer eigenproblem,
integer image problem and the two-sided system. Additionally, we
extend a number of the results in [8] to deal with the set of extended
integer solutions; specifically we show that many of the special cases
found for integer solutions can be modified to allow a description of all
extended integer solutions to be obtained in strongly polynomial time.

1 Introduction

In the max-algebra, for a,b € R := RU {—o00} we define a ® b = max(a, b),
a®b = a+0b and extend the pair (&, ®) to matrices and vectors in the same
way as in linear algebra, that is (assuming compatibility of sizes)

(a®A)ij :a®aij,
(A () B)ij = a;j @ b;j, and

(A@B)ij @aik ®bkj~
k

Except for complexity arguments, all multiplications in this paper are in
max-algebra and we will usually omit the ® symbol. Note that ¢ is used
to denote —oo as well as any vector or matrix whose every entry is —oo. A
vector /matrix whose every entry belongs to R is called finite. By integer
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solution we mean a finite integer vector. An extended integer solution, often
written Z-solution, is a vector with entries from Z := Z U {¢}.

We first detail the various max-algebraic systems which will be consid-
ered in this paper.

One-sided systems in max-algebra include the one-sided inequality, A ®
x < b, and the one-sided equality, A®x = b. Both are defined for A € R™"
and b € R™. The max-algebraic eigenproblem and subeigenproblem are
Azrz=X®x and A ®xr < A ® z respectively where A € R"" and X\ € R.
As usual, a vector z # € satisfying A®x = Az [A®z < A® x| wil
be called an eigenvector [subeigenvector] of A with respect to eigenvalue
[subeigenvalue] .

The integer image, and extended integer image, problems are the prob-
lems of determining whether there exists an integer/extended integer point
in the column span of a matrix.

A two-sided maz-linear system (TSS) is of the form,

ARxdc=BRxrdd

where A, B € R™" and c,d € R". Ifc=d= €, then we say the system

is homogeneous, otherwise it is called nonhomogeneous. Nonhomogeneous

—mxk
systems can be transformed to homogeneous systems [1]. If B € R™" , a

system of the form
ARr=B®y

is called a system with separated variables.

If f € R" then the function f(z) = fT ® z is called maz-linear. Maz-
linear programming problems seek to minimise or maximise a max-linear
function subject to constraints given by one or two sided systems. Note
that, unlike in linear programming, there is no obvious way of converting
maximisation of max-linear functions to minimisation of the same type of
functions and vice versa.

The thesis [8] and related papers [3, 4, 5] deal with finding integer so-
lutions to systems of equations in the max-algebra. In particular one-sided
systems and the integer subeigenproblem are proved to be strongly polyno-
mially solvable, and pseudopolynomial algorithms are found for the existence
of an integer solution to the eigenproblem, the integer image problem and
the two-sided system. Additionally these previous papers present special
cases for which a full description of all integer solutions to each of these
problems can be described in strongly polynomial time. At the time of writ-
ing it is unknown whether any of these problems can be solved in polynomial
time.



In Section 2 we present the necessary background results. Section 3
contains a description of the integer eigenvectors of a matrix based on the
non-critical components. In Section 4 we present a description of the integer
image set as the intersection of a number of sets of integer subeigenvectors.
Section 5 contains a description of the set of integer solutions to a two-sided
system as the intersection of a number of sets of integer solutions to one
sided systems.

Sections 6-11 deal with extended integer solutions. A full description
of all Z-solutions to the one sided systems and the subeigenproblem can
be achieved in strongly polynomial time by the results in sections 6 and 8.
In Sections 7, 9, 10 and 11 we present special cases for which we can find
extended integer solutions to the eigenproblem, image problem, two-sided
systems and the max-linear programming problem in strongly polynomial
time.

2 Preliminaries

We will use the following standard notation. For positive integers m, n, k we
denote M = {1,....,m}, N ={1,...,n} and K = {1,...,k}. A vector whose
4% component is zero and every other component is € will be called a unit
vector and denoted e;. The zero vector, of appropriate size, is denoted 0. If
a matrix has no € rows (columns) then it is called row (column) R-astic and
it is called doubly R-astic if it is both row and column R-astic. Note that
the vector Ax is sometimes called a max combination of the columns of A.

Given a solution x to Ax = b, we say that a position (i,7) is active
with respect to z if and only if a;; + x; = b;, it is called inactive otherwise.
Further, an element/entry a;; of A is active if and only if the position (i, j)
is active. Related to this definition, we call a column A; active exactly
when it contains an active entry. We also say that a component x; of x is
active in the equation Az = Bz if and only if there exists 7 such that either
G5 + x5 = (B.T)Z or (Aa:)l = bij + x;.

For a € R the fractional part of a is fr(a) := a — |a]. For a matrix
AeR™" we use |A] ([A]) to denote the matrix with (4, ) entry equal to
laij] ([aij]) and similarly for vectors. We define |e] = ¢ = [e]| = fr(e).

If A= (ai) € R™™", then A(A) denotes the mazimum cycle mean, that
is,

Qipig + oo + Qipiy

k

ANA) = max{ (i1, .y ig) is a cycle, k = 1, ,n}



where max(()) = ¢ by definition. Note that this definition is independent of
whether we allow cycles to contain repeated nodes [1]. The maximum cycle
mean can be calculated in O(n?) time [1].

By D4 we mean the weighted digraph (N, E,w) where E = {(i,j) :
a;j > €} and the weight of the edge (4,7) is a;;. A is called irreducible if
D, is strongly connected (that is, if there is an ¢ — j path in D4 for any 4
and 7). If o is a cycle in Dy then we denote its weight by w(o, A), and its
length by I(0). A cycle is called critical if

w(o, A)
l(o)

We denote by Nc(A) the set of critical nodes, that is any node i € N which
is on a critical cycle.

If A\(A) = 0, then we say that A is definite. If moreover a;; = 0 for all
i € N then A is called strongly definite.

For matrices with A(4) < 0 we define

= A\(A).

At = A A?2@ ... A" and
A =T AD ... AL,

. Using the Floyd-Warshall algorithm; see, e.g., [1], A* can be calculated in
O(n?) time.

An n x n matrix is called diagonal, written diag(dy, ..., d,) = diag(d), if
its diagonal entries are d1, ...,d, € R and off diagonal entries are e. We use
I to denote the identity matrix, I = diag(0, ...,0), of appropriate size.

If a,b € R := RU {+oc}, then we define a &' b := min(a,b). Moreover
a ®' b:=a+ b exactly when at least one of a, b is finite, otherwise

(—o0) & (+00) 1= +00 and (+00) ®' (—00) := +o0.
This differs from max-multiplication where
(—oo) & (+oo) := —o00 and (+oo) (%) (—oo) = —00.

The pair of operations (&', ®') is extended to matrices and vectors similarly
as (@, ®).
Note that, for & € R, a~! is simply —« in conventional notation. For

a vector v we use 7(71) to mean the vector with entries Vi ! Similarly, for
_=nXm

—mXn 1 —mXxn
AeR , ATY =(q;"). Fr Ae R we define A# = —AT e R . If
A= (ai5) € R™™" then Aj stands for the j column of A.

4



A description of all solutions to the one-sided equality and inequality was
one of the first results proved in max-algebra. If A € R™ ™ and b € R™,

then, for all j € N, define
M](A,b) = {t e M : at; & bt_l = mzaxaij & b,L_l}

Proposition 2.1 [1, 6, 7] Let A € R™"
(i) Ar <bsox <z

(ii)) Ar =b< x <ZT and

,beR™ and T = A% @' b.

U M40 =0

Jix;=x;

This can immediately be adapted to provide a simple description of all
integer solutions to these systems, as stated below.

=mXxn

Proposition 2.2 [3, 8] Let A€ R ,beR™ and T = A* @' b.

(i) An integer solution to Ax < b exists if and only if T is finite. If
an integer solution exists, then all integer solutions can be described as the
integer vectors x satisfying x < Z.

(ii) An integer solution to Ax = b exists if and only if

U M;(Ab) =M
J:x ;€L
If an integer solution exists, then all integer solutions can be described as
the integer vectors x satisfying x < T with

U M40 =M

j:a:j:ij

The integer subeigenproblem can also be solved completely in strongly
polynomial time. We denote the set of integer subeigenvectors by IV*(A, \) =
{r € Z™: Az < A\z}.

=NnXn

Theorem 2.3 /3, 8] Let A€ R
(i) IV*(A,X) # 0 if and only if

, AER.

M[A71A]) <o.
(it) If IV*(A, \) # 0, then
IVH(AN) = {[N A 2 2 € 27



We will need the following known results.

=NXn

Proposition 2.4 [7] Let A€ R
A= AA).

, AM(A) >e. Then (3xr € R") Az = Az =

Lemma 2.5 [1] If No(A) = N then, for all A € R,
Ax = \x & Ax < A\z.

Lemma 2.6 [1] Let A, B € R""with B = P"YAP where P is a permuta-
tion matriz. Then A and B have the same subeigenvalues.

3 Describing Integer Eigenvectors Using Non-critical
Indices

The set of integer eigenvectors is IV(A,\) = {z € Z" : Az = Az}. From
Proposition 2.4 the only eigenvalue corresponding to finite eigenvectors is
A(A). Thus when considering integer eigenvectors, we only have to find
solutions to Az = A(A)z. Observe that this means that we can assume
without loss of generality that the matrix is definite.

Given any definite matrix A € @nxn, we can perform a series of simul-
taneous permutations of the rows/columns so that A has the form

A= <A1[>C] A[NB— C]) 1)

where C'= {i € N : i is critical}. Then A(A[C]) = 0 and every node in A[C]
is critical, so we know that IV (A[C],0) = IV*(A[C],0) by Lemma 2.5. Also
AA[N — C]) < 0 and hence IV (A[N — C1],0) = () by Proposition 2.4.
Proposition 3.1 Let A € R
x € IV(A,O0) then

(1) z[C] € IV (A[C],0) = IV*(A[C],0) and

(ii) [N —C] € IV*(A[N —C],0)—IV(A[N —C],0) = IV*(A[N —C],0).
Proof. Suppose Ax = z,z € Z". Clearly A[C]z[C] < z[C] and A[N —
Clz[N — C] < [N — C]. Now (i) follows from Lemma 2.5 and (ii) holds
since IV (A[N — C],0) = 0. O

be a definite matriz written as in (1). If



Suppose z € IV*(A[C],0). We would like to determine whether z can
be extended into an integer eigenvector of A.

Proposition 3.2 Let A be as defined in (1) and z € IV*(A[C],0). Then
there exists an integer vector y € Z"¢ such that A(zT,y")T = (2T, yT) if
and only if

BAIN — C)*Dz < z and

AN —C]*Dz € 2" °.

Proof. There exists such a y if and only if

By <z and
Dz® AN —Cly =y.

Now, for Y € R"" w € R" it is known [2] that if A(Y) < 0 then u = Y*w
is the unique solution to w @ Yu = u. Together these give the result. O

We construct some necessary conditions for when z can be extended.
Proposition 3.3 Let A € R be a definite matriz written as in (1). If
IV (A,0) # 0, then A(|[BA[N — C]*D]) <0.

Proof. For any z € IV(A,0) we have BA[N — C|*Dz[C] < z[C]. There-
fore BA[N — C]*D has an integer subeigenvector. The result follows from
Theorem 2.3. O

Using this we can describe an (inefficient) method to search for integer
eigenvectors.

Proposition 3.4 Fiz u € Z". Let z = [A[C]]*u and y = A[N — C]*D=.
Then either x = (21,yT)T € IV(A,0) or (Vz € IV(A,0))x[C] # z. Further,
all integer eigenvectors can be found in this way.

Corollary 3.5 Let A € R™" be split into critical and non critical blocks
as in (1). Then

inor = (e AT )

Proof. Any z € IV(A,0) has the form (z7,4")T where z = [A[C]]*u and
y=A[N — C]*Dz = A[N — C|*D[A[C]]*u for some u € Z*. O



Corollary 3.5 therefore implies that the integer eigenproblem for an n xn
matrix can be solved by finding the integer image of the (n — ¢) x ¢ matrix
A[N — C]*D[A[C]].

4 Using Subeigenvectors to Describe the Integer
Image Set

We consider the set of integer images in the max algebra, denoted
ITm(A) :={z€Z™: (3x € R")Az = z2}.
We show that, for A € R"™*",

z€IIm(A) & 20 e | JIve (M9, 0)

where the matrices M® are of size m x m and can be determined from A.
Recall that 2= = (zj_l).

Our problem is to find z € Z™ such that there exists z € R with
A® x = z(-1). Equivalently, such that diag(z1, ..., zm) ® A® x = 0. Now,
from Proposition 2.2, we know that a solution to B ® x = 0 exists if and
only if Z = B# &' 0 is a solution. Therefore we can reinterpret our problem
as trying to find integers 21, ..., z;, such that

(diag(z1, ..., zm) @ A) @ [(diag(z1, ..., zm) @ A)¥ &' 0] = 0. (2)

Rewriting this we get that z satisfies,

(Vie M) max (;Ieliﬁ(ait —aj+ 2 — z])> =0. (3)

4.1 Description of the subeigenspaces
Proposition 4.1 Let A € R™*". Then z(-=Y) € ITm(A) if and only if
(V’L € M)(Ht € N)(V] S M) Zi — Zj > it — Q-

Proof. We have that, 2(-1 € IIm(A) is equivalent to (3).
Observe that, for any ¢ € M,t € N we have

min(a; —aj +2; — 2;) <0
jeM( i J i ;)



since when j = i the term a;; —aj;+2;—2; = 0. To ensure that the maximum
of a set of non positive numbers is equal to zero we require that at least one
of them is equal to zero. Thus (3) is equivalent to
(Vl S M)(Ehf € N) min(ait —ajt + 2 — Zj) =0
JEM
<:>(VZ S M)(Ht € N)(V] € M) it — At + 2 — 25 > 0.

Definition 4.2 For ki, ks, ..., ky € N define MF1rkm) ¢ Rmxm p,,

(M kokm)y, - — 0, if i = J;

Theorem 4.3 Let A € R™M*",

ITm(A) = {z 2D e UIV*(M(kl’“"km),O) where (k1,ka, ..., km) € Nm}.

Proof. From Proposition 4.1 we know that (- € ITm(A) if and only if
there exists a set (ki, ..., k) of indices such that k; satisfies

(V] € M) Zi — Zj > Ajk; — Qik; -

(3

These are exactly the conditions for z to be a subeigenvector of the matrix
M(kl,...,km)' O

Remark 4.4 Currently the number of matrices M*--km) we are construct-
ing is n"*. It can be shown that, for each i, we only need to consider indices
k; such that there exists j with aji, — az,, = mingen (ajr — ait). However, for
each i, there could be up to n — 1 of these indices so we are still left with
(n — 1)™ matrices to check.

We can construct a matrix B such that IIm(A) C {z: 2(=Y € IV*(B,0)}.
We detail this in the proposition below.

Proposition 4.5 Let A € R™*". Define B = (b;;) € R™*™ by

0, if i = J;
bij = min(aj; — ai), if i # j. W

teN

Then
M[B]) > 0= IIm(A) = 0.



Proof. From Theorem 4.3, it is sufficient to show that, for any set (k1, ..., k) €
N™,
TV (M Frekm) 0y C TV*(B,0).
Then, by Theorem 2.3,
A[B]) > 0= IV*(B,0) = 0.
Take z € IV*(MF1-km) 0). For each i,j € M, i # j,

2i — 2§ 2 Qjg; — Qig; > ?ell]{[l(ajt — ait) = byj.

Thus z € IV*(B,0). O
Example 4.6
0 —-12
A=109 0
22 -1.1

Observe that IIm(A) = 0 since each column of the matriz contains en-
tries with different fractional parts, and therefore at most one entry per
column can be active with respect to any integer image, meaning there are
not enough candidates for active entries.

The 3 x 2 table below describes all the pairs of possible conditions that
z must satisfy to be in the image of A. In each row of the table we require
the equations in at least one cell to be satisfied in order to have an integer
1mage.

21—2220.9 21—2221.2

21— 23 > 2.2 z1 —z3 > 0.1
292 — 21 2 —-0.9 29 — 21 Z —1.2

zZ9 — 23 Z 1.3 Z9 — Z3 Z —1.1
zZ3 — 21 > —2.2 zZ3 — 21 2 —0.1
23 — 22 Z —1.3 23 — 22 2 1.1
The table is related to the matrices M5 as follows. Suppose we choose
the first cell in row 1, the second cell in row 2, and the first cell in row
3. Then we are looking for z that satisfies z1 — z0 > 0.9, 21 — z3 > 2.2,
20— 21 > —1.2, 29 —23 > —1.1, 23 — 21 > —2.2 and z3 — z9 > —1.3. These
are exactly the conditions for M2V 2z < z.

Now
0 0.9 0.1 0 1 1
B=1|-12 0 11|, [B]l=]-1 0 -1
-2.2 —-1.3 0 -2 -1 0

10



We calculate that N([B]) = 0 and can conclude that IV*(B,0) # (). Hence
IIm(A) # IV*(B,0).

Further in this example we claim that the only sets of indices (k1, k2, k3)
we have to consider are (1,2,1) and (2,2,1). This is since for all i,t € {1,2}
any integer subeigenvectors of the matriz M1 will also be subeigenvectors
of the matriz M21 . To see this consider the second row of cells in the
table. If z satisfies MOELY < & then we know that z9 — 21 > —0.9 and
29 — 23 > 1.3 since we are choosing to satisfy the first cell in the second row.
Clearly though we are also satisfying zo — 21 > —1.2 and zo — z3 > —1.1
which are the pair of conditions in the second cell of this row and hence
M©2Y 2 < 2 also. The key here was that the minimum lower bound for both
z9 — z1 and zo — z3 can be found in cell (2,2) of the table.

A similar argument shows that (Vi, 7 € {1,2}) IV*(M@32) C TV*(M©51),

Therefore we conclude that

{20V 2 € ITm(A)} = TV M2V 0y u TV (M2 ) 0)

where
0 09 22 0 1.2 0.1
M2 — (12 0 —11)] and M@2D = | _-12 0o -1.1
—22 —13 0 22 —13 0

Finally \([M®2D7) > 0 and N([M@2>D]) > 0 by checking cycles (1,3,1)
and (1,2,1) respectively, confirming that ITm(A) = 0 as expected.

The above example demonstrated that if there is a row ¢ in the table
containing a cell s € N such that

(Vj € M,j#i)ajs — ais = ?eli]{[lajt — Qg
then, for any fixed choice of ki, .., ki—1,ki+1, .., km € N,
(\V/J e ]\47‘7 ?é i)IV*(M(kl7...7k171’j’ki+17...7km), 0) g IV*(M(kl’m’ki717s’ki+l7m’km)7 0)

Hence in this case we only have to consider k; = s when looking at which
matrices M Fukm) (k1 k) € N™ to check.

Corollary 4.7 Let A € R**" and B be as defined in (4). Then IIm(A) =
{z:20-D e IV*(B,0)}.

11



Proof. Since m = 2 we are looking for z € Z? and so the table of possible
inequalities will contain 2 rows of n cells each containing only one inequality.
This means that there will always be some cell containing the minimum lower
bound for all the inequalities considered in that row.

Formally let s1,s2 € N be such that ags, — a1, = mingen age — a1¢ and
a1s, — A2s, = Minge N a1y — age. Then, for fixed ky € M,

(Thy € M)IV* (ME14),0) C 1V (142, 0)
and for fixed k1 € M,
(Vk?2 = M)IV*(M(kl’kQ), 0) CcIV* (M(lﬂ,sg)’ 0)‘

Hence ITm(A) = {z : 2=V € TV*(M©152) 0)} and M(51:52) = B, O

5 A description of integer solutions to TSS

Here we investigate how to use one-sided equalities (for which we can de-
scribe integer solutions in strongly polynomial time) to describe the set of
integer solutions to a two-sided system.

For A, B € R™*™ we write the TSS Az = Bx as a simultaneous system
of one-sided equalities. Recall that 0 denotes the zero vector. We use
A;e to denote the ith row of A. In a slight abuse of notation we write
x=(y1, < yg,yg)T to mean any vector x with x1 = y1, 22 < y2 and z3 = ys.

For each row ¢ we define
C; = (g;:) € R2X™,
Proposition 5.1 Let A, B € R™*™. Then Ax = Bzx if and only if
(Vi € M)(3ay € R)Cijz = ;0.
Proof. Clear since, for a = (o;) € R™, Az = Bxr < Ax = o = Bu. O
For matrices A, B,C' € R™ x n and a € R we define,

IS(Cya) :=={z €Z": Cx = a0, € R} and
IS(A,B) :={z€Z": Az = Bz}.

We now consider how to find solutions to the system of one-sided equalities
described in Proposition 5.1.

12



Example 5.2 Find z € Z2, p € R3 such that
Cra — < 0 —1 1) pl)
-1 p1
_ 0 0.2 P2
Cor = (—0.5 1 -1 1) (p2> (6)

(05 0 P3
035”_<1 —0.5 05) <p3

From (5), it is clear that fr(p1) = 0 since x € Z™. Thus we look for
a1 € 7Z such that p1 = a1 and

0 -1 1 1., _ (0
(57 g)erta-(0)
From Proposition 2.2, we calculate that al_lx <(0,-1, DT with equality for
either rows 1 and 2 or rows 2 and 3. Therefore,

z € 1S(Cr,p1) = {B(0,-1,< -1)": ez} u{B(<0,-1,-1)" : B € Z}.

Now consider (6). Trivially, fr(p2) € {0,0.2,0.5,0.9}. But from Propo-
sition 2.2, pQ_Ix < (0,—1,-0.5)" with equality for either rows 1 and 2 or
rows 2 and 3. Since x € Z> this implies p; € Z. Therefore

T e IS(027p2) = {B(Oa _1a < _1)T : ﬁ € Z}
From (7), using a similar method we see that fr(ps) = 0 or 0.5, and that

x € I1S(Cs,ps3) :IS(Cg,O) U 15(03,0.5)
={(-1,0,< 1T : ez} U{B(<-1,<0,00T: 57}

Finally, let

0 -1 1 -1 1 0
A=10 02 05| and B=|-05 1 -1.1
05 0 0.5 1 —-0.5 0.5

13



Then Ax = Bx if and only if

S IS(A,B) = IS(Cl,pl) ﬂIS(CQ,pQ) ﬂIS(Cg,pg)

0 <0
= 21 —1 T EZ ULz —1 129 €L
<1 1
0
N< z3 -1 123 €L
< -1
-1 < -1
N 24 0 tz4 €L p UK z5 <0 tz25 €7
<1 0

In this case we see that IS(A,B) = 0 since any x € IS(Cq,p2) has
x1 = 0 which implies that x ¢ 15(Cs,ps).

The ideas outlined in this example can be applied to any system of the
form C(a~tx) = 0.
Proposition 5.3 Let A, B € R™*™. Then, for all i € M we can describe
IS(Cy,pi) for all valid choices of p; in O(mn3) time.

Proof. For each of the m matrices there are at most n choices for the
fractional part of p; and for each choice at most n? pairs of active entries.
a

Although the set of integer solutions to each of the one-sided systems
can be described in strongly polynomial time, it remains open to determine
whether we can efficiently find a point in the intersection of these one-sided
solution spaces.

6 Extended integer solutions to one-sided systems

=MmXn

For given A € R b € R™, we study the questions of whether there
exists a vector x € Zn, x # €, such that Ax = b . We call such a vector a
Z-solution. We define

IS(Ab) = {z €Z" : Az =b}.
Note that

IS(Aje) ={2 €Z":xj=cif Aj #¢,j € N}

14



and, for b # €, IS(g,b) = (). Hence we assume that A # ¢ and b # ¢.

Suppose b; = ¢ for some i € M. Let F;(A) = {j € N : a;; > ¢}. Then
z; = ¢ for all j € Fj(A) and we can remove the i equation from the system
as well as any column A; with j € F;(A). Therefore we may assume without
loss of generality that b is finite. We also assume without loss of generality
that A is doubly R-astic.

Proposition 6.1 Suppose A € R™" s doubly R-astic, b € R™. A Z-
solution to Ax = b exists if and only if an integer solution exists.

Prﬁoof. The sufficient direction is obvious since Z C Z. So assume that z is
a Z-solution to Ax = b. Since b is finite,

(\V/i S M)(E[] S N)aijx]- > €.
Then A'z’ = b where A’ is obtained from A by removing columns A;,j €
E(xz) ={j € N :zj =¢} and 2’ is obtained from z similarly. In particular,
no column j of A with j € E(x) is active and therefore we can replace the

¢ entries in x with small enough integers to obtain a vector z” € Z" such
that Az = b. O

We define & = |A#” @' b]. For each j € N set M; = {i € M : 3; =
b; ® ai_jl}. The following theorem is an extension of [8, Proposition 2.1], and
is immediate from Proposition 2.1.

Theorem 6.2 Let A € R™™" be doubly R-astic and b € R™. Let & =
|A* @' b|. Then

(i) Az <D,

(i) x € IS(A,b) if and only if x < & and

U M; = M.

Jixj=%;

Corollary 6.3 Az = b has a Z-solution if and only if & is a Z-solution.

7 Extended Integer Eigenvectors

Recall that V(A, \) denotes the set of finite eigenvectors of A with respect
to A, and let V(A) = V(A,A(A)) denote the set of all finite eigenvectors
with respect to any eigenvalue. We use V(A,\) to denote the set of all
eigenvectors with respect to A, that is,

V(AN :={z eR": Ax = \z,z # ¢}
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Similarly we define the set of all Z eigenvectors with respect to some A € R
as follows, o
IV(A N ={2€Z": Az = \z,z #¢}.

Let A(A):={AeR: (3z € R")Az = \z,x # €},

V(d):= |J V(4N and TV(A) :=V(4) NZ.
AEA(A)

7.1 A description of the set of extended integer eigenvectors

In order to give a description of the set of Z eigenvectors we follow the
material in [1].

It is known [1] that if A\(A) = ¢ then A(A) = {e} and V(4,e) = {GRu:
u € R"} where G = (g1, ..., gn),

e;, if A; =g
gj—{J J (8)

€, otherwise.

It immediately follows that TV (A,e) = {G® 2z : z € Z"} in the case when
AMA) =e.

We assume for the rest of this section that A(A) > e. Any matrix A €
R™" can be transformed to Frobenius Normal Form (FNF) by simultaneous
permutations of the rows and columns [1]. That is

AH 9 PN e
A21 A22 c. 9

S ; (9)
Arl AT2 e Arr

where A;; are irreducible. We outline the main results for finding eigenvec-
tors z € R" of A below.

For A in FNF we partition the node set N into Ny, ..., N,.. The conden-
sation digraph, C4, is defined [1] as the digraph

({Nl, ...,Nr}, {(Nl,Nj) : (E|p € NZ)(H(] S Nj)apq > 8})

We use N; — N; to mean that there is a directed path from a node in N; to
a node in IN;. The nodes of C'4 with no incoming arcs are called the initial
classes, those with no outgoing arcs are called the final classes.

The following result classifies when a matrix has only finite eigenvectors.
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Theorem 7.1 [1] Let A = (a;;) € R
A is irreducible.

. Then V(A) = V(A) if and only if

Let (A\™*A)T = (7ij) = (91, -, gn)- Let
I(A\) ={i € R: \(N;) = \, N; spectral}

and
Ne(N) = |J Ne(Ai) ={j € N :7;; = 0,5 € Uiern)Ni}-
icI(\)

n

Theorem 7.2 [1]Let (9) be a FNF of A€ R"™". Then

A(A) = {A(Aj5) - MAj5) = e A(Aii) }-

Theorem 7.3 [1]
V(AN = {(ATA) Y 22 e R zj =€ for all j ¢ No(\)}.

From this it is clear that Z-eigenvectors are vectors « € Z = — {e} which
are in the image of (A\™1A)T with specific € components. We will consider
the Z-image problem in Section 9.

7.2 A strongly polynomially solvable case

For a fixed choice of A\ we look for Z-vectors x such that (\"'A)x = .
Observe that, if such a vector exists, then

x; € Z = (35 € N)a;j € Z is active with respect to x.

Let A € R"". If A has exactly one integer entry per row we say that
A satisfies Property OnelR. If a matrix has at most one integer entry per
row then we say it satisfies weak Property OnelR, or that it weakly satisfies
Property OnelR.

It was proved in [8] that the integer eigenproblem is strongly polyno-
mially solvable for matrices satisfying Property OnelR. Here we show that
the extended integer eigenproblem is strongly polynomially solvable for ma-
trices weakly satisfying Property OnelR. Indeed the problem can be solved
in strongly polynomial time under the assumption of weak Property OnelR
using the method for T'SSs under weak Property OneFP which we develop
in Subsection 10.1. This is since the problem can trivially be written as
Az = Ix. We summarise this in the result below.
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Theorem 7.4 Fiz \ € A(A). If \"'A weakly satisfies Property OnelR, then
we can determine whether an Z-solution to Ax = Az exists using Algorithm
Z-SEP-TSS-P1 in O(m?*(m? + n?)) time.

In order to be able to describe the whole set of Z-eigenvectors for a
general matrix A in strongly polynomial time using this theorem we need
that, for every A € A(A), A\~1A weakly satisfies Property OnelR. This would
be guaranteed if A satisfied the following condition,

(Vi € N)(Vj,t € N,j # t)aij,air € R = fr(a;;) # fr(ai). (10)

We say that a matrix satisfying (10) is row typical.
Since |[A(A)| < n the following follows from Theorem 7.4

Corollary 7.5 If A is row typical then IV (A) can be described in strongly
polynomial time.

8 Extended Integer Subeigenvectors
The set of Z-subeigenvectors is,
IVI(A N ={x € Z": Az < \z,x # ¢}

In the same way as for eigenvectors, if A = & then IV (A,e) = {G® z :
z € Z"} where G is defined in (8). Thus we can assume that A > e.

Observe that, for z € Z", Az < \z < [A"'A]x < z. The following is
then immediate, and is an extension of Theorem 2.3.

Proposition 8.1 Let A € R and A\ > . Then
r eIV (AN oz eIV ([A14],0).

It remains to describe all A for which TV (4, \) # (). We also show that,
for a Z matrix C, TV (C,0) can be fully described in strongly polynomial
time. Thus the set W*(A, A) can be found in strongly polynomial time also
by Proposition 8.1. We do this by following the known results about general
subeigenvectors from [1].

=NXn

Theorem 8.2 [/ [fAc R ", then

min{\: (3z € R,z # ¢)Az < Az} = min A(A).
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Corollary 8.3 TV (A, \) # 0 if and only if 0 > min A([A~LA]).

Proof. If IV (A, \) # 0, then IV*([A~1A],0) # 0 by Proposition 8.1 and
the result follows from Theorem 8.2.
For the other direction, assume that 0 > min A([]A"!A]) and let B =

[A~1A]. Note that B € Z"". Now, for all A > minA(B), there exists

z € R" such that Bz < Az. Therefore 3z € R",
Br <z
(Vi€ N) Ijnez}\)[{(sz +a;) <z

< (i € N)max(bi; + |2;]) < @i

~(Vi e N) r;le&}\}/{(bij + |z;]) < |zi] (.- LHS is integer)
~Blx] < ).
Hence A|z| < Alz]. O

Let A be in FNF (see (9)) and R = {1, ...,r}. Lemma 8.4 and Corollary
8.5 can be deduced immediately from the proof of Theorem 4.5.14 in [1].
We state the proofs only for completeness.

Lemma 8.4 [1] Suppose Ax < Ax. If A < A(A[Ng]), then z[Ni] =e.

Proof. If z[Nj;] # € then A[Ng]z[Ng] < Ax[Ng] which, since A[Ng] is
irreducible means that z[Ny] is finite and A > A(A[Ng]). O
Corollary 8.5 [1] Suppose Ax < \x. If X < A(A[Ng]) and Ny — N;, then
z[Ni] = e.

Proof. Assume z[N;] # ¢, so z[N;] is finite. First suppose that there
exists an edge from some s € Ni to some t € N;. So ag > €. But then
Axs > agxy > € which implies that x[Ng] # €, a contradiction.

If, instead, there is a path from some s € Nj to some t € N; then we
can apply the same argument, formally by induction, to again reach the
contradiction that x[Ny] # €. O

Define
I'\) ={i € R: A(IV;) < A}

Note that although (A~!'A)*, and hence also (A™'A)*, may contain +oo
values it holds that

(Vi e I*(\)) AA1A5) = A1 (4y) <0
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and hence (A\~1Ay;)* is finite (since A;; is irreducible) for all i € I*()\).
Let N*(A,\) ={j e N;:ieI*(\)}.

=NnXn

Proposition 8.6 Let A € R and X € R with A > min A(A). Then

IV*(A,A):{ a (AlA);fzj:zjez}.

JEN*(A,N)

Proof. Let M = N*(A,\). By Lemma 2.6 we may assume without loss of
generality that A has the form

x €

x  A[M]
where A[M] is in FNF.

Now A > A(A[M]) = max;er+(x) A(Ai;) so we have that x € TV (A[M], )
if and only if = (A"'A[M])*u for some u. It remains to observe the
following two points:

(1) If & € TV (A[M], \), then (e, )T € TV (A, \).

)
(2) If (z,%)T € TV (A, \), then z = e by Lemma 8.4 and Z € TV (A[M], \).
g

9 Extended Integer Image

Here, given A € R™" doubly R-astic, we aim to decide whether there exist
z € Z" such that A ® x = z. We call this the Z-image problem and define,

ITm(A) :={z€Z" —{e}: Iz € R", Az = 2}.
We call z € ITm(A) a Z-image of A.
Observation 9.1 Let A€ R™™" be doubly R-astic.
(i) If A is finite, then IIm(A) = IIm(A).

(i1) If A is not finite and m = 2, then ITm(A) # (. This is because there
exists a column of the form

both of which have a Z-image.
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Since the interesting case of the Z-image problem is when the matrix is
not finite, the known algorithms for finding integer solutions cannot obvi-
ously be adapted. In this section we instead show that the Z-image problem
can be solved in strongly polynomial time in a special case.

We will use the following definitions.

A matrix @ is called a generalised permutation matriz if it can be ob-
tained from a diagonal matrix by permuting the rows and/or columns. We
use P, to denote the set of permutations on N. For A € R"" the maa-
algebraic permanent is given by

maper(A) = @ ®aim(i).

meP, ieN

For a given m € P, its weight with respect to A is

w(m, A) = ®ai,ﬂ'(i)

1EN
and the set of permutations whose weight is maximum is

ap(A) ={m € P, : w(m, A) = maper(A)}.

9.1 NNI matrices and Z-solutions

We assume that maper(A) > e. Then, from [1], there exists a generalised
permutation matrix @ such that A ® @ is strongly definite. As in [8] we say
that a strongly definite matrix A is called nearly non integer (NNI) if the
only integer entries are the zeros on the diagonal.

The result below extends [8, Theorem 3.21] to extended integer images.

Theorem 9.2 Let A € R"" be a strongly definite NNI matriz. Then it
holds that

TTm(A) =TV (A,0) = TV (A,0) — {e}.
Claim 9.3 Let A € @nxn, n > 3, be strongly definite and NNI. Then for
any x € R" satisfying AQz =z €Z", z+#¢ all ai; are active.

Proof. [of Claim]| Let A be a strongly definite, NNI matrix. Suppose that
there exists a vector x satisfying A®x =z € IIm(A) and let [ = {i € N :
Zi > € }

Note that for any ¢ € N — I it holds that a;; is active since man(aij +
xj) = € means that all a;; are active. So we must prove that a;; are active
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when i € I. Suppose for a contradiction that there exists ¢ € I such that ay;
is inactive. Then there exists k; € N, k; # ¢, such that a;, is active and
hence zp, € R — Z.

Observe that ki € I since zy;, > agk, + 2k, = T, > €. Further ay,y, is
inactive because xy, ¢ Z.

So ko € N, kg # k1 such that ay, 1, is active and kg € I. Then it holds
that

Ay ky T Thy = kg by + Thy = Ty - (11)

We know that there is an active element in every row so consider row
ka. Then ay,, is inactive because zy, ¢ Z and z;, > €. Further ay, j, is
inactive since, if not, ap, g, + g, > Ak, ke + Ti, = T, Which together with
(11) would imply that the permutation in P, containing the cycle (kq, k)
and sending all other indices to themselves has strictly positive weight, which
is a contradiction.

Thus Jk3 € N, k3 # k1, k2 such that ay, 1, is active, k3 € I and we have

Ukg ks T Thy > Akyky t+ Thy = Thy- (12)

Consider row k3. Again it can be seen that both ay, 1, and ag, i, are
inactive. Further we show that ag, x, is inactive. If it was active then we
would have ay, , +x, > x, which together with (11) and (12) would imply
that the permutation containing the cycle (k1, k2, k3) and sending all other
indices to themselves would have strictly positive weight, a contradiction.

Thus Jk4 € N, k4 # k1, k2, k3 such that ay, 1, is active and k4 € I.

Continuing in this way we reach k)7 such that kj; € I and kg 18
inactive, meaning that there exists k; ¢ {k1, ..., k|7 } such that k; € I which
is impossible. Hence all a;; are active. Il

Proof. [of Theorem 9.2] We have shown that, if A is strongly definite,
NNI and n > 3, then all the diagonal elements are active. Clearly this is
also true if n = 1. If n = 2, then the matrix is either finite (for which the
result holds from [8]) or has an ¢ entry on the off diagonal, which implies
that integer entries are active with respect to a Z-image.

Thus, if z € IIm(A), then A® x = z for some x with a;; active for all
i € N. But then (Vi) aj; + z; = 2; and hence z = z. Thus z € IV (4,0). We
conclude that TIm(A) = IV (A, 0) for matrices of this type. O

Corollary 9.4 If A is strongly definite, NNI and y € Z", then

Az =y =z =1y.
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We finish this section with some observations about powers of NNI ma-
trices.

Corollary 9.5 If A is strongly definite and NNI, then Vt € N,

ITm(AY) = TV (A%,0).
Proof. Assume z € ITm(A"). Then there exists y € R" such that =

Aty = A(A'"1y) and so x € ITm(A). Then by Theorem 9.2 2 € IV (A4,0) C
TV (A!,0). Hence IV (A% 0) D ITm(A?). The other inclusion is clear. O
Corollary 9.6 If A is NNI then

(i) (Vr € N)IIm(A") = I1Im(A

(ii) (vr € N)IV(A",0) = IV (A,0).

(iii) (Vr,s € N)IIm(A®) = TV (A",0).
Proof. Fix t € N. Then

IV (A,0) = ITm(A) D IIm(A") = IV (A",0) D IV (A,0)
so all these sets are equal. Hence for all r, s € N,
ITm(A™) = ... = TTm(A?) = TIm(A) = TV (A,0) = IV(A%,0) = ... = IV (A%,0)
O

Example 9.7 It is possible for matrices B that are not NNI to satisfy
IIm(B) =1V (B,0).

Let
0 —-0.2 -0.2
A= 0.2 0 —-0.3
—-0.1 -0.2 0
Then
0 -0.2 -0.2
B:=A2=102 0 0
0 -0.2 0

is not NNI but is the square of a NNI matriz so satisfies IIm(B) = IV (B, 0)
by Corollary 9.5.
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10 Extended Integer Solutions to Two-sided Sys-
tems: a Special Case

For A € Kmxn, Be R doubly R-astic we study the problem of determin-
ing whether there exist Z-solutions to Az = By or Az = Bx. The following
statement is obvious.

n

Proposition 10.1 Let A, B € R™". The problem of finding x € Z" satis-
fying Az = Bz is equivalent to finding x € Z",y € R" such that

()= ()

Hence it is sufficient to only consider systems with separated variables.
First we describe a case where, for the question of existence, it is sufficient
to consider finite integer solutions only.

=mXm

where I € R

Proposition 10.2 If either of A, B is finite then there exist non trivial

rel'ye Z" such that Az = By if and only if there exist x € 7",y € ZF
satisfying Ax = By.

Proof. Suppose that (z,%) is a Z-solution to Az = By and, without loss of
generality, that A is finite. Since x # ¢ by assumption we have AQ x =y €
R™,

Hence for each i we have max;(ai; + ;) = v; = maxy(by + y¢) where the
maximum values are attained for finite a;;, x;, bit, y+. Let 2’ € Z™ be obtained
from x by replacing each € component with a small enough integer. Define
' similarly. Then Az’ =~ = By’ since we have not changed the active finite
entries of z and y and the new integer components are small enough not to
influence the maximums. The other direction is trivial. O

In what follows, we develop a method to find an extended integer solution
to Ax = By in strongly polynomial time in a special case. This uses the
special case for integer solutions from [3, 8] which we recap below.

Let A € Rmxn,B e R™". We say (A, B) satisfies Property OneFP if

for each i € M there is exactly one pair (r(7),7'(i)) such that
Qir (), bir (i) € Z, and
for all i € M, if j # r(i) and t # 7/(i), then
aij, bit > € = fr(aij) # fr(bit).
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Theorem 10.3 /3, 8/ Let A € R™" Be R™* satisfy Property OneFP.
For alli,j € M let

Wij = max((%‘,r(iﬂ — G4 (i) “’j,r'(z’ﬂ - bi,r’(i))‘

Then an integer solution to Ax = By exists if and only if \(W) < 0. If this
is the case then Az = By = 27! where z € IV*(W,0) and x and y can be
found using Proposition 2.2.

10.1 A strongly polynomial method to find Z solutions to
two sided systems weakly satisfying Property OneFP

We say that the pair (A, B) is said to weakly satisfy Property OneFP if for
each i there exists at most one pair (a;.(;), b;(;)) sharing the same fractional
part.

Throughout this section we assume that A € ﬁmxn, Be R™* are dou-
bly R-astic matrices such that (A, B) weakly satisfy Property OneFP. Fur-
ther we assume without loss of generality that, for each row containing two
entries with the same fractional part, the entries (a;,(;), by (;)) are integer.

Claim 10.4 We can assume without loss of generality that the matrices
satisfy Property OneFP.

Proof. Assume that no entry in row ¢ of A shares its fractional part with
an entry in row ¢ of B. Then we have

max(a;; + ;) =€ = m?X(bit + ).
J

Let Tp(i) = {j € N : a;; > €} and T,,(i) = {t € K : byy > €}. Note that
|T(1)],|Ty(7)] > 0. Then ; = ¢ for all j € T,(i) and y; = ¢ for all t € T),(4).

Therefore we can remove row ¢ from the system as well as columns A;, j €
T, (i) and By, t € T, (7). This can be repeated until either = ¢ =y, in which
case we conclude that no non trivial solution exists, or until we are left with
A’, B" which satisfy Property OneF P. O

In light of this we develop a subroutine for an algorithm which will take a
pair (A, B) weakly satisfying Property OneFP and convert to a pair (A’, B)
satisfying Property OneFP such that Az = By has a Z-solution if and only
if A’z’ = B’y has a Z-solution.

Subroutine 1: Convert to Property OneFP

=M XN

Input: A € R
OneFP.

,B e R doubly R-astic weakly satisfying Property
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Output: Matrices A', B' satisfying Property OneFP and sets Ty, T, such
that x; = e,Vj € T,, and Vy; = ¢,j € T, or indication that no Z-solution
exists.

(1) A' == A, B := B,T, = 0,T, := 0.
(2) Re={i - (vj € N,t € K)fr(a )7 )

If R =0 then STOP: output A', B, T,,T,.

(3) Take some i € R. Set
Ty(i) ={j € N:aj; > e} and T, (i) = {t € K : bj; > e}
(4) Ty i= Ty UT,(i), T, = T, U T, (i)

Remove row i from both A’ and B'.

Remove columns A%, j € Ty, from A" and By,t € Ty from B'.
(5) If there exists an & row in either A’ or B’ remove it.

If A% = € then remove the column from A" and add j to T;.

If B}, = ¢ then remove the column from B’ and add j to T,.

(6) If T, = N or T, = K STOP: no Z-solution to Az = By. Else go to (2).

It is important to note that we keep the original numbering of columns
throughout this subroutine and all other steps described in this section.

/
A

Proposition 10.5 Subroutine 1 is correct and runs in O(m?2nk) time

Proof. Correctness follows from the proof of Claim 10.4.
Further, each iteration requires O(mnk) operations and there are at most
m iterations (each time we do not halt a row is removed from the system).
O

We will first show how to find a Z-solution to Az = By in a special case.

Suppose that A, B € R™™" and that the active entries @ir(;) and by ;) are
spread over all columns in A and B respectively. Then, by swapping columns
if necessary, we can assume without loss of generality that (i) =i = r/(4).

Recall that Theorem 10.3 says, if we construct the matrix W = (wy;),
i,7 € N where

Wij = maX([aj,r(iﬂ — G (i) [bj,r'(iﬂ - bi,r’(i))v

then an integer solution to Ax = By exists if and only if A(W) < 0. In
particular A\(W) = 0 is a sufficient condition for Ax = By to have a Z
solution since w;; = 0.

To deal with the case A\(WW) > 0 we will need the following result. We will
use W(A, B) to denote the matrix W calculated from A and B according
to Theorem 10.3.
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Proposition 10.6 Suppose A,B € R"" and r(i) =i =1'(i). Let S C N.
IfW = W(A, B) then W[S] = W(A[S], B[S]).

Proof. By definition the i*" row of W is equal to HT where
H = a;,0)[Ar)] © bypry [Brgiy] = ag;' [Ai] @ b [Bi].

So row ¢ of W is linked only to columns A; and B;.
Further the i*" column of W is equal to

[ai1] — a1 [bi1] — b1
[ai2] — a2 - [bia] — b2o

[ain—| — Qpn [bm—| — bnn

so the " column of W is linked only to the i*" rows of A and B
Therefore, for any i € N, W[N —i] = W(A[N —i], B[N —i]). This
argument can be repeated to obtain W[S] = W (A[S], B[S]). O

Now we show that, when A(W) > 0, we can identify a set T such that,
for any Z-solution of Az = By it holds that z; = & = y; for all j € T.. Recall

that, for a matrix G € @nxn, D¢ is the digraph associated with D.

=NXn

Proposition 10.7 Suppose A,B € R""", r(i) =i = /(i) and A\(W) > 0.
Let o be a critical cycle with S = {i € N : i is a vertez on the cycle o in Dy }.
Define

T={jeN:3ieS such that a;j > € or bj; > e}.

If Az =By, x,y € Z", thenx; =vy; = 2z, = ¢ for all i € T.
Proof. Since ) ;cglizi) = [SIA(W) > 0 it holds that,

(Vi € S) max([ag )iy | — Qirci)s [Do(iyr @) | — bir i) = Wio@ > €. (13)

Hence, for all i € S, at least one of a,(;),(;) OF by(s)r(s) is finite.
Suppose that a non trivial Z-solution to Az = z = By exists and some
i € S satisfies z; > €. Then, since a;;x; = z; = b;;y;, we conclude that z; > ¢
and y; > €.
In fact,
VMieNzi=coy=ccz =c¢c. (14)

Now, since i = r(i) = 7'(i) by (13), we have a,(;); > € or b,(;); > € which
implies that z,;) > € and hence x,(;) > ¢ and y,;) > €. Continuing this
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argument, and using the fact that o(i) # ¢ for all i € S, we conclude that
foralli € S, z;, x;,y; > €.

This implies A[S]z[S] = z[S] = B[S]y[S] has an integer solution. There-
fore A\(W(A[S], B[S])) = 0. This is a contradiction since, using Proposition
10.6 and the fact that o is critical in W we get,

0= A(WI[S]) = A(W) > 0.

Hence we have shown z; = ¢ for all 1 € S.

Fix ¢ € S. Then max;(a;; + x;) = € = max;(b;; + y;) which implies
zj = ¢ forall j € {j € N:3ie Ssuchthat a;; > ¢} := T’. Similarly
yj =€ forall j € {j € N :3i € S such that b;; > e} := T”. Observe that
T'UT" =T and hence by (14) z; =y; =z, =c foralli € T. O

Remark 10.8 In fact, this proof shows that if w(o, W) > 0 then any node
i on o in Dy satisfies x; = y; = z; = €, as well as any node accessible from

S.

So we propose a subroutine that, when given a pair of square matrices
(A, B) satisfying Property OneFP with r(i) = ¢ = r/(4), determines whether
a Z-solution to Az = By exists.

Subroutine 2: Solve a special square case

Input: A € ﬁnm,B eR"" doubly R-astic satisfying Property OneFP
with r(i) =i = 1r/(4).

Output: Indication whether or not a Z-solution to Ax = By exists.

(1) Calculate W = W (A, B).
If \(W) =0 STOP: solution exists, output A, B, W .
(2) S:={ie N :iis critical in W}.

T(0):={jeN:3ieS such that ajj > ¢ orb; >e} D S.
(8) Setl = 1.

(3.1) T(l)={j € N:3i€T(l—1) such that a;; > € or bjj > €}

(3.2) If T(l) = N STOP: no solution.

(8.3) If T(1) =T( —1) go to (4).

(3.4)1:=1+1, go to (3.1).

(4) T := T(1)
(5) A== AN —=T)|,B:=B[N—-T],x;=yi =z =c¢ foralli € T.
(6) Go to (1).

Proposition 10.9 Subroutine 2 is correct and terminates after O(n*) op-
erations.
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Proof. Correctness follows from Proposition 10.7 and noting that if the
pair (A, B) satisfies Property OneFP with r(i) = ¢ = /(i) then so does
(A[N —T1], B[N —T]). Observe that the loop in step (3) uses the fact that
if z; = e for i € T(l — 1) then there may be finite entries a;; or b;; where
t ¢ T(l —1). In this case also z; = x; = y; = € by (14) so we add these
indices to the list T'(1). Also this loop will terminate since |7'(1)| < n and
the algorithm stops if no new index is added to T'(I — 1).

In each iteration where a solution is not found at least two rows and
columns are removed from each matrix, this is since ¢ is never a loop in Df,
so |T'| > |S| > 2. Therefore there are at most [%] iterations. Each iteration
is completed in O(n3) time. O

Now we show how to use Subroutine 2 to determine whether a general
TSS satisfying Property OneFP has a Z-solution. To do this we transform

=MXn

matrices A € R ,B € R™* satisfying Property OneFP to square matri-
ces A%¢, B¢ also satisfying Property OneFP with the extra condition that
the entries a;,(;), b (;) are spread over all columns. We do this in such a way
that Az = By has a Z-solution if any only if A%z’ = B¢y has a Z-solution,
and further z,y are easily described using 2/, v/’

Given 4 € R™™", B ¢ R satisfying Property OneFP we calculate
the square counterparts, A%¢, B%¢ € ﬁmxm, as follows:

Subroutine 3: Calculate square counterparts
=mXxn —=mxk

Input: A€ R ,BeR doubly R-astic satisfying Property OneF'P

Output: Square A%, B%¢ satisfying Property OneFP with r(i) =i = r/(i).
(1) F:={1— fr(aiy):ie M,j € NYU{l — fr(by;):ie M,j e K}.
(2) C(Aj)={ieM:r(i)=j}={ie M:a; €L},
CB):={ieM:ri)=1}={ie M:by €Z}.
(8) For each j € N,

If |C(Aj)| =1, then column A; remains unchanged.
If |C(A;)| =0, then column Aj; is removed.
If |C(Aj)| > 1, choose 0 < 64 < 1 with 64 ¢ F. Column A; is replaced
by |C(A;)| columns A3e,p € C(A;) where
50— {aij if i € (M —C(4)) U{p}
wp

aij —0a ifi€ C(A;) —{p}.

(4) For each l € K,
If |C(By)| = 1, then column By is unchanged.
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If |C(By)| = 0, then column By is removed.
If |C(By)| > 1, choose 0 < dp < 1 with dp ¢ FU{da}. Column By is
replaced by |C(By)| columns Bj¢,q € C(B;) where

pe {bﬂ ifi € (M—C(B))U {q}
Y by -6 ifieC(B)—{q}.

Remark 10.10 Calculating A% from A € R"" requires O(m?n) opera-
tions.

It should be observed that choosing d4 and dp can be done efficiently
since there are at most mn +mk + 1 values that they cannot take. Further,
this choice of d4,dp preserves Property OneFP since we only subtract d4
from integer entries of A, meaning that the only fractional part we add to
the left hand side of the system is 1 — 4. Similarly, the only fractional part
added to the right hand side of the system is 1 — .

If ASC corresponds to column A; in A, then we say that ASc is the
counterpart of A;. Similarly for B
Proposition 10.11 Let A € R R™" ,B € R satisfy Property OneFP and
As¢, B%¢ be the square counterparts ofA and B. A Z-solution to Az = By
exists if and only if a Z-solution to AT = B¢y exists.

Proof. We show that
(FzcZHYAr =2 (3T € Z")A*T = »

where, in both equations, only integer entries are active in rows for which
z; > e. Note that, if z; = £, then integer entries are still active because every
entry in row i is active. An almost identical argument can be used to show
the same holds for B and B*¢.

If |C(A;)| = 0, then column A; is inactive and so a solution exists if and
only if a Z-solution exists with z; = e. This justifies the deletion of such
columns from A%°.

If [C(A;)] = 1, then let A3 be the counterpart of A; in A%,

If |C(A;)] > 1, then let A%, p € C(A;) be the counterparts of A; in A,
where the integer entry in ASC is am = Qp;.

For all j € N let |C(A )| = .

First assume that Az = z for some x € Z and only integer entries in A
are active.
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Let
_ =
T = (X1, ey T1, T2y ey Ty ey Ty ooy Tpy) T E L

where each x; is repeated |C'(A;)]| times.

Then A®‘Z = z where integer entries are active.

For the other direction assume that A%¢Z = z where integer entries are
active.

Observe first that if Ajf} and Aj(‘; correspond to the same column A;,
then Z;, = Z;, To see this note that af);p + T, = zp and aggq + I, = 24

Therefore

) =~ . __ .8C = sc =, L = .
apj + Tj, = ap; + Tj, = 2p > ap; + Tj, = ap; dA + Tj, and

= _ SC > SC L _ . e
agj + Tj, = agj, + Tj, = 2q > agj, + Tj, = agj — oA+ Zj,.
Hence z;, + oa > zj, > Tj, — 6 4 which, since T € 7" means that Tj, = Tj,.
Therefore we can set z; = z; if |C(A;)| > 1 and z; = € otherwise to
obtain x such that Az = z. O

We propose the following algorithm to determine whether or not Az =
By has a Z-solution in the case when (A, B) weakly satisfy Property OneFP.
Algorithm: Z-SEP-TSS-P1
Input: A € @mm’ BeR™” weakly satisfying Property OneFP.
Output: Indication of whether or not Ax = By has a Z-solution.
(1) Input A, B into Subroutine 1.
If output is no solution then STOP.
Otherwise output is A', B, Ty, T,.
(2) Input A, B" into Subroutine 3 to obtain the square counterparts A%, B€.
(3) Rearrange columns of A¢, B¢ so that r(i) =i = r'(i).
(4) Input A%, B*¢ into Subroutine 2.
If output is no solution, then STOP.
Otherwise, output A, B and W with A\(W) = 0 and so a solution exists.

Remark 10.12 If Z-SEP-INT-TSS outputs that a solution exists then we
can find a solution easily. Since \(W) = 0 we can find an integer solution
to Az = By in polynomial time. By extending the vectors x,y with € entries
if necessary we can obtain a Z solution to AS°x = B*°y. Using the ideas in
the proof of Proposition 10.11 we get a Z-solution to A’z = B'y which can

be adapted to obtain a Z-solution to the original problem.
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Theorem 10.13 Algorithm Z-SEP-TSS-P1 is correct and terminates after
O(m?(m? + nk))

operations.

Proof. Correctness follows from Propositions 10.5, 10.9 and 10.11.
Running Subroutine 1 requires O(m?nk) operations, calculating A%¢ and

B*¢ and rearranging columns requires O(m?(n+ k)) operations and running

Subroutine 2 requires O(m?*) operations. So in total the algorithm requires

O(m?*nk +m*(n + k) + m*) = O(m*(m? +nk +n+k)) = O(m*(m?* + nk))

operations. O

Example 10.14 Applying Subroutine 1. Let

0 —0.5 e —-0.6 1 e
A= 05 0 € and B=|-16 -0.6 ¢
—-1.5 0 —-0.5 € € 0

We calculate R = {2}, T,(2) = {1,2}, T,,(2) = {1,2}. Then

(i)

Now, since there exists an € row we remove the first row from both A’
and B'. So
A' = (-05),B" = (0)

and we begin a new iteration.
Now R = {3} and T,(3) = {3} =Ty(3) so T, = N =T,. Hence there is
no Z-solution to Ax = By.

Example 10.15 Cualculating square counterparts. Let

0 -05 ¢ -06 1 ¢
A=1 05 0 € and B=|-16 -1 ¢
-15 0 -=0.5 € 0 0.6

Let 54 = 0.01 and 6 = 0.02. In calculating A% note that A1 will remain
the same, Az will be removed and Ao will be split into two columns

—0.5 —0.5
5, = 0 and A3, = | —0.01
—0.01 0
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Hence

0 -0.5 0.5 1 0.98  0.98
A* =1 0.5 0 —-0.01}|,B*=[-102 -1 —1.02
—-1.5 —-0.01 0 -0.02 —0.02 0

So there exists a Z-solution to Ax = By if and only if there exists a Z
solution to A%¢x’ = B3¢y'. Further since A% is finite such a solution exists if
and only if \(W) =0, i.e. there exists an integer solution to A%¢x’ = B¢y’ .

Example 10.16 Applying Subroutine 2. Let

0 —-0.5 ¢ =05 1 —0.6 15 —0.6
0.5 0 € € —-0.6 -1 € €
A=1_15 ¢ 0 —os| ™B=|_15 - 0 ¢
—-1.5 05 =« 0 € —0.6 —-0.6 0
Now

01 -1 -1

1 0 ¢ 1

W= e e 0 0

0 ¢ O 0

for which A\(W) =1 and o = (1,2) is a critical cycle.
So S ={1,2} and T(0) = {1,2,4} since aj4 > e. NowT(1) ={1,2,3,4}
since byg > €. But then this means that there is no Z solution.

Example 10.17 Determine whether there exists a 7 solution to Ax = By
where

0 -1.5 € € 0 —06 ¢ —-0.6

0.5 0 € € € -1 € €
A= e =05 0 =05 B = € e 0 ¢

0.5 € —0.5 0 —-06 06 0 0.6

First note that (A, B) satisfies Property OneFP. So we calculate the
square counterparts using 04 = 0.01 and ép = 0.02:

0 —0.6 € e
—1 € €
sCc ___ sC __
A% =4,8"= € 0 —0.02
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So we know that yy is inactive and look for x € Z" and y = (y1, Y2, yél),y:(f))T €
Z' such that A%z = B%¢y. To do this we calculate that,

01 ¢ 1
1 0 0 2
W_eSEOO
e ¢ 0 0

for which A(W) =1 and o = (1,2).
So S ={1,2} =T which gives us

- 0 —05\ - 0 —002\ -, (00
A_<—0.5 o>’B_<—o.o2 0 )’W_<o 0>‘

Now \(W) =0 and so a Z-solution exists. We have, for any o € 7Z,

1a) =)

which then means that

€ €
ASC E — BSC E
«o «
« o
We conclude that

€ €

€ €

A =B
« o
« Y4

for any small enough y4 € Z.

We end this section with a necessary and sufficient condition for the
existence of a Z-solution to Az = By under the assumption that Property
OneFP holds, this is Theorem 10.19 below. For this we will use the following
result.

Proposition 10.18 Suppose A € ﬁmxn7 B e R satisfy Property OneFP.

Let A%¢, B%¢ € R™™ be the square counterparts of A and B. Then W (A, B) =
W(Asc, Bsc)_
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Proof. Let W = W (A, B) and W% = W(A%*,B*). Fix i € M. Recall
that row i of W is equal to H” where

—1
H = air(i) [Ar(z)-| D bir’(i) [BT/(Z)—‘ .

Let p € M be such that Aj° corresponds to A,(;) and af; € Z. Similarly let
q € M be such that B¢ corresponds to B,.(; and bj; € Z.

Then row i of W*¢ is equal to GT where
G = () AT @ (03) T3y,

Finally observe that a;.;y = ajy, by = big and [A, )] = [A)°], [Bry | =
[B;] so H = G. O

Theorem 10.19 Suppose A € @mxn,Bie R satisfy Property OneFP.
Let W = W(A, B). Then there exists a Z-solution to Az = By if and only
if there exists T C N such that

AWIT)) =0 and (Vi e T)(Vj € N —T)w;; =e.

Proof. Let A%, B¢ € R™™ be the square counterparts of A and B. We
know that there exists a Z-solution to Az = By if and only if there exists a
Z-solution to A%z = B*¢jj. Further W (A, B) = W (A%¢, B%%) by Proposition
10.18. So we prove the result for A% and B*¢.

For the rest of the proof we assume A := A%¢, B := B*¢ and r(i) =i =
().

To prove the necessary direction assume that Az = z = By where
z,y,z € Z". Recall that (14) holds under our current assumptions and
let

T={ieM:x;>e}={ieM:y >e}={ieM:z >c}

Then z[T],y[T] € ZIT! and A[T]z[T] = B[T]y[T] meaning that A\(W[T]) = 0.
Now assume that there exists 1 € T\, j € N —T such that w;; > €. Then, by
definition of W either aj; = aj.;) > € or bj; = bj.r(;) > €. Since z;,y; > ¢
this implies that
zZj > max(aji + x4, b5 + Yi) > €
a contradiction. Therefore w;; = ¢ foralli € T,j € N —T.
For the sufficient direction assume

AWIT)) = 0 and (Vi € T)(Vj € N — T)w;; = .
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Let z,y,z € ZIT! be such that A[T|z = z = B[T]y. Define z,,z € Z" by

) v ifjeT [y ifjeT [z ifjer
T = Ui = and z; =
€  else, € else e else.
We claim that Az = z = By. Clearly (AZ); = z; = (By); for all i € T so we
need only show that (AZ); =¢ = (By); when j € N —T.
Fix j € N — T. Now

(Vi S T)wij =€
~(VieT)aj; =¢e=bj
~(Vi € T)ajiz; = € = bjiy;
~(Vi € N)ajiz; = € = bjiy;.

This proves the claim and hence a Z-solution to Az = By exists. O

11 Z-solutions to IMLP under weak Property OneFP

In Subsection 10.1 we described a strongly polynomial method to determine
whether Z-solutions to TSS weakly satisfying Property OneFP exist. Now
we explore whether this extends to a method for solving the IMLP when we
look for Z-solutions.

We will assume that f € R™.

For a matrix A and vector ¢ we use (A|c) to denote the matrix obtained
from A by adding ¢ as an extra, final, column.

Note that if either if (Alc) or (B|d) is finite then by Proposition 10.2 it
is enough to consider whether an integer solution exists and so our previous
methods hold. We therefore assume that A, B € R™" and c,d e R".
Further we assume throughout that the pair ((4|c), (B|d)) weakly satisfies
Property OneFP.

11.1 Maximisation (finite f)

=mXn

For A,B € R .e,d e R™, f € R" we want to find the optimal objective
value, and an optimal solution of

'@z — max

st Axr®c=Br&d,
=N

x €L .
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The first constraint is equivalent to

al () = e (5)-

We conclude that feasible solutions € Z" satisfy
Ale\ (z\ _(B|d
() G)=(7)s )
for some y € z".

We first test whether there exists a Z-solution to (15) using Algorithm
Z-SEP-TSS-P1 with input

e () (7).

If no solution exists then the problem is infeasible.

For any 2’ € A satisfying A'z’ = B'y we require that x, ; > ¢
since any feasible solution has z/,,; = 0. Algorithm Z-SEP-TSS-P1 first
removes columns j such that for any Z-solution :1:; = e. If it concludes
that z;, ., = € then the corresponding maximisation problem is infeasible.
When solving the equivalent problem with square counterparts the algorithm
removes columns j in which no integer entry appears. Since each column of
our input matrices contains a 0 entry from the identity column the algorithm
will not remove any more columns from the problem.

Now we consider the case when Algorithm Z-SEP-TSS-P1 concludes that
a Z-solution exists to A'z’ = B'y’ for which 2, > €.

Algorithm Z-SEP-TSS-P1 will output square counterparts A, B of A’, B/
and W. Let Z be the subvector of 2’ with duplicated components correspond-
ing to the columns of A, (recall that A is obtained from A’ by removing
inactive columns and duplicating columns with more than one integer entry,
so the corresponding vector will have some duplicated components). We
know that Az = z where z € IV*(W,0).

It should be observed here that Z contains all entries of 2’ which can
be finite. So these are the only possibilities for active entries of f™** (for
f™ax finite). Define f to be the vector obtained from f by removing entries
corresponding to inactive columns and duplicating entries exactly as in Z.

Let f™2% be the optimal objective value of the IMLP given by

F@:E—)max
st AT = Bz
z e ZF.

37



We also denote the optimal solution of this IMLP by z°P!. Observe that
we can find the optimal solution to this system in strongly polynomial time
using the methods in [5]. We therefore have the following result for IMLP™?*
under our current assumptions.

Theorem 11.1 Assume that the system weakly satisfies Property OneFP.
Then fmax = fmax gnd an optimal solution x can be obtained from z°P' by
condensing duplicated entries and setting the remaining values to €.

11.2 Minimisation (finite f)

We will begin by proceeding as in the maximisation case, but the final result
obtained in this way will not be as strong.
For A, B € Rmxn, c,d € R", f € R™ we want to find the optimal objec-

tive value, and an optimal solution of

T @z — min
st Ar®c=Bx®d
reZ".

As before feasible solutions z € Z" satisfy (15) for some y € Z"t! and
we test whether there exists a Z-solution to (15) using Algorithm Z-SEP-
TSS-P1 with input A’, B’ defined previously.

If A’z’ = B’y has no Z-solution, or if the algorithm concludes that for any
solution x;, , | = € then the corresponding minimisation problem is infeasible.
Otherwise Algorithm Z-SEP-TSS-P1 will output square counterparts A, B
of A’, B’ and W. Let Z be the subvector of 2’ with duplicated components.
We know that Az = z where z € IV*(W,0).

Let f™m be the optimal objective value of the IMLP given by

fT ® T — min

s.t Az = Bz

T ezZ”
We also denote the optimal solution of this IMLP by z°*. Observe here
that we cannot say that f™» = f™n a5 in the maximisation case. This is
because the algorithm finds the set of all possible finite components of z,

but for minimisation it could happen that a solution exists with less active
entries, so more components of z could be set to e.
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Theorem 11.2 Assume that the system weakly satisfies Property OneFP.
Then ™ < f™in gnd an upper bound on x°P can be obtained from TP by
condensing duplicated entries and setting the remaining values to €.

It remains to fully solve the minimisation problem and to consider when
feR"
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