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In multiprocessor interactive systems, a number of products are prepared using simultaneously working
processors, each contributing to the completion of every product. The completion times of products can
be expressed in terms of the starting times of individual processors as max-linear functions. It is not
difficult to find the starting times once the completion times are given. However, if two such systems
work in parallel, it may be necessary to synchronize their work, i.e. to find starting times so that the
products are completed at the same time. This task leads to the problem of solving two-sided max-linear
systems, a problem of undecided computational complexity. If the solution set is non-trivial, then the
task of finding solutions optimal with respect to a certain criterion arises. In this paper, we propose and
examine a number of heuristics for solving non-linear programs with two-sided max-linear constraints
and compare their performance.

Keywords: max-linear systems; max-linear programming; neighbourhood local search.

1. Introduction

Consider the following ‘multiprocessor interactive system’: productsP1, . . ., Pm are prepared using
n processors, every processor contributing to the completion of each product by producing a partial
product. It is assumed that every processor can work on all products simultaneously and that all these
actions on a processor start as soon as the processor starts to work. Letai j bethe duration of the work
of the j th processor needed to complete the partial product forPi (i = 1, . . . , m; j = 1, . . . ,n). Let us
denote byxj thestarting time of thej th processor( j = 1, . . . ,n). Then all partial products forPi (i =
1, . . . , m) will be ready at time max(x1 + ai 1, . . . , xn + ai n). Now suppose that independently,k other
processors prepare partial products for productsQ1, . . . , Qm andthe duration and starting times arebi j

andyj , respectively. Then the ‘synchronization problem’ is to find starting times of alln+ k processors
so that each pair(Pi , Qi ) (i = 1, . . . ,m) is completed at the same time. This task is equivalent to
solving the system of equations

max(x1 + ai 1, . . . , xn + ai n) = max(y1 + bi 1, . . . , yk + bi k) (i = 1, . . . ,m).

It may also be required thatPi is not completed before a particular timeci and similarly Qi not
completedbefore timedi . Thenthe equations are

max(x1 + ai 1, . . . , xn + ai n, ci ) = max(y1 + bi 1, . . . , yk + bi k, di ) (i = 1, . . . ,m). (1)
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If we denotea ⊕ b = max(a, b) anda ⊗ b = a + b for a, b ∈ R, then this system gets the form

∑

j =1,...,n

⊕
ai j ⊗ xj ⊕ ci =

∑

j =1,...,k

⊕
bi j ⊗ yj ⊕ di (i = 1, . . . , m). (2)

Therefore, (1) (and also (2)) is called a ‘two-sided system of max-linear equations’ (or briefly a ‘two-
sided max-linear system’ or just ‘max-linear system’). If the solution set to a two-sided max-linear
system is non-trivial, then the task of finding solutions optimal with respect to a certain criterion arises.
This motivates us to introduce the following notation.

Let a⊕b = max(a, b) anda⊗b = a+b for a, b ∈ R, and extend the pair of operations to matrices
and vectors in the same way as in linear algebra. That is, ifA = (ai j ), B = (bi j ) andC = (ci j ) are
matricesof compatible sizes with entries fromR, we writeC = A⊕ B if ci j = ai j ⊕ bi j for all i, j and
C = A⊗ B if ci j =

∑
k
⊕ai k⊗bkj = maxk(ai k+bkj ) for all i, j . Also, if α ∈ R, thenα⊗ A = (α⊗ai j ).

Max-algebrahas been studied by many authors and the reader is referred toCuninghame-Green(1979,
1995),Heidergottet al. (2005),Baccelliet al. (1992),Butkovič (2003),Hogbenet al. (2006).

The aim of this paper is for finding anx ∈ R that minimizes the non-linear functionf (x) subject to

A ⊗ x ⊕ c = B ⊗ x ⊕ d, (3)

whereA = (ai j ), B = (bi j ) ∈ Rm×n, c = (c1, . . . , cm)T, d = (d1, . . . , dm)T aregiven matrices and
vectors. Optimization problems of this type will be called ‘non-linear programs with two-sided max-
linear constraints’ or just ‘non-linear programs with max-linear constraints (NLPMs)’.

Systems of max-linear equations were investigated already in the first publications dealing with
the algebraic structure called max-algebra (sometimes also extremal algebra, path algebra or tropical
algebra). In these publications, systems of equations with all variables on one side were considered
(Cuninghame-Green,1979;Butkovič, 2003;Vorobyov, 1967;Zimmermann,1976;). Other systems with
a special structure were studied in the context of solving eigenvalue problems in the corresponding alge-
braic structures or synchronization in discrete-event systems (Baccelliet al.,1992). Using the(⊕, ⊗)-
notation, the studied systems had one of the following forms:A⊗ x = b, A⊗ x = x or A⊗ x = x ⊕ b,
where A is a given matrix andb is a given vector. Infinite-dimensional generalizations can be found,
e.g. inAkian et al. (2005).

General two-sided max-linear systems have also been studied (Butkovič & Heged̈us, 1984;
Cuninghame-Green & Butkovič, 2003;Heidergottet al., 2005;Walkup & Boriello, 1988). A general
solution method was presented inWalkup & Boriello (1988), however, no complexity bound was given.
In Cuninghame-Green & Butkovič (2003), a pseudopolynomial algorithm, called the alternating method,
has been developed. InButkovič & Heged̈us(1984), it was shown that the solution set is generated by
a finite number of vectors and an elimination method was suggested. A general iterative approach sug-
gested inCuninghame-Green & Zimmermann(2001) assumes that finite upper and lower bounds for all
variables are given.

Solution methods for max-linear programs with two-sided constraints (MLPs) for both minimization
and maximization problems have been presented inButkovič & Aminu (2009) also seeAminu (2009). It
was proved that the methods are pseudopolynomial if all entries are integers. The methods are based on
the alternating method Cuninghame-Green & Butkovič (1991). Note that MLP is also NLPM with the
objective function max-linear. NLPM has a number of applications for more information, seeButkovič
& Aminu (2009) and a comprehensive monograph (Butkovič, 2010) with many other applications and
various different approaches.
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2. The one-sided case

One-sided systems of max-linear equations have been studied for many years and they are very well
understood, seeCuninghame-Green(1979),Zimmermann(1976) andButkovič (2003). These problems
have the following form:

A ⊗ x = b, (4)

whereA = (ai j ) ∈ Rm×n andb = (b1, . . . , bm)T ∈ Rm.
A method for minimizing max-linear functionf (x) = f T ⊗x = max(f1+x1, . . . , fn +xn) subject

to (4) is presented inButkovič & Aminu (2009). Note that the problem of minimizing the non-linear
function f (x) = 2x1 + 2x2 + ∙ ∙ ∙ + 2xn is NP-completeButkovič & Aminu (2009). Since a one-sided
system is a special case of a two-sided system (3), whereai j > bi j andci < di for everyi and j , NLPM
is alsoNP-complete.

3. Definitions and problem formulation

Since NLPM is NP-complete for a general non-linear function, an exact solution method is unlikely to
be efficient. Therefore, we will develop heuristic methods for solving this problem. That is we develop
heuristic methods for minimizing non-linear functionf (x) subject to two-sided max-linear system

A ⊗ x ⊕ c = B ⊗ x ⊕ d, (5)

where A = (ai j ), B = (bi j ) ∈ Rm×n andc = (c1, . . . , cm)T, d = (d1, . . . , dm)T ∈ Rm aregiven
matrices and vectors. A practical motivation for this research is that no polynomial method is known
for solving MLPs. We denote the set of solutions for (5) by S. Note that we may consider any matrix
A ∈ Rm×n to be made up ofn column vectors withm entries in each vector, i.e.

A = (A1, A2, . . . , An), Aj = (a1 j , a2 j , . . . , amj )
>.

A function f (x): Rn → R is said to be ‘isotone’ if for everyx, y ∈ Rn, x 6 y, we have f (x) 6
f (y). In what follows, we assume that the objective functionf (x) is non-linear, isotone and computable
in polynomial time.

DEFINITION 3.1 Let x = (x1, . . . , xn) ∈ S andr bea positive integer,r 6 n. Ther -neighbourhood
Nr (x) of x is the set of feasible solutions obtainable by changing at mostr components ofx (and fixing
the remaining variables).

DEFINITION 3.2 A solution x ∈ S is called a ‘local optimum’, if there is noz ∈ Nr (x) suchthat
f (z) < f (x).

Note thatr will be omitted if the value ofr is known and thus instead ofr -neighbourhood, we will
just say neighbourhood.

The aim here is to develop local search methods, based onr -optimum neighbourhood forr = 1 and
r = 2, to minimize non-linear isotone functionf (x) subject to

A ⊗ x ⊕ c = B ⊗ x ⊕ d,

where A = (ai j ), B = (bi j ) ∈ Rm×n andc = (c1, . . . , cm)T, d = (d1, . . . , dm)T ∈ Rm aregiven
matrices and vectors.
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4. Max-linear programs: some special cases

MLPs (minimization) are the following:

f (x) = f T ⊗ x −→ min

subject to

A ⊗ x ⊕ c = B ⊗ x ⊕ d,

(6)

where f = ( f1, . . . , fn)T ∈ Rn, c = (c1, . . . , cn)
T, d = (d1, . . . , dn)

T ∈ Rm, A = (ai j ) and B =
(bi j ) ∈ Rm×n. This problem is denoted by MLPmin. Solution methods for (6) are developed inButkovič
& Aminu (2009). We denote the optimal solution set for MLPmin by Smin.

4.1 Basicproperties

Before we develop methods for solving max-linear programs for special cases, we summarize some
basic properties. To do so we will denote infx∈S f (x) by f min and M> = {i ∈ M; ci > di }. Also, if
α ∈ R, then the symbolα−1 standsfor −α.

THEOREM 4.1 (Butkovič & Aminu, 2009) f min = −∞ if and only if c= d.

LEMMA 4.1 (Butkovič & Aminu, 2009) Letc > d. If x ∈ S and(A ⊗ x)i > ci for all i ∈ M , then
x

′
= α ⊗ x ∈ Sand(A ⊗ x)i = ci for somei ∈ M , where

α = max
i ∈M

(ci ⊗ (A ⊗ x)−1
i ). (7)

For j ∈ N, we denote by

h
′

j = min(min
r ∈M

a−1
r j ⊗ cr , min

r ∈M
b−1

r j ⊗ dr ), (8)

andh
′
= (h

′

1, . . . , h
′

n)
T.

REMARK 4.1 Each componenth
′

j for j ∈ N canbe determined in O(m) time. Hence, the vectorh
′
is

O(mn).

PROPOSITION4.1 Let c > d andc 6= d. If S 6= ∅, then for everyx ∈ Smin thereis an i ∈ M> and
j ∈ N suchthat(B ⊗ x)i = ci > (A ⊗ x)i andxj = ci ⊗ b−1

i j .

Proof. Supposec > d andc 6= d. Let x ∈ Smin suchthat∃i ∈ M>, j ∈ N, xj < ci ⊗ b−1
i j . Then we

have

(B ⊗ x)i < ci 6 (A ⊗ x)i ⊕ ci ,

which contradicts the assumption thatx ∈ S. Hence,xj > ci ⊗ b−1
i j , ∀i ∈ M>. If xj = ci ⊗ b−1

i j for

somei ∈ M>, then the statement follows. Suppose∀i ∈ M>, j ∈ N, xj > ci ⊗ b−1
i j . Sincex ∈ S, we

have

(A ⊗ x)i ⊕ ci = (B ⊗ x)i , i ∈ M>, (9)

(A ⊗ x)r ⊕ cr = (B ⊗ x)r ⊕ cr , r 6∈ M>. (10)
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Now, xj > ci ⊗ b−1
i j , ∀i ∈ M>, j ∈ N andx ∈ S, therefore from (9), we have

(A ⊗ x)i = (B ⊗ x)i > ci , ∀ i ∈ M>, (11)

andit follows from Lemma4.1thatα ⊗ x = x
′
∈ S, where in this caseα as defined in (7) is

α = max
i ∈M>

(ci ⊗ (A ⊗ x)−1
i ) < 0.

Clearly, f (x
′
) < f (x), a contradiction with optimality ofx.

4.2 Them-by-one case

Given f ∈ R anda, b, c, d ∈ Rm×1, the problem of minimizing the functionf (x) = f ⊗ x (of one
variable) subject to

ai ⊗ x ⊕ ci = bi ⊗ x, i ∈ M>,

ai ⊗ x ⊕ ci = bi ⊗ x ⊕ di , i 6∈ M> (12)

is denoted MLPmin
m1 . We define byM= = {i ∈ M; ci = di } andM

=
= {i ∈ M=; ai 6= bi }. We denote

by Sm1 thesolution set of (12) andSmin
m1 theset of minimizers of (12).

PROPOSITION4.2 Let c > d andc 6= d. Then
(i) If ∃i ∈ M> suchthatai > bi , thenSm1 = ∅.
(ii) If ∃i ∈ M> suchthatai < bi , thenSm1 6= ∅ implies thatSm1 = {ci ⊗ b−1

i }.

Proof. (i) Suppose there is an equationi ∈ M> suchthatai > bi . Then it follows from (12) that

bi ⊗ x < ai ⊗ x 6 ai ⊗ x ⊕ ci .

Thus,Sm1 = ∅.
(ii) Suppose there is an equationi ∈ M> suchthatai < bi . Then from (12), we have

ai ⊗ x ⊕ ci = bi ⊗ x

H⇒ ci = bi ⊗ x

H⇒ x = ci ⊗ b−1
i .

Therefore,it follows that if Sm1 6= ∅ thenx = ci ⊗ b−1
i ∈ Sm1 andit is unique.

Dueto Proposition4.2, we recognize that there is at most one feasible solution to MLPmin
m1 if ∃i ∈

M> suchthat ai > bi or ai < bi . For that reason, we may assume that without loss of generality in
MLPmin

m1 , we haveai = bi for all i ∈ M>.
Let us define by

x̃ = max
i ∈M>

(ci ⊗ b−1
i ). (13)

PROPOSITION4.3 Let ai = bi for all i ∈ M>. If Sm1 6= ∅, thenx̃ ∈ Sm1.

Proof. Let ai = bi for all i ∈ M>. Suppose∃x ∈ Sm1. It follows from (12) that

bi ⊗ x = ai ⊗ x ⊕ ci , i ∈ M> (14)
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and

bi ⊗ x ⊕ di = ai ⊗ x ⊕ ci , i ∈ M=. (15)

From(14), we have

bi ⊗ x > ci , ∀ i ∈ M>

H⇒ x > ci ⊗ b−1
i , ∀ i ∈ M>

H⇒ x > max
i ∈M>

(ci ⊗ b−1
i ) = x̃.

Now, if x > x̃, thenbi ⊗ x = ai ⊗ x, i ∈ M>. It follows from Lemma4.1that we can scale downx to
the level, wherebi ⊗ x = ci for somei ∈ M> . Let α = x̃ ⊗ x−1. Then we haveα ⊗ x = x̃ ∈ Sm1.
Hencetheproof.

ALGORITHM 4.1 ONEVARIABLE (Non-homogeneous max-linear systems with one variable)
Input: c = (ci ), d = (di ), A = (ai ), B = (bi ) ∈ Rm×1.
Output: x ∈ Sm1 or an indication thatSm1 = ∅.

1. If c = d then stop (x = h
′
whereh

′
is defined in (8)) andx ∈ Sm1

2. for all i ∈ M> do
begin
if ai > bi thenstop (‘Sm1 = ∅′)
if ai < bi then
begin
x := ci ⊗ b−1

i
if x ∈ Sm1 thenstop (x ∈ Sm1)
elsestop (”Sm1 = ∅”)

end
end

3. x := max{ci − bi ; i ∈ M>}
if x ∈ Sm1 thenstop (x ∈ Sm1)
elsestop (‘Sm1 = ∅’)

THEOREM 4.2 AlgorithmONEVARIABLE is correct and its computational complexity isO(m).

It follows from Proposition4.3 that the existence of an optimal solution for MLPmin
m1 is reduced to

the checking whether̃x ∈ Sm1.

PROPOSITION4.4 If ai = bi for all i ∈ M> andSm1 6= ∅ thenx̃ ∈ Smin
m1 .

Proof. Supposeai = bi for all i ∈ M> andx ∈ Sm1 suchthatx < x̃ = maxi ∈M>(ci ⊗b−1
i ). Therefore,

we have

x < ck ⊗ b−1
k for somek ∈ M>

H⇒ bk ⊗ x < ck,

whichcontradicts the assumption thatx ∈ Sm1. Therefore,x̃ ∈ Smin
m1 .
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Based on Propositions4.2, 4.3 and 4.4, we will formulate the following algorithm for finding a
solution to MLPmin

m1 or to indicate thatSm1 = ∅. We denote infx∈Sm1 f (x) by f min.
The following algorithm solves the MLPmin

m1 in polynomial time or finds out thatSm1 = ∅ or the
objective function is unbounded.

ALGORITHM 4.2 MAXLINMINm1 (Max-linear minimization form × 1 matrices withc > d)
Input: f ∈ R, c = (ci ), d = (di ), A = (ai ), B = (bi ) ∈ Rm×1.
Output: x ∈ Smin

m1 , an indication thatSm1 = ∅ or f min = −∞.

1. If c = d then stop (‘f min = −∞’)

2. Use the Algorithm ONEVARIABLE to find anx ∈ Sm1
if it exists thenx ∈ Smin

m1
elseSm1 = ∅

THEOREM 4.3 AlgorithmMAXLINMINm1 is correct and its computational complexity isO(m).

4.3 The m-by-two case

In this section, we will study and develop polynomial solution methods for max-linear programs with
two-sided constraints (MLP) withm × 2 entry matrices for minimization problems. That is,

f T ⊗ x −→min

subject to

A ⊗ x ⊕ c = B ⊗ x ⊕ d,

(16)

whereA = (ai j ), B = (bi j ) ∈ Rm×2, f = ( f1, f2)T ∈ R2, c = (c1, . . . , cm)Tandd = (d1, . . . , dm)T ∈
Rm.

An optimization problem of this type will be denoted by MLPmin
m2 . The set of feasible solutions for

MLPmin
m2 will be denoted bySm2, the set of optimal solutions bySmin

m2 .

PROPOSITION4.5 Solving MLPmin
m2 canbe converted to a repeated solving of problem MLPmin

m1 .

Proof. It follows from Proposition4.1that at least one of the decision variables of MLPmin
m2 canbe fixed

to xj = ci ⊗ b−1
i j for somei ∈ M> and j ∈ {1,2}. If this value is substituted on to MLPmin

m2 , then this
problem will have one variable to be determined and the statement follows.

Again, it follows from Proposition4.1 that finding a feasible solution to MLPmin
m2 is equivalent to

checking whether a feasible solution can be found by fixing one of the two decision variables toxj =
ci ⊗ b−1

i j , for somei ∈ M> and j ∈ {1,2}. Due to Proposition4.5, we can determine the optimal value

of the free variable by solving the corresponding MLPmin
m1 . Therefore, we may assume that a feasible

solution exists. The use of Algorithm MAXLINMINm1 is applied to the corresponding MLPmin
m1 for

finding the free variable in order to minimizef (x). The algorithm will first fixx1 at a number of rows
and determinex2 usingAlgorithm MAXLINMINm1, then fix x2 anddeterminex1 andstop (when all
these are done) with an output of eitherx ∈ Smin

m2 , an indication thatSm2 = ∅ or f min = −∞, where
f min = infx∈Sm2 f (x). We assume that without loss of generalityc > d otherwise we swap the sides of
equations appropriately.
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ALGORITHM 4.3 MAXLINMINm2 (Max-linear minimization form × 2 matrices withc > d)
Input: f = ( f1, f2)T ∈ R2, c = (c1, . . . , cm)T, d = (d1, . . . , dm)T ∈ Rm, A = (ai j ), B = (bi j ) ∈
Rm×2.
Output: x ∈ Smin

m2 , an indication thatSm2 = ∅ or f min = −∞.

1. If c = d then stop (‘f min = −∞’)

2. Setx0 := (+∞, +∞)T, x := x0

3. for j = 1,2 do
begin
for all i ∈ M> do
begin

yj := ci ⊗ b−1
i j

k := 3 − j
for all r ∈ M do
begin

A
′

r := ar k

B
′

r := br k

c
′

r := max(cr , ar j + yj )

d
′

r := max(dr , br j + yj )

if c
′

r < d
′

r thenswap the sides in ther th equation
M>

new := {r ∈ M; c
′

r > d
′

r }
end

if M>
new = ∅ thenyk := h

′

k whereh
′

k is defined in (8)
else findyk by applying Algorithm MAXLINMINm1 to
A

′
, B

′
, c

′
andd

′

if A ⊗ y ⊕ c = B ⊗ y ⊕ d and f (y) < f (x) thenx := y
end

end
If x = x0 thenstop (Sm2 = ∅)
else stop (x ∈ Smin

m2 )

THEOREM 4.4 AlgorithmMAXLINMINm2 is correct and its computational complexity isO(m).

Proof. The correctness of MAXLINMINm2 follows from Propositions4.1and4.5. In Step 3, there are
three loops. The first loop runs twice, the second in O(m) time and the third in O(m) time. The non-fixed
variable can be determined in O(m) and checking whethery ∈ Sm2 or not can be done in O(m) time.
Thus, the computational complexity of Algorithm MAXLINMINm2 is O(m2) + O(m) = O(m2).

5. The local search methods

In this section, we proposer -optimum local search methods for non-linear programs with two-sided
max-linear constraints (NLPMs) forr = 1 andr = 2. The methods will repeatedly use Algorithm
MAXLINMINm1 if r = 1 and Algorithm MAXLINMINm2 if r = 2. More on heuristic methods can
be found inMichalewicz & Fogel(2004).
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5.1 Steepest descent method with improvement

The steepest descent method with improvement (SDMI) is a method that will consider all candidates in
the neighbourhood of a current feasible solutionxc, and one that gives the best objective function value
is chosen to compete with the current feasible solution. This chosen solution is denoted asx. If f (xc) is
worse thanf (x), thenx becomes the current feasible solution. Otherwise the method will producexc

asthe output.

5.1.1 1-optimum local search. The SDMI will start with an initial feasible solutionx. This solu-
tion can be found in pseudopolynomial time using (say) the alternating method Cuninghame-Green &
Butkovič (1991) and is called current feasible solution. Then fix all but one componentxr , of the so-
lution x. These values for the fixed variables are then substituted in the problem which would yield
a one variable problem with column matricesA

′
= Ar and B

′
= Br , r ∈ N and column vectors

c
′

i = maxj 6=r (ci , ai j + xj ) andd
′

i = maxj 6=r (di , bi j + xj ), i ∈ M . Algorithm MAXLINMINm1 is then

applied on toA
′
, B

′
, c

′
andd

′
to find the best value forxr in O(m) time (Theorem4.3). After finding

the best value forxr , the feasible solutionx is denoted byy and y ∈ N1(x). This process will be re-
peated for everyr . Choose among the feasible solutions in the neighbourhoodN1(x) onewith smallest
objective function value and compare it with the current feasible solution. If the current feasible solution
returns worse objective function value, then this chosen solution becomes current feasible solution and
the process will be repeated again. Otherwise, the procedure stops and produces the current feasible
solution as the output. The following algorithm sums up this method.

ALGORITHM 5.1 ONEOPT-SDMI (One-optimum steepest descent method with improvement for the
NLPM)
Input: A = (ai j ), B = (bi j ) ∈ Rm×n, c = (c1, . . . , cm)T, d = (d1, . . . , dm)T ∈ Rm, a non-linear
isotone functionf and a maximum number of iterationsU .
Output: An x ∈ S.

1. Findx0 ∈ S (for example, using the Alternating Method)

2. Setx := x0, T = (+∞, . . . , +∞)T, flag := true and iteration := 0

3. Repeat until flag= false or iteration= U
begin
for r = 1 ton do
begin
for j = 1 ton do
begin

yj := xj if j 6= r
end
A

′
:= Ar

B
′
:= Br

for all i ∈ M do
begin
c

′

i := maxj 6=r (ci , ai j + yj )

d
′

i := maxj 6=r (di , bi j + yj )

if c
′

i < d
′

i thenswap the sides of thei th equation

M>
new := {i ∈ M; c

′

i > d
′

i }
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end
Apply Algorithm MAXLINMINm1 to A

′
, B

′
, c

′
andd

′
to find yr

if f (y) < f (T) thenT := y
end
if f (T) < f (x) thenx := T

if x = x0 thenflag := false (x is the best feasible solution found)
elsex0 := x
iteration:= iteration+ 1

end

5.1.2 2-optimum local search. The 2-optimum SDMI starts with an initial feasible solutionx which
can again be found in pseudopolynomial time using say alternating method Cuninghame-Green &
Butkovič (1991). This solution is called a current feasible solution. Repeat the following process for
all r, s = 1, . . . ,n, r 6= s. Fix all but two componentsxr andxs of the current feasible solutionx. The
values for the fixed variables are then substituted in the problem. This would produce a two variables
problem whose matrices and vectors areA

′
= (Ar , As) ∈ Rm×2 andB

′
= (Br , Bs) ∈ Rm×2 and

c
′

i = max
j 6=r
j 6=s

(ci , ai j + xj ), i ∈ M

and

d
′

i = max
j 6=r
j 6=s

(di , bi j + xj ), i ∈ M,

wherei ∈ M and j ∈ N. Algorithm MAXLINMINm2 is then applied on toA
′
, B

′
, c

′
andd

′
to find the

best value of the free variables,xr andxs in O(m2) time (Theorem4.4). After finding the best value for
xr andxs, the feasible solutionx is denoted byy andy ∈ N2(x). Select in the neighbourhoodN2(x), a
solution with the smallest objective function value and compare it with the current feasible solution. If
the current feasible solution returns worse objective function value, then the chosen solution becomes
the current feasible solution and the process will be repeated again. Otherwise stop and declare current
feasible solution the best feasible solution found. This procedure can be formulated in the following
algorithm.

ALGORITHM 5.2 TWOOPT-SDMI (Two-optimum steepest descent method with improvement for the
NLPM)
Input: A = (ai j ), B = (bi j ) ∈ Rm×n, c = (c1, . . . , cm)T, d = (d1, . . . , dm)T ∈ Rm, a non-linear
isotone functionf and a maximum number of iterationsU .
Output: An x ∈ S.

1. Findx0 ∈ S (for example using the Alternating Method)

2. Setx := x0, T = (+∞, . . . , +∞)T, flag := true and iteration := 0

3. Repeat until flag= false or iteration= U
begin
for r = 1 ton do
begin
for s = r + 1 ton do
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begin
for j = 1 ton do
begin

yj := xj if j 6= r and j 6= s
end
A

′
:= (Ar , As)

B
′
:= (Br , Bs)

for all i ∈ M do
begin
c

′

i := max(ci , ai j + yj ), j 6= r , j 6= s

d
′

i := max(di , bi j + yj ), j 6= r , j 6= s

if c
′

i < d
′

i thenswap the sides of thei th equation

M>
new := {r ∈ M; c

′

i > d
′

i }
end
Apply Algorithm MAXLINMINm2 to A

′
, B

′
, c

′
andd

′

to find yr andys

if f (y) < f (T) thenT := y
end

end
if f (T) < f (x) thenx := T
if x = x0 thenflag := false (x is best feasible solution found)
elsex0 := x
iteration:= iteration+ 1

end

5.2 Steepest descent method without improvement

In the SDMI, we have seen that a best solution in the neighbourhood of a current feasible solutionx is
chosen to compete with the current feasible solution. If this solution has a better objective function value
than the current feasible solution, then it will become current, and the process will start again. Otherwise,
the current feasible solution is the best feasible solution found and the process stops. However, this
method may not provide us with the best solution. As a consequence, we may get stuck in a local
optimum. To overcome this, we made some modifications to the SDMI so that we allow moves to a best
solutionz in the neighbourhood of the current solution regardless of the fact that its objective function
value may be worse than that of the current feasible solutionx. This method is called SDMI, for brevity
steepest descent method without improvement (SDMW). This is motivated by the fact that it may be
possible to find a solution in the neighbourhood ofz which provides a better objective function value
than that off (z) and indeed even than in the current solution.

5.2.1 One-optimum local search.This second version of the steepest descent method will consider
all candidates in the neighbourhoodN1(x) of a current feasible solutionx and chooses the one with
the best objective function value among these solutions. The method is formulated in the following
algorithm.

ALGORITHM 5.3 ONEOPT-SDMW (One-optimum steepest descent method without improvement
for the NLPM)
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Input: A = (ai j ), B = (bi j ) ∈ Rm×n, c = (c1, . . . , cm)T, d = (d1, . . . , dm)T ∈ Rm, a non-linear
isotone functionf and a maximum number of iterationsU .
Output: An x ∈ S.

1. Findx0 ∈ S (for example using the Alternating Method)

2. Setx := x0, T = (+∞, . . . , +∞)T andIteration := 0

3. Repeat until Iteration= U
begin
for r = 1 ton do
begin
for j = 1 ton do
begin

yj := xj if j 6= r
end
A

′
:= Ar

B
′
:= Br

for all i ∈ M do
begin
c

′

i := maxj 6=r (ci , ai j + yj )

d
′

i := maxj 6=r (di , bi j + yj )

if c
′

i < d
′

i thenswap the sides of thei th equation

M>
new := {i ∈ M; c

′

i > d
′

i }
end

Apply Algorithm MAXLINMINm1 on to A
′
, B

′
, c

′
andd

′
to find yr

if f (y) < f (T) thenT := y
end
x := T
x0 := x
Iteration:= Iteration+ 1

end

5.2.2 Two-optimum local search.Similarly as for 1-optimum SDMW, the 2-optimum SDMW will
begin by finding an initial feasible (current) solutionx and chooses in the neighbourhoodN2(x) a fea-
sible solution with the smallest objective function value regardless of the fact that its objective function
value may be worse than the current feasible solutionx. The chosen solution is now current feasible
solution and the process starts again. The method stops if the maximum number of iterations (or time)
is reached.

ALGORITHM 5.4 TWOOPT-SDMW (Two-optimum steepest descent method without improvement
for the NLPM)
Input: A = (ai j ), B = (bi j ) ∈ Rm×n, c = (c1, . . . , cm)T, d = (d1, . . . , dm)T ∈ Rm, a non-linear
isotone functionf and a maximum number of iterationU .
Output: An x ∈ S.

1. Findx0 ∈ S (for example using the Alternating Method)

2. Setx := x0, T := (+∞, . . . , +∞)T, iteration := 0
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3. Repeat until iteration= U
begin
for r = 1 ton do
begin
for s = r + 1 ton do
begin
for j = 1 ton do
begin

yj := xj if j 6= r and j 6= s
end
A

′
:= (Ar , As)

B
′
:= (Br , Bs)

for all i ∈ M do
begin
c

′

i := max(ci , ai j + yj ), j 6= r , j 6= s

d
′

i := max(di , bi j + yj ), j 6= r , j 6= s

if c
′

i < d
′

i thenswap the sides of thei th equation

M>
new := {r ∈ M; c

′

i > d
′

i }
end
Apply Algorithm MAXLINMINm2 to A

′
, B

′
, c

′
andd

′

to find yr andys

if f (y) < f (T) thenT := y
end

end
x := T
x0 := x
iteration= iteration+ 1

end

5.3 Hill-descendingmethod

In both methods described previously, we do not have the guarantee of escaping from local optima. In
an attempt to overcoming this problem, we consider modifying those methods so that an immediate
solution in the neighbourhood of the current solution with a better objective function value is chosen.
This method is called ‘hill descending method’ (HDM).

5.3.1 One-optimum local search.The method will start with a feasible solutionx, then chooses an
immediate solution in the neighbourhood,N1(x), of x with better objective function value than the cur-
rent solution and repeats the process until no further improvement is possible or the maximum number
of time/iterations are reached. The method is formulated in the following algorithm.

ALGORITHM 5.5 ONEOPT-HDM (One-optimum hill-descending method for the NLPM)
Input: A = (ai j ), B = (bi j ) ∈ Rm×n, c = (c1, . . . , cm)T, d = (d1, . . . , dm)T ∈ Rm, a non-linear
isotone functionf and a maximum number of iterationsU .
Output: An x ∈ S.
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1. Find x0 ∈ S (for example using the Alternating Method)

2. Setx := x0 andflag := true, iteration := 0

3. Repeat until flag= false or iteration= U
begin
for r = 1 ton do
begin
for j = 1 ton do
begin

yj := xj if r 6= j
end
A

′
:= Ar

B
′
:= Br

for all i ∈ M do
begin
c

′

i := max(ci , ai j + yj ), j 6= r

d
′

i := max(di , bi j + yj ), j 6= r

if c
′

i < d
′

i thenswap sides of thei th equation

M>
new := {i ∈ M; c

′

i > d
′

i }
end

Apply Algorithm MAXLINMINm1 to A
′
, B

′
, c

′
andd

′

to find yr

if f (y) < f (x) then
begin
x := y
break

end
end

if x = x0 thenflag := false (x is the best solution found)
else
begin
x0 := x
iteration:= iteration+ 1

end
end

5.3.2 Two-optimum local search.The HDM will consider the neighbourhoodN2(x) of a current
solution x. Then chooses immediately the first feasible solution in the neighbourhood with smaller
objective function value than the current feasible solution. The chosen solution will become the current
feasible and the procedure starts again. If there is no solution in the neighbourhood with better objective
function than the current feasible solution the method stops.

ALGORITHM 5.6 TWOOPT-HDM (Two-optimum hill-descending method for the NLPM)
Input: A = (ai j ), B = (bi j ) ∈ Rm×n, c = (c1, . . . , cm)T, d = (d1, . . . , dm)T ∈ Rm, a non-linear
isotone functionf and a maximum number of iterationsU .
Output: An x ∈ S.
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1. Findx0 ∈ S (for example using the Alternating Method)

2. Setx := x0, flag := true,T := 0, iteration := 0

3. Repeat until flag= false or iteration= U
begin
for r = 1 ton do
begin
for s = r + 1 ton do
begin
for j = 1 ton do
begin

yj := xj if j 6= r and j 6= s
end
A

′
:= (Ar , As)

B
′
:= (Br , Bs)

for all i ∈ M do
begin
c

′

i := max(ci , ai j + yj ), j 6= r , j 6= s

d
′

i := max(di , bi j + yj ), j 6= r , j 6= s

if c
′

i < d
′

i thenswap the sides

M>
new := {r ∈ M; c

′

i > d
′

i }
end
Apply Algorithm MAXLINMINm2 to A

′
, B

′
, c

′
andd

′

to find yr andys

if f (y) < f (x) then
begin
x := y
T := 1
break

end
end
if T = 1 thenT := 0 and break

end
if x = x0 thenflag := false (x is the best solution found)
else
begin
x0 := x
iteration:= iteration+ 1

end
end

5.4 The multi-start heuristic

The multi-start heuristic method will consider all the one-optimum and two-optimum local search meth-
ods proposed in the previous sections and repeat each method for a certain number of times.

Since the method (alternating method) we are using to find the initial feasible solution depends on
the starting vector, we consider a positive integer sayR > 1 and repeat the one-optimum local search
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methodsR times.For each run, we generate a new starting vector which may in return give a different
feasible solution to the problem and then apply the one-optimum or two-optimum local search methods.
After repeating the methodR times, we find among theR solutions the best solution to our problem.
This method is summed up in the following algorithms.

ALGORITHM 5.7 MULTI-START (Multi-start heuristic for the NLPM)
Input: A = (ai j ), B = (bi j ) ∈ Rm×n, c = (c1, . . . , cm)T, d = (d1, . . . , dm)T ∈ Rm, a non-linear
isotone functionf and a maximum number of iterationsR.
Output: A solution xbest∈ S.

1. Set run := 0 andxbest := (+∞, . . . , +∞)T

2. Randomly find a starting vectorx(run)

3. Usex(run)and apply the Alternating Method to find a solutionx0 to
A ⊗ x ⊕ c = B ⊗ x ⊕ d

4. Apply a 1−optimum (or 2-optimum) local search method starting fromx0 to find a solution
x(run)

5. if f (x(run)) < f (xbest) thenxbest := x(run)

6. if run = R then stop (xbest is the best feasible solution found)
else run := run+ 1 and go to 3.

6. Computational results

In this section, we will compare the 1-optimum and 2-optimum local search methods, developed in
the previous sections. We divide this section into two subsections: in the first subsection, we consider
the objective function to be max-linear and present results obtained when comparing exact method for
solving NLPM andr -optimum local search methods wherer = 1,2. In the second subsection, the
objective function isf (x) = 2x1 +2x2 + . . .+2xn andwe compare the 1-optimum and 2-optimum local
search methods.

All the algorithms developed for both heuristics and exact methods were implemented in Matlab
7.2. Matrices and vectors are generated randomly. The experiments were carried out on a PC with Intel
Centrino Duo, 1.66.GHz of CPU and 0.99 GB of RAM.

6.1 Instances when the objective function is max-linear

In this section, we consider NLPM when the objective function is max-linear. First, we show the per-
formance of multi-start heuristics, then compare the exact method andr -optimum local search methods
wherer = 1,2. We begin by finding a feasible solution to the given problem (using the alternating
method). Then each of the methods will use this feasible solution in order to find an optimal or a
best feasible to the given problem. For each method, we report the computing time spent up to the
point where its optimal solution or best feasible solution is found for the first time. In the 1-optimum
and 2-optimum local search methods, we impose a maximum number of iterations as five (5) for
the SDMW.

Recall that f min = infx∈S f (x) denotesthe optimal value of the objective function. The size of
matrices and range of entries for the problems are given at the end of the tables. Entries in each table
have the following meaning:
FV: Feasible objective function value;
OFV: Optimal objective function value;
Sol: The best feasible objective function value found;
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# times best: How many times the method produces the best solution among the heuristics;
# times fast: How many times the method produces solution faster than all other methods in the table;
# times exact: How many times the heuristic method finds an exact solution;
RE: The relative error determined as follows

RE =

∣
∣
∣
∣
Sol− OFV

OFV

∣
∣
∣
∣ . (17)

Notethat RE is used only for instances whose optimal objective function value is positive.
Tables1 and2 show that the multi-start heuristic is not improving the result obtained by the local

search methods.
Table3 reports the result on comparison of exact, 1-optimum and 2-optimum local search methods.

The objective function is max-linear and the input matrices have 10 rows and 20 columns. All the
methods were able to produce an exact solution for six (6) instances except HDM for 2-optimum local
search which produces four (4). Each of the five methods has average RE= 0.04 and HDM for 2-
optimum has average RE= 0.34. The fastest among all the methods is the HDM for 1-optimum local
search with average computing time of 0.04 s. The exact method is slow with the average computing
time of 216.3 s.

Table4 gives the result on the comparison of exact, 1-optimum and 2-optimum local search methods.
The matrices have 10 rows and fifty columns. SDMI, HDM for 1-optimum and SDMI for 2-optimum
local were able to find exact solution in three instances. Each of these methods have average RE= 0.78.
SDMW for 1-optimum has average RE= 2.90. SDMW and HDM for 2-optimum has average RE=
1.57 and RE= 2.56, respectively. The fastest method is SDMW for 1-optimum with average computing
time of 0.1 s. The exact method is once more very slow with average computing time of 218.3 s.

Table 5 reports the output on the comparison of exact, 1-optimum and 2-optimum local search
methods. The matrices have 10 rows and 100 columns. In the 1-optimum local search SDMI and HDM
were able to find exact solution twice. While in the 2-optimum only SDMI is able to find exact solution
in two instances. The average RE for SDMI, HDM in 1-optimum and SDMI in 2-optimum is 0.7. The
fastest method is the 1-optimum SDMW with average computing time of 1.3 s. The exact method is
slow with average computing time of 131.7 s.

Table6 gives the output on the comparison of exact, 1-optimum and 2-optimum local search meth-
ods. The matrices have 40 rows and 100 columns. All the methods produced the same solution with
average RE= 1.16. 1-optimum SDMI is the fastest method with average computing time of 0.5 s. The
exact method is slow with average computing time of 6958.7 s.

We conclude that the 1-optimum SDMI, HDM and 2-optimum SDMI are the best solution meth-
ods that can produce a solution with minimum objective function value. The method that can produce
solution with minimum computing time is 1-optimum SDMI.

6.2 Instances when the objective function is not max-linear

In this section, we will consider the objective function isf (x) = 2x1 + 2x2 + . . . + 2xn . We compare
performance of all the local search methods presented in Section5. For each problem, we find a feasible
solution using the alternating method. Each of the heuristic methods will use this feasible solution to
find a best feasible solution. We report computing time each method used to find a best feasible solution
for the first time. As with the other experiments, the maximum number of iterations for SDMW for both
1-optimum and two-optimum local search methods is fixed as five (5).

 at U
niversity of B

irm
ingham

 on January 19, 2011
im

am
an.oxfordjournals.org

D
ow

nloaded from
 

http://imaman.oxfordjournals.org/


18of 26 A. AMINU AND P. BUTKOVI Č
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It can easily be verified from Tables7 and 8 that 2-optimum SDMI is the best method that can
produce a solution with a minimal objective function value. 1-optimum SDMW is the fastest method
that can produce solution in a very short period of time.

Finally, we concluded that when the objective function is max-linear 1-optimum local search meth-
ods are more efficient. When the objective function is not max-linear (that isf (x) = 2x1+2x2+∙ ∙ ∙+2xn)
2-optimumlocal search methods are more appropriate.
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BUTKOVI Č, P. (2010)Max-linear Systems: Theory and Algorithms. Springer Monographs in Mathematics. Berlin,

Germany: Springer.
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