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The least-squares (LS) method is often used in computational aerodynamics to recon-
struct a given function at certain points of a computational grid. In this paper we discuss
the accuracy of the LS approximation on highly stretched meshes that are inherent in
computational aerodynamics. A new definition of a distant point in a LS reconstruction
stencil will be given in order to explain the poor performance of the method in a bound-
ary layer region. Namely, based on the concept of outliers widely used in the statistics, we
demonstrate that the definition of a distant point in a LS reconstruction stencil should
take into account the solution properties and it cannot rely upon the geometric shape of
the stencil only. Our approach is illustrated with numerical examples.
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1. Introduction

The least-squares (LS) method is one of the best-known approaches to solving a
problem of finding the best polynomial approximation to the input samples. It was
originally developed for statistical regression, but nowadays a general concept of
LS approximation is widely used for various applications beyond the statistics. The
numerous examples include meshfree methods [Atluri and Shen (2005); Liu and
Gu (2005)], computational mechanics [Belytschko et al. (1996)], computer-aided
geometric design and computer graphics [Bajaj et al. (1993); Pratt (1987)], image
processing [Unser et al. (1995)], etc.

In recent decades the LS approach has become popular in computational aero-
dynamics, where it is often used to reconstruct a given function at certain points of
a computational grid [Barth (1991); Haselbacher (2006); Mavriplis (2003); Ollivier-
Gooch and Van Altena (2002)]. One basic application of the LS method is to recon-
struct a solution gradient in projection—evolution discretization schemes which are
heavily exploited in modern industrial aerodynamic codes. A second-order accurate
discretization requires the solution gradient reconstruction to maintain the accu-
racy of the scheme [Anderson (1994); Barth and Jespersen (1989)]. The solution
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gradients should be reconstructed based upon a solution field at mesh nodes, and
the LS method is an attractive approach for this task, as it only requires a local
reconstruction stencil to compute the gradient. The need to reconstruct the solution
locally may also arise from the requirements of the solution postprocessing for real-
life aerodynamic applications. Furthermore, a LS reconstruction of a given function
at grid nodes or edge midpoints may be required for the purpose of grid adaptation
[Borouchaki et al. (1996); Buscaglia and Dari (1997)].

For all of the above-mentioned computational aerodynamics problems, accu-
racy is the main requirement for a function reconstruction procedure. Usually the
LS method is considered a reliable means of approximation that can reproduce a
given smooth function with the desired accuracy [Atluri and Shen (2005); Sonar
(2005)]. However, all results about the accuracy of the LS method are related to a
regular geometry of a computational grid. Meanwhile, most of the present aerody-
namic solvers use unstructured grids where the results of LS approximation depend
strongly on the grid geometry. The grid generation in aerodynamic problems often
results in computational regions where grid cells are almost degenerate. In particu-
lar, grid cells with a very high cell aspect ratio inevitably appear as a result of grid
generation in boundary layer regions. Those irregular grid geometries present a seri-
ous difficulty when a solution function or solution gradient should be reconstructed
by the LS method.

While the accuracy tests made on quasiuniform grids demonstrate very good
results (see e.g. [Ollivier-Gooch and Van Altena (2002)]), a LS reconstruction
behaves differently on stretched meshes [Mavriplis (2003); Petrovskaya (2004);
Petrovskaya and Wolkov (2007)]. From a LS approximation viewpoint, the function
reconstruction over highly stretched grids means the presence of remote points in a
reconstruction stencil. A conventional LS approach allows one to choose an approxi-
mation stencil based on some a priori considerations, so that the remote points
can be eliminated from the reconstruction procedure. This is impossible, however,
in computational aerodynamics problems, as the geometry of stretched grid cells
cannot be changed in computations. As a result, the LS method may degrade to
unacceptable accuracy on stretched meshes [Mavriplis (2003); Petrovskaya (2007)].
This problem becomes especially important when a higher order reconstruction is
considered, as a higher order LS method requires an expanded reconstruction stencil
that often captures many distant points.

In this paper we address the issue of the accuracy of the LS method in the
presence of distant points in a reconstruction stencil. For this purpose we consider
a general concept of outliers in a data set that is widely used in the statistics [Neter
et al. (1985)]. Namely, we employ the concept of outliers to explain poor performance
of a LS approximation over distorted geometries. We discuss two types of outliers
that are well known in statistics problems (see e.g. [Kenney and Keeping (1962);
Neter et al. (1985)]) to demonstrate that both of them may affect the accuracy of
a LS reconstruction. As a result of our study we conclude that a definition of a
distant point in a LS reconstruction stencil cannot rely upon the geometric shape
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of the stencil only, as such a definition should also take into account the information
about a solution function. Our approach is illustrated with numerical examples.

2. The Problem Statement

Consider a data set U = (Uy,Us, ..., Uy), where the data U; represent a continuous
function U(x,y) at points P; = (z,y;), 4 = 1,..., N. We have to fit the data U to
the function

M
urs(@,y) =Y updr(z,y), M <N, (1)

k=0
where (ug, u1,...,up) are fitting parameters, and ¢ (z,y), k =0,..., M are poly-
nomial basis functions. A linear regression that we use to compute the vector
u = (ug,u1,...,up) is based on the following definition of the merit function F?

(see e.g. [Press et al. (1996)]):

M 2

N | Ui— > ukor(P)
=" k=0 : (2)
=1

g;

where parameter o; is the weight of the ith data point. In aerodynamic applications
a widespread approach is to define the weights 1/0; as

1

— = 'r'_,p7 3
o 07 ( )
where Py = (x0,yo) is the point where the solution is reconstructed, ro; is the
distance between Py and P;, and p = 0,1,2,... is an integer polynomial degree.

The unweighted reconstruction corresponds to p = 0, while p > 0 provides inverse
distance weighting used to mitigate the impact of remote stencil points on the
results of LS approximation.

The LS approach considers the vector u as the best fit to a given data set, if u
minimizes the function (2). Thus the parameters uy can be found from the M + 1
conditions

8uk
which are called the normal equations of the LS problem. Taking into account the
definition (2), we obtain the normal equations in the form

k=0,....M

) )

N 1 M
D5 |Ui= Do wds(P) | ou(P) =0, k=0,....M.
=1 ! j=0

We introduce the weighted data b and the design matrix A as follows:

i (P . ,
bizz, Aijzm, 2217...,N,]:0,...7M.

ag; g;



452 N. B. Petrovskaya

The normal equations can then be written as

Du =, (4)
where the matrix D = AT A, and the right-hand side f = A”b. They are to be
solved for the vector of parameters u = (ug,...,un):

u=D"'f. (5)

It can be seen from the definition of the LS method that the fitting parame-
ters u in (1) depend on the geometry {P}. A standard LS approach allows one to
determine the points P;, where the observations U; are made, based on some a pri-
ori considerations. Meanwhile, a LS reconstruction procedure used in aerodynamic
codes has to deal with prescribed geometries that cannot be altered. In other words,
the data U should be taken from a solution function that is defined only at nodes of
a computational grid. That restriction presents a serious computational drawback
of a LS solution reconstruction. Namely, it is well known that, while the LS method
provides accurate solution approximation on uniform meshes, the LS reconstruction
fails on stretched meshes with irregular geometry of grid cells. We discuss below a
NACA 0012 airfoil test case [Johnson (2007)] that illustrates the behavior of a LS
reconstruction on stretched meshes.

In the NACA 00012 test case a numerical solution to the Navier—Stokes equations
is reconstructed at edge midpoints on a coarse grid by a quadratic polynomial:

urs(,y) = uo + uy(x — x0) + ua(y — yo) + usz(z — )2
+ua(x — 20)(y — yo) + us(y — y0)*. (6)

An example of a reconstruction stencil for the edge midpoint Py is shown in Fig. 1.
The two nodes n; and ny that determine the edge where the reconstruction should
be made are identified, and the reconstruction stencil consists of all nodes that
belong to edges incident to the node ny or mo. Since a reconstruction stencil may
include very distant points, a weighting procedure (3) is used in the problem.

The grid where the reconstruction has been made is then uniformly refined, so
that the edge midpoints on the original grid become grid nodes on a new grid. Those

Fig. 1. An example of a LS reconstruction stencil. Stencil members for the solution reconstruction
at point Py are shown as closed circles.
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grid nodes are marked and stored, as they are further used to compute the error of
the LS reconstruction. Since the exact solution is not available in the problem, a
solution field is computed over a refined grid by a numerical method that employs
higher order polynomial functions to approximate the solution (SUPG, [Hughes
and Brooks (1979)]). Finally, an accurate “true” solution is compared with the LS
reconstruction made over a set of marked grid nodes on a fine grid to validate the
accuracy of the LS approximation.

A reconstructed solution field around the airfoil is shown in Fig. 2(a). While the
overall accuracy of the LS approximation is good, a quadratic LS reconstruction
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Fig. 2. (a) The solution field u(z,y) (the z component of the velocity field) around the airfoil in
the NACA 0012 test case. (b) A fragment of a computational grid near the wall (a close-up of
domain G in Fig. 2a). (¢) A “true” SUPG solution in domain G. (d) A quadratic LS reconstruction
in domain G.
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does not perform well in grid subdomains with stretched grid cells are present. A
grid fragment near the wall [domain G in Fig. 2(b)] has been selected to demonstrate
the results of a quadratic reconstruction on cells with a high cell aspect ratio. The
grid geometry in the boundary layer is shown in Fig. 2(b), while a “true” SUPG
solution is presented in Fig. 2(c¢). A reconstructed solution is shown in Fig. 2(d),
where it can be seen that the LS reconstruction results in a nonmonotone and
inaccurate solution near the wall.

A reconstruction error computed in the boundary layer region confirms the above
result. The error function e(z,y) is

€(£C7y) = |USUPG($,y) - ’U’LS(xvy)L (7)

where usypg(z,y) and ups(z,y) are a “true” solution and a quadratically recon-
structed solution, respectively. The maximum error near the wall is defined as
Emax = max e(z,y),
(z,y)eD
where D = {(z,y) : /a2 +y? < r}. We choose the value of r as 2.0, while the

entire computational domain has a radius R = 1000.0. The maximum error for the
quadratic LS reconstruction is

€max = e(x07y0) = 1.38595,

where usupa (2o, yo) = —0.0389462, urs(xo, yo) = 1.34701, and the point (xq, yo) is
located near the wall, xy = 0.0162473, yo = —0.0212828.
Similarly, a logarithmic error e!(x,y) is given by

|USUPG(x7 y)l

el(xvy) = 10g10 |ULS(x y)|

and the maximum logarithmic error near the wall is defined as

max = max_[e!(z,y)].

(z,y)eD

e

The maximum logarithmic error for the LS reconstruction is
le!(x1, 1) = 2.49593, x1 = 0.274632, y; = —0.059519,

where ugsupa(21,y1) = 0.262319, ups(z1,y1) = 0.00029709. Hence the LS recon-
struction near the wall may lose several orders of magnitude, degrading to unac-
ceptable accuracy on stretched meshes. Let us also note that the weighting (3) does
not improve the results of the LS method, as it has been discussed in [Petrovskaya
(2007)].

It has been demonstrated by Mavriplis [2003] that the poor accuracy of the LS
approximation may cause serious problems resulting in an oscillating, and inaccu-
rate solution. Thus the issue of an accurate LS reconstruction on stretched meshes
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requires more careful study. We discuss below the impact of remote points on the
results of a LS reconstruction.

3. The Impact of Grid Geometry on the Accuracy of a LS
Reconstruction: r-outliers

In the statistics, a LS problem statement usually requires one to fit a range of
observations to the properties of a given function. Suppose that we get data U by
mistake at some points which lie beyond an actual solution range of interest. Such
observations are called outliers [Moore and McCabe (1999); Neter et al. (1985);
Press et al. (1996)], and it is well known in the statistics that being included in the
data set the outliers may seriously worsen the results of a LS procedure [Agee and
Turner (1982); Neter et al. (1985)].

The detection of outliers in the statistics is based on the assumption that, for a
given function U(r),r = (z,y), an observation may be extreme with respect to its
r value or its U value, or both [Neter et al. (1985)]. In this section we demonstrate
how the data that are outliers with respect to the r value may affect the accuracy
of a LS reconstruction. Such outliers are called r-outliers further in the text.

Consider a set of points given by P; = (—Ax,0), P» = (0,Ay), Ps = (Ax +
a,«) and Py = (0, —Ay), whose the points P; can be thought of as nodes of an
unstructured computational grid that has only two grid cells [see Fig. 3(a)]. The
parameter « € [0,00) allows one to control a geometry of the domain. The value
« = 0 corresponds to the regular geometry of a rectangle, while increasing o makes
the grid cell (Ps, Ps, Py) more distorted.

Let us use the LS method to reconstruct a given data set U(z,y) at the origin
Py = (0,0), assuming weights o; = 1, Vi = 1,...,4. Consider the approximation (1)
with linear basis functions,

uLs(2,y) = uo + u1(x — o) + u2(y — Yo)- (8)
y y
P,=(Ax+a, o)
P,=(0, Ay) P,=(0, Ay)
/ %\ X / P,=(0, 0) x
P,={Ax,0) P,=(4Ax,0) W
P,=(0,-Ay) P,=(0,-Ay)

(a) (b)

Fig. 3. A stencil for the LS reconstruction over a two-cell computational grid. The grid distortion is
controlled by the parameter a. (a) A regular geometry, a = 0.0. (b) A distorted geometry, o > 0.
A stencil for a three-point LS reconstruction is shown as dashed lines.
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Let the parameter a = 0.0, so that point Ps is located at (Ax,0). For the regular
geometry of Fig. 3(a) the matrix D~! is a diagonal matrix,

o -
1 0 0
1
71_ -
D™ =10 2Az? U
0 1
i 2Ay?

and the reconstruction (8) is given by

Ui+ Us;+Us+Uy (U3_U1)x+(U2_U4)
4 27z Ny P

uLs (Z‘, y) =

where U;, © = 1,...,4, are the known solution values at points P;. Hence, the
LS procedure provides second-order accurate approximation to both the function
U(z,y) and the gradient (OU (z,y)/0x,0U (z,y)/0y) at point Fy.

Let us distort the configuration of Fig. 3(a) by increasing the value « [see
Fig. 3(b)]. Now the matrix D~! is not diagonal any longer, and the solution of (5)
results in a set uy, where each fitting parameter uj; can be presented as

4
uk:ZCkl({P})Ul, k=0,172.

=1

For instance, the LS approximate solution at point Py is u(Fp) = uo = Cor Uy +
CooUs + Co3Us + CoaUy. The coefficients Cy;, I = 1,...,4, are defined as follows:

1
Coy = E(2a2A2y + 6aAzA%y + 4A% 2 A%y),

1
Coz = E(J(A% +2A% — AzAy) + 20(282A% — A2zAy) + 4A%2A%y),

1
Cos = ~(20A2A% +4A%A%),

Cos = %(&(A% +2A% + AzAy) + 20(282A% + A2z Ay) + 4A%2A%y),

where d = 16A%22A2%y + 16aAzA?y + 602A%y + 202A2%x. It can be seen from the
equations above that the LS method does not keep the order of approximation, as
the solution reconstruction is not second-order accurate for arbitrary a > 0.
Another important result is that for & — oo we still have an impact of remote
point P5 on the results of the LS reconstruction. Namely, in the case of an infinitely
distant point, we have the following approximation of the data U at point Pp:

1 1 1
’LLLs(PQ)EuOH ZU1+ZU2+§U47 as o — oQ.

Meanwhile, if we removed point P; from the reconstruction stencil and considered
the LS approximation based on a three-point stencil capturing points Py, P» and
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P, [see Fig. 3(b)], we would obtain
1
uLs(Po) = uo = §(U2 + Us),

where the linear interpolation between points P, and P, keeps the order of
approximation.

A straightforward conclusion arising from the above consideration and supported
by many authors [Barth (1991); Mavriplis (2003); Ollivier-Gooch and Van Altena
(2002); Petrovskaya (2004)] is that all distant points should be removed from a
reconstruction stencil. From a LS method viewpoint, an infinitely remote point in
a geometric configuration is an extreme example of an r-outlier. Obviously, the
r-outliers can be efficiently eliminated by means of an inverse distance weight-
ing procedure (3) applied to the reconstruction stencil. However, in many real-life
computations, such as the NACA 0012 test case considered in a previous section,
a weighted LS method still results in an inaccurate reconstruction. Thus a more
coherent definition of a remote point in a LS stencil should be provided prior to
a decision to eliminate a given point from the geometric configuration. For this
purpose we need to take into account data which are outlying with respect to its
U value (U-outliers). That will be done in the next section.

4. The Impact of Data on the Accuracy of a LS Reconstruction:
U-Outliers

The most important difference between r-outliers and U-outliers is that the defi-
nition of U-outliers depends on a given data set under consideration. An outlier with
respect to the U value is an observation that is numerically, but not geometrically,
distant from the rest of the data [Neter et al. (1985)]. In other words, a point
P; = (x4,v;), where U(P;) should be treated as an outlier for approximation of a
given function U (z,y), can belong to a correct range of observations if another data
set is considered. Thus we need to introduce a new definition of a remote point P,
that will be based on the solution properties in order to take into account U-outliers
in a given data set.
Let us evaluate the intrinsic lengths [, and [, from the requirement
U(l,,0)—U(0,0) 1, U(0,1,) —U(0,0) ol )
lz ly
The point P; = (z;,y;) is then considered as a remote point in the reconstruction
stencil, if we have at least one of the evaluates

T >l or oy >, (10)

The above definition implies that only those points that lie beyond the actual
intrinsic domain defined by (10) should be removed from the stencil. Apparently, if
the distance |ro;| — oo, then the above conditions are true, and the point P; is an
outlier (see the previous section). However, the definition (10) may not agree with
a simple geometric evaluation of P;. The distance |ry;| between the origin Py and
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a given point P; can be |rg;| > do, where dj is a length scale in the problem. (For
instance, dy is the edge length, if we consider a grid edge which the origin Py belongs
to.) Nevertheless, the point P; may still belong to the domain (10) and should not
be eliminated from the stencil. Another case is that a small distance |rg;| may be
beyond the solution domain of interest (10) if the lengths I, and I, are small, so
that the point P; should be eliminated from a stencil, though it can be located close
to the origin.

The following test case illustrates the problem of U-outliers. Consider unit square
G with vertices P; = (0,0), P, = (0,1), P;s = (1,0), Py = (1,1). We also use the edge
midpoints Ps = (0.5,0), Ps = (1,0.5), P = (0.5,1), Ps = (0,0.5) to reconstruct
the solution at point Py (see domain I in Fig. 4). In our computations the origin
Py = (xo,y0) is chosen as o = 0.42,y9 = 0.17 to make a reconstruction stencil
asymmetric.

We now consider a simple quadratic function,

U(x,y) = (y - a‘x)gv (11)
where a € [1,200]. Let us use the linear LS approximation (8) to reconstruct the

solution at point Fy. We are interested in both the solution and gradient errors
computed at point Py. The solution error is defined as

_ |U(x0,y0) — uLs (o, yo)|

e(Zo,Yo) = ’ 12
(ro:0) 00, 50) (12
where urs(xo,yo) is a linear LS reconstruction at point Py. The gradient error is
given by
||VU(33, y) - V'U;LS(J:, y)H | Py
ev(Po) = (13)
VU, y)|l|p,
P4 P7 P3

) © - S D e |

v/ Lo |

I | _ [ |

P P | E | | |

o 9 ° Ja : : :

| [ |

| [ |

P P | °
‘0 e 3 Poe I/’ HIY
5 o & L _bod — — — — __ e —————
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Fig. 4. The advection test case geometry. A stencil for the LS reconstruction consists of points
Py through Pg. Originally, the points are located in domain I. A domain contraction along the
z axis (domain II) leads to a more accurate LS reconstruction, while a domain contraction along
the y axis (domain IIT) does not reduce the reconstruction error.
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Table 1. The linear LS approximation of a quadratic function (11). The solution error is el, ell

and el in domains I, IT and III, respectively. The gradient error is elv, eIVI and e%l in domains

I, IT and III, respectively.

a el er el eIVI eI eIVH
5.0 1.30744 0.362694 0.025881 0.162694 1.21834 0.200415
10.0 1.15244 0.116625 0.00527625 0.0799007 1.11541 0.197692
50.0 1.04974 0.176188 1.83753e-04 0.0157657 1.04347 0.192024
100.0 1.03807 0.183361 4.52328e-05 0.00786995 1.03501 0.19125
200.0 1.03233 0.186926 1.12229e-05 0.00393177 1.03081 0.190862

where V is a formal notation for the gradient vector, V = (9/0x,9/dy), and the
norm ||Vg(z,y)|| is defined as

(52, (52,0

Since the solution U(xz,y) depends linearly on the parameter a, both errors are
scaled by the value of the exact solution at point P, or the solution gradient at
Py, respectively. The results for a linear LS reconstruction are shown in Table 1,
where the results of the LS approximation are compared for various values of a. The
solution error is denoted as e' for a reconstruction stencil defined by the original
geometry I. The gradient error is denoted as elv.

We now evaluate the size of the intrinsic domain (10) in the problem. For the
function (11) we have

Ulz,0) = U(©0.0) _ >, U(0,1,)~U©.0) _,
lr € ly Yo

so that the estimate (9) results in I, ~ 1/a?, 1, ~ 1. In other words, the ratio l,,/l, ~
a* and the domain (10) should be I, < I, as @ > 1. Thus all points belonging to
original domain I in Fig. 4 can be considered as outliers and the original domain
should be transformed to eliminate the outliers from a reconstruction stencil.

Let us transform the domain I to meet the conditions (10). The new coordinates
of the points in the transformed domain II are defined as follows (see Fig. 4)

Plz(xo_x_(2)70)7 P2:(x0_x_(2)71>7
a a

1-— 1-—
P3:($0—|— agxov())v P4:<J)0+ a2x071>7

2x9 — 1 1—29 1
P5=<$0—207,0), P6=($o+a—20,§>7

29 — 1 zo 1
P7:($0—207,1), P8:<x0_a_g7§>'

(14)
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The results of a LS reconstruction in the transformed domain IT are shown in
Table 1. It can be seen from the table that the transformation (14) results in a
smaller solution error and gradient error.

Let us note that the diameter of the transformed domain II is smaller than that
of the original domain I. Hence, we can expect better results of the LS approximation
in domain II, as the accuracy of the approximation depends generally on the domain
size. However, one important result about the evaluation of an intrinsic domain is
that the transformation (14) is not equivalent to a simple reduction in the domain
size. Let us apply a linear mapping similar to (14) to the y-coordinate of the original
domain. We now require that

Plz(ovyo_y_g)7 P2:(17y0_y_g)7
a a

1-— 1-—
P3=<1,yo+ aQyO), P (0,y0+ aQyO),

p_ (L, W Py (1.4 2o —1 )
5 273/0 a2 ) 6 )y Yo 242 y
(1 1—% - 2yp — 1

P = (27y0+ o >7 Py = (073/0 502 ) :

The transformed domain III is shown in Fig. 4, and the results of a linear LS
reconstruction in the new domain are displayed in Table 1. The diameter of domain
IIT is the same as that of domain II. Nevertheless, it can be seen from the table
that the mapping (15) does not reduce the LS reconstruction error. The solution
error and the gradient error remain the same as the error computed for the LS
reconstruction in the original domain I, because contraction along the y-axis still
remains grid nodes beyond an intrinsic domain.

The above example demonstrates that the detection of the remote points in the
reconstruction stencil should not rely upon the geometric shape of the stencil only,
as numerically distant points can appear in a reconstruction stencil. In the latter
case a weighting procedure used to eliminate remote points from the stencil will not
be efficient, as the choice of weight coefficients in (3) is not related to the properties
of a solution function. Hence, if all stencil points lie beyond the intrinsic domain,
the weighting procedure will not result in a more accurate solution, as a uniform
weighting of all stencil points will leave outliers in the reconstruction stencil.

5. Concluding Remarks and Future Work

In this work we have considered the problem of function approximation by the LS
method on unstructured meshes with arbitrary grid cell geometry. The problem
statement comes from aerodynamic applications where computational grid genera-
tion may result in grid cells with a very high cell aspect ratio. Those almost degen-
erate grid geometries present a serious difficulty when a solution function should be
reconstructed by the LS method. It has been shown in the paper that the accuracy
of a LS reconstruction can degrade to an unacceptable limit on irregular grids.
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A concept of outliers that we have applied to a LS problem allows one to explain
the poor performance of the LS method on stretched meshes. We have discussed the
two types of outliers that may arise in reconstruction stencils on stretched meshes.
Outliers of the first type are related to geometrically distant points. Those outliers
can be easily removed from the stencil by a standard inverse distance weighting
procedure. Outliers of the second type are related to the solution data and represent
numerically distant points. Those data often appear in a boundary layer solution
that has a strong solution gradient and requires a stretched mesh for its proper
resolution. They are difficult to detect and eliminate from a stencil, as the location
of such outliers is not directly related to the distance to a given stencil point.

Finally, let us note that the problem of outliers in a LS reconstruction stencil
should be coupled with a grid generation problem in future work. Grid generation
and solution grid adaptation is essentially based on solution information such as
solution error estimates, and that information may help one to recognize U outliers
in the reconstruction stencil and to choose stencil points in an optimal way. On
the other hand, the well-developed methods of modern statistical analysis (see e.g.
[Neter et al. (1985)]) can be applied to the problem to eliminate outliers from a
reconstruction stencil. That may be considered as another topic of future research.
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