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ABSTRACT. Sumner’s universal tournament conjecture states that any tournament on 2n—2
vertices contains a copy of any directed tree on n vertices. We prove an asymptotic version
of this conjecture, namely that any tournament on (2 + o(1))n vertices contains a copy of
any directed tree on n vertices. In addition, we prove an asymptotically best possible result
for trees of bounded degree, namely that for any fixed A, any tournament on (1 + o(1))n
vertices contains a copy of any directed tree on n vertices with maximum degree at most A.

1. INTRODUCTION

1.1. Introduction. A tournament is an orientation of a complete graph. One of the most
well-known problems on tournaments is Sumner’s universal tournament conjecture, which
was posed in 1971 (see e.g. [19, 21]).

Conjecture 1.1. Let T be a directed tree on n vertices. Then every tournament on 2n — 2
vertices contains a copy of T.

The following simple example shows that the bound would be best possible: let G be a
regular tournament on 2n — 3 vertices (so every vertex has n — 2 outneighbours), and let 7" be
a star with all edges directed outwards. Then the central vertex of T" has n — 1 outneighbours,
and so G does not contain a copy of 7'

A large number of partial results towards Sumner’s conjecture have been obtained. Let
f(n) denote the smallest integer such that any tournament on f(n) vertices contains any
directed tree on n vertices. So Conjecture 1.1 states that f(n) = 2n — 2. Chung (see [21])
observed that f(n) < n't°() and Wormald [21] improved this bound to f(n) < nlogy(2n/e).
The first linear bound on f(n) was established in by Héggkvist and Thomason [6], who showed
that f(n) < 12n, and also that f(n) < (44 o(1))n. Havet [7] showed that f(n) < 38n/5 — 6,
and then Havet and Thomassé [9] used the notion of median orders to improve this to f(n) <
(7n — 5)/2. The best current bound is due to El Sahili [5].

Theorem 1.2 ([5]). Let T be a directed tree on n vertices. Then every tournament on 3n —3
vertices contains a copy of T.

The conjecture has also been verified for some classes of trees, such as directed paths.
Indeed, a classical result of Redei [18] implies that we can even find a spanning directed path
in any tournament.

Theorem 1.3 ([18]). For any positive integer n, any tournament on n vertices contains a
directed path on n vertices.

Havet and Thomassé [10] proved a much stronger result, namely that every tournament on
n > 8 vertices contains every orientation of the path on n vertices (which proved a conjecture
of Rosenfeld). Wormald [21] also proved Sumner’s conjecture for other (very restricted)
classes of trees. Havet and Thomassé [9] proved that Conjecture 1.1 holds for arborescences,
i.e. where T has a specified root r so that either every edge of T is directed towards r, or
every edge of T is directed away from 7.

We will prove an approximate version of Sumner’s conjecture. We also prove an asymp-
totically sharp bound for trees with bounded maximum degree.
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Theorem 1.4. Let a > 0. Then the following properties hold.

(1) There exists ng such that for any n > ng, any tournament G' on 2(1 + a)n vertices
contains any directed tree T' on n vertices.

(2) Let A be any positive integer. Then there exists ng such that for any n > ng, any
tournament G on (1 + a)n vertices contains any directed tree T on n vertices with
A(T) < A.

In [15], we prove Sumner’s conjecture for large n. The proof relies on the results (and not
just the methods) that we prove in this paper.

Part (2) of Theorem 1.4 implies that Sumner’s conjecture is true with room to spare for
large trees of small maximum degree. The following example shows that (2) is best possible
in the sense that the term an cannot be completely omitted: take a regular tournament H;
on 2k — 1 vertices, take an arbitrary tournament Hs on n — k — 1 vertices and obtain a
tournament G on n + k — 2 vertices from H; U Hs by adding all edges directed from H;
to Hs. Also, let T be the tree on n vertices obtained from a directed path on n — k vertices
by adding k extra vertices which all send an edge to the initial vertex of the path. Then G
contains no copy of 7. (We are grateful to P. Allen and O. Cooley for pointing out this
example to us.) It would be interesting to know whether the term an can be reduced to a
constant depending only on A.

Another class of trees where Sumner’s conjecture can be strengthened are trees with few
leaves. The first result in this direction was proved by Héggkvist and Thomason [6]. Havet
and Thomassé (see [8]) then proposed the following generalization of Sumner’s conjecture.

Conjecture 1.5 ([8]). Let T' be a directed tree on n wvertices with k leaves. Then every
tournament on n + k — 1 vertices contains a copy of T'.

Céroi and Havet [4] proved that this conjecture holds for k& < 3, from which they deduced
that Sumner’s conjecture holds for all trees with at most 4 leaves.

For our proof of Theorem 1.4 we introduce a decomposition of an arbitrary tournament
which searches for dense expanding subgraphs. We then introduce a randomized algorithm
for embedding arbitrary trees into such dense expanding graphs. Both tools may be useful
for other problems. For example, it would be interesting to know whether our methods can
be extended to prove an approximate version of Conjecture 1.5.

1.2. Outline of the proof. The notion of a robust outexpander (which was introduced for
dense graphs in [16]) is crucial to the proof. Informally, a digraph G is a robust outexpander
if for any set S C V(G) which is not too large or too small, the number of vertices with many
inneighbours in S is substantially bigger than |S|. Kiithn, Osthus and Treglown [16] showed
that any robust outexpander G of linear minimum semidegree contains a Hamilton cycle.
(Here the minimum semidegree is the minimum of the minimum indegree and the minimum
outdegree.) Applying this to the ‘reduced digraph’ obtained from the Szemerédi regularity
lemma, this implies that we can split most of the vertices of G into sets Vi, Va,..., V) so
that the set of edges from V; to V;y; for each i (addition of the indices taken modulo k)
forms a quasirandom and dense bipartite graph. As we shall see, this structure is very useful
for embedding trees. On the other hand, it is easy to show that if a tournament G is not
a robust outexpander of linear minimum semidegree, then the vertices of G can be split
into two parts so that almost all of the edges between the two parts are directed the same
way (see Lemma 2.8). We shall then consider whether either of these two parts are robust
outexpanders, and so on.

To begin, in Section 2 we shall define the concepts we shall use, and prove various lemmas
which will be of use to us later on. Then in Sections 3 and 4 we show that Theorem 1.4 holds
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with the added condition that G is a robust outexpander of linear minimum semidegree.
Indeed, in Section 3, we consider the case where the tournament G is a robust outexpander
of linear minimum semidegree on (1 + a)n vertices, and T is a directed tree on n vertices
of bounded maximum degree. As described above, we can split most of the vertices of G
into clusters Vi, Va, ..., Vi so that the set of edges from V; to Vj41 is quasirandom and dense
for each 7. Given this structure on G, one attempt to embed T in G would be to embed
each vertex t € T in the cluster either preceding or succeeding the cluster containing the
parent t’ of ¢, according to the direction of the edge between t and t. However, for many
trees this method will fail to give an approximately uniform allocation of vertices of T' to the
clusters of GG, which we require for the embedding to be successful. Instead, we modify this
method so that each vertex is embedded as above with probability 1/2 and is embedded in
the same cluster as its parent with probability 1/2. We show that with high probability this
randomised algorithm will indeed give an approximately uniform allocation of vertices of T
to the clusters of G, and so will successfully embed T in G.

In Section 4 we begin by strengthening the result from Section 3, showing that if T is a
directed tree on n vertices of bounded maximum degree, and G is a tournament on (1 + a)n
vertices whose reduced graph defined on the clusters Vi,...,V; contains a Hamilton cycle,
then we can embed 7" in G so that the vertices of a chosen small set H C V(T') are embedded
within a specified set U C V(G). To do this, we embed all vertices ‘far’ from H by the method
described above, which ensures that the vertices of 1" are allocated approximately uniformly
amongst the clusters of G. The remaining vertices of 1" are instead embedded to ensure that
every vertex of H is embedded within U. This result allows us to consider directed trees T’
of unbounded maximum degree. Indeed, we define for a tree T a ‘core tree’ T, which has
the properties that T, has bounded maximum degree, but each component of 7' — T is small.
This enables us to show that any tournament G which is a robust outexpander of linear
minimum semidegree on (2 + a)n vertices contains any directed tree on n vertices. To do
this, we again split most of the vertices of G into sets Vi, Vs, ..., Vi as described above. We
then choose subsets V/ C V; at random so that || J; V| is roughly equal to |T¢|, and embed
T, into these subsets (actually we first extend T, to an ‘extended tree’ T,; and embed T,y
into these subsets), using the strengthened result for bounded degree trees to restrict certain
vertices of T, to vertices of G with many inneighbours and outneighbours in G —J; V;. Since
each component of T'— T, is small, this will allow us to embed the components of T'— T, one
by one in the unoccupied vertices of G to complete the embedding of T" in G.

It is a simple exercise to demonstrate that any transitive tournament on n vertices contains
any directed tree on n vertices. In Section 5, we prove an analogue of this for almost-transitive
tournaments . This means that the vertices of G can be ordered so that almost all of the
edges of G are directed towards the endvertex which is greater in this order. We show that
if G is an almost-transitive tournament on (1 + a)n vertices and 7' is a directed tree on n
vertices then G contains 7.

Finally, in Section 6, we shall use the robust outexpander dichotomy to prove Theorem 1.4.
Here we shall describe the proof of the first statement; the proof of the second is very similar.
So let G be a tournament on 2(1 + a)n vertices and let T" be a directed tree on n vertices. If
G is a robust outexpander of linear minimum semidegree, then our results of Sections 3 and 4
show that G contains T, as desired. On the other hand, if G is not a robust outexpander
of linear minimum semidegree then we may split G into two parts as described above. We
now examine the larger of these two parts. If this is a robust outexpander of linear minimum
semidegree then we stop; otherwise we again split this part into two. We continue in this
fashion, always choosing the largest part of G, stopping if this is a robust outexpander and
splitting it into two smaller parts if not. If we continue this process but do not find a robust
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outexpander of linear minimum semidegree, then G must be almost transitive. Indeed, each
time we split G most of the edges across the split are directed the same way. So once all of
the parts of G are sufficiently small, we can be sure that for some ordering of the vertices of
G, almost all of the edges of GG are directed according to this order. So by the result from
Section 5, G contains T', as desired.

So suppose instead that at some stage we stop because the largest part of G is a robust
outexpander of linear minimum semidegree. Then we divide T' into parts to be embedded
amongst the parts of G, so that each part of G receives a part of T approximately proportional
to its size. However, the robust outexpander part of G will actually receive slightly more
vertices of T than it would from a proportional split. The results from Sections 3 and 4
guarantee that this part of T' can still be embedded into the corresponding part of G. Since
then the other parts of G will receive slightly fewer vertices of T' than they would from a
proportional split it will be possible to embed the remainder of T'.

2. DEFINITIONS.

2.1. Notation. For a graph G, we shall write V(G) for the vertex set of G, and |G| for the
number of vertices of G. E(G) denotes the set of edges of G, and e(G) := |E(G)|. Similarly
for sets X, Y C V(G), e(X,Y) denotes the number of edges between X and Y. We shall
sometimes write v € G to mean v € V(G). The degree of a vertex v € G, denoted d(v), is
the number of edges e € E(G) incident to v. We denote the minimum and maximum degree
(taken over all vertices of G) by 6(G), and A(G) respectively. The distance d(u,v) between
vertices u,v € G is the length of the shortest path connecting v and v.

A tree is a connected graph which does not contain any cycles. We will often use the fact
that for any subtree T” of a tree T and any vertex x € T there is a unique vertex y € T’
which minimises d(z,y) over all y € T’. For any vertex z € T and edge e € E(T) incident
to x, the weight of e from z, denoted w,(x), is the number of vertices y # x of T' for which e
is the first edge of the path from x to y. Each vertex y # x of T' contributes to the weight
from z of precisely one edge incident to x, so the sum of the weights from x over all edges
incident to = is |T'| — 1. Also, if zy is an edge of T', then we(x) + we(y) = |T|.

A rooted tree is a tree with a specified vertex r as a root. In a rooted tree every vertex x
other than the root has a parent; this is defined to be the unique neighbour y of x with
d(y,r) < d(x,r). If y is the parent of x then we say that x is a child of y. A leaf in a tree is a
vertex of degree one; so every vertex other than the root is a child of some vertex, and every
vertex apart from a leaf is a parent of some vertex. An ancestral ordering of the vertices of a
tree is a linear order in which the root appears first and every other vertex appears after its
parent.

A directed graph G = (V, E), or digraph, is formed by a vertex set V and a set of edges F,
where every edge e € F is an ordered pair (u,v) of vertices of G. For u,v € V we write u — v
or v « uif (u,v) € E(G). Also, for any vertex v of G, N*(v) denotes the set of vertices u such
that (v,u) € F(G), and N~ (v) denotes the set of vertices u such that (u,v) € E(G). d*(v)
and d~(v) denote |[NT(v)| and | N~ (v)| respectively, and 61 (G) and 6~ (G) are then defined
to be the minimum of d*(v) and d~ (v) respectively over all vertices v € G. The minimum
semidegree is 6°(G) = min{d*(G),d~(G)}. A tournament on n vertices is a digraph G on n
vertices in which for any distinct u,v € V(G) precisely one of © — v and u « v holds. So a
tournament can be thought of as an orientation of the complete graph on n vertices. Given
a digraph G, the underlying graph Gunpger is the graph on V(G) in which there is an edge
between u and v if and only if either u — v or u «— v. We define the distance d(u,v) between
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distinct vertices v and v of a digraph G to be the distance between those two vertices in the
underlying graph Guynder-

A directed tree is a digraph T for which the underlying graph 7,,,4¢- is a tree and in which
at most one of x — y and z « y holds for any pair of vertices z and y of T. We use the
notation x — y to distinguish a directed edge from an undirected edge, for which we use the
notation xy. Given a specified vertex r as a root, we define parents and children of vertices
of the directed tree T exactly as in the underlying tree T ,ger. Similarly A(T) = A(Tyunder),
and the weight we(z) of an edge e incident to a vertex x is defined as in Ty, 4. Also, for each
vertex v, w (x) is the sum of w.(z) over all edges e incident to x directed away from z, and
w™ (x) is the sum of we(x) over all edges e incident to x directed towards z. More generally,
for a subtree T” of T, w*(T") is the sum of w.(z) over all edges e directed from a vertex x
of T to a vertex of T — T”, and w™ (T"”) is the sum of w,(z) over all edges e directed from a
vertex of T — T’ to a vertex x of T".

Throughout the paper we use the notation x < y to indicate that for any y > 0 there
exists g > 0 such that for any 0 < x < x¢ the subsequent statements hold. Such statements
with more variables are defined similarly. Also, we will sometimes write ‘let x < y’ when y
has an already fixed positive value; by this we mean that there exists some xg > 0 such that
for any 0 < x < xo the subsequent statements hold. When we use asymptotics such as o(1)
we mean that these hold as n — oo and all the other parameters are fixed.

2.2. Probabilistic estimates. The next lemma, relating to binomial distributions, will be
used to show that in the randomised algorithm we use in Section 3, the cluster to which a
vertex is allocated is almost independent of the cluster to which a vertex far away is allocated.
We use B(n,p) to denote the binomial distribution with parameters n and p, that is, the
number of successes in n independent trials, each of which has probability p of success. So

E(B(n,p)) = np.
Lemma 2.1. Suppose that 1/k < p, (1 —p), e, that n > k3/6, and that X = B(n,p). Then
forany 0 <r <k-—1,

P(X=r modk)=(1+e)/k.
Proof. For each z € {0,...,n} let p, denote P(X = x), so p, = (Z)p:‘(l —p)"~*. Let u = np,
so E(X) = p, and let p, = max{p|,|, P}, 80 pz < py for any x. Moreover, if z <y < i or
p <y <z then p, < p,. So for any r,i € [k],

P(X=r modk)= >  pat . Dt D P

0<z<u—k p—k<z<p+k ptk<z<n
z=r mod k z=r mod k z=r mod k
< Z Peti + 2P + Z Da—k-+i
0<z<pu—k ptk<z<n
z=r mod k z=r mod k

<P(X=r+i modk)+2p,.

SoP(X =7 mod k) =1/k+2p, = (1+¢)/k for any r € [k], using a standard result (e.g.
3], Section 1.2) on the binomial distribution which states that p, = O(n=/2) = O(k=3/2).
(I

The following two results give useful tail estimates for random variables. The first is an
Azuma-type inequality which bounds the sum of many small and almost independent random
variables. This is derived in [20] from a result in [17]. ([20] uses a random walk to embed
trees in sparse undirected graphs.) The second gives standard Chernoff-type bounds for the
binomial and hypergeometric distributions. The hypergeometric random variable X with
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parameters (n,m, k) is defined as follows. Let N be a set of size n, and fix a set S C N of size
|S| = m. Now choose a set T'C N of size |T'| = k uniformly at random. Then X = |T'N S].
Note that EX = km/n.

Lemma 2.2 ([20], Proposition 1.1). Let Xi,..., X, be random variables taking values in
[0, 1] such that for each k € [n],

E[Xg | X1, Xip—1] < ap.
Let > 3" a;. Then for any 0 <6 <1,

2

P X > (L+ )] <e o
=1

Proposition 2.3 ([11], Corollary 2.3 and Theorem 2.10). Suppose X has binomial or hyper-
a2
geometric distribution and 0 < a < 3/2. Then P(|X —EX| > aEX) < 2¢~ 55X,

2.3. Regularity and Robust Outexpanders. To prove Theorem 1.4 we shall make use of a
directed version of Szemerédi’s Regularity lemma. For this, we make the following definitions.
If G is an undirected bipartite graph with vertex classes X and Y, then the density of G is
defined as

e(X,Y)

(XY

Now, for any € > 0, we say that G is e-regular if for any X’ C X and Y’ C Y with |X'| > ¢|X]|
and |Y'| > ¢|Y| we have [d(X",Y') —d(X,Y)| < e.

Given disjoint vertex sets X and Y in a digraph G, we use G[X — Y| to denote the edges
of G directed from X to Y. We say G[X — Y] is e-reqular with density d if the underlying
bipartite graph of G[X — Y] is e-regular and has density d. Next we state the degree form
of the regularity lemma for digraphs. A regularity lemma for digraphs was proven by Alon
and Shapira [2]. The degree form follows from this in the same way as the undirected version
(see [14] for a sketch of the latter).

d(X,Y) =

Lemma 2.4 (Regularity Lemma for digraphs). For any e, M’ there exist M,ngy such that
if G is a digraph on n > ngy vertices and d € [0, 1], then there exists a partition of V(G) into
Vo, ..., Vi and a spanning subgraph G' of G such that

(1) M'<k<M

(2) Vol <en,

3) Vil == [Vi| =

(4) di(z ) g(sv) (d + e)n for all vertices v € V(G),

(5) dei(x) > de(x) — (d +€)n for all vertices x € V(G),

(6) for alli € k] the digraph G'[V;] is empty,

(7) for all1 <i,j <k with i # j the pair G'|V; — Vj| is e-reqular and either has density

0 or density at least d.

We refer to Vi,..., Vi as clusters. Given a graph G on n vertices, we form the reduced
digraph R of G with parameters €,d and M’ by applying the regularity lemma with these
parameters to obtain Vp,...,Vi. R is then the digraph on vertex set {1,...,k}, with i — j
an edge precisely when G'[V; — V}] is e-regular with density at least d.

One particular regular structure will appear frequently in Section 3 and Section 4. We say
that a digraph G is an e-regular d-dense cycle of cluster tournaments if V(G) = V1 U--- UV,
where the sets V; are pairwise disjoint and of equal size, and for each i, G[V;] is a tournament
and G[V; — Viy1] is e-regular with density at least d (where here and throughout this paper
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addition and subtraction on the indices of clusters is to be taken modulo k). We shall often
refer to the sets V; as clusters, as we will obtain them by an application of the regularity
lemma.

Now, let V1,...,V, be disjoint sets of m vertices, and let G be a digraph on vertex set
ViU - UV Let S be a subset of some cluster V;. Then we say that S is (v, c)-good if for
any V/_; C Vi1 and V', C Vi with [V ;| > em and [V/ || > cm, S contains at least vyy/m
vertices which each have at least ym inneighbours in V' ;| and at least ym outneighbours in

+1- Our main tool in the use of regularity will be the next lemma, which states that if G is
a regular and dense cycle of cluster tournaments, then any subset V/ of any cluster V; with

|V!| > ym/2 contains a (v, ¢)-good subset S of size at most /m.

Lemma 2.5. Suppose that 1/m < ¢ < v < ¢,d. Let G be an e-reqular d-dense cycle of
cluster tournaments on clusters Vi, ..., Vi, each of sizem. Then for any i and for any V; C V;
of size |V| = ym/2, there exists a (v, c)-good set S C V! with |S| < /m.

Proof. Given V/ CVj of size |V/| = ym/2, choose S C V/ at random by including each vertex
of V/ in S with probability 1/v+/m, independently of the outcome for each other vertex. Then
by Proposition 2.3, with probability 1 — o(1), |S| < /m.

Now, G[Vi—1 — V/] and G[V] — Vj41] are each (2¢/7)-regular with density at least d/2.
So all but at most 2em /v vertices v;—1 € V;_1 have at least ydm/5 outneighbours in V/. Fix
any such v;_1 € V;_1. Then G[V/ N NT(v;_1) — Viq1] is (5e/vd)-regular with density at least
d/2. So all but at most 5em/vd vertices vi11 € Viy1 have at least yd?m /20 inneighbours in
V!N NT(v;—1). We therefore conclude that all but at most 7em?/vd pairs (v;_1,vi11) with
vi—1 € Vi_1, vi4+1 € Vip1 have at least yd?m/20 common neighbours in V.

By Proposition 2.3, for each such pair (v;_1, v;1+1) the probability that (v;—1,v;+1) has fewer
than d?/m/25 common neighbours in S decreases exponentially with m, whilst the number of
such pairs is quadratic in m. Thus with probability 1 —o(1) our randomly selected S will have
the property that all but at most 7em?/vd pairs (v;_1,v;411) With v; 1 € Vi1, vir1 € Vigg
have at least d?,/m/25 common neighbours in S. We may therefore fix an outcome of our
random choice of S such that both of these events of probability 1 — o(1) occur.

So if |V/ ;| > em and |V}, || > c¢m, then we know that at least c?m? /2 pairs (v;_1,vi41)
with v,y € V{4, vit1 € V/,; have at least d*y/m/25 common neighbours s € S. Thus there
are at least ¢d?m®/2/50 triples of such vertices (vi_1,$,vis1), so at least ¢2d?\/m/100 >
v+/m vertices in S must lie in the common neighbourhood of at least c2d?>m?/100 such pairs
(vi_1,vi4+1). Bach of these vertices therefore has at least c2d?m,/100 > ym neighbours in each
of V/_, and V,,, as required. O

We will also make use of the following well known observation, which says that if G is a
regular and dense cycle of cluster tournaments on clusters Vi, ..., Vi, and we select subsets
Uy CVi,..., Uk C Vi uniformly at random, then with high probability the restriction of G to
these subsets is also regular and dense. This follows from a lemma of Alon et al. [1] showing
that e-regularity is equivalent to almost all vertices having the expected degree and almost
all pairs of vertices having the expected common neighbourhood size. We include the proof
for completeness.

Lemma 2.6. Suppose that 1/m < k < ¢ < ¢ < d and that m'/®> < m’ < m. Let G be
an e-regular d-dense cycle of cluster tournaments on clusters Vi, ..., Vg, each of size m. For
each i € [k], choose U; C V; of size m' uniformly at random, and independently of all other
choices. Then with probability 1 — o(1), G[Uy U --- U Uy] is an &’'-regqular d/2-dense cycle of
cluster tournaments.
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Proof. We need to show that with high probability, G[U; — U;41] is &’-regular with density
at least d/2 for each i. So fix some i € [k], and let d; > d be the density of G[V; — V;y1]. Also,
let B; be the set of vertices v € V; for which |N*(v) N V;11| # (d; & €)m, and let D; be the
set of pairs vy # vy of vertices of V; for which |[N*(v1) N N¥(v2) N Viy1| # (d? & 3¢)m. Then
since G[V; — Vi41] is e-regular, | B;| < 2em. Also, there are at most 2em? pairs in D; which
contain a vertex of B;, and each v € V; \ B; lies in at most 2em pairs in D;, so |D;| < 4em?.
So let B, = B; N U; and similarly let D} consist of the pairs in D; for which both vertices
of the pair are in U;. Then by Proposition 2.3, the probability that either |B]| > 4em’ or
|Dl| > 8(m’)? declines exponentially with m.

Now, for each of the at most m’ vertices v € U; \ B;, by Proposition 2.3 the probability that
INT(v)NUis1| # (d;2¢)m’ decreases exponentially with m. Also, for each of the at most ("5/)
pairs v1 # vy with v1,v9 € U;\ D;, the probability that [N (v1) NN (v2)NUj 41| # (d? £4e)m’
decreases exponentially with m. So with probability 1 — o(1), for each i none of these events
of exponentially declining probability will hold.

Fix such an outcome of our random choices. Then for each i at least (1 — 4e)m’ vertices
v € U; have |[NT(vy) NUiy1] = (d; £ 2¢)m’ and at least (Tgl) — 8¢(m’)? pairs vi,ve € Uj;
have |[N*(v1) N N (v9) N Ujy1| = (d? & 4)m’. Tt then immediately follows from Lemma 3.2
of [1] that for each i, G[U; — U;11] is €’-regular (and it is clear that this has density at least
d;/2 > d/2), as desired. O

We now turn to the concept of a robust outexpander. Let p > 0, let G be a digraph on n
vertices, and let S C V(G). Then the robust u-outneighbourhood of S, denoted RN, (S),
is defined to be the set of vertices of G with at least pun inneighbours in S. For constants
0 < p < v <1, wesay that a digraph G on n vertices is a robust (u,v)-outexpander if
|[RN,f(S)| > [S] + pn for all S C V(G) with vn < |S| < (1 —v)n. A recent result from [16]
(which in turn relies on results from [13, 12]) states that every robust outexpander with linear
minimum semidegree contains a Hamilton cycle. We shall make use of this to prove the next
lemma, which states that if a tournament G is a robust outexpander then G contains a regular
and dense cycle of cluster tournaments which covers almost all of the vertices of G. We will
use this structure when we embed a tree T in a tournament GG which is a robust outexpander.

Lemma 2.7. Suppose that 1/n < 1/M < 1/M' < e<d<p<v<<n<1l. Let G bea
tournament on n vertices which is a robust (u,v)-outexpander with 6°(G) > nn. Then G
contains an e-reqular d-demse cycle of cluster tournaments on clusters Vi,...,Vy, where
U, Vil > (1 —¢)n, and M' < k < M.

Proof. Let R be the reduced digraph of G with parameters ¢, d and M’ obtained by applying
Lemma 2.4, and let k = |R|, so M’ < k < M. Then by Lemma 12 of [16], 6°(R) > n|R|/2,
and R is a robust (u/2,2v)-outexpander. Then by Theorem 14 of [16], which states that any
robust outexpander of linear minimum semidegree contains a Hamilton cycle, we know that
R contains a Hamilton cycle. Let Vi,...,V; be the clusters of R in the order of the cycle.
Then ]Ule Vil > (1 — e)n, G[Vi] is a tournament for each ¢ and since V; — V;i; is an edge
of R for each i, G'[V; — V11| is e-regular with density at least d. (Here G’ is the spanning
subgraph of G obtained by Lemma 2.4.) O

Of course, we will sometimes need to embed a tree T in a tournament G which is not a
robust outexpander. The next lemma will be a useful tool in this situation; it states that if
a tournament G is not a robust outexpander then V(G) can be partitioned into two sets so
that most edges between the two sets have the same direction.
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Lemma 2.8. Suppose that 1/n < pu < v, that G is a tournament on n vertices and that G
is not a robust (u,v)-outexpander. Then we can partition V(G) into sets S and S’ such that
vn < |S],|8'| < (1 —v)n and e(G[S — S')) < 4un?.

Proof. Since G is not a robust (u,v)-outexpander there exists S C V(G) such that
|[RN,f(S)| < |S|+pn and vn < |S| < (1 —v)n. Choose such an S, and let S' = V(G) \ S, so
vn < |S'| < (1 —v)n also.

Since G is a tournament, at most 2un + 1 vertices v € S have da[s] (v) < pn, and so at
most 2un 4 1 vertices v € S have v ¢ RN,F(S). So |[RN,f(S)\ S| < 3un + 1, and so the
number of edges from S to S’ is at most (3un + 1)|S| + un|S’| < 4un?. O

2.4. Basic Tree Properties. In this section, we shall prove several lemmas which we shall
make use of in proving Theorem 1.4. The first two of these will enable us to split a tree into
several pieces with properties that will be useful for the analysis of the randomised embedding
algorithm used in Section 3.

Lemma 2.9. Let T be a tree on n > 3 vertices. Then there exist subtrees T' and T of T
such that T" and T" intersect in precisely one vertexr of T, every edge of T lies in precisely

one of T' and T", and e(T"),e(T") > e(T)/3.

Proof. We begin by showing that T" must contain a vertex v such that every edge e incident
to v has we(v) < n/2. Recall that if e = uv, then we(u) + we(v) = n, and so at most one of
we(u) > n/2 and we(v) > n/2 can hold. Since T' contains n vertices and n — 1 edges, by the
pigeonhole principle T contains a vertex v so that no edge e incident to v has we(v) > n/2.
Now, choose such a vertex v in T, and let vi,...,v, be the neighbours of v in T'. For
each i, let .S; be the set of vertices z of T" such that v; lies on the path from v to . Then
every vertex of T" other than v lies in precisely one set .S;. Now, for each 4, let T; be the tree
T'[S; U{v}]. Then each T; is a subtree of 7" and every edge of T is contained in precisely one
T;. So {e(T;) : i € [r]} is a set of positive integers, none greater than 2(n — 1)/3, which sum
to n — 1. Thus there exists A C [r] such that the sum of elements of {e(T;) : i € A} lies
between (n —1)/3 and 2(n — 1)/3. Then if we take 7" = (J;c4 T; and " = ;4 4 T; then 1"
and T" satisfy the conditions of the lemma (in particular, 7" NT" = {v}). O

Lemma 2.10. Suppose that 1/n < 1/A,e,1/k. Let T be a tree on n vertices satisfying
A(T) < A and rooted at t1. Then there exist pairwise disjoint subsets Fy,...,F. of V(T),
and vertices vy, ...,v, (not necessarily distinct) of T such that:

() |Usep Bl = (1 =),

(2) |F5| < n?/3 for each i.

(3) Forany i € [r], let x € {t1}UU,; F}j, and let y € F;. Then the path from x toy in T
includes the vertex v;.

(4) For any y € F; we have dr(v;,y) > k3.

Proof. We begin by splitting T into a family F of subtrees of T' by repeated use of Lemma 2.9.
So initially let F = {T'}, and then we repeat the following step. Let Tjq,4c be the largest
member of F. Use Lemma 2.9 to split Tj4rge into subtrees 7" and T which intersect in
a single vertex, partition the edges of Tj4rge, and satisfy e(T”),e(T”) > e(Tigrge)/3. Then

remove Tjqpge from F, and replace it by the two smaller trees 7" and T”. After at most 3nl/3

steps we must have that |77 < n2/3 for every T* € F. At this point we terminate the process.
Observe that if T,T7" € F, then T" and T" intersect in at most one vertex. Now, form a
graph G with vertex set F and with an edge between T",T” € F if and only if 7" and T" have
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a common vertex. Then Gr is connected, and so contains a spanning tree 7x. Choose Ty to
be a member of F containing the root t; of T', and let Ty, 71, ...,7T, be an ancestral ordering
of the members of F (thought of as vertices of the tree 7r). Now, for each 1 < i < r let v;
be the common vertex of T; and its parent in 7x. Then define F; for each i € [r]| by

Fi=V(T)\{z € T: dp(v;,z) < k3}.

It remains to show that Fi,..., F, and vy, ..., v, satisfy the required properties. (4) is imme-
diate from the definition of F}, and (2) holds since each T} contained at most n%/3 vertices.
For (1), observe that every vertex of 1" was contained in at least one of the subtrees T;, and
that in forming the sets F;, we deleted at most A* vertices from each of the at most 3n'/3
sets V(T3), so in total at most 3n!/3AF < en vertices of T are not contained in any of the
sets Fj.

For condition (3), suppose that T{T5T3 is a path in 77, and some vertex v lies in 77 N T3,
but v ¢ Ty. Let o' € T{ NT4 and let " € Ty NT4. Then v' # v”, as otherwise 7] and T3 would
have a common vertex other than v. So there is a path from v’ to v” in T which does not
contain v, so T' contains a cycle, giving a contradiction. Similarly it follows that for any path
Ti, ... T;; in Tg, if T;, and T;, have a common vertex v, then v lies in each of T, ..., T;;, and
so if Tj; , is the parent of Tj; in 7r then v = v;;. Now, for any i € [r], if z € {t:} U, F)
and y € F;, then z € T} for some 0 < j < i and y € T;. Let T;17 ... T.T; be the path from T}
to T; in TF, then T} is the parent of T; in 7. So T; UT] U--- UT. contains a path P;
from z to v; and T; contains a path P» from v; to y. But the property we have proved before
implies that P; and P, only intersect in v;. Thus P; U P» is the path in T from x to y, and
v; € PL U Py, as required. It also follows that the sets F; are pairwise disjoint. O

Recall that in Section 3, we will describe a randomised algorithm for embedding the vertices
of a tree T in a digraph G. Whenever this algorithm embeds a vertex ¢t of T in G, it will
reserve a set of vertices of G in which to embed the children of . No other vertices may be
embedded in this set until all the children of ¢ have been embedded. For this to work, we need
to ensure that there will not be too many of these reserved sets at any point. This motivates
the following definition. If 7" is a rooted tree on n vertices, then we say that an ancestral
ordering of the vertices of T' is tidy if it has the property that for any initial segment Z of
the order, at most log, n vertices in Z have a child not in Z. The following lemma shows that
such an order exists for any tree 7.

Lemma 2.11. Let T be a tree on n vertices rooted at some ty € T'. Then there exists a tidy
ancestral ordering of the vertices of T'.

Proof. We shall prove that for any r, the vertices of any rooted tree T' on fewer than 2"
vertices can be given an ancestral ordering so that fewer than r vertices in any initial segment 7
have neighbours outside Z. Indeed, suppose that this statement is false, and let 1" rooted at ¢
be a counterexample of minimal order, say of order n. Let r be minimal such that n < 2".
Then let T1,...,Ts be the components of T — t(, ordered in increasing size, and let ¢; be the
neighbour of o in T;. We shall think of #; as the root of the tree T;. Then |T;| < 27! for
1 <s—1,and Ts < 2". So since T was a minimal counterexample, we can find an ancestral
ordering of the vertices of each T; so that for any ¢+ < s — 1, any initial segment of the order of
the vertices of T; contains fewer than r — 1 vertices with children outside the initial segment,
and any initial segment of the order of the vertices of Ts contains fewer than r vertices with
children outside the initial segment. Now, we order the vertices of T" as follows. Begin with tg,
then add the vertices of 17 in their order. Next, add the vertices of T5 in their order, and
continue in this fashion. Since the order of the vertices of each T; was ancestral, this order is
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also ancestral. Also, any initial segment Z of this order contains fewer than r vertices with
children outside Z, contradicting the choice of T', and therefore proving the lemma. (I

3. EMBEDDING TREES OF BOUNDED MAXIMUM DEGREE IN A ROBUST OUTEXPANDER.

3.1. Introduction. Our aim in this section is the following lemma on embedding trees of
bounded maximum degree in robust outexpander tournaments.

Lemma 3.1. Suppose that 1/n < p < v < n < a,1/A, that G is a tournament on (1+a)n
vertices which is a robust (u,v)-outexpander with §°(G) > nn and that T is a directed tree
on n vertices with A(T) < A. Then G contains a copy of T.

The proof of this lemma shows that we could actually put 1/A lower down in the hierarchy,
but this is how will shall apply this lemma later on. To prove this lemma, we begin by applying
Lemma 2.7 to find a regular and dense cycle of cluster tournaments in G, containing almost
all of the vertices of G. We will then use Lemma 3.2 to find a copy of T within this structure.
This lemma is stated separately, and in a stronger form than necessary, as we shall also make
use of it in Section 4.

Lemma 3.2. Suppose that 1/n < 1/k,1/A < e < d < o <2, and that m = n/k. Let G be
an e-regular d-dense cycle of cluster tournaments on clusters Vi, ..., Vi of equal size (1+a)m.
Let v* be a vertex of Vi with at least d*>m inneighbours in Vi, and at least d*>m outneighbours
in Va. Finally, let T be a directed tree on n vertices, rooted at t1 and with A(T) < A. Then G
contains a copy of T, where the vertex t1 of T corresponds to the verter v* of G.

The main problem in achieving this is to allocate the vertices of T to the clusters V; in
such a way that we can then use the e-regularity of each G[V; — Vj;1] to embed the vertices
of T in G. When we say we allocate v to V; this means that v will be embedded to a vertex
of V;, but this embedding has not been fixed yet. We wish to allocate each vertex of T to a
cluster V; so that for most edges u — v of T', if u is allocated to V; then v is allocated to V1.
So if u is allocated to a cluster V; and v — v then we say that the canonical allocation of v
is to the cluster Vi1, whereas if u < v then we say that the canonical allocation of v is to
the cluster V;_1. If we allocate v canonically, then we say that the edge between uw and v
has been allocated canonically. One way of allocating the vertices of T to the clusters V;
would be to begin by allocating the root ¢; to Vi, and then to allocate all remaining vertices
canonically. However, to successfully embed the vertices of T" within the clusters to which they
are allocated we will need the vertices of T' to be approximately evenly distributed amongst
the £ clusters. This method will usually not achieve this, for example if T" is an anti-directed
path.

To obtain an ‘even distribution’ for any sufficiently large tree of bounded maximum de-
gree, we modify the method so that some vertices (selected randomly) are allocated to the
same cluster as their parent, rather than being allocated canonically. However, having large
components of vertices which are allocated to the same cluster may prevent a successful em-
bedding of these vertices within this cluster, and so we shall also require that such components
are small. This is the motivation behind the Vertex Allocation Algorithm given in the next
subsection, which we shall use to allocate the vertices of T'.

3.2. Allocating the vertices of T'. We shall use the following random process to allocate
the vertices of T to the clusters V;.

Vertex Allocation Algorithm:
Input: A directed tree T on n vertices, a root vertex t; € T', and clusters Vi, ..., V.



12 DANIELA KUHN, RICHARD MYCROFT, AND DERYK OSTHUS

Initialisation: Choose an ancestral ordering t1,...,t, of the vertices of T

Procedure: At time 7 = 1, allocate t1 to V7. At time 7 > 1, we shall allocate ¢,. Let t,
be the parent of t,, which must have appeared before ¢, in the ordering and has therefore
already been allocated. Then:

o If dr(t-,t1) is odd, then allocate ¢, canonically.

e If dr(t,,t1) is even, then allocate ¢, to the same cluster as t, with probability 1/2,
and allocate ¢, canonically with probability 1/2 (where these choices are made inde-
pendently for each vertex).

Termination: Terminate when every vertex of T has been processed and therefore allocated
to some cluster V.

Note that the cluster to which a vertex t is allocated by this algorithm depends only on the
cluster to which its parent vertex was allocated and the outcome of the random choice when
embedding ¢ (if d(t,¢1) is even). Since these choices were independent, the probability of any
possible outcome does not depend on which ancestral order of the vertices was chosen in the
initialisation step. Now, we say that an edge of T is allocated within a cluster if both of its
endvertices are allocated to the same cluster. Then we say that an allocation of the vertices
of a directed tree T to clusters Vi,...,Vy is semi-canonical if

(i) every edge of T is either allocated canonically or is allocated within a cluster,
(ii) every edge of T incident to ¢; is allocated canonically, and
(iii) every component of the subgraph of T' formed by all edges allocated within a cluster
contains at most A(T") vertices.

The next lemma shows that if we allocate the vertices of a directed tree T to clusters
Vi,..., Vi by applying the Vertex Allocation Algorithm, then the allocation obtained will be
semi-canonical, and also that if vertices t and ¢’ are far apart in 7' then the cluster to which ¢ is
allocated is almost independent of the cluster to which ¢’ is allocated. As a consequence, if T'
is sufficiently large and has bounded maximum degree, each cluster will have approximately
equally many vertices of T allocated to it. These properties will allow us to embed the vertices
of such a T into a regular and dense cycle of cluster tournaments G in the next subsection.

Lemma 3.3. Let T be a directed tree on n vertices rooted at t1. Allocate the vertices of T to
clusters Vi, ..., Vi by applying the Vertex Allocation Algorithm. Then the following properties
hold.

(a) The allocation obtained will be semi-canonical.
(b) Suppose that 1/k < §. Let uw and v be vertices of T such that u lies on the path from
t1 to v, and dp(u,v) > k>. Then for any i,j € [k],
144/4

P(v is allocated to V; | u is allocated to Vj) = e

(¢) Now suppose also that 1/n < 1/A,1/k < §, and that A(T) < A. Then with proba-
bility 1 — o(1), each of the k clusters V; has at most (1 4+ §)m wvertices of T allocated
to it, where m = n/k.

Proof. (a) The Vertex Allocation Algorithm allocates every vertex either canonically or to
the same cluster as its parent, so every edge will be allocated canonically or within a cluster.
Furthermore, a vertex ¢ can only be allocated to the same cluster as its parent if d(t1,t) is
even, and so each edge incident to t; is allocated canonically. Finally, since edges allocated
within a cluster can only be formed when we allocate ¢; such that d(¢;,%1) is even, any such
component is a star formed by some ¢; and some of the children of ¢;.



AN APPROXIMATE VERSION OF SUMNER’S UNIVERSAL TOURNAMENT CONJECTURE 13

(b) Since the order in which the vertices are allocated is ancestral, at the stage in our
algorithm when we have just allocated u, no other vertex on the path P(u,v) in T from u
to v has yet been allocated. So suppose that we have just allocated u to cluster Vj, let £ be
the length of P(u,v), so £ > k3, and let u = vg,v1,...,v, = v be the vertices of P(u,v). Then
let £ ={i>1:d(v;t1) is even}, so F indicates the vertices with a random element in their
allocation, and let O = [¢]\ E, so O indicates the vertices which are allocated deterministically.
We then split the edges of P(u,v) into four classes:

Feanon ={vi—1 — v; :i € O}
Beanon ={vi—1 —v; : i € O}
Frandom ={vi-1 — v; 11 € E}
Birandom ={vi—1 < v; 11 € E}.

Then every edge of P(u,v) lies in one of these 4 sets, and s0 | Franon| + | Beanon| + | Frandom| +
| Brandom| = £. Furthermore, each edge in Fi4non will be allocated canonically, and hence from
some V; to V;;1. Similarly, edges in Begnon Will be allocated from some V; to V;_;. Meanwhile,
edges in Flqndom OF Brandom Will be allocated from some V; to Vi1 or V;_1 respectively with
probability 1/2; and within some V; with probability 1/2. So let R be the sum of the number
of edges from F}qnd0m Which are allocated canonically and the number of edges from B;qndom
which are not allocated canonically. Since the outcome of the random experiment for each
edge is independent of the outcome for any other edge, R has distribution B(|E|,1/2). Now, u
was allocated to cluster Vj, and so v will be allocated to cluster V;, where

1= ] + ‘Fcanon| - ‘Bcanon‘ +R— |Br‘andom’ mod k.

But since |E| > |£/2| > k3/3, Lemma 2.1 implies that for any r € [k], the probability that
1=r1is 1i£/4, as desired.

(c) Use Lemma 2.10 to choose pairwise disjoint subsets F1, Fy, ..., F,. of V(T') and vertices
v1,...,vp € V(T) such that |U,ep,q £5] = (1 —6/2k)n and |F5] < n?/3 for each i, also such
that if j < 4, then any path from ¢; or any vertex of F}; to any vertex of F; passes through
the vertex v;, and finally such that d(v;, F;) > k3. We shall prove that () with probability
1—o0(1), the total number of vertices from any of the sets F; allocated to cluster Vj is at most
(1 + 6/2)m. This will prove the lemma, as the number of vertices of T' not contained in any
of the sets Fj is at most dm/2, and so in total at most (1 + d)m vertices of T" are allocated to
any cluster Vj.

To prove (1), define random variables X{ for each i € [r], j € [k] by

j _ ## of vertices of F; allocated to cluster Vj
X/ = 5 ,
n2/3

so that each Xg lies in the range [0,1]. Then since the cluster to which a vertex t of T'
is allocated is dependent only on the cluster to which the parent of ¢ is allocated and on
the outcome of the random choice made when allocating ¢, E[X] | X] |,..., X{,v; € Vi] =
E[X] | v; € V{] for all s € [k]. Here we write v; € V; to denote the event that v; is allocated
to V. So for any 4 and j,
E(X/ | X7 ..., X)) <maxE[X! | X7 |,..., X], v; € Vi] = maxE[X/ | v; € V4]
s€lk] s€lk]
<y Seen B E Vi [0 € V) (+8/91R]
selk] n2/3 kn2/3
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using (b). So, by Lemma 2.2, with probability 1 — o(1) we have that for each j,

and so for each j, the total number of vertices from any of the sets F; allocated to cluster V;
is at most (14 0/2)m, proving (f). O

3.3. Embedding the vertices of T. Suppose that we have applied the Vertex Allocation
Algorithm to find an approximately uniform allocation of the vertices of T' to the clusters
of G. We now wish to embed T in G so that each vertex is embedded in the cluster to which
it is allocated. In principle we could use the blow—up lemma for this. However numerous
complications arise, for instance because we embed some edges within clusters and because
we allow A to be comparatively large in Section 4. Instead, each time we embed a vertex
t € T to a vertex v € G, we will use Lemma 2.5 to select sets A and A; of outneighbours
and inneighbours of v in the clusters succeeding and preceding that of v, each of size at
most 2y/m, which are reserved for the children of ¢ until all of the children of ¢ have been
embedded. Indeed, no vertex which is not a child of ¢ may be embedded in these sets until
all children of ¢ have been embedded. However, if we proceed through the vertices of T in a
tidy ancestral order, then at most log, n such sets will be reserved at any time, and so only
a small proportion of any cluster is reserved at any time. Then when we come to embed a
child ¢ of ¢ for which the edge tt' was allocated canonically, we embed t' in A;" (if t — ) or
Ay (if t < t') in such a way that we can choose A;j and A;, as desired.

We are also faced with the problem of edges which are allocated within a cluster. To
ensure that we can embed the vertices of all such edges, we shall embed components of T’
formed by such edges at the same time, using Theorem 1.2 (it would also be easy to do
this directly). To do this we make the following definition. Let T' be a tree on n vertices
with root 1, and let the vertices of T" be allocated to clusters Vi,...,V; by a semi-canonical
allocation. Then the canonical tree Toqnon of T is formed by contracting to a single vertex
each component of the subgraph of T' formed of edges which are allocated within a cluster.
Since the allocation is semi-canonical, each such component contains at most A vertices — we
say that these vertices correspond to that contracted vertex in T qn0n. Note also that no edge
incident to t; is contracted; we let the root of T 4n0n be the vertex corresponding to 1. We
shall proceed through all of the vertices of T qnopn in turn using a tidy ancestral order, and at
time 7 we will embed the vertices of T" which correspond to the vertex 7 of Tiqn0n-

When reading the next algorithm, one should bear in mind that often it is not apparent
that a choice can be made as required by the algorithm. Indeed, if such a choice is not
possible then the algorithm terminates with failure. Lemma 3.4 will show that under certain
conditions on G, it will always be possible to make such choices, and so we can be sure that
the algorithm will succeed.

Vertex Embedding Algorithm
Input:

o A tree T rooted at t7.

e A constant « and a positive integer m.

e A digraph G on vertex set V = Vj U--- U Vg, where each V; has size (1 + o)m, and
a semi-canonical allocation of the vertices of T' to the clusters V;, with t; allocated
to V7.

e Finally, a vertex v* € Vi to which ¢; should be embedded, and constants ¢ and ~.
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Initialisation: Form the canonical tree Tiqpnon of T as explained above, and choose a tidy
ancestral ordering 1,2, ...,n’ of the vertices of T,unon. Let t1,...,t, be a corresponding order
of the vertices of T' (so if t; € T corresponds to i € Tianon and t; € T corresponds to j € Teanon
then t; appears before ¢; if and only if ¢ < j.)

Procedure: At time 7 we shall embed the vertices ¢,,...,t,15-1 of T corresponding to
vertex 7 of Teanon. Each vertex t; will be embedded to a vertex v; of G, where v; = v*. Then,
for each t; we will reserve sets AZ, and A of vertices of G for the children of ¢;. To do this,
at each time 7 with 1 < 7 < n/, take the following steps.

(1) We say that a vertex t; of T' is open at time 7 if ¢; has been embedded but some child
of t; has not yet been embedded. Define the set B” of vertices of G unavailable for
use at time 7 to consist of the vertices already occupied and the sets reserved for the
children of open vertices, so

B"={vi,...,v,1}U | (Afu4p).
t;: t; is open
For each cluster V}, let er =V;\ B7, so VjT is the set of available vertices of V.
(2) If 7 = 1 embed ¢; to v;. Alternatively, if 7 > 1:

(2.1) Precisely one of the vertices t,, ..., t,1s—1 of T corresponding to vertex 7 of Teanon
has a parent already embedded; we may assume this vertex is ¢,. Let ¢, be the
already-embedded parent (so p < r, and when ¢, was embedded sets A;; and A;}
were chosen). Let V; be the cluster to which ¢, is embedded.

(2.2) If t, — t,, choose a set S of 3s vertices of A;; C Vj41 such that for each v € §

INT(v) N ol = ymand [N”(v) N V][ > ym.
If t,, « t,, choose a set S of 3s vertices of A;} C Vj_1so for eachv € S
INT(v) N V7| >ym and [N~ (v) N VL 5| > ym.

(2.3) Then choose a copy of T[t,,...,t,+s—1] in G[S], and embed each vertex ¢; to the
corresponding vertex v; in this copy.
(3) In step (2), we embedded each of t,,...,t,+s—1 in the same cluster; let V, be this
cluster. For each r <1i <r 4 s — 1, choose sets

AL CNT(v) NV and A € N ™ (v;) NV,

such that the sets A;g and A, are all pairwise disjoint, each A;t and each A; is
(¢,7)-good, and |Af |, |A; | < 2y/m for each i.
Whenever there are several choices (for example if there are several possibilities for S in
(2.2)), take the lexicographically first of these. This ensures that for each input, the output
is uniquely defined (i.e. we can view the algorithm as being deterministic).
Termination: If at any point it is not possible to make the choice required, terminate with
failure. Otherwise, terminate after every vertex of T,.q,on has been processed, at which point
¥ (t;) = v; for each t; € T is an embedding ¢ of T into G, by construction.

Lemma 3.4. Suppose that 1/n K 1/A 1k < e < y<Ke<<d < a<2, andlet m =n/k.

(1) Let T be a directed tree on at most n vertices with root t; and A(T) < A.

(2) Let G be an e-regular d-dense cycle of cluster tournaments on clusters Vi, ..., Vi, each
of size (1+ a)m, and let v* € Vi have at least ym inneighbours in Vi, and at least ym
outneighbours in V.

(3) Let the vertices of T be allocated to the clusters Vi, ..., Vi so that at most (14 a/2)m
vertices are allocated to any one cluster V;, and so that the allocation is semi-canonical.
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Then if we apply the Vertex Embedding Algorithm to T and G with this allocation and con-
stants ¢ and ~y, then it will successfully embed T into G with t1 embedded to v*.

Proof. The Vertex Embedding Algorithm will only fail if at some point it is not possible to
make the required choice. So to demonstrate that the algorithm will succeed, it is enough to
show that it is always possible to make the required choices.

In the initialisation we are required to choose a tidy ancestral ordering of the vertices of the
rooted tree T,qnon; the existence of such a choice is guaranteed by Lemma 2.11. Now, consider
the set of unavailable vertices B at some time 7. Since the Vertex Embedding Algorithm
embeds each vertex in the cluster to which it was allocated, we know that at most (1+a/2)m
vertices of each V; are already occupied. Furthermore, suppose that vertex t; of T' is open
at time 7. Then ¢; must correspond to a vertex 7 < 7 of T,unon, such that 7/ has a child

"> 7. Since we are processing the vertices of T,4non in a tidy order, there can be at most
logy n' < logy n such vertices of Tegnon. As each vertex of Tegnen corresponds to at most A
vertices of T, at most A logy n vertices of T" are open at time 7. Therefore, at any time 7, the
total number of vertices in reserved sets AZ and A; is at most 4Ay/mlogyn < am/4. So for
any cluster Vj, at any time 7 at most (1 + a/2)m + am/4 vertices of V; are unavailable, and
so [VT| > am/4.

We can now demonstrate that it is possible to make the other choices that the algorithm
asks for. Indeed, in step (2.2), if ¢, — ¢, with ¢, embedded into V}, then the algorithm has
to choose a set S of 3s < 3A vertices of AZO such that each v € S has [NT(v) N V5| > ym
and [N~ (v) N V]| > ym. But when A;; was chosen at an earlier time 7/, it was chosen to
be (c,7)-good. Since the vertex v, to which ¢, was embedded is in cluster V, A+ C Vjq1.
Moreover, since |V]| > am/4 > (1+a)em and V] o[ > am/4 > (1+a)em, AJr must contain
at least yy/m vertices v such that [N+ (v)N V], 5| > ym and [N~ (v)NV]| > ym. Furthermore,
since t, is a child of t,, t, has been open since its embedding, and so only children of ¢, (of
which there are at most A) can have been embedded in Ag} . So it is indeed possible to select
such a set S of 3s vertices as required. The argument for the case when ¢, « ¢, is similar.
As for (2.3), observe that G[S] is a tournament on 3s vertices, and that T[t,, ..., t,1s—1] is a
directed tree on s vertices. So by Theorem 1.2, G[S] contains a copy of T[t,,. .., t,rs—1], SO
we may choose such a copy.

Finally we come to step (3). In this step we have just embedded at most A vertices
try...,tr4s—1 in some cluster V,, and we wish to choose sets A+ and A, for each such
Vertex t;. When embedding these vertices we ensured that for each ¢ the Vertex v; to which ¢;
was embedded satisfied [N (v;)N V[, ;| > ym (for 7 = 1 this holds instead by the condition on
the outneighbours of v* = v1). So suppose we have chosen AJr Aer, e ’Att+4—1
wish to choose AJr Then the previously chosen AJr contain at most 2A,/m vertices between
them, and so at least 3ym/4 > (1+ a)ym/2 vertices of N*(vg) N V], have not been used in

and we now

these previous sets. So by Lemma 2.5, we may choose a (c,7y)-good set A+ C N*t(vg) N 1
of size at most 24/m which is disjoint from all of the previously chosen At. Do this for each
vertex ¢; in turn; the choice of the sets A;. is similar. Il

We can now give the proof of the main lemmas of this section, beginning with the proof of
Lemma 3.2.

Proof of Lemma 3.2. Apply the Vertex Allocation Algorithm to allocate the vertices of T’
to the clusters Vi,...,V;. Then by Lemma 3.3(a) this allocation is semi-canonical, and by
Lemma 3.3(c) at most (1 4+ «/2)m vertices are allocated to each of the k clusters V;. Next,
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apply the Vertex Embedding Algorithm to 7" and G, giving this allocation as input. By
Lemma, 3.4, this will successfully embed T in G with ¢t; embedded to v*. [l

Proof of Lemma 3.1. If o > 2 then G contains a copy of T' by Theorem 1.2. So we may
assume that o < 2. We begin by introducing new constants 1/n < 1/M < 1/M' < e € £/ <
d < p. Then by Lemma 2.7, G contains an e-regular d-dense cycle of cluster tournaments G’
on clusters Vi,..., Vi, where M’ < k < M, and |V3| = --- = |Vi| > (1 —e)(1 + a)n/k >
(14 «/2)n/k. For each i choose V/ C V; of size |V/| = (1 + a/2)n/k uniformly at random.
By Lemma 2.6 we may fix an outcome of these choices so that G” = G'[V/U---UV/] is a
¢’-regular d/2-dense cycle of cluster tournaments. So by Lemma 3.2 G” contains a copy of T,
so G contains T also. O

We finish this section with an analogous result to Lemma 3.2 for small trees (i.e. the result
does not demand that |T'| is large compared to |G|).

Lemma 3.5. Suppose that 1/m < 1/k,1/A < e < d < a <2, and that 1/k < 5. Let G be
a e-reqular d-dense cycle of cluster tournaments on clusters Vi, ..., Vi, each of size (1+a)m,
and let v* € Vy have at least d*m inneighbours in Vi, and at least d*>m outneighbours in Vs.
Let T be a directed tree on at most m vertices, rooted at t1 and with A(T) < A, and let T
be the subgraph of T induced by the vertices x € T with d(t1,z) > k3. Let Gr denote the set
of copies of T in G for which the vertex t1 of T corresponds to vertex v* of G. Then Gr is
non-empty. Furthermore, there exists a probability distribution on Gr such that if a member
of Gr is selected at random according to this distribution, then for each t,

1 Tfar
E(# wvertices of T7 embedded in V;) < (_’_5]1”

The probability distribution will actually be, for each member of G, the probability that
applying first the Vertex Allocation Algorithm and then the Vertex Embedding Algorithm
gives this copy of T" in G (recall that actually the Vertex Embedding Algorithm is purely
deterministic).

Proof. Apply the Vertex Allocation Algorithm to allocate the vertices of T' to the clusters V.
Since |T'| < m, at most m vertices can be allocated to any cluster, and the allocation obtained
is semi-canonical by Lemma 3.3(a). Next, introduce constants ¢ < v < ¢ < d, and apply
the Vertex Embedding Algorithm to embed T in G. By Lemma 3.4, this will successfully
embed T in G, with ¢; embedded to v*, and every vertex of T" embedded in the cluster to
which it was allocated. So it remains only to show that for each ¢, the expected number of
vertices of T/ allocated to V; is at most (1+ 0)|T/%"|/k. But since for any x € T/%" we have
d(x,t1) > k3, by Lemma 3.3(b) applied with u = t1,

a£9
k
for each 7, and the result follows. [l

P(z is allocated to V;) =

4. EMBEDDING TREES OF UNBOUNDED MAXIMUM DEGREE IN A ROBUST OUTEXPANDER.

4.1. Section outline. Having proved the desired result for trees of bounded maximum de-
gree, we now move onto proving a similar result for trees with no such bound, with a constant
of 2 rather than 1 in the condition on the order of G. This is the following lemma.
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Lemma 4.1. Suppose that 1/n < p < v € n < «, that G is a tournament on 2(1 + a)n
vertices which is a robust (u,v)-outexpander with 6°(G) > nn and that T is a directed tree
on n vertices. Then G contains a copy of T.

To prove this, we shall begin with a definition. In Section 4.2 we shall define the core
tree T, of a tree T. This is a subtree of T" which has bounded maximum degree, and the
property that all components of T' — T, are small. Then in Section 4.4 we will show that T,
can be extended to an ‘extended tree’ T¢,; which also has bounded maximum degree, and also
has the property that few vertices of T,;; have neighbours outside T¢,:. We will embed the
extended tree Ty, by a similar method to that of the previous section. We will need to do
this so that the small number of vertices of T¢,; with neighbours outside T¢,; are embedded
to vertices of G with large in- and outdegree in G. In Section 4.5 we will use our results
from Section 3 to prove Lemma 4.6 on embedding trees of bounded maximum degree. This
is similar to Lemma 3.2, but allows us also to demand that a small subset H C V(T) of
the vertices of T, satisfying certain conditions, should be embedded in a small subset U of
the vertices of G. This will allow us to embed T.;; in G in the desired manner. Finally,
in Section 4.6 we will complete the proof of Lemma 4.1 by first using Lemma 4.6 to embed
Te.t into G as described and then embedding each component of T'— T¢,; in the unoccupied
vertices of G.

4.2. The core tree. Let T be a tree on n vertices, and let A > 2 be fixed. Then we say
that a vertex v of T is A-core if every edge incident to v has we(v) < (1 — 1/A)n. We call
the subgraph of T' induced by A-core vertices of T' the core tree of T with parameter A, and
denote it by T, (the value of A will always be clear from the context). With this definition,
for any tree T', the core tree of T' with parameter A is the same as the A-heart of T' considered
by Thomason and Haggkvist in [6].

Proposition 4.2. Let T be a tree on n vertices, let A > 2 and let T, be the core tree of T
with parameter A. Then:

(i) T¢ is a tree containing at least one verte.
(il) we(x) > n/A if e = xy is an edge of T,.
(iii) A(T.) < A.
(iv) Every component subtree T' of T — T, has |T'| < n/A.

Proof. For (i), note that since A > 2, for any edge e = uwv of T' at most one of we(u) >
(1-1/A)n and we(v) > (1 —1/A)n holds. Since T has more vertices than edges, there must
therefore be some vertex v € T' such that w(v) < (1 —1/A)n for every edge e incident to v,
and so v € T,. It remains to show that T, is connected. Observe that if u,v,w are distinct
vertices of T" such that there is an edge between u and v and an edge between v and w, then
Wy (1) > Wy (v). Now, suppose x,y € T,, and let x = v1,v9,...,v, =y be the vertices of the
path from = to y in T (in order). Suppose for a contradiction that some v; is not in 7,.. Then
for some neighbour z of v, wa,»(v;) > (1 —1/A)n. If z # v;4q, then for each i < j <r—1 we
have wy,v;,, (vj+1) > (1 —1/A)n, and so y ¢ T, giving a contradiction. On the other hand,
if 2 = vi11, then for each 2 < j <4, wy;_y4,(vj—1) > (1 = 1/A)n, and so = ¢ T¢, again giving
a contradiction.

Now, (ii) is immediate from the fact that if e = zy is an edge of T' then we(z) + we(y) = n.
Then (iii) follows directly from (ii), as the sum of we(v) over all edges incident to v is n — 1.

Finally, for (iv), observe that for any such 7" there is u € T’, v € T, with e = uv an edge
of T. Suppose that |T7| > n/A. Then we(v) > |T'| > n/A, and so we(u) < (1 —1/A)n.
But since wer(u) < we(v) < (1 —1/A)n for every other edge €’ incident to u, this means that
u € T, giving a contradiction. ([l
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Note that T, is an undirected tree obtained from an undirected tree T. However we will
often refer to the core tree of a directed tree T'; this means the directed tree formed by taking
the core tree T, of the underlying graph T),,4e (an undirected tree) and directing each edge
of T, as it is directed in T

The idea behind this definition is that the core tree is a bounded degree tree. The general
technique we shall use to work with a tree 7' of unbounded maximum degree (in both this
and later sections) is to first consider the core tree T, and then consider separately each
component of T'— T,, making use of the fact that each such component is small.

4.3. Leading paths. Let T be a tree on n vertices, rooted at t1, let H C V(T'), and let k be a
positive integer. For any vertex = € T, there is a unique path in T" from z to t;; let P, denote
the set of the first k vertices of this path, starting from z. Let H' = Usem Pr. and then for
each i > 1 let H'*! be formed from H* by adding the vertices of P, for any x € H® with at
least two children in H®. After at most n steps we must have H? = H**! when we terminate
the process. We refer to this final H as H with leading paths included, denoted Py(H). So
H CPy(H) CV(T). Note that Pr(H) depends on both the value of k and the root t; of T

Next we shall prove two results which will enable us to make use of this definition. The
first shows that if H is small then Py(H) is small, and the second shows that if H is small
then it is possible to embed any component 7" of T[Py(H)] in a regular and dense cycle of
cluster tournaments such that the vertices of V(7”) N H are embedded in the first cluster and
the ‘root’ of H is embedded in a given cluster.

Proposition 4.3. Let k be any positive integer, let T be a tree on n vertices, rooted at some

t1 €T, and let H CV(T). Then |Pr(H)| < 3k|H|.

Proof. Consider any component 7" of T[Py(H)], and let ¢} be the unique vertex of 7" with
minimal d(t1,t}). Then every vertex of 7" lies on the path from some vertex of H to ¢, and
so T" is precisely the set of vertices in paths between t] and vertices of H N V(T”). Thus
only ¢} and vertices of H can be leaves of 7. It follows that T[Py(H)] has at most 2|H]|
leaves. Since T'[Pr(H)] is a forest, it follows that the number of vertices of TPy (H)] with at
least two children in T[Py(H)] is also at most 2|H|. Furthermore, any vertex x € T for which
the vertices of P, were added to Pi(H) at any stage is either a member of H or has at least
two children in Py (H). This is true for at most 3|H| vertices x, and for each such vertex at
most k vertices were added. ]

Lemma 4.4. Suppose that 1/m < 1/k < € < d. Let T be a directed tree rooted at some
t1 € T. Let H C V(T) be of size |H| < m/10k, let T' be a component of T[Pr(H)] which
does not contain t1, and let t| be the unique vertex of T' with minimal d(t,t1). Let G be an
e-reqular d-dense cycle of cluster tournaments on clusters Vi,..., Vi, each of size m. Then
for any j € [k], G contains a copy of T" with the vertex t| corresponding to some vertex of Vj,
and every vertex in V(T') N H corresponding to some vertex of Vi.

Proof. Informally, from the perspective of ¢, T” begins with a path of length k¥ — 1 (from ¢}
to t, say) before possibly branching out. So we shall find a copy of 7" in G by first embedding
the vertices of this path so that ¢} is embedded in V; and ¢ is embedded in V;. We then embed
all of the remaining vertices of 7" in V;.

More formally, note that for each 0 < s < k — 1 there is precisely one vertex xs of 7" with
d(ty,z) = s (so xg = t}, and z; ¢ H for any i < k —1). Let FF C [k — 1] be the set of
those s such that z;_1 — x5, and let B C [k — 1] be the set of s such that x5_; < x5. Then
|F| 4+ |B| =k — 1, so either |F| > k — j or |B| > j — 1. Suppose first that |B| > j — 1. Then
choose B' C B of size j — 1. We shall allocate the vertices of 7" to the clusters Vi,...,V;.
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Begin by allocating zg to Vj. Then for each s € [k — 1] in turn, let V; be the cluster to
which 251 was allocated, and allocate x5 to V; if s ¢ B’, or to V;_; if s € B’. Then since
|B'| = j —1, x;_1 will be assigned to V7. Finally, allocate all other vertices of 77 to V;. Then
every edge of T” is allocated either canonically or within a cluster.

Next we shall embed 7”7 in G so that every vertex is embedded within the cluster to which
it is allocated. To begin, by a standard regularity argument we may choose for each ¢ a set
Vi C V;sothat |[V}| > 9m/10 and every vertex v € V; has at least dm/2 outneighbours in V/, ;.
Let G' = G[V/U---UV/]. Now, for each i, let S; be the set of vertices of 7" allocated to V. So
|Sa],...,|Sk| <k —1and |S1]| < |T'|. Then by Proposition 4.3, 3|S;| < 3|T"| < 9k|H| < |V/|.
So by Theorem 1.2 we may embed T"[S1] in G[V{]. Now suppose that we have successfully
embedded T'[S1 U---US;_1] in G[V{ U---UV/ ] for some i < j. Then precisely one vertex
t € S; has a neighbour ¢’ € S;_1, and ¢’ has already been embedded to some v' € V' ;. Now ¢/
has at least dm/2 > 3|S;| outneighbours in V/, and so by Theorem 1.2 we may embed 7"[S;]
among these outneighbours. Let v be the vertex to which ¢ is embedded; then since v is an
outneighbour of v/, we have extended our embedding to an embedding of 77[S; U --- U 5]
in G[V{ U---UV/]. Continuing in this manner we obtain an embedding of 7" in G, with ¢}
embedded in V; and V(T") \ {zo,...,zk—2} 2 V(T") N H embedded into V, as desired. A
similar argument will achieve this if |F| > k — j. O

4.4. The extended tree. The next lemma combines the ideas of the core tree and leading
paths to give the structure within a tree T" which we shall use to prove Lemma 4.1. It shows
that given a tree T' we may extend the core tree T, of 1" with parameter A to an ‘extended
tree’ T,y which, like T,, has bounded maximum degree (although this bound is now much
larger than A). T, will also have the property that only a small subset H of the vertices of
T..+ have neighbours outside T, and that few vertices of T, are close to a vertex of Py(H).

Lemma 4.5. Suppose that 1/n,1/A* < 1/A,1/k,w < 1. Let T be a tree on n vertices, and
let T, be the core tree of T with parameter A. Choose any vertexr t1 € T, as the root of T.
Then there exists a subtree Teyy of T and a subset H C V(Tey) which satisfy the following
properties.

(i) Te C Text-

(i) A(Teqr) < A™.

(iii) For any edge e between T — Teyr and Teyt, the endvertex of e in Teyy lies in H.
(iv) The number of vertices v € Toyy which satisfy 1 < d(v, Pp(H)) < k3 is at most wn.

(v) |H| < n/AM>.

Proof. We consider the subgraph T'— E(T,) of T obtained by deleting the edges (but not
the vertices) of T, from T'. Each vertex v € T, lies in a separate component of T'— E(T.); we
denote the component containing v by T,. Then the trees T, and {T,, : v € T} partition the
edges of T, and the trees {T), : v € T,.} partition the vertices of T'.

We say that a vertex v € T, is i-heavy if |T},| > A; := AF. For any integer i, let H;
denote the set of i-heavy vertices in T.. So |H;| < n/A;, and so by Proposition 4.3 we have
|Pr(H;)| < 3kn/A; for each i. We wish to choose a large integer ¢ so that few vertices of T'
lie in trees T, for which v is not in H; but is close to a member of Pj(H;). The next claim
shows that this is possible.

Claim. For some natural number 1/w < ¢ < 3/w we have

(1) ‘ U Tv‘ < wn.

UGV(TC)\Ht
d(v,Pp(Hy))<k3
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Proof of Claim. Observe that for each integer i with 1/w < i < 3/w, if v € V(T¢) \ Hi—1
then |T,| < A;—1, and so
3EAFFIAR 3kn

G < NGIE < wn/3.

U ] < P AR AL <
veV(Te)\H;i—1
d(v, Py (H;))<k®

Now let

Bi= |J T
”UEH,L'_l\Hi
d(v,Pr(H;))<k3
Then the sets B; are pairwise disjoint subsets of V' (T'). If the claim is false, then |B;| > 2wn/3
for every integer ¢ with 1/w <i < 3/w, and so [, /,<;<3/., Bil > n, giving a contradiction.
o O

Fix such a value of ¢, and let H = H;. We define the extended tree T.,; by Tept =
T. U UveV(TC)\H Ty,. Then T,y is a subtree of T' with T, C T,., so (i) is satisfied. Since
H C V(T,), we have H C V (T¢yt) as desired. Also (ii) holds since any vertex u € T, has at
most A neighbours in T, and at most A; neighbours in the single tree T, with v € T, which
contains u. SO A(Tezt) < A+ A <A+ AR < A*. For (iii), observe that if u ¢ T, then
u must lie in some T;, with v € H. But then if v has a neighbour in T¢,; this neighbour must
be v. For (iv), consider any u € Ty satisfying 1 < d(u, Px(H)) < k3. Since d(u, Px(H)) > 1
we know that u ¢ Hy, so if u € T, then u is counted in (1). If u ¢ T, then there exists v
such that w € T}, and v € V(T¢) \ H. Note that Pr(H) C V(1) (since t; € T¢). This in turn
implies that d(v, Px(H)) < d(u, Px(H)) < k3. So u is also counted in (1). Finally, for (v),
recall that |H| < n/A; < n/Akl/w. O

4.5. Embedding trees of bounded maximum degree with restrictions. In this section
we shall prove the following lemma, which is similar to Lemma 3.2, but which allows us to
restrict some vertices of T' to a subset of V(G).

Lemma 4.6. Suppose that 1/n < 1/A1/k < ¢ < d < a,A < 1/2, that m = n/k, that
A < a/4 and that § = d\/8k. Let T' be a directed tree on n wvertices rooted at t; and with
A(T) < A. Let HC V(T) be such that |H| < dn/Tk and |[{z € T: 1 < d(z,Pr(H)) < k3}| <
on. Let G be an e-reqular d-dense cycle of cluster tournaments on clusters Vi,..., Vi, each
of size (1+a)m, and let U C Vi U---UVj have size [U| > An. Then T can be embedded in G
so that each vertex t € H is embedded to some v € U.

Proof. We may assume without loss of generality that |[UNVy| > Am. If t; ¢ H, then add t;
to H, so now we have |H| < én/6k. Moreover, the new Py (H) is the union of the old Py(H)
and {t1}. So now

(2) {z e T:1<dx Pe(H)) <k} < 6n+ A+ < 36n/2.
Also, introduce a new constant ¢’ with ¢ < ¢/ < d. To begin, for each i choose disjoint sets
X;,Y; CV; such that

o | Xi| =14+ a/2)m and |Y;| =3 m/4 < am/4,

e cvery vertex of X; UY; has at least dAm/2 inneighbours in Y;_; and at least dAm/2

outneighbours in Y;; 1, and
e Y CUNW.
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The existence of such sets can be shown by a standard regularity argument. Indeed, choose
disjoint sets X/, Y/ C V; such that | X/| = (1+a/2+d*)m, |Y/| = (3\/4+d?)m and Y] C UNV;.
Then both G[Y} | — XjUY/] and G[X; UY] — Y/, ] are 2¢/\-regular with density at least
3d/4. So all but at most 9em/A\ < d?m vertices in X/UY; have at least 9d\m /16 inneighbours
in Y/ ; and at least 9dAm /16 outneighbours in Y/, ;. Delete d*m vertices from X/ and d*m
vertices from Y/ including these d?m vertices of small degree (for each i € [k]). Then the sets
X; and Y; thus obtained from X/ and Y, are as desired.

Each vertex of Py (H ), and every child of any such vertex, will be embedded in the sets Y,
whilst the remaining vertices of T will be embedded in the sets X;. Observe that by Proposi-
tion 4.3, |Px(H)| < 3k|H| < 0n/2. Moreover, (2) implies that there are at most 3dn/2 children
of vertices of Py(H) outside Px(H). So at most 20n = dAm/4 vertices will be embedded in
the sets Y;.

Next, let 71, ..., T, be the component subtrees of T[P(H )] and T'—Py(H). So each vertex
of T lies in precisely one of the T;. Let T°°"™ be the tree obtained by contracting each T; to
a single vertex 7. We may assume the T; were labelled so that t; € T7 and 1,2,...,7 is an
ancestral order of the vertices of 7°°"". Then let

J ={i : T; is a component subtree of T[P(H)]|},
L ={i : T} is a component subtree of T — Py(H) and |T;| > /n},
Q ={i : T; is a component subtree of T'— Py (H) and |T;| < v/n}.

Note that each vertex of H lies in some T; such that ¢ € J. For each ¢ > 1, T; contains
precisely one vertex with a neighbour in some 7} with j < i. (Furthermore, if i € LU Q then
this j must belong to J.) Let ¢; be this vertex, then the children of vertices of Py (H) which
are not in Py (H) are precisely the vertices t; for i € L U Q. For each i let Tif “" be the set of
vertices x € T; with d(t;,x) > k3. Then

(3) > V(T \T/| < 30n/2
i€ LUQ

by (2). Finally, for each i let T= = T[V(T}) U--- U V(T})], so Tf is the graph formed from
the union of 11, ..., T; by also adding the edges between 17, ...,T;.

We shall use a randomised algorithm to embed the vertices of T in GG. At each time 7 this
algorithm will embed the vertices of T';. Indeed, if 7 € J, we will use Lemma 4.4 to embed T’
in the sets Y; so that the vertices of H N V(T;) are embedded in Y; C U. If 7 € L, we will
use Lemma 3.2 to embed T in the sets X; (except for the vertex ¢,, which will be embedded
in some Y;) so that approximately equally many vertices of T are embedded in each set X;.
Finally, if 7 € Q we will use Lemma 3.5 to randomly embed T in the sets X; (again with the
exception of the vertex t., which will be embedded in some Y;) so that the expected number
of vertices of Tif %" embedded in each set X; is approximately equal. Together the embeddings
of each T; in G will form an embedding of T" in GG such that every vertex of H is embedded
in U, as desired. At any time 7 we will be able to choose the desired embedding of T unless
there are insufficient vertices remaining unoccupied in one of the sets X;. We shall show that
this is unlikely to happen for any i, and hence that with positive probability the algorithm
will find a copy of T in G, proving the lemma.

Tree Embedding Algorithm.
At time 7 = 1, we wish to embed 77 in G. Recall that we ensured that t; € H, so 1 € J.
We shall embed T3 in Y;. Indeed, |Yi| = 3Am/4, and |T1| < |Pr(H)| < dn/2 = dAm/16,



AN APPROXIMATE VERSION OF SUMNER’S UNIVERSAL TOURNAMENT CONJECTURE 23

and so Y7 contains a copy of T1 by Theorem 1.2. Choose (deterministically) such a copy, and
embed each vertex of T} to the corresponding vertex in this copy.

So after completing the first step, the algorithm will have obtained an embedding of 77 =
T 1§ in G such that any vertex of H N V(Tlg) is embedded in Y7, and only vertices of Py (H)
and their children have been embedded in the sets Y;.

At a given time 7 > 1 we may therefore suppose that the algorithm has found an embedding
of Tffl in G so that each vertex of HNV(T= ) is embedded in Y3, and only vertices of Py (H)
and their children have been embedded in the sets Y;. (Recall that this implies that at most
dAm/4 vertices are embedded in the sets Y;.) We wish to extend this embedding to include
T, and we do this by the following steps.

e For each i let X and Y;” consist of the unoccupied vertices of X; and Y; respectively.
If | X7| < |T7|/k + am/4 for some 4, then terminate the algorithm with failure. So
we may assume that |X7| > |T;|/k + am/4 for each i. Also, since at most dA\m/4
vertices have been embedded in the sets Y;, every vertex of X; UY; must have at least
dAm /4 inneighbours in Y;”; and at least dAm /4 outneighbours in Y7 ;.

e By definition, ¢, is the unique vertex of T with a neighbour which has already been
embedded. Let t. be this neighbour, and let v/ be the vertex to which ¢/. was embed-
ded. Also let V; be the cluster into which ¢, should be embedded so that the edge
between t, and t, is embedded canonically. Then v/ has at least dAm/4 neighbours
in Y/, and so by a standard regularity argument, we may choose some such neigh-
bour v; € Y;” which has at least adm/8 outneighbours in X7,y and at least adm/8
inneighbours in lel.

e Now, if 7 € L, for each i consider a set Z7 C X7 of size (1 + «/8)|T>|/k chosen
uniformly at random and independently of all other choices. We can do this since (1+
a/8)|T-|/k < |Tr|/k + am/8 < |X]| for each i € [k]. Then since G[X] U...X]] is an
(16e/cr)-regular d/2-dense cycle of cluster tournaments, by Lemma 2.6 G[Z7, ..., Z]]
is an €’-regular d/4-dense cycle of cluster tournaments with probability 1 —o(1). Also
with probability 1 — o(1), v; has at least ad|T;|/16k outneighbours in Z7 ; and at
least ad|T7|/16k inneighbours in Z7_ ;. So we may choose (deterministically) sets Z7
satisfying these two properties. Now delete a single vertex (chosen arbitrarily) from
z7, and replace it by v;, and let G7 be the restriction of G to the new Z7,..., Z7.
Then G7 is a (2¢')-regular (d/8)-dense cycle of cluster tournaments with clusters
of size (1 + «/8)|T+|/k. So by Lemma 3.2 G” contains a copy of T, with at most
(1 + «/8)|T>|/k vertices of T, embedded in each X;, and with ¢, embedded to v;.
Embed each vertex of T to the corresponding vertex in this copy.

e Ifinstead 7 € @), let G™ be defined exactly as in the previous case. Then by Lemma 3.5
the set of copies of T, in G7 such that t, is embedded to v, is non-empty, and
furthermore there exists a probability distribution on this set so that if a copy is
chosen according to this distribution, then the expected number of vertices of T, Tf ar
embedded in each X; is at most (1 + /2)|T4""|/k. Choose (deterministically) such a
distribution, and choose randomly such a copy according to this distribution. Embed
each vertex of T’ to the corresponding vertex in this copy.

e Finally, if 7 € J, then since v has at least dAm/4 neighbours in Y, we may choose
sets Z] C Y[,...,Z] C Y], each of size dAm/4, so that every vertex of Z7 is a
neighbour of v... Let G7 be the restriction of G to the sets Z7; then G7 is a (8¢/d\)-
regular (d/2)-dense cycle of cluster tournaments. Since |H| < dn/6k = d\m/48k, by
Lemma 4.4, G™ contains a copy of T7, with vertex ¢ embedded in Y7, and with every
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vertex of H NV (T;) corresponding to a vertex of Y. Embed each vertex of 77 to the
corresponding vertex in this copy.

e In either case, we have extended the embedding of T’ 1 in G to an embedding of T'=
in G, such that every vertex of H NV (T=) is embedded in Y7 C U, and only vertices
of Py(H) and their children have been embedded in the sets Y;.

Since T'= = T, if the algorithm does not terminate with failure then at time r, after
embedding 7, it will have obtained an embedding of T" in G so that every vertex of H is
embedded in U, as desired. At this point the algorithm terminates with success.

It remains to show that with positive probability this algorithm will not terminate with
failure before embedding T,.. Suppose first that >, o |Tj| < am/8. Then for any i € [k] and
at any time 7, the number of vertices embedded in X; is at most

14+ a/8 1+a/8)(n—|T- am «o T,
JEL JEQ
<t i<t

and so | X]| > |T|/k + am/4. Therefore the algorithm cannot terminate with failure at any
point. So we may assume that > . [Tj| > am/8.

Let OUT be the set of all possible courses of the algorithm until termination. Since the
only random choices made by the algorithm are the choices of where to embed the T; for
each i € @), any possible course of the algorithm C € OUT can be uniquely described by the
embeddings f; of T; into G for each ¢ € () such that the algorithm does not terminate before
embedding T;. So we may define a probability space with sample space OUT where for any
C € OUT, P(C) is defined to be the probability that the algorithm takes course C. So

=[[PE | F:i<jicq).
JjeQ
where I denotes the event that f; is the embedding of T} into G, if T} is embedded at some
point during C, and is taken to be true otherwise.

Now, we define the random variable I/V]Z in this probability space as follows. For any
CeOUT,je@ andic€ k], let

# of vertices from T]f‘" embedded in X;

WiC) =4 psor vn
J

ky/n

Since |ijaT] < |Ty| < v/n for each j € Q, W} is a well-defined function from OUT to [0,1],
and so is a well-defined random variable in our probability space.

For any j € Q and Cy,C, € OUT, let C, ~; Cp if and only if C, and Cp share the same course
before time j (i.e. they embed T1,...,Tj_; identically) or Tj is not embedded at any point
in either C, or C,. Then ~; is an equivalence relation on QUT'. For any equivalence class C*
of ~; other than the class of C for which T} is not embedded, every C € C* shares the same
course before time j. So for each C € C*, the same probability distribution on the set of copies
of T} will have been chosen at time j, and a copy will then have been chosen according to
this distribution. So further partition C* into Cf,...,C. by this choice, so courses C,C" € C*
are in the same C} if and only if 7} is embedded identically in C and C’. Now

if T is embedded during C,

otherwise.

E(W! | C*) ZEWZ]C P(C* | C¥),
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but every member of C} embeds T} identically, so E(W; | C¥) is simply the number of vertices

of ij “" embedded in X; in this common embedding, divided by /n. Also, P(C} | C*) is the
probability that this embedding of T} is chosen when the random choice of the embedding
of T; is made. So by our (deterministic) choice of the probability distribution on the copies
of Tj in G,

(1+ o)L/
kvn

If instead C* is the class of all C such that 7} is not embedded in C, then IE(VV]’ | C*) =

\ij “"|/ky/n by definition, and so (4) holds in this case also.
Now, for any equivalence class C* other than the class in which 7} is not embedded, the
embeddings of 71, ...,T;_1 are identical amongst the members of C*, and so

(4) E(W;|C") <

E(W} | ¢, Wit s € Qs < j) = E(W] | C).

Clearly this equality also holds for the class C* in which 7} is not embedded, and so for any
i € [k

(1+ ve)T™|

E(W;|W;:sEQ,s<j)§né%XE(W;|C*,W;:56Q,s<j)§ I/

Since ZjeQ |Tj| > am/8, by Lemma 2.2, for any 4 the probability that

o (T+a/8) 3 o T}
(5) Wi <

does not hold decreases exponentially with n. So with probability 1 —o(1), (5) holds for each
i€ [k].

To finish the proof, we show that if (5) holds for each ¢ € [k], then the algorithm cannot
terminate with failure, and will therefore successfully embed T in G as desired. Indeed, the
algorithm will only terminate with failure if at some time 7 we have | X7| < |Tr|/k+am/4 for
some . But for any i € [k] and any time 7, only vertices from subtrees T such that s € LUQ
and s < 7 have been embedded in X; before time 7. So the number of vertices embedded
in X; before time 7 is at most

(1+ «/8) ar i
B — Z |Ts| + Z V(T \T{ |+ v/n Z W

seL\{r} s€Q\{r} seQ\{}
3)(1+ a/8) 35n ||

<~ 17 v — -

< ; Ty + — +Vn S;gw 40 -

—

5 (14 a/8) T | o T |
<— " — < — — .
< p E |Ts| + 26n e S (1+ 4)m k

seLUQ

To see that the second line holds, note that |T;|/k < \/n/k < on/2 whenever 7 € @ and
|T:|/k < |Pp(H)| < 0n/2 whenever 7 € J. So if (5) holds, then at any time 7 and for any
i € [k], | XT| > |Tr|/k + am/4, and so the algorithm succeeds. This completes the proof of
Lemma 4.6. t
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4.6. Proof of Lemma 4.1. We can now give the proof of Lemma 4.1, which will proceed
as follows. We shall apply Lemma 4.5 to find a subtree T¢,; of T and a subset H CV(Tepy).
Then we shall find a cluster cycle C in G such that |C| is slightly larger than |T.,:|. We then
embed T,;; into C using Lemma 4.6, restricting H to a set U of vertices of C which have many
inneighbours and outneighbours outside C. Finally we shall use this property of U to embed
the vertices of T'— Ty in V(G) \ V(C) and thereby complete the embedding.

If &« > 1/2, then G contains a copy of T' by Theorem 1.2. So we may assume that o < 1/2.
We begin by introducing new constants A*, M, M’,§,e,d and A with

In<lI/A"<KI/M<KI/M<e<d<s p<r<n<1/A <.

Then Lemma 2.7 implies that G contains an e-regular d-dense cycle of cluster tournaments
on clusters Vi, ..., Vi, where M’ < k < M and each cluster has equal size between (2 + a)m
and (2 + 2a)m, where m = n/k. Also let

§ := da’®/16000k.

Remove vertices from each V; to obtain a 2e-regular d/2-dense cycle of cluster tournaments
G’ on clusters V{, ..., V] each of size (2 + a)m

Let T, be the core tree of T" with parameter A, and choose any vertex t; € T, as the root
of T. Then by Lemma 4.5 (applied with w = da/50), we may choose a subtree T,,; of T" and
a subset H C V (T,,) satisfying the following properties.

(i) Te C Text.

( ) ( eart) < A%

(iii) For any edge e between T' — Ty and Teyy, the endvertex of e in Teyy lies in H.

(iv) The number of vertices v € T, which satisfy 1 < d(v, Px(H)) < k? is at most dan/50.
(v) |H| < n/AF"*™ < 5an/350k.

Let Tf“, ..., TF and Ty ,...,T; be the component subtrees of T — T,y Each TiJr and T}~
will contain precisely one vertex, vf or v; respectively, with a neighbour in T¢;;. Label the
T1+ ..., and Ty ,..., T, so that each Tf contains v;r with an inneighbour in T¢,;, and
each T, contains v; with an outneighbour in T, By (i) and Proposition 4.2(iv) each Ti+
and each T, contains at most n/A vertices. Let @ = |Top|, let y = [T77 U -+ U TF| and let
z=|Ty U---UT |,soz+y+z=n.

Then all but at most 2y+x+an/2 vertices of G have at least y+ /24 an/4 inneighbours in
G, and all but at most 2z + x+ an/2 vertices of G have at least z 4+ /2 + an/4 outneighbours
in G. So at least 2(1 + a)n — 2y — 2z — 2x — an = an vertices of G satisfy both of these
conditions. Choose any an/8 of these vertices to form Uy. Then |Uy| = an/8, and each
v € Up has at least y + z/2 + an/8 outneighbours outside Uy and at least z + z/2 + an/8
inneighbours outside Up.

Suppose first that z > an/50. From each cluster V; of G’ choose a set X; of z(1 + «/2)/k
vertices uniformly at random, and let X = X; U--- U Xj. Then |[X| = z(1 4+ «/2), and
for any single vertex u € G’, the probability that u is included in X is equal to x/2n. So
by Proposition 2.3, with probability 1 — o(1) the set U := X N Uy satisfies |U| > ax/20 >
a?n/1000. Also, for any vertex v € U, the expected number of outneighbours of v outside X

is at least
YyT57 73 om) VT2 T T on) 8
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A similar calculation shows that for each v € U, the expected number of inneighbours of v
outside X is at least z+ an/16. So by Proposition 2.3 we find that with probability 1 — o(1),
every vertex v € U has at least y + an/20 outneighbours outside X and at least z + an/20
inneighbours outside X. Fix a choice of X such that both these events of probability 1 —o(1)
occur.

Since every vertex of U has either at least (2(1 + a)n — |X|)/2 > y+2z+x/2+ an/2 >
y + z + an/2 inneighbours outside X or at least y + z + an/2 outneighbours outside X, we
may choose a set U’ C U of size |U’| > |U|/2 > *n /2000 such that either

(a) every v € U’ has at least y+an/20 outneighbours outside X and at least y+z+an /20
inneighbours outside X, or

(b) every v € U’ has at least y+ z+an/20 outneighbours outside X and at least z+an/20
inneighbours outside X.

So G'[X] is a (150e/)-regular (d/2)-dense cycle of cluster tournaments on clusters X1, ..., Xj
each of size (14 «/2)x/k, and U’ C X1 U... X}, has size |U’| > a?n/2000 > a?2/2000. Also
by (ii), (iv) and (v) we know that T, is a directed tree on z vertices rooted at t; and
with A(Tezt) < A*, and also that H C V(T ) satisfies |H| < dan/350k < 0x/Tk and
{t € Toe = 1 < d(t,Prp(H)) < K3} < dan/50 < éx. So by Lemma 4.6 (with A* in place
of A and a?/2000 in place of \), we may embed T, in G'[X] so that every vertex of H is
embedded to a vertex of U’.

Now suppose instead that = < an/50. Then, since every vertex v of G has either d*(v) >
l4+an—-1>y+z4+anord (v) > (1+a)n—-12>y+ 2+ an, we can choose a
set U' C Uy of size |U’'| > an/16 which satisfies either (a) or (b) (with X := U’). Since
|Teat| =z < an/50 < |U’|/3, and G[U’] is a tournament, by Theorem 1.2 we may embed Teyy
in G[U’], so in particular every vertex of H is embedded to a vertex of U’.

In either case, let V., be the set of vertices of G to which T¢,; is embedded. We may
now complete the embedding of T"in G. If U’ satisfies (a), then we first proceed through the
trees TZ-Jr in turn. For each Tf, let uf be the inneighbour of vi"’ in Teqt (SO uf € H by (iii)).
Then u; has been embedded to some vertex v € U’. This v € U’ has at least y + an/20
outneighbours outside Vg, of which at most y have been used for embedding the trees T]-Jr

for j < i. So there are at least an/20 outneighbours of v outside V., available to embed Tf7
and so since |T;7| < n/A < an/60, by Theorem 1.2 we can embed T," among these vertices.
In this way we may embed each of the TZ-+. We then proceed through the T~ similarly. For
each T, let u; be the inneighbour of v; in Tes (so u; € H by (iii)). Then u; has been
embedded to some vertex v € U’. This v € U’ has at least y+ z + an/20 inneighbours outside
Vest, of which at most y + z have been used for embedding the trees Tfr Y ,T,f“ and the trees
Tj_ for j < i. So there are at least an/20 inneighbours of v outside V,; available to embed

T, and so since |T; | < n/A < an/60, again by Theorem 1.2 we can embed 7; among these

vertices. If U’ satisfies (b) we can embed T similarly, first embedding the T, and then the
Ti+. Either way we have completed the embedding of 7" in G. (I

5. EMBEDDING TREES IN AN ALMOST-TRANSITIVE TOURNAMENT.

A transitive tournament is a tournament in which the vertices can be given a total order
so that every edge is directed towards the endvertex which is greater in this order. It is easy
to show that any transitive tournament G on n vertices contains any directed tree T on n
vertices, by first showing that the vertices of 7' can be given a total order so that every edge
is directed towards the endvertex which is greater in this order, and then embedding each
vertex of T' to the vertex of G in the corresponding position (in the order of vertices of G).
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In this section, we shall prove an approximate version of this result, namely that if a
tournament on (1 4+ a)n vertices (for some small «) is sufficiently close to being transitive,
then it contains any directed tree on n vertices. To state this lemma precisely, we say that a
tournament G on n vertices is e-almost-transitive if the vertices of G can be given an order
v1,...,Un so that at most en? edges are directed against the ordering of the vertices, that is,
they are directed from v; to v; where i > j.

The proof of this lemma is by a similar method to the proof of Theorem 1.4 in the next
section. The approach is that if the lemma is false, then there is some a > 0 for which the
lemma does not hold, and so the infimum a;,; of all o for which the lemma does hold is
greater than zero. We then choose « slightly less than a;, s and apply (to a smaller subtree)
the fact that the lemma holds for any o/ > a;,s to show that the lemma holds for «, giving
a contradiction.

Lemma 5.1. For all a > 0 there exists ¢g > 0 and ng € N such that for any ¢ < g9 and
any n > ng, any e-almost-transitive tournament G on at least (1 + «)n vertices contains any
directed tree T' on n vertices.

Proof. We consider the set A of all positive values of « such that the lemma holds. More
precisely, A is the set of all positive values of « such that there exist g > 0 and ng € N so
that for any n > ng and ¢ < g, any e-almost-transitive tournament G on at least (1 + a)n
vertices contains a copy of any directed tree T on n vertices. So if @’ € A and o > o' then
a” € A. Also 2 € A by Theorem 1.2, and so we may define a;, s = inf A, with 0 < a;,p < 2.
Then for any & > a;,f, o € A. With this definition the lemma is equivalent to the statement
that a;,y = 0, so suppose for a contradiction that a;,y > 0. Let

v 1/A K ajpy and Q= Qinf =,

so we may assume that 1/A < o. Then a + 27 > a,f, so a + 2y € A, and so by definition
of A there exist ¢, > 0 and n{, € N such that for any ¢’ < ¢; and n’ > ny,, any £'-almost-
transitive tournament G on at least (1 + « + 27y)n’ vertices contains a copy of any directed
tree T on n’ vertices. Moreover, we may assume that ¢ < . Fix such an ¢f, and nj, and let
1/ng < 1/nj,v and ey < €. We will show that for any n > ng and € < g, any e-almost-
transitive tournament G on at least (1 + a)n vertices contains a copy of any directed tree T
on n vertices. It then follows that a € A, yielding a contradiction and therefore proving the
lemma.

So let € < gp and n > ng, let G be an e-almost-transitive tournament on at least (1 + a)n
vertices and let T be a directed tree on n vertices. If |G| > 3n, then G contains a a copy
of T by Theorem 1.2, and so we may assume that |G| < 3n. Since G is e-almost-transitive,
we may order the vertices of G as vy, ..., v so that at most |G| < 9en? edges are directed
from v; to v; where i < j. Now, at most 18y/en vertices of G are incident to more than /en
such edges; let G’ be the subgraph of G obtained by deleting these vertices from G, and let
v, vh, . ,v|’G,| be the vertices of G’ in the inherited order. Then G’ is a tournament on at
least (1 + o — 184/€)n vertices such that for any vertex v; /there are at most /en vertices v’
min{%,j}"

Next, let T, be the core tree of T' with parameter A, as defined in Section 4.2. We consider
three possibilities for T, in each case showing that T' can be embedded in G.

Case 1: Some vertex t € T, has d;c (t) > 2. Then let F'~ be the (possibly empty) forest
consisting of each component subtree T” of T' — t such that the edge between T’ and t is
directed towards t. Similarly let the component subtrees 7" of T — ¢ such that the edge
between T"” and t is directed away from t be partitioned into two forests, ;" and F, . Since
d;c(t) > 2, by Proposition 4.2(ii) at least two such component subtrees each contain at least

for which the edge between v; and vj is directed towards v
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n/A vertices, and so we may choose Fj" and F; so that |F}|,|F,| > n/A. Note that
|[F=| =w™(t), and |F}| + |F5| = wt(t), so in particular w*(t) > 2n/A, and also recall that
wr(t)+w (t) =n—1.

We first determine where to embed the vertex t. For this, let

3+ en+1 if w™(t) < yn,
Tl ad 20w () Fen+ 1 ifw(t) > yn.

and embed t to the vertex v, of G'. This can be done, as we shall see later that p < |G'|.
We will embed F~ in the vertices preceding v]’D and Fl+ ,F2+ in the vertices succeeding U;,o
in the vertex ordering of G’. Embedding F~ will be possible because p is a little larger
than one might expect, whereas embedding Ffr and F; can be done successively, which
will give us enough room for both. Let S~ = N~ (v,) N {v},...,v, ;}, and S* = N*(v,) N
{vpi1s-- ’U|IG/|}' Then S~ and ST are disjoint, |S™| > p—y/en—1 and |ST| > |G'| —p— /en.
Next we shall embed F~ in G'[S™]. Indeed, if w™(t) < yn then |S™| > 3yn, and so by
Theorem 1.2 we can embed F'~ in G'[S™]. Alternatively, if w™(t) > yn, let n’ = w™(t) > nj
and ¢ = |G|%¢/(n')? < &f, then F~ is a forest on n’ vertices, and G'[S~] is an &’-almost-
transitive tournament on at least (1 + a + 2y)n’ vertices. So by the choice of ¢f, and nj, we
can embed F~ in G'[S7].

Finally we shall complete the embedding of T in G’ by embedding F;" and F," in G'[S™].
Now,

ST 2|G'] = p — Ven
>(1+a—18e)n — (B3yn+ 1+ a+2y)w (t) +vVen+1) —en
>(1+ a)w (t) — 5yn — 20v/en > (1 + a)w™ (t) — 6yn.

Let n' = |Fjf|, so nf, < n/A <n/ and ' < w*(t) — n/A, and again let &' = |G|%c/(n’)?, so
¢/ < gj. Then G'|ST] is an &’-almost-transitive tournament on |S™| > (1 + a)(n' + n/A) —
6yn > (1 4+ a+ 1/A)n 4+ (/A — 6v)n > (1 4 a + 27)n’ vertices, and so by our choice of nj,
and €, we may embed F;" in G'[ST].

Now, let S;t,, consist of the vertices of ST not occupied by the vertices of Ff . We shall
embed Fy in St in a similar manner. Indeed, we now let n’ = |F}|, so again n) < n/A < n/,
and again let &’ = |G|%¢/(n)? < f). Then

|Srem| = [T = [P (1 + a)w™ () — 6yn — (w™ () — [Fy])
=1+ a)n’ +a|F | —6yn > (14 a+29)7/,

so G'[S;}

t ) 18 an £’-almost-transitive tournament on at least (1 + « 4 2v)n’ vertices, and so
by our choice of nj and &), we may embed F in G'[S}t, ].
Case 2: Some vertex t € T, has dp, (t) > 2. Then we may embed T in G’ by the same
method as in Case 1, the main difference being that the roles of outdegrees and outneighbours
are switched with those of indegrees and inneighbours.

Case 3: T, is a directed path (possibly consisting of just a single vertex). Then let

wt = wh(T.) and w~ = w(T.) be as defined in Section 2, and partition the vertices
of G’ into three sets S~ = {”37"‘7U7iu—+an/3}7 S = {v;}_+an/3+1,...,vI’G/|7w+7an/3} and
St = {v|’G,‘7W+7cm/3+1,...,v"G,|}. Then since wt + w™ + |T.| = n, we know that |S| =

|G| —w™ —wt —2an/3 > |T.|. Therefore by Theorem 1.3 we may embed T, in G’'[S]. Now,
let Tfr ..., ToF be the component subtrees of T — T, such that the edge between TiJr and T,
is directed towards T;r, and for each 7 let tf € T, be the vertex of T, to which this edge is
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incident, and let vi+ be the vertex of G’ to which tf was embedded. Similarly, let 7}, ..., T
be the component subtrees of T" — T, such that the edge between T, and T is directed to-
wards T, let t; be the vertex of T, to which this edge is incident, and let v;" be the vertex
of G’ to which t; was embedded. Then every vertex of T lies in T, or one of the TZ-+ or T
Furthermore |T}'], |T;"| <n/A for each i and j by Proposition 4.2(iv).

We shall complete the embedding of T in G’ by greedily embedding each T;’ in Nt (v;|r NS,
and each T, in N~ (v; )N.S™. Indeed, suppose we have already embedded Tf yenn ,Tifl, and

we now wish to embed Ti+. Then
INT(v)N St > |ST| — Ven > w +an/3 — Ven > wt + an/4.

At most w™ of these vertices have already been occupied by vertices of Tl+ e ,Titl, and so
there remain at least an/4 available vertices in which to embed T;". Since |T;7| < n/A <
an/12, we may embed TZ-+ in these available vertices by Theorem 1.2. Continuing in this way
we may embed all of the Tf, and the T, may be embedded similarly, to give us a copy of T'
in G'.

Any tree in which every vertex has at most one outneighbour and at most one inneighbour
is a directed path. So T, must fall into at least one of the three cases, and so we can find a
copy of T'in G’, and hence in G, contradicting our assumption that a;,r > 0. So we must
have a;,y = 0, and so the lemma holds. O

6. PROOF OF THEOREM 1.4

Recall the statement of Theorem 1.4.

Theorem 1.4 Let o > 0. Then the following properties hold.

(1) There exists ng € N such that for any n > ng, any tournament G on at least 2(1+a)n
vertices contains any directed tree T' on n vertices.

(2) Let A be any positive integer. Then there exists ng € N such that for any n > ng, any
tournament G on at least (1 + a)n vertices contains any directed tree T on n vertices
with A(T) < A.

The proofs of each of the two statements of the theorem are very similar, so to avoid
repetition we shall prove the first statement, explaining in footnotes where the proof of the
second statement differs.

6.1. Partitioning the vertices of (G. As in the last section, we consider the set A of all
positive values of o such that the theorem holds. So o € A if and only if there exists ng such
that for any n > ng, any tournament on at least 2(1 + o/)n vertices contains any tree on n
vertices. So if @/ € A and o > o/ then o’ € A, and also 1/2 € A by Theorem 1.2. Thus we
may define a;,y = inf A, and then the theorem is equivalent to the statement that a;,; = 0.
So suppose a;, s > 0, and choose constants

I/ng<1l/np < p<rv<n<1l/A <y < ajpy.

Let o = @iy — p1, 50 a < 1/2, and we may assume that v < . Then a +2u € A, and
so for any n’ > n{), any tournament on at least 2(1 + o + 2u)n’ vertices contains any tree
on n’ vertices. We shall prove that if n > ng, any tournament G on at least 2(1 + a)n
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vertices contains any tree on n vertices. This proves that o € A, giving a contradiction to
our assumption that a;,s > 0, and so proving the theorem.!

So let G be a tournament on at least 2(1+a)n vertices®. If |G| > 3n then by Theorem 1.2, G
contains any directed tree T on n vertices. So we may assume |G| < 3n. We shall use an
algorithm which keeps track of an ordered family S™ of disjoint subsets of V(G), and a set B”
of bad edges of G, at each time 7. Initially, let S' = (V(G)), and let B! = (). Then at time
T > 1, we have 8™ = (57,...,57), and the algorithm proceeds as follows.

(1) Let S] be a largest member of 8. If |S7| < yn, then terminate.

1s a robust (u, v)-outexpander wit > nn, then terminate.
(2) 1 GIS7] s a robust (s, ) der with 8%(G[SF]) > n, then termi
(3) If some v € S] has dasz](fu) < nn, then let

ST+ — (ST, S, S\ v}, {v}, Sy, -, S7),

let B™! = BT U E({v} — S7 \ {v}), and proceed to step (6).
(4) Similarly, if some v € S7 has dgsr) (v) < nn, then let
4

ST+1 = (S{a cee aSZ—l? {U}’ SZ \ {U}, SZ—H? cee 7S7T-)>

let BTt = BT U E(S] \ {v} — {v}), and proceed to step (6).

(5) If G[S7] is not a robust (u,v)-outexpander then apply Lemma 2.8 to partition the
vertices of S] into sets S’ and S” such that v|S7| < [S7],]5”| < (1 — v)|S7| and at
most 4u|S7|* edges of G[S]] are directed from S” to S’. Then let

ST = (ST,..., 871,88, SF1,- ., 5T)

and let B™™1 = BTU E(S" — §).
(6) Finally, for each i € [r + 1], delete from S7! any vertex v which lies in more than
/1m edges of BT

At any step, if the algorithm does not terminate at step (1) or (2), then the condition
of one of steps (3), (4) and (5) must hold. Therefore at each time 7, either the algorithm
terminates or |S7| increases from 7 to 7 + 1 (in forming S™!) by reducing the size of the
largest piece. Therefore the algorithm must terminate at some time 7.,q < |G| < 3n.

Now, at any time 7 at which the algorithm does not terminate, the algorithm will split
the set S7 in precisely one of steps (3), (4) and (5). We next show that the split in step
(5) will occur for at most 3/yv times 7 < T.,q. This is because any set obtained by a split
in step (5) must have size at least yvn (since |S]| > yn, and the sets S’,S” obtained have
15'1,18”| > v|S7|), and so at most |G|/yvn < 3/yv such sets can be obtained.

Next, we show that when the algorithm terminates at time 7,4, most vertices lie in one
of the sets S, or equivalently that only a few vertices have been deleted. To do this, note
that at each time 7 < 7.,4, the number of edges added to form B™*! from BT is at most
nn if the algorithm carried out the split in step (3) or (4), and at most 4u|G|?> < 36un? if
the algorithm carried out the split in step (5). Since 7enq < 3n, and the split in step (5) is

IFor the bounded degree case, fix any value of A, and here A is defined by o € A if and only if there exists
no such that for any n > ng, any tournament on at least (1 + o’)n vertices contains any tree T' on n vertices
with A(T) < A. Soif o/ € A and o” > o' then o” € A, and also 2 € A by Theorem 1.2. Thus we may define
ainy = inf A; then the theorem is equivalent to the statement that a.ny = 0. So suppose a;ns > 0, and choose
constants 1/no < 1/np K p < v < n <K 1/A" < v < 1/A aing. Let @ = ains — p, 50 a < 2, and we may
assume that v < a. Then a + 2u € A, so for any n’ > ng, any tournament on at least (1 + o + 2u)n’ vertices
contains any tree T on n’ vertices with A(T) < A. Using this, we shall prove that if n > ng, any tournament
G on at least (1 4+ a)n vertices contains any tree T on n vertices with A(T') < A. This proves that a € A,
giving a contradiction to our assumption that a;,s > 0, and so proving the theorem.

2For the bounded degree case, instead let G be a tournament on at least (1 4+ a)n vertices.
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carried out in at most 3/yv of these steps, the number of bad edges at time 7,4 is at most
3nn? + 108un? /vy < 4nn?. Since B! C --. C B™nd, any vertex of G which was ever deleted
in step (6) must lie in at least \/mn edges of B¢, and so at most 8,/nn vertices of G can
have been deleted in step (6) over the entire course of the algorithm. Let G’ be the restriction
of G to the undeleted vertices at time 7epq, so G’ = G[|JS™4]. Then G’ is a tournament and

(6) '] > |G - 8yn.

Our approach now depends on whether the algorithm terminated in step (1) or (2). If the
algorithm terminated in step (1), then for each i € [7.nq] we have |S]*"*| < yn. We shall show
that in this case G’ is 2y-almost-transitive. Indeed, order the vertices of G’ as vy, vs, ... el
in the same order as in 874, i.e. beginning with all the vertices of S*¢, then the vertices
of S3e", and so forth. Then any edge v; — v; where j > i either lies in B7end or has both
endvertices in the same S;°"?. So the total number of such edges is at most

2 5| 2 n|S| 2 3yn? 2
dnn +56;d<2> <4dnn —I—SE;d 5 <4dnn +T§2'yn.

Since in both the unbounded degree case and the bounded degree case we have
|G| > (1 + «a/2)n,

by (6), G’ is indeed 2~-almost-transitive, and by Lemma 5.1 G’ contains a copy of 7', which
is also a copy of T in G.

6.2. Partitioning the vertices of T. We may therefore assume that the algorithm termi-
nated in step (2) at some time 7.pq; when for some S}"* with [S]*"!| > yn, G[S[*"] is a (i, v)-
robust outexpander with 6°(G[S;*"]) > nn. For this, let S = S7*"*, let ST = U,_;<,.  Sj
and let S~ = J;<;;S5;**. Then |STUS™ US| =|G"|. Also, if u € ST and v € SUS™ then
u € S;e"d, v e S for some j > ¢, and so if u — v then this edge is in B™n4. So any vertex
u € ST has at most /I outneighbours in SUS™, since v was not deleted at any stage of the
algorithm. Similarly each vertex of S has at most \/nn outneighbours in S~ and inneighbours
in S*, and each vertex of S~ has at most \/gn inneighbours in S* U S. Define 8,61, 5~ by
S| = BIG|, |ST| = |G|, and [S™| = B7|G"|, s0 B+ BT + 7 =1 and 3 = yn/|G'| = v/3.
Suppose first that 87 and 3~ are both small. More precisely, 37, 3~ < «/3?/20, and so
B >1—«a/10. Then we shall find a copy of T" in G[S] (and therefore in G). Indeed, T is a
tree on n vertices, and G[S] is a (i, v)-robust outexpander with §°(G[S]) > nn. Furthermore,

6
|S| = B|G| (Z) (2420 —-8/n)fn > (2+ a)(1 — %)n >2(1+ Z)n
and so by Lemma 4.1 G[S] (and therefore G) contains a copy of T.?

So we may assume that at least one of 4+ and 3~ is greater than a3%/20, so in particular,
B <1—aB?/20. We next split the vertices of T according to the values of 4+ and 5.

Case 1: B~ is large but BT is small. More precisely, St < a3?/20 and 3~ > af?%/20.
Then we partition the vertex set of T into T~ and TP, where every edge of T' between T~
and T° is directed from T~ to T°, and |T~| = 8~ (1 — aB)n. We can form T° greedily by
successively removing a sink vertex from 7" and adding it to 7°. Since BT 4+ g+ 4~ =1,

T =n—|T7|=pn(l+a—-af)+(1—aB)fn<Bn(l+a-—af)+ af?n/20.

Q)
3For the bounded degree case, |S| = 8|G'| > (1+a — 8y/m) (1 — a/10)n > (1 4 a/4)n, and so G[S] (and
therefore ) contains a copy of T' by Lemma 3.1.
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Case 2: 37 is large but 3~ is small. More precisely, 3~ < a3?/20 and 8+ > «3?/20. Then
we similarly partition the vertex set of 7" into T° and T+, where every edge of T between 7
and T is directed from T° to T+, and |TH| = (1 — aB)n. Again |T° = n — |T*| <
Bn(l + a — af) + af?n/20.

Case 3: 3+ and B~ are both large. More precisely, 5+, 3~ > «/3?/20. Then we partition
the vertex set of T into pieces T~, T and T such that all edges of T between T~ and T°
are directed from T~ to 77, all edges of T between T° and T+ are directed from T to TF
and all edges of T' between T~ and T'" are directed from T~ to TT. Also |TF| = T (1—af)n
and [T7| = 8~ (1 — afB)n, so |T°| = B(1 + a — af)n.

Note that in each of the three cases T° satisfies |79 > 8(1 + a — a3)n and

af’n

5
6.3. Embedding T in G. Having partitioned the vertices of G into three sets S, ST and S—,
and the tree T into three forests 7%, T°, T~, we now complete the proof by embedding 7" in G,
with 77, 7% and T+ embedded in G[S~],G[S] and G[S*] respectively. Indeed, the fact that
G|[S] is a robust (p, v)-outexpander will enable us to embed slightly more vertices in G[S] than
the #n that would be embedded in G[S] if the vertices of T were distributed proportionately
amongst G[S], G[ST] and G[S™]. This gives us some leeway for embedding 7+ and 7~ in
G[ST] and G[S™] respectively, which by our choice of « is sufficient to successfully complete
these embeddings.

So let T} ,...T, be the component subtrees of T, let Tfr yenn ,T; be the component
subtrees of TF, and let T1,...,T, be the component subtrees of T°. Let the contracted
tree Teron be formed from T by contracting each TZ-+, T, and T; to a single vertex.

To begin the embedding, we embed into G[S] every T; satisfying |T;| > n/A’. Note that
there are at most A’ such 7. Also, the union of all such 7} is a forest on at most |T°| vertices,
and the tournament G[S] is a robust (u, v)-outexpander on

(7) 7% < B(1 + o — aB)n + af?n/20 < B(1 + a)n —

(6) (7
G/ 2 92+ 20~ 8yin = 2 (14 50 ) 1192 20+ )T

vertices with 6°(G[S]) > nn, and hence G[S] contains a copy of this forest by Lemma 4.1.4

Now, choose an order of the vertices of T.,,, beginning with the at most A’ vertices
corresponding to the T; which we have just embedded, and such that any vertex of T,
has at most A’ neighbours preceding it in this order. (To do this, choose one of the A’
vertices corresponding to the 7; which have already been embedded, and then choose any
ancestral ordering of the vertices of Ti,,, beginning with the chosen vertex, so every vertex
has at most one neighbour preceding it in this order. Now move the remaining A’ — 1
vertices corresponding to the T; which have already been embedded to the front of this order;
then every vertex gains at most A’ — 1 preceding neighbours.) We shall proceed through
the remaining vertices of T, in this order, at each step embedding the tree Tj, T;r or T~
corresponding to the current vertex of T¢,, in the unoccupied vertices of the tournament
G|S], G[ST] or G[S™] respectively.

So suppose first that the current vertex t* of T¢,, corresponds to some 7;. Since T; has not
already been embedded, we know that |T;| < n/A’. Also, since t* has at most A’ neighbours
preceding it in T,,,, the vertices of T; have at most A’ neighbours outside T; which have
already been embedded. Since T} is a component of 70, each of these neighbours of vertices
in T; lies either in 7~ (in which case it is an inneighbour) or in T (in which case it is an

4For the bounded degree case, |S| > (1 +~2)|T°| by a similar calculation, and so G[S] contains a copy of
this forest by Lemma 3.1.
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outneighbour). So let ¢1,...,t, be the vertices in T~ which are inneighbours of some vertex
in 7; and which have previously been embedded, and let vy ,...,v, be the vertices of G'[S7]
to which ¢7,...,¢, were embedded. Similarly, let tT, . ,1tq+ be the vertices in T+ which
are outneighbours of some vertex in T; and which have previously been embedded, and let
vf,...,vf be the vertices of G'[ST] to which tf,...,t} were embedded. Finally let S* be
the set of unoccupied vertices in S N NT (v ,.. LU ) N N=(v],... ,v;). Then we wish to
embed T; in S*. For this, note that

(™
5% 218] = (p + q) v/ — |T°] = BIG'| = Ay/im — (B(1 + a)n — af®n/2)

(g)ﬁn(l +a) = 8+ AN an — B+ a)n +af*n/2 > af’n/3 > 3n/A" > 3|T;.

Note that this calculation is valid for both the bounded degree case and the unbounded degree
case, with plenty of room to spare in the unbounded case. So by Theorem 1.2, G[S*] contains
a copy of T;, to which we embed T;.

Alternatively, if the current vertex of T¢,, corresponds to some 7, , then similarly the
vertices of T, have at most A’ neighbours outside 7;  which have already been embedded,

all of which are outneighbours. As before we let vy,...,v,. be the vertices of G'[S U ST]
to which these vertices have been embedded, and let S* be the set of unoccupied vertices
of ST NN~ (vi,...,v.). Note that at most |T~| — |1, | vertices of T~ have already been

embedded. Since some T exists we have

(6)
S| >[S7 =7y —(IT7| = |T; |) > 87 (2+2a)n — 8+ A)y/im — 5~ (1 — af)n + [T} |
8) > (1+2a+aB/2)n+|T; |

In the final line we used the fact that 3~ > af%/20 and 3 > /3 (so n, A’ < 7,8,87). So
|S*| > 2(14+a+2p)|T;"|. Therefore if |T; | > 37n/2, then [T, | > af?n/40 > ay*n/360 > nf,
and so we can embed 7T, in G[S*] by our choice of nj,. On the other hand, if |7, | < 87 n/2
then |S*| > 3|7, | by (8), and so we can embed 7} in G[S*] by Theorem 1.2.5

Finally, if the current vertex of T,,, corresponds to some TZ-JF, we embed Tf in the un-
occupied vertices of ST by a similar method to the method used to embed some T in the
unoccupied vertices of G[S™]. We continue in this manner until we have embedded the T3, T;"
or T;~ corresponding to each vertex of T,,, at which point we will have obtained an embed-
ding of T in G, completing the proof. At each stage in this proof we had ‘room to spare’
in our choices, and so the fact that the expressions for |T;|, |T;"| and |T; | and other such
expressions may not be integers is not a problem. (Il
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