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ABSTRACT. In 1976, Alspach, Mason, and Pullman conjectured that any tournament T of even

order can be decomposed into exactly ex(T') paths, where ex(T) := % 2 vev(r) |d (v) — dp (V)]
We prove this conjecture for all sufficiently large tournaments. We also prove an asymptotically
optimal result for tournaments of odd order.

1. INTRODUCTION

Path and cycle decomposition problems have a long history. For example, the Walecki
construction [15], which goes back to the 19" century, gives a decomposition of the complete
graph of odd order into Hamilton cycles (see also [2]). A version of this for (regular) directed
tournaments was conjectured by Kelly in 1968 and proved for large tournaments in [10]. Beautiful
open problems in the area include the Erdés-Gallai conjecture which asks for a decomposition
of any graph into linearly many cycles and edges. The best bounds for this are due to Conlon,
Fox, and Sudakov [6]. Another famous example is the linear arboricity conjecture, which asks

d+1

for a decomposition of a d-regular graph into [T] linear forests. The latter was resolved

asymptotically by Alon [1] and the best current bounds are due to Lang and Postle [13].

1.1. Background. The problem of decomposing digraphs into paths was first explored by
Alspach and Pullman [4], who provided sharp bounds for the minimum number of paths needed in
path decompositions of digraphs. (Throughout this paper, in a digraph, for any two vertices u # v,
we allow a directed edge uv from w to v as well as a directed edge vu from v to u, whereas
in an oriented graph we allow at most one directed edge between any two distinct vertices.)
Given a digraph D, define the path number of D, denoted by pn(D), as the minimum integer k
such that D can be decomposed into k paths. Alspach and Pullman [4] proved that, for any
oriented graph D on n vertices, pn(D) < ”72, with equality holding for transitive tournaments.
O’Brien [16] showed that the same bound holds for digraphs on at least 4 vertices.

The path number of digraphs can be bounded below by the following quantity. Let D be
a digraph and v € V(D). Define the excess at v as exp(v) == d},(v) — dp(v). Let exf(v) ==
max{0,exp(v)} and ex,(v) := max{0, —exp(v)} be the positive excess and negative excess at v,
respectively. Then, as observed in [4], if df,(v) > d(v), a path decomposition of D contains at
most dp,(v) paths which have v as an internal vertex, and thus at least dj,(v) — dp(v) = ex},(v)
paths starting at v. Similarly, a path decomposition will contain at least exj,(v) paths ending
at v. Thus, the excess of D, defined as

ex(D)= Y esplo)= Y esp) =5 O lesn(o)]

veV (D) veV (D) veV (D)
provides a natural lower bound for the path number of D, i.e. any digraph D satisfies

(1.1) pn(D) > ex(D).
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It was shown in [4] that equality is satisfied for acyclic digraphs. A digraph satisfying equality
in (1.1) is called consistent. Clearly, not all digraphs are consistent (e.g. regular digraphs have
excess 0). However, Alspach, Mason, and Pullman [3] conjectured in 1976 that tournaments of
even order are consistent.

Conjecture 1.1 (Alspach, Mason, and Pullman). Let n € N be even. Then, any tournament T
on n vertices satisfies pn(T') = ex(T).

This conjecture is discussed also e.g. in the Handbook of Combinatorics [5]. Moreover, it
is listed as being of “high importance” in the list of problems on the “open problem garden’
website.

Note that the results of Alspach and Pullman [4] mentioned above imply that Conjecture 1.1

)

holds for tournaments of excess %. Moreover, as observed by Lo, Patel, Skokan, and Talbot [14],

Conjecture 1.1 for tournaments of excess 7 is equivalent to Kelly’s conjecture on Hamilton
decompositions of regular tournaments. Recently, Conjecture 1.1 was verified in [14] for sufficiently

large tournaments of sufficiently large excess. Moreover, they extended this result to tournaments
1
of odd order n whose excess is at least n?~1s.

Theorem 1.2 ([14]). The following hold.

(a) There exists C € N such that, for any tournament T of even order n, if ex(T) > Cn,
then pn(T) = ex(T).
(b) There exists ng € N such that, for any n > ng, if T is a tournament on n vertices
satisfying ex(T) > n?71s, then pn(7T) = ex(T).
1.2. New results. Building on the results and methods of [10,14], we prove Conjecture 1.1 for
large tournaments.

Theorem 1.3. There exists ng € N such that, for any even n > ng, any tournament T on n
vertices satisfies pn(T) = ex(T).

In fact, our methods are more general and allow us determine the path number of most
tournaments of odd order, whose behaviour turns out to be more complex. As mentioned above,
not every digraph is consistent.

Let D be a digraph. Let A°(D) denote the largest semidegree of D, that is AY(D) =
max{d*(v),d"(v) | v € V(D)}. Note that A°(D) is a natural lower bound for pn(D) as every
vertex v € V(D) must be in at least max{d™ (v),d ™ (v)} paths. This leads to the notation of the
modified excess of a digraph D, which is defined as

ex(D) = max{ex(D), AO(D)}.
This provides a natural lower bound for the path number of any digraph D.
Fact 1.4. Any digraph D satisfies pn(D) > ex(D).

Observe that, by Theorem 1.2(b), equality holds for large tournaments of excess at least n?=1s.
However, note that equality does not hold for regular digraphs. (Here a digraph is r-regular if for
every vertex, both its in and outdegree equal r.) Indeed, by considering the number of edges,
one can show that any path decomposition of an r-regular digraph will contain at least r» + 1
paths. Thus, any regular digraph satisfies pn(D) > éx(D) + 1. Alspach, Mason, and Pullman [3]
conjectured that equality holds for regular tournaments. We verify this conjecture for sufficiently
large tournaments.

Theorem 1.5. There exists ng € N such that any regular tournament T on n > ng vertices
satisfies pn(T) = 2 = ex(T) + 1.

In fact, our argument also applies to regular oriented graphs of large degree.

Theorem 1.6. For any € > 0, there exists ng € N such that, if D is an r-reqular oriented graph
on n > ng vertices satisfying r > (% + 5) n, then pn(D) =r 4+ 1 =ex(D) + 1.
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More generally, we will see that Theorem 1.6 can be extended to regular digraphs of linear
degree which are “robust outexpanders” (see Theorem 4.36).

There also exist non-regular tournaments for which equality does not hold in Fact 1.4. Indeed,
let Tapex be the set of tournaments 7" on n > 5 vertices for which there exists a partition
V(T) = Vo U{vy} U{v_} such that T[Vp] is a regular tournament on n — 2 vertices (and so n is
odd), Njf (v4) = Vo = Ny (v_), Ny (vy) = {v_}, and N (v_) = {v4}. The tournaments in Tapex
are called apex tournaments. We show that any sufficiently large tournament T € Typex satisfies
pn(7T) = ex(T') + 1 (see Theorem 4.35). Denote by Tre the class of regular tournaments and let
Texcep = Tapex U Treg. The tournaments in Texcep are called exceptional. We conjecture that the
tournaments in Texcep are the only ones which do not satisfy equality in Fact 1.4.

Conjecture 1.7. There exists ng € N such that any tournament T' ¢ Texcep 0N 1 > g vertices
satisfies pn(T) = ex(T).

We prove an approximate version of this conjecture (see Corollary 1.9). Moreover, in
Theorem 1.8, we prove Conjecture 1.7 exactly unless n is odd and T is extremely close to
being a regular tournament (in the sense that the number of vertices of nonzero excess is o(n),
the excess of each vertex is o(n), and the total excess is § £ o(n)).

Theorem 1.8. For all § > 0, there exists ng € N such that the following holds. If T is a
tournament on n > ng vertices such that T ¢ Texcep and

(a) ex(T) > § + Bn, or
(b) N™(T),N~(T) > Bn, where N*(T) = [{v € V(T) | exf(v) > 0} + &x(T) — ex(T) and
N=(T)={veV(T)|exp(v) >0} +ex(T) — ex(T),
then pn(T) = ex(T).

In Section 7, we will derive Theorem 1.3 (i.e. the exact solution when n is even) from
Theorem 1.8. This will make use of the fact that ex(T") = ex(T") for n even (see Proposition 4.22).
We will also derive an approximate version of Conjecture 1.7 from Theorem 1.8.

Corollary 1.9. For all B > 0, there exists ng € N such that, for any tournament I’ on n > ng
vertices, pn(T) < ex(T) + fOn.

Note that Theorem 1.8(b) corresponds to the case where linearly many different vertices can be
used as endpoints of paths in an optimal decomposition. Indeed, let T be a tournament and P be
a path decomposition of T'. Then, as mentioned above, each v € V(T') must be the starting point
of at least ex}(v) paths in P. Thus, for any tournament 7, N (T') is the maximum number of
distinct vertices which can be a starting point of a path in a decomposition of T' of size ex(T)
and similarly for N~ (T') and the ending points of paths.

One can show that almost all large tournaments satisfy ex(7) = n2to), Indeed, consider a
tournament 1" on n vertices, where the orientation of each edge is chosen uniformly at random,
independently of all other orientations. For the upper bound on ex(7'), one can simply apply

a Chernoff bound to show that for a given vertex v and € > 0, we have exf(v) < nzte with
probability 1 — o (%) The result follows by a union bound over all vertices. For the lower bound,
let X denote the number of vertices v with d7(v) € [2 —2y/n, 2 — \/n]. Then it is easy to see
that, for large enough n, we have E[X] > 177, say. Moreover, Chebyshev’s inequality can be used

to show that, with probability 1 — o(1), we have X > 575, again with room to spare. Thus,
Theorem 1.8 implies the following.

Corollary 1.10. As n — oo, the proportion of tournaments on n vertices satisfying pn(T) =
ex(T') tends to 1.

Note that the case when n is even already follows from Theorem 1.2(a). Corollary 1.10 is
an analogue of a result of [11], which states that almost all sufficiently large tournaments T
contain 6%(T') :== min{d}.(v),dy(v) | v € V(T)} edge-disjoint Hamilton cycles and which proved
a conjecture of Erdés (see [18]).
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Finally, we will see in Section 9 that our methods give a short proof of (a stronger version of)
a result of Osthus and Staden [17], which guarantees an approximate decomposition of regular
“robust outexpanders” of linear degree into Hamilton cycles and which was used as a tool in the
proof of Kelly’s conjecture [10].

1.3. Organisation of the paper. This paper is organised as follows. In Section 2, we give
a proof overview of Theorem 1.8. Notation will be introduced in Section 3, while tools and
preliminary results will be collected in Section 4. Moreover, exceptional tournaments will
be considered in Section 4.7. Sections 5-8 will be devoted to the proof of Theorem 1.8.
Theorem 1.3 and Corollary 1.9 are derived from Theorem 1.8 in Section 7. Finally, in Section 9,
we discuss Hamilton decompositions of robust outexpanders and conclude with a remark about
Conjecture 1.7.

2. PROOF OVERVIEW

2.1. Robust outexpanders. Our proof of Theorem 1.8 will be based on the concept of robust
outexpanders. Roughly speaking, a digraph D is called a robust outexpander if, for any set S C
V(D) which is neither too small nor too large, there exist significantly more than |S| vertices
with many inneighbours in S. (Robust outexpanders will be defined formally in Section 4.1.)
Any (almost) regular tournament is a robust outexpander and we will use that this property
is inherited by random subdigraphs. The main result of [10] states that any regular robust
outexpander of linear degree has a Hamilton decomposition (see Theorem 4.9). We can apply
this to obtain an optimal path decomposition in the following setting. Let D be a digraph
on n vertices, 0 < 7 < 1, and suppose that XT U X~ U X© is a partition of V(D) such that
|X*| =|X~| =nn and the following hold.

Eachv € X satisfies d5(v) = nn; eachv € X satisfies d5(v) = nn and dp(v) = nn—1;
and each v € X~ satisfies d},(v) =nn — 1 and df(v) = nn.

()

Then, the digraph D’ obtained from D by adding a new vertex v with N7, (v) = X is nn-regular.
Thus, if D is a robust outexpander, then there exists a decomposition of D’ into Hamilton cycles.
This induces a decomposition P of D into nn Hamilton paths, where each vertex in X is the
starting point of exactly one path in P and each vertex in X~ is the ending point of exactly one
path in P. This is formalised in Corollary 4.10. (A similar observation was already made and
used in [14].) Our main strategy will be to reduce our tournaments to a digraph of the above
form. This will be achieved as follows.

2.2. Simplified approach for well behaved tournaments. Let 8 > 0 and fix additional

constants such that 0 < % K ekKv<KLn<kKpB. Let T be a tournament on n > ng vertices. Note

that by Theorem 1.2, we may assume that éx(T) < e2n?. Moreover, for simplicity, we first also

assume that each v € V(T') satisfies | exp(v)| < en (i.e. T is almost regular), ex(T") = ex(T), and
both |[{v € V(T) | ex:(v) > 0} > nn. In Section 2.3, we will explain how the argument can be
generalised if any of these conditions is not satisfied.

Firstly, since T' is almost regular, it is a robust outexpander and so we can fix a random
spanning subdigraph I' C T' of density v such that I" is a robust outexpander and 7"\ T" is almost
regular. The digraph I' will serve two purposes. Firstly, its robust outexpansion properties will
be used to construct an approximate path decomposition of T'. Secondly, provided few edges
of I are used throughout this approximate decomposition, it will guarantee that the leftover
(consisting of all of those edges of T" not covered by the approximate path decomposition) is still
a robust outexpander, as required to complete our decomposition of 1" in the way described in
Section 2.1.

Fix X* C {v € V(T) | ext(v) > 0} of size nn and denote X° := V(T)\ (XU X ). Our goal
is then to find an approximate path decomposition P of T such that |P| = éx(T") — nn and such
that the leftover D = T\ |J P satisfies the degree conditions in (f). Thus, it suffices that P
satisfies the following.



PATH DECOMPOSITIONS OF TOURNAMENTS 5

(i) Eachv € X is the starting point of exactly ex}(v)—1 paths in P, while each v € V(T)\ X T
is the starting point of exactly exf.(v) paths in P. Similarly, each v € X~ is the ending
point of exactly ex;.(v) — 1 paths in P, while each v € V(T') \ X~ is the ending point of
exactly ex(v) paths in P.

(i) Each v € V'\ (X U X ™) is the internal vertex of exactly M — nn paths in P,

while each v € X U X~ is the internal vertex of exactly M —nn + 1 paths
in P.
Indeed, (i) ensures that [P| = ex(T) — nn and each vertex has the desired excess in D,

namely exp(v) = +1 if v € X* and exp(v) = 0 otherwise. In addition, (ii) ensures that
the degrees in D satisfy ().

Recall that, by assumption, 7" is almost regular. Thus, in a nutshell, (i) and (ii) state that we
need to construct edge-disjoint paths with specific endpoints and such that each vertex is covered
by about (% — n)n paths. To ensure the latter, we will in fact approximately decompose T into
about (% — n)n spanning sets of internally vertex-disjoint paths. To ensure the former, we will
start by constructing (3 — n)n auxiliary digraphs on V(T') such that, for each v € V(T), the
total number of edges starting (and ending) at v is the number of paths that we want to start
(and end, respectively) at v. These auxiliary digraphs will be called layouts. These layouts are
constructed in Section 5. Then, it will be enough to construct, for each layout L, a spanning set
of paths Py, called a spanning configuration of shape L, such that each path P € Py, corresponds
to some edge e € F(L) and such that the starting and ending points of P equal those of e.

These spanning configurations will be constructed one by one as follows. At each stage, given
a layout L, fix an edge uv € E(L). Then, using the robust outexpanding properties of (the
remainder of) T', find short internally vertex-disjoints paths with endpoints corresponding to the
endpoints of the edges in L \ {uv}. Denote by P; the set containing these paths. Then, it only
remains to construct a path from u to v spanning V(T') \ V(P},). We achieve this as follows.

Let D" and I" be obtained from (the remainders of) (T'\I') — V (P} ) and I' — V(P ) by merging
the vertices u and v into a new vertex w whose outneighbourhood is the outneighbourhood of u
and whose inneighbourhood is the inneighbourhood of v. Then, observe that a Hamilton cycle
of D" UT” corresponds to a path from w to v of T which spans V(T') \ V(P}). We construct
a Hamilton cycle of D’ UT" as follows. Of course, one can simply use the fact that T is a
robust expander to find a Hamilton cycle. However, if we proceed in this way, then the robust
outexpanding property of I'” might be destroyed before constructing all the desired spanning
configurations.

So instead we construct a Hamilton cycle with only few edges in I as follows. Using the fact
that T\ T is almost regular, we first find an almost spanning linear forest F' in D’ which has few
components. Then, we use the robust outexpanding properties of I to tie up F into a Hamilton
cycle C of D" UT’. This construction of spanning configurations (respecting the layouts formed
in Section 5) is carried out in Section 6.

2.3. General tournaments. For a general tournament 7', we adapt the above argument as
follows. Let W be the set of vertices v € V(T) such that |exp(v)| > en. If W # (), then T is
no longer almost regular and we cannot proceed as above. However, since ex(T) < £2n?, |W| is
small. Thus, we can start with a cleaning procedure which efficiently decreases the excess and
degree at W by taking out few edge-disjoint paths. The corresponding proof is deferred until
Section 8, as it is quite involved and carrying out the other steps first helps to give a better
picture of the overall argument. Then, we apply the above argument to (the remainder of) T'— W.
We incorporate all remaining edges at W in the approximate decomposition by generalising the
concept of a layout introduced above.

If {v e V(T) | exj(v) > 0} < nn but ex(T) = ex(T), say, then we cannot choose X+ C
{v € V(T) | exf(v) > 0} of size nm. We circumvent this problem as follows. Select a small
set of vertices Wy such that > .y ext(v) > nn and let A be a set of nn edges such that the
following hold. Each edge in A starts in W4 and ends in V(T') \ W4. Moreover, each v € Wy is
the starting point of at most ex;.(v) edges in A and each v € V(T') \ Wy is the ending point of
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at most one edge in A. We will call A an absorbing set of starting edges. Then, let the ending
points of the edges in A play the role of X+ and add the vertices in W4 to W so that, at the end
of the approximate decomposition, the only remaining edges at W, are the edges in A. Thus, in
the final decomposition step, we can use the edges in A to extend the paths starting at X into
paths starting in Wy. (See Section 4.5 for details.) If [{v € V/(T) | ex;(v) > 0}| < nn, then we
proceed analogously.

If ex(T') > ex(T), then not all paths will “correspond” to some excess. For simplicity, we will
choose which additional endpoints to use at the beginning and artificially add excess to those
vertices. This then enables us to proceed as if ex(T) = ex(T'). More precisely, we will choose
aset U* C {v e V(T) | exp(v) = 0} of size ex(T) — ex(T') and we will treat the vertices in U*
in the same way as we treat those with erT[ (v) = 1. Note that selecting additional endpoints
in this way maximises the number of distinct endpoints, which will enable us to choose X+ C
{v € V(T) | exi(v) > 0} UU* when N¥(T) = |[{v € V(T) | exi(v) > 0} + &(T) — ex(T) > nn
and use absorbing edges otherwise, i.e. if condition (b) fails in Theorem 1.8. More details of this
approach are given in Section 4.6.

3. NOTATION

We denote by N the set of natural numbers (including 0). Let a,b,c € R. We write a = b+ ¢
if b —c <a <b+ c. For simplicity, we use hierarchies instead of explicitly calculating the values
of constants for which our statements hold. More precisely, if we write 0 < a K b K€ ¢ <1
in a statement, we mean that there exist non-decreasing functions f: (0,1] — (0,1] and
g: (0,1] — (0,1] such that the statement holds for all 0 < a,b,c¢ < 1 satisfying b < f(c)
and a < g(b). Hierarchies with more constants are defined in a similar way. We assume large
numbers to be integers and omit floors and ceilings, provided this does not affect the argument.

In general, a statement C* will mean that both statements C* and C~ hold simultaneously.
If used in the form that C* is the statement “A* implies B”, the convention means that “A*
implies B and “A~ implies B~".

A digraph D is a directed graph without loops which contains, for any distinct vertices u and v
of D, at most two edges between u and v, at most one in each direction. A digraph D is called an
oriented graph if it contains, for any distinct vertices u and v of D, at most one edge between u
and v; that is, D can be obtained by orienting the edges of an undirected graph.

Let G be a (di)graph. We denote by V(G) and E(G) the vertex and edge sets of G, respectively.
We say G is non-empty if E(G) # 0. Let u,v € V(G) be distinct. If G is undirected, then
we write uv for an edge between u and v. If G is directed, then we write uv for an edge
directed from u to v, where v and v are called the starting and ending points of the edge uv,
respectively. Let A, B C V(G) be disjoint. Denote F4(G) = {e € E(G) | V(e) N A # 0}.
Moreover, we write G[A, B] for the undirected graph with vertex set A U B and edge set
{abe€ E(G) |a € A,b e B} and e(A, B) = |E(G[A, B])|.

Given S C V(G), we write G[S] for the sub(di)graph of G induced on S and G — S for the
(di)graph obtained from G by deleting all vertices in S. Given F C E(G), we write G \ E for the
(di)graph obtained from G by deleting all edges in E. Similarly, given a sub(di)graph H C G, we
write G\ H =G\ E(H). If F is a set of non-edges of G, then we write G U F' for the (di)graph
obtained by adding all edges in F. Given a (di)graph H, if G and H are edge-disjoint, then we
write G U H for the (di)graph with vertex set V(G) UV (H) and edge set E(G) U E(H).

Assume G is an undirected graph. For any v € V(G), we write Ng(v) for the neighbourhood
of v in G and dg(v) for the degree of v in G. Given S C V(G), we denote Ng(S) = ,cg Na(v).

Let D be a digraph. Let v € V(D). We write N} (v) and N, (v) for the outneighbourhood and
inneighbourhood of v in D, respectively, and define the neighbourhood of v in D as Np(v) ==
N} (v)UN, (v). We denote by df,(v) and d,(v) the outdegree and indegree of v in D, respectively,
and define the degree of v in D as dp(v) == d};(v) + dp(v). Denote dB™(v) :== min{d}(v), d,(v)}
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and B3 (v) = max{d},(v),dp(v)}. If d},(v) # dp(v), then define

Np() if dp® = dj(v),
Nj(v) if dmm = d(v),

Nj(0) i d = dh(v),

NE™(v) = { N5 (v) if dBe = dp(v).

and NJH*(v) = {
The minimum semidegree of D is defined as §°(D) = min{d%5™(v) | v € V(D)} and, similarly,
A%D) = max{dB*(v) | v € V(D)} is called the mazimum semidegree of D. Define the
minimum degree and mazximum degree of D by §(D) = min{dp(v) | v € V(D)} and A(D) =
max{dp(v) | v € V(D)}, respectively. Given S C V(D), we denote Nj5(S) = J,cg N5 (v) and
Np(S) = Uyes Np(v).

Let D be a digraph on n vertices. We say D is r-regular if, for any v € V/(D), df,(v) = dp(v) = 7.
We say D is regular if it is r-regular for some r € N. Let £,0 > 0. We say D is (0,¢)-almost
reqular if, for each v € V(D), both d};(v) = (6 £¢)n and dp,(v) = (§ £&)n.

Let A and B be multisets. The support of A is the set S(A) := {a | a € A}. For each a € S(A),
we denote by p4(a) the multiplicity of a in A. For any a ¢ S(A), we define py(a) := 0. We
write AU B for the multiset with support S(A U B) := S(A) U S(B) and such that, for each
a € S(AUB), paup(a) == pa(a) + pp(b). We denote by A\ B the multiset with support
S(A\ B) == {a € S(A) | pa(a) > pp(a)} and such that, for each a € S(A\ B), papla) =
pwa(a) — pp(a). We say A is a submultiset of B, denoted A C B, if S(A) C S(B) and, for
each a € S(A), pa(a) < up(a).

By a multidigraph, we mean a directed graph where we allow multiple edges but no loops.
All the notation and definitions introduced thus far extend naturally to multidigraphs, with
unions/differences of edge sets now interpreted as multiset unions/differences. In a multidigraph,
two instances of an edge are considered to be distinct. In particular, given a multidigraph D,
we say D1, Dy € D are edge-disjoint submultidigraphs of D if, for any e € E(D), ugp,)(e) +
1E(Dy)(€) < BE(D)-

In this paper, all paths and cycles are directed, with edges consistently oriented. The length of
a path P, denoted by e(P), is the number of edges it contains. A path on one vertex, i.e. a path of
length 0 is called trivial. Let P = viva ... vp be a path. We say v is the starting point of P and vy
is the ending point of P. We say v is an endpoint of a path P if v is the starting or ending point
of P. We say v, ...,vs_1 are internal vertices of P. We write V*(P) = {v1}, V= (P) = {v}, and
VO(P) = {va,...,ve_1}. We say that a path P is a (u,v)-path if V¥(P) = {u} and V= (P) = {v}.
Given 1 < i < j < ¢, we denote v;Pv; ‘= vvj41...vj. A linear forest is a set of pairwise
vertex-disjoint paths.

Similarly, given a (multi)set P of paths, we write V' (P) for the set of vertices which are the
starting point of a path in P. Similarly, we write V'~ (P) for the set of vertices which are the
ending point of a path in P and V°(P) for the set of vertices which are an internal vertex of a
path in P. (Note that V*(P) and VO(P) are sets and not multisets.)

Given an (auxiliary) directed edge xy and a path P, we say P has shape xy if P is an (z, y)-path.
Similarly, let E be a (multi)set of (auxiliary) directed edges and P be a (multi)set of paths. We
say P has shape E if there exists a bijection ¢ : E — P such that, for each zy € E, ¢(xy) is
an (x,y)-path.

For convenience, a (multi)set P of paths will sometimes be viewed as the (multi)digraph
consisting of their union. In particular, given a (multi)set P of paths, we write V (P) for the set of
vertices of P and E(P) for the (multi)set of edges of P, i.e. V(P) is the set |Jpep V(P) and E(P)
is the (multi)set |Jpep E(P). (Note that V(P) is a set and not a multiset.) For any v € V(P), we
write di5(v) and exp(v) for the in/outdegree and positive/negative excess of v in P when viewed
as a multidigraph, i.e. d%(v) = dip(v) and ex%(v) = exip(v). We define dp(v) and exp(v)
similarly, and denote D\ P := D\ JP.

Let D and D’ be digraphs and uv € E(D). We say D’ is obtained from D by subdividing uv,
if V(D') = V(D)U{w}, for some w ¢ V (D), and E(D’) = (E(D)\ {uv}) U{uw,wv}. We say D’
is a subdivision of D if D' is obtained by successively subdividing some edges of D. Let P be
a (u,v)-path satisfying VO(P) N V(D) = . We say D’ is obtained from D by subdividing uv
into P, if V(D') = V(D) U V?P) and E(D') = (E(D) \ {uv}) U E(P). Similarly, given an
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induced (u,v)-path P C D, we say D’ is obtained from D by contracting the path P into an
edge uv if V(D') = V(D) \ VY(P) and E(D') = (E(D) \ E(P)) U {uv}.

Let D be a digraph. A decomposition of D is set D of non-empty edge-disjoint subdigraphs
of D such that every edge of D is in one of these subdigraphs. A (Hamilton) path decomposition
of D is a decomposition P of D such that each subdigraph P € P is a (Hamilton) path of D.
Similarly, a (Hamilton) cycle decomposition of D is a decomposition C of D such that each
subdigraph C € C is a (Hamilton) cycle of D. By a Hamilton decomposition of D, we mean a
Hamilton cycle decomposition of D.

4. PRELIMINARIES
In this section, we introduce some tools which will be used throughout the rest of the paper.

4.1. Robust outexpanders. Let D be a digraph on n vertices. Given S C V (D), the v-
robust outneighbourhood of S is the set RN:D(S) ={veV(D)||Ny)NS|>wvn}. We say
that D is a robust (v, T)-outexpander if, for any S C V(D) satisfying 7n < |S| < (1 — 7)n,
RN (9)] = 18] + v,

In this section we state some useful properties of robust outexpanders. First, observe that the
next fact follows immediately from the definition.

Fact 4.1. Let D be a robust (v, 7)-outexpander. Then, for any v/ < v and 7" > 7, D is a
robust (V',7')-outexpander.

The following lemma states that robust outexpansion is preserved when few edges are removed
and/or few vertices are removed and/or added.

Lemma 4.2. Let 0 <e <v <7 <1. Let D be a robust (v, 7)-outexpander on n vertices.

(a) If D' is obtained from D by removing at most en in/out edges at each vertex, then D' is
a robust (v — e, T)-outexpander.

(b) If D" is obtained from D by adding or removing at most en wvertices, then D' is a
robust (v — €, 27)-outexpander.

One can easily show that the 7-parameter of robust outexpansion can be decreased when the
minimum semidegree is large. This will enable us to state some results of [9,10] with slightly
adjusted parameters.

Lemma 4.3. Let 0 < % KvrvrT< % < 1. Assume D is a robust (v, g)—outexpander onn
vertices satisfying 6°(D) > én. Then D is a robust (v, T)-outexpander.
The next result states that oriented graphs of sufficiently large minimum semidegree are robust

outexpanders.

Lemma 4.4 ([10, Lemma 13.1]). Let 0 < 1 < v < 7 <¢e < 1. Let D be oriented graph on n

n

vertices with 6°(D) > (2 + e)n. Then D is a robust (v, T)-outezpander.

The next lemma follows easily from the definition of robust outexpansion and states that
robust outexpanders of linear minimum semidegree have small diameter.

Lemma 4.5 ([9, Lemma 6.6]). Let0 < 2 < v <7< $ < 1. Let D be a robust (v, )-outezpander
on n vertices with §°(D) > én. Then, for any x,y € V(D), D contains an (x,y)-path of length

at most v1.

Corollary 4.6. Let 0 < % KekKrvT< g < 1. Let D be a robust (v, T)-outexpander
on n vertices. Suppose 6°(D) > én and let S C V(D) be such that |S| < en. Let k < v3n and
T, ..., Tk, T, ...z} be (not necessarily distinct) vertices of D. Let X = {x1,...,xp, 21,..., T} }.
Then, there exist internally vertex-disjoint paths Pi, ..., Py C D such that, for each i € [k], P; is

an (z;, z%)-path of length at most 2v=" and VO(P;) C V(D) \ (X US).

We will use the fact that robust outexpanders of linear minimum degree contain Hamilton
paths from any fixed vertex x to any vertex y # x. This immediately follows from the result
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that such digraphs contain a Hamilton cycle (by contracting = and y to a single vertex z whose
outneighbourhood is that of z and whose inneighbourhood is that of ). The Hamiltonicity of
such digraphs was first proven in [8,12].

Lemma 4.7. Let 0 < % KvLTt< g < 1. Let D be a robust (v, T)-outexpander on n vertices
with 6°(D) > dn. Then, for any distinct x,y € V(D), D contains a Hamilton (x,y)-path.

Using Lemmas 4.2, 4.3, and 4.7 and Corollary 4.6, one can prove the following corollary.

Corollary 4.8. Let 0 < % Kv KT1< g < 1 and k < v3n. Let D be a digraph and
Py, ..., P, C D be vertex-disjoint paths. For each i € [k], denote by vj and v; the starting
and ending points of P;, respectively. Let V' :== V(D) \ Uy V(£%) and S C V'. Suppose that

D' == D[V'\ 9] is a robust (v, T)-outezpander on n vertices satisfying 6°(D’) > dn. Assume that
for eachi € [k—1], N (v; )N (V'\S)| > 2k and [N (vi 1) N (V'\S)| > 2k. Then, the following
hold.

(a) There exists a (vy, v}, )-path Q C D of length at most 2v™'k + > iy €(B2) such that, for
each i € [k], P, € Q and V(Q) \ U;epy V(P2) CV'\ S.

b) There exists a (v, vy )-Hamilton path Q' of D — S such that, for each i € [k], P; C Q'.
1Y
(c) There exists a Hamilton cycle C of D — S such that, for each i € [k], P; C C.

The main result of [10] states that regular robust outexpanders of linear degree can be
decomposed into Hamilton cycles. Note that this implies Kelly’s conjecture on Hamilton
decompositions of regular tournaments.

Theorem 4.9 ([10, Theorem 1.2]). Let 0 < L < v < 7 < <1 and r > én. Suppose D is
an r-regular robust (v, T)-outexpander on n vertzces Then D has a Hamilton decomposition.

The following result is a consequence of Theorem 4.9 and will be used to complete our path
decompositions (recall the proof overview). In particular, this implies that any digraph D
satisfying (1) from Section 2.1 is consistent, i.e. pn(D) = ex(D).

Corollary 4.10. Let 0 < % KrKT1< g <1 and r > én. Suppose D is a robust (v, T)-
outexpander on n vertices with a vertex partition V(D) = X+ U X~ U X* U X" such that
| Xt UX* =|X"UX* =r and, for allv e V(D), the following hold.

2r—1 ifveXT,
41 ifve X%, " ifv
exp(v) = and dp(v) =< 2r—2 ifve X*

0  otherwise, 2 otherwise

Then, pn(D) = r.
The proof is very similar to [14, Theorem 4.7], but we include it here for completeness.

Proof. By Fact 4.1 and Lemma 4.3, we may assume that 7 < §.

Note that pn(D) > r. Indeed, if X* = V(D), then D is (r — 1)-regular; otherwise, A°(D) = r
and so, by Fact 1.4, pn(D) > ex(D) > r. Thus, it is enough to find a path decomposition of D of
size r.

Let D’ be obtained from D by adding a new vertex v with N7, (v) :== X+ U X*. Then, by

Lemma 4.2, D’ is a r-regular robust (§,27)-outexpander. Applying Theorem 4.9 with D’ 5 v

5929 99
and 27 playing the roles of D, d, v, and 7 yields a Hamilton decomposition of D’. This induces a
path decomposition of D of size r, as desired. O

4.2. Probabilistic estimates. In this section, we introduce a Chernoff-type bound and derive
several easy probabilistic lemmas which will be used in the approximate decomposition step.
Let X be a random variable. We write X ~ Bin(n,p) if X follows a binomial distribution with
parameters n and p. Let N,n,m € N be such that max{n,m} < N. Let I" be a set of size N
and IV C T be of size m. Recall that X has a hypergeometric distribution with parameters N,n,
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and m if X = |I';, NT’|, where T';, is a random subset of I with || = n (i.e. ', is obtained by
drawing n elements of I" without replacement). We will denote this by X ~ Hyp(N,n,m).
We will use the following Chernoff-type bound.

Lemma 4.11 (see e.g. [7, Theorem 2.1 and Theorem 2.10]). Assume X ~ Bin(n,p) or X ~
Hyp(N,n,m). Then, for any 0 < e < 1, the following hold.

(8) P[X < (1 - 2)E[X]] < exp (~5ELX]).
(b) P[X > (1 +)E[X]] < exp (—j [X]).

Using Lemma 4.11, it is easy to see that robust outexpansion is preserved with high probability
when taking random edge-slices (see e.g. the proof of [11, Lemma 3.2(ii)]).

Lemma 4.12. Let 0 < % < v LT,y <1. Let D a robust (v,T)-outexpander on n vertices.
Suppose I is obtained from D by taking each edge independently with probability ~v. Then, with
probability at least 1 — exp(—v3n?), T is a robust (%, 7)-outexpander.

Similarly, using Lemma 4.11, it is easy to see that the property of being almost regular is
preserved when a random edge-slice is taken.

Lemma 4.13. Let 0 < % <L e,y d<1. Let D be a (6,¢)-almost reqular digraph on n vertices.
Let T' be obtained from D by taking each edge independently with probability %. Then, with
probability at least 1 — %, T is (y,¢e)-almost reqular and D\ T is (6 — v, e)-almost regular.

Let D be a digraph on n vertices. We say D is an (g, p)-robust (v, 7)-outexpander if D is a
robust (v, 7)-outexpander and, for any integer k > en, if S C V(D) is a random subset of size k,
then D[S] is a robust (v, 7)-outexpander with probability at least 1 — p. Note that the following
analogue of Fact 4.1 holds for this new notion of robust outexpansion.

Fact 4.14. Let D be a (e, p)-robust (v, T)-outezpander. Then, for any e > e, p' > p, v <wv, and
7' >71, Dis a (,p)-robust (V',7')-outexpander.

Moreover, by Lemma 4.2, the following holds.

Lemma 4.15. Let 0 < ¢ < v < 7 < 1. Let D be a (g,p)-robust (v, T)-outexpander on n
vertices. If D' is obtained from D by removing at most en in/out edges at each vertex, then D’ is
a (v/e,p)-robust (v — \/e, T)-outexpander.

We will see in the concluding remarks that any robust outexpander is in fact (g, p)-robust (for
some suitable parameters). However, our method for showing this requires the regularity lemma
and so, for brevity, we will not prove this result. In this paper, we work with almost regular
tournaments. Thus, it will be enough to use the next lemma, which shows that (e, p)-robustness is
easily inherited from almost regular robust outexpanders of sufficiently large minimum semidegree.

Lemma 4.16. Let 0 < L < e < v <7<y < 2 <5< 1. Let D be a (6,¢)-almost regular
oriented graph on n vertices. Then, there exists a (7,€)-almost reqular spanning subdigraph T’
of D which is an (e,n=3)-robust (v, T)-outezpander and such that D\T is (§ —~,¢)-almost regular.

Proof. Let T' be obtained from D by taking each edge independently with probability ¥. By
Lemma 4.13, with probability at least 1 — %, ' is (v, ¢)-almost regular and D\T is (§ —, )-almost
regular.

By Lemma 4.4, D is a robust (2y~!v,7)-outexpander. Therefore, by Lemma 4.12, T is a
robust (v, 7)-outexpander with probability at least 1 — exp(—8y~3v3n?).

Assume S C V(D) is such that |S| > en and D[S] is a robust (2017, 7)-outexpander. Then, by
Lemma 4.12, T'[S] is a robust (v, 7)-outexpander with probability at least 1 — exp(—8y3v3e%n?).
Therefore, the probability that I'[S] is a robust (v, 7)-outexpander for each such S is at least
1 — 2" exp(—8y~313e2n?).

Thus, by a union bound, there exists a (7, ¢)-almost regular I' C D which is a robust (v, 7)-
outexpander and such that D\I"is (0 —~, €)-almost regular and, for each S C V(D) with |S| > en,
if D[S] is a robust (2y~'v, 7)-outexpander then T'[S] is also a robust (v, 7)-outexpander.
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It now suffices to check that for any integer k > en, if S C V(D) is chosen uniformly among
the subsets of V(D) of size k, then D[S] is a robust (2~ 'v, 7)-outexpander with probability at
least 1 —n~3. Fix an integer k > en and let S C V(D) satisfy |S| = k. Then, for any v € V(D),

[dﬁ[s]( v)] = (6 £ ¢)|S] and, by Lemma 4.11,

P 500 < (5 ) 151 < P [5500) < gBttg )] < exp (-etn).

Therefore, by Lemma 4.4, D[S] is a robust (27~ 'v, T)—outexpander with probability at least
1 — nexp(—e?n) > 1 —n~3. This completes the proof. O

The following result is an easy consequence of Lemma 4.11.

Lemma 4.17. Let 0 < % < %,8,(5 < 1. Let D be a (6,¢)-almost regular digraph on n vertices.
Letny,...,n; € N be such that Zie[k} n; =n and, for eachi € [k], n; = 2 +1. Assume Vy,...,V}
is a random partition of V(D) such that, for each i € [k], |V;| = n;. Then, with probability at
least 1 —n~1, the following holds. For each i € [k] and v € V(D), \N;(v) NVi|= (6 £2)%

4.3. Some tools for finding matchings. In this section, we record two easy consequences of
Hall’s theorem which will enable us to construct matchings.

Proposition 4.18. Let G be a bipartite graph on vertex classes A and B with |A| < |B|. Suppose

that, for each a € A, dg(a) > ‘Lgl and, for each b € B, dg(b) > |A| — ILSI_ Then, G contains a
matching covering A.

Proposition 4.19. Let 0 < % K e k<1 Let G be a bipartite graph on vertex classes A

and B such that |A|,|B| = (1 £&)n. Suppose that, for each v € V(G), dg(v) = (6 £e)n. Then, G

contains a matching of size at least ( — %) n.

4.4. Partial path decompositions. In this section, we introduce some notation which will be
convenient to work with path decompositions, as well some basic properties about the excess of
digraphs which will be used throughout the remainder of the paper.

Fact 4.20. Any tournament T ¢ Treg on n vertices satisfies ex(T) > [2].
The (in)equalities below follow immediately from the definitions.
Fact 4.21. Let D be a digraph and v € V(D).
(a) (D) > A(D) > &P) > 4D).
(b) dimin(y) = dp(v)—= |2€XD(U)‘.
(c) dmax(y) = dD(v)+IQeXD(v)I‘
(d) &x(D) > AYD) > dB™(v) = &5 (v) + | exp(v)].

The following proposition shows that, if n is even, then ex(7T") = ex(7"). This will be used in
Section 7 to derive Theorem 1.3 from Theorem 1.8.

Proposition 4.22. Let T be a tournament of even order n. Then, ex(T) = ex(T).

Proof. 1t is easy to see that each v € V(T) satisfies exp(v) # 0. Let v € V(T') be such that
dmax(v) = A%(T). Thus,

1 n — 1+ |exp(v)| Fact 4.21(c) max
ex() =3 3 Jexpu)] > BTN ) — a0,
ueV(T)
so ex(T) = ex(T), as desired. O

Given a digraph D and S C V(D), denote ex5(S) = Y ves ex5(v). Then, observe that the
following holds.
Fact 4.23. Let D be a digraph, V =V (D), and S C V. Then, ex(D) = ex5 (V) = ex5(S) +
+
exp(V\9).
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Denote UF(D) := {v € V(D) | ex3,(v) > 0} and U(D) == {v € V(D) | exp(v) = 0}.
Proposition 4.24. Any oriented graph D satisfies [U°(D)| > éx(D) — ex(D).

Proof. Assume for a contradiction that there exists an oriented graph D such that |[U°(D)| <
6x(D) — ex(D). Then, note that ex(D) = A%(D) and let v € V' be such that d5**(v) = A%(D).
Assume without loss of generality that v € UT(D). Then, d}(v) = éx(D) > ex(D). By
Fact 4.23, ex(D) > ex}(v) + |[UT(D)| — 1 and so |[UT(D)| < ex(D) — ex},(v) + 1. Moreover, by
assumption, we have |U°(D)| < df,(v) — ex(D). Therefore, by Facts 4.21(b) and 4.21(c), we have
ex(D) > [U~(D)| = n— |[UH(D)| - [U4D)] > n — (ex(D) — exch(v) + 1) — (dh(v) — ex(D)) =
n—1—dp(v) > df (v), a contradiction. O

This motivates the following definition. Let D be a digraph. A set P of edge-disjoint paths
of D is called a partial path decomposition of D if the following hold.

(P1) Any vertex v € V(D) \ U°(D) is the starting point of at most ex},(v) paths in P and the
ending point of at most ex},(v) paths in P.

(P2) Any vertex v € U°(D) is the starting point of at most one path in P and the ending point
of at most one path in P.

(P3) There are at most éx(D) — ex(D) vertices v € U°(D) such that v is an endpoint of a path
in P, that is, [U°(D) N (VF(P)UV~—(P))| < ex(D) — ex(D).
Recall from Theorem 1.8 that
NE(D) = |[UF(D)| + éx(D) — ex(D).
Note that if P is a partial path decomposition of D, then there are at most NT(D) distinct

vertices which are the starting point of a path in P and at most N~ (D) distinct vertices which
are the ending point of a path in P.

Proposition 4.25. Let D be a digraph and P be a partial path decomposition of D. Then,
(a) ex(D) = |P| < ex(D\ P) < ex(D) — [P| < ex(D \ P) < ex(D).
(b) If ex(D) = ex(D), then ex(D \ P) = ex(D) — |P].

Proof. It éx(D) = ex(D), then by (P1) and (P2), ex(D \ P) = ex(D) — |P| and so, since
A%D\ P) < A%D), (a) and (b) hold.

We may therefore assume that ex(D) = A%(D) # ex(D). We show (a) is satisfied ((b) holds
vacuously). Clearly, éx(D) — |P| = AY(D) — |P| < AYD\ P) < ex(D\ P).

We now show that ex(D) — |P| < ex(D\ P) < ex(D) —|P|. Let k be the number of paths in P
which start in U°(D) and let S be the set of vertices v € U°(D) such that no path in P starts at v
but v is the ending point of path in . Note that by definition of a partial path decomposition,
kE+|S| < ex(D) — ex(D). Moreover, observe that, for each v € S, eXlJS\P(v) =1 and, for each

v e (UD)\ S)uU—(D), exB\P(v) = 0. For each v € UT(D), let nj;(v) be the number of paths
in P which start at v. Then, by the definition of a partial path decomposition, for each v € Ut (D),
exj{)\P(v) = GXE(U) —n$(v). Thus, ex(D\P) = ZUGV(D) exg\p(v) =ex(D)—(|P|—k)+|S]| and,
therefore, ex(D) — |P| < ex(D \ P) < ex(D) — |P| + (ex(D) — ex(D)) = ex(D) — | P|, as desired.

Finally, note that, since ex(D \ P) < éx(D) — |P| < éx(D) = A°(D) and A°(D \ P) < A%(D),
we have ex(D \ P) < ex(D). O

Let D be a digraph on n vertices. We say that a partial path decomposition P of D is good if
ex(D\ P) = ex(D) — |P|. We say that a path decomposition P of D is perfect if |P| = ex(D).

Our path decompositions will be constructed in stages. One can easily show from the definitions
that partial and perfect path decompositions can be combined to form larger (partial) path
decompositions.

Fact 4.26. Let k € N\ {0} and D be a digraph. Denote Dy = D.

a) Suppose that, for each 1 € i 1S a good partial path decomposition of D;_1 wit
(a) Suppose that, f h k], P good partial path decomp f D h
VEP)NUY(D;—1) CUYD), and D; :== D;_1 \ P;. Let P == Uiep) Pi- Suppose that for
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each v € U°(D) there exists at most one path in P which starts at v and at most one
path in P which ends at v. Suppose that |U°(D) N (VT (P)UV~(P))| < &x(D) — ex(D).
Then, P is a good partial path decomposition of D of size |P| = Zie[k] |Pi].

(b) Suppose that, for each i € [k — 1], P; is a good partial path decomposition of D;_;
and D; == D;_1 \ P;. Suppose that Py, is a perfect path decomposition of Dy_1. Then,
P :=U,ep Pi is a perfect path decomposition of D of size |P| =3 ;e [Pil-

We will also need the following result.

Proposition 4.27. Let 0 < % < n << 1l. Let D be an oriented graph on n wvertices satisfying
ex(D) > (1 — 21n)n. Then, the following hold.

(a) For each o € {4, —}, if there exists v € V such that d,(v) > ex(D) — 22nn, then
(i) ex(D) < (14 22n)n; and
(ii) ex%(v) > (1 — 86n)n.

(b) Suppose that P is a partial path decomposition of D such that |P| < 22nn and, for each
o € {+,—} and v € V(D) satisfying d,(v) > ex(D) — 22nn, v € V°(P) U VO(P) for
each P € P. Then, P is good.

Proof. For (a), let ¢ € {+,—} and assume v € V satisfies df,(v) > ex(D) — 22nn. Note
that, since d%,(v) < n, ex(D) < (1 4 22n)n. Moreover, df,(v) = d*(v), since otherwise
dp(v) > 2d%,(v) > 2ex(D) — 44nn > 2ex(D) — 44nn > n, a contradiction. Thus, by Fact 4.21(c),
ex}(v) > 2ex(D) — 44nn — dp(v) > 2ex(D) — 44nn —n > (1 — 86n)n.

Let P be as in (b). By Proposition 4.25, ex(D \ P) < ex(D) — |P| < ex(D \ P). Therefore, it
only remains to show that A°(D\ P) < ex(D) — |P|.

Let v € V(D) and assume without loss of generality that d},(v) > dp(v), i.e. that v €
UT(D)uU%D). If dj,(v) > ex(D) — 22nn > %, then v € U*(D) and so, by assumption and
since P is a partial path decomposition of D, dB\P(v) < dJDr\P(v) =df(v)—|P| < ex(D)—|P|. If
df(v) < ex(D)—22nn, then dpip(v) < df(v) < ex(D)—|P|. Therefore, A°(D\P) < éx(D)—|P|,
as desired. ]

4.5. Absorbing edges. We will now introduce the concept of absorbing edges. As discussed in
the proof overview, the goal is to complete our path decomposition by applying Corollary 4.10.
But, it will not always be possible to find enough distinct vertices to serve as endpoints. To
solve this problem, we will set aside some edges in order to extend the paths obtained from
Corollary 4.10 to suitable endpoints.

Definition 4.28. Let D be a digraph. Let W, V' C V(D) be disjoint. An absorbing set of (W, V"’)-
starting edges (for D) is a set A C E(D) of edges with starting point in W and ending point
in V' such that, for each w € W, at most exE(w) edges in A start at w, and, for each v € V',
at most one edge in A ends at v. Similarly, an absorbing set of (V/, W)-ending edges (for D)
is a set A C E(D) of edges with starting point in V' and ending point in W such that, for
each w € W, at most ex,(w) edges in A end at w, and, for each v € V', at most one edge in A
starts at v.

Let D be a digraph, let W, V'’ C V(D) be disjoint, and A* C E(D). Suppose that A* and A~
are absorbing sets of (W, V’)-starting and (V’, W)-ending edges for D. Denote A :== AT U A™.
Then, a partial path decomposition P of D is consistent with AT and A~ if P C D\ A and
each v € W is the starting point of at most ex},(v) — d}(v) paths in P and the ending point of
at most ex),(v) — d4(v) paths in P.

We will need the following observation.

Fact 4.29. Let D be a digraph and W, V' C V(D) be disjoint. Suppose that A*, A~ C E(D)
are absorbing sets of (W, V')-starting and (V',W)-ending edges for D. Denote A:= AT U A™.
Suppose P is a partial path decomposition of D which is consistent with AT and A~. Denote D' ==
D\ P. Then, AT and A~ are absorbing sets of (W,V')-starting and (V', W)-ending edges for D’.
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The following corollary shows how absorbing edges are used to the extend paths obtained from
Corollary 4.10.

Corollary 4.30. Let 0 < % LKvrvLTt< g <1 andr > dn. Suppose that D is a digraph with
a vertez partition V(D) =W UV’ such that D[V'] is a robust (v,T)-outexpander on n vertices.
Suppose that AT, A~ C E(D) are absorbing sets of (W,V')-starting and (V',W)-ending edges
such that |AT| < r. Denote A = AT U A~. Suppose furthermore that there exists a partition
Vi=XTUX UX*UXY such that | XTUX*UAT| =7, V(AT)NV' C XTUXO, and, for
each v € V(D), the following hold.

da(v) ifveWw,

2r —1 ifve XT,

2r—2 ifve X*,

2r otherwise.

da(v) ifveWw,
exp(v) =< +1 ifve X*, and dp(v)=
0 otherwise,

Then, pn(D) = r.

Proof. Observe that pn(D) > r. Indeed, if X* = V', then D[V’] is (r—1)-regular and ATUA™ = ()
Hence, W is a set of isolated vertices and, therefore, pn(D) = pn(D[V']) > r. Otherwise, pn(D) >
A%(D) = r. Thus, it suffices to find a path decomposition of D of size r.

Let

Y= (Xi U(V(AF) NV (XTUV(AT)) = (XF U (V(4F) N X))\ V(AT),
Ye U(VAT)NVAT)UXTNV(AT)U (X NV(AT)), and
YO X\ (VA uv(AT).

Then, observe that Y+, Y, Y*, and Y° are all pairwise disjoint and form a partition of V.
Moreover, [Y*UY*| = |X* U X*U (V(AT)NV')| =r and, for each v € V', the following hold.

2r—1 ifveY®t,
and dpp(v) =42r—2 ifveY™,
2r otherwise.

+1 ifveYH,
0 otherwise,

(4.1) exppy(v) = {
Thus, we can apply Corollary 4.10 with D[V], Y+, Y* and Y° playing the roles of D, X+, X*,
and XY to obtain a path decomposition P of D[V’] of size r. Note that each vertex in Y U Y™
is the starting point of exactly one path in P and each vertex in Y~ U Y™ is the ending point
of exactly one path in P. Indeed, by (4.1) and since |P| = r, V¥(P) C Y* UY*. Moreover,
each vertex in Y U Y™* is the starting/ending point of at most one path in P. Thus, since
|Y* UY*| =r, each vertex in Y* U Y™ is the starting/ending point of exactly one path in P.
Denote P :== {Py,..., P} and, for each i € [r], let vl?t denote the starting/ending point of P;.
We use AT to absorb the paths starting at V(AT)NV” as follows. For each i € [r], if v ¢ V(A™),
let PZ.+ := P;; otherwise, denote by w;rvj the unique edge in AT which is incident to v;r and
let P :=w;v;' Pv; . Then, absorb the paths ending in V(A™) NV’ similarly. For each i € [r],
if v;” §é V(A7), let Pl_ := P;"; otherwise, denote by v; w; the unique edge in A~ which is incident
to v; and let P, be obtained by concatenating P;" and v; w; . Then, P/ :={P; |i € [r]}isa
path decomposition of D of size r, as desired. O

4.6. Auxiliary excess function. Once we have chosen absorbing edges, we need to ensure
that (i) these edges are not used for other purposes and (ii) not too many paths have endpoints
in W. Moreover, recall from Section 2.3 that if ex(T") > ex(T'), then some vertices v will have
to be used as starting/ending points of paths more than ex?ﬁ(v) times. For simplicity, we will
choose in advance which vertices will be used as these additional endpoints. When choosing
these endpoints, we aim to maximise the total number of distinct endpoints available at each
step of our decomposition (this is helpful when finding suitable X* for Corollary 4.30 in the
case where we are not using absorbing edges). In other words, this means that we will initially
select a set U* of éx(T') — ex(T') (distinct) vertices in U%(T') as additional endpoints of paths.
We then treat each vertex in U* as if it has positive and negative excess both equal to one. The
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following concept of an auxiliary excess function (as defined in (4.2)) encapsulates all this — it
also incorporates the constraints given by (i) and (ii) above. It will enable us to easily keep track
of how many paths remain to be chosen and which vertices can be used as endpoints.

Let D be a digraph and U* C U%(D) satisf |[U*| = ex(D) — ex(D). Let AT, A~ C E(D)
be absorbing sets of (W, V')-starting and (V', W)-ending edges. Note that, by Definition 4.28,
(V(A)NW)NU* = 0. For each v € V(D), define

1 ifvelUr,
(4.2) XD e wa(V) =4 exp(v) — d5(v) ifv e V(A)NW,

ex5(v) otherwise.
Then, define (75*7WA(D) = {v € V(D) | &5 uwalv) > 0} and ﬁo*,WA(D) V(D) \
(ﬁg*7WA(D) U [75*7W7A(D)). For each S C V(D), denote exLi-)7U*7W7A(S) =3 e &5 v wav).

Denote e~x§*,W’A(D) =D ey &fB’U*’W’A(v). Note that
(43) &, 1y 4(D) = ex(D) + [U”| - | 4%| = &(D) — |4%|.

Finally, a set P of edge-disjoint paths of D is a (U*, W, A)-partial path decomposition of D if
P C D\ A and each v € V(D) is the starting point of at most é}’cJDryUﬁW,A(v) paths in P and the
ending point of at most €xp, 7« - 4(v) paths in P, i.e. if P is a partial path decomposition of D
which is consistent with AT and A~ and such that, for each v € U%(D), if v is an endpoint of a
path in P, then v € U*. For simplicity, when A and W are clear from the context, they will be
omitted in the subscripts of the above notation.

Note that, by (4.2), this auxiliary excess function designates which vertices are still available
to use as endpoints and, by (4.3), it indicates how many paths we are still allowed to take. For
these reasons, fixing U* at the beginning will prove very useful in Section 8, even though it is not
necessary and may look cumbersome at first glance.

Note that the analogue of Fact 4.23 holds for this auxiliary excess function.

Fact 4.31. Let D be a digraph and W,V' C V(D) be disjoint. Suppose A*, A~ C E(D) are
absorbing sets of (W, V')-starting and (V',W)-ending edges for D. Let V := V(D) and let U* C
UY(D) satisfy |U*| = &(D)—ex(D). Then, for any S C V, &.(D) = éi{ﬂU*(S)—Féi(%,U*(V\S).

In the final path decomposition of D, each vertex in U* will be used as an endpoint precisely
twice (once as a starting point and once as an ending point). Thus, after removing a (U*, W, A)-
partial path decomposition P from D, we update U* with U* \ (VT (P)UV ~(P)). The following
fact states that, by updating the auxiliary excess function in this way, the correct amount of
excess is allocated.

Fact 4.32. Let D be a digraph and W,V' C V(D) be disjoint. Suppose AT, A~ C E(D)
are absorbing sets of (W,V')-starting and (V',W)-ending edges for D. Denote A = AT U
A=, Let U* C U%D) satisfy [U*| = éx(D) — ex(D). Suppose P is a (U*, W, A)-partial path
decomposition of D. Let U** :== U*\ (V*(P)UV~(P)). Then, &i..(D \ P) = &.(D) — |P|.

We will need the following observation.

Proposition 4.33. Let D be a digraph and W, V' C V(D) be disjoint. Suppose AT, A~ C E(D)
are absorbing sets of (W, V')-starting and (V',W)-ending edges for D. Denote A := AT U A~
Let U* C U%D) satisfy |U*| = éx(D) — ex(D). Suppose P is a good (U*, W, A)-partial path
decomposition of D. Let U** :=U*\ (VT (P)UV~(P)). Then, |U**| =ex(D\ P) —ex(D\ P).

Proof. We have

U] D 6t (D\P) — ex(D\ P) + |AT] 52 (6t (D) — [P]) — ex(D\ P) + | A7

L (&(D) ~ |AT]) - [P| ~ ex(D\ P) +] 47| = &(D\ P) — ex(D\ P). .

Finally, by Proposition 4.33, the following analogue of Fact 4.26(a) holds.
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Fact 4.34. Let k € N\ {0}. Let D be a digraph and W, V' C V(D) be disjoint. Suppose
AT, A~ C E(D) are absorbing sets of (W,V')-starting and (V',W)-ending edges for D. Denote
A= ATUA". Let U* CUD) satisfy |U*| < éx(D) — ex(D). Denote Dy := D and Uj = U*.
Suppose that, for each i € [k], P; is a good (U} {, W, A)-partial path decomposition of D;_1,
D;:=D; 1\ Pi, and Uf =U} ;\ (VH(P)UV~—(P;)). Let P = Uiy Pi- Then, P is a good
(U*, W, A)-partial path decomposition of D of size |P| = Zie[k] |Pil.

4.7. Exceptional tournaments. Recall the definition of the class Texcep = Treg U Tapex Of
exceptional tournaments from Section 1. The main purpose of this section is to prove Theorem 1.6
as well as the following result.

Theorem 4.35. There exists ng € N such that any tournament T' € Texcep 0N 1 > ng vertices
satisfies pn(T) = ex(T') + 1.

By Lemma 4.4, Theorem 1.6 (and thus also Theorem 4.35 in the case when T' € Tig) is an
immediate corollary of the following result.

Theorem 4.36. Let 0 < % LKrvr LTt < g <1 andr > dén. Let D be a r-reqular digraph on n
vertices. Assume D is a robust (v,T)-outezpander. Then, pn(D) =ex(D)+1=r+1.

Proof. Clearly, ex(D) = r. Let P := v;...v,41 be a path of D. Then, by Lemma 4.2, D \ P

is a robust (%,7)-outexpander. Let Xt = {v,11}, X~ = {w}, X* = {vo,...,0,}, and
X0 :=V(D)\ (Xt UX~UX*). Applying Corollary 4.10 with D \ P and 5 playing the roles
of D and v completes the proof. O

In order to prove Theorem 4.35 for T' € Tapex, we need the following result.
Proposition 4.37. Any T' € Tapex on n vertices satisfies pn(T) > ex(T) +1=mn — 1.

Proof. Denote by vy € V(T) the unique vertices such that v+ € UT(T) and Vo = V(T) \
{vy,v_} =U%T). Thus v-vT € E(T) and one can easily verify that éx(T) = n — 2. We show
that pn(7T) > n — 1. Indeed, let P C T be a path containing the edge v_v,. It suffices to show
that pn(T'\ P) > n — 2.

Let v be the starting point of P. Observe that, since v_v4 € E(P), we have v # vy. lf v = v_,
then ex(D \ P) > exB\P(v_) = n — 2; otherwise, v € U%(T) and so ex(D \ P) > eXB\P(v_) +
exp p(v) = (n —3) +1=n—2. Thus, we have shown that ex(T'\ P) >n—2. By (1L.1), T\ P
cannot be decomposed into fewer than n—2 paths. Therefore, pn(7) > 1+(n—2) = ex(T)+1. O

Proof of Theorem 4.35. By Lemma 4.4 and Theorem 4.36, we may assume that T" € T,pex. Fix
additional constants such that 0 < nio KL v LT L1 Let T € Typex be a tournament on n > ng
vertices. By Proposition 4.37, pn(7') > ex(T) + 1 = n — 1. Thus, it suffices to find a path
decomposition of T" of size n — 1.

Let v+ € V(T) denote the unique vertices such that vy € US(T). Let V' := U%T) and
W =V(T)\ V' = {vy,v_}. Let v1,...,0,—2 be an enumeration of V', £ := %=1 and r = 232,
Since T[V'] is a regular tournament on n — 2 vertices, Lemma 4.4 implies that T[V'] is a
robust (v, 7)-outexpander. Thus, by Lemma 4.7, we may assume without loss of generality that
v1...vp is a path in T[V’]. Let P = {v_vy,v401 ... 00—, 040p1 10—, ..., V4Vp—2v_} and D =
T\ P. Note that |P| = r + 2. Moreover, dp(vy) = £ — 1 = r and, for each i € [n — 2],
dp(vi) =n—3=2r. Let A" = {vyv; |2<i</(} and A~ = {vjuo_ | 1 <i < ¢—1}. Define
Xt = X" = X*:=(,and X° = {v; | i € [n — 2]}. Note that [XTUX*UA*| =(—-1=r.
Thus, we can apply Corollary 4.30 with n — 2 and i playing the roles of n and  to obtain a path
decomposition P’ of D of size r. Then, P U P’ is a path decomposition of size r +2 +r=n — 1,
as desired. O

We will need the following observation about tournaments in Typex.

Fact 4.38. A tournament T satisfies [UT(T)| = |[U(T)| = 1, e(U(T),U(T)) = 1 and
ex(T) —ex(T) < 2 if and only if T € Tapex-
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5. CONSTRUCTING LAYOUTS

As mentioned in the proof overview, in order to reduce the excess and the vertex degrees at
the correct rate, we will approximately decompose our digraphs into sets of paths. To do so, we
will start by constructing auxiliary multidigraphs called layouts which will prescribe the “shape”
of the structures in our approximate decomposition.

For example, suppose that we would like to find a Hamilton (v, v_)-path which contains a
fixed edge f = uyru_. We can view this as the task of finding two paths of shapes vy uy and u_v_,
respectively, that are vertex-disjoint and cover all remaining vertices. (Recall from Section 3 that,
given an (auxiliary) edge uv, a (u,v)-path has shape uv.) We now generalise this approach to
layouts, which will tell us the shapes of paths required, the set F' of fixed edges to be included,
and the vertices to be avoided by these paths. The “spanning” extension of a layout will be
called a spanning configuration. To ensure that the spanning configuration has a suitable path
decomposition, we will define a layout to consist of a (multi)set of paths rather than a multiset
of edges.

We will be working with multidigraphs. Let V' be a vertex set. We say (L, F') is a layout if
the following hold.

(L1) L is a multiset consisting of paths on V' and isolated vertices.
(L2) F C E(L).
(L3) E(L)\ F # 0.

Conditions (L1)—(L3) can be motivated as follows. Firstly, the construction of the paths
that we find in the approximate decomposition step will be based on the robust outexpansion
property. But the robust outexpander that we work with will only span V/ = V' \ W so we cannot
automatically incorporate the set of edges F' incident to W in the approximate decomposition
step (here W will be the “exceptional set” defined as in Section 2.3). As indicated in the above
example, we will allocate the edges in F' to some given paths in advance. Replacing the edges
of L which are not in F' as in the above example now gives a spanning configuration (defined
formally below) with endpoints induced by the endpoints of the paths in L and which contains
all edges in F'. In particular, each path of the spanning configuration contains exactly the edges
in F' which were in the corresponding path in L. Because we need to construct (almost) spanning
structures, we need E(L) \ F' to be non-empty, which is the reason for (L3). Secondly, since we
have already covered some edges and not all vertices have the same excess, we do not actually
want our structures to be completely spanning, but want them to avoid a suitable small set of
vertices. This is why we allow paths of length 0 in (L1).

A multidigraph H on V' is a spanning configuration of shape (L, F') if H can be decomposed
into internally vertex-disjoint paths {P. | e € E(L)} such that each P, has shape e; Py = f
for all f € F; and VO(UeGE(L){Pe}) =V \V(L). (Note that the last equality implies that the
isolated vertices of L remain isolated in #.) There is a natural bijection between a path @ in L
and the path Py = J{P. | e € E(Q)} in H (note that this bijection is not necessarily unique
since if e has multiplicity more than 1 in L, then there are different ways to define P.). A path
decomposition P of H consisting of all such Py for all the paths @ € L is said to be induced
by (L, F). (Note that each path in P is non-trivial.) Thus, our above example is a spanning
configuration of shape ({viuju_v_}, {usu_}), where ({viuyru_v_},{usu_}) is a layout.

For W C V, we say that a layout (L, F') is W-ezceptional if Ey (L) C F. (Recall that Ey (L)
denotes the set of all those edges of L which have at least one endpoint in W.) Let W C V
and (L, F') be a W-exceptional layout. A multidigraph H on V is a W-exceptional spanning
configuration of shape (L, F) if H can be decomposed into internally vertex-disjoint paths
{P. | e € E(L)} such that each P. has shape e; Py = f for all f € F'; and VO(U@EE(L){PG}) =
V\ (V(L) UW). Note that the last equality implies that the vertices in W \ V(L) are isolated
in H. Thus, roughly speaking, a W-exceptional spanning configuration of shape (L, F') is one
such that all “additional” edges (i.e. those edges of H that are not in F) are disjoint from W.

Let D be a digraph on V. When we refer to a spanning configuration of shape (L, F') in D,
we mean that this configuration is contained in the multidigraph D U F' (as F may not be
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in D). Let F be a multiset of edges on V and (L1, F), ..., (L¢, Fy) be layouts, where F; C F for
each i € [¢]. We would like the union of their spanning configurations to form a good partial
path decomposition of D U F. For this, these layouts will need to satisfy the following property.
Let U* C U%D U F) be such that |U*] < éx(D U F) — ex(D U F) and define the multiset L
by L = Uie[ﬁ] L;. We say (L1, F1),...,(L¢, Fy) are U*-path consistent with respect to (D, F), if
Uie[z} F; C F (counting multiplicity) and the following hold.
~ For any v € V\ UY(D U F), v is the starting point of at most ex}, »(v) non-trivial paths
in L and the ending point of at most exj, ,»(v) non-trivial paths in L.
— For any v € U*, L contains at most one non-trivial path starting at v and at most one
non-trivial path ending at v.
~ If v € U%(D U F) \ U*, then v is not an endpoint of any non-trivial path in L.

b

If D and F are clear from the context, then we omit “with respect to (D, F)

Fact 5.1. Let D be a digraph on a vertex set V.. Let V.= W UV’ be a partition of V. Let
U* C U%D) satisfy |[U*| < éx(D) — ex(D) and F C E(D). Let (L1, F1)...(Ly, Fy) be W-
exceptional layouts. For each i € [{], let H; be a W-exceptional spanning configuration of
shape (L;, F;). Suppose that Hi, ..., Hy are pairwise edge-disjoint. For each i € [{], denote by P;
a path decomposition of H; induced by (L;, F;). Define the multiset L by L = Uie[é} L;. Let
F = Uie[@] F;, H = Uie[ﬁ] Hi, and P = Uie[é} Pi. Then, for allv eV,

df(v) = df(v) +|{i €[] | v € V' \ V(L)}]-

Moreover, if (L1, F1)...(L¢, Fy) are U*-path consistent with respect to (D \ F,F), then P is a
partial path decomposition of D such that |P| is equal to the number of non-trivial paths in L,
Ew(P) C F C F, and, for each v € U%(D), if v is an endpoint of a (non-trivial) path in P,
then v € U*.

In the following lemma, we construct W-exceptional layouts which will then be turned into W-
exceptional spanning configurations in the approximate decomposition step.

Lemma 5.2. Let 0 < % Kekgkn<KlanddeN. Let D be a oriented graph on a vertex set V
of size n such that the following hold.

(a) Let W1 UWo UV’ be a partition of V. Denote W = W1 U Wa. Suppose |W| < en and
E(D[W]) =0.

(b) Let U* CU(D)\ W be such that |U*| = éx(D) — ex(D). Moreover, each v € U* satisfies
df(v) = dp(v) < ex(D) — 1.

(c) Let AT and A~ be absorbing sets of (W1, V’)-starting and (V',W1)-ending edges for D,
respectively, and denote A == AT U A~. Suppose X+ C (UX(D)UU*)\ W are such that
|AT| + | X*| = [gn]. Define ¢* : V — {0,1} by

S w) {1 ifve Xt

0 otherwise.

(d) d>nn.

(e) ex(D) > d+ [nn].

(f) For allv € Wi, 10en < dp\a(v) < 2d — [nn]. Moreover, if ex(D) < 2d + [nn], then, for
each v € Wy, one of the following holds:

— |exp(v)| = dp(v); or
- dp™(v) 2 nn and |expya(v)] < [nn]; or
— dBn(v) > nn and da(v) = [nn].
(g) For all v e Wy, d5%(v) > [nn] and dp(v) < 2d + 2[nn].
(h) For allv e V', 2d+ 2[nn] —en < dp(v) < 2d+2[nn] and |exp(v)| < en.
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Let F .= Ew (D) \ A and D' := D\ F. Then, there exist { € N and W -exceptional layouts
(L1, Fy), ..., (Lg, Fy) which are U*-path consistent with respect to (D', F) and satisfy the following,
where L is the multiset defined by L = Li U---U Ly.

(i) d <0< d++/en.
(ii) L contains exactly éx(D) — [nn] non-trivial paths.

(iii) For allv e Wi, d (v) = dz(v) = d, 4(v).

)

) dx(
(iv) For allv e Wy, d ( )= i(v) [nn] = dff)(v) — [nn].
(v) For allveV’, djLE( ) =d5(w) — [{i € [0 |v g V(L)} — [nn] + ¢T (v).
(vi) For alli € [€), |V(L;)|,|E(L;)| < 3e3n.
)

(vii) For each v € V', d(v) < 8n and there exist at most 3/en indices i € [¢] such that v €
V(L).

Note that W; will consist of the vertices of very high excess and of the vertices adjacent
to absorbing edges. Wy will consist of the other vertices with excess greater than en. The
cleaning procedure (see Lemma 7.1) will ensure that (a)—(h) are satisfied. In the approximate
decomposition step, we will construct W-exceptional spanning configurations of shapes (L1, F),

s (Le, Fy). We will use Fact 5.1 and (iii) to show that, after the approximate decomposition,
the only remaining edges at W7 will be the absorbing edges. Similarly, (iv) and (v) will imply that,
after the approximate decomposition, each v € Wy will satisfy d*(v) = [nn] and each v € V'
will satisfy d*(v) € {[nn] — 1, [7n]} (depending on whether v € XT or not). This is exactly the
structure desired for the final step of the decomposition (recall (1) in Section 2 and Corollary 4.30).

Altogether we will obtain a path decomposition of D of size ex(D) where each vertex in U*
will be the starting point of exactly one path and the ending point of precisely one path. This
implies that each v € U* needs to satisfy dp(v) < 2ex(D) — 2, which explains the “moreover”
condition of (b).

We will prove Lemma 5.2 as follows. In Step 1, we choose a set E of auxiliary edges which
“neutralise” the excess of the vertices in D. In Step 2, we then subdivide these edges into paths
which form a layout (L, F'). In Step 3, we subdivide the paths in L further to obtain layouts
(L1, Fy), ..., (L, F;) which cover the edges of D\ A at W in such a way that (iii) and (iv) are
satisfied. Finally, in Step 4, we adjust the degrees of the vertices in V' as follows. For those
vertices v € V' where the current layouts would result in a degree which is too small after
the approximate decomposition, we add v as an isolated vertex to some of the layouts. For
vertices v € V' whose degree would be too large, we subdivide two edges from a suitable layout
and include v into both of the resulting paths.

Proof of Lemma 5.2. Let W* := W N U*(D). Denote ¢ = ¢+ + ¢~. For each v € V, define
&t (v) = &, e (v ) ¢=(v). Let UF == {v € V | &*(v) > 0}. Note that (4.3) implies that
(D) = Y,ey & (V) = Yoy & (v) = &(D) = [nn]. If (x(D) — [nn]) — d < /n, let
E = ex(D) — [nn]; otherwise, let £ := d. Note that, by (e), £ > d. Thus, (i) holds, as desired.
Observe that either (ex(D) — [nn]) — £ > \/en or (eX(D) [nn]) — £ =0.
We claim that each v € V’ satisfies

(5.1) a5 (v) < (D) — &F, - (0).

Indeed, if v € U*, then eNXEU* (v) <1 and so (5.1) holds by (b). We may therefore assume
that v ¢ U*. Suppose without loss of generality that dj;(v) > d(v). Then, €Xp r+(v) = 0 and so
ex(D) — exp - (v) > A°(D) > df (v). Finally, &BU* (v) = ex},(v) and so ex(D) — eAichS’U* (v) >
df(v) — exh(v) = dp(v), as desired.

Note that throughout this proof, given a multiset L’ of paths, the corresponding edge set F’
in the layout (L', F") we construct will always satisfy F' = E(L')NF = E(L') N (Ew (D) \ A).

Step 1: Choosing suitable endpoints. In this step, we will select suitable endpoints for
the (non-trivial) paths in L.
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Let s := ex(D) = ex(D) — [nn]|. For each ¢ € {+,—}, let v$,...,v € U® be such that, for
each v € U®, there exist exactly éx°(v) indices i € [s] for which v = vy. Since s > d > 1 and each
ve U NU™ satisfies 6 (v) = éx~ (v) = 1, we may assume without loss of generality that, for
each i € [s], v # v; . Let E = {vjﬂ); | € [s]}. Note that,

(5.2) |E| = &(D) = &x(D) — [nn]
and, for each v € V,
(5.3) d:(v) = & (v).

Step 2: Constructing layouts. Recall that F = Ey (D) \ A and D' = D\ F. In this step,
we will use F to construct a layout (L, F') such that the following hold.

(a) (L, F) is a W-exceptional layout such that F C F and L contains no isolated vertex.
(8) L has shape E (and thus, by (5.3), (L, F) is U*-path consistent with respect to (D', F)).
(v) For each P € L and v € V(P)NV’, v is an endpoint of P or has (in P) a neighbour in W.
(8) For each P € L, VO(P) C V',

(¢) Each P € L has at most 4 vertices and contains an edge which lies entirely in V'

Initially, let L% := E and F9 := . Let wy,...,ws be an enumeration of W N V(EO). Note that,
by (5.3), for each i € [k], exp\ 4(wi) # 0. Assume inductively that for some 0 < m <k, we have

constructed, for each i € [m], a multiset of paths L and a set of edges F such that the following
are satisfied.

(I) Let i € [m]. Let S; := {e € B(L'"™) | w; € V(e)}. Then, L! is the multiset of paths
obtained from L~! by subdividing each edge e € S; with some vertex z. € Nglf‘i(wi) nv’,
where the vertices z, are distinct for different edges e € 5.

(I1) For each i € [m], F' = Fi=1U E{wi}(zi).

Note that (I) and (II) imply that, for each i € [m], F' is a set of edges obtained from F~! by
adding all the edges of the form w;z. or zew; from (I). In particular, F* C Epw,jeip(D)\ACF
is satisfied. o L

If m =k, then let L := L* and F := F*. Observe that (a)—(g) hold.

We may therefore assume that m < k. Note that, by (5.3), w1 ¢ U°(D). Thus, we
may assume without loss of generality that w,,y1 € WT. This implies that exp(wpy1) =
|exp(Wm+1)| = exp)(Wmt1) and A8 (wm+1) = dp(Wmt1). Moreover, by Definition 4.28, (4.2),
and since, by (c), i1 ¢ X T, we have & (wm11) = 6}, e (Wint1) = exf (Wimi1) —df (Wmi1) =
exﬁ\A(me). Construct (L™ Fm+1) as follows. Define the multiset X by X = {v | wpmy1v €

E(L™)}. Construct an auxiliary bipartite graph G on vertex classes X and Y = Ng\ A(Wmy1) €
V' by joining v € X and w € Y if and only if u # v. Observe that, by (5.3) and (I), |X| =
& (wmy1) < ]Ng\A(wm+1)| = |Y| and, by (f) and (g), |Y| > 5en. Clearly, for each v € X,
de(v) > |Y| — 1. Note that (I) implies that if v € V' is contained in a path P in L™, then v is
an endpoint of P or has (in P) a neighbour in W. Hence, together with (5.3) and (h), we have,
foreachveY CV/,
dg(v) > | X|—é&x (v) — [W| > | X| — 2en.

Thus, applying Proposition 4.18 with X and Y playing the roles of A and B gives a matching M
of G covering X.

Let L™*! be obtained from L™ by subdividing, for each vu € M (with v € X and u € Y),
the edge wy,,+1v € E(Em) into the path wy,+1uv. Note that this is a valid subdivision since
(I) implies that the path P € m containing wy,+1v satisfies V' N V(P) C {v}. Let Frtl =
Fm™ UEuw,,1 (L™*1). Clearly, (I) and (I1) are satisfied with m + 1 playing the role of m, as desired.
This completes Step 2.
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Step 3: Covering additional edges incident to W. We now proceed silllilarly as above
to ensure (iii) and (iv) are satisfied. More precisely, we construct (L1, F1),...,(Lg, Fy) such that
the following hold, where L := Uieg L; and F := Uieg E,.

(o) (Ll,Fl), ce (Lg,Fg) are W-exceptional layouts such that F C F and L contains no
isolated vertex.

(8) L is a subdivision of L (and thus, by (8), L has shape E and (L1, Fy),..., (L, Fy)
are U*-path consistent with respect to (D', F)).

(7") For each v € V', dz(v) < |exp(v)] — ¢(v) + 2+ 2|W|.

(8') For each i € [{], |V(L;)| < 5v/en and |E(L;)| < 4y/zn. Moreover, each path P € L
contains an edge which lies entirely in V.

(¢/) Either ¢ = éx(D) — [nn] or there exist at least \/zn indices i € [¢] such that L; contains
at least 2 paths. Moreover, if £ = ex(D) — [nn], then for all i € [¢], |L;| = 1.

(") For each v € Wy, d%( v) = djc)\A( v).

(n') For each v € Wy, d%(v) = dff)( ) — [nn].

Let L° .= L and F° := F. Let w1, ..., wy, be an enumeration of W. Let @0 be a set of paths
in LY of size min{2¢, |L°|}. Assume inductively that, for some 0 < m < k, we have constructed,
for each i € [m], two multisets of paths L' and @i, and a set of edges F such that the following
hold.

(I') Let i € [m]. Then, for each P € Q!, cither P € Q"1 or there exist P’ € Q'1, an edge

e = ueve € E(P')\ F©™! with ue,ve € V', and distinct ), v, € V' \ V(P’) such that P

er e
is obtained from P’ by subdividing the edge e = v, into the path weu,w;v, Ve, where

wlwi, wivl, € E(D\ A)\ F and {u,v.} N {u’,, vy} = 0 whenever e, ¢’ € E(Q’ ) are
distinct edges to be subdivided in order to form Qz. Moreover, Li= (Lz by QZ Hhu Ql.
(I') For each i € [m], F' = Fi~1y E{wi}(fi).
(II") Let @ € [m]. If w; € Wy, then N%Em(wl-) = N;)[\A(wi) and, if w; € Wa, then Nzim (w;) C
N7 (w;) and d%m (wi) = d5(w;) — [nn].
Note that (¢) and (I') imply the following.
(IV') For each i € [m], each P € L contains an edge which lies entirely in V.

Also note that, by (I') and (II'), for each i € [m], F' is a set of edges (rather than a multiset) and
is obtained from F~! by adding all the edges of the form u/w; and w;v. in (I'). In particular,

(5.4) F~' C F' = Eyw(L') C Ew(D)\ A= F.

If m = k, then note that, by (5.2), we have |L¥| = |L| = |E| = éx(D) — [nn]. We partition L*
into L1,..., L, such that, for each i,j € [£], ||L;| — |L;|| < 1 and |L; N Q¥| < 2. Note that, for
each i € [{],

£ < [SR ) O max{A%(D).ex(D)} — [nn] |

nmm
ax{n,n|W|+en|V'|} — [nn] 41 |W|<§€" max{n, 2en?} —
nn nn

E
=

il +1 < y/en.
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For each i € [(], define F, := E(L;) N F = E(L;) N F¥. Then, (/) holds by (a), (I'), and (IT'),
while (') follows from (I'). For (7'), note that, by (8), (v), (I'), and (IT'), each v € V' satisfies

dz (v) < &t (v) + 6% (v) 4+ 2|Np(v) N W|

= &ch 7+ (0) = 67 (0) + 6 e (v) — 67 (v) + 2 Np(v) N W]
< |exp(v)] — ¢(v) +2 + 2(W].

For (¢'), note that, by (I') and (), for each Q € QF, |V(Q)| < 4 + 3|W|. Since |L; N Q¥| < 2,
this implies that [V (L;)| < 4|L;| 4+ 6|W| < 4\/en + 6en < 5y/en. Similarly, for cach Q € QF,
|E(Q)] < 3+ 3|W/|. Thus, |E(L;)| < 3|Li| + 6|W| < 3y/zn + 6en < 4,/zn. The rest of (§') also
holds by (I') and (g). For (¢'), note that, if ¢ # ex(D) — [nn], then, by (5.2) and choice of ¢,
|L*| = 6x(D) — [yn] > £+ y/zn and so, since ||L;| — \E]H < 1 for each i,j € [{], there exist at
least \/en indices i € [] such that |L;| > 2. Finally, (¢) and (1) follow from (IIT).

If m < k, then assume without loss of generality that w,,+1 ¢ W~. Thus, w,,+1 € UT(D)U
U°(D) and so exp(wm+1) = | exp(wm+1)| = exp(wpt1) and &8 (wim11) = dp(wit1). Moreover,
by Definition 4.28, dB\A(me) = d(wy+1). Finally, by assumptions (b) and (c), ¢= (wm+1) =0
and U* N W = (). Thus,

(55) & Wami1) = & e (W) = (W) — i (wai1) = exh 4 (wni1)-

Proceed as follows.
First, note that, by (5.3), (8), (4), and (I'), we have dim(wmﬂ) = 0. Fix a bijection

o ND\A(me) — N;\(AuFm)(me)' Note that this is possible since
(5.4) @) (8),(9) (5:3) (5.5)
d;m (Wmy1) = d%m (Wmy1) = d%(wm-&-l) = d%(wm-&-l) = ex+(wm+1) = eXD\A(wm+1)
(5.4
Thus, dD\(AuFm)(me) = dE\A(me) - d;m(wmﬂ) = dg\A(me) - exB\A(me) -

A\ 4 (Wn+1), as desired.

Let X = {(u,0(u)) |u € NB\A(me)}' Let Y C Q™ be obtained from Q™ by deleting all
the paths that contain w,,+1. Define an auxiliary bipartite graph G with vertex classes X and Y
by joining (u,v) € X and P €Y if and only if both u,v ¢ V(P).

Claim 1. If w41 € W1, then G contains a matching M covering X. If w41 € Wa, then G
contains a matching M of size | X| — [nn].

Let M be as in Claim 1. We obtain Q™! from Q™ by subdividing, for each (u', v )P e M,
an edge uv € P that lies entirely in V/ (which exists by (IV’)) into the path wu/wy,4+1v'v. Let
L+l = (L™ \ QM) U Q! and Fmtl .= Fmy E{w7n+l}(im+1). One can easily verify that
(I')—(IIT") are satisfied with m + 1 playing the role of m. There only remains to show Claim 1.
Proof of Claim 1. Clearly, we may assume that X # (). Moreover, by (g), if wy,+1 € Wa, then
| X| = dl_)\A(me) = dB"(wmy1) > [nn]. Note that (v) and (I') and imply that if v € V'

is contained in a path P € L™, then v is an endpoint of P or has (in P) a neighbour in W.
Moreover, by (a), we have u,v € V' for each (u,v) € X. Hence, together with (5.3) and (h), we
have, for each (u,v) € X,

de((u,v)) > Y] = (&7 (u) + & () — 2| Npya(u) N W]
— (&7 (v) + & (v)) = 2| Np\a(v) N W]
> Y| — (6]« (1) + X e (u) — () — (6], 17+ () + €Xp 17+ (0) — B(v)) — 4|W|
2 Y] = (Jexp(u)| + 2 = ¢(u)) — (|exp(v)| + 2 — ¢(v)) — 4|W|
> Y| —|exp(u)| — |exp(v)| —4 — 4|W| > |Y]| — Ten.
By (¢) and (I'), we have, for each P € Y,
d6(P) > |X| — [V(P) N V'| > [X| — (4 -+ 2[IV]) > | X| - 3en.
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Suppose that

(5.6) = {

Then, we are done by Proposition 4.18, applied with { X, Y} playing the roles of { A, B} with |A| <
|B|. To complete the proof of the claim, it suffices to prove (5.6).

Note that, by (§) and (I'), wy,+1 is not an internal vertex of any path in @m Thus, by (3)
and (5.3),

max{|X|,nn} if w41 € Wy,
| X| — [nn] if w1 € Wa.

(5.5)

(5.7) V]2 1Q7] — & (wn 1) 17 — exhy 4 (wm i),

Assume first that \@m| > 2d and w41 € Wi. Then,

(5 7)
Y| ’Qm‘ - eXD\A(merl) > 2d — eXD\A(merl)

() _
> dp\a(Wm+1) +nn — eXE\A(me) = QdD\A(me) +nn > | X| + nn.
Similarly, if |C§m| > 2d and w41 € Wy, then

(5.7) ~ Wi 12V (A)
v 2137 exty y(wmen) “HE

(2)
> 2d — ex}y(Wmt1) = dp(wimy1) — 2[nn] — ex)(Wmi1)

Q™| = exchy(win1)

)
2 (we) — 2] = |X| — [y + dp () — ] S |X] — ],

as desired.
Next, assume that |Q™| < 2d. Since, by (i), d < £, we have |L™| = |L°] = |Q°| = |Q™| and so

(5.8) &(D) — [qn] ‘= 1B V2 T = Q) < 2.
Thus,

G .
|Y| > ‘Q |*eXD\A(wm+1)

(5.9)  Z &(D) - [nn] — exh y(wmi1)

_ Win 1§§VA )
> dfy(wmt1) — [mn] = exf(wmi1) = dp(wnga) = ] " | X| = [nn].

We may therefore assume that w41 € Wi and |Q™| < 2d. We need to show that |Y| >
max{|X|,nn}. Recall that d,(wm4+1) = dl_)\A(me) = |X| > 0. Then, d (wm+1) > exh(Wmt1).
Thus, by (f) and (5.8), we have | X| > nn and one of the following holds: ex}, D\ 4(Wmt1) < [nn] or

d} (Wm11) = da(wm+1) = [nn]. Thus, it suffices to show that [Y] > |X]. If exD\A(wm+1) < [nn],
then, by (5.9) and (e),

&) dp\a(wm1) + [nn]
YI 2 dee) y(wan) > 2 — exty 4 (W)

act 4. [77"1 — ex} (wm 1)
Fact 4.21(b) T altomsr) + 12)\A +

as desired. If dy (wpm+1) = [nn], then (5.9) implies that

> [ X],

Y| > dE(me) = [nn] - 6X$\A(wm+1) = d—E\A(wm—i-l) - eXE\A(wm—i-l) = dl_)\A(wm-i—l) = |X|,

as desired. S

Step 4: Adjusting the degree of the vertices in V’'. Finally, we add isolated vertices
and subdivide paths to ensure (v) is satisfied. Let vy, ..., v, be an enumeration of V' and, for
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each i € [k], define
(5.10) ni = dX(v) + {7 €[] | vi ¢ V(L) + [nn] = ¢~ (vi) — d(v3).
Claim 2. For each i € [k],

dp(vi) = dZ(vi) + [{j € (]| vs & V (L)} — s + [1m] = 67 (v).

Proof of Claim. Let i € [k]. The equality for + holds immediately by definition of n;. One can
easily verify that, in order to show that the equality for — holds, it is enough to prove that

(5.11) dl(vi) = &7 (vi) — dy(vi) = dZ (vi) = 67 (vi) — dpp(vy).
We now show that (5.11) is satisfied. First, note that, by (5.3) and (3'),
(5.12) d%(vz) = (d% (’Uz) —ex (’UZ)) + eAer(vi).

Assume without loss of generality that dj,(v;) > dp(v;). Suppose first that v; ¢ U*. Then,

6T (v;) = x5 (vi) — ¢*(v;). Moreover, exp(v;) = 0 and so 6k (v;) = —¢~ (v;). Thus, by (5.12),

dt(vi) = (d (v;) + ¢~ (v3)) + (exh(vi) — &7 (7))
= dz(vi) + ¢~ (vi) + (dp(vi) — dp(vi)) — " (vi),
so (5.11) holds, as desired. Now suppose that v; € U*. Then, é&x*(v;) = 1 — ¢*(v;) and
df(vi) = dp(v;). Thus, by (5.12),
dF(vi) = (A7 (vi) = 1+ ¢ (v3)) + (1 = 67 (vi)) = d (vi) + & (vi) — & (vi) + (dfy(vi) — dpp(vi)),
so (5.11) holds, as desired. &

Claim 3. For each i € [k],
—2en < n; < Qﬁn.

Proof of Claim. Let i € [k]. We have

2n; B dp (o) +21{j € [ | vi ¢ VI + 2im] = ¢(vs) — dp(vi)-

Thus,

277,1‘

dg (vi) +2(€ = dg(vi)) + 2[nn] — ¢(vi) — dp(vi)
= 20 —dz(v;) +2[nn] — ¢(v;) — dp(v;)
72) 20 — (lexp(vi)| — ¢(vi) + 2 + 2[W]) + 2[nn] — ¢(vi) — (2d + 2[nn])

(a),(h),(1)
= 200 —d)—|exp(vy)|—2=2|W| > —4en.

(

Similarly,

/

o, < (Jexp(u)] — 6(vi) + 2+ 2W)) + 20+ 2Pnn] — o) — (24 -+ 2[] — en)

(a),(h),(1)
< 2(0—d)+ |exp(vi)| +2+2|[W|+en < 4y/en,

which proves the claim. S

If n; > 0, then, in order to satisfy (v), it is enough to add v; as an isolated vertex to exactly n;
of the sets of paths El, ceey Eg that do not contain v;. If n; < 0, then it is enough to find —n;
indices j € [¢] such that v; ¢ V(Ej) and \Ej\ > 2, and add v; as an internal vertex in exactly two
paths in Ej. We do so inductively as follows.

Assume without loss of generality, (n;);c[] is an increasing sequence and so, for any 4, j € [k],
if n; < 0 but n; >0, then i < j. For each i € [¢], let L) := L;. Assume inductively that, for some
0 <m < k, we have constructed, for each i € [¢] and j € [m], a multiset Lg of paths and isolated
vertices such that the following are satisfied, where L7 := Uieg Lg for each j € [m].



PATH DECOMPOSITIONS OF TOURNAMENTS 25

(I") For each j € [m], if n; < 0, then there exists N; C [¢] such that |N;| = —n; and the
following hold. For each i € Nj, v; ¢ V(Lgfl) and there exist two paths P, Py € L{fl such
that Lg is obtained from Lg ~! by subdividing, for each s € [2], an edge uw € E(Ps)\Ew (Ps)
into the path uvjw. For each i € [(] \ Nj, Lg = Lg_l.

(I") For each j € [m], if n; > 0, then there exists N; C [¢] such that |[N;| = n; and the
following hold. For each i € Nj, v; ¢ V(L{ _1) and Lz is obtained from Lg -1 by adding v;
as an isolated vertex. For each i € [(]\ N;, L] = LJ™".

(II”) For each i € [(] and j € [m], [V(L!)\ V(L)| < e3n.

Note that (I”) and (IT”) imply that the following hold.

(IV") For each i € [¢] and j € [m], |E(L})\ E(Ly)| < 2/V(L2)\ V(L;)).
(V") For each j € [m], 3 ;g V(L)) = 2 ield V(L) + 2 jrers) Iyl

If m = k, then let L; == L¥ and F; == Fj for each i € [f]. Then, note that, by (o), (8"), (I), and
(11", (L1, F1), . .., (Le, Fy) are W-exceptional U*-path consistent layouts with respect to (D', F).
Moreover, (i)—(vii) hold. Indeed, we have shown before Step 1 that (i) holds. (ii) holds by (5.2),
(8"), (I"), and (II"). (iii) and (iv) hold by (¢, ('), (I), and (II"). (v) holds by Claim 2, (I”), and
(IT"). (vi) follows from (¢"), (III”), and (IV”). For (vii), note that, for each i € [k], by (a), (h), (7/),
Claim 3, (I”), and (II"), dr(v;) = dz (v;) +2 max{—n;, 0} < |exp(v;)|+2+2|W[42max{—n;,0} <
en+2+2en+4en < 8n. Moreover, by (a), (h), (/), (7/), Claim 3, (I”), and (I11"), for each i € [k],
there exist at most d7 (v;) + [ni| < |exp(vi)| + 2 + 2|W|[+ [n;| <en+ 2+ 2en + 2y/en < 3y/en
indices j € [¢] such that v; € V/(L;).

Assume m < k. By Claim 2, n; = d%(w) +H{jell|vé V(E])H + [nn] — ¢T(v;) — d5(vi)
and so we may suppose without loss of generality that v,,+1 ¢ U™ (D). Let X be the set of
indices i € [¢] such that |[V(L") \ V(Ly)| = Ls%nj Let Z be the set of indices i € [{] such
that vmi € V(LP). By (a), (), (@), (1), (IY), and (I1"), |Z] < dm(vms) = dp(omen) <
|exp(Um1)| — d(v) + 2+ 2|]W| < 4en.

If ny,41 < 0, then proceed as follows. Let Y be the set of indices i € [¢] \ (X U Z) such that

|LT"| > 2. We claim that |Y| > —ny,+1. By our choice of ordering vy, ..., v of V/, Claim 3, and
(V"), we have | X| < [13757‘] < 3¢3n. Assume for a contradiction that £ = ex(D) — [nn]. Then, by
e3n

(¢/), for each i € [¢], | ;| = 1. Thus, by (5.3) and (), d= (vms1) + [{i € [(] | vmsr ¢ V(Lo)} =
¢ — éx™ (Uym1)- Therefore,
(5.10) o - +
Nmy1 = (C+[nn]) = (& (vm41) + ¢ (Vm+1)) — dpp(Um41)

" . (5.1)
= ex(D) - Xp, U+ (Um41) — dB(Um-i-l) > 0,

a contradiction. Therefore, by (¢') and Claim 3, |Y| > /en — 3ein — den > —Npt1, as desired.
Let Npyy1 € Y be such that |Ny41| = —nme1 and, for each i € Ny,41, fix two paths
Pi1,Pio € E;“ For each i € Np,41 and j € [2], let w; jw;; € E(F; ;)\ Ew(F;,;), which exists
by (¢') and (I"). For each i € [(]\ Npi1, let L' == L. For each i € Nypy1, let L be obtained
from L]" by subdividing, for each j € [2], the edge w; jw;; in P;; into the path u; jvm,41w; ;.
Then, (I")—(II1") are satisfied with m + 1 playing the role of m.
If nyy41 > 0, then proceed as follows. Let Y := [¢] \ (X U Z). We claim that |Y| > n,,41. By

(V") and Claim 3, | X| < /Eenn < 3.5, Recall that |Z| < 4en. Thus, by (d), (i), and Claim 3,

le3n]
Y| >nn— 3c6n — den > N1
Let Npt1 C Y satisfy |Nyt1| = numg1. For each i € [€] \ Nyyy1, let L;.”‘H = LI" and, for
each i € Njy1, let LT'H be obtained from L}" by adding v,,11 as an isolated vertex. Clearly,
(I")—(III") hold with m + 1 playing the role of m, as desired. O
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6. APPROXIMATE DECOMPOSITION

We are now ready for the approximate decomposition. In this step, we transform the layouts
constructed in Section 5 into spanning configurations. Recall that we constructed W-exceptional
layouts and, as mentioned in Section 5, we aim to construct W-exceptional spanning configurations
so that, by Fact 5.1, the leftover will have the desired degrees.

It turns out to be convenient to first transform a W-exceptional layout on V into a layout
on V \ W. This allows us to ignore W when turning layouts into spanning configurations.

Definition 6.1. Let V' be a vertex set and W C V. Suppose (L, F) is a W -exceptional layout
on V. We denote by (L', F'W) the layout on V \ W obtained from (L, F) as follows.

Let P be the multiset of mazimal paths P such that P C P’ for some P' € L, VY(P) C W,
and V(P)NW # 0 (in particular, each isolated vertex v € V(L)NW is a path in P but no isolated
vertex v € V(L) \ W is a path in P). Note that, since (L, F) is W -exceptional, each P € P
satisfies E(P) C F. Let Py,..., Py be an enumeration of P and, for each i € [k], let z; and y;
denote the starting and ending points of P;, respectively. Then, let L'V be obtained from L as
follows. For each i € [k], if both x;,y; € V\W, then contract the subpath P; into an edge z;y; and,
otherwise, delete E(P;) as well as V(P;) N W. Note that V(L") = V(L)\ W C V\ W. Define
FIW = {:L’ly@ | S [k:],xi,yi S V\W}U(F\Ew(F)) = {a:lyl | 1 E [k],mi,yi € V\W}U(F\Ew(L))

The following fact states that a spanning configuration of shape (L™, FIW) in D[V \ W] can
easily be transformed into a W-exceptional spanning configuration of shape (L, F') in D. In other
words, it allows us to reverse the process described in Definition 6.1.

Fact 6.2. Let D be a digraph on a vertex set V. Let W C V and denote V' = V \ W.
Let (L, F) be a W-exceptional layout on V. Let (L', F™W) be as in Definition 6.1. Suppose
HW C DIV'|UFW is a spanning configuration of shape (L', F'W). Let H be the multidigraph
with V(H) ==V and E(H) = (E(HW)\ FW)UF. Then, H C D[V'|UF and H is a W-

exceptional spanning configuration of shape (L, F').

This has the advantage that it suffices to find spanning configurations in an almost regular
robust outexpander, which corresponds to the setting of Lemma 6.3 below. More precisely, if we
let V' :=V \ W be the set of “non-exceptional vertices” described in Section 2.3 and let D" be
the remainder of the tournament T'[V’] after the cleaning step, then D’ is almost complete and
almost regular, and hence a robust outexpander. Then, we can split D’ into D and I" as required
for Lemma 6.3.

Lemma 6.3. Let 0 < % LKV LT KLy <Knd<1. Suppose £ € N satisfies £ < (6 —n)n.
If 0 < £2n, then let p < n~'; otherwise, let p < n~2. Let D and T be edge-disjoint digraphs on a
common vertex set V of size n. Suppose D is (9, €)-almost reqular and T is (v, e)-almost reqular.
Suppose further that T is an (g, p)-robust (v, T)-outexpander. Let F be a multiset of directed edges
on V. Any edge in F is considered to be distinct from the edges of D UT, even if the starting
and ending points are the same (recall Section 3). Let Fi,...,Fy; be a partition of F. Assume
(L1, F1), ..., (Le, Fy) are layouts such that V(L;) CV for each i € [¢] and the following hold,
where L == U;¢q Li-

(a) For each i€ [(], |V(L;)| < &?n and |E(L;)| < &*n.

(b) Moreover, for each v € V, dp(v) < e3n and there exist at most e?n indices i € [{] such

that v € V(L;).

Then, there exist edge-disjoint Hy, ..., He € DUT UF such that, for each i € [{], H; is a
spanning configuration of shape (L;, F;) and the following hold, where H = Uz‘e[f} Hi, D' .= D\'H,
and T" =T\ H.

(i) If € < e%n, then " is obtained from T' by removing at most 3e3v~*n edges incident to each
verter.

(ii) If¢ < von, then D' is ((5—%, 2¢)-almost reqular and I is (v, 2¢)-almost regular. Moreover, T

is a (v/e,p)-robust (v — \/, T)-outexpander.
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(iii) D"UT" is a robust (¥, T)-outexpander.

The approximate decomposition is constructed in stages. The core of the approximate
decomposition occurs in Lemma 6.3(i), where a small set of layouts is converted into spanning
configurations one by one. Repeated applications of Lemma 6.3(i) will then enable us to transform
larger sets of layouts into spanning configurations (Lemma 6.3(ii)). Then, one can obtain the final
approximate decomposition (Lemma 6.3(iii)) by repeatedly applying Lemma 6.3(ii), adjusting
the parameters in each iteration. This can be seen as a semirandom “nibble” process, where the
applications of Lemma 6.3(i) are the “nibbles” (which are chosen via a probabilistic argument)
and the applications of Lemma 6.3(ii) correspond to “bites” consisting of several “nibbles”. We
prove (ii), (iii), and (i) in this order.

Proof of Lemma 6.3(i1). Let ¢ := Le nJ and k = {%]. Note that k < 20572, We now group
(L1, Fy),...,(Lg, Fy) into k batches, each of size at most ¢. We aim to apply Lemma 6.3(i) to
each batch in turn.

Assume that, for some 0 < m < k, we have constructed edge-disjoint Hy, ..., Hyingme oy
D UT U F such that, for each i € [min{m¢, ¢}], H; is a spanning configuration of shape (L;, F;)
satisfying E(H;) N E(F) = E(F;) and the following holds. Let I'y, := I'\ U;cmin{me ) Hi- Then,
for each v € V,

_ en
(6.1) |NFmUZE[m1n{m£’ o w1, (v)] = |Np\r,, (v)] < 2530 4mn < 50evn < >

Let Dm == D\ Uicmin{me ¢y Hi- Observe that, by Fact 5.1 and (b), U
(mln{ml A}

0 Hz is

i€ [min{me’,
,e2+¢&3)-almost regular. Together with (6.1), this implies that D, is (6 — w , 2¢)-
almost regular and I'), is (7, 2¢)-almost regular. Moreover, by Lemma 4.15, ', is a (\f D)-
robust (v — /e, 7)-outexpander. Thus, if m = k, we are done.

Suppose m < k. We show that I',, is a (2¢,n~!)-robust (v — ¢, 7)-outexpander. If m = 0,
then I';,, = I' and we are done. We may therefore assume that m > 1. Then, note that £ > 2
so ¢ > (' = |e*n] and, thus, p < n~2. Fix an integer k' > 2en. Suppose S C V is a random
subset of size k’. We show that I',,,[S] is a robust (v — &, 7)-robust outexpander with probability
at least 1 —n~'. Let v € V. If [Npp,, (v)| < €2n, then [Npp,, (v) N S| < e?n < ek/. Suppose
|Np\r,. (v)| > £%n. Then, by (6.1), E[|Np\r,, (v) N S[] = & Npyp,, (v)] < 5. Thus, Lemma 4.11
implies that
2e3n

P UNF\Fm(U) N S| > gk‘/] <P [|NF\Fm(U) N S‘ > 2E[|NF\Fm(U) N SH] < exp <_3> .

Therefore, by a union bound, with probability at least 1 — nexp < 2e ") the digraph I',,,[S] is
obtained from I'[S] by removing at most ek’ edges incident to each vertex. Our assumption on I'
implies that T'[S] is a robust (v, 7)-outexpander with probability at least 1—p > 1—n"2. Therefore,
by Lemma 4.2, we conclude that I'y, [S] is a robust (v — €, 7)-outexpander with probability at
least 1 — p — nexp ( 2 ”) >1—n~! Thus, I'y, is a (26,n~1)-robust (v — &, 7)-outexpander.
Let £ := min{¢—m¢, £'} and F' == U;cppr) Fine+i- Apply Lemma 6.3(1) with Dy, Ty, F, nt
d— mE , V—£&, 25 0 Lm€/+17 cen ,ngurg//, and Fmgurl, cen ,Fmgurg// playing the roles of D, F, .7:, D,
5, v, 5 Z Ly,.. Lg, and F1,. .., Fy to obtain edge-disjoint H,ppri1,- -+, Hiersor € Dy UL UF!
such that, for each i € [0, Hpperyi is a spanning configuration of shape (L vi, Fye1;) and, for
each v € V, [Ny \r,.., (0)] <3(2e)*(v — &) ~*n < 25e30~*n, where Dyppq =Ty \ Uicrer Homer+i-
In particular, (6.1) holds. This completes the proof. O

Proof of Lemma 6.3(iii). Let ¢/ .= [v°n| and k = (%1 Note that k < v=5. For each i € N,
.1
denote g; = 2'¢2¢. Assume inductively that, for some 0 < m < k, we have constructed
edge-disjoint Hi, ..., Hupinfme ¢y © D UL UF such that
— for each i € [min{m¢, ¢}], H; is a spanning configuration of shape (L;, F;) satisfying
E(Hi) N E(F) = E(F));
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— for each i € [m], Di = D\ Ujjcmingier ey Hi 18 (6 — %M,si)—almost regular; and
— for each i € [m], I'; := '\ U, cpmingir ¢y Hj 1S @ (7, &i)-almost regular (e, p)-robust (v —
€4, T)-outexpander.

If m = k, then, since ¥ < v™° and ¢ <« v, I',, is a robust (5, 7)-outexpander and so
is Dy Uy, as desired. Assume m < k. Let ¢ := min{¢ —m& {'} and F" := U,c(pr Fner+i-
Then, apply Lemma 6.3(il) with Dy, Ty F',8 — ™2 1 — e, €, €7, Lyngri1s- -« y Lingryor, and
Foers1y -y Epertor playing the roles of D, I', F, 6, v,¢e,¢, Ly, ..., Ly, and Fy, ..., F; to obtain edge-
disjoint Hyppri1y - - -, Hieror C Dy UL, UF” such that the following hold. For each i € [0"], Hopervs
is a spanning configuration of shape (Ly,¢+i, Finer4i). Moreover, Dy, 41 = Dy, \ Uie[e"] Honer+i s
(5 . min{(m:l)f’,f}

,Em+1)-almost regular and T'y,1q =T, \ Uie[@”} Honer+i 1 a (77, emt1)-almost
regular (€,,11,p)-robust (v — &,4+1, 7)-outexpander, as desired. O

The key idea in the proof of Lemma 6.3(i) is how to use the robust outexpander I' efficiently,
i.e. to find the required number of spanning configurations H; without using too many edges
of I'. We achieve this by considering a random partition Ay,..., A, of V. To build H;, we find
an almost cover of V' in D with few long paths (which exists since D is almost regular) and tie
them together into a single spanning path using only I'[4;] for a suitable j € [a]. The remainder
of H; is comparatively small and its construction does not affect I' significantly.

Proof of Lemma 6.3(i). Let a := [e~'v*]. By Lemma 4.17 (successively applied to D and T')
and since T is an (g, p)-robust (v, 7)-outexpander, we can fix a partition A4i,..., A, of V such
that, for each i € [a], the following hold.

() 4] =2+1=ce(v*£1)n.

(B) T[A;] is a robust (v, T)-outexpander.

(v) For each v € V, |[NE(v) N A;| = (v + 2e)%

(6) For each v € V, [NE(v) N A;| = (6 + 2e) 7.
For each i € [¢], let j € [a] be such that i = j mod a and define A} := A; \ V(L;). Using
Lemma 4.2 and (a), it is easy to check that, for each i € [¢], the following hold.

() |AL =e(v™ £ 2)n.

() T[A]] and T — A} are both robust (¥, 27)-outexpanders.

(7') T[A]] and T' — A} are both (v, 3¢)-almost regular.

(0") D — Al is (9, 3e)-almost regular.

(¢/) For each v € V'\ A}, [NE(v) N ALl > ;‘572.

For each i € [{], fix ¢; € E(L;) \ F; (this is possible by (L3)). Assume inductively that for

some 0 < m < £ we have constructed, for each i € [m], a set of paths P; = {P! | e € E(L;) \ F;}
in D UT such that Py, ..., P, are edge-disjoint and the following hold.

(A) Let i € [m]. For each e € E(L;) \ F;, P! is a path of shape e. Moreover, the paths in P;
are internally vertex-disjoint and V9(P;) = V '\ V(L;). In particular, P; U F; is a spanning
configuration of shape (L;, F;).

(B) For each i € [m] and e € E(L;) \ (F; U{e;}), P! CT — Al and e(P!) < 8v~!. Moreover,
for each v € V, there exist at most e>n indices i € [m] such that v € VO(P; \ {P.}).

(C) For each i € [m], E(sz) NE) C E(I'[A)).

Denote Dy, := D\U;en) £(Pi) and Ty := I'\U,¢ ) E(Ps). For each i € [m], define H; :== P; UF;.
Denote H™ = Uie[m] H;. Then, note that, for each v € V, since dr(v) < &3n, there are at
most e*n indices i € [m] such that v € V(P \ {P.}) UV~ (P; \ {PL}) and, by (B), there are
at most e>n indices ¢ € [m] such that v € VO(P; \ {P.}). Moreover, by (C) and construction of
the A!, there are, for each v € V, at most [£] indices i € [m] such that v € V(E(P.)NE()).

a
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Hence, each v € V satisfies

14 2¢2
(6.2) | Nagmor(v)] < €30+ 2630 + 2 {W <3+ — = +2< 3%,
a 9 14

Assume m = ¢. Then, by (A), H; is a spanning configuration of shape (L;, F;) for each i € [{].
Moreover, (i) holds by (6.2) and we are done.
Assume m < £. Using (o/)-(¢’), (6.2), and (b), it is easy to check that the following hold.

(I) Ty[A;, 4] and Ty, — Aj | are robust (Y, 27)-outexpanders.
(I T [A/m—i-l] and I'y, — A7, are both (v,4e)-almost regular.
(ITI) D, — A, is (6 — ™, 4¢)-almost regular.
(IV) For each v € V\ AL 1, IN;; (v) A}, | > £,

We first construct Pt for each e € E(Lp+1) \ (Fms1 U {ems1}) in the following way.
Let S be the set of vertices v € V for which there exist |e3n] indices i € [m] such that
v € VO(P; \ {P.}). Observe that, by (a) and (B), |S| < 8”@# < €|V \ 4], ] Denote
E(Lmt1)\(Fns1U{ems1}) = {z12], ..., 22} } and apply Corollary 4.6 with T';,— A7, 1, 4,27, v—
4e, and S UV (Ly,+1) playing the roles of D, v, 7,d, and S to obtain internally vertex-disjoint
paths Pm‘*'1 . Pm+1 C I'y, — A}, such that, for each i € [k], P;’;;C_l is an (2, 2})-path of
length at most 81/‘1 w1th VO(Pm“) CV\ (AL, USUV (Lins1)). Let P,y = {P70 | i € [k]}.

Let z ¢ V be a new vertex. Let H be the digraph on vertex set V(H) =V \ (V(Ly41) U
V( /1)) U {z} defined as follows. Denote vTv™ = ep41 and recall that, by construction,

¢ Al ... Then, let Ni( ) = Ni (vi) NV(H), H[A;, 1] = T[4, ], and, for each
veV(H)\ (A, 1U{z}), N H {z}( v) = ijcm (v) NV (H). Note that, by (I)~(IV), the following
hold.

(I') H[A;, ] is a robust (¥, 27)-outexpander.
(I') H[A m+1] is (7,45) almost regular.
(III') H — A;, ., is (0 — ™, 5¢)-almost regular.
(IV") For each v € V(H) \Aerl? ]Nﬁ(v) AL > giﬁ

Indeed, to check (IIT'), note that, by (a), H — A}, is obtained from D,, — 4], ., by adding z
and deleting |V (L41) UV (Pl 11)| < &?n+e'n - 8v~! < 2%n vertices.
Our aim is to find a Hamilton cycle of H which contains few edges of I'[A] _,]. First, we

cover V(H) \ A;,.; with a small number of pathb as follows. Let k' = [%J Apply

ENn

Lemma 4.17 with H — A], |, |[V(H)\ A}, ],6 — 2, and 5¢ playing the roles of D,n,d, and ¢ to
obtain a partition Vi,..., Vi of V(H)\ A4}, such that, for each ¢ € [K'], |Vi| = (1 £+ 2¢)en and,
for each i € (k'] and v € V;, [N (v) N Vieq| = (6 — 2 £ 10e)en if i > 1 and [N (v) N Vigq| =
(0 =T £10e)en if i < k'

Then, for each i € [k — 1], apply Proposition 4.19 with H[V;, V;11], Vi, Vit1, en, § — 2, and
10e playing the roles of G, A, B,n,d, and € to obtaln a matching M; of H[V;, V1] of size at
least ( 3(158) en. For each i € [k’ — 1], denote by M the directed matchlng obtained from M;

by directing all edges from V; to V;11. Note that, by construction, M C H. Define F' C H by
letting V(F) == V(H)\ A}, and E(F) = Uiew—1) M Observe that F' is a linear forest which
spans V(H) \ 4;,,, and has f < 3355” components. Indeed, one can count the number of paths
in F' by counting the number of ending points as follows. (An isolated vertex is considered as the
ending point of a trivial path of length 0.) Note that, for each i € [K' — 1], v € V; is the ending
point of path in F' if and only if v ¢ V(M;), while every v € V}s is the ending point of a path in F.

Moreover, for each i € [k —1], we have |[V;\V (M;)| < |Vi|—|M;| < en+2e?n— (1 — 38) en < %T”.
Thus, since k' — 1 < e} — 1, we have f < 32 B2 (71— 1) + |V < 232 as desired.
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Denote the components of F' by Pi,..., Pr. We now join Pi,..., Py into a Hamilton cycle
as follows. Note that, by (o), f < (Z) |Al1|. For each i € [f], denote by v;” and v; the
starting and ending points of P;. By (IV’), for each i € [f], we have N7 (viF) N erl| > 2f.
Apply Corollary 4.8(c) with H, A] 1,0, f, 4,27, and v — v playing the roles of D, V', S, k,v, T,
and § to obtain a Hamilton cycle C' of H such that F' C C. Denote by u* the (unique) vertices
such that u™ € NZ(2), respectively. Let Pl = (C = {z}) U{vtu",u"v"}. By construction,
Pt is a path of shape epq1 such that P C (Dy, UTy,) — V(P ;) and V(P =

V\ (V(P), 1) UV (Lmy1)). Moreover, Pm“[A;nH] C Ty and PV \ PmHUAL 11 C Dy, Let

em+1 em+1

Pmg1 =P, 1 U {ngnﬂ} Thus, (A)—(C) hold. This completes the mductlon step. O

7. PROOF OF THEOREMS 1.3 AND 1.8 AND COROLLARY 1.9

As discussed in the proof overview, vertices of very high excess and vertices adjacent to
absorbing edges will be treated as exceptional vertices throughout the proof of Theorem 1.8. To
be able to cover the edges at these vertices in the approximate decomposition step, we need to
start with a cleaning procedure, which will ensure that no two exceptional vertices have an edge
between them and that the degree of the exceptional vertices is not too large. This needs be
done efficiently so that, after the cleaning step, the non-exceptional vertices still form an almost
regular oriented graph of very large degree.

Lemma 7.1. Let 0 < % Ke<gn<Kl. Let T ¢ Texcep be a tournament on a vertex set V' of
size n satisfying the following properties.

(a) Let W, UWoUV" be a partition of V such that, for each wy, € Wi, | exy(wy)| > (1 —20n)n;
for each wy € Wy, |exp(wo)| < (1 —20n)n; and, for each v' € V', |exp(v')| < en. Let
W =W, UWy and suppose |W| < en.

(b) Let AT, A= C E(T) be absorbing sets of (W,V')-starting/(V',W)-ending edges for T of
size at most [nn]. Denote A= AT UA™. Let W§ =V (AF)NW and Wa = V(A)NW.
Suppose that, for each o € {+,—}, if [W§| > 2, then ex%(v) < [nn] for each v € V and,
if |W§| =1, then, for each v € V and w € W§, ex%.(v) < ex%.(w). Moreover, suppose that
if Wa # 0, then ex(T) > 5 + 109n.

(c) Let U* C UYNT) satisfy |U*| = ex(T) — ex(T).

Then, there exist d € N and a good (U*, W, A)-partial path decomposition P of T such that the

following hold, where D =T \ P.

(i) [2] —10gn <d < [5] —nn.
(ii) Each v € U*\ (VF(P)UV~(P)) satisfies df,(v) = dp(v) < éx(D) — 1.

ED[W]) =0.
H(T) — N*(D) < 89nn.

)

(iii)

() N

(v) &(D) > d+ [nn].

(vi) If ex(D) < 2d + [nn], then each w € W, satisfies | exp(w)| = dp(w).

(vii) For each v e W, U Wy, 2d — 3,/qn < dp(v) < 2d — [nn].

(vili) For each v € Wy, 2d + 2[nn] —4,/mn < dp(v) < 2d + 2[nn] and &5 (v) > [nn].
x)

(i

Lemma 7.1 will be proved in Section 8. As mentioned above, the cleaning step has two aims:
cleaning the edges inside W (property (iii)) and bounding the degree of vertices in W, U W4
from above (compare the upper bound in (vii) to those in (viii) and (ix)). As discussed in the
second paragraph after the statement of Lemma 5.2, property (ii) is needed to ensure that our
final decomposition contains the desired number of paths. (iv) ensures that there are few vertices
whose excess has been completely used (this is necessary for the last step of the decomposition).
(i) and (vii)—(ix) ensure that the leftover oriented graph D is still almost complete. (v) ensures
that the leftover excess is sufficiently large compared to the number of edges left to cover. (vi) is

For each v € V', 2d + 2[nn] — 9v/en < dp(v) < 2d + 2[nn].
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a technical condition that will enable us to cover all edges at W, when the total excess is not too
large.

We are now ready to prove Theorem 1.8 using Lemma 7.1. We will proceed as follows. In
Step 1, we select absorbing edges (if they are required). In Step 2, we clean up T by removing a
small number of paths using Lemma 7.1. In Step 3, we obtain an approximate decomposition of T’
by Lemmas 5.2 and 6.3. Finally, in Step 4, we apply Corollary 4.30 to decompose the leftover.

Proof of Theorem 1.8. Assume without loss of generality that 8 < 1. Fix additional constants
such that 0 < nio e Ka KK p <1 Let T ¢ Texeep be a tournament on n > ng
vertices satisfying (a) or (b). By Theorem 1.2(b), we may assume that ex(T) < £2n?. Denote V :=
V(T). If both N*(T) > ajn, then redefine n := a?. Suppose not. If both N*(T') < agn, then
redefine € := ay. Otherwise, there exists ¢ € {+, —} such that N°(T) < ajn and o € {+, —}\ {o}
satisfies N°(T) > agn and we redefine ¢ := a7 and 7 := 3. Thus, we have defined constants
such that

1
0<E<6<"<5§L

ex(T) < e?n?, and, for each o € {+, —}, either N°(T') > \/nn or N°(T) < en. Define additional
constants such that

1
0<E<6<V<T<v<n<5§1
Let 7 := [nn].

Step 1: Choosing absorbing edges. Let o € {+, —} and define W§ as follows. If N°(T) >
\/nn, then let W§ = 0. Otherwise, by construction, N°(T') < en. Then, by Fact 4.20, ex(T) >
ex(T) — N°(T) > § —en > 1. Let W C U°(T) be a smallest set such that ex?.(W3) > r. We
further assume that, subject to this, ex3.(W§) is maximum. Observe that, if |W{| > 2, then, for
each v € V, ex}.(v) < r, and, if [W§| = 1, then, for each v € V and w € W§, ex7(v) < éxp(w),
as desired for Lemma 7.1(b). Moreover, note that |[U®(T")| < N°(T') < en. Thus, |W§| < en.

Let Wa := W UW, . Let
W,y ={veV||exr(v)| > (1-20n)n} and Wy:={ve V\W,]||exp(v)| >en}U(Wa\W,).
For each o € {x,0}, let Wi := W, N U(T). Let W* = WEUWS, W = WHUW~, and
V' =V \ W. Note that, by construction, |W| < 4en. (Here we also use that ex(T") < e2n?.)

If N*(T) > \/nn, then let AT := (); otherwise, let AT C E(T) be an absorbing set of r (W1, V’)-
starting edges for T' (AT exists since, by construction, exf(W;) > r and df(v) > % for
each v € WJ). Similarly, let A~ C E(T) be an absorbing set of (V’, W )-ending edges for T,
of size 0 if N~(T') > \/nn and r otherwise. Let A :== AT U A~. Note that, by construction,
V(AT)NW = W3. In particular, each v € W7 satisfies

(7.1) d4(v) > 1.

Step 2: Cleaning. Let U; C U%(T) be such that |U}| = éx(T) — ex(T) (this is possible by
Proposition 4.24). Note that W N U; = () since W N U®(T) = (. Moreover, if W4 # 0, then, by
Step 1, (b) does not hold and so ex(T') > § + fn > & + 10nn. Thus, the “moreover part” of
Lemma 7.1(b) is satisfied. Apply Lemma 7.1 with U] and 4¢ playing the roles of U* and ¢ to
obtain d € N and P; C T such that the following are satisfied, where Dy =T \ P;.
(i) P1 is a good (Uf, W, A)-partial path decomposition of T'. In particular, P; is consistent
with A* and A~ and so, by Fact 4.29, A* and A~ are absorbing sets of (W1, V’)-starting
and (V', W )-ending edges for D;.

(ii) [%] —10gn <d < [2] —nn.

(iii) For each v € Uy \ (V*(P1) UV~ (Py)) satisfies da (v) =dp, (v) < ex(Dy) — 1.

(i) E(Dy[W]) = 0.

(v) NE(T) — N*(Dy) < 89nn.

(vi) ex(D1) = d + [nn].
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(vii) If ex(D1) < 2d 4 [nn], then each w € W, satisfies | exp, (w)| = dp, (w).

(vili) For each v € W, U Wy, 2d — 3,/nn < dp, (v) < 2d — 2[nn].

(ix) For each v € Wy, 2d + 2[nn] — 4\/nn < dp, (v) < 2d + 2[nn] and dB"(v) > [nn].
(x) For each v € V', 2d + 2[nn] — 18y/en < dp, (v) < 2d + 2[nn]| and |exp, (v)| < en.

(The final part of (x) follows from the fact that |exp(v)| < en for each v € V', and since P; is a
(U, W, A)-partial path decomposition of T'.)

Step 3: Approximate decomposition. First, we will apply Lemma 5.2 to construct layouts
for the approximate decomposition. Let Us = Uf \ (V*(P1) UV~ (P1)) and observe that, by
Proposition 4.33 and (i), |Uj| = ex(D1) — ex(D1). Let X* C (U*(D;1) UU;) \ W be such that
| X*| = r—|A*|. This is possible since, for each ¢ € {4, —}, by construction, if N°(T) < en, then
|A°| = r; otherwise, N°(T") > /nn and so, by (v), |U°(D1) UU;5| = N°(D1) > \/qn — 89nn >
r + |W|. Define ¢* : V. — {0,1} by

55 (0) = {1 if v e X%,

0 otherwise.

Denote F := Ey (D1) \ A and D] := Dy \ F. Let Wy :== W, U Wy and Wy = Wy \ Wy.

We now verify that Lemma 5.2(a)-(h) hold with Dy, Us, and 184/¢ playing the roles of D,U*,
and . Lemma 5.2(a) holds by Step 1 and (iv). Lemma 5.2(b) holds by (iii) and the fact that
Uy CUf CV'. Lemma 5.2(c) holds by construction and (i). Lemma 5.2(d) follows from (ii) and
Lemma 5.2(e) holds by (vi). Lemma 5.2(g) and (h) as well as the first part of Lemma 5.2(f)
follow from (viii)—(x). Finally, we show that the “moreover” part of Lemma 5.2(f) holds. By
(vii), if ex(D1) < 2d + [nn], then each v € W, satisfies |exp, (v)| = dp, (v). Moreover, by (ix),
each v € W4 \ W, C W, satisfies d%iln(v) > [nn]. Finally, by Step 1 and (i), if \W;ﬂ > 2,
then each v € Wi satisfies exa\A(v) < exfﬁ1 (v) < exi(v) < [gn] and, if [Wi| = 1, then
d%(v) = [nn] for the unique v € W7.

Apply Lemma 5.2 with Dy, U;, and 184/ playing the roles of D,U*, and ¢ to obtain £ € N
and W-exceptional layouts (Li, F),. .., (Lg, Fy) which are Us-path consistent with respect to
(D}, F) and such that the following hold. Let L := Uiepg Li-

(A) d<{<d+esn.
B) L contains exactly ex(D;) — r non-trivial paths.

(
(C) For each v € W1y, djLE(v) = dli)l\A(v).
(

)

)

)

D) For each v € Wa, di (v) = djt)l (v) —r.
E) For each v € V', dfgl(v) =df)+|{i €l |ve¢ V(L)} +r—oT(v).
F) For each i € [€], |V(L:)|, |E(L;)| < e7n.
(G) For each v € V' dp(v) < e3n and there exist at most e5n indices i € [¢] such that
NS V(LZ)

For each ¢ € [{], let (LirW,EL»[W) be as in Definition 6.1. Let L' = Uieg LZ[W and FW =
Uie[e} FJW. Then, by construction, (LEW, Fl[W), . (L;W7 FJW) are layouts on V'’ such that, for
each i € [{], |V(L£W)|, |E(L£W)| <ern< 25%|V’] and, for each v € V', dpjw (v) < ein < 2€%|V’|
and there exist at most e5n < 225 |V'| indices i € [¢] such that v € V(LZ[W).

We now reserve a random slice I' C D;[V'] for Lemma 6.3 as follows. Let ¢ := dzr. Note
that, by (x), D1[V'] is (9, 10y/€)-almost regular. By Lemma 4.4 and (ii), D1[V’] is a robust (v, 7)-
outexpander. Apply Lemma 4.16 with D;[V’],|V’|, and 104/ playing the roles of D,n, and

£ to obtain I' C D1[V’] such that T is a (v, 10y/¢)-almost regular (10+/z, |V’|~2)-robust (v, 7)-
outexpander and DY := D;[V']\T is (0 — v, 10y/¢)-almost regular.

(
(
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Observe that, by (A), £ < (6§ — 2)|V’|. Apply Lemma 6.3 with DY, F'W |V, |V|72, g,aﬁ,
and (LY, ™), ... (LY, F/) playing the roles of D, F,n,p,n,¢, and (L1, Fv), ..., (L¢, Fy) to
obtain edge-disjoint #" ... ,HEW C DYUTUFW = Dy [V/JuFW such that, for each i € [¢], H"

)

W F™) and the following holds. Let HW = Uieg ”HirW

is a spanning configuration of shape (L; :

and Db == Dy[V'] \ HW. Then,
(I) D4 is a robust (%, 7)-outexpander.

Now construct W-exceptional spanning configurations as follows. For each i € [¢], let H; be
the digraph with V(#;) :== V and E(H;) = (E(H]")\ F/") U F;. Denote M := U;c(q Hi- Then,
by Fact 6.2, for each i € [{], H; C D1[V'| UF; and H,; is a W-exceptional spanning configuration
of shape (L;, F;). Moreover, for each i € [{], since F; C Ey (D1) \ A, we have H; C D; \ A and
so E(H) N A = . Furthermore, by definition of Uj-path consistency with respect to (D}, F),
the sets F1, ..., Fy are edge-disjoint. Thus, since ’HEW, . ,’H;W are edge-disjoint, Hi, ..., H, are
edge-disjoint.

For each i € [£], let P2 ; be a path decomposition of H; induced by (L;, F;). Let Py := Uie[ﬁ] Po.;
and Dy := Dj \ P2. We claim that the following holds.

Claim 1. Py is a (U3, W, A)-partial path decomposition of D .

Proof of Claim. By Fact 5.1, since (L1, F1), ..., (Lg, Fy) are Uj-path consistent with respect
to (D}, F), P is a partial path decomposition of D; such that U%(D1)N (VT (P2)UV = (P2)) C U;.
Moreover, E(P;) N A = (). Thus, it suffices to show that each v € Wy is the starting point of
exactly &El,Ug (v) paths in Py and the ending point of exactly éS(BLU; (v) paths in Ps.

Let v e WX (similar argument hold if v € W) and recall that W4 C W;. Note that, since
Us N W4 = 0, we have eNXBhUS (v) = exp, (v) = 0 and e“:?(JDrhU; (v) = exgl(v) — d}(v). Since
(L1, F1), ..., (L¢, Fy) are Uj-path consistent with respect to (D], F), v is not the ending point of
any path in P, as desired. In particular, v is an internal vertex of precisely dp, (v) paths in Ps.
Therefore, the number of paths in Ps whose starting point is v equals

_ Fact 5.1,(C) _ (i) ~
d7'§2 (v) = dp, (v) = dgl\A(fu) —dp, (v) = exp, (v) — dh(v) = exj{,hU; (v),

as desired. &

Then, by Fact 4.29 and since W4 C W and Ps is a (Uj, W, A)-partial path decomposition
of Dl,

(IT) A" and A~ are absorbing sets of (W7, V’)-starting and (V’, W;)-ending edges for Ds.
Note that Do[V'] = D} and recall that [W| < 4en. Thus, by Lemma 4.2 and (I),
(I') Dy — W1y is a robust (%, 27)-outexpander.

Recall that by (i), P; avoids all the edges in A. Thus, by Fact 5.1 and (C)—(E), the following
hold.

(III) For each v € W7, NEQ (v) = N5 (v).
(IV) For each v € V' \ (W1 U X ™), dBQ (v)
(V) For each v € V'\ (W1 UXT), dp (v) =1
(VI) For each v € X=, df, (v) =r—1.
Note that, since | X* U AT| =7 and XT N X~ C V\ Wy, (III)~(VI) imply that
(7.2) ex(Dy) =

Indeed, each v € V satisfies d52*(v) < r and each v ¢ (X TNX~)UW satisfies d52*(v) = r. Thus,
XTNX~ ¢ V\W implies A°(Dy) = 7. Moreover, ex(Ds) = |[(XT\ XT)UAF| < | XFUAT| =7
Thus, (B) implies that

r.

(VII) Pq is a good partial path decomposition of Dj.
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Step 4: Completing the path decomposition. Let Y+ = X* \XT, v =XTNnX",
and Y := V\ (YT UY - UY*). Note that, if AT # (), then, by Step 1, |[AT| = r and
so, by Step 3, X* = ). Therefore, V(A*) N (V\Wy) = V(AF) NV’ C YTUY Apply
Corollary 4.30 with Dy, n — [Wq |,V \ Wy, Wy, YT, Y~ Y* Y? 1 % and 27 playing the roles of
D,n, V', W, X+, X, X* X% 6,v, and 7 to obtain a path decomposition Pz of D5 of size r. Note
that, by (7.2), Ps a perfect path decomposition of Dy. Recall that by (i) and (VII), P; and P
are good. Then, by Fact 4.26(b), P := P; U Py U Ps is a perfect path decomposition of 7. That

is, |P| = ex(T'). This completes the proof. O
We now derive Theorem 1.3 from Theorem 1.8.

Proof of Theorem 1.3. Let 0 < nio < B <« 1. Let n > ng be even and T be a tournament
on n vertices. It is easy to see that T' ¢ Texcep. We show that one of Theorem 1.8(a) and (b)
holds. Suppose that Theorem 1.8(b) does not hold. Without loss of generality, we may assume
that NT(T') < Bn. Thus, [UT(T)| < Bn. Since n is even, each v € V(T') satisfies exp(v) # 0.
Thus, x(T) > ex(T) > U (T)| =n—|UT(T)| > n— fn > 5 + Bn and so Theorem 1.8(a) holds.
Therefore, by Theorem 1.8 and Proposition 4.22, pn(7) = ex(T') = ex(T). O

Finally, we derive Corollary 1.9 from Theorem 1.8. The idea is that if none of Theorems 1.3,
1.8, and 4.35 apply to T then we can transform T into a tournament 7" which satisfies the
conditions of Theorem 1.8 by flipping a small number of edges, and so that pn(T") ~ pn(7")
and ex(T') ~ ex(T").

Proof of Corollary 1.9. We may assume without loss of generality that 8 < 1. Let 0 < nio <
6 <« 1. Let T be a tournament on n > ng vertices. By Theorems 1.3 and 4.35, we may
assume that T' ¢ Texcep and that n is odd. If AYT) > 5+ ’%", then, by Theorem 1.8 applied

with % playing the role of 3, pn(7T) = €x(T") and we are done. We may therefore assume that

AYT) < 5+ [%" Let v € V. Since T is not regular, we may assume without loss of generality

that v € UT(T). Then, note that df(v) > "5 Let S C Ny (v) satisty |S| = [2 + %} —df(v)

(this is possible since dy.(v) = (n — 1) — d}(v)). Note that |S| < [2 + %n} — ol < %".

Let T' be obtained from T by flipping the direction of all edges between v and S. Then, observe
that ex(T") > A(T") > df., (v) = [%4—%] and, in particular, 7" ¢ Texcep- Moreover, we claim that
ex(T") < &x(T)+2|S|. Since AY(T") < AY(T) + 19|, it suffices to show that ex(T") < ex(T) +2|S).
Note that, by Fact 4.21(c), ex}, (v) — exf (v) = 2(d}, (v) — df(v)) = 2|S|. For each o € {+,—,0},
denote S° := SUU®(T). Then, by Fact 4.21(c), for each u € ST, ex}, (u) — exf.(u) = —2 and, for
each u € ST USY, ex}, (u) = 0 = exf(v). Thus, ex(T") —ex(T) = 2|S| — 2|ST| < 2|5, as desired.

By Theorem 1.8, pn(7”) = ex(T") < ex(T') + 2|S| and thus, since |S| < %, it suffices
to show that pn(7) < pn(7”) + 2|S|. Let P’ be a path decomposition of T” of size pn(7").
Let Pj consist of all the paths P € P’ such that E(P) C E(T). Let P5 == P'\ P;. Let Py
be set of paths obtained from P) by deleting all the edges in E(T”) \ E(T). Then, P =
P UPyU (E(T)\ E(T")) is a path decomposition of T. Moreover, by construction, all the
edges in E(T") \ E(T) are incident to v. Thus, each path in P} contains exactly one edge of
E(T) \ E(T) and so [Py U (E(T) \ E(T"))| < 3|Py| = [Po] +2|E(T") \ E(T)| = [Ps| +2|S].
Therefore, pn(T") < [P| < |P}| + |P4| + 2|S| = pu(T”) + 2|S|. This completes the proof. O

8. CLEANING

We now prove Lemma 7.1 using Lemmas 8.1, 8.2, and 8.4 below. In Lemma 8.1, we cover all
edges of T'[Wy]. The edges of T'[W] which are incident to W, will be covered in Lemma 8.2. Since
the excess of T" is proportional to |W,|, the edges of T'[W] which are incident to W, can be covered
one by one with short paths. However, vertices in Wy may have small excess and so T'[Wy] needs
to be covered more efficiently. The idea will be to decompose T[Wj] into matchings and then tie
them into paths.

In Lemma 8.2, we also decrease the degree of the vertices in W, U W4 when W, # (). This is
achieved by covering edges at W, one by one with short paths until the desired degree is attained.
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(The endpoints of these paths are chosen via Lemma 8.3.) Finally, we will use Lemma 8.4 to
decrease the degree at W4 when W, = (). There, we will use long paths to decrease the degree at
all vertices in W4 at the same time. This is necessary because the total excess may be relatively
small, so we do not have room to cover the degree at each vertex in W4 one by one.

Lemma 8.1. Let 0 < % Kegn<Kl. Let T ¢ Texcep be a tournament on a vertex set V' of
size n satisfying the following properties.

(a) Let W, UWoUV' be a partition of V such that, for each w, € Wy, |exp(w,)| > (1—20n)n;
for each wy € Wy, |exp(wo)| < (1 —20n)n; and, for each v' € V', |exp(v')| < en. Let
W =W, UWy and suppose |W| < en.

(b) Let AT, A= C E(T) be absorbing sets of (W, V')-starting/(V',W)-ending edges for T of
size at most [nn]. Denote A= AT U A™.

(c) Let U* C UYNT) satisfy |U*| = ex(T) — ex(T).

Then, there exists a good (U*, W, A)-partial path decomposition P of T' such that the following
hold, where D =T \ P.

(i) |P] < 2en.

(i) E(D[W]) = 0.
(iii) If [UN(D)| = |U(D)| =1, then e(U(D),U" (D)) =0 or éx(D) — ex(D) > 2.
(iv) Each v € U*\ (VT(P)UV~(P)) satisfies df(v) = dp(v) < ex(D) — 1.

One can use the (iii) to ensure that the leftover oriented graph D does not have all its positive
and negative excess concentrated on two vertices v and v, respectively, with an edge v~ v™
between them. Otherwise, we would encounter a similar problem as with the tournaments in the
class Tapex (recall Proposition 4.37 and Fact 4.38).

Proof of Lemma 8.1. If Wy = (), then we can set P := () and, by Facts 4.20 and 4.38, we are done.
Thus, we may assume that Wy # (). Fix additional constants such that e < v < 7 < 7. Let
W* = W NU*(T) and, for each o € {*,0}, denote W := W, nU*(T).

Fix an optimal matching decomposition Mj, ..., My, of T[Wy] (where m < en by Vizing’s
theorem). Assume inductively that for some 0 < k& < m, we have constructed edge-disjoint paths
P 1,Pi2,Py1...,Py2 C T such that P, == {P;; | i € [k],j € [2]} is a (U*, W, A)-partial path
decomposition of T" and the following hold.

() For each i € [k], E(P;q UP;2) N E(T[W]) = M.

(B) For each i € [k] and j € [2], V \ W, C V(P ;).

(7) For each o € {4, —}, if W¢ # 0, then V°(Py) C W?.
Denote Dy := T \ Pi. Then, following holds.

Claim 1. We have ex(Dy) = ex(T) — 2k > 2nn. In particular, Py is a good (U*, W, A)-partial
path decomposition of T.

Proof of Claim. First, note that ex(T') — 2k > 2nn holds by Fact 4.20 and since k < en. To show
ex(Dy) = ex(T) — 2k, note that, by Proposition 4.25 and since Py, is a partial path decomposition
of T, we have ex(Dy) > ex(T') — 2k and ex(Dy) < ex(T') — 2k. Thus, it is enough to show that
A%(Dy) < 6x(T) — 2k.

If there exists ¢ € {4, —} such that |W¢| > 2, then ex(Dy) > 2(1 — 20n)n — 2k > n and so
A%(Dy) < ex(Dy) < éx(T) — 2k, as desired. Suppose both |[WE| < 1. If v € U*(T), then, by
(B), (7), and since Py is a (U*, W, A)-partial path decomposition of T, v € VE(P) U VO(P) for
each P € Py and so, dy?*(v) = dp™(v) — 2k < ex(T') — 2k. Similarly, if v € U%T)\ U*, then
v € VO(P) for each P € Py and so, dpiX(v) = dp*™(v) — 2k < ex(T') — 2k. Thus, if U* = (), then
A%(Dy) < ex(T) — 2k, as desired. Suppose there exists v € U* C U%(T). Then, note that, by
definition of U*, ex(T) > ex(T) and, thus, by Proposition 4.22, n is odd. By (3), Fact 4.20,
and since Py, is a (U*, W, A)-partial path decomposition of T, v € VT (P) U VY(P) for all but at
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most one path P € Py and so, dBk (v) < df(v) — (2k — 1) = 2 — 2k < &x(T) — 2k. Similarly,
dp, (v) < ex(T') — 2k. Thus, A%(Dy) < &(T) — 2k, as desired. &

If & = m, then let P := Pp,. Then, P is good by Claim 1. Moreover, by construction,
|P| = 2m < 2en and D := T \ P satisfies E(D[Wy]) = 0 by («). Thus, (i) and (ii) hold. For
(iii), suppose both |[U*(D)| = 1, say UF(D) = {u<+}, and assume that u_u, € E(D). If there
exists o € {+, —} such that u, ¢ W,, then, as |P| < 2en, dB"(u,) > 9nn and so, by Fact 4.21(d),
ex(D) — ex(D) > 2. We may therefore assume that both uy € W,. Then, by (v), all paths in P
start in W, C UM (T) and end in W, C U~ (T'). Thus, as P is a partial path decomposition of T’
we have ex(D) = ex(T) — |P| and, since k < en and each v € W, satisfies |exp(v)| > (1 — 20n)n,
we have UF(D) = U*(T). Therefore, by Claim 1 and since T ¢ Texcep, Fact 4.38 implies
that ex(D) — ex(D) = ex(T') — ex(T) > 2 and so (iii) holds. Finally, for (iv), suppose that
v e U\ (VH(P)UV~(P)). Then, note that v ¢ W, and, by Proposition 4.22, n is odd. Thus, by
Fact 4.20, (B), and Claim 1, df,(v) = d(v) = d(v)—|P| = 52— |P| < &x(T)—1—|P| < &x(D)—1
and so (iv) holds.

If K < m, then construct Py;11 and Py 2 as follows. Denote My = {xfa:l_, e ,xja;e_}.
For each o € {+,—}, let X® := {af | i € [(]}. Let Uf :=U*\ (VT(Px) UV~ (Py)). Note that,
U; C U%(Dg). Moreover, since |[U*| = ex(T) — ex(T), Claim 1 and Proposition 4.33 imply that
|U]:’ = éS((Dk) - eX(Dk).

We claim that there exist suitable endpoints vf and v2i for Pyy11 and Py 2. More precisely,
we want to find Uf, v; ,v] ,V5 € V such that the following hold.

(A) For each i € [2], v;” # v, and vi € ﬁig(Dk). Moreover, for each ¢ € {+, —}, if v{ = vS,
then é\}/{ODk,U]: (’UT) Z 2.

(B) For each o € {4, —}, if W? # 0, then, for each i € [2], vy € W.

(C) There exists a partition My1 = Mj41,1 U My112 such that, for each i € [2] and 2z~ €
Myy1,4, xF # vl?t and x T2~ # v v,

(A) will ensure that P11 is a (U*, W, A)-partial path decomposition of 7" and (B) will ensure
that (y) holds. Finally, (C) will ensure that all edges of My can be covered by Pyi11 U Pyi12.
To find v{", vy, v],v; € V satisfying (A)—(C), we will need the following claim.

Claim 2. There exist vi,vf vy, v, € V such that, for each o € {+,~} and i,j € [2], the
following hold.

(I) If W # 0, then v§ = vS € W2 and &QD,C,U;; (v$) > 2; otherwise, v§,vS € ﬁf}g (D) are
distinct.
(II) Both vy vy, vy vy ¢ Myyq.
(1) v # vj .
Proof of Claim. If W} # (), then pick v € W and let v5 = v and note that, since k < en,
éi(Jf)k’UZ () > ext(v) — da+ (v]) — 2k > (1 — 20m)n — [nn] — 2en > 2, as desired. Assume
that W, = 0. We claim that ](7;; (Dg)| > 2. Assume not. Then, since |[AT| < [nn], by
Claim 1 arld (4.3), e?(JUrg (Dy) = ex(Dy) — |AT| > 2nn — [nn] > 1 and so there exists v € V
such that UJ; (Dy) = {v} and &Bk,U; (v) > 2. Then, note that v ¢ U%(Dy). As v ¢ W and
k <en, dp (v) > 9nn. Thus, by Fact 4.21(d), ex(Dy) — exJDrk (v) > dp, (v) = 9nn and so, since
v ¢ U%(Dy,), we have
0 = &Ek,U;(V\ {v}) = 65(2;;; (Dk) — &Bk,U}: (v)
(4.2),(43)
=" &(Dy) — |AT| = (exp, (v) — da+ (v))
> (&x(Dg) — exp, (v) = |AT] = 9ngn — [nn] = Tn,

a contradiction. Thus, |(7[J]rk (Dy)| > 2 and so we can pick distinct v;", vy € (7;; (D).
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Then, proceed similarly as above to pick vy ,v, € [75; (Di) \ {v{",v5}. Note that this is
possible since, for each i € [2], e?ch’Ug (vj) < 1. By relabelling v; and v; if necessary, we can
ensure (II) holds. This completes the proof. &

Fix v, vy, v],v; € V satisfying properties (I)—(III) of Claim 2. We claim that (A)—(C)
hold. Indeed, (A) and (B) follow immediately from (I). Recall the notation My; = {z] z; |
i € [(]}. For (C), let My 112 = {z]2; € Mpy1 | v} =] orvy =2af or vivy = 2]z} and
M1 = Mj41 \ Miy12. We claim that the partition My = Mj411 U Mj4q2 witnesses that
(C) holds. By definition, M}, ; clearly satisfies the desired properties, so it is enough to show that
Mii12 C My \{zf2; € M1 | vy =2, orvy =z orvgvy =aa; }. If ooy =afz; for
some i € [{], then, by (I), (III), and the fact that V(M) € Wy, we have vy , vy ¢ {z;,2; }.
Moreover, if v = z; for some i € [f], then, by (I), v # z;, by (III), v; # v{ and so
vyvy # xjx;, and, by (II), vy # x. Similarly, if v; = 2 for some i € [(], then vy # z,
vy # x; , and vy vy # xja:z_ . Therefore, (C) holds, as desired.

We will now construct, for each i € [2], a (v:r ,v; )-path Pjy1; covering My 1;. The idea is to
join together the edges in Mj.1,; via V'. In order to satisfy (), we also incorporate the vertices
in Wy \ V(Mp41,) in a similar fashion. This will be done using Corollary 4.8 as follows.

Denote
k=24 M1\ {e € Migaa |V (e) = {v]} or V7 (e) = {o] }} + [Wo \ V(Mjy1,1)]

(k' will play the role of k in Corollary 4.8). Now construct the k' paths for Corollary 4.8 as follows.
If v & V(Mgi11), let Q1 = v]; otherwise, let Q; be the (unique) edge e € M1 such that
V*t(e) = {vf}. Similarly, if v ¢ V(Mgy41.1), let Qp = vy ; otherwise, let Qs be the (unique)
edge e € My such that V7= (e) = {v; }. Let Qa,...,Qp—1 be an enumeration of (Mpy11 \
{Q1,Qp}) U (Wo \ V(Mjs1.1)). Recall that V(Mjy11) € Wo. Thus, V/ 0 (Uie[k,} V(Q,)) c
{v{",v] } and so, since k < en, Lemma 4.4 implies that Dy[V"\ Uiepe) V(Qi)] is a robust (v, 7)-
outexpander. Then, apply Corollary 4.8(b) with Dy \ A,V \ Uie[k,] V(Q:), K, %, Wi\ {v], v },
and Q1, . .., Qw playing the roles of D, V' k,§, S, and Py, ..., P to obtain a (v{", vy )-path P11
covering the edges in M, ; and all vertices in V/UW). Note that all the conditions of Corollary 4.8
are satisfied since, by construction, the ending points of Q1,...,Qr—1 lie in V' \ W, and so, by
Fact 4.21(b), (a), and (b), they have, in Dy \ A, at least 20% —2k—[nn| — |W|—2K" > 8nn > 2k’
outneighbours in V'\ Uz‘e[k’] V(Qy). Similarly, the starting points of Qa, ..., Qk have, in Dy \ A,
at least 2" inneighbours in V'\ ;e V(Qi), as desired. Construct Pyyq 2 similarly, but deleting
the edges in Py before applying Corollary 4.8 (this will ensure that Py and P42 are
edge-disjoint). Thus, («)—(7) hold with k replaced by k + 1. This completes the proof. O

Since the vertices in W, have almost all their edges in the same direction, one could not have
covered the remaining edges in W with a similar approach as in Lemma 8.1. However, since the
vertices in W, have very large excess, W, # () implies that the excess of the tournament is very
large and so we have room to cover each remaining edge in W one by one. One can also decrease
the degree at W, U W, with a similar approach. This is achieved in the next lemma.

Lemma 8.2. Let 0 < % L ekn<kl. Let D be an oriented graph on a vertex set V of size n
such that 6(D) > (1 — e)n and the following properties are satisfied.

(a) Let W, UWoUV’ be a partition of V such that, for each w, € W, |exp(w.)| > (1—21n)n;
for each wg € Wy, |exp(wp)| < (1 —20n)n; and, for each v' € V', |exp(v')| < en. Let
W =W, UW,y and suppose |W| < en and W, # (.

(b) Let AT, A= C E(D) be absorbing sets of (W, V")-starting/(V',W)-ending edges for D of
size at most [qn]. Let A = At UA~. Let WE = V(AH)NW and Wy == V(A)NW.
Suppose that, for each o € {+,—}, if |W§| > 2, then, for each v € V, ex$,(v) < nn and,
if (W3] =1, then, for each v € V and wy € W§, exf)(v) < ex§)(wa) + en.

(c) Let U* C U%D) satisfy |U*| = éx(D) — ex(D).
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(d) Suppose E(D[Wy]) = 0 and, if |[UT(D)| = |U(D)| =1, then e(U~ (D), U (D)) =0 or
ex(D) —ex(D) > 2.
Then, there exists a good (U*, W, A)-partial path decomposition P of D such that D' :== D\ P
satisfies the following.

() B(DW]) = 0.
(ii) N*(D) — N*(D') < 88nn.
(iii) For each v € W, UWy, (1 -3/mn <dp(v) < (1 —4n)n.
(iv) For each v € Wy, dp/(v) > (1 = 3/mn and dBi"(v) > 5nn.
(v) For eachv € V', dp/(v) > (1 — 3/e)n.
(vi) If W], W | <1, then each v € W, satisfies |exp(v)| = dp/(v).
(vil) Eachv € U*\ (VH(P)UV~(P)) satisfies d},(v) = dp,(v) < ex(D') — 1.

(vi) will enable us to satisfy Lemma 7.1(vi). As mentioned above, the strategy in the proof of
Lemma 8.2 is to cover the remaining edges of D[W] one by one. To decrease the degree at W,,
we further fix some additional edges that will be covered with short paths in the same way. The
degree at W4 \ W, will be decreased by incorporating these vertices in some of these paths.

Similarly as in the proof of Lemma 8.1, given an edge that needs to be covered, we need to
find suitable endpoints, that is, endpoints of the correct excess and which are “compatible” with
the edge that needs to be covered. The next lemma enables us to find, given a set H of edges to
be covered, pairs of suitable endpoints to cover each of these edges with a path.

Lemma 8.3. Let 0 < % L e Kn<Kl Let D be an oriented graph on a vertex set V
of size n such that Lemma 8.2(a)—(d) are satisfied. Let H C D satisfy A(H) < 11nn and
=|E(H)| < 11nn|W,|. Let wiwy,...,wiw, be an enumeration of E(H).
Then, there exist pairs of vertices (v ,vy),..., (v,j, vy, ) such that the following hold.

(i) For eachv € V and o € {+, =}, there exist at most min{2,/nn, €xp, 1«(v)} indices i € [k]
such that v = vy.

For all i € [K], if wl?t € W, then Ufc = wi.

7
For all i € [k], if there exists o € {+,—} such that w{ € V', then (v;,v; ) # (w;F, w;).
For each i € [k], {v;",w;"} N {v;,w; } = 0.
For each o € {+,—}, there exist at most 88nn vertices v € V' such that there exist exactly
& 1+ (v) indices i € [k] such that v =

(vi) If v € V satisfies df(v) > ex(D) — 22nn, then v € {w;, w;, Z }\{v } for all i € [k].
Similarly, if v € V satisfies dp(v) > éx(D) — 22nn, then v € {w;", w; ,v; } \ {v;"} for all
i€ [k].

Since vertices in W, have most of their edges in the same direction, (ii) will ensure that we
will be able to tie up edges to the designated endpoints of the path. (iii) will ensure that some
of the paths will have length more than one, which will enable us to cover a significant number
of edges at W4 \ W,. (iv) implies that the chosen endpoints are distinct, the chosen starting
point for the path is not the ending point of the edge we want to cover and, similarly, that
the chosen ending point is not the starting point of the edge we want to cover. Together with
Proposition 4.27, property (vi) will ensure that the partial path decomposition constructed with
this set of endpoints will be good.

Proof of Lemma 8.2. Recall that, by assumption, W, # (). Fix additional constants such that
e < v << TN Let WF := WnNU*(D) and, for each o € {*,0}, denote W := W, N U*(D).
We now define a subdigraph H C D, whose edges will be covered by P. If max{|W'|,|W |} >
2, then let H C D\ A be obtained from D[W] by adding, for each v € W, [4nn] edges of D\ A
between v and V' (of either direction). Otherwise, let H C D\ A be obtained from D[W] by
adding, for each v € W, max{d},(v), [4nn]} edges of D\ A between v and V"’ (of either direction)

such that dj;(v) = dE\A( v) = d},(v). Note that A(H) < |[W|+ max{max,cw+ d5"(v), [4nn]} <
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en+ 21% < 1lnn, each v € V' \ W, satisfies dg(v) < |W,| < en, and
(8.1) [Ann] < k= |E(H)| < 11nn|W,|.

Let wfwf, e ,w,jw,; be an enumeration of E(H). Recall that W, # () and, for each w € W*,
|Ng(w) N V'] > [4nn]. Thus, we may assume without loss generality that, for each i € [[4nn]],
w;w; ¢ E(D[W]). Apply Lemma 8.3 to obtain pairs of vertices (v;,v;),..., (v}, v, ) such that
the following hold.

(a) For each v € V and o € {+, —}, there exist at most min{2,/mn, ex7, 7« (v)} indices i € [k]

such that v = vy.
(8) For all i € [k], if wf € W, then v = wi".
For all i € [k], if there exists o € {+, —} such that w{ € V', then (v;",v; ) # (w;", w;).
For each i € [k], {v;", w;} N {v;,w; } = 0.

&,y (v) indices 7 € [k] such that v{ = v.
(¢) If v € V satisfies df,(v) > ex(D) — 22nn, then v € {w;, w; ,v;
Similarly, if v € V satisfies dj,(v) > éx(D) — 22nn, then v € {w;",w
i€ [k].
By assumption on our ordering of E(H), () implies that the following holds.
() For alli € [[nnl], (v ,v)) # (w],w)).

177

We now cover each edge w; w; with a short (v;",v; )-path inductively as follows. Suppose

that for some 0 < ¢ < k we have constructed edge-disjoint paths P;,..., P, C D\ A. For
each 0 < i </, let D; == D\ Uje[z‘] P; and S; be the set of vertices w € Wy \ W, such that
dp,(w) > (1 —4n)n. (Note that Sy corresponds to the set of vertices in W4 \ W, whose degree is
currently too high.) Suppose furthermore that the following hold for each i € [¢].
(I) Pisa(l, v; )-path.

(I) wiw; € E(P).

(II1) S;—1 C V(F).

(IV) For each v € V’ there exist at most \/en indices j € [{] such that v € VO(Pj)\{w;r, w; =

V(P \ o] wf wy vy

(V) ForeachvGV( NNW, v e {vf

(VI) e(P) < T (1Si-1] +1).

If ¢ = k, then let P := Uie[é} P; and D' := Dy. Note that P is a (U*, W, A)-partial path
decomposition of D by («) and (I). To show P is good, suppose first that max{|W> |, |W |} > 2.
Then, ex(D) = ex(D) and so, since P is a partial path decomposition of D, by Proposition 4.25(b),

}\{v } for all i € [k].
3\ {vj"} for all

171

w sw; FUSi .

Z’l’

8.1)
ex(D') = ex(D) — [P| > max{|W.|,|[W, [}(1 - 21n)n — 11nn|W.| > n > A%(D").

Thus, if max{|W.|, W, |} > 2, then éx(D’) = ex(D’) = ex(D) — |P| = éx(D) — |P| and, so, P
is good. We may therefore assume that both [WZX| < 1. Then, note that k < 22nn and so, by
Proposition 4.27(b), (¢), (I), and (II), P is good, as desired.

We now check that (i)—(vii) are satisfied. First, note that (i) and (vi) hold by (II) and
definition of H. Note that, since k > [4nn], Sp = 0. Thus, (iii) holds by construction of H, (),
(I)~(I1I), and (V). Note that each v € Wy satisfies d3™(v) > (10n — §)n and dy(v) < [W| < en.
Thus, (iv) follows from (), (I), and (V). Recall that each v € V' satisfies |exp(v)| < en and
E(H)N E(D[V']) = 0. Thus, (v) follows from («), (I), and (IV). For (vii), note that, by (a), («),
and (I), each v € W* satisfies | exp/(v)| > (1 — 21n)n — 2,/nn > 5 and so (%((D’) > ex(D') > 3.
Thus, each v € U*\ (VT(P) UV~ (P)) = U** satisfies d},, (v) = dD,( v) < 5= < ex(D') and
so (vii) holds. Finally, for (ii), denote Sy = ﬁg(D) Uf{v € Wi | exp(v ) = d%(v)} and
S = ﬁﬁ**(D') U{v € Wi | exs, (v) = d5(v)}. Then, by (4.2) and since |U*| = éx(D) — ex(D),
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N#*(D) = |S|. Similarly, since P is good, by Proposition 4.33, N*(D’) = |S.|. Since P is a
(U*, W, A)-partial path decomposition of D, we have S, C S1 and, for each ¢ € {+,—}, S, \ S,
is precisely the set of vertices v € V'\ W3 for which there exist exactly ex7, 7« (v) paths P € P
such that v € V°(P). Thus, by (¢) and (I), N¥(D) — N*(D') = |S+ \ 94| < 8877n and (ii) holds,
as desired.

Suppose ¢ < k. Note that, by (III), if [4nn] < i < ¢, then S; = (). We construct Py as follows.
If (v, 0,) = (wal,we_ﬂ) then let Ppyq = wé:_lw“_l Note that, in this case, by (v), Sy = 0.
Thus, (I)~(VI) hold with ¢ + 1 playing the role of £ and we are done. We may therefore assume
that (’UZ__H, V) F (wé:_l, w, ). We construct Py using Corollary 4.8 as follows. Let X be the
set of vertices v € V' \ {vzr_i_l,v[H, wZi_l,wZH} such that there exist |/en| indices i € [¢] such
that v € VO(P) \ {w;", w; }. Note that, by (VI),

7’/71(22‘6[@] |Si| + 2€) < Sv=Y([4nn] - en + 22nn - en) 1

X| <L <e3n

Xl < |ven| - \Ven -
Recall that each v € V' satisfies |exp(v)| < en. Thus, by Lemma 4.4, («), (I), and (IV),
Dy[V'\ (X U {le,wzr_i_l,w[H,vZ_i_l})] is a robust (v, 7)-outexpander. Let ui,...,us be an
enumeration of S\ {UZH, erl’ Wy, 1,1} 1f both UZ_I % wi_l, then let m == s+3, Q1 = ”Zrl’
Qo = wzr+1w2+1’ Qm = v,,, and, for each i € [s], let Qiyo = u;. If erl # wZL+1 and
V1 = Wp,q, then let m = s+ 2, Q1 = vZ‘H, Qm = erle_H, and, for each i € [s], let

Qi+1 = u;. Similarly, if UZH = wZ_l and v, #* Wy, then let m == s+ 2, Q1 = walwa_l,
Qm = v, ., and, for each i € [s], let Q11 = u;. Note that, by (J), this covers all possible
cases. Moreover, we always have m < |Sy| + 3. Apply Corollary 4.8(a) with D, \ A,V \ (S, U
{UZH? wal, Wy 5 Vpy H)s M, %, XUW\ (S, U {’Ué:_l, wz_l, Wy, 1,V,11)), and Q1, ..., Qm, playing
the roles of D, V' k, 6,5, and Py,..., P, to obtain a (vzr+1,vz+l)—path Pyiq of length at most
207 m + 1 < 20718y + 3) + 1 < 7w (S| + 1) which covers w/, w, ; and the vertices
in S, and avoids the vertices in X U\ (Seu {vZ_l,wer,wZH,vgﬂ})). Note that all the
conditions of Corollary 4.8 are satisfied. Indeed, observe that, by («), (3), and construction, the
ending points of Q1,...,Qm—1 lie in V' \ W, . We now verify that each v € V' \ W satisfies
N, \A( v)N (V’\(Uze[m] V(Qm)UX))\ > 2m. If v € W, then, by Fact 4.21(c), (b), (a), (I), (V),
and since A*(H) < 11nn, we have |[N}) \A( V)N (V' Usgpm) V(Q@m)UX))| = (1—11n)n—2/nn—
11nn — [qn] — |W| —2m — ein>nn>2m. fveV \ W, then, recall that dy(v) < |Wi| <en
and so, by Fact 4.21(b), Definition 4.28, («), (I), (IV), (V), and definition of the S;, we have
NS\ A NV Uigpmy V(Qm)UX))| > E0non 1 1 —dpn—en—|W|—2m—cin > nn > 2m.
Therefore, the ending points of Q1,...,Qmnm—1 have, in D, \ A, at least 2m outneighbours in
VA (Uie[m} V(Qm) U X) and, similarly, the starting points of Q2,...,Q,, have, in D, \ A, at
least 2m inneighbours in V’\ (Uiepm) V(Qm) U X), as desired. One can easily verify that (I)~(VI)
hold with ¢ + 1 playing the role of /. O

Proof of Lemma 8.5. Let W* :== WNUZ(D) and, for each o € {*,0}, denote W :== W,NU*(D).
Observe that the following holds.
() There are no distinct vy,v_,v9 € V such that vyv_ € E(D) and both ﬁ(j]i(D) =
{vg,v0}.
Indeed, suppose for a contradiction that vy, v_,vg € V are distinct and such that vyv_ € E(D)
and both ﬁg*(D) = {v+,v0}. We now show that U* (D) = {v<}, which implies that |U*(D)| = 1,
e(U=(D),U*(D)) # 0 and 6x(D) — ex(D) = |U*| = |U.(D) NUy.(D)| = 1 < 2, a contradiction
o (d). Note that, since W, # 0, ex(D) > (1 — 2177)n Moreover since vy € ﬁU* (D)\ ﬁﬁ*(D), we
have v+ € U*(D). Thus, by Fact 4.31 and (4.3), ex3,(vg) > eXD U (vg) = exzc,*(D)—éichE’U* (vg) >
(ex(D)—[nn])—1 > 2nn. Thus, by (b), [Wi| < 1. Moreover, Wi C {vz} since, if v € WT\{vz},
then v ¢ U, (D) and so, by (b), eijE(vﬂ < eijE(v) +en < [nn] + en < 2nn, a contradiction.
Thus, U(D) = 175[* (D)\ U* = {vs}, as desired.



PATH DECOMPOSITIONS OF TOURNAMENTS 41

Let W= {veV| ex}(v) > (1 — 86m)n}. For technical reasons, we will ensure that, for any
i€ k] and o € {+, -}, if wf € W2, then v$ = wf. Note that this will imply (ii), as W C W
Without loss of generality, we may assume that, if ]W+| \W*_ | = 1 and there exists i € [k] such
that w;" eW, and w; € Wi, then i = 1.

Suppose that, for some 0 < ¢ < k, we have already constructed pairs (v;",vy),. ( v ,v,)
such that the following hold. For each v € V, define & (v) := eXD ge(v) —{i el ] | v = v}
Denote U}(D) ={v eV |e&;(v) >0}

(o) For each v € V, e’icgi(v) > 0.

(B) For each v € V and ¢ € {4, —}, there exist at most \/fn indices i € [(] such that

vy = v F w.

(v) For alli € [(] and o € {+, -}, if wf € W2, then v = wy.

(6) For all i € [¢], if there exists o € {+, —} such that w$ € V', then (v;",v;) # (w;, w;).

() For each i € [€], {v;,w} N {v; ,w;}=0.

(¢) For each o € {+,—}, if U5.(D)\ U(D) # 0, then |W;| < 4 and [W | < 4.

(n) If v € V satisfies df,(v) > ex(D) — 22nn, then v € {w;, w;, z }\{v } for all i € [/].

Similarly, if v € V satisfies dp,(v) > éx(D) — 22nn, then v € {w,w;,v; }\ {v;} for all

i€ 4.

Assume ¢ = k. Then, since, by assumption, A(H) < 11nn, (i) follows from («) and (53).
(ii)—(iv) and (vi) hold by (v)-(g) and (n), respectively. By (¢), (v) holds if max{|W|,|W |} > 5.
Otherwise, |U, (D) \ ﬁei(D)| < k < 88npn and (v) is also satisfied.

Suppose ¢ < k. First, observe that, by definition of e?(zt (v), the following hold.

7,77,

& ( Z & (v) = &5, (D) — £
veV
(8.2) W s(D) - |A*| — ¢
> ex(D) — [A%] — £ > max{|W}], W [H1 = 2Lg)n — [n] — 1gn|W,
(8.3) > max{|W, ], WS [}(1 — d6m)n.

Let X* be the set of vertices v € V' \ {wzil} such that e~x3U* (v) — & (v) = |/nn]. Also
observe that, by () and the fact that A(H) < 11nn, the following hold.

(1)  FEachve WZ satisfies &5 (v) > exh(v) — |[A%| — \/qn — A(H) > 2.

One can easily verify that it is enough to find distinct ”ejil € V such that the following hold.

(D) v, € UF(D)\ (XFU{wf,,}).

(I1) If wztﬂ € WZ, then vétﬂ = wil

)
(III) If max{|W;|,|W |} > 5, then both éx; (Ue_’_l) > 2.
)

IV) Ifwj,, € UZ (D), wyy, € UZ (D), then for each o € {4, —} such that wy , € V', we have
Vi1 7 Wi
(V) For each o € {+, -}, if v € V\{w; ,, w,,} satisfies d,(v) > ex(D)—22nn, then v§, , = v.

Indeed, in order to verify (), note that, if both wal,wzﬂ € W, then (J) holds vacuously

with £+ 1 playing the role of £ and, if there exists ¢ € {+, —} such that wy,, ¢ ﬁf(D), then
(0) follows from («). In the remaining cases, (0) holds by (IV). In order to verify (n), first note
that each v ¢ {wzrl, w,_  } satisfies () by (V). To check that the vertices wil satisfy (n), first
note that, by Proposition 4.27(a.ii), if dqt(wztﬂ) > ex(D) — 22nn, then ex%(wil) > 2 and so
€x; (wZH) < &3, U (wz+1) = 0. Thus, () for the vertices wztﬂ follows from (I).



42 ANTONIO GIRAO, BERTILLE GRANET, DANIELA KUHN, ALLAN LO, AND DERYK OSTHUS

The following observations will enable us to ensure that (I)—(V) are satisfied simultaneously.
Let o € {+,—} and suppose v € V satisfies df,(v) > ex(D) — 22nn. By Proposition 4.27(a.i),
ex(D) < (1 + 22n)n and so [WF| < 1. In particular, [WE| < 1 and so, k < 22nn. Thus,
both X* = (). By Proposition 4.27(a.ii), v € W2. Thus, W2 = {v} and, by (1), é&{(v) > 2. By
Proposition 4.27(a.ii), each u € V' \ {v} satisfies d,(u) < ex(D) — 22nn (otherwise ex%,(u) >
(1 —86n)n and thus [W?| > 1, a contradiction). Therefore, the following holds.

Let vF €'V satisfy deE(vi) > ex(D)—22nn. Then e/izt(vi) > 2 and, if vE # wf,, then
(i1) vil = v satisfies (the & part of ) (I)~(V). In particular, z'fwirl € W andv* +# wf

+ _ +
then v =Wy, -

To find U}H when each v= € V \ {w/,} satisfies d5(vh) < (D) — 22nn, we will use the
following claim. For each S C V, denote éx; (S) := Y ves & (v).
Claim 1. The following hold.

(A) If max{|W+\ W |} > 5, then there exists v € ﬁ;(D) \ (X U{wf,, w,}) satisfying
&, (v) > 2.

(B) Suppose |Wr|,|W.| < 4. Then, X = 0 and ﬁ;(D) \{w 1} # 0. Moreover, if
wy, € ﬁ[(D) and wal e V', then eAxZ(V \ {wz;l, w, 1}) > 2 (and thus, in particular,
UF(D)\ (X Ufwf wipy}) #0).

Both statements also hold if + and — are swapped.

Proof of Claim. For (A), suppose that max{|W|,|W, |} > 5. Assume for a contradiction that
each v € U/ (D) \ (XT U {wi 1, w;,,}) satisfies éx/ (v) = 1. Note that |\/n]|XT| <l <k <
11nn|W,| and so | X*| < 23,/mmax{|W;"|,|W|}. Thus,
&7 (D) < X+ U{uf,y, wiy Y+ 107 (D)] < (28y/max{|WZ|, Wi [} +2)n+n
< max{|W;|, W, [}23/nn + 3n.

But, by (8.3), 6x; (D) > max{|W,"|,[W[}(1 — 46n)n, so max{|W|,|W |} < 1~ 24f <4, a

contradiction.

For (B), assume that [W,'|,[W,| < 4. Then, £ < k < 8%nyn and so Xt = 0. If w,,, €
U[(D) C ﬁJ(D) and w; ; € V', then & (wy,,) < &B’U*(wg_ﬂ) < 1 and &%/ (w/,,) <
&E7U*(w;+1) < max{ex},(w) ), 1} < en. Hence, by (8.3), éx; (V \ {w; 1, w,}) = &7 (D) —
éiczr(we_ﬂ) &x; (wf,) > (1 —46n)n — 1 —en > 2, as desired. It only remains to show that
ﬁZ(D) \ {wy, 1} # 0. By (8.3), &, (D) > 0 and so ﬁ;(D) # (). Suppose for a contradiction
that U, (D) = {wy,,}- Note that, by (8.3), &}, - (wpy ) > &7 (wy ) = &, (D) > (1 — 46n)n.
Thus, w, | ¢ U%(D) and so exB(wg_H) > ex} v+ (wgyy) = (1 —46n)n. Thus, w,,, € W and,
by (b), [W4] < 1. Moreover, each v € V '\ {wy, ,} satisfies ex};(v) < expy-(v) + dfi, (v) <
(&7 (v) +€) +|AT| <0+ 88nn + [nn] < exf(wy, ;) — en. Thus, by (b), we have W C {w,,}.
Therefore, dAJr (wg, ) = |AT] and so

- _ | W #U%(D) _ _ _
(8.4) eXJIr),U* (wiis) = eXl—;(wﬁ-i-l) —dj, (weiq) = er:r)(wzH) — A7
Then,
~ ~ _ - _ . (84) _

(8.5) &, (D) =¢ Z(weﬂ) <e E,U* (w, ) = exE(le) —|AT| < n,
and so
(8.6) ex(D) 32 &, (D) + |At| + ¢ (82) ext(w, ;) + 7

: 4 — D\™0+1 :

Suppose first that dg(wgﬂ) < éx(D) — 22nn. By (8.3) and (8.5), both |[WX*| < 1. Thus, ¢ <
22nn and so, by (8.6), dfj(w;, ;) < éx(D) — 22nn < éx(D) — { < exf(w;,,), a contradiction.
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Therefore, dB(w[_H) > ex(D) — 22nn. Then, by (v), (¢), (1), and since w, | € W, we have
{icll)|vf #w, }={iell]|w;, =w,,} Thus,
e~x§*(D) = €x, D)+t = X, (w,;l) +4= &E,U* (weyy) —{i e [e]] v = Wt + 4
= eXJLr),U* (wepy) +Hi e [ [ wy =wyyy} < &BU* (wpy1) + dig(wiyy)
(8.7) < GNXE,U* (1) + dp(we ).
Therefore, we have

~ (4.3) (8.7  _ _ .,
ex(D) = eXU*( )+ [AT] < (eXJLS,U* (wz+1) + dD(wéJ,-l)) + AT

(

%
=~
=

= exp(wpy) +dp(wpy) = dp(w,) < A"(D),
a contradiction.
The same arguments hold with + and — swapped. This concludes the proof of Claim 1. <>

We are now ready to choose distinct 1)25_1 € V such that (I)—(V) are satisfied. Without loss
of generality, suppose that |(7€+(D) \ (XTU{w DI < |(7[(D) \ (X~ U {erl})]. We start by
picking UZFH as follows. If wzrﬂ € W, then let UE++1 = erl and if there exists v € V' \ {w, ,}
such that dj,(v) > éx(D) — 22nn, then let v/, ;| == v. (Note that v is well defined by the “in
particular” part of (11).) Then, by () and (), properties (I)~(V) hold for Ué+1 Otherwise, by
using Claim 1 and distinguishing the cases when max{|W|, |W |} > 5 and when |[W |, |W | < 4,
it is easy to check that we can choose ’UZ__H € ﬁ;(D) \ (Xt U{w,,}) satisfying (I)~(V).

Note that, since v, satisfies (I), éx, (v/, ;) < 1. Therefore, by (1), v/, ¢ W, and, by (11),
dB(vZH) < ex(D) — 22nn (otherwise éx, (UZEH) >2 a contradiction). Thus, if (7[ (D)\ (X~ U
{we+1v”e+1}) # (), then, we can proceed similarly as for UK_H to obtain v, ; satisfying (I)—(V).
(To see that this can be done in the case when |[W|,|W| < 4, note that, by Claim 1(B),
if [WHLIWS| <4, wf, € UZ (D), and w,,; € V', then éx, (V \ {weﬂ,w”l,vul}) 2 —
éx; (v,) > 1 and so ﬁg (D)\ {w,, w£+17”£+1} # @ ) We may therefore assume that UK (D) \
(X~ U{wf, 1, vf,}) = 0. But, by Claim 1, UZ (D)\ (X~ U{wf,}) # 0 and so Ue (D)\ (X~ U
{wi1}) = {v/,}. Thus, by assumption, [U;(D)\ (X U{w, DI < U7 (D)\ (X~ U{uwi, })] =
|{vé:_1}| = 1. Then, since UZ+1 satisfies (I), U, (D) \ (Xt U{w;,}) = {v/,,}. We will find a
contradiction. R N

Note that, UZH e US(D)nU; (D) C U(D) and so e’iczi(vgtrl) = 1. Then, since ’UZ:H
satisfies (III), we have [W|, |W | < 4. Thus, by Claim 1(B) (and its analogue with + and —
swapped), X* = (). Therefore, we have @i(D) \ {we+1} {v/ 1} Moreover, by (8.3), éx; £(D) >
(1—467n)n and so, as eSczt(vZH) = 1, we must have UZ (D) = {w/, |, v/} Then, exfg,U* (wf,,) >
eAXEt(wzFH) = &F(D) — 1> (1 —47n)n. Thus, wf,, ¢ U* and so exﬁ(wﬁ_l) > é}“{%,U* (wf,) >
(1 —47n)n. Therefore, wf,, € W, But, by (1), WE C @i(D) and so Wi = {wf,,}. Thus,
by assumption on our ordering of E(H), it follows that ¢ = 0. Therefore, Tjﬁ* (D)=U (D) =
{wf, 1, vf,,}, contradicting (11). O

Note that, if W, = ), then the excess of our tournament may be relatively small and so we do
not have room to proceed similarly as in Lemma 8.2 to decrease the degree of the vertices in W4.
The strategy is to find a partial path decomposition P such that each vertex in Wy is covered by
each of the paths in P and such that each vertex in V' is covered by half of the paths in P. In
this way, the degree at W4 is decreased faster than the degree at V’/. Decreasing the degree at V'
will ensure that the leftover excess is not too small compared to degree of the leftover oriented
graph (recall Lemma 7.1(v)).

Lemma 8.4. Let 0 < % L ekgn<kl. Let D be an oriented graph on a vertex set V of size n
satisfying 6(D) > (1 —€)n, ex(D) > § + 9nn, and the following properties.
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(a) Let WUV’ be a partition of V such that, for each v € V', |exp(v)| < en and, for each
veW, |exp(v)] < (1 —20n)n. Suppose E(D[W]) =0 and |[W| < en.

(b) Let AT, A~ C E(T) be absorbing sets of (W, V')-starting/(V', W )-ending edges for D of
size at most [nn]. Let A== AYUA~, Wi = V(AH)NW, and Wa = V(A)NW. Assume
A#0D, i.e. Wa #0.

(c) Let U* C UY(D) satisfy |U*| = ex(D) — ex(D).

Then, there exists a good (U*, W, A)-partial path decomposition P of D such that |P| = 8[nn]|

and D' := D \ P satisfies the following.

(i) For each v e W, dp/(v) < dp(v) —12[nn].

(ii) For eachv € V', dp(v) —8[nn| < dp/(v) <dp(v) —8[nn| + 1.

(iii) Each v € U*\ (VT (P)UV~(P)) satisfies df,(v) = dp,(v) < ex(D') — 1.

Proof. Fix additional constants such that e < v < 7 < 7. Let k := 4[nn]. Assume inductively
that, for some 0 < £ < k, we have constructed edge-disjoint paths Py 1, P12, P21,...,F2 C D
such that Py == {P;; | i € [{],j € [2]} is a (U*, W, A)-partial path decomposition of D such that
the following hold, where Dy := D \ Py.

(a) For each i € [{] and v e W, v e V(P;1) NV (P 2).

(B) For each i € [¢] and v € W, v is the endpoint of at most one of P, ; and P, o.

(7) For each i € [¢] and v € V', either v € V(P 1)AV(P;2) or v is an endpoint of both P; ;
and P ».

(0) For each v € V', there is at most one i € [¢] such that v is an endpoint of exactly one
of P;1 and P, 2. Moreover, for each v € V', if there exists ¢ € [¢] such that v is an endpoint
of exactly one of P;; and P; 2, then exp,(v) = 0.

If ¢ =k, then let P := P and D' .= D \ P.
Claim 1. P is a good partial path decomposition of D.

Note that if Claim 1 holds, then we are done. Indeed, (i) holds by («) and () while (ii) holds
by () and (§). Finally, (iii) follows from Claim 1. Indeed, for each v € U* \ (V(P)UV~(P)),
we have df, (v) = dp,(v) < %51 < 24 9nn — 2k < éx(D) — 2k = ex(D’), as desired. Thus, it
suffices to prove Claim 1.

Proof of Claim 1. Observe that, as P is a partial path decomposition of D, by Proposition 4.25,
ex(D") > ex(D) — |P| and ex(D') < éx(D) — |P|. Thus, it is enough to show that A%(D’) <
ex(D) —|P].

Let v € V. By («), (), and since P is a partial path decomposition of D, the following hold.

~ If v € UH(D)NW, then v € V*(P)UVO(P) for each P € P.

— If v € UY(D) N W, then for each ¢ € {+,—}, v € V°(P) U V?(P) for all but at most
one P € P.

~ Ifv e UX(D)N V', then v € VE(P)UVY(P) for at least k paths P € P.
— If v € U(D) NV, then, for each o € {+,—}, v € V(P)UVY(P) for at least k — 1 paths

PeP.
Thus, since P is a partial path decomposition of D, we have
dp*(v) — if W\U%D
(8.8) %?X(U) < D (’U) ‘,P‘ 1 v E ) \ 0( )7
dp*(w) —|Pl+k+1 ifve V' UUD).

By Fact 4.21(c), for each v € V' U U%(D), we have d%**(v) = dD(”)H;XD(v)I < n=lten <
2 +9ngn —4[nn] —1 < éx(D) — k — 1 and so, by (8.8), A%(D’) < éx(D) — |P|. Thus, P is a good
partial path decomposition of D, as desired. &

If £ < k, then let Dy := D\ Py and U; == U*\ (VT (P;) UV~ (Py)). We claim that there exist

suitable endpoints vf, vy, v;, vy €V for P11 and Py .
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Claim 2. There exist v],v],v5,v5 € V such that the following hold.
(I) For eachi € [2], v;” # v; and v € (75[; (Dy). Moreover, for each o € {+,—}, if v§ =03,
then &%Z,UZ‘ (v9) > 2.
(IT) For each v € W, there exists at most one pair (i,0) € [2] x {+, —} such that v{ = v.

(IIT) For each v € V', if there exists exactly one pair (i,0) € [2] x {+,—} such that v§ =
then exp), (v) = 1.

Before proving Claim 2, let us first apply it to construct Ppi1 1 and Ppyq 2. Let vf U7, v; Uy €
V be as in Claim 2. We construct a (v} ,v; )-path Pri11 and a (vy,v, )-path Ppyi19 using
Corollary 4.8 as follows. Observe that, by Lemma 4.4, D[V’ \ {v{", vy, v, vy }] is a robust (v, 7)-
outexpander. Apply Corollary 4.8(a), with Dy \ A, V' \ {of", vi }, |W U {v], o7 }, 2, {v3,v5 }\
(W U {vf o7 1), v, WA {v], v}, and v] playing the roles of D, V' k,6,S, Pi,{Ps,..., Ps_1},
and Py to obtain a (vi,v;)-path Ppi1 of length at most \/en which covers W and avoids
{vy,v3 3\ (WU {v],v7}). Let D) := Dy \ Pri11 and observe that, by Lemma 4.4, D[V’ \
(V(Prg11) U {vg, vy })] is still a robust (v, 7)-outexpander. Then, apply Corollary 4.8(b) with
Dy, VI\{vg, 05 }, (W U{vg, 03}, 8, V(P ) \(WU {0, 05 }), v, WA {ug, 05 }, and vy playing
the roles of D, V', k, 8,5, P, {Py,..., Px_1}, and Py to obtain a (vy, v, )-path Py, o satisfying
VAV(Pr12) =V (Pry11) \ (WU {v;,v;}). Then, note that, by (I), Pyy1 is a (U, W, A)-partial
path decomposition of D and, by (II) and (III), () and (§) are satisfied with £ + 1 playing the
role of £, respectively. Finally, by construction of Ppi 1 and P12, (o) and () are satisfied.

It remains to prove Claim 2.

Proof of Claim 2. Since Py is a (U*, W, A)-partial path decomposition of D, |A*| < [nn], and
20 <2k < 8[nn],

és{a; (D£> Fact;:4.32 ~ 5* (D) _9y
(8.9) W &(D) - |A*| - 2
(8.10) > g —nn.

Thus, we can choose endpoints v}, v, vy, v, € V satisfying (I)~(III) as follows.

If [U; N V'] > 2, then pick distinct ui,ug € Uy NV’ and let v = u1,v) = ug, v] = ug, and
vy = wuj. Then, (I)~(III) are satisfied, as desired.

We may therefore assume that |U; N V’| < 1. We first pick v}, vy € ﬁ[}rg(Dg) \ (U NV') as

follows. If ex eXD U (V'\ U}) > 2, then pick v € UJ* (D¢) N (V'\ U}) such that &EZ,U; (vy) is
maximum. If ex eXD U*(v1 ) > 2, then let vy = v{"; otherwise, let vy € (ﬁg* (Dg)ﬂ(V’\Ug‘))\{vf}
If exD U*(V' \ U}) = 1, then, note that by Fact 4.31 and (8.10), exD U (W) > exU* (Dy) —
eXDg,Ug(V/\UZ) exD U*(UE NV') > 2—nn—1—1> 1. Thus, we can let v € UJ*(DZ) (VI\U;)
and vy € ﬁ(}% (Do)NW. If eNXEe,UZ (V’\UZ) = 0, then it is enough to show that |U(J}; (De)NW| > 2
(so that we can take distinct v],v5 € I?J* (Dg) N W, as desired for (II)).

Note that, by Fact 4.31 and (8.10), exD U*(W) exU* (Dy) — exD U*(V’ \U}) — exD U*(Ue
V') > % —nn—0—12> 2 and so, in particular, U&L? (Dg)NW # . Assume for a contradiction that
ﬁ[};k(Dg) NW = {v} for some v € W. Note that since &EbU;( v) = exB U (W) >2,v¢U%Dy)
and so, U; C V' and ex},(v) > enge(v) > &EZ,UZ(U)‘ Thus, since \U£| =|U;nV| <1,
|AT] < [nn], and 2¢ < 2k < 8[nn],

dp(v) +exh (v) < ex(D) = exgz (Dyg) + 20+ |AT|
Fact 4.31 ~ +

= XDy, vz (v) + U7 + 20+ [AT| < expy(v) + 1+ 9[nn].
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7eX+ v —E&)n . .
But, by (a) and Fact 4.21(b), d,(v) = dp(v) . p() > (20’72 aon 9[nn] + 1, a contradiction.
Thus, \UJ;(Dg) NW|> 2 and we can let v, vy € U(—]}(Dg) N W be distinct.
Now proceed analogously to pick vy ,v, € (7[7; (D) \ (U N V"YU {v],v5}) (this is possible

since, for each i € [2], ex, U*( ) <1). One can easily verify that (I)-(III) are satisfied. &

This completes the proof. O

Proof of Lemma 7.1. Successively apply Lemmas 8.1, 8.2, and 8.4 as follows.

Step 1: Covering T[Wj]. First, apply Lemma 8.1 to obtain a good (U*, W, A)-partial
path decomposition P; of T" such that the following hold. Denote D; := T\ P; and U; =
U\ (VH(P1) UV~ (P1)).
() ex(Dq) = ex(T) — | P
(8) [P1] < 2en.
(v) E(D1[Wo]) = 0.
(0) It |UT(Dy)| = |U(D1)| =1, then e(U(D1),Ut(D1)) = 0 or ex(D;) —ex(Dy) > 2.
() Each v € Uy satisfies d}, [(v) =dp, (v) <ex(Dr) - 1.
In particular, observe that, by Fact 4.20, Lemma 7.1(b), and (/3), the following hold.
(¢) ex(D1) > § — 2en and, if Wy # 0, then ex(D1) > § + 9nn.
) For each v € V, dp, (v) > (1 — 5¢e)n.
) For each v € Wy, |exp, (v)| > (1 — 21n)n.
)

1) For each o € {4, —}, if [W}| > 2, then ex}, (v) < nn for each v € V and, if [W§| = 1,
then, for each v € V and w € W§, exp, (v) < exp, (w) + 5en.

(n
(¢
(

Step 2: Covering the remaining edges of T'[W]| and decreasing the degree of the
vertices in W, U W4 when W, # (. If W, = (, then let Py := (). Otherwise, note that
by Proposition 4.33, |Uf| = ex(D;) — ex(D;) and let Py be the good (Uy, W, A)-partial path
decomposition of D; obtained by applying Lemma 8.2 with D1, Uy, and 5¢ playing the roles of
D, U*, and e. Denote Dy := Dy \ Py and Uj = U \ (VT (P2) UV~ (P2)). Then, note that, if
W, # 0, then the following hold.

(I) ex(Da) = ~( 1) = [Pal.
() E(Dy[W]) =
(IIT) N*(Dy) — Ni(D2) < 88nn.
(IV) For each v € W, U Wy, (1 -3/m)n <dp,(v) < (1 —4n)n.
(V) For each v € Wy, dp,(v) > (1 — 3y/n)n and dj*(v) > 5nn.

(VI) For each v € V', dp,(v) > (1 — 8y/e)n.
(VII) If |Wr|, W | <1, then each v € W, satisfies | exp, (v)| = dp,(v).
(VIII) Each v € Us satisfies dJDrz( ) =dp,(v) <ex(D2) — 1.
Note that, by (IV), the following holds.

(IX) each v € W, satisfies |exp, (v)| > |exp(v)| — 3/qn > (1 — 4,/n)n.
Thus, (VII) implies the following.

(X) If ex(D2) < 2 [%] — [nn], then |exp,(v)| = dp,(v) for each v € Wi.

Step 3: Decreasing the degree of the vertices in W, when W, = (. If W, # () or
W4 =0, then let P3 := 0. Assume W, = () and W4 # (). Recall that, by construction, Dy = Dy
and Uy = Uy. In particular, (), (¢), and (1) are satisfied and |Uj| = ex(D2) — ex(D2). Let Ps3
be the good (Uj, W, A)-partial path decomposition of Dy obtained by applying Lemma 8.4 with
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Dy, Uj, and 5e playing the roles of D, U*, and e. Denote D3 := D\ P3 and note that, if W, = {)
and W4 # (), then the following hold.

(A) ex(Ds3) = ex(Da2) — [Ps].

(B) Each v € U \ (VT (P3) UV~ (P3)) satisfies djf)g)(v) = dp,(v) < ex(D3) — 1.
(C) [Ps| = 8[nn].
(D) For each v € W, dp,(v) < dp,(v) —12[nn].

)

(E) For each v € V', dp,(v) — 8[nn] < dp,(v) < dp,(v) — 8[nn] + 1.

Step 4: Checking the assertions of Lemma 7.1. Let P := Uie[3] P;and D :=T\P = Ds.
If W, # 0 or Wy =0, then let d := min{[%]| — [nn],ex(D) — [gn]}. If W, =0 and W # 0,
then let d := min{[2] — 5[nn],eéx(D) — [nn]}. In both cases, P is a good (U*, W, A)-partial
path decomposition of T by Fact 4.34. Moreover, one can easily verify that (i)—(vi) are satisfied
and, if d # éx(D) — [nn], (vii)—(ix) hold too. Assume that d = ex(D) — [nn]. By construction,
ex(D) < [%] and so, by (IX), W, = 0. Moreover, 2d + 2[nn] = 2éx(D) > dp(v) for each
v € V and so the upper bounds of (viii) and (ix) hold. If W4 = (), then (vii) holds vacuously
and, by (1), each v € V satisfies d'B"(v) > d®i"(v) — 5en > [nn] + 1 and dp(v) > (1 — 5e)n >
2([%] = [nn]) + 2[nn] — 6en > 2d + 2[nn] — 6en, so the lower bounds in (viii) and (ix) hold.
Suppose W4 # (0. Then, for each w € W and v € V’,

(D) B)
dp(w) < dp,(w) —12[nn] < (n—1) = 12[nn] < dp,(v) + den — 12[nn]

2 dp(v) — 3[um] < 20°(D) — 3[an] < 26%(D) — 3yn] = 2d — [nn],

so the upper bound of (vii) holds. Moreover, by (5) and (C), for each v € W, dp(v) >
n—1-2|P| >n—1-22en+8[nn]) >2([%] —5[nn]) — 8[nn] > 2d + 2[nn] — 4,/7n and,
by Fact 4.21(b) and (a), dB5"(v) > dBn(v) — |P| > lOnTn—l — (2en + 8[nn]) > [nn]. Thus,
the lower bounds in (vii) and (viii) are satisfied. Finally, by (8) and (E), for each v € V’,
dp(v) >n—1—4en—8[nn] >2([%] —5[nn]) + 2[nn] — Sen > 2d + 2[nn] — 9y/en, as desired
for the lower bound in (ix). Thus, (vii)—(ix) hold in all cases and this completes the proof. O

9. CONCLUDING REMARKS

9.1. Approximate Hamilton decompositions of robust outexpanders. In [17], Osthus
and Staden showed that any regular robust outexpander of linear semidegree can be approximately
decomposed into Hamilton cycles. This was used as a tool in [10] to prove that such graphs
actually have a Hamilton decomposition.

Theorem 9.1 ([17]). Let0 < L « 7 < <1 and0 < 1 < e <v,n<1. IfDis an (o, €)-almost
regqular robust (v, T)-outexpander on n vertices, then D contains at least (o« — n)n edge-disjoint
Hamilton cycles.

Lemma 6.3 can also be used to construct approximate Hamilton decompositions of (almost)
regular robust outexpanders. In fact, our tools also enable us to assign some specific edges
to each element of our approximate decomposition and so can be used to find approximate
decompositions with prescribed edges.

Theorem 9.2. Let 0 < % <K 7T<K<a<l1land 0 < % L e<<nv <1 Letl < (a—n)n.
Suppose D is an (a, €)-almost regular (e,n~2)-robust (v, 7)-outexpander on n vertices. Suppose
that, for each i € [¢], F; is a linear forest on V(D) satisfying e(F;) < en and such that, for
each v € V(D), there exist at most en indices i € [] such that v € V(F;). Define a multiset F by
F = Uie[é] F;. Then, there exist edge-disjoint Hamilton cycles C,...,Cy C DU F such that, for

each i € [(], F; C C;.
Proof. By Lemma 4.3, we may assume without loss of generality that

1
O<ﬁ<<€<<y<<7<<77<<a§1.
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Define an additional constant v such that 7 < v < n. For each i € [{], let v; 1,v;2 € V(D) \V(F;)
be distinct and such that, for any v € V, there exists at most two (i,5) € [¢] x [2] such
that v = v; ;. For each ¢ € [{], denote by P;1,...,P;, the (non-trivial) components of F;
and, for j € [f;], denote by u;; and w;; the starting and ending points of P; ;. For each
1 € [ﬁ], let LZ' = {Ui,lumﬂ',lwmui,gP@gwi,gui,g e wi7fivi72,vi720i’1}. Denote L := Uie[f] Li. Note
that (L1, F1),...,(Lg, Fy) are layouts such that, for each i € [¢], V(L;) C V, |V(L;)| < 3en
and |E(L;)| < 3en. Moreover, for each v € V(D), dr(v) < 3en and there exist at most 2en
indices ¢ € [¢] such that v € V(L;).

By similar arguments as in Lemma 4.16, there exists a spanning subdigraph I' C D such that I
is a (7,¢)-almost regular (g, n~2)-robust (3, 7)-outexpander and D’ := D\ T is (o — 7, €)-almost
regular.

Apply Lemma 6.3 with D', o — 7, %, 5%, and g playing the roles of D, d,v, e, and n to obtain

edge-disjoint C1,---,Cy C D U F such that, for each i € [¢], C; is a spanning configuration of
shape (L;, F;). Then, by construction, for each ¢ € [¢], C; is a Hamilton cycle of D U F such
that F; C E(CZ) O

Recall that, by Lemma 6.3(iii), the leftover from Theorem 9.2 is actually still a robust (%, 7)-
outexpander of linear minimum semidegree at least ‘5*. Thus, if DU F is regular, we can actually
obtain a Hamilton decomposition of D U F so that for all i € [¢], the edges of F; are contained
in C; (indeed, it suffices to apply to Theorem 4.9 to the leftover from Theorem 9.2).

Note that Theorem 9.2 requires D to be an (g,n~2)-robust outexpander. One can show that
this condition is in fact redundant and can be omitted. Indeed, Kiihn, Osthus, and Treglown [12]
showed that the “reduced digraph” of a robust outexpander inherits the robust outexpansion
properties of the host graph (see [12, Lemma 14]). Thus, using Lemma 4.11 and basic properties
of “e-regular pairs”, one can easily show that the following lemma holds. We omit the details.

Lemma 9.3. Let 0 < % <e<gV < a,v, T < 1. Suppose D is a robust (v, T)-outexpander on n
vertices satisfying 6°(D) > an. Then, D is an (e,n~2)-robust (v, 47)-outexpander.

Thus, Theorem 9.2 and Lemma 9.3 imply Theorem 9.1. As the proof of Theorem 9.2 only
relies on Lemma 6.3 (which in turn makes use of Corollary 4.8 as the main tool), this gives a
much shorter proof than the original one.

9.2. A remark about Conjecture 1.7. Conjecture 1.7 and Theorem 4.35 state that any (large)
tournament 7" can be decomposed into at most €x(7") + 1 paths. This cannot be generalised to
digraphs or even oriented graphs. Indeed, it is easy to see that if D is a disconnected oriented
graph then more than ex(D) + 1 paths may be required to decompose D. In fact, Conjecture 1.7
and Theorem 4.35 cannot even be generalised to strongly connected oriented graphs.

Proposition 9.4. For any € > 0 and ng € N, there exists a strongly connected oriented graph D
1—e)n

on n > ng vertices such that pn(D) > éx(D) + ( 5
Proof. Fix additional integers m and k satisfying 0 < % < % <L eand m >ng. Let Vp,..., Vi
be disjoint sets of 2m + 1 vertices each. For each i € [k], let T; be a regular tournament on V;
and z;y; € E(T;). Let D be obtained from Uie[k] T; by deleting, for each i € [k], the edge x;y;
and adding, for each i € [k], the edge x;y;+1, where yy1 := y1. Observe that D is a strongly
connected m-regular oriented graph on n = k(2m + 1) vertices. Therefore, ex(D) = A%(D) = m.
Moreover, note that, for each i € [k], pn(D[V;]) > ex(D[Vi]) = m.

Let P be a path decomposition of D of size pn(D). For each i € [k], let P; be the set of
paths P € P such that V(P) C V;. Then, by construction, |P;| > pn(D[V;]) — 2 > m — 2. Thus,
pn(D) = |P| > k(m — 2) = é&x(D) + (k — 1)m — 2k > éx(D) + 1527, O
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