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ABSTRACT. Chvétal, Rodl, Szemerédi and Trotter [3] proved that the Ramsey numbers of
graphs of bounded maximum degree are linear in their order. In [6, 23] the same result was
proved for 3-uniform hypergraphs. Here we extend this result to k-uniform hypergraphs
for any integer k& > 3. As in the 3-uniform case, the main new tool which we prove and
use is an embedding lemma for k-uniform hypergraphs of bounded maximum degree into
suitable k-uniform ‘quasi-random’ hypergraphs.

keywords: hypergraphs; regularity lemma; Ramsey numbers; embedding problems

1. INTRODUCTION

The Ramsey number R(H) of a k-uniform hypergraph H is the smallest N € N such that
for every 2-colouring of the hyperedges of the complete k-uniform hypergraph on N vertices
one can find a monochromatic copy of ‘H. For general H, the best upper bound is due to
Erdds and Rado [7]. Writing |H| for the number of vertices of H, it implies that for any
k> 2

ok |H]
R(H) < 27 ,
where the number of 2’s is k — 1. In the other direction, Erdés and Hajnal (see [11]) showed
that if £ > 3 and H is a complete k-uniform hypergraph then R(H) is bounded below by a
tower in which the number of 2’s is k — 2 and the top exponent is ¢} |H|>.

For the case of graphs (i.e., when k = 2) it is known that there are many families of graphs
H for which the Ramsey number is much smaller than exponential. In particular, Burr and
Erdés [2] asked for which graphs H the Ramsey number R(H) is linear in the order |H|
of H and conjectured this to be true for graphs of bounded maximum degree. This was
proved by Chvétal, Rodl, Szemerédi and Trotter [3]. Here we show that their result extends
to k-uniform hypergraphs H of bounded maximum degree, where the degree of a verter x
in H is defined to be the number of hyperedges which contain z.

Theorem 1. For all A,k € N there exists a constant C = C(A, k) such that all k-uniform
hypergraphs H of mazimum degree at most A satisfy R(H) < C|H].

The overall strategy of our proof of Theorem 1 is related to that of Chvatal et al. [3],
which is based on the regularity lemma for graphs. We apply a version (due to Rodl and
Schacht [27]) of the regularity lemma for k-uniform hypergraphs. Roughly speaking, it
guarantees a partition of an arbitrary dense k-uniform hypergraph into ‘quasi-random’ sub-
hypergraphs. Our main contribution is an embedding result (Theorem 2) which guarantees
the existence of a copy of a hypergraph H of bounded maximum degree inside a suitable
‘quasi-random’ hypergraph G even if the order of H is linear in that of G. In fact, we prove a
stronger embedding result of independent interest (Theorem 3). It even counts the number
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of copies of such ‘H in G and thus generalizes the well-known hypergraph counting lemma
(which only allows for bounded size H).

After the submission of this paper, Keevash [17] extended Theorem 2 to a hypergraph
blow-up lemma for embeddings of spanning subhypergraphs H. The case of 3-uniform
hypergraphs in Theorem 1 was proved recently in [6] and independently by Nagle, Olsen,
Rodl and Schacht [23]. Also, Kostochka and Rodl [21] earlier proved an approximate version
of Theorem 1: for all e, A,k > 0 there is a constant C' such that R(H) < C|H|'*® if H
has maximum degree at most A. After this manuscript was submitted, Conlon, Fox and
Sudakov [4] obtained a proof of Theorem 1 which does not rely on hypergraph regularity
and gives a better bound on C. Also, Ishigami [16] independently announced a proof of
Theorem 1 using a similar approach to ours. Apart from these, the only previous results on
the Ramsey numbers of sparse hypergraphs are on hypergraph cycles (see e.g. [13, 14, 15].

It would be desirable to extend Theorem 1 to a larger class of hypergraphs. For instance
the graph analogue of Theorem 1 is known for so-called p-arrangeable graphs [1], which
include the class of all planar graphs. However, Rod]l and Kostochka [21] showed that a
natural hypergraph analogue of the famous Burr-Erd&s conjecture on Ramsey numbers of
d-degenerate graphs fails for k-uniform hypergraphs if £ > 3. (A graph is d-degenerate if the
maximum average degree over all its subgraphs is at most d. If a graph is p-arrangeable, then
it is also d-degenerate for some d.) But it may still be possible to generalize the Burr-Erdés
conjecture to hypergraphs in a different way.

This paper is organized as follows. In Section 2 we give an overview of the proof of
Theorem 1 and we state the embedding theorem (Theorem 2) mentioned above. Our proof
of Theorem 2 relies on a more general version (Lemma 4) of the well-known counting lemma
for hypergraphs as well as an ‘extension lemma’ (Lemma 5), whose proofs are postponed until
Sections 7 and 8. We introduce these lemmas, along with further tools, in Section 3. We then
prove a strengthened version (Theorem 3) of Theorem 2 in Section 4. The regularity lemma
for k-uniform hypergraphs is introduced in Section 5. In Section 6 we deduce Theorem 1
from the regularity lemma and Theorem 2. In Section 7 we derive our version of the counting
lemma (Lemma 4) from that in [28]. Finally, in Section 8 we use it to deduce the extension
lemma (Lemma 5).

2. OVERVIEW OF THE PROOF OF THEOREM 1 AND STATEMENT OF THE EMBEDDING
THEOREM

2.1. Overview of the proof of Theorem 1. The proof in [3] that graphs of bounded
degree have linear Ramsey numbers proceeds roughly as follows: Let H be a graph of
maximum degree A. Take a complete graph K,,, where n is a sufficiently large integer.
Colour the edges of K, with red and blue, and apply the graph regularity lemma to the
denser of the two monochromatic graphs, G,.q say, to obtain a partition of the vertex set
into a bounded number of clusters. Since almost all pairs of clusters are regular or ‘quasi-
random’, by Turédn’s theorem there will be a set of r clusters, where r := R(Ka41), in which
each pair of clusters is regular. A pair of clusters will be coloured red if its density in G,eq
is at least 1/2, and blue otherwise. By the definition of r, there must be a set of A + 1
clusters such that all the pairs have the same colour. If this colour is red, then one can apply
the so-called embedding or key lemma for graphs to find a (red) copy of H in the subgraph
of Gyeq spanned by these A+ 1 clusters. This is possible since x(H) < A+ 1. If all the pairs
of clusters are coloured blue we apply the embedding theorem in the blue subgraph Gppye
of K,, to find a blue copy of H. It turns out that in this proof we only needed n > C|H|,
where C is a constant dependent only on A. Thus R(H) < C|H|.
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We will generalize this approach to k-uniform hypergraphs. As mentioned in Section 1, the
main obstacle is the proof of an embedding theorem for k-uniform hypergraphs (Theorem 2
below), which allows us to embed a k-uniform hypergraph H within a suitable ‘quasi-random’
k-uniform hypergraph G, where the order of H might be linear in the order of G. Our proof
uses ideas from [6].

2.2. Notation and statement of the embedding theorem. Before we can state the
embedding theorem, we first have to say what we mean by a regular or ‘quasi-random’
hypergraph. In the setup below, this will involve the relationship between certain i-uniform
hypergraphs and (Z — 1)-uniform hypergraphs on the same vertex set. Given a hypergraph G,

we write £(G) for the set of its hyperedges and define e(G) := |E(G)|. We write KZ.(J) for the
complete j-uniform hypergraph on ¢ vertices. Given a j-uniform hypergraph G and j < 1,
we write K;(G) for the set of i-sets of vertices of G which form a copy of K Z-(J )in G. Given
an i-partite ¢-uniform hypergraph G;, and an i-partite (¢ — 1)-uniform hypergraph G; 1 on
the same vertex set, we define the density of G; with respect to G;_1 to be

d(GilGi—1) == ‘KZ(\gilszgif;fgl) |

if [IC;(Gi—1)| > 0, and d(G;|G;—1) := 0 otherwise. More generally, if Q := (Q(1),Q(2),...,Q(r))
is a collection of r subhypergraphs of G,_1, we define I;(Q) := U;Zl Ki(Q(j)) and

if |IC;(Q)| > 0, and d(G;|Q) := 0 otherwise. We sometimes write |Kl-(j)\Q instead of |IC;(Q)].
We say that G; is (d;, 0, 7)-reqular with respect to G;_1 if every r-tuple Q with |K;(Q)| >
0|K;(Gi—1)| satisfies

d(Gi|Q) = d; + 4.

Given ¢ > i > 3, an (-partite i-uniform hypergraph G; and an ¢-partite (i — 1)-uniform
hypergraph G;_; on the same vertex set, we say that G; is (d;,d,r)-regular with respect
to G;—1 if for every i-tuple K of vertex classes, either G;[K]| is (d;, d, r)-regular with respect
to Gi—1[K] or d(G;[K]|Gi—1[K]) = 0 (but the latter should not hold for all K). Instead of
(d;, 9, 1)-regularity we sometimes refer to (d;, d)-regularity.

The density of a bipartite graph G with vertex classes A and B is defined by d(A, B) :=
e(A, B)/|A||B| and G is (d, d)-regular if for all sets X C A and Y C B with | X| > 6| A| and
Y| > §|B| we have d(X,Y) = d £+ 6. We say that an ¢-partite graph Gs is (da, 0)-regular if
each of the (5) bipartite subgraphs forming it is either (ds,d)-regular or has density 0 (and
if for at least one of them the former holds).

Suppose that we have ¢ > k vertex classes Vi,...,V}, and that for each ¢ = 2,... k
we are given an f-partite ¢-uniform hypergraph G; with these vertex classes. Suppose also
that H is an f-partite k-uniform hypergraph with vertex classes X1,..., X,. We will aim to
embed H into G, and in particular to embed X; into Vj for each j = 1,...,¢. So we make
the following definition: We say that (Gg,....Gs) respects the partition of H if whenever H
contains a hyperedge with vertices in Xj ,..., X}, , then there is a hyperedge of G; with

vertices in Vj,,...,Vj, which also forms a copy of K,Ei) ingG; foreachi=2,...,k —1.

Theorem 2 (Embedding theorem for hypergraphs). Let A, k,¢,r,ng be positive integers
with k < € and let ¢,da,ds, . .., d, 0,0k be positive constants such that 1/d; € N,

1/ng < 1/r,6 < min{dy,da, ..., dx—1} < O <L dg, 1/A,1/0
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and
c<dy,. .. dp,1/A 1)L,

Then the following holds for all integers n > ng. Suppose that H is an C-partite k-uniform
hypergraph of mazimum degree at most A with vertex classes Xq, ..., Xy such that | X;| < en
foralli=1,...,0. Suppose that for each i = 2,...,k, G; is an L-partite i-uniform hypergraph
with vertex classes Vi, ..., Vy, which all have size n. Suppose also that Gy, is (dy, Ok, T)-regular
with respect to Gx_1, that for each i = 3,...,k — 1, G; is (d;, d)-reqular with respect to G;_1,
that G is (da, d)-reqular, and that (Gy, . ..,G2) respects the partition of H. Then Gy contains
a copy of H.

In the statement of Theorem 2 we used the following notation (which will be used fre-
quently later on as well). Given constants aj, as, a3, we write a; < ag < a3 to mean that
we choose these constants from right to left, and there are increasing functions f and g such
that the lemma holds provided that as < f(a3) and a1 < g(ag). The functions f and g are
determined by the calculations in the proof of Theorem 2, but for clarity of the exposition
we will not determine them explicitly.

3. FURTHER NOTATION AND TOOLS

3.1. Embedding theorem for complexes. Instead of Theorem 2, we will prove a con-
siderably stronger version which appears as Theorem 3 below. It allows the embedding of
hypergraphs which are not necessarily uniform and gives a lower bound on the number of
such embeddings. This enables us to prove the lemma by induction on |H|. Before we can
state Theorem 3, we need to make the following definitions.

A complex H on a vertex set V is a collection of subsets of V', each of size at least 2, such
that if B € ‘H, and if A C B has size at least 2, then A € H. (So if we add each vertex in V
as a singleton into a complex, we obtain a downset.) A k-compler is a complex in which
no member has size greater than k. The members of size i > 2 are called the i-edges of H
and the elements of V' are called the vertices of H. We write E;(H) for the set of all i-edges
of H and set e;(H) := |E;(H)|. We also write |H| := |V| for the order of H. Note that a
k-uniform hypergraph can be turned into a k-complex by making every hyperedge into a

complete i-uniform hypergraph K ,EZ), for each 2 < ¢ < k. (In a more general k-complex we
may have i-edges which do not lie within an (i + 1)-edge.) Given k < ¢, a (k,{)-complex
is an f-partite k-complex. Given a k-complex H, for each i = 2,...,k we denote by H;
the underlying i-uniform hypergraph of H. So the vertices of H; are those of H and the
hyperedges of H; are the i-edges of H.

Two vertices x and y in a k-complex are neighbours if they are joined by a 2-edge. (Note
that if  and y lie in a common i-edge for some 2 < i < k, then they are joined by a 2-edge.)
The degree d(x) of a vertex z is the maximum (over 2 < i < k) of the number of i-edges
containing x. Thus x has at most d(x) neighbours. The mazimum degree of the complex H
is the greatest degree of any vertex. Note that if H is a k-uniform hypergraph of maximum
degree A, the maximum degree of the corresponding k-complex is crudely at most A2F.
The distance between two vertices x and y in a k-complex H is the length of the shortest
path between z and y in the underlying 2-graph Hs of H. The components of H are the
subcomplexes induced by the components of Hs.

We say that a k-complex G is (dg,...,ds, 0k, 0,7)-regular if Gy is (dg, 0x, r)-regular with
respect to Gi_1, if G; is (d;, d)-regular with respect to G;_; for each i = 3,...,k — 1, and
if Gy is (da, 0)-regular. We denote (dy, ...,d2) by d and refer to (d, dg, o, r)-regularity.

Suppose that G is a (k,{)-complex with vertex classes Vi,...,Vp, which all have size n.
Suppose also that H is a (k,£)-complex with vertex classes X7i,..., X, of size at most n.
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Similarly as for hypergraphs we say that G respects the partition of H if whenever H con-
tains an i-edge with vertices in Xj,,...,X;,, then there is an i-edge of G with vertices in
Viis ..., Vj;. On the other hand, we say that a labelled copy of H in G is partition-respecting
if for each ¢ = 1,...,¢ the vertices corresponding to those in X; lie within V;. We denote
by |H|g the number of labelled, partition-respecting copies of H in G.

Theorem 3 (Embedding theorem for complexes). Let Ak, 0, r,ng be positive integers and
let ¢, a,da, . .. ,dy, 0,0 be positive constants such that 1/d; € N,

1/ng < 1/r,6 < min{dy,da, ..., dx 1} <O < a < dg,1/A,1/¢

and
cK a,ds,...,d.

Then the following holds for all integers n > ng. Suppose that H is a (k,£)-complex of mawi-
mum degree at most A with vertex classes Xy, ..., Xy such that | X;| < cn foralli=1,... L.
Suppose also that G is a (d, O, 0,7)-regular (k,£)-complex with vertex classes Vy,...,Vy, all
of size n, which respects the partition of H. Then for every vertex h of H we have that

Hlg > (1 —a)n (Hdez el ) Hnlg

where Hjy, denotes the induced subcomplex of H obtained by removing h. In particular, G
contains at least ((1 — a)n)/™l HZ od ez ) labelled partition-respecting copies of 'H.

As discussed in the next subsection, Theorem 3 is a generalization of the hypergraph
counting lemma (which counts subcomplexes H of bounded order) to subcomplexes H of
bounded degree and linear order. Note that the bound relating |H|g to |Hp|g in Theorem 3
is close to what one would get with high probability if G were a random complex®. This
also shows that the bound is close to best possible. Theorem 3 will be proved in Section 4.
In the proof we will need two lemmas on embeddings of complexes of bounded order, which
are stated in the next subsection.

Recall that if the maximum degree of a k-uniform hypergraph H is at most A then the
maximum degree of the corresponding k-complex is at most A2F. So it is easy to see that
Theorem 3 does indeed imply Theorem 2.

3.2. Counting lemma and extension lemma. We will need a variant (Lemma 4) of the
counting lemma for k-unifom hypergraphs due to Rodl and Schacht [28, Thm 9]. (A similar
result was proved earlier by Gowers [9] as well as Nagle, Rodl and Schacht [25].) It states
that if |H| is bounded and G is suitably regular, then the number of copies of H in G is as
large as one would expect if G were random. The main difference to the result in [28] is that
Lemma, 4 counts copies of k-complexes H instead of copies of k-uniform hypergraphs H and
also includes an upper bound on the number of these copies. We will derive Lemma 4 from
the result in [28] in Section 7.

Lemma 4 (Counting lemma). Let k,?,r,t,ng be positive integers and let €,ds, ..., dj, 0, 0k
be positive constants such that 1/d; € N and

1/ng < 1/r,6 < min{dy, dy, ..., dy_1} <O, <&, dy, 1/, 1/t.

LThat is, G2 is an {-partite random graph with density d2, each triangle of G2 is an edge of G3 with
probability ds etc.



6 OLIVER COOLEY, NIKOLAOS FOUNTOULAKIS, DANIELA KUHN AND DERYK OSTHUS

Then the following holds for all integers n > ny. Suppose that H is a (k,?)-complex on t
vertices with vertex classes Xi,...,Xy. Suppose also that G is a (d, o, 0, r)-reqular (k,¢)-
complex with vertex classes Vi,...,Vy, all of size n, which respects the partition of H. Then

k
H|g = (1+e)nt dei(H).
i=2

The main difference between the counting lemma and Theorem 3 is that the counting
lemma, only allows for complexes H of bounded order. We will apply the counting lemma,
to embed complexes of order < f(A,k) for some appropriate function f. Note that the
upper and lower bounds of the counting lemma imply Theorem 3 for the case when |[H| is
bounded. A formal proof of this (which settles the base case for the induction in the proof
of Theorem 3) can be found at the beginning of Section 4.

In the induction step of the proof of Theorem 3 we will also need the following extension
lemma, which states that if H' is a complex of bounded order, H C H’ is an induced
subcomplex and G is suitably regular, then almost all copies of H in G can be extended to
about the ‘right’ number of copies of H’, where the ‘right’ number is the number one would
expect if G were random. We will derive Lemma 5 from Lemma 4 in Section 8.

Lemma 5 (Extension lemma). Let k, 0,7, t,t' ., ng be positive integers, where t < t', and let
B,da,...,dg,0,0k be positive constants such that 1/d; € N and

1/ng < 1/r,6 < min{dg,da,...,dx_1} < & < B,dy,1/6,1/t.

Then the following holds for all integers n > ngy. Suppose that H' is a (k,€)-complex on t'
vertices with vertex classes X1,. .., X, and let H be an induced subcomplex of H' on t vertices.
Suppose also that G is a (d, O, 0,7)-regular (k,£)-complex with vertex classes Vy,...,Vy, all
of size n, which respects the partition of H'. Then all but at most B|H|g labelled partition-
respecting copies of H in G are extendible to

k
'— i(H')—ei(H)
(L£ Bt [T a5
i=2
labelled partition-respecting copies of H' in G.

As well as these versions of the counting lemma and extension lemma, we will need to
be able to apply versions of these lemmas to underlying (k — 1)-complexes. In this case, we
have that the regularity constant ¢ is much smaller than all the densities ds,...,di_1, but
on the other hand we have no r in the highest level and thus we cannot apply Lemmas 4

and 5. So instead of Lemma 4 we will use the following variant of a result of Kohayakawa,
R6dl and Skokan [18, Cor. 6.11].

Lemma 6 (Dense counting lemma). Let k, ¢, t,ng be positive integers and lete,dg, . .. ,dg_1,0
be positive constants such that

I/ng € d<Ke<Kda,...,dg_1,1/0,1/t.
Then the following holds for all integers n > ng. Suppose that H is a (k—1,¢)-complex on t

vertices with vertex classes Xy, ..., Xy. Suppose also that G is a (dx—1,...,ds,9,0,1)-reqular
(k — 1,0)-complex with vertex classes Vi,...,Vy, all of size m, which respects the partition
of H. Then

k—1
Hlg = (1 £e)nt H dfi(H).
i=2
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In Section 7 we will show how Lemma 6 can be deduced from the result in [18]. The
following dense version of the extension lemma can be deduced from the dense counting
lemma (see Section 8).

Lemma 7 (Dense extension lemma). Let k, ¢, t,t',ng be positive integers and let 3, ds, . .., dx_1,0
be positive constants such that

1/ng<d<KB<Kda,... dp1,1/0,1/t.

Then the following holds for all integers n > ng. Suppose that H' is a (k — 1,0)-complex
on t' vertices with vertex classes X1,..., Xy and let H be an induced subcomplex of H' on t
vertices. Suppose also that G is a (dx_1,...,ds,9,0,1)-reqular (k — 1,¢)-complex with vertex
classes Vi,...,Vy, all of size m, which respects the partition of H'. Then all but at most
BIH|g labelled partition-respecting copies of H in G can be extended into

k—1
(1+ 5)n|H’|—\H\ H dfi(H’)—ez’(H)
i=2
labelled partition-respecting copies of H' in G.

An overview of how all these lemmas are used in the proof of Theorem 1 is shown in
Figure 1.

Theorem 13 [28] — Lemma 14 —: Lemma 4 \ Theorem 9 [27] \
Lemma 5 —
Theorem 3 —= Theorem 2 — Theorem 1
Lemma 12 [18}— Lemma 6 / /
L Proposition 10
Lemma 7
Lemma 8

FIGURE 1. Proof of Theorem 1 - Flowchart

Another auxiliary result that we will use in the proof of Lemma 4 as well as in the proof
of Theorem 1 is the slicing lemma. Roughly speaking, this says that in a regular complex
g, we can partition the edge set F;(G) of the jth level into an arbitrary number of parts
so that each part is still regular with respect to G;_1 with the appropriate density, at the
expense of a larger regularity constant. This can be proved using a simple application of a
Chernoff bound.

Lemma 8 (Slicing lemma [27]). Let 7 > 2 and so,r > 1 be integers and let dy,dy and po
be positive real numbers. Then there is an integer ny = ng(j, so, 7, d0,do, po) such that the
following holds. Let n > ng and let G; be a j-partite j-uniform hypergraph with vertex classes
Vi, ..., Vj which all have size n. Also let Gj_1 be a j-partite (j — 1)-uniform hypergraph with
the same vertex classes and assume that each j-set of vertices that spans a hyperedge in G;

also spans a K](j_l) in Gj_1. Suppose that

1. |K§j_)1(gj,1)| >n’/Inn and

2. Gj is (d,d,r)-regular with respect to Gj_1, where d > dy > 20 > 2.
Then for any positive integer s < so and all positive reals pi,...,ps > po with > > _;p; <1
there exists a partition of E(G;) into s + 1 parts E©(G;), EV(G;),..., E®)(G;) such that
if G;j(i) denotes the spanning subhypergraph of G; whose edge set is E(i)(gj), then G;(i) is
(pid, 30, r)-reqular with respect to Gj_1 for everyi=1,...,s.
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Moreover, G;(0) is (1 — Y_3_, pi) d, 36, 7) -regular with respect to G; 1 and E©)(G;) = 0 if
2impi =1,

4. PROOF OF THE EMBEDDING THEOREM FOR COMPLEXES (THEOREM 3)

Throughout the rest of the paper, whenever we talk about a copy of a complex H in G we
mean that this copy is labelled and partition-respecting, without mentioning this explicitly.
We prove Theorem 3 by induction on |H|. [6] contains a sketch of the argument for the graph
case which gives a good idea of the proof. We first suppose that the connected component
of H which contains the vertex h has order less than A®. In this case we will use the counting
lemma to prove the embedding theorem. So let C be the component of H containing h, and
let D:=H —C. Also, let C}, := C — h. We may assume that both C;, and D are non-empty.
(If D is empty then the result follows from Lemma 5, and if Cj, is empty then A is an isolated
vertex and the result is trivial.) Note that a copy of H consists of disjoint copies of C and D,
while Hj, consists of disjoint copies of C, and D. Copies of these complexes in G will be
denoted by C', D and C},.

Choose a new constant 3 such that c,dx < f < a. Now note that [H|g = >y [Clg—D,
and by applying the upper and lower bounds of the counting lemma to copies of C in G

: : (102 (1-p)
and G — D respectively, we obtain |C|lg_p > WM(; > (1-3p)[C|g- So
(1) Hlg > > (1-30)[Clg = (1 - 38)[Clg|Dlg-
DCg

On the other hand, by a similar argument using the upper and lower bounds from the
counting lemma in G for Cp, and C respectively,

1+ Clg|Dlg
(2) [Halg < [Chlg|Plg < 1= B, d O

Combining (1) and (2) gives the desired result.

Thus we may assume that the component of H containing h has order at least AS. This
deals with the base case of the inductive argument, and it also means that the fourth
neighbourhood of A in H will be non-empty, which will be convenient later on in the proof
as we will only be counting complexes which are non-empty.

We pick new constants ¢, and &;_1 satisfying the following hierarchies:

0 L ep_1 K do,ds,...,d, 1/A,

¢, 0k, el1 K e K Q.

Let NV}, be the subcomplex of H induced by the neighbours of h, and let B be the subcomplex
of H induced by h and the neighbours of h. Then any copy of ‘H in G extending a copy Nj
of NV, can be obtained by first extending NV}, into a copy of H}, and then extending N}, into
a copy of B, where the vertex chosen for h has to be distinct from all the vertices chosen
for Hy,.

We now introduce some more notation. Given k-complexes H' C H” such that H' is
induced, and a copy H' of H' in G, we define |[H' — H"| to be the number of ways in
which H’ can be extended to a copy of H” in G. We also define

k
TH = 7] = W= T =),
1=2

Thus |H' — H”| is roughly the expected number of ways H' could be extended to a copy of
H" if G were a random complex.
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We define a copy N, of N, to be typical if it has about the correct number of extensions
into B, i.e. if [N, — B| = (1 £ &;)[Ny — B|. An application of the extension lemma
(Lemma 5) shows that at most £,/ N3|g copies of N}, in G are not typical. We denote the set
of typical copies of N}, by typ, and the set of all atypical copies by atyp.

Now observe that if all of the copies of N}, were typical, the proof would be complete,
since then

Mg > Y [Ny — Hal(INy, — Bl —cn) > ((1 — )Ny — B - cn) S [Ny — Hyl
NRCG NpCG
(3) > (1= a)Ny — B||Halg = (1 — a)|Hp — H|[Halg.
The third inequality follows since ¢ < a, ds,...,d, and e < a.
However, we also need to take account of the atypical copies of NV},. The proportion of

these is about e, which may be larger than some d;. It will turn out that this is too large
for our purposes, and so we will need to consider the atypical copies more carefully.

We define, instead of [H’ — H"|, the expression |H’ "= H"|, where H' C H" are induced
subcomplexes of H and H' is a copy of H' in G. We consider the underlying (k — 1)-

complexes in each case, and define |H’ g | to be the number of ways in which the
underlying (k — 1)-complex of H’' can be extended to the underlying (k — 1)-complex of H”

within (the underlying (k — 1)-complex of) G. Clearly |H' k-1 W > | — |, We also
define
— 1 k—1
[ 551 | s IR T i),
1=2

Thus |H’ gy ¥ | is roughly the expected value of |H’ gV | if G were a random complex.
Also,

|H/ k:} H”| — m/de(H”)—ek(Hl) > m
We define N} to be the subcomplex of H induced by the vertices at distance 3 from h.

We also define F to be the subcomplex of H induced by the vertices at distance 1,2 or 3
from h, i.e. the subcomplex induced by N3, N} and the vertices in between (see Figure 2).

I F I th I

4 7\

B I My |

FIGURE 2. The complex ‘H

Given copies N, of N, and N of N}, we say that the pair Nj,, N} is useful if Nj, and Nt
are disjoint and if the pair has about the expected number of extensions into copies of F as
(k — 1)-complexes, i.e. if

N, UN; "5 F = (1 ey ING UNG 'S 7
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We use Lemmas 4, 6 and 7 applied to NV}, UN® to show that at most /x_1|Na|g|N}|g

disjoint pairs Nj,, N are not useful. Let [N}, UN; *|(k Y denote the number of copies of
the underlying (k — 1)-complex of M}, UN} in G. Then Lemmas 4 and 6 together imply

that |Nj U ./\f*|gk71) < (1 + 2e8) [Ny U N g /dt (NaUND), Moreover, the dense extension

lemma (Lemma 7) shows that all but at most e,_1| Ny UN, *|(k Y copies of the underlying
(k — 1)-complex of N}, UN}* in G are useful. Altogether this shows that all but at most

(4)  ep—1(1 + 2e4)| Ny UN;{|g/d6k N < Ver—1Nw UNy g < VeEr—1lNulgINy g

disjoint pairs of copies of N}, and N;* are useful. Note that if we had chosen N} to be
the subcomplex of H induced by the vertices at distance 2 from h (instead of 3), then we
could not have applied Lemma 6, since A, UN}* would not be an induced subcomplex of F.
Together with the fact that only comparatively few of the pairs Ny, IV} will intersect, this

shows that at most 2, /£, _1|N4|g| N} |g pairs Ny, Ny are not useful. Hence at most 6,16/741 |Nalg

copies of NV}, form a non-useful pair together with more than 26,1/_4 1N |g copies of Njf. We
call all other copies of N}, useful and let Usef denote the set of all these copies. Then

(5) [Nalg — [Uset| < & [Nilg.
We denote by Usef*(V},) the set of all N which form a useful pair together with Nj,.
Claim. Any useful copy Ny, of N}, satisfies

10 [Hplg
= de [Nalg”

|Np — Hyp| <

Note that 3"y [Nn — Hal = [Hnlg, so [Hrlg/|Nilg is the average value of [N, — Hp| over
all copies IVp, of Nj. Later on, we will apply the claim to show that only a small fraction of
copies of H contain a useful but atypical copy of N,.

Proof of Claim. Fix a useful copy Nj, of N}. Put Hj = Hj, — (F — N)f). We aim to
extend Nj, to a copy of Hj, by first picking a copy N, of N, then extending this to a
copy of Hj and also extending IV, U N; to a copy of . We must also make sure that no
vertices are used more than once. However, since we are only looking for an upper bound
on |Nj, — Hpyl|, and ignoring this restriction can only increase the number of extensions we
find, we may ignore this difficulty. Thus

(6)

No—Hal < S INJUN; = FIIN; = Hil+ S INoUN; — FIING — K.
N} €Uset*(Ny,) Nj¢Uset*(N),)

We bound the two sums separately. To bound the first sum, we need to bound |[N,UN; — F|

in the case when the pair Ny, Ny is useful. But clearly |N, U N; — F| < [N UN; k! F,
and

(1 + Sk_1)|Nh U./\/’];< — .7:|
de(}-)_ek(Nh)_ek(N}T)

INyUN; "5 Fl < (16 )N UNG S F| =

whenever N € Usef*(N},). So the first sum in (6) is bounded by

14611 2 ™ «

(7) dek(]:)_ek(/\/h) ex(N7) N UN — Fl[Hplg < kAs [N UNh — Fl[Hplg-
k

To see the bound of A% on the number of k-edges which we used in the final inequality, note

that |F — N, — | < A? and that the number of k-edges each of these vertices lies in is at
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most A. We now want to express the bound in (7) in terms of |H, |g, where H, := Hj —Nj,.
By the induction hypothesis applied several times,

k - *
|H2|g < ((1 o a)n)—(|H,ﬂ—|H;‘L|) (H di_(ei(Hh)_ei(Hh))> |H}:|g
i=2
ko sei(Ha)—ei(Hy, )—ei(Np)
Y o ds h
< 2Hz:2 ) |H;‘g
|Nh UN;: — f‘
In the last line we used that e;(Hp) = e;(H}) + ei(F) —fZ(N,’;) and |F| — [N — INj] =
[H; | — | M| (see Figure 1). We also used that (1 —a)~("al=I":) < 2. So we obtain

ez(Hh —ei(H}, )—ei(Np)

(8) SN UNG - AN — < S & Hylg-
N €Usef*(Np,) k
To bound the second sum in (6), we define Hj, := H; — N', and observe that trivially any

copy N of Ny satisfies [N, — Hj| < |H}|g. Note that Hj}, is nonempty. On the other hand,
by the 1nduct10n hypothesis applied several times,
k ~ _
M5 < (1 — a)m)hl-I7e (H d§f<“h>—ei<ﬂh>> Myl < 27 1o
k
(112

2A4 _ ’
) nlMy =17

1=2

Since at most 26116/_41 Nilg < 26116/_41n|N1j| copies of N} do not lie in Usef (Ny,), the second sum
in (6) is bounded by

SNV UN; = FIING = Hj| < 26l Vil FI- W -G 2Py le
Nj ¢usef(Ny,) (Hfzz di) nl M 1= 1M
14 2[H, g

e )

ei(H ei(H; )—ei(Ng)
(9) (Hd "= " ) M, |g-

The last inequality follows since €1 < da,ds, ..., dg,1/A. Substituting (8) and (9) into
(6) we obtain

= 2¢

ei(Hn)—ei(H, )—ei(Np)
|Nh_>Hh| S ( dA3> (Hd (Hn) h>|H |g

5 <Hk Qd?i(Hh)—ei(Hh)—ei(Nh)>
< |Hh ‘Q

dk

(10)

It now remains only to relate |H, |g to [Hp|g/|Nalg. Once again we apply the induction
hypothesis several times to obtain

k —
‘Hh,‘g > ((1 _ a)n)|7-lh\f|7-l,:| Hd?i(Hh)—ei(Hh)|H};‘g.

=2
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1=2 "1

On the other hand, the counting lemma implies that |N|g < (1 + «) (Hk d?i(Nh)> nWVel,

Putting these two bounds together, we obtain

(0= )l (g "0 ) g

Hnlg N i=2 &
WNilg — 1+ a) (HLQ dih)) NGl
k
1 ei(Hn)—ei(Hy )—ei(N _
i=2
Together with (10), this shows that
5-2[Halg
N — Hpl| < ;
A A
which completes the proof of the claim. ([

Using the claim we now go on to prove the induction step. Given a copy Hj, of Hj, we
denote by Np,(Hp,) the induced copy of Nj,. We have

Hlg = D [Hy—H|> > (INy(Hp) — B| —cn)
HpCG HpCG
= ) INy = Hal[Ny — Bl — en|Hylg
NpCG
(12) > (1 ep)Ny =Bl | Y INn—Hul— Y [Ny—Hal | — en|Halg.
NpCG Np¢typ

We want to show that the term in this expression which comes from the atypical copies
of NV}, does not affect the calculations too much, and so we aim to bound the contribution
from atypical copies of Aj,. We have

(13) > Ny — Ml = > [N, — Hp| + > |Ni, — Hp|.
Npétyp Np¢typ,NpEUsef Npé¢typ,Np¢Usef
Now the claim implies that we can bound the first sum in (13) by

10 [Hplg 10 [Hplg

(14) Z |Nh - Hh| < Z A3 ‘N | < |atyp|dA3 |N ‘ < \/‘5|Hh|g
Np¢typ,NpEUsef Np¢typ,NyEUsef K hlg k hlg
Meanwhile we can also bound the second sum by
Yoo INe—Hu < > Myl
Npétyp,Np¢Usef Npé¢typ,Np¢Usef
(1) 2 [Halg
< (|Nhlg — [Usef])
[T, 4 Mg

(5)
(15) < &/ Halg

Combining (13), (14) and (15), we have

Y 1Nk = Hal < 2y/E[Halg
Nrgtyp
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and combining this with (12), we obtain

Hlg > (1 = er)INk — Bl ([Halg — 2v/Ek[Hnlg) — enlHnlg

= (1 —ex)n (Hde’ elNh))( 2vek)|Hnlg — en[Halg

> (1—a)n (H dfi“‘”*”“) Halg,

i=2
as required. This completes the proof of Theorem 3.

5. THE REGULARITY LEMMA FOR k-UNIFORM HYPERGRAPHS

5.1. Preliminary definitions and statement. In this section we state the version of
the regularity lemma for k-uniform hypergraphs due to Rédl and Schacht [27], which we
use in the proof of Theorem 1 in the next section. To prepare for this we will first need
some notation. We follow [27]. Given a finite set V' of vertices, we will define a family
P = {P(l),...,P(k_l)} where each PU) is a partition of certain j-subsets of V. These
partitions will satisfy properties which we will describe below. We denote by [V]7 the set
of all j-subsets of V. Suppose that we are given a partition PV = {Vi,. V|p(1)‘} of
V]! = V. We will call the V; clusters. We denote by Cross; = Crossj (’P(l)) the set of all
those j-subsets of V' that meet each part of PU) in at most 1 element. Each PU) will be
a partition of Cross;. Moreover, any two j-sets that belong to the same part of PU) will
meet the same j clusters. This means that each part of PU) can be viewed as a j-partite
j-uniform hypergraph whose vertex classes are these clusters. In particular, the parts of PR
can be thought of as bipartite subgraphs between two of the clusters. Moreover, for each
part A of P®) there will be 3 clusters and 3 bipartite graphs belonging to P between these
clusters such that all the 3-sets in A form triangles in the union of these 3 bipartite graphs.

More generally, suppose that we have already defined partitions PX), ..., PU~1 and are
about to define PU). Given i < j and I € Cross;, we let P4 (I) denote the part of P the
set I belongs to. Given J € Cross;, the polyad P(j_l)(J) of J is defined by

PUD() = {PUD(I): Te [P

Thus PU —D(J) is the unique collection of j parts of PU~1) in which J spans a copy of the
Y on j vertices. Moreover, note that PU-1(.J)

can be viewed as a j-partite (j — 1)-uniform hypergraph whose vertex classes are the j
clusters containing the vertices of J. We set

PU=D .= (PU-D(]J): J € Cross;}.
Note that the polyads PU~D(.J) and PU~1(.J’) need not be distinct for different .J, J' € [V]7.
However, if these polyads are distinct then K;(PY=D(J)) N K,;(PU=D(J") = 0. (Recall that
K;(PU=D(J)) is the set of all j-sets of vertices which form a K](j_l) in PU-D(J). So in
particular, /C;(P PU-1(J)) contains J.) This implies that {Kj(p(jfl)) : pU-D ¢ pU-D} s
a part1t1on of Crossj. The property of PU) which we require is that it refines {IC-(P(j -y

PU=1 ¢ PG=D1 je. each part of PU) has to be contained in some IC;(P PU-1),
We also need a notion which generalizes that of a polyad: given J € Cross; and i < j we
set

complete (j — 1)-uniform hypergraph K](.j

PO = {PV(I): T e [I)}.
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Then the properties of our partitions imply that Uf:_ll PO(J)is a (j — 1, j)-complex.
Altogether, given a = (ay,...,ap_1) € N*71 we say that P(k—1,a) = {PD),... Pk}
is a family of partitions on V if
(1) PW is a partition of V into a; clusters.
(2) Forall j =2,...,k—1, PU) is a partition of Cross; such that for each part there is
a polyad PU~1 e PU=1 g0 that the part is contained in K; (P(j_l)). Moreover, for
each polyad PU~D € PU-D _ the set ICj(P(jfl)) is the union of a; parts of 2128
We say that P = P(k — 1,a) is t-bounded if ay,...,ar_1 < t. Suppose that a1 divides |V|.
Then P = P(k — 1,a) is called (1,9, a)-equitable if
(1) P is a partition of V into a1 clusters of equal size;
(2) [[VIF\ Crossi| < n('});
(3) for every K € Crossg, the (k—1, k)-complex Ui:ll P (K)is (d, 9,0, 1)-regular, where
d= (l/ak_l, ey l/ag).
In particular, the second condition implies that 1/a; is small compared to 7.
Let 6 > 0 and r € N. Suppose that G is a k-uniform hypergraph on V and P = P(k—1, a)
is a family of partitions on V. Recall that we can view each polyad PE=1) ¢ P=1) a5 g
(k — 1)-uniform k-partite hypergraph. G is called (dy,r)-regular with respect to P:=1 if G
is (d, O, r)-regular with respect to P®=1) for some d. We say that G is (O, 7)-regular with
respect to P if

‘U{/Ck(l-s(k_l)) . G is not (0, r)-regular with respect to P*=1 e PE=D11 < 5, V¥,

This means that not much more than a J;-fraction of the k-subsets of V' form a K ng_l) that
lies within a polyad with respect to which G is not regular.

Now, we are ready to state the regularity lemma, which we are going to use in the proof
of Theorem 1.

Theorem 9 (R6dl and Schacht [27]). Let k > 2 be a fized integer. For all positive constants n
and &, and all functions v : N*=1 — N and 6 : N¥=1 — (0,1], there are integers t and my
such that the following holds for all m > mg which are divisible by t!. Suppose that G is a
k-uniform hypergraph of order m. Then there exists an a € N¥=1 and a family of partitions
P =P(k—1,a) of the vertex set V of G such that

(1) P is (n,0(a),a)-equitable and t-bounded and

(2) G is (0k, r(a))-reqular with respect to P.

The advantage of this regularity lemma compared to the one proved earlier by Roédl and
Skokan [29] is that it uses only two regularity constants 0 and Jy instead of k — 1 different
ones. The regularity constants s, ...,d; produced by the regularity lemma in [29] might
satisfy 0o < 1/ag < 93 < 1/ag < --+ < 1/ap_1 < dk, which would make the proof of the
corresponding embedding theorem more technical in appearance.

Note that the constants in Theorem 9 can be chosen such that they satisfy the following

hierarchy:
1 1 1

(16) m_() < ; = r(a)

,0 =d(a) < min{dg,n,1/ay,1/azg,...,1/ar_1}.

5.2. The reduced hypergraph. In the proof of Theorem 1 that follows in the next section,
we will use the so-called reduced hypergraph. If P = {7)(1), ceey 73(’“1)} is the partition of
the vertex set of G given by the regularity lemma, the reduced hypergraph R = R(G,P) is a
k-uniform hypergraph whose vertices are the clusters, i.e. the parts of P(). To define the set
of hyperedges we need the following notion. We say that a k-tuple of clusters is fruitful if G
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is (0, r)-regular with respect to all but at most a \/d-fraction of all those polyads p-1)
which are induced on these k clusters. The set of hyperedges of R consists of precisely those
k-tuples that are fruitful. In the proof of Theorem 1, we shall need an estimate on the
number of these hyperedges. In particular, we need to show that R is very dense. This is
conveyed in the following proposition.

Proposition 10. All but at most 2@(1’1“ of the k-tuples of clusters are fruitful.

(k=1)

Proof. By the dense counting lemma (Lemma 6) each polyad in P contains at least

f(m,a) :%(ﬁ)’c’t[:(i)()

copies of K,gk_l). Since G is (0, r)-regular with respect to P, the number of polyads in pk-1)
with respect to which G is not (J, r)-regular is at most

k
b 2T ralY Ly
(17) = = % L 5km = 2(Sk H ail .

k
We call these polyads bad. Now, each k-tuple of clusters induces H::Ql a(")

2

polyads in
P*=1. Thus if there were more than 2v/3za¥ k-tuples of clusters each inducing more than

k
Vo Hf:_zl ai(i) bad polyads, the total number of bad polyads would exceed the bound given
in (17), yielding a contradiction. O

6. PROOF OF THEOREM 1

We now give a brief outline of the proof of Theorem 1: consider any red/blue colouring
of the hyperedges of KT%), where m = C|H| and C is a large constant depending only
on k and the maximum degree of H. We apply the hypergraph regularity lemma to the
red subhypergraph G,.4 to obtain a reduced hypergraph R which is very dense. Thus the
following fact will show that R contains a copy of K ék) with ¢ := R(K ngA))

Fact 11. For all {,k € N with £ > k, every k-uniform hypergraph R on t > ¢ vertices with
-1
e(R) > (1 — (f;) ) (}i) contains a copy of Klgk).

Proof. Let R be as in the statement of the fact. Assume for the sake of contradiction that
R is Kék)—free. Then for each f-subset S of V(R), we have e(R[S]) < (i) — 1. But note that

e(R) — (Z B :) - S e(R[S)).

S
Thus e(R) < (2:2)_1(2) ((i) - 1). Now the observation that (z:’]z)_l(z) (ﬁ) = (;) yields the

required contradiction. O

The copy of K ék) in R involves ¢ clusters and for each k-tuple of them the red hyper-
graph G,.q is regular with respect to almost all of the polyads induced on it. We will
then show that we can find a (k — 1,¢)-complex S on these clusters such that for each
j =2,...,k —1 the restriction of its underlying j-uniform hypergraph S; to any (j + 1)-
tuple of clusters is a polyad. Moreover, G,.q will be regular with respect to Sp_;. By
combining F(Gyeq) Vi (Sk—1) with S, we will obtain a regular k-complex S,¢4. Similarly we
obtain a k-complex Sy Which also turns out to be regular. We then consider the following
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red /blue colouring of K ék). We colour a hyperedge red if G, .4 has density at least 1/2 with
respect to the corresponding polyad in S;p_; and blue otherwise. By the definition of ¢, we
can find a monochromatic K ngA) If it is red, then we can apply the embedding lemma to Sy.q
to find a red copy of H. This can be done since A(H) < A implies that the chromatic
number of H is at most (k—1)A+1 < kKA. If our monochromatic copy of K ngA) is blue, then

we can apply the embedding theorem to Sy, and obtain a blue copy of H.

Proof of Theorem 1. Given A and k, we choose C to be a sufficiently large constant.
We will describe the bounds that C has to satisfy at the end of the proof. Let m :=

C|H| and counsider any red/blue colouring of the hyperedges of K®. Let G,eq be the red

and Gpue be the blue subhypergraph on V = V(Ky(flc )). We may assume without loss of
generality that e(Greq) > €(Gpue). We apply the hypergraph regularity lemma to G,.q with
constants 7, 9, < 1/A,1/k as well as functions r and J satisfying the hierarchy in (16). This
gives us clusters Vi, ..., V,,, each of size n say, together with a t-bounded (7, d, a)-equitable
family of partitions P = P(k —1,a) on V where a = (aq,...,a5—1). (Note that by deleting
some vertices of G,.q if necessary we may assume that m = |G,qq| is divisible by ¢!.) Since
n < 1/A,1/k, condition (2) in the definition of an (7, d, a)-equitable family of partitions
implies that the a; which we obtain from the regularity lemma satisfies

a; > R(K,gkA)) =: /.

Note that the definition of ¢ involves a hypergraph Ramsey number whose value is unknown.
However, for the argument below all we need is that this number exists.

Let R denote the reduced hypergraph, defined in the previous section. Proposition 10
implies that R has at least (1—¢) (%) hyperedges, where & := 4\/8;k!. Since 6 < 1/A,1/k,

we may assume that e(R) > (1—5)('7;') > (1 — (ﬁ)_l> ('f'). Since |R| = ay > ¢, this means

that we can apply Fact 11 to R to obtain a copy of K tf’“) in R. Without loss of generality
we may assume that the vertices of this copy are the clusters Vi,..., V.

As mentioned above, we now want to find a (k — 1,¢)-complex S on these clusters such
that for each j = 2,...,k — 1 its underlying j-uniform hypergraph S; is a union of parts
of PU) and G,eq is regular with respect to Si_;. We construct S inductively starting from
the lower levels. To begin with, for each pair V;, V; (1 <14 < j < /) independently, we choose
with probability 1/as one of the parts of P@ induced on V;, Vj. Sz will be the union of
these parts. Now suppose that we have chosen S§;_1 such that its restriction to any j-tuple
of clusters forms a polyad (clearly this is the case for Sy). Now, if PU-1 is such a polyad, we
choose a part of P uniformly at random among the a; parts of PU) that form K; (p(j _1)),
independently for each j-tuple of clusters. We let S be the (k — 1, ¢)-complex thus obtained.

We will show that there is some choice of S such that for every k-tuple among the clusters
Vi,...,Vy the hypergraph G,.q is (g, r)-regular with respect to the restriction of Sp_1 to
this k-tuple. Note that Syp_;i restricted to any particular k-tuple of clusters is in fact a
polyad selected uniformly at random among all polyads PF=1) induced by these k clusters.
Therefore, since all the k-tuples of clusters are fruitful, the definition of a fruitful k-tuple
implies that the probability that G,.q has the necessary regularity is at least

1@(2) >%.

The final inequality holds since we may assume that dy, is sufficiently small compared to 1/¢.
This shows the existence of a (k — 1,¢)-complex S with the required properties. In what
follows, Ps will always denote a (k — 1)-uniform subhypergraph of S induced by k of the
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clusters V7, ..., Vp. So each such Ps is a polyad and to each hyperedge of the subhypergraph
of R induced by the clusters Vi,...,V; there corresponds such a polyad Ps.
We now use the densities of G,..q with respect to Sx—1 to define a red/blue colouring of

the K ék) which we found in R: we colour a hyperedge of this K ék) red if the polyad Ps
corresponding to this hyperedge satisfies d(G,eq|Ps) > 1/2; otherwise we colour it blue.

Since £ = R(K,ikA)) we find a monochromatic copy K of K,(CkA) in our Kék). We now greedily
assign the vertices of H to the clusters that form the vertex set of K in such a way that
if k& vertices of H form a hyperedge, then they are assigned to k different clusters. (We
may think of this as a (kA)-vertex-colouring of H.) We now need to show that with this
assignment we can apply the embedding lemma to find a monochromatic copy of H in either
the subhypergraph of G,.4 induced by the kKA clusters in K or the subhypergraph of Gpye
induced by these clusters.

First suppose that K is red, so we want to apply the embedding theorem to the k-
complex formed by G,.q and S (induced on the kA clusters in K). However, the embedding
theorem requires all the densities involved to be equal and of the from 1/a for a € N,
whereas all we know is that for every polyad Ps corresponding to a hyperedge of K, we
have d(G,eq|Ps) > 1/2. This minor obstacle can be overcome by choosing a subhypergraph

' od © Grea such that G/, is (1/2,30,7)-regular with respect to each polyad Ps. The
existence of such a G/, follows immediately from the slicing lemma (Lemma 8). We then
add E(G!.;) N Ki(Sk—1) to the subcomplex of S induced by the clusters in K to obtain a
regular (k, kA)-complex S,.q and we apply the embedding theorem (Theorem 2) there to
find a copy of H in G!_;, and therefore also in G,4.

On the other hand, if K is blue, we need to prove that Gy is regular with respect to
all chosen polyads Ps. So suppose Q = (Q(1),...,Q(r)) is an r-tuple of subhypergraphs
of one of these polyads Ps, satisfying |Kr(Q)| > 0x|Kr(Ps)|. Let d be such that G,.q is

(d, 0y, r)-regular with respect to Ps. Then
(1 —d) — d(Gpiue| Q) = [d — (1 — d(Gbiue|Q))| = |d — d(Grea| Q)| < .-

Thus Gpye is (1 —d, 0, 7)-regular with respect to Ps (note that o < 1/2 < 1-—d). Following
the same argument as in the previous case, we add E(Gy;,.) N Kj(Sk—1) to the subcomplex
of § induced by the clusters in K to derive the regular (k, kA)-complex Spye to which we
can apply the embedding theorem to obtain a copy of H in Gpjye-

It remains to check that we can choose C' to be a constant depending only on A and k.
Note that the constants and functions 7, 6, r and § we defined at the beginning of the
proof all depend only on A and k. So this is also true for the integers mg and ¢ and
the vector a = (ay,...,ax_1) which we then obtained from the regularity lemma. Note
that in order to be able to apply the regularity lemma to G..q we needed m > mg, where
m = C|H|. This is certainly true if we set C' > mg. The embedding theorem allows us
to embed subcomplexes of size at most cn, where n is the cluster size and where ¢ satisfies
c 1/ag,,...,1/ag—1,dk, 1/(kA) (recall that d, = 1/2 and d; = 1/a; foralli =2,... k—1).
Thus ¢ too depends only on A and k. In order to apply the embedding theorem we needed
that n > ng, where ng as defined in the embedding theorem depends only on A and k. Since
the number of clusters is at most ¢, this is satisfied if m > tng, which in turn is certainly
true if C' > tng. When we applied the embedding lemma to H, we needed that |H| < cn.
Since n = m/a; = C|H|/a1 > C|H|/t, it suffices to choose C' > t/c for this. Altogether, this
shows that we can define the constant C' in Theorem 1 by C' := max{my, tng,t/c}. O
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7. DERIVING LEMMAS 4 AND 6 FROM EARLIER WORK

First, we deduce Lemma 6 from [18, Cor. 6.11]. The difference between the two is that the
latter result only counts complete hypergraphs but on the other hand it allows for different
densities within each level. We need a few definitions that make this notion precise. Let G be
a (k,t)-complex. Recall that G; denotes the underlying i-uniform hypergraph of G. For each
3 <1i <k, we say that G; is (> d;, d;)-reqular with respect to G;_1, if for every i-tuple A; of
vertex classes of G the induced hypergraph G;[A;] is (dy,;, d;)-regular with respect to G;_1[A],
for some dp, > d;. Similarly we define when Gy, is (> di, 0k, r)-regular with respect to Gp—1
and when Gy is (> dg,d2)-regular. Let d := (dg,...,d2). We say that a (k,¢)-complex G is
(> d, 0k, 0, 7)-reqular if

e Gy is (> dy, Ok, r)-regular with respect to Gi_1;
e G; is (> d;,d)-regular with respect to G; 1 for each 3 <1i < k;
e Gy is (> da, d)-regular.

Lemma 12 (Dense counting lemma for complete complexes [18]). Let k,t,ng be positive
integers and let €,da, ... ,dr_1,d be positive constants such that

1/n0 LIKeKdyy...,dp_1, l/t.
Then the following holds for all integers n > ngy. Suppose that G is a (> (dg—1,...,d2),0,0,1)-

reqular (k — 1,t)-complex with vertex classes Vi,...,V;, all of size n. Then
k—1
K Vlg = (et [T ] da.
i=2 A

where the second product is taken over all i-tuples A; of vertex classes of G.
We now show how to deduce Lemma 6 from this. Full details can be found in [5].

Proof of Lemma 6. First we prove the lemma for the case when ¢ = ¢, i.e. when each
of the vertex classes X1,..., X; of H counsists of exactly one vertex, say X; := {h;}. Given
such an H and a complex G as in Lemma 6, we construct a complex G’ from G as follows:
Starting with ¢ = 2, for all ¢ with 2 < ¢ < k — 1 in turn, we successively consider each
i-tuple A; = (Vj,,....V},) of vertex classes of G. If hj ,.... h;, forms an i-edge of H we
let G/[A;] = Gi[Ai]. If hj,, ..., hj, does not form an i-edge we make each copy of Ki(z_l) in
G/_1[A;] into an i-edge of G/. Thus in the latter case the density of G/[A;] with respect to

_1[A;] will be 1. (If 4 = 2, this means that we let G/[A;] be the complete bipartite graph
with vertex classes Vj, and Vj,.) Using that H is a complex, it is easy to see that G’ is also
(> (dk—1,...,d2),9,0,1)-regular. Clearly, there is a bijection between the copies of H in G

and the copies of Kt(kfl) in G'. So |H|g = |Kt(k71)|g/. The result now follows if we apply
Lemma 12 to G'.

It now remains to deduce Lemma 6 for arbitrary f-partite complexes H from the result
for the above case. For this, we use a simple argument that was also used in [6] to ob-
tain Lemma 4 in the case k = 3. We define a complex G* from G by making |X;| copies
V;l, ey V;'X” of each vertex class V; in such a way that for any selection of indices i1, ...,
the complex Q*[Vfl, eee, V;”} is isomorphic to G. Note that G* is |H|-partite. Also, we can
turn H into an |H|-partite complex H* by viewing each vertex as a single vertex class. Note
that different copies of H in G give rise to different copies of H* in G*. Thus |H|g < |H*|g=.
Conversely, the only case where a copy of H* in G* does not correspond to a copy of H
in G is when there is some i and indices j; # jo such that the vertices that are used by H*
in V7' and V? correspond to the same vertex of V;. It is easy to see that the number of
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such copies is comparatively small. Thus the desired bounds on |H|g immediately follow
from the bounds on |H*|g~ which we obtained in the previous paragraph. O

We now prove Lemma, 4. Its proof is based on the following version of the counting lemma,
that accompanies the hypergraph regularity lemma (Theorem 9) from [27]. Theorem 13 gives

a lower bound on the number of complete complexes Ktk) in a regular (k, t)-complex G, under
less restrictive assumptions on the regularity constants than those in Lemma 12.

Theorem 13 (Counting lemma for complete complexes [28]). Let k,r,t,ng be positive in-
tegers and let e,da, . .. ,dy, 9,0 be positive constants such that 1/d; € N fori=2,...,k—1
and

1/n0 < 1/7‘,(5 < min{5k7d2, ce ,dk_l} <O K e,dy, 1/t.
Then the following holds for all integers n > ngy. Suppose that G is a (d,dy, 0, 7)-reqular

(k,t)-complex with vertez classes Vi, ..., Vi, all of size n, which respects the partition of Kt(k)
Then
(k) T
K lg > (1= [[di".
=2

Lemma 4 is more general in the sense that it counts copies of complexes that may not be
complete, and also gives an upper bound on their number. We will deduce Lemma 4 from
Theorem 13 in several steps. The first (and main) step is to deduce a counting lemma which
gives the number of copies of complete complexes, but now in a (k,t)-complex G where the
density of G;[A;] with respect to G;_1[A;] might be different for different i-tuples A; of vertex
classes of G.

Lemma 14 (Counting lemma for complete complexes — different densities). Let k,r,t,ng be
positive integers and let €,da, ... ,d, 9,0 be positive constants such that

1/ng < 1/r,0 < min{dx,do,...,dp—1} < 0 < &,dg, 1/t.

Then the following holds for all integers n > ng. Suppose G is a (> d, 0, 0,7)-reqular
(k,t)-complex with vertex classes Vi,...,V;, all of size m, such that for all 2 < i < k and
all i-tuples A; of vertex classes of G the hypergraph G;[A;] is (da,,d)-reqular with respect to
Gi—1|Ai] where dp, can be written as da, = pa,/qn; such that pa,,qa, € N and 1/qa, > d;.
Suppose that the analogue holds for all the dy, and all the da,. Then

IEM)g =1 +e)n HHdAz,

i=2 A;

where the second product is taken over all i-tuples A; of vertex classes of G.

Proof. We will first prove the lower bound in this lemma by an inductive argument, in
which we allow for different densities in the top levels but not in the lower levels, and show
that we can always move down another level, until we allow different densities in all levels.
This leads to the following definition. For any 2 < j < k, we say that a complex G is
(>d,...,>dj,dj-1,...,da, 0k, 0,r)-reqular if

e Gy is (> dy, 0k, r)-regular with respect to Gp_1;

e G; is (> d;,d)-regular with respect to G;_1 for each j <i <k —1;

e G, is (d;,d)-regular with respect to G;_; for each 3 <i < j—1;

e Go is (dg, d)-regular.
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Choose new constants 7;,&;,€; and integers r; satisfying
1/n0 K0 = §2 <LK fk <K min{(Sk,dg, - ,dkfl} < = N KL - K Nyl
L K- K &9 ZE,dk,l/t

and 1/ng < 1/r = 1/ry < -+- < 1/ry < min{dg,da,....dr_1}. Then the following claim
immediately implies the lemma:s:

Claim. Let 2 < j < k. Suppose that G satisfies the conditions of Lemma 14 but is (>
dig,...,> dj,dj_1,...,d2,mj,&,75)-reqular instead of (> d, 0,9, r)-regular if j > 2, where
1/d; €N for alli=2,...,5—1. Then

IKP|g > ( (Hd ) ﬁHdAi.

i=j A;

We prove this claim by backward induction on j as follows: given a t-partite complex G
which is (> dj,....> dj,dj_1,...,d2,n;j,&;,7j)-regular, we will partition the hyperedges
of G; to obtain several (> di,...,> dji1, d;, dj—1,...,d2,Mmj+1,&j+1,7j+1)-regular complexes
for some d;-. We will then apply the lower bound from the induction hypothesis to each of
these complexes. Summing over all of them will give the lower bound in the claim.

We first consider the case j = k. We will apply the slicing lemma (Lemma 8) to split the
kth level Gi of the complex G to obtain regular complexes whose densities within the kth
level are the same. Set dj := 1/]] A, 9, The slicing lemma implies that for all Ay there
is a partition P(Ay) of the set F(Gr[Ax]) of k-edges induced on Ay such that each part is
(d},, M1, 7 )-regular with respect to Gy_1[Ax]. So for each Ay, P(Ay) has dp, /d) parts. Now
for each Ay, choose one part from P(Ag) and let Cr denote the resulting k-uniform ¢-partite
hypergraph. Let G denote the k-complex obtained from G by replacing Gy, with Cj,. Then

1KP|g Z\K e -

Here the summation is over all possible choices of parts from each of the (,i) partitions P(Ag).
t

So the number of summands is [],, da,/d}, = d’;(’“) [1a, da,- Moreover, by Theorem 13
each summand in the above sum can be bounded below:

KM |ger > (1—ex)n (Hd )

Altogether, this implies the claim for j = k.

Now suppose that j < k and that the claim holds for 57 + 1. To apply the induction
hypothesis, we now need to get equal densities in the jth level. We will achieve this by
applying the slicing lemma (Lemma 8) to this level. Set d; := 1/ HAj qa;- So 1/d; € N. The
slicing lemma implies that for every j-tuple A; of vertex classes of G there is a partition P(A;)
of the set F(G;[A;]) of j-edges induced on A such that each part is (d}, §j+1)- regular with
respect to Gj_1[A;]. For each A, the correspondlng partition P(A;) Wlll have ap; = dp; /d;
parts. Now for each Aj, choose one part from P(A;) and let C; denote the requltlng j-uniform
t-partite hypergraph. We let G% denote the (k,t)-complex obtained from G as follows: we
replace G; by C; and for each j < i < k we replace G; with the subhypergraph whose i-edges

are all those i-sets of vertices that span a K, ) in Cj. Thus gcf is (d}, &j+1)-regular with

respect to Gj_1 = Qf 1- However, to apply the induction hypothesis this is not enough. We

also need to prove the following more general assertion.
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For alli = j,...,k and any A; the following holds. If i = j then Q’Z—Cj [Ai] is (d}, &j41)-
regular with respect to QZ LA Ifj < i <k then Q '[A;] is (dy,, &j+1)-regular with

*
respect to QZ L[A;]. Ifi =k then Q’ '[A;] is (da,,mj+1,7j41)-regular with respect to *)

QZC 1[A;] for all but at most /i 11 HA ap,; hypergraphs C;.

We will prove (%) by induction on i. If ¢ = j then we already know that the assertion is
true. So suppose that ¢ > j and that the claim holds for ¢ — 1. We will first consider the case
when ¢ < k. The induction hypothesis together with the dense counting lemma for complete
complexes (Lemma 12) implies that

-1 i =1
(18) It |51[A z% '(Hd ) IT II éa.

s=j+1AsCA;

Similarly, the assumptions on G in the claim together with Lemma 12 imply

‘ /i il
(19) 1K Vg, g < 20 (H de@)H I da.

(=2 s=j AsCA;

If we combine these inequalities and use the fact that &; < §;41 < dj,1/k, we obtain
i—1 i—1 §; i—1
(20) |KZ(Z )‘ Ci a > \/ §j+1‘Ki(Z )|gi71[Ai] > 5 ‘Kz(l )|gi71[Ai]'
gi_l[Az] §j+]_

In other words, a &;1-proportion of copies of Ki(i_l) in gf 7 [A;] gives rise to a &j-proportion
of copies in Giy[Ai]. Moreover, K (gc' IA]) N EGI[A]) = Ki(G,[Ai]) N B(GiA]) by
the definition of G% and so d(; [ HQZ LA = d(gl-[Angfil[Ai]) = dp, £&; by (20) and
the (da,,&;)-regularity of G;[A;] with respect to Gj—1[A;]. Thus the (dy;,&;+1)-regularity of
QZ.C I[A;] with respect to gfi 1[A;] follows from the (dy,, &;)-regularity of G;[A;] with respect to
Gi—1[Aq].

But if ¢ = k, this might not be true, as 741 may not be small compared to d;. However,
given a k-tuple A, of vertex classes of G, it is true for most complexes G [Ag]. To see this,
given Ay, let B be a (k, k)-complex obtained as follows: For each A; C Ay, choose one part
from P(A;) and let B; denote the resulting j-uniform k-partite hypergraph. To obtain B
from G[Ay], we replace Gj[Ay] by B; and for each j < i < k we replace G;[A;] with the
subhypergraph whose i-edges are all those i-sets of vertices which span a Ki(] ) in Bj. Thus
there are HAchk ap; =: Ap, such complexes B. (Recall that ay, = dAj/dg- was the number
of parts of the partition P(A;).) Using that () holds for all i < k, similarly as in (18)—(20)
one can show that

(k—=1) d;(l;) (k—1) |Klgk 1)|Qk 1[A]
21 K > ——  |K AT = - .
( ) | k |Bk_1 = 41—[ A i j| k |Qk71[ k] 4A N

We will now prove the following;:

The underlying k-uniform hypergraph By, is not (da, ,nj+1, 7j+1)-regular with respect
to By for less than 111 Ax, of the complexes B.

()
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If (x*) is false then we can find 7' := nj;11Ax, /2 such complexes B!, ..., BT, such that
each B’ has a Q° = (Q{,...,Qfﬂl) satisfying Q% C B£—1 for all s = 1,...,7j41 and
\K,gkil)bz > 17j+1|K,5k71)|B£ , but either d(BL|QY) > dy, + nj+1 for each £ or d(B4|QY) <
dp, — nj+1 for each £. We vs;illl assume the latter — the proof in the former case is similar.
But then let Q = (Q,Q2,..., Q7). Thus Q is a Tr;;;-tuple and

T
@1)
k—1 k-1 k-1
K\ )quE e )|B£71 > iKYVl -
/=1

Since we may assume that Tr;j.; < r; our assumption on the regularity of Gi[Ax] with
respect to Gi_1[Ay] implies that d(Gi[Ax]|Q) > da, — n;. On the other hand, the definition
of B implies that d(B;|Q") = d(Gy[A+]|Q"). Thus d(Gk[Ax]|Q) < maxi<<r d(Gi[Ax]|Q°) =
maxi<p<7 d(BL|QY) < da, — nj+1. This is a contradiction, and so (+*) holds.

Note that (#x) implies that for all but at most (Z)T]j+1 HAj ap; hypergraphs C; the hy-

pergraph ggj is (da,,mj+1,7j4+1)-regular with respect to g,‘jf_l — we call these C; nice. Since
Nj+1 < 1/t, this completes the proof of (x).
We are now ready to finish the proof of the induction step of the claim. The induction

-1, ok
EPlg = 3 kPl 2 (1-ep) 3 (Hdi(i)> ! IL I
=2

nice C; nice Cj i=j+1 A;

The summation is over all possible choices of nice C;. So the number of summands is at
least (1 — \/7j+1) HAJ_ ap; and for each A; we have aAjd;- = dyp,. Since nj11,€j+1 < g5, the
claim follows and hence the lower bound in Lemma 14 as well.

It is straightforward to obtain a corresponding upper bound from the lower bound. The
proof is based on an argument that was used in [24] and later in [6] to derive a similar upper
bound in the case of 3-complexes and thus we only give a sketch of it. A detailed proof can
be found in [5]. Let [t]* denote the set of all k-subsets of [t] = {1,...,t}. Given S C [t]¥,
we let G5 denote the (k,t)-complex obtained from G as follows: for each {i1,...,i,} €
S we replace the set Ej(G[Ag]) of all k-edges of G induced on Ay = {V;,...,V; } by
Kk(Gr—1[A%])\ Ex(G[Ag]). Thus the density of G[Ax] with respect to G| [Ay] is now 1—dj, .

Moreover,
k—1 k
K Vg, = Y 1K gs.
SC[t]*

Observe that \Kt(k)|g = \Kt(k)|g@ and hence

k k— k
KF g = (KF Vg, - Y 1KkPgs.
SC[t]*,S#0

Thus, to obtain an upper bound on |Kt(k)|g all we have to do now is to obtain an upper

bound on |Kt(k_1)|gk_1 and a lower bound on |Kt(k)|gs, for every non-empty S. But the
former follows from the dense counting lemma for complete complexes (Lemma 12) and the
latter follows from the lower bound in Lemma 14, which we proved above. (This is why we
need to allow more general densities than just 1/a, for a € N.) g

Lemma 4 now follows from Lemma 14 in exactly the same way as Lemma 6 followed from
Lemma 12.
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8. PROOF OF THE EXTENSION LEMMAS 5 AND 7

We now use Lemma 4 to derive Lemma 5 (Lemma 7 can be derived in the same way
from Lemma 6). The proof idea is similar to that of [28, Cor. 14], [10, Lemma 6.6] and [6,
Lemma 5]. Pick a copy H of H in G uniformly at random, and define X := |H — H'|. Then
X is a random variable. We have E(X) = ﬁ Yomeg | H — H'| = |H'|g/|H|g. (Here the

sum . is over all copies of H in G.) We pick some constant ¢ satisfying 6, < e < 3.
By applying the upper bound of the counting lemma (Lemma 4) to H and the lower bound
to H' we obtain a lower bound for E(X). Similarly we obtain an upper bound. In this way
we can easily deduce that

(22) E(X) = (1+ V2)H = .

Now consider E(X2). We aim to show that its value is approximately |H — H’ |2, and so X
has a low variance. Using Chebyshev’s inequality, this will then imply that X is concentrated
around its mean. In other words, only a few copies of H do not extend to the correct number
of copies of H' in G.

Observe that E(X?) = ﬁ > weg | H — H'[2. We view |[H — H'|? as the number of pairs
H{, H} of copies of H' which extend H. Here the pairs are allowed to overlap, but we first
obtain a rough estimate by insisting that they intersect precisely in H. So let H* be the
(k,¢)-complex obtained from two disjoint copies of H' by identifying them on H. Thus any
copy of H* in G extending H corresponds to a pair H{, H,. However, we will later need to
take account of those pairs H{, H) which do not arise from a copy of H*. These pairs are
exactly those whose intersection is strictly larger than H.

By applying the counting lemma (Lemma 4) to H* and to H, as before we obtain

1 S -
= 0 H = W = (L VE)H = i = (1% VE)[H — H .
Hlg £
On the other hand, the number of pairs H, H) which do not arise from a copy of H* is at
most (t' — )22 =D-1 < ¢((T]E, (iZji(Hl)fe"(H))nt'_t)2 =¢e/H — H’\Q. Thus
1

== Y [H = HP = (2R H = HT
Hlg 7=

Putting (22) and (23) together, we obtain
var(X) = E(X?) — (E(X))? < 5VE/H = H|.
Now recall Chebyshev’s inequality: P(|X —E(X)| > t) < var(X)/t2. We apply this inequality

with ¢ := B|H — H/|. This implies that the probability that a randomly chosen copy of H

. . . . . T A2
in G does not satisfy the conclusion of the extension lemma is at most var(X)/3?|H — H'|” <
5v/z/B% < 3, and so at most B|H|g copies of H do not satisfy the conclusion, as required.

(23)
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