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ABSTRACT. Let n be sufficiently large and suppose that G is a digraph on n vertices where
every vertex has in- and outdegree at least n/2. We show that G contains every orientation of
a Hamilton cycle except, possibly, the antidirected one. The antidirected case was settled by
DeBiasio and Molla, where the threshold is n/2 4+ 1. Our result is best possible and improves
on an approximate result by Haggkvist and Thomason.

1. INTRODUCTION

A classical result on Hamilton cycles is Dirac’s theorem [3] which states that if G is a graph on
n > 3 vertices with minimum degree 6(G) > n/2, then G contains a Hamilton cycle. Ghouila-
Houri [4] proved an analogue of Dirac’s theorem for digraphs which guarantees that any digraph
of minimum semidegree at least n/2 contains a consistently oriented Hamilton cycle (where the
minimum semidegree 6°(G) of a digraph G is the minimum of all the in- and outdegrees of the
vertices in G). In [8], Keevash, Kiithn and Osthus proved a version of this theorem for oriented
graphs. Here the minimum semidegree threshold turns out to be §°(G) > (3n —4)/8. (In a
digraph we allow two edges of opposite orientations between a pair or vertices, in an oriented
graph at most one edge is allowed between any pair of vertices.)

Instead of asking for consistently oriented Hamilton cycles in an oriented graph or digraph,
it is natural to consider different orientations of a Hamilton cycle. For example, Thomason [13]
showed that every sufficiently large strongly connected tournament contains every orientation
of a Hamilton cycle. Héggkvist and Thomason [7] proved an approximate version of Ghouila-
Houri’s theorem for arbitrary orientations of Hamilton cycles. They showed that a minimum
semidegree of n/2 + n5/6 ensures the existence of an arbitrary orientation of a Hamilton cycle
in a digraph. This improved a result of Grant [5] for antidirected Hamilton cycles. The exact
threshold in the antidirected case was obtained by DeBiasio and Molla [2], here the threshold is
§°(G) > n/2+1, i.e., larger than in Ghouila-Houri’s theorem. In Figure 1, we give two digraphs
G on 2m vertices which satisfy §°(G) = m and have no antidirected Hamilton cycle, showing
that this bound is best possible. (The first of these examples is already due to Cai [1].)

Theorem 1.1 (DeBiasio & Molla, [2]). There exists an integer mg such that the following
hold for all m > mg. Let G be a digraph on 2m wvertices. If 8°(G) > m, then G contains an
antidirected Hamilton cycle, unless G is isomorphic to Fy,, or Fs . In particular, if §°(G) >
m~+ 1, then G contains an antidirected Hamilton cycle.

In this paper, we settle the problem by completely determining the exact threshold for arbi-
trary orientations. We show that a minimum semidegree of n/2 suffices if the Hamilton cycle
is not antidirected. This bound is best possible by the extremal examples for Ghouila-Houri’s
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FIGURE 1. In digraphs F},, and F3,,, A and B are independent sets of size m — 1
and bold arrows indicate that all possible edges are present in the directions

shown.

theorem, i.e., if n is even, the digraph consisting of two disjoint complete digraphs on n/2 ver-
tices and, if n is odd, the complete bipartite digraph with vertex classes of size (n — 1)/2 and
(n+1)/2.

Theorem 1.2. There exists an integer ng such that the following holds. Let G be a digraph on
n > ng vertices with §°(G) > n/2. If C is any orientation of a cycle on n vertices which is not
antidirected, then G contains a copy of C'.

Kelly [9] proved an approximate version of Theorem 1.2 for oriented graphs. He showed that
the semidegree threshold for an arbitrary orientation of a Hamilton cycle in an oriented graph
is 3n/8 + o(n). It would be interesting to obtain an exact version of this result.

2. PROOF SKETCH

The proof of Theorem 1.2 utilizes the notion of robust expansion which has been very useful
in several settings recently. Roughly speaking, a digraph G is a robust outexpander if every
vertex set S of reasonable size has an outneighbourhood which is at least a little larger than
S itself, even if we delete a small proportion of the edges of G. A formal definition of robust
outexpansion is given in Section 4. In Lemma 4.4, we observe that any graph satisfying the
conditions of Theorem 1.2 must be a robust outexpander or have a large set which does not
expand, in which case we say that G is e-extremal. Theorem 1.2 was verified for the case when G
is a robust outexpander in [12] based on the approach of Kelly [9]. This allows us to restrict our
attention to the e-extremal case. We introduce three refinements of the notion of e-extremality:
ST-extremal, AB-extremal and ABST-extremal. These are illustrated in Figure 2, the arrows
indicate that G is almost complete in the directions shown. In each of these cases, we have that
|A| ~ |B| and |S| ~ |T|. If G is ST-extremal, then the sets A and B are almost empty and
so G is close to the digraph consisting of two disjoint complete digraphs on n/2 vertices. If G
is AB-extremal, then the sets S and T are almost empty and so in this case G is close to the
complete bipartite digraph with vertex classes of size n/2 (thus both digraphs in Figure 1 are
AB-extremal). Within each of these cases, we further subdivide the proof depending on how
many changes of direction the desired Hamilton cycle has. Note that in the directed setting the
set of extremal structures is much less restricted than in the undirected setting.

The main difficulty in each of the cases is covering the exceptional vertices, i.e., those vertices
with low in- or outdegree in the vertex classes where we would expect most of their neighbours
to lie. When G is AB-extremal, we also consider the vertices in S U T to be exceptional and,
when G is ST-extremal, we consider the vertices in A U B to be exceptional. In each case we
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FIGURE 2. An ABST-extremal graph. When G is AB-extremal, the sets S and
T are almost empty and when G is ST-extremal the sets A and B are almost
empty.

find a short path P in G which covers all of these exceptional vertices. When the cycle C'is close
to being consistently oriented, we cover these exceptional vertices by short consistently oriented
paths and when C has many changes of direction, we will map sink or source vertices in C' to
these exceptional vertices (here a sink vertex is a vertex of indegree two and a source vertex is
a vertex of outdegree two).

An additional difficulty is that in the AB- and ABST-extremal cases we must ensure that
the path P uses a balanced number of vertices from each of A and B. Once we have found P in
G, the remaining vertices of G (i.e., those not covered by P) induce a balanced almost complete
bipartite digraph and one can easily embed the remainder of C' using a bipartite version of
Dirac’s theorem. When G is ST-extremal, our aim will be to split the cycle C into two paths
Pg and Pr and embed Ps into the digraph G[S] and Pr into G[T]. So a further complication
in this case is that we need to link together Ps and Pr as well as covering all vertices in AU B.

This paper is organised as follows. Sections 3 and 4 introduce the notation and tools which
will be used throughout this paper. In Section 4.3 we describe the structure of an e-extremal
digraph and formally define what it means to be ST-, AB- or ABST-extremal. The remaining
sections prove Theorem 1.2 in each of these three cases: we consider the ST-extremal case in
Section 5, the AB-extremal case in Section 6 and the ABST-extremal case in Section 7.

3. NOTATION

Let G be a digraph on n vertices. We will write zy € E(G) to indicate that G contains
an edge oriented from z to y. If G is a digraph and = € V(G), we will write N/, (z) for the
outneighbourhood of x and N (z) for the inneighbourhood of x. We define d},(z) := |N ()|
and d(z) := [Ng (x)|. We will write, for example, dé(az) > a to mean dj(z),dg(z) > a. We
sometimes omit the subscript G if this is unambiguous. We let 6°(G) := min{d " (z),d " (z) : 2 €
V(G)}. If ACV(G), welet d}(z) := |NJ (z) N A| and define d,(z) and diﬁ(x) similarly. We
say that = € V(G) is a sink vertex if d*(x) = 0 and a source vertez if d~(x) = 0.

Let A,BC V(G)and zy € E(G). If x € Aand y € B we say that zy is an AB-edge. We write
E(A, B) for the set of all AB-edges and we write E(A) for E(A, A). We let e(A, B) := |E(A, B)|
and e(A) := |E(A)|. We write G[A, B] for the digraph with vertex set AU B and edge set
E(A,B)UE(B, A) and we write G[A] for the digraph with vertex set A and edge set F(A). We
say that a path P = z1x9...24 is an AB-path if x1 € A and x, € B. If z1,24 € A, we say that
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P is an A-path. If A C V(P), we say that P covers A. If P is a collection of paths, we write
V(P) for Upep V(P).

Let P = z122...24 be a path. The length of P is the number of its edges. Given sets
Xi,...,Xq CV(G), we say that P has form X1 Xo... X, if 2; € X; for i =1,2,...,¢q. We will
use the following abbreviation

(X)F=XX.. . X.
—
k times
We will say that P is a forward path of the form X;Xs... X, if P has form X1 X>... X, and
ziTit1 € E(P) foralli=1,2,...,¢—1. Similarly, P is a backward path of the form X; X, ... X,
if P has form X1Xy... X, and zj412; € E(P) foralli=1,2,...,¢ — 1.

A digraph G is oriented if it is an orientation of a simple graph (i.e., if there are no z,y € V(G)
such that zy,yx € E(G)). Suppose that C' = (ujus...uy) is an oriented cycle. We let o(C)
denote the number of sink vertices in C'. We will write (u;ujy1...u;) to denote the subpath of
C from u; to uj. In particular, (u;u;y1) may represent the edge wju;11 or ujtiu;. We say that
an edge (u;juit+1) is a forward edge if (u;ui+1) = ujui+1 and a backward edge if (uuir1) = wit1u;.
We say that a cycle is consistently oriented if all of its edges are oriented in the same direction
(forward or backward). We define a consistently oriented subpath P of C' in the same way. We
say that P is forward if it consists of only forward edges and backward if it consists of only
backward edges. A collection of subpaths of C is consistent if they are all forward paths or
if they are all backward paths. We say that a path or cycle is antidirected if it contains no
consistently oriented subpath of length two.

Given C as above, we define dc(u;, uj) := |j — i|. For a subpath P = (u;uit1 ... uy) of C, we
call u; the initial vertex of P and wy, the final vertex. We write (u;P) := (ujujy1...u) and
(Puj) = (ujtjy1 ...uj). If Py and P are subpaths of C, we define dc(P1, P2) = dc(vi, v2),
where v; is the initial vertex P;. In particular, we will use this definition when one or both of
Py, P> are edges. Suppose Pi, P, ..., P are internally disjoint subpaths of C' such that the final
vertex of P; is the initial vertex of P,y fori =1,...,k— 1. Let « denote the initial vertex of P;
and y denote the final vertex of Py. If © # y, we write (P Ps ... Py) for the subpath of C' from
x toy. If x =y, we sometimes write C' = (P Py... Py).

We will also make use of the following notation: a < b. This means that we can find an
increasing function f for which all of the conditions in the proof are satisfied whenever a < f(b).
It is equivalent to setting a := min{ fi(b), fa(b),..., fx(b)}, where each f;(b) corresponds to
the maximum value of a allowed in order that the corresponding argument in the proof holds.
However, in order to simplify the presentation, we will not determine these functions explicitly.

4. TooLs

4.1. Hamilton cycles in dense graphs and digraphs. We will use the following standard
results concerning Hamilton paths and cycles. Theorem 4.1 is a bipartite version of Dirac’s
theorem. Proposition 4.2 is a simple consequence of Dirac’s theorem and this bipartite version.

Theorem 4.1 (Moon & Moser, [11]). Let G = (A, B) be a bipartite graph with |A| = |B| = n.
If 6(G) > n/2 + 1, then G contains a Hamilton cycle.

Proposition 4.2. (i) Let G be a digraph on n vertices with 6°(G) > Tn/8. Let z,y € V(G)
be distinct. Then G contains a Hamilton path of any orientation between x and y.
(ii) Let m > 10 and G = (A, B) be a bipartite digraph with |A| = m + 1 and |B| = m.
Suppose that 6°(G) > (Tm +2)/8. Let x,y € A. Then G contains a Hamilton path of any
orientation between x and y.
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Proof. To prove (i), we define an undirected graph G’ on the vertex set V(G) where uv € E(G")
if and only if uv,vu € E(G). Let G” be the graph obtained from G’ by contracting the vertices
x and y to a single vertex x’ with Ngv (") := Ng/(z) N Ng#(y). Note that

§(G")y > (n—1)/2=1G"|)2.

Hence G” has a Hamilton cycle by Dirac’s theorem. This corresponds to a Hamilton path of
any orientation between x and y in G.
For (ii), we proceed in the same way, using Theorem 4.1 instead of Dirac’s theorem. [l

4.2. Robust expanders. Let 0 < v < 7 < 1, let G be a digraph on n vertices and let S C V(G).
The v-robust outneighbourhood RN:G(S) of S is the set of all those vertices z € V(G) which have

at least vn inneighbours in S. G is called a robust (v, 7)-outexpander if \RNIG(S)\ > |S|+vn
for all S C V(G) with 7n < |S] < (1 — 7)n.

Recall from Section 1 that Kelly [9] showed that any sufficiently large oriented graph with
minimum semidegree at least (3/8 + «)n contains any orientation of a Hamilton cycle. It is not
hard to show that any such oriented graph is a robust outexpander (see [10]). In fact, in [9],
Kelly observed that his arguments carry over to robustly expanding digraphs of linear degree.
Taylor [12] has verified that this is indeed the case, proving the following result.

Theorem 4.3 ([12]). Suppose 1/n < v <7 K n < 1. Let G be a digraph on n vertices with
§°(G) > nn and suppose G is a robust (v, T)-outexpander. If C is any orientation of a cycle on
n vertices, then G contains a copy of C.

4.3. Structure. Let ¢ > 0 and G be a digraph on n vertices. We say that G is e-extremal if
there is a partition A, B, S, T of its vertices into sets of sizes a, b, s,t such that |a —b|,|s—t| < 1
and e(AUS,AUT) < en?.

The following lemma describes the structure of a graph which satisfies the conditions of
Theorem 1.2.

Lemma 4.4. Suppose 0 < 1/n < v < 7,6 < 1 and let G be a digraph on n vertices with
§°(G) > n/2. Then G satisfies one of the following:

(i) G is e-extremal;

(ii) G is a robust (v, T)-outexpander.

Proof. Suppose that G is not a robust (v, 7)-outexpander. Then there is a set X C V(G) with
™ < |X| < (1—7)n and |RN,,(X)| < |X| + vn. Define RN := RN,/ ,(X). We consider the
following cases:

Case 1: ™ <|X| < (1/2—/V)n.
We have

|X|n/2 < e(X,RN') +e(X,RNT) < |X||[RNT| +vn? < |X|(|RNT| +vn/7),
so [RNT| > (1/2 —v/7)n > | X| + vn, which gives a contradiction.

Case 2: (1/24+v)n<|X|<(1—-71)n.
For any v € V(G) we note that dy (v) > vn. Hence |[RNT| = |G| > | X |+ vn, a contradiction.

Case 3: (1/2—v)n<|X| < (1/2+v)n.
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Suppose that [RN*| < (1/2 — 3v)n. Since 6°(G) > n/2, each vertex in X has more than
3vn outneighbours in RN+t. So there is a vertex v € RN™T with more than 3vn|X|/n > vn
inneighbours in X, this is a contradiction. Therefore,

(1) (1/2 = 3v)n < |[RNT| < |X|+vn < (1/2 4+ 2v)n.

Write Ag := X\RN+, By .= RNT \X, Sy = XNRNT and Ty := XNRN+. Let ag, by, S, to,
respectively, denote their sizes. Note that |X| = ag+so, |[RN 1| = bo+so and ag+bo+so+tg = n.
It follows from (1) and the conditions of Case 3 that

(1/2 — /v)n < ag + so, bo + to, bo + S0, a0 +to < (1/2+ /v)n
and so |ag — byl |so — to| < 24/vn. Note that
G(Ao U So,Ao ) To) = B(X, RN+) < vn?.

By moving at most \/vn vertices between the sets Ag and By and 1/vn between the sets Sy and Ty,
we obtain new sets A, B, S, T of sizes a, b, s, t satisfying |a—b|, |s—t| < 1 and e(AUS, AUT) < en?.
So G is e-extremal. O

4.4. Refining the notion of c-extremality. Let n € N and ¢,¢1,€9,€3,€4, M1, 72, T be positive
constants satisfying

I/n<KekeaKeaa<<nKrTKe e <np <Ll

We now introduce three refinements of e-extremality. Let G be a digraph on n vertices.
Firstly, we say that G is ST-extremal if there is a partition A, B, S,T of V(G) into sets of
sizes a, b, s,t such that:

(P1) a <b, s <t

(P2) Ln/QJ — 53n < s,t < [n/2] + esn;

(P3) 6°(G[S)), 8*(GIT 1> o

(P4) d 5(x) > n/2 — e3n for all but at most e3n vertices x € S

(P5) dfTE( ) > n/2 — e3n for all but at most e3n vertices x € T,

(P6) a+b< €3n

(P7) dr(x),d&(x) > n/2 — 3non and dg (), df(x) < 3non for all z € A;
(P8) dg(x), d F(z) > n/2 — 3nen and dy(z),df (z) < 3nen for all z € B.

Secondly, we say that G is AB-extremal if there is a partition A, B, S,T of V(G) into sets of
sizes a, b, s,t such that:

(Ql) a <b, s <t

(Q2) Ln/2j —egn < a,b<[n/2] +e3n;

(Q3) 2(G14, B]) = n/50;

(Q4) df(x) > n/2 — ezn for all but at most e3n vertices x € A;

(Q5) d%(x) > n/2 — e3n for all but at most e3n vertices x € B;

(Q6) s+t <e3n;

(Q7) dy(z),df(x) > n/50 for all z € S;

(Q8) dg(z),d}(x) > n/50 for all z € T

(Q9) if a < b, di(a:) <n/20 for all z € B; dg(z) < n/20 for all z € S and df;(x) < n/20 for all

Thirdly, we say that G is ABST -extremal if there is a partition A, B, S, T of V(G) into sets
of sizes a, b, s,t such that:
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a, b,S,t Z ™n;

la—bl,|s —t| <eny

3°(G[A, B]) > mn;

b (), dgus( x) > mn for all z € S
) BUT( x) >mn for all z € T

oo
C
9

1/371 for all but at most e1n vertices x € A;

(x

) >
(x) 2 a — €'/3n for all but at most e1n vertices = € B;
Us(®) > b+s—e3n and dy g(z) > a+s—e'/3n for all but at most e1n vertices € S;
(R10) di p(z) > a+t—e'3n and dp ;(x) > b+t —e/?n for all but at most £1n vertices z € T

GGG
Dot
HH

Proposition 4.5. Suppose
I/nKeeaKaanKrKa<Kag<<p<Kl

and G is an e-evtremal digraph on n vertices with §°(G) > n/2. Then there is a partition
of V(G) into sets A,B,S,T of sizes a,b,s,t satisfying (P2)-(P8), (Q2)-(Q9) or (R2)-(R10).
Moreover, if A, B,S,T satisfies (Q2)-(Q9), we also have that a < b.
Proof. Consider a partition Ay, By, So, 1o of V(G) into sets of sizes ag, by, so, to such that
lap — bol, |so — to] <1 and e(Ao U Sg, Ag U To) < en?. Define

Xo —{xeAOUTO 0(37)<n/2—\@n},

X3:={z € ByUTy: d+ ot (%) <nj2 —fen},

Xy :={x € BoUSy:dy, g, (x) <n/2—+/en}
and let X = U?:l X;. We now compute an upper bound for |X|. Each vertex x € X; has
dngoUTo () > \/en, so | X1| < en?/\/en = \/en. Also, each vertex x € X3 has da,us, (T) > Ven,
5o | X2| < y/en. Observe that

|Ag U Ty|n/2 — en? < e(By U Ty, Ag U Tp)
< (/2 — v/en)|Xs| + | Ao U To[(|Bo U To| — [X3)
which gives
|X3|(‘A0 ] T()’ - n/2 + \@n) < |A0 U T0|(‘BQ U T0| - n/2) + en? < 2en?.

So |X3| < 2en?/(y/en/2) = 4y/en. Similarly, we find that |X| < 4,/zn. Therefore, |X| <
104/en.

Case 1: ag, by < 271n.

Let Z := X U Ag U By. Choose disjoint Z1,Z> C Z so that dﬁo(x) > 2mon for all z € 73
and d%o(x) > 2mn for all © € Zy and |Z; U Zo| is maximal. Let S := (Sp \ X) U Z; and
T := (Tp \ X) U Zy. The vertices in Z \ (Z; U Z2) can be partitioned into two sets A and B so
that df(z),dr(z) > n/2 —3mn for all z € A and dg(z),d}(z) > n/2 — 3nen for all z € B. The
partition A, B, S,T satisfies (P2)-(P8).

Case 2: sg,tg < 27mn.

Partition X into four sets 2y, Z3, Z3, Z4 so that djéo (x) > n/5for all x € Zy; dio (x) > n/5 for
all v € Zy; djgo(:c),dgo(x) > n/5 for all x € Z3 and dgo(m),djlo(m) >n/5 for all x € Z4. Then
set Ay := (AO \X) UZi, By := (BO \X) U Zs.
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Assume, without loss of generality, that |A;| < |Bj|. To ensure that the vertices in B satisfy
(Q9), choose disjoint sets B’, B” C Bj so that |B'UB”| is maximal subject to: |[B'UB"| < |B;|—
| A1, df (z) > n/20 for all z € B" and d (x) > n/20 for all z € B”. Set B := By \ (B'UB"),
S1:=(So\ X)UZsUB and T} := (Tp \ X) U Z, U B”. To ensure that the vertices in SUT
satisfy (Q9), choose sets S’ C Sy, T" C Ty which are maximal subject to: |S"|+ |T"| < |B| —|A44],
dg(x) > n/20 for all 2 € §" and dg(z) > n/20 for all x € T'. We define A := A; U S UT’,
S:=51\5and T:=T;\T'. Then a < b and (Q2)—(Q9) hold.

Case 3: agp, bo, So,t[) > 2tn — 1.

The case conditions imply ag, b, S0, to < n/2—7n. Then, since §°(G) > n/2, each vertex must
have at least 27m1n inneighbours in at least two of the sets Ag, By, So, To- The same holds when we
consider outneighbours instead. So we can partition the vertices in X into sets Z1, Zs, Z3, Z4 so
that: d}fo(x) > 2mn for all x € Zy; dio(x) > 2mn for all z € Zy; d'gouso(a:),dgouso(a:) > 2mn
for all x € Zs and dXOUTO(:c),ngUTO(x) > 2mn for all x € Zy. Let A := (Ao \ X) U Zy,
B:=(Bp\ X)UZy, S:= (S \X)UZ3 and T := (Tp \ X) U Z4. This partition satisfies (R2)—
(R10). O

The above result implies that to prove Theorem 1.2 for e-extremal graphs it will suffice to
consider only graphs which are ST-extremal, AB-extremal or ABST-extremal. Indeed, to see
that we may assume that a < b and s < ¢, suppose that G is e-extremal. Then G has a partition
satisfying (P2)—(P8), (Q2)—(Q9) or (R2)—(R10) by Proposition 4.5. Note that relabelling the
sets of the partition (4, B,S,T) by (B, A,T,S) if necessary allows us to assume that a < b. If
s < t, then we are done. If s > t, reverse the orientation of every edge in G to obtain the new
graph G’. Relabel the sets (A4, B, S,T) by (A, B,T,S). Under this new labelling, the graph G’
satisfies all of the original properties as well as @ < b and s < t. Obtain C’ from the cycle C
by reversing the orientation of every edge in C'. The problem of finding a copy of C' in G is
equivalent to finding a copy of C’ in G'.

5. G 1S ST-EXTREMAL

The aim of this section is to prove the following lemma which settles Theorem 1.2 in the case
when G is ST-extremal.

Lemma 5.1. Suppose that 1/n < g3 < g4 < na < 1. Let G be a digraph on n vertices such
that 8°(G) > n/2 and G is ST-extremal. If C is any orientation of a cycle on n vertices, then
G contains a copy of C.

We will split the proof of Lemma 5.1 into two cases based on how close the cycle C is to being
consistently oriented. Recall that o(C) denotes the number of sink vertices in C. Observe that
in any oriented cycle, the number of sink vertices is equal to the number of source vertices.

5.1. C has many sink vertices, o(C) > g4n. The rough strategy in this case is as follows.
We would like to embed half of the cycle C into G[S] and half into G[T], making use of the
fact that these graphs are nearly complete. At this stage, we also suitably assign the vertices in
AU B to G[S] or G[T]. We will partition C' into two disjoint paths, Pg and Pr, each containing
at least o(C')/8 sink vertices, which will be embedded into G[S] and G[T]. The main challenge
we will face is finding appropriate edges to connect the two halves of the embedding.

Lemma 5.2. Suppose that 1/n < €3 < ¢4 < 1n9 < 1. Let G be a digraph on n vertices with
§°(G) > n/2. Suppose A, B,S,T is a partition of V(G) satisfying (P1)-(P8). Let C be an
oriented cycle on n vertices with o(C') > eqn. Then there exists a partition S*, T* of the vertices
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of G and internally disjoint paths Ry, Ra, Ps, Pr such that C = (PsR1PrRy) and the following
hold:
(i) SCS*and T CT*;
(i) [Pr| = |T™[;
(iii) Ps and Pr each contain at least e4n/8 sink vertices;
(iv) |R;| < 3 and G contains disjoint copies RS of R; such that RY is an ST-path, RS is a
T'S-path and all interior vertices of RZ-G lie in S*.

In the proof of Lemma 5.2 we will need the following proposition.

Proposition 5.3. Suppose that 1/n < e3 < g4 < n < 1. Let G be a digraph on n vertices with
§°(G) > n/2. Suppose A, B, S, T is a partition of V(G) satisfying (P1)-(PS8).

(i) If a = b € {0,1} then there are two disjoint edges between S and T of any given direction.

(ii) If A =0 then there are two disjoint T'S-edges.

(iii) If a =1 and b > 2 then there are two disjoint T'S-edges.

(iv) There are two disjoint edges in E(S,T U A)UE(T,S U B).
Proof. Let

S ={xeS:Ni(z),Ng(z)=0}and T':={z € T : Nt (z), N, (z) = 0}.

First we prove (i). If a = b € {0,1} then it follows from (P7), (P8) that |S’|,|T”| > n/4. Since
s <'t, it is either the case that s < (n—1)/2—bors=t=n/2—b. If s < (n—1)/2—b choose
any z # y € S’. Both z and y have at least [n/2—((n—1)/2—b—1+b)] = 2 inneighbours and
outneighbours in 7', so we find the desired edges. Otherwise s =t = n/2 — b and each vertex in
S’ must have at least one inneighbour and at least one outneighbour in 7" and each vertex in 7"
must have at least one inneighbour and at least one outneighbour in S. It is now easy to check
that (i) holds. Indeed, Ko6nig’s theorem gives the two required disjoint edges provided they have
the same direction. Using this, it is also easy to find two edges in opposite directions.

We now prove (ii). Suppose that A = (). We have already seen that the result holds when
B = (. So assume that b > 1. Since s < (n — b)/2, each vertex in S must have at least b/2 + 1
inneighbours in T'U B. Assume for contradiction that there are no two disjoint T'S-edges. Then
all but at most one vertex in S must have at least b/2 inneighbours in B. So e(B,S) > bn/8
which implies that there is a vertex v € B with d&(v) > n/8. But this contradicts (P8). So
there must be two disjoint T'S-edges.

Suppose that a =1 and b > 2. Since s < (n — b — 1)/2, each vertex in S must have at least
(b+1)/2 inneighbours in 7'U B. Assume that there are no two disjoint 7'S-edges. Then all but
at most one vertex in S have at least (b — 1)/2 inneighbours in B. So e(B,S) > nb/12 which
implies that there is a vertex v € B with df(v) > n/12 which contradicts (P8). Hence (iii)
holds.

For (iv), we observe that min{s+b,t+a} < (n—1)/2 or s+b=t+a =n/2. If s+b < (n—1)/2
then each vertex in S has at least two outneighbours in TU A, giving the desired edges. A similar
argument works if t +a < (n —1)/2. If s+ b =t + a = n/2 then each vertex in S has at least
one outneighbour in T'U A and each vertex in T has at least one outneighbour in S U B. It is
easy to see that there must be two disjoint edges in E(S,TU A) U E(T, S U B). O

Proof of Lemma 5.2. Observe that C' must have a subpath P; of length n/3 containing at
least £4n/3 sink vertices. Let v € P; be a sink vertex such that the subpaths (Pyjv) and (vP;)
of P, each contain at least ¢4n/7 sink vertices. Write C' = (vyvs ... v,) where vy := v and write
kK :=n—t.
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Case 1: a<1

If a =0b,set S*:=SUAUB, T" :=T, Ry := (vpvp+1) and R := (v,v1) = vpv1. By
Proposition 5.3(i), G contains a pair of disjoint edges between S and T of any given orientation.
So we can map v,v; to a T'S-edge and (vgvg11) to an edge between S and T of the correct
orientation such that the two edges are disjoint.

Suppose now that b > a + 1. By Proposition 5.3(ii)—(iii), we find two disjoint T'S-edges e;
and eg. If vy is not a source vertex, set S* := SUAUB, T* :=T, Ry := (vp_1vpvk41) and
R := vyv1. Map v,y to e1. If vp v € E(C), map Ry to a path of the form SST which
uses ez. Otherwise, since vy is not a source vertex, Ry is a forward path. Using (P8), we find a
forward path of the form SBT for R§.

So let us suppose that vy is a source vertex. Let by € B and set S* :=SUAU B\ {b1} and
T*:=TU{b1}. Let Ry := (vp—1vp) = vprvgr—1 and Rg := vyv1. We know that vy, vprog—1 €
E(C), so we can map these edges to e; and es.

In each of the above, we define Pg and Pr to be the paths, which are internally disjoint from
R; and Rs, such that C' = (PsR1PrR2). Note that (i)—(iv) are satisfied.

Case 2: a>2

Apply Proposition 5.3(iv) to find two disjoint edges ey, e2 € E(S,TUA)UE(T,SUB). Choose
any distinct z,y € AU B such that = and y are disjoint from e; and es.

First let us suppose that vy is a sink vertex. If e;,e9 € FE(S,A) U E(T,S U B), set S* :=
SUAUB, T* :==T, Ry := (vpr_1vpvpry1) and Ry := (vyviv2). If €9 € E(T,S U B), use (P3)
and (P8) to find a path of the form S(S U B)T which uses e; for R{'. If e; € E(S, A), we use
(P7) to find a path of the form SAT using e; for R. In the same way, we find a copy Rg; of
Ry. If exactly one of e;, es say, lies in E(S,T), set S* := (SUAUB)\ {z}, T* := T U {z},
Ry := (vpr_1vpvpry1) and Ry := (v1v2). Then vevy can be mapped to ey and we use e; to find a
copy R§ of Ry as before. If both ey, ez € E(S,T), set S* := (SUAUB)\ {z,y}, T* := Tu{z,y},
Ry := (vpr—1v) and Rg := (viv2). Then map vov1 and vp_1vg to the edges e; and es.

Suppose now that (vg_1vpvg11) is a consistently oriented path. If ey & E(S,T), let S* :=
SUAUB, T* := T, Ry := (vp_1vpvpy1) and Re := (vyvive) and, if es € E(S,T), let
S*:=(SUAUB)\{z}, T" :=T U {zx}, Ri := (vpr—1vprvgr41) and Ry := (vivz). Then use the
edge ez to find a copy RS of Ry as above. We use (P7) or (P8) to map R; to a backward path
of the form SAT or a forward path of the form SBT as appropriate.

We let Ps and Pr be paths which are internally disjoint from R; and Ro such that C' =
(PsR1PrRs). Then (i)—(iv) are satisfied.

It remains to consider the case when vy is a source vertex. We now consider the vertex vy _q
instead of vi. Note that C' cannot contain two adjacent source vertices, so either vy is a
sink vertex or (vg_oup_1vp) is a backward path. We proceed as previously. Note that when
we define the path Pr it will have one additional vertex and so we must allocate an additional
vertex from AU B to T, we are able to do this since a + b > 3. O

Apply Lemma 5.2 to GG to obtain internally disjoint subpaths Ry, Re, Ps and Pp of C as
well as a partition S*, T* of V(G). Let RY be copies of R; in G satisfying the properties of
the lemma. Write R’ for the set of interior vertices of the RY. Define G := G[S* \ R'] and
Gt := G[T*]. Let zp and zg be the images of the final vertices of R; and Ry and let yg and
yr be the images of the initial vertices of Ry and Ra, respectively. Also, let Vg := S*N (AU B)
and Vp:=T"N (AU B).

The following proposition allows us to embed copies of Pg and Pr in Gg and Gp. The idea
is to greedily find a short path which will contain all of the vertices in Vg and Vr and any
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vertices of “low degree”. We then use that the remaining graph is nearly complete to complete
the embedding.

Proposition 5.4. Let Gg, Ps, Pr, xs, ys, x7 and yr be as defined above.

(i) There is a copy of Ps in Gg such that the initial vertex of Ps is mapped to xs and the
final vertex is mapped to yg.

(ii) There is a copy of Pr in Gr such that the initial vertex of Pr is mapped to xp and the
final vertex is mapped to yr.

Proof. We prove (i), the proof of (ii) is identical. Write Pg = (ujus...uy). An averaging
argument shows that there exists a subpath P of Pg of order at most e4n containing at least
V/€3n sink vertices.

Let X :={z € S:d{(z) <n/2—egnordg(z) <n/2—esn}. By (P4), |X| < ezn and so,
using (P3), we see that every vertex x € X is adjacent to at least non/2 vertices in S\ X. So
we can assume that xg,ys € S\ X since otherwise we can embed the second and penultimate
vertices on Pg to vertices in S\ X and consider these vertices instead.

Let u} be the initial vertex of P and ) be the final vertex. Define m; := dpy(u1,u}) +1 and
my = dpg(up, ui)+ 1. Suppose first that mq,mg > nan. We greedily find a copy PG of Pin Gg
which covers all vertices in Vg U X such that «} and ufk are mapped to vertices s1,s2 € S\ X.
This is possible since any two vertices in X can be joined by a path of length at most three of
any given orientation, by (P3) and (P4), and we can use each vertex in Vg as the image of a
sink or source vertex of P. Partition (V(Gg) \ V(P%)) U {s1, s2}, arbitrarily, into two sets L;
and Lo of size m1 and mgy respectively so that s1,xg € L1 and s9,ys € Lo. Consider the graphs
G; := Gg[L;] for i = 1,2. Then (P4) implies that §(G;) > m; — e3n — eq4n > 7m; /8. Applying
Proposition 4.2(i), we find suitably oriented Hamilton paths from s; to zg in G and s2 to yg
in Go which, when combined with P, form a copy of Ps in Gg (with endvertices g and yg).

It remains to consider the case when mj < n3n or ma < nan. Suppose that the former holds
(the latter is similar). Let P’ be the subpath of Pg between u; and u). So P C P’. Similarly
as before, we first greedily find a copy of P’ in Gg which covers all vertices of X U Vg and then
extend this to an embedding of Pgs. O

Proposition 5.4 allows us to find copies of Py and Pr in Gg and G with the desired endver-
tices. Combining these with R? and RQG found in Lemma 5.2, we obtain a copy of C in G. This
proves Lemma 5.1 when o(C) > e4n.

5.2. C has few sink vertices, 0(C) < eqn. We will call a consistently oriented subpath of C'
which has length 20 a long run.

Proposition 5.5. Suppose that 1/n < e < 1 and n/4 <k <3n/4. Let C be an oriented cycle
with 0(C) < en. Then we can write C' as (ujus ... uy) such that there exist:

(i) Long runs Pi, Py such that Py is a forward path and do(Pi, Py) =k,

(ii) Long runs Py{, Py, Py, Py such that dc(P}, P/, ;) = [n/4] fori=1,2,3.

Proof. Let P be a subpath of C of length n/8. Let Q be a consistent collection of vertex
disjoint long runs in P of maximum size. Then |Q| > 2en, with room to spare. We can write C
as (ujuz ... uy) so that the long runs in Q are forward paths.

Suppose that (i) does not hold. For each Q; € Q, let @ be the path of length 20 such that
dc(Qi, Q}) = k. Since Q) is not a long run, @)} must contain at least one sink or source vertex.
The paths @} are disjoint so, in total, C' must contain at least |Q|/2 > en > o(C') sink vertices,
a contradiction. Hence (i) holds.
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We call a collection of four disjoint long runs Py, Ps, P3, Py good if P, € Q and d¢(P;, Piy1) =
|n/4] for all i = 1,2, 3. Suppose C' does not contain a good collection of long runs. In particular,
this means that each long run in © does not lie in a good collection. For each path Q; €
Q, let Q;1,Qiz2,Qi3 be subpaths of C' of length 20 such that do(Q;, Qi) = jln/4]. Since
{Qi,Qi1,Qi2,Qi3} does not form a good collection, at least one of the @); ; must contain a
sink or source vertex. The paths @); ; where Q; € Q and j = 1,2, 3 are disjoint so, in total, C'
must contain at least |Q|/2 > en > o(C) sink vertices, which is a contradiction. This proves
(ii). O

Proposition 5.6. Let G be a digraph on n vertices with 6°(G) > n/2. Let d > 0 and suppose
A, B, S, T is a partition of V(G) into sets of size a,b, s,t witht > s> d+2 andb=a+d. Then
G contains a collection M of d+ 1 edges in E(T,SUB)U E(B,S) satisfying the following. The
endvertices of M outside B are distinct and each vertex in B is the endvertex of at most one
T B-edge and at most one BS-edge in M. Moreover, if e(T,S) > 0, then M contains a T'S-edge.

Proof. Let k :=t — s. We define a bipartite graph G’ with vertex classes S’ := S U B and
T’ := T'U B together with all edges xy such that x € S’y € T and yz € E(T,SUB)UFE(B, S).
We claim that G’ has a matching of size d + 2. To prove the claim, suppose that G’ has a
vertex cover X of size |[X| <d+2. Then [ X NS | < (d—k)/2+1or | XNT'|<(d+k)/2+ 1.
Suppose that the former holds and consider any vertex ¢t; € T\ X. Since §7(G) > n/2 and
a+t=(n—d+k)/2, t; has at least (d — k)/2 + 1 outneighbours in S’. But these vertices
cannot all be covered by X. So we must have that | X NT"| < (d+k)/2+ 1. Consider any vertex
s1 € S\ X. Now 6 (G) >n/2and a+s = (n—d—k)/2, so s;1 must have at least (d+k)/2+1
inneighbours in 7”. But not all of these vertices can be covered by X. Hence, any vertex cover
of G’ must have size at least d + 2 and so Konig’s theorem implies that G’ has a matching of
size d + 2.

If e(T,S) > 0, either the matching contains a T'S-edge, or we can choose any T'S-edge e and
at least d of the edges in the matching will be disjoint from e. This corresponds to a set of d+ 1
edges in E(T,S U B)U E(B,S) in G with the required properties. O

We define a good path system P to be a collection of disjoint S- and T-paths such that each
path P € P is consistently oriented, has length at most six and covers at least one vertex
in AU B. Each good path system P gives rise to a modified partition Ap, Bp, Sp,Tp of the
vertices of G (we allow Ap, Bp to be empty) as follows. Let Intg(P) be the set of all interior
vertices on the S-paths in P and Int7(P) be the set of all interior vertices on the T-paths. We set
Ap = A\V(P), Bp := B\V(P), Sp := (SUInts(P))\Intr(P) and Tp := (TUIntr(P))\Ints(P)
and say that Ap, Bp, Sp, Tp is the P-partition of V(G).

Lemma 5.7. Suppose that 1/n < €3 < ¢4 < n2 < 1. Let G be a digraph on n vertices with
§°(G) > n/2. Suppose A, B, S, T is a partition of V(G) satisfying (P1)-(P8). Let C be a cycle
on n vertices with o(C) < eqn. Then one of the following holds:
o There exist internally disjoint paths Ps, Pr, R1, Ry such that:
(i) C = (PsRiPrRy);
(i) |Prl =t
(iii) Ry and Re are paths of length two and G contains disjoint copies RZ-G of R; whose
interior vertices lie in V(G)\T. Moreover, R is an ST-path and RS is a T'S-path.
o There exist internally disjoint paths Ps, Py, Pr, P, R1, Ra, R3, Ry such that:
(i) C = (PSRlpTRQPéR;J,P%Rz;);
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(i) [Pr|+|Pp| =t and |Ps], |, |Prl, |Pr| > n/8;

(iii) Ri, Ra, Rs, Ry are paths of length two and G contains disjoint copies RZ-G of R; whose
interior vertices lie in V(G)\ T. Moreover, R and RS are ST-paths and RS and
RS are T'S-paths.

Furthermore, G has a good path system P such that the paths in P are disjoint from each RiG,
P covers (AU B)\ UV(RY) and the P-partition Ap, Bp,Sp,Tp of V(G) satisfies |Tp| = t*.

Proof. Letd:=b—aand k:=1t—s.

We first obtain a good path system Py covering A U B as follows. Apply Proposition 5.6 to
obtain a collection My of d 4+ 1 edges as described in the proposition. Let M C My of size d
such that M contains a T'S-edge if d > 1 and e(7,S) > 0. We use each edge e € M together
with properties (P3), (P5) and (P8) to cover one vertex in B by a consistently oriented path of
length at most six as follows. If e € E(T, B) and e is disjoint from all other edges in M, find a
consistently oriented path of the form T'BT using e. If e € E(B,S) and e is disjoint from all
other edges in M, find a consistently oriented path of the form SBS using e. If e € E(T,S),
we note that (P3), (P5) and (P8) allows us to find a consistently oriented path of length three
between any vertex in B and any vertex in T. So we can find a consistently oriented path of
the form SB(T)3S which uses e. Finally, if e € E(T, B) and shares an endvertex with another
edge ¢ € M N E(B, S) we find a consistently oriented path of the form SB(T)3BS using e and
e’. So M allows us to find a good path system P; covering d vertices in B.

Label the vertices in A by aq,as, ..., a, and the remaining vertices in B by by, b, ..., b,. We
now use (P6)-(P8) to find a consistently oriented S- or T-path L; covering each pair a;,b;. If
1 <i<[(4da+k)/8], cover the pair a;, b; by a path of the form SBTAS. If [(4a+k)/8] <i<a
cover the pair a;,b; by a path of the form TASBT. Let Py := i, Li.

We are able to choose all of these paths so that they are disjoint and thus obtain a good path
system Py := P; U Ps covering AU B. Let Ap,, Bp,, Sp,, Ip, be the Pyp-partition of V(G) and
let ¢/ ;= ‘Tpo‘, s = |S7’0"

By Proposition 5.5(i), we can enumerate the vertices of C' so that there are long runs Pj, Py
such that P; is a forward path and do(Py, P;) = . We will find consistently oriented ST- and
T'S-paths for RlG and RQG which depend on the orientation of P». The paths Ry and Ry will be
consistently oriented subpaths of P, and P, respectively, whose position will be chosen later.

Case 1: b>a+2.

Suppose first that P is a backward path. If PP contains a path of the form SB(T)3BS, let by
and bj be the two vertices in B on this path. Otherwise, let by and bf, be arbitrary vertices in B
which are covered by P;. Use (P8) to find a forward path for R which is of the form S{bo}T.
We also find a backward path of the form T{b,}S for RS. We choose the paths R{' and RS to
be disjoint from all paths in Py which do not contain by or bj.

Suppose now that P, is a forward path. If @ > 1, consider the path Ly € Py covering a; € A
and b; € B. Find forward paths of the form S{b;}7T for R{ and T{a;}S for RS, using (P7) and
(P8), which are disjoint from all paths in Py \ {L;}. Finally, we consider the case when a = 0.
Recall that e(7,.5) > 0 by Proposition 5.3(ii) and so M contains a T'S-edge. Hence there is a
path P’ in P; of the form SB(T)3S covering a vertex by € B and t1s1 € E(T,S), say. We use
(P3) and (P8) to find forward paths of the form S{bo}T for R{ and {t1}{s1}S for RS which
are disjoint from all paths in Py \ {P’}.

Obtain the good path system P from Py by removing all paths meeting R? or Rg. Let
Ap, Bp, Sp,Tp be the P-partition of V(G) and t* := |Tp|. The only vertices which could have
moved to obtain Tp from Tp, are interior vertices on the paths in Py \ P, so |t* —t/| < 2.5 = 10.
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Thus we can choose R; and Rs to be subpaths of length two of P; and P» so that |Pp| = t*,
where Ps and Pr are defined by C' = (PsR1PrR3).

Case 2: b<a-+1.

Case 2.1: a<1.

If a = b, by Proposition 5.3(i) we can find disjoint e, es € E(S,T) and disjoint e3 € E(S,T),
es € E(T,S). Note that Py = Pa, since a = b, so we may assume that all paths in Py are disjoint
from ey, eq, e3,e4. If Py is a forward path, find a forward path of the form SST for R1G using es
and a forward path of the form T'SS for RQG using eyq. If P» is a backward path, find a forward
path of the form SST for RlG using e; and a backward path of the form T'SS for RQG using es.
In both cases, we choose R? and RQG to be disjoint from all paths in Py.

If b = a + 1, note that there exist e; € E(S,T) and ex € E(T,S). (To see this, use that
§9(G) > n/2 and the fact that (P7) and (P8) imply that |[{z € S: N} (z), N5 (z) = 0} > n/4.)
We may assume that all paths in Ps are disjoint from ey, es. Let by € B be the vertex covered
by the single path in P;. Find a forward path of the form S{by}7T for R{, using (P8). Find
a consistently oriented path of the form T'SS for RZG which uses e; if P, is a backward path
and es if P» is a forward path. Choose the paths Rf and RZG to be disjoint from the paths in
Po \ P1 = Pa.

In both cases, we obtain the good path system P from Py by removing at most one path
which meets R or R. Let Ap, Bp, Sp, Tp be the P-partition of V(G) and let t* := |Tp|. The
only vertices which could have moved to obtain T’p from T’p, are interior vertices on the path in
Po\ P if Py # P, so |t* —t'| < 5. So we can choose subpaths R; of P; so that |Pp| = t*, where
Pg and Pr are defined by C' = (PsR1PrR»).

Case 2.2: 2<a<k.

If P, is a forward path, consider a; € A and b; € B which were covered by the path L € Py.
Use (P7) and (P8) to find forward paths, disjoint from all paths in Py\{L;}, of the form S{b;}T
and T'{a;}S for R and RS respectively.

Suppose now that P» is a backward path. We claim that G contains 2 — d disjoint ST-edges.
Indeed, suppose not. Then d;(:ﬁ) < 1 —d for all but at most one vertex in S. Note that
b+s=(mn—k+d)/2, s0d} p(x)>(k—d)/2+1foralzes. So

e(S,A) > (s—1)((k—d)/2+1— (1—d)) = (s — 1)(k + d)/2 > nk/8 > na/8.

Hence, there is a vertex € A with dg(x) > n/8, contradicting (P7). Let E = {e; : 1 <1i < 2—d}
be a set of 2 — d disjoint ST-edges. We may assume that Ps is disjoint from F.

If a = b, use (P3) to find a forward path of the form SST using e; for R{' and a backward
path of the form T'SS using e for Ro. If b = a + 1, let by € B be the vertex covered by the
single path in P;. Use (P3) and (P8) to find a forward path of the form S{by}T for R and a
backward path of the form T'SS using e; for RS'. We choose the paths R and RS to be disjoint
from all paths in Ps.

In both cases, we obtain the good path system P from Py by removing at most one path
which meets R’ or RS. Let Ap, Bp,Sp,Tp be the P-partition of V(G) and t* := |Tp|. The
only vertices which could have moved to obtain T’p from T’p, are interior vertices on the path in
Py \ P if Py # P, so |[t* —t'| <5. Thus we can choose Ry and Rs to be subpaths of length two
of P; and P; so that |Pr| = t*, where Ps and Pr are defined by C' = (PsR1PrR»).

Case 2.3: a > 2,k.
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We note that
t'— s = |(TUlntp(Py)) \ Ints(Po)| — [(S UIntg(Py)) \ Intr(Po)
= (T UIntp(P2)) \ Ints(P2)| — [(S UIntg(P2)) \ Intr(P2)| + ¢
=(t+3a—4[(4a+k)/8]) — (s+4[(4da+ k)/8] —a) + ¢
=4da+k—8[(4da+k)/8] +¢

where —7 < ¢ < 1 is a constant representing the contribution of interior vertices on the path in
Pyifb=a+1 and ¢ =0 if b = a. In particular, this implies that [t — s'| < 15 and

(n—15)/2 <&, t' < (n+15)/2.

Apply Proposition 5.5(ii) to find long runs Py, P, P, P; such that dc(P;, P{_,) = |n/4]
for i = 1,2,3. Let x; be the initial vertex of each P/. If {P/, P/ ,} is consistent for some
i € {1,2}, consider a; € A, by € B which which were covered by the path Ly € Py. If P/, P/,
are both forward paths, let R and RS be forward paths of the form S{b;}T and T{a;}S
respectively. If P/, P/, , are both backward paths, let R? and RZG be backward paths of the form
S{a1}T and T{b1}S respectively. Choose the paths R and RS to be disjoint from the paths
in P:=Py\ {L1}. Let Ap, Bp, Sp,Tp be the P-partition of V(G) and let t* = |T’p|. The only
vertices which could have been added or removed to obtain T’p from T’p, are interior vertices on
Liso(n—15)/2—-3 <t* < (n+15)/2+ 3. Then we can choose R; and Ry to be subpaths of
length two of P; and P/, so that |Pr| = t*, where Ps, Pr are defined so that C' = (PsR; PrRy).

So let us assume that {P;, P/ ,} is not consistent for i = 1,2. We may assume that the paths
P| and P} are both forward paths, by relabelling if necessary, and we illustrate the situation in
Figure 3.

P,
>

P4 [ Y&

e

Py T

FIGURE 3. A good collection of long runs.

Consider the vertices a; € A and b; € B covered by the paths L; € Py for i = 1,2. Let
P := Py \ {L1, L2} and let Ap, Bp, Sp,Tp be the P-partition of V(G). Let t* := |Tp|. The
only vertices which can have been added or removed to obtain T from Tp, are interior vertices
on the paths L; and Lo, so (n —15)/2 — 6 < t* < (n+ 15)/2 4+ 6. Find a forward path of the
form S{b;}T for RY. Then find backward paths of the form T{by}S and S{a;}T for RS and
Rg respectively. Finally, find a forward path of the form T'{a3}S for Rf. We can choose the
paths RiG to be disjoint from all paths in P. Since P| and Pj are of length 20 we are able to
find subpaths Ri, Ra, R3, Ry of P|, Py, P, Py so that |Pr| + |Py| = t*, where Pg, Pg, Pr, Py, are
defined so that C' = (PsRi PrRoP{R3PrRy). O
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In order to prove Lemma 5.1 in the case when o(C') < g4n, we first apply Lemma 5.7 to G.
We now proceed similarly as in the case when G has many sink vertices (see Proposition 5.4)
and so we only provide a sketch of the argument. We first observe that any subpath of the cycle
of length 100e4n must contain at least

(2) |100e4n/21] — 2e4mn > 2e3n > a+ b > |P|

disjoint long runs. Let s; be the image of the initial vertex of Ps. Let Pg be the subpath of Pg
formed by the first 100e4n edges of Pg. We can cover all S-paths in P and all vertices x € S
which satisfy d(z) < n/2 —e3n or dg(z) < n/2 — e3n greedily by a path in G starting from
s1 which is isomorphic to P§. Note that (2) ensures that P§ contains |P| disjoint long runs. So
we can map the S-paths in P to subpaths of these long runs. Let Pg be the path formed by
removing from Pg all edges in Pg.

If Lemma 5.7(i) holds and thus Pgs is the only path to be embedded in G[S], we apply
Proposition 4.2(i) to find a copy of P¢ in G[S], with the desired endvertices. If Lemma 5.7(ii)
holds, we must find copies of both Ps and P¢ in G[S]. So we split the graph into two subgraphs
of the appropriate size before applying Proposition 4.2(i) to each. We do the same to find copies
of Pr (or Pr and Pr) in G[T]. Thus, we obtain a copy of C' in G. This completes the proof of
Lemma 5.1.

6. G 1S AB-EXTREMAL

The aim of this section is to prove the following lemma which shows that Theorem 1.2 is
satisfied when G is AB-extremal.

Lemma 6.1. Suppose that 1/n < e3 < 1. Let G be a digraph on n vertices with §°(G) > n/2
and assume that G is AB-extremal. If C is any orientation of a cycle on n vertices which is
not antidirected, then G contains a copy of C.

If b > a, the next lemma implies that E(B U T, B) contains a matching of size b — a + 2.
We can use b — a of these edges to pass between vertices in B whilst avoiding A allowing us to
correct the imbalance in the sizes of A and B.

Proposition 6.2. Suppose 1/n < e3 < 1. Let G be a digraph on n vertices with §°(G) > n/2.
Suppose A, B, S, T is a partition of V(G) satisfying (Q1)-(Q9) and b = a + d for some d > 0.
Then there is a matching of size d+ 2 in E(BUT, B).

Proof. Consider a maximal matching M in E(BUT, B) and suppose that |M| < d+ 1. Since
a+s < (n—d)/2, each vertex in B has at least d/2 inneighbours in BUT'. In particular, since
M was maximal, each vertex in B \ V(M) has at least d/2 inneighbours in V' (M). Then there
isaveV(M)CBUT with

df(v) >

e_2d,

n
2 M| 20’
contradicting (Q9). Therefore |M| > d + 2. O

6.1. Finding an exceptional cover. We say that P is an exceptional cover of G if P C G is
a copy of a subpath of C' and

(EC1) P covers SUT;
(EC2) both endvertices of P are in A;
(EC3) |[A\V(P)|+1=|B\V(P).
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We will use the following notation when describing the form of a path. If X, Y € {A, B} then
we write X xY for any path which alternates between A and B whose initial vertex lies in X and
final vertex lies in Y. For example, AxA(ST)? indicates any path of the form ABAB ... ASTST.

Suppose that P is of the form Z125. .. Z,,, where Z; € {A, B, S,T}. Let Z;,, Z;,, ..., Z;; be
the appearances of A and B, where i; <i;41. If Z;, = A= Z;, |, we say that Z;,, is a repeated
A. We define a repeated B similarly. Let rep(A) and rep(B) be the numbers of repeated As and
repeated Bs, respectively. Suppose that P has both endvertices in A and P uses ¢ + rep(B)
vertices from B. Then P will use ¢ + rep(A) + 1 vertices from A (we add one because both
endvertices of P lie in A). So we have that

(3) |IB\V(P)| —|A\V(P)| =b—a—rep(B) +rep(A) + 1.

Given a set of edges M C E(G) we define the graph Gs whose vertex set is V(G) and whose
edge set is E(A,BUS)UE(B,AUT)UE(T,A)UE(S,B)UM C E(G). Informally, in addition
to the edges of M, G has edges between two vertex classes when the bipartite graph they
induce in G is dense.

Proposition 6.3. Suppose 1/n < g3 < €4 < 1. Let G be a digraph on n vertices with
§°(G) > n/2. Suppose A, B,S,T is a partition of V(G) satisfying (Q1)-(Q9). If o(C) < eyn,
then there is an exceptional cover of G of length at most 21e4n.

Proof. Let d:=b—a. Let P be any subpath of C of length 20e4n. Let Q be a maximum
consistent collection of disjoint paths of length three in P, such that do(Q,Q) > 7 for all
distinct Q, Q" € Q. Then

|Q| > (|20e4n /7] — 2e4n)/2 > 4egn > d+ s+ t.

If necessary, reverse the order of all vertices in C' so that the paths in Q are forward paths. Apply
Proposition 6.2 to find a matching M C E(BUT), B) of size d and write M = {e1, ..., em, fm+1,--
where e; € E(B) and f; € E(T, B). Map the initial vertex of P to any vertex in A. We will
greedily find a copy of P in Gj; which covers M and S UT as follows.

Note that, by (Q8), we can cover each edge f; € M by a forward path of the form BT B. By
(Q7), each of the vertices in S can be covered by a forward path of the form ASB. Similarly,
(Q8) allows us to find a forward path of the form BT A covering each vertex in 7. Moreover,
note that (Q2)—(Q5) allow us to find a path of length three of any orientation between any pair
of vertices © € A and y € B using only edges from E(A, B) U E(B, A). So we can find a copy
of P which covers every edge in M and every vertex in (SUT) \ V(M) by a copy of a path in
Q and which has the form

(A% BB)"(A* BTB)*™™(Ax ASB)*(Ax BT)" "M A « X,

where X € {4, B}. We may assume that X = A by extending the path P by one vertex if
necessary. Let P¢ denote this copy of P in G.

Now (EC1) and (EC2) hold. It remains to check (EC3). Observe that P¢ contains no repeated
As and exactly d repeated Bs, these occur in the subpath of PY of the form (A x BB)™(A x
BT B)4™. By (3), we see that

B\ V(PY)| — [A\V(PY)| =1,

so (EC3) is satisfied. Hence PY forms an exceptional cover. O

'7fd}7
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Let P be a subpath of C' and let m be the number of sink vertices in P. Suppose that
Py, Py, P3 is a partition of P into internally disjoint paths such that P = (P, P,P;). We say that
Py, Py, P3 is a useful tripartition of P if there exist Q; C V(F;) such that:

e P and P, have even length;
|Q;| > |m/12] for i = 1,2, 3;
e all vertices in Q1 U Qg are sink vertices and are an even distance apart;
e all vertices in Qo are source vertices and are an even distance apart.

Note that a useful tripartition always exists. We say that Qj, Qa, Qs is a sink/source set for
the tripartition P;, P», P;. We say that a subpath L C P, is a link if L has even length and, if,
writing x for the initial vertex and y for the the final vertex of L, the paths (Pyz) and (yFPz)
each contain at least |Qs2|/3 elements of Q.

Proposition 6.4. Let 1/n < ¢ < n < 7 < 1. Let G be a digraph on n vertices and let
A,B,S, T be a partition of V(G). Let Sa,Sp be disjoint subsets of S and Ta,Tr be disjoint
subsets of T. Let a := |A|, b:= |B|, sa := |Sal, s := |SB|, ta := |Tal, tp := |Tg| and let
a1 € A. Suppose that:

i) a,b > 7n;

(11) SA;SB,tA,tB < En;

(i) (G[4, B]) 2 nn

(iv) d5(x) > b— en for all but at most en vertices x € A;

(v) dj( ) > a—en for all but at most en vertices x € B;

(vi) d4(z) > nn for all x € Sa, di(z) > nn for all x € S, di(x) > nn for all x € Ta and
dg(x) > nn for all v € Tp.

Suppose that P is a path of length at most n*n which contains at least 200en sink vertices. Let
Py, Py, Ps be a useful tripartition of P with sink/source set Qq,Qa, Q3. Let L C Py be a link.
Suppose that G\ (SaUSpUT4UTg) contains a copy LE of L which is an AB-path if do(P, L)
is even and a BA-path otherwise. Let r4 be the number of repeated As in LS and rg be the
number of repeated Bs in LE. Let G' be the graph with vertex set V(G) and edges

E(A,BUSA)UE(B,AUTR)UE(T4,A)U E(Sg,B)UE(L).

Then G' contains a copy PC of P such that:

LG C PG,‘

PC covers Sa, 88, T4, Tg;

a1 is the initial vertex of PC;

The final vertex of PC lies in B if P has even length and A if P has odd length;
PC has sa+ts+7ra repeated As and sg +tp + rp repeated Bs.

Proof. We may assume, without loss of generality, that the initial vertex of P lies in Q. If
not, let x be the first vertex on P lying in Q; and greedily embed the initial segment (Px) of
P starting at a1 using edges in E(A, B) U E(B, A). Let a} be the image of x. We can then use
symmetry to relabel the sets A, B, S, Sp, T4, Ts, if necessary, to assume that a| € A.

We will use (vi) to find a copy of P which covers the vertices in S4 U Tp by sink vertices in
Q1 U Q3 and the vertices in Sp U T4 by source vertices in Qs. We will use that |Q;| > 15en
for all ¢ and also that (iii)—(v) together imply that G’ contains a path of length three of any
orientation between any pair of vertices in z € A and y € B. Consider any ¢; € Q1 and g2 € Qs.
The order in which we cover the vertices will depend on whether dc(q1, g2) is even or odd (note
that the parity of dc(q1,g2) does not depend on the choice of ¢; and ¢2).
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Suppose first that dc(q1, g2) is even. We find a copy of P in G’ as follows. Map the initial
vertex of P to a;. Then greedily cover all vertices in Tp so that they are the images of sink
vertices in Q1 using a path P1G which is isomorphic to P; and has the form (A% BTpB)'5 A x A.
Let x, be the initial vertex of L and yr, be the final vertex. Let x% and yg be the images of xp,
and y7, in L. Cover all vertices in Sp so that they are the images of source vertices in Qy using
a path isomorphic to (Pyz,) which starts from the final vertex of PX and ends at #¢. This path
has the form (A x BSpB)*8 A x X, where X := A if do(P, L) is even and X := B if do(P, L) is
odd. Now use the path Lg. Next cover all vertices in T4 so that they are the images of source
vertices in Qg using a path isomorphic to (yr,P») whose initial vertex is yg This path has the
form Y x A(B* ATAA)'AB x B, where Y := B if do(P, L) is even and Y := A if do(P, L) is odd.
Let PQG denote the copy of P» obtained in this way. Finally, starting from the final vertex of
PQG , find a copy of P35 which covers all vertices in S4 by sink vertices in Q3 and has the form
(B* AS4A)°AB «x B if P (and thus also P3) has even length and (B« AS4A)*AB x A if P (and
thus also P3) has odd length. If do(g1,q2) is odd, we find a copy of P which covers Tp, T4,
V(L%), Sg, S4 (in this order) in the same way. Observe that P” has s +t4 4 r4 repeated As
and sg + tg + rp repeated Bs, as required. O

Lemma 6.5. Suppose 1/n < e3 < g4 < 1. Let G be a digraph on n vertices with §°(G) > n/2.
Suppose A, B, S, T is a partition of V(G) satisfying (Q1)-(Q9). If C is an oriented cycle on n
vertices, C' is not antidirected and o(C) > e4n, then there is an exceptional cover P of G of
length at most 2e4n.

Proof. Letd:=b—a, k:=t—sand r:= s+ t. Since o(C) > e4n, we can use an averaging
argument to guarantee a subpath Q' of C of length at most e4n such that Q' contains at least
2,/3n sink vertices. Let () be an initial subpath of @’ which has odd length and contains /g3n
sink vertices.

Case 1: a <bors<t.

We will find disjoint sets of vertices Sa,Sp,Ta, TR, of sizes s4, Sp,ta,tp respectively, and a

matching M’ = F U E’ such that the following hold:

(E1) SquSp=Sand Ty UTp =T\ V(E');

(E2) E C B(B), |F| < d.

(E3) E' C E(BUT,B)UE(A,AUT) and 1 < |E'| < 2;

(E4) Let p:= |E'NE(B)|— |[E'NE(A)|, then sy +ta+d=sp+tp+p+|E|.

We find sets satisfying (E1)—(E4) as follows. Suppose first that n is odd. Note that we can
find a matching M C E(BUT, B) of size d+ 1. Indeed, if a < b then M exists by Proposition 6.2
and if a = b, and so s < t, we use that a+s < n/2 and 6°(G) > n/2 to find M of size d+ 1 = 1.
Fix one edge e € M and let E’ := {e}. There are r' :=r — |V(E') N T| vertices in S UT which
are not covered by E’. Set d’ := min{r’,d — p} and let E C (M \ E')NE(B) of sized —p —d'.

Suppose that n is even. If @ < b by Proposition 6.2, we find a matching M of size d + 2 in
E(BUT, B). Fix two edges e1,e2 € M and let E' := {ej,ea}. Choose 17/, d’ and E as above.

If nis even and a = b, then a+s =b+s = (n—k)/2 < n/2—1. So d}y p(x) > k/2 for
each x € A and dp ,(x) > k/2 for each x € B. Either we can find a matching M of size two
in E(BUT,B)UFE(A,AUT) or t = s+ 2 and there is a vertex v € T such that A C N~ (v)
and B C N*t(v). In the latter case, move v to S to get a new partition satisfying (Q1)—(Q9)
and the conditions of Case 2. So we will assume that the former holds. Let E' := M, E := 0,
r'i=r—|V(E')NT|and d' := —p.
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In each of the above cases, note that d = mod 2 and |d’| <1’. So we can choose disjoint
subsets Sa, Sp,Ta, Tp satisfying (E1) such that s4 +t4 = (' —d')/2 and sp+tp = (' +d')/2.
Then (E4) is also satisfied.

We construct an exceptional cover as follows. Let L1 denote the oriented path of length two
whose second vertex is a sink and let Lo denote the oriented path of length two whose second
vertex is a source. For each e € E’, we find a copy L(e) of Ly or Ly covering e. If e € E(A) let
L(e) be a copy of L; of the form AAB, if e € E(B) let L(e) be a copy of L; of the form ABB, if
e€ E(A,T) let L(e) be a copy of L of the form AT B and if e € E(T, B) let L(e) be a copy of
Lo of the form AT B. Note that for each e € E’, the orientation of L(e) is the same regardless
of whether it is traversed from its initial vertex to final vertex or vice versa. This means that
we can embed it either as an AB-path or a BA-path.

Let a1 be any vertex in A and let e; € E’. Let r4 and rg be the number of repeated As
and Bs, respectively, in L(e1). So rq = 1 if and only if e; € E(A), otherwise r4 = 0. Also,
rp = 1 if and only if e; € F(B), otherwise rg = 0. Consider a useful tripartition P;, Py, P3 of
Q. Let L C P be a link which is isomorphic to L(ej). Let x denote the final vertex of Q). Using
Proposition 6.4 (with 2e3,¢e4,1/4 playing the roles of €,7,7), we find a copy QF of @ covering
Sa,Sp,Ta, Tp whose initial vertex is a;. Moreover, L(e;) C Q¢ C Gre,y € G, the final vertex
x% of QF lies in A, Q has s+t + 74 repeated As and sp +tp +7p repeated Bs. If |E'| = 2,
let ea € E'\ {e1}. Let Q" := (zQ'). Let y be the second source vertex in Q" if es € E(T, B)
and the second sink vertex in Q" otherwise. Let y~ be the vertex preceding y on C, let y™ be
the vertex following y on C' and let q := dc(z,y~). Find a path in G whose initial vertex is 2¢
which is isomorphic to (Q”y~) and is of the form A x A if ¢ is even and A * B if ¢ is odd, such
that the final vertex of this path is an endvertex of L(ez). Then use the path L(es) itself. Let
Z = Bif qis even and Z := A if ¢ is odd. Finally, extend the path to cover all edges in F using
a path of the form Z * B(A x ABB)I”| A which is isomorphic to an initial segment of (ytQ").
Let P denote the resulting extended subpath of C, so Q C P C Q'. Let P be the copy of P in
G-

Note that (EC1) and (EC2) hold. Each repeated A in P is either a repeated A in Q¢ or
it occurs when P® uses L(ez) in the case when ey € E(A). Similarly, each repeated B in P%
is either a repeated B in Q% or it occurs when P% uses L(ez) in the case when e3 € E(B) or
when P uses an edge in E. Substituting into (3) and recalling (E4) gives

[B\V(P)| = |A\V(PY)| =b—a—(sp+1tp+|BE| + |E'NE(B)|) + (sa +ta+|E' N E(4)]) +1
=d— (sp+tp+|E|) —p+(sa+ta)+1=1
So (EC3) is satisfied and P% is an exceptional cover.

Case 2: a=0bands=t.

If s =t = 0 then any path consisting of one vertex in A is an exceptional cover. So we will
assume that s,t > 1. We say that C'is close to antidirected if it contains an antidirected subpath
of length 500e3n.

Case 2.1: C is close to antidirected.

If there is an edge e € E(T,B) U E(B,S) U E(S,A) U E(A,T) then we are able to find an
exceptional cover in the graph Gy.y. We illustrate how to do this when e = #1071 € E(T, B), the
other cases are similar. Since C' is close to but not antidirected, it follows that C' contains a
path P of length 500e3n which is antidirected except for the initial two edges which are oriented
consistently. Let s; € S. If the initial edge of P is a forward edge, let P’ be the subpath of P
consisting of the first three edges of P and find a copy (P')¢ of P’ in G of the form A{s;}BA. If
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the initial edge of P is a backward edge, let P’ consist of the first two edges of P and let (P')¢
be a backward path of the form B{s;}A. Let P” be the subpath of P formed by removing from
P all edges in P'. Let 2% € A be the final vertex of (P)%. Set Sp := S\ {s1}, Tg:= T\ {t:}
and Sg, T4 := (. Let Py, P», P3 be a useful tripartition of P”. As in Case 1, let Ly denote the
oriented path of length two whose second vertex is a source. Let L C P» be a link which is
isomorphic to Ly and map L to a path LY of the form BT A which uses the edge t1b;. We use
Proposition 6.4 to find a copy (P")% of P" which uses L, covers S4 U Tp and whose initial
vertex is mapped to &. Moreover, the final vertex of P" is mapped to AU B and (P")¢ has
s4 = s — 1 repeated As and tg = t — 1 repeated Bs. Let PY be the path (P')“ U (P")%.
Then P¢ satisfies (EC1) and we may assume that (EC2) holds, by adding a vertex in A as a
new initial vertex and/or final vertex if necessary. The repeated As and Bs in P¢ are precisely
the repeated As and Bs in (P")%. Therefore, (3) implies that (EC3) holds and P® forms an
exceptional cover.

Let us suppose then that E(T, B)JUE(B, S)UE(S, A)JUE(A,T) isempty. If S = {s1},T = {t1}
then, since (50(G) > n/2, G must contain the edge s1t; and edges a1s1, b1t for some a; € A,b; €
B. Since C is not antidirected but has many sink vertices we may assume that C' contains a
subpath P = (uvzyz) where wv,vz,yx € E(C). We use the edges a;s1, s1t1,bit1, as well as an
additional AB- or BA-edge, to find a copy P® of P in G of the form ASTBA. The path P¢
forms an exceptional cover.

If s=t=2and e(S) =e(T) =2, we find an exceptional cover as follows. Write S = {s1, s2},
T = {t1,t2}. We have that s;s5,t;t; € E(G) for all i # j. Note that C' is not antidirected, so
C must contain a path of length six which is antidirected except for its initial two edges which
are consistently oriented. Suppose first that the initial two edges of P are forward edges. Let
a1 € A be an inneighbour of s;. Note that s has an inneighbour in 7', without loss of generality
t1. Let by € B be an inneighbour of ¢t and as € A be an outneighbour of ;. We find a copy pP¢
of P which has the form ASSTTBA and uses the edges aisi, $182,t182, t1ta, bite, bias, in this
order. If the initial two edges of P are backward, we instead find a path of the form ATTSSBA.
Note that in both cases, PY satisfies (EC1) and (EC2). P% has no repeated As and Bs and (3)
implies that (EC3) holds. So P“ forms an exceptional cover.

So let us assume that s,¢ > 2 and, additionally, e(S) + e(T") < 4 if s = 2. There must exist
two disjoint edges e; = t151, ea = sata where 51,892 € S and t1,ts € T (since 6°(G) > n/2 and
E(T,B)UE(B,S)UE(S,A)UE(A,T) = (). We use these edges to find an exceptional cover
as follows. We let Sy := S\ {s1,s2}, Tp := T \ {t1,t2}, sa :=|Sa| and tp := |T|. We use e;
and ey to find an antidirected path P which starts with a backward edge and is of the form

At 51V A(B * AS4A)*AB * B{ss}{t2) B(A x BT B)*® A.

The length of P% is less than 500e3n. So, as C'is close to antidirected, C' must contain a subpath
isomorphic to P¢. We claim that P% is an exceptional cover. Clearly, P¢ satisfies (EC1) and
(EC2). For (EC3), note that P® contains an equal number of repeated As and repeated Bs.
Then (3) implies that |[B NV (P%)| = |[ANV(PY)| + 1.

Case 2.2: C is far from antidirected.

Recall that @ is a subpath of C' of length at most e4n containing at least ,/e3n sink vertices.
Let ©Q be a maximum collection of sink vertices in @) such that all vertices in Q are an even
distance apart, then |Q| > |/e3n/2. Partition the path @ into 11 internally disjoint subpaths
so that @ = (PiP{PyPy ... PsP.Ps) and each subpath contains at least 300e3n elements of Q.
Note that each P/ has length greater than 500e3n and so is not antidirected, that is, each P/

must contain a consistently oriented subpath P! of length two. At least three of the P/ must
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form a consistent set. Thus there must exist ¢ < j such that do(P/’, P) is even and {F;’, P’} is
consistent. We may assume, without loss of generality, that P;’, P’ are forward paths and that
the second vertex of P; is in Q. Let P be the subpath of () whose initial vertex is the initial
vertex of P; and whose final vertex is the final vertex of PJ{’ )

We will find an exceptional cover isomorphic to P as follows. Choose s;1 € S and t; € T
arbitrarily. Set Sq := S\ {s1} and T := T \ {t1}. Map the initial vertex of P to A. We find a
copy of P which maps each vertex in S4 to a sink vertex in P; and each vertex in Tz to a sink
vertex in Pj. If do(P;, P') is even, P is mapped to a path L’ of the form A{si}B and P} is
mapped to a path L” of the form B{t;}A. If dc(F;, P/’) is odd, P/ is mapped to a path L’ of
the form B{t1}A and P is mapped to a path L” of the form A{s1}B. Thus, if dc(F;, P/') is
even, we obtain a copy PY which starts with a path of the form A(B*AS74A)’ABx A, then uses
L’ and continues with a path of the form B x B(A * BTgB)'? A * B. Finally, the path uses L”.
The case when d¢(P;, P) is odd is similar. (EC1) holds and we may assume that (EC2) holds
by adding one vertex to P if necessary. Note that P¢ contains an equal number of repeated As
and Bs, so (3) implies that (EC3) holds and P is an exceptional cover. O

We now use Proposition 6.3 and Lemma 6.5 to prove Lemma 6.1.

Proof of Lemma 6.1. Let P be an exceptional cover of G of length at most 21e4n, guaranteed
by Proposition 6.3 or Lemma 6.5. Let

X={veA: dE(v) <n/2—egnordg(v) <n/2—e3n} and
Y:={veB:dj(v)<n/2—esnord,(v) <n/2—esn}.

(Q4) and (Q5) together imply that | X UY| < 2e3n. Together with (Q3), this allows us to cover
the vertices in X UY by any orientation of a path of length at most e4n. So we can extend P
to cover the remaining vertices in X UY (by a path which alternates between A and B). Let
P’ denote this extended path. Thus |P’| < 22e4n. Let z and y be the endvertices of P’. We
may assume that z,y € A\ X. Let A" := (A\V(P"))U{z,y} and B’ := B\ V(P’) and consider
G’ := G[A', B']. Note that |A'| = |B’| + 1 by (EC3) and

§9(@") > n/2 — esn — 22e4n > (7|B'| 4 2)/8.

Thus, by Proposition 4.2(ii), G’ has a Hamilton path of any orientation between z and y in G.
We combine this path with P’, to obtain a copy of C. O

7. G 1S ABST-EXTREMAL
In this section we prove that Theorem 1.2 holds for all ABST-extremal graphs.

Lemma 7.1. Suppose that 1/n < ¢ € 1 < 1 < 7 K 1. Let G be a digraph on n vertices
with §°(G) > n/2 and assume that G is ABST-extremal. If C is any orientation of a cycle on
n vertices which is not antidirected, then G contains a copy of C.

We will again split the proof into two cases, depending on how many changes of direction C
contains. The following lemma allows us to find an exceptional cover (defined in Section 6.1)
when C is close to consistently oriented. Recall that a long run is a consistently oriented path
of length 20.
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Lemma 7.2. Suppose 1/n € ¢ € 61 K g3 K 1 < 7 K 1. Let G be a digraph on n vertices
with §°(G) > n/2. Suppose A, B,S,T is a partition of V(G) satisfying (R1)-(R10). Let C be
an oriented cycle on n vertices. If o(C) < ean, then G has an exceptional cover P such that
|[V(P)N (AU B)| < 2nin.

Proof. Let s* := s —eyn and d := b — a. Define S’ C S to consist of all vertices z € S
with dj, ¢(z) > b+ s —e'/3n and dy 4() > a + s — e'/3n. Define 7" C T similarly. Note that
IS\ S|, T\ T'| <ein by (R9) and (R10).

We may assume that the vertices of C are labelled so that the number of forward edges is at
least the number of backward edges. Let Q C C' be a forward path of length two, this exists since
0(C) < egn. If C is not consistently oriented, we may assume that @ is immediately followed
by a backward edge. Define e1,e9,e3 € E(C) such that do(e1,Q) = s*, do(Q,e2) = s* + 1,
do(Q,e3) = 2. Let Py := (e1Ces).

If at least one of ey, ez is a forward edge, define paths Pr and Pg of order s* so that Py =
(e1 PrQPses). In this case, map @Q to a path Q¥ in G of the form T'AS’. If e; and ey are both
backward edges, our choice of () implies that eg is also a backward edge. Let Pr and Pg be
defined so that Py = (e1 PrQesPses). So |Pr| = s* and |Ps| = s* — 1. In this case, map (Qes3)
to a path Q¢ of the form T'ABS'.

Let pr := |Pr| and pg := |Ps|. Our aim is to find a copy P§ of Py which maps Ps to G[S5]
and Pr to G[T]. We will find P§’ of the form F' as given in Table 1. Let M be a set of d + 1

e1 forward forward backward backward
€9 forward backward forward backward

F | B(T)PTA(S)PsB | B(T)PTA(S)PSA | A(T)PTA(S)PsB | A(T)PT AB(S)Ps A
TABLE 1. Proof of Lemma 7.2: POG has form F'.

edges in E(T, BUS)U FE(B, S) guaranteed by Proposition 5.6. We also define a subset M’ of M
which we will use to extend POG to an exceptional cover. If e, es are both forward edges, choose
M’ C M of size d. Otherwise let M’ := M. Let d’ := |M'|. Let M] be the set of all edges in
M’ which are disjoint from all other edges in M’ and let d} := |Mj|. So M'\ M] consists of
(d' —dy)/2 =: d, disjoint consistently oriented paths of length two.

We now fix copies €{ and e of e; and es. If e1 is a forward edge, let ¢ be a BT'-edge,
otherwise let e? be a T’ A-edge. If ey is a forward edge, let eg; be a S’'B-edge, otherwise let
e be an AS’-edge. Let t; be the endpoint of €’ in 7", s be the endpoint of €§ in S’ and let
to € T" and s; € S’ be the endpoints of Q¢. Let v be the final vertex of 62G and let X € {A, B}
be such that v € X.

We now use (R5), (R6), (R9) and (R10) to find a collection P of at most 3e1n+ 1 consistently
oriented paths which cover the edges in M’ and the vertices in S\ S” and T'\ 7”. P uses each
edge e € M in a forward path P, of the form B(S U T)’/B for some 1 < j < 4 and P uses each
path in M’ \ M in a path of the form B(SUT)/B(SUT)J B for some 1 < j, j' < 4. The paths
P, are pairwise disjoint. The remaining vertices in S\ S’, T'\ T” are covered by disjoint forward
paths in P of the form A(S)’B or B(T)’ A, for some 1 < j < 3. Let $” C S\ (V(P) U {s1,52})
and 7" C T\ (V(P) U {t1,t2}) be sets of size at most 2e9n so that |S”| + ps =[S\ V(P)| and
IT"| + pr = |T \ V(P)|. Note that S” C 5" and T” C T’. So we can cover the vertices in S”
by forward paths of the form ASB and we can cover the vertices in T” by forward paths of the
form BT A. Let P’ be a collection of disjoint paths thus obtained. Let P; be the subpath of
order n?n following Py on C. Note that Pj contains at least \/€2n disjoint long runs. Each path
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in P U P’ will be contained in the image of such a long run. So we can find a copy P of Py
starting from v which uses P U P’ and has the form

X*AXlXQXd/IYIYQYdIQZIZQZgB*Y

for some ¢ > 0 and Y € {A, B}, where X; € {B(SUT)BxA:1<j<4},Y;, € {B(SU
TYB(SUT)Y B A:1<j,j <4} and

Z; € {BA(SUT)YB* A, B(SUT)AxA:1<j<3}.

Let §* be the set of uncovered vertices in S together with the vertices si,so and let T* be
the set of uncovered vertices in 7" together with ¢; and to. Write Gg := G[S*| and Gr := G[T™].
Now 8°(Gr) > t — \/ean > 7|Gr|/8 and so Gr has a Hamilton path from #; to t» which is
isomorphic to Pr, by Proposition 4.2(i). Similarly, we find a path isomorphic to Pg from s; to
s9 in Gg. Altogether, this gives us the desired copy P{’ of Py in G. Let P¢ := PS¢ PF.

We now check that P¢ forms an exceptional cover. Clearly (EC1) holds and we may assume
that P“ has both endvertices in A (by extending the path if necessary) so that (EC2) is also
satisfied. For (EC3), observe that PX contains exactly d} + 2d, = d’ repeated Bs, these occur
in the subpath of the form X;Xs. ..Xd/1Y1Y2 ) ..Yd/2 covering the edges in M’'. If e; and eg

are both forward edges, then, consulting Table 1, we see that POG has no repeated As and
that there are no other repeated As or Bs in PY. Recall that in this case d’ = d, so (3) gives
|B\V (P%)|—=|A\V(P%)| = d—d'+1 = 1. If at least one of ey, e5 is a backward edge, using Table 1,
we see that there is one repeated A in POG and there are no other repeated As or Bs in P¢. In
this case, we have d’ = d+1, so (3) gives |B\V(P%)|—|A\V(PY)| = d—d' +1+1 = 1. Hence P%
satisfies (EC3) and forms an exceptional cover. Furthermore, |[V(P%) N (AU B)| < 2n?n. O

In Lemma 7.4, we find an exceptional cover when C contains many sink vertices. The proof
will use Proposition 6.4 and the following result which allows us to find short AB- and B A-paths
of even length. We will say that an AB- or BA-path P in G is useful if it has no repeated As
or Bs and uses an odd number of vertices from SUT.

Proposition 7.3. Suppose 1/n < ¢ < e1 < m < 7 K 1. Let G be a digraph on n vertices
with 6°(G) > n/2. Suppose A, B,S,T is a partition of V(G) satisfying (R1)-(R10). Let Ly and
Lo be oriented paths of length eight. Then G contains disjoint copies Lf and LQG of L1 and Lo
such that each LZ-G is a useful path. Furthermore, we can specify whether LZG is an AB-path or
a BA-path.

Proof. Define S’ C S to be the set consisting of all vertices z € S with dg?(x) > mn/2. Define
T'" C T similarly. Note that |S\S'[,|T\T'| < e1n by (R9) and (R10). We claim that G contains
disjoint edges e, f € E(BUT,S")UE(AUS,T"). Indeed, if a+ s < n/2 it is easy to find disjoint
e,f € E(BUT,S"), since §°(G) > n/2. Otherwise, we must have a + s = b+t = n/2 and so
each vertex in S’ has at least one inneighbour in B U T and each vertex in 7" has at least one
inneighbour in AU S. Let G’ be the bipartite digraph with vertex classes AU S and BUT and
all edges in E(BUT,S")UE(AUS,T"). The claim follows from applying Koénig’s theorem to
the underlying undirected graph of G’.

We demonstrate how to find a copy L of L; in G which is an AB-path. The argument
when L{ is a BA-path is very similar. L§ will have the form A x B(T)*(S)(T)*A + B or
Ax A(T) (S (T)*B * B, for some i, j, k > 0 such that i + j + k is odd. Note then that L will
have no repeated As or Bs.
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First suppose that L; is not antidirected, so L; has a consistently oriented subpath L’ of
length two. We will find a copy of Lj, using (R9)—(R10) to map L’ to a forward path of the
form ASB or BT A or a backward path of the form BSA or ATB. More precisely, if L’ is a
forward path, let L{' be a path of the form A * ASB % B if dc(L1,L') is even and a path of
the form A * BTA x B if do(Ly, L) is odd. If L’ is backward, let L' be a path of the form
Ax ATB * B if dc(L1, L) is even and a path of the form A« BSA x B if do(Ly, L) is odd.

Suppose now that L is antidirected. We will find a copy Lf of L1 which contains e. If
e € E(B,S"), we use (R9) and the definition of S’ to find a copy of L; of the following form. If
the initial edge of L, is a forward edge, we find L{ of the form A(S)3B x B. If the initial edge
is a backward edge, we find L§ of the form AB(S)3A x B. If e € E(A,T") we will use (R10)
and the definition of 7" to find a copy of L; of the following form. If the initial edge of L; is
a forward edge, we find L§ of the form A(T)?B  B. If the initial edge is a backward edge, we
find LY of the form AB(T)*A x B.

If L; is antidirected and e € E(T,S"), we will use (R6), (R9), (R10) and the definition of S’
to find a copy of Li containing e. If the initial edge of L; is a forward edge, find Lf of the form
AB(S)%(T)*"'A * B, where 1 < h < 2. If the initial edge is a backward edge, find L{ of the
form A(T)?"~1(S8)2B * B, where 1 < h < 2. Finally, we consider the case when e € E(S,T").
If the initial edge of L is a forward edge, we find L{ of the form AB(S)?*~1(T)2A % B, where
1 < h < 2. If the initial edge of L; is a backward edge, we find L{ of the form A(T)?(S)?"~!BxB,
where 1 < h < 2.

We find a copy LS of Ly (which is disjoint from L§) in the same way, using the edge f if Lo
is an antidirected path. O

Lemma 7.4. Suppose 1/n € ¢ € £] € g9 K 1 K 7 K 1. Let G be a digraph on n vertices
with 8°(G) > n/2. Suppose A, B, S, T is a partition of V(G) satisfying (R1)-(R10). Let C be an
oriented cycle on n vertices which is not antidirected. If o(C) > ean, then G has an exceptional
cover P such that |V (P)N (AU B)| < bean.

Proof. Let d := b — a. Define S’ C S to be the set consisting of all vertices x € S with
df(z) > mn/2 and define 7" C T similarly. Let S” := S\ §’ and 7" := T\ T'. Note that
|S”],]T"| < ein by (R9) and (R10). By (R5), all vertices = € S” satisfy d(z) > min/2 or
d5(z) > mn/2 and, by (R6), all x € T” satisfy d}(x) > mn/2 or dg(x) > mn/2. In our proof
below, we will find disjoint sets S4, S C S and T4, Tp C T of suitable size such that

(4) dy(z) >mn/2 for all z € Sy and df(z) > mn/2 for all z € Sg;
(5) dg(z) > mn/2 for all x € T and dfj(z) > mn/2 for all z € Ty.

Note that (R9) implies that all but at most e;n vertices from S could be added to S4 or Sp
and satisfy the conditions of (4). Similarly, (R10) implies that all but at most e1n vertices in T
are potential candidates for adding to T4 or T so as to satisfy (5). We will write s4 := [S4],
sp = |Sp|, ta :=|T4| and tp := |Tg]|.

Let s* := s — [ /ein] and let £ := 2[ean]| — 1. If C contains an antidirected subpath of length
£, let Q2 denote such a path. We may assume that the initial edge of Q)2 is a forward edge by
reordering the vertices of C' if necessary. Otherwise, choose Q2 to be any subpath of C' of length
£ such that o contains at least 6}/ %1 sink vertices and the second vertex of Q)2 is a sink. Let Q)1
be the subpath of C' of length ¢ such that do(Q1,Q2) = 2s* + ¢. Note that if @)1 is antidirected
then ()2 must also be antidirected. Let eq, eo be the final two edges of )1 and let fi, fo be the
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initial two edges of Q2 (where the edges are listed in the order they appear in 1 and @, i.e.,
(e1e2) € Q1 and (f1f2) C @Q2). Note that fi is a forward edge and f, is a backward edge.

Let @' be the subpath of C of length 14 such that do(Q’, Q2) = s*. If Q' is antidirected, let
Q be the subpath of @’ of length 13 whose initial edge is a forward edge. Otherwise let Q C @Q’
be a consistently oriented path of length two. We will consider the three cases stated below.

Case 1: Q1 and Q2 are antidirected. Moreover, {ea, f1} is consistent if and only if n is even.

We will assume that the initial edge of @) is a forward edge, the case when @ is a backward
path of length two is very similar. We will find a copy Q¢ of Q which is a T"S’-path. If Q
is a forward path of length two, map Q to a forward path Q¢ of the form T'AS’. If Q is
antidirected, we find a copy Q¢ of Q as follows. Let Q" be the subpath of @Q of length eight
such that do(Q, Q") = 3. Recall that a path in G is useful if it has no repeated As or Bs and
uses an odd number of vertices from S U T. Using Proposition 7.3, we find a copy (Q”) of Q"
in G which is a useful AB-path. We find Q¢ which starts with a path of the form 7"ABA, uses
(Q")% and then ends with a path of the form BAS’. Let gs and gr be the numbers of interior
vertices of Q¢ in S and T, respectively.

If n is even, let e := ey and, if n is odd, let e := e;. In both cases, let f := f;. The
assumptions of this case imply that e and f are both forward edges. Let P := (Q1CQ2) and
let Py and Pg be subpaths of C' which are internally disjoint from e, f and ) and are such that
(eCf) = (ePrQPsf). Our plan is to find a copy of Pr in G[T] and a copy of Ps in G[S]. Let
pr = |Pr| and pg := |Ps|. If @ is a consistently oriented path we have that ¢g,qr = 0 and
ps +pr = do(e, f) — 1. If Q is antidirected, then gs + gr is odd and pg + pr = de(e, f) — 12.
So in both cases we observe that

(6) ps+pr+as+qr =dole, f)—1=n mod 2.

Choose S4,Sp,Ta, T to satisfy (4) and (5) so that S\ V(Q®) C S4USp, T" \ V(Q%) C
TAUTg, s=8a+sp+ps+qs,t=ta+tp+pr+qrand sy +ts+d=sp—+tg. To see that
this can be done, first note that the choice of s* implies that s — pg — gs > \/e1n/2 > |S"| +d
and t —pr —qr > /en/2 > |T"|+d. Let r := s+t — (ps +pr+qs +qr). So r is the number of
vertices in S UT which will not be covered by the copies of Pr, Pg or Q. Then (6) implies that

r=s+t—n=d mod 2.

Thus we can choose the required subsets S4,Sp,T4,Tp so that s4 +t4 = (r — d)/2 and
sp+tp = (r+d)/2. Note that (R3) and the choice of s* also imply that sa+sp,ta+tp < 2\/e1n.

Recall that @ is antidirected. So we can find a path (Q1e)“ isomorphic to (Qie) which
covers the vertices in T4 by source vertices and the vertices in T by sink vertices. We choose
this path to have the form

X x A(BATAA x A)'A(BTgB * A)'" B x BT,

where X € {A, B}. Observe that (Q1e)” has t4 repeated As and tp repeated Bs. Find a path
QQG isomorphic to Q2 of the form

S'B x A(BASAA x A)*A(BSpB « A)*:B « B

which covers all vertices in S4 by sink vertices and all vertices in Sg by source vertices. QQG has
s repeated As and sp repeated Bs. If () is backward, the main difference is that we let e := e
if n is even and let e := ey if n is odd. We let f := f5 so that e and f are both backward edges
and we map @ to a backward path Q% of the form 7'BS’. Then (6) holds and we can proceed
similarly as in the case when @ is a forward path.
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We find copies of Pr in G[T'] and Ps in G[S'] as follows. Greedily embed the first /z21n
vertices of Pr to cover all uncovered vertices z € T’ with df(z) < t —e'/3n or dj(z) < t—e/n.
Note that, by (R10), there are at most e1n such vertices. Write Pj. C Pr for the subpath still
to be embedded and let ¢; and t5 be the images of its endvertices in T'. Let T denote the sets
of so far uncovered vertices in 7' together with ¢; and ¢2 and define Gp := G[T™*]. We have that
§0(Gr) > t —e'/3n — 3,/61n > 7|Gr|/8, using (R2), and so we can apply Proposition 4.2(i)
to find a copy of Pj. in Gr with the desired endpoints. In the same way, we find a copy of
Ps in G[S]. Together with Q%, (Q1e)® and QY, this gives a copy P“ of P in G such that
[V(PY)N (AU B)| < 5ean.

The path P% satisfies (EC1) and we may assume that (EC2) holds, by extending the path
by one or two vertices, if necessary, so that both of its endvertices lie in A. Let us now verify
(EC3). All repeated As and Bs in P are repeated As and Bs in the paths (Q1e)® and QY. So
in total, PC has s4 +t4 repeated As and sp + tp repeated Bs. Then (3) gives that PG satisfies

IB\V(PY)| — |[A\V(PY)|=d— (sp+tB)+ (sa+ta) +1=1
So (EC3) is satisfied and P¢ is an exceptional cover.

Case 2: There ezists e € {e1,ea} and f € {f1, fa} such that{e, f} is consistent and n—dc (e, f)
is even.

Let v be the final vertex of f. Recall the definitions of a useful tripartition and a link from
Section 6. Consider a useful tripartition Py, Py, P3 of (vQ2) and let Q1, Q2, Q3 be a sink/source
set. Let L C P, be a link of length eight such that do(v, L) is even. If @ is a consistently
oriented path, use Proposition 7.3 to find a copy LY of L which is a useful BA-path if e is
forward and a useful AB-path if e is backward. Map Q to a path Q¢ of the form 77AS’ if Q is a
forward path and T"BS’ if Q) is a backward path. If Q is antidirected, let Q" be the subpath of
Q of length eight such that do(Q, Q") = 3. Using Proposition 7.3, we find disjoint copies (Q”)“
of Q" and L® of L in G such that (Q")¢ is a useful AB-path and L® is as described above. We
find Q¢ which starts with a path of the form 7" ABA, uses (Q")¢ and then ends with a path of
the form BAS'. Let qg be the number of interior vertices of Q¢ and LE in S and let g be the
number of interior vertices of Q¢ and L in T. Note that in all cases, Q% is a T"S’-path with
no repeated As or Bs.

Let P := (eCQ2) and let Py := (eC'f). Define subpaths Pr and Pg of C which are internally
disjoint from @, e, f and are such that Py = (ePrQPsf). Let pr := |Pr| and pg := |Pg|. Our
aim will be to find a copy P§’ of Py which uses Q¢ and maps Pr to G[T] and Ps to G[S]. P§
will have the form F given in Table 2. We fix edges e“ and f¢ for e and f. If e is a forward
edge, then choose €“ to be a BT"-edge and f¢ to be an S’B-edge. If e is a backward edge, let
e be a T'A-edge and f& be an AS’-edge. We also define a constant d’ in Table 2 which will
be used to ensure that the final assignment is balanced. So, if 74 and rp are the numbers of

Initial edge of @ forward forward backward backward
e forward backward forward backward
F BTPr ASPSB | ATPT ASPSA | BIPTBSPSB | ATPTBSPS A
d d d+2 d—2 d

TABLE 2. Proof of Lemma 7.4, Cases 2 and 3: POG has form F', where A denotes
an A-path with no repeated As or Bs.

repeated As and Bs in POG respectively, we will have r4 —rgp = d' — d.
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Note that
(7) pr+ps+ar+qs =de(e, f) =n mod 2.

The number of vertices in S U T which will not be covered by P{’ or LY is equal to r :=
s+t — (pr + ps +qr + qs) and (7) implies that

r=s+t—-n=d=d mod 2.

Also note that the choice of s* implies that s — pg —qs > /e1n/2 > |S"|+d and t — pr — qr >
VEin/2 > |T"| + d. Thus we can choose sets Sa,Sp,Ta,Tp satisfying (4) and (5) so that
SM\V(QYULE) C S4uSp, T"\V(QYULY) C TaUTp, s = sa+sp+ps+qs, t = ta+tp+pr+ar
and sq4 +t4+d = sp+tp. (R3) and the choice of s* imply that s4 + sp,t4 +tp < 2,/e1n.
Recall that v denotes the final vertex of f and let v“ be the image of v in G. If v& € A (i.e.,
if e is backward), let v’ := v and (/)¢ := v¥. If v¥ € B, let v/ denote the successor of v on
C. If v’ € E(C), map v’ to an outneighbour of v“ in A and, if v'v € E(C), map v’ to an
inneighbour of v in A. Let (v/)¢ be the image of v'. Then we can apply Proposition 6.4, with
2\/z1,m/2,7/2, (v')¢ playing the roles of &,7, 7, a1, to find a copy (v'Q2)“ of (v'Q2) which starts
at (v)%, covers Sa,Sp,Ta,Tp and contains LE. Note that we make use of (4) and (5) here.
We obtain a copy (vQ2)¢ of (vQ2) (by combining v%(v/)¢ with (v/Q2)Y if v/ # v) which has
sA +ta repeated As and sp + tp repeated Bs.

We find copies of Pr in G[T] and Pg in G[S] as in Case 1. Combining these paths with
(vQ2)%, e, Q¢ and f¢, we obtain a copy P® of P in G such that |[V(P%) N (AU B)| < 3ean.
The path P¢ satisfies (EC1) and we may assume that (EC2) holds, by extending the path if
necessary to have both endvertices in A. All repeated As and Bs in P% occur as repeated As
and Bs in the paths P and (vQ2)% so we can use (3) to see that

IB\V(P)| = |[A\V(PY)|=d— (sp+tg)+(d —d)+ (sa+ta) +1=1
Therefore, (EC3) is satisfied and P is an exceptional cover.

Case 3: The assumptions of Cases 1 and 2 do not hold.

Recall that f; is a forward edge and fy is a backward edge. Since Case 2 does not hold, this
implies that eg is a forward edge if n is even (otherwise e := ey and f := fy would satisfy the
conditions of Case 2) and ey is a backward edge if n is odd (otherwise e := eg and f := f; would
satisfy the conditions of Case 2). In particular, since Case 1 does not hold, this in turn implies
that @1 is not antidirected. We claim that @ \ {e2} is not antidirected. Suppose not. Then it
must be the case that {e;, ez} is consistent. If e; and ey are forward edges (and so n is even),
then e := e; and f := f; satisfy the conditions of Case 2. If e; and es are both backward edges
(and so n is odd), then e := e; and f := f satisfy the conditions of Case 2. Therefore, Q1 \ {e2}
is not antidirected and must contain a consistently oriented path Q) of length two.

Let e := eo. If n is even, let f := f; and, if n is odd, let f := f5. In both cases, we have
that {e, f} is consistent. Let P := (Q]CQ2) and Py := (ePf). Let Pp and Pg be subpaths of C
defined such that Py = (ePrQPsf). Set pr := |Pr| and pg := |Pg|. Our aim is to find a copy
POG which is of the form given in Table 2. We also define a constant d’ as in Table 2. So if r4
and rpg are the numbers of repeated As and Bs in POG respectively, then again r4 —rg = d' —d.

Let v be the final vertex of f. Consider a tripartition Py, Ps, P3 of (vQ2) and a link L C Py of
length eight such that do (v, L) is even. Proceed exactly as in Case 2 to find copies Q% and L¢
of Q and L. Use (R4), (R9) and (R10) to fix a copy (Q}Ce)% of (Q}Ce) which is disjoint from
Q% and LY and is of the form given in Table 3. Note that the interior of (Q}Ce)“ uses exactly
one vertex from S UT and (Q}Ce)® has no repeated As or Bs. Write (Q})¢ for the image of



ARBITRARY ORIENTATIONS OF HAMILTON CYCLES IN DIGRAPHS 29
Q) forward forward backward | backward
dco(Q),e) odd even odd even

Form of (Q|Ce)® | BTAx BT' | ASB* BT' | BSAx BT' | ATB BT’

if e is forward
Form of (QCe)®

if e is backward
TABLE 3. Form of (Q}Ce)“ in Case 3.

ASBx AT' | BTAx AT' | ATB « AT' | BSA x AT’

Q). We also fix an edge f¢ for the image of f which is disjoint from Q%, L% and (Q}Ce)¢ and
is an S’ B-edge if e is forward and an AS’-edge if e is backward. Let ¢g be the number of interior
vertices of Q¢, L& and (Q’l)G in S and let g7 be the number of interior vertices of Q¢, L% and
(Q))F in T.

Note that ps+pr—+qs—+qr = dc(e, f)—1 =n mod 2. Using the same reasoning as in Case 2,
we find sets Sa, Sp, Ta, T satisfying (4) and (5) such that S”\V(QFULYU(Q})%) C SaUSB,
T'"\V(QYULE U(Q)¥) CTaUTE, s = sa+sp+ps+4qs, t =ta+tg+pr+qgrand
sa+ta+d = sp+tp. (R3) and the choice of s* imply that s4,t4,58,tp < 2\/E1n. Recall
that v denotes the final vertex of f. Similarly as in Case 2, we now use Proposition 6.4 to find
a copy (vQ2)Y of (vQ2) which covers S4, S, T4, Tp, contains L& and has s + t4 repeated As
and sp + tp repeated Bs.

We find copies of Pr in G[T] and Ps in G[S] as in Case 1. Together with (Q,Ce)%, Q%, f¢
and (vQ2)%, these paths give a copy P of P in G such that |[V(P%) N (AU B)| < 5ean. The
path P¢ satisfies (EC1) and we may assume that (EC2) holds, by extending the path so that
both endvertices lie in A if necessary. All repeated As and Bs in P occur as repeated As and
Bs in the paths P and (vQ2)Y, so we can use (3) to see that

IB\ V(P9 = A\ V(P)|=d—(sp—tg) —(d—d')+ (sa+ts)+1=1.

So (EC3) is satisfied and P% is an exceptional cover. O

We now use this exceptional cover to find a copy of C' in G.

Proof of Lemma 7.1. Apply Lemma 7.2 or Lemma 7.4 to find an exceptional cover P of
G which uses at most 2nin vertices from A U B. Let P’ be the path of length \/zin following
P on C. Extend P by a path isomorphic to P’, using this path to cover all z € A such
that d5(z) < b—e'/3n or dg(z) < b—¢'/3n and all 2 € B such that df(z) < a —"/?n or
d,(z) < a—e'/3n, using only edges in E(A, B)UE(B, A). Let P* denote the resulting extended
path.

We may assume that both endvertices ay, as of P* are in A and also that dﬁ(ai) >p—el/3p
(by extending the path if necessary). Let A*, B* denote those vertices in A and B which have
not already been covered by P* together with a; and ay and let G* := G[A*, B*]. We have that
|A*| = |B*| + 1 and §°(G*) > a — 3n3n > (7|B*| + 2)/8. Then G* has a Hamilton path of any
orientation with the desired endpoints by Proposition 4.2(ii). Together with P*, this gives a
copy of C'in G. O
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