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ABSTRACT. The iterative absorption method has recently led to major progress in the area of
(hyper-)graph decompositions. Amongst other results, a new proof of the Existence conjecture
for combinatorial designs, and some generalizations, was obtained. Here, we illustrate the
method by investigating triangle decompositions: we give a simple proof that a triangle-divisible
graph of large minimum degree has a triangle decomposition and prove a similar result for quasi-
random host graphs.

1. INTRODUCTION

1.1. Steiner triple systems and the decomposition threshold. A famous theorem of
Kirkman [21] from 1847 states that a Steiner triple system of order n exists if and only if
n =1,3 mod 6. Here, a Steiner triple system of order n is a collection of 3-subsets of [n] such
that every 2-subset of [n] is contained in exactly one of the 3-sets. More generally, given graphs
G and F, we say that G has an F'-decomposition if its edge set can be partitioned into copies
of F. Clearly, a Steiner triple system of order n is equivalent to a Ks-decomposition of K.
Observe that if a graph G admits a K3-decomposition, then the number of edges of G must be
divisible by 3, and all the vertex degrees of G must be even. We say that G is K3-divisible if it
has these properties. Clearly, not every Ks-divisible graph has a K3-decomposition (e.g. Cg).
In fact, to decide whether a given graph has a K3-decomposition is NP-hard [7]. However, the
following beautiful conjecture of Nash-Williams suggests that if the minimum degree of G is
sufficiently large, then divisibility is not only necessary but also sufficient for the existence of a
K3-decomposition.

Conjecture 1.1 (Nash-Williams [27]). For sufficiently large n, every Ks-divisible graph G on
n vertices with 6(G) > 3n/4 has a Ks-decomposition.

The following class of extremal examples shows that the bound on the minimum degree would
be best possible. Given any k& € N, let G; and Gy be vertex-disjoint (6k + 2)-regular graphs
with |G1| = |G2| = 12k + 6 and let G3 be the complete bipartite graph between V(G1) and
V(G3). Let G := G1 UG2UGs. (In the standard construction, each of G7 and G5 is a union of
two disjoint cliques of size 6k + 3.) Clearly, 6(G) = 3|G|/4 — 1 and G is K3-divisible. However,
every triangle in G contains at least one edge from G U G3. Since 2¢(G1 U G2) < e(G3), G
cannot have a K3-decomposition.

For n € N, define §(n) as the minimum of all natural numbers d € N such that every Ks-
divisible graph G on n vertices with §(G) > d has a K3-decomposition. Hence, Conjecture 1.1
is equivalent to saying that d(n) < 3n/4 for all sufficiently large n.

The decomposition threshold of K3 is defined as 0, := lim sup,, @. Conjecture 1.1 would
imply that dx, < 3/4 (and equality would hold by the above example). More generally, the
F-decomposition threshold §r can be defined analogously for any (hyper-)graph F' we wish to
decompose into. It is conjectured in [12] that for every graph F', we have ép < 1—1/(x(F)+1)
(but equality does not hold for every F'). This is reminiscent of related results in Extremal
Combinatorics. For example, the Erdés—Stone—Simonovits theorem says that any graph G with

Date: 28th February 2020.

The research leading to these results was partially supported by the European Research Council under
the European Union’s Seventh Framework Programme (FP/2007-2013) / ERC Grant 306349 (S. Glock and
D. Osthus). The research was also partially supported by the EPSRC, grant nos. EP/N019504/1 (D. Kiihn) and
EP/P002420/1 (A. Lo), and by the Royal Society and the Wolfson Foundation (D. Kiihn).



2 B. BARBER, S. GLOCK, D. KUHN, A. LO, R. MONTGOMERY AND D. OSTHUS

e(G) > (1 —-1/(x(F) —1) +0(1))(}) contains F as a subgraph, and a theorem due to Alon and
Yuster states that if 6(G) > (1 — 1/x(F') + o(1))n and |F| divides |G| then G has an F-factor
(again, the latter bound is not optimal for every F, see [24]).

The main application of the iterative absorption method is to turn an approximate decompos-
ition into an exact decomposition. To formalize this, we define the approximate decomposition
threshold 6 to be the infimum of all § € [0,1] with the following property: for all v > 0,
there exists ng € N such that any graph G on n > ng vertices with §(G) > dn contains a
K3-decomposable subgraph H such that A(G — H) < «yn. In this paper, we prove the following
theorem, which reduces the challenge of showing that dx, = 3/4 to showing that §°F < 3/4.
The result itself is already contained in [4]. However, the proof we present here is much simpler
and serves as an illustration as to how to use iterative absorption for decomposition problems.

Theorem 1.2. Let § := max{3/4,5°T}. For all ¢ > 0, there exists ng € N such that every
Ks-divisible graph G on n > ng vertices with §(G) > (§ + €)n has a Ks-decomposition.

In a nutshell, Theorem 1.2 says that dx, < max{3/4,6°"}. Any improvement on the value
of §°F thus immediately improves the value of df,. It follows from results in [6, 14] that
§9% < (7++/21)/14. Together with Theorem 1.2 this implies that 6, < (7++/21)/14 ~ 0.82733.
It would be very desirable to prove that 6°* < 3/4, which would thus give an asymptotic version
of Conjecture 1.1. (We will discuss °F further in Section 1.2.) In order to prove Conjecture 1.1
in full, however, would in addition likely require a stability analysis — a daunting prospect
given the abundance of extremal examples. On the other hand, for decompositions into even
cycles (except of length 6), this has been carried out in [31]. Further results in the spirit of
Theorem 1.2 for decompositions into arbitrary graphs F' were obtained in [4, 12]. In particular,
in [12] 0p is determined for every bipartite graph F', and it is shown that the threshold of cliques
equals its fractional version.

1.2. Fractional decompositions. A successful approach to obtain bounds on 6%t is to take
a detour via fractional decompositions. Let (g) be the set of copies of F' in G. A fractional

F-decomposition of G is a function w: (g) — [0, 1] such that for all e € E(G),

(1.1) > w(F') = 1.

Fe($): ecB(F)

Thus, an F-decomposition is a fractional F-decomposition with image {0, 1}.

We define the fractional decomposition threshold §* of K3 to be the infimum of all 6 € [0, 1]
with the following property: there exists ng € N such that any graph G on n > ng vertices
with §(G) > én has a fractional K3-decomposition. Observe that the extremal example after
Conjecture 1.1 also implies that §* > 3/4.

Haxell and Rodl [14] showed that if G is an n-vertex graph with a fractional F-decomposition,
then all but o(n?) edges of G' can be covered with edge-disjoint copies of F. Note that the
definition of §°F requires a leftover of small maximum degree, whereas this result only provides
a leftover with o(n?) edges. It is however easy to turn such a leftover into one with small
maximum degree (see e.g. Lemma 10.6 in [4]). Thus, 6% < 6*.

Until recently, the best bound on §* was obtained by Dross [8], who showed that ¢* < 0.9,
using an elegant approach based on the max-flow-min-cut theorem. Very recently, Delcourt
and Postle [6] showed that 0* < (7 + v/21)/14 =~ 0.82733. (A slightly weaker bound was
obtained simultaneously by Dukes and Horsley [10].) The best current bound on the fractional
decomposition threshold of larger cliques was proved in [26]. It would be very interesting to
improve these results.

1.3. Quasi-random host graphs. Rather than graphs of large minimum degree, it also makes
sense to consider quasi-random host graphs. A natural notion of quasi-randomness in this
context is that of typicality. Given p,£ > 0 and h € N, an n-vertex graph G is (§, h, p)-typical
if for every set A C V(G) with |A| < h the common neighbourhood of the vertices in A has size



(1+¢ )p‘A|n. Note that a binomial random graph with edge probability p is likely to be typical.
The following result (with h large) was first proved by Keevash [17].

Theorem 1.3. For all p > 0, there exist ng € N and & > 0 such that every (,4,p)-typical
Ks-divisible graph on n > ngy vertices has a Ks-decomposition.

In Section 4, we will outline how the proof of Theorem 1.2 can be adapted to give a proof of
Theorem 1.3.

1.4. Designs. More generally, it is natural to consider these questions for uniform hypergraphs.
In particular, such decompositions give rise to combinatorial designs with arbitrary parameters.
More precisely, let F, H be r-graphs (i.e. r-uniform hypergraphs) and let K denote the complete
r-graph on n vertices. An F-decomposition of H is a collection of copies of F' in H such that
every edge of H is contained in exactly one of these copies. A (g,r, \)-design of H is a collection
of distinct copies of K in H such that every edge of H is contained in exactly A of these copies.
(When A =1 and H = K], these are referred to as Steiner systems.)

The existence of (g, r, A)-designs of K for fixed g, r, A was proved by Keevash [17] (subject to
n satisfying the necessary divisibility conditions). Much more generally, he proved the existence
of (q,r, A)-designs of H, where H is quasi-random (and dense). His proof is based on algebraic
and probabilistic techniques (see [18] for an exposition of the triangle case and [20] for further
discussions).

A new proof (based on iterative absorption) of this result was given in [13]. More gener-
ally, [13] proves the existence of F-designs for arbitrary r-graphs F' and also provides bounds
on the decomposition threshold of Ky as well as more general r-graphs F'. Further results (in-
cluding the existence of resolvable designs and a new proof of the existence of F-designs) were
subsequently proved by Keevash [19].

1.5. Iterative absorption. The main idea of the absorbing technique is quite natural: sup-
pose we want to find some spanning structure in a graph or hypergraph, for instance a perfect
matching, a Hamilton cycle, or an F-factor. In many such cases, it is much easier to find an
‘almost-spanning’ structure, e.g. a matching which covers almost all the vertices. The idea of
the absorbing technique is that before finding the almost-spanning structure we set aside an ab-
sorbing structure which is capable of ‘absorbing’ the leftover vertices into the almost-spanning
structure to obtain the desired spanning structure. Such an approach was introduced system-
atically in the influential paper by Rodl, Ruciriski and Szemerédi [30] to prove an analogue of
Dirac’s theorem for 3-graphs (but goes back further than this, see e.g. the work of Krivele-
vich [23] on triangle factors in random graphs, and the result of Erdés, Gyéarfds and Pyber [11]
on vertex coverings with monochromatic cycles). Since then, the absorbing technique has been
successfully applied to a wealth of problems concerning spanning structures. Of course, the suc-
cess of the approach stands and falls with the ability to find this ‘magic’ absorbing structure.
One key factor in this is the number of possible leftover configurations. Intuitively, the more
possible leftover configurations there are, the more difficult it is to find an absorbing structure
which can deal with all of them. Loosely speaking, this makes it much harder (if not impossible)
to directly apply an absorbing technique for edge-decomposition problems (see e.g. [4, p. 343]
for a back-of-the-envelope calculation).

The ‘iterative absorption’ method overcomes this issue by splitting up the absorbing process
into many steps. In each step, the number of possible leftover configurations is drastically
reduced using a ‘partial absorbing procedure’, until eventually one has sufficient control over the
leftover to absorb it completely in a final absorption step. This approach was first used in [25] to
find Hamilton decompositions of regular robust expanders. An iterative procedure using partial
absorbers was also used in [22] to find optimal Hamilton packings in random graphs (though
strictly speaking this is not a decomposition result). In the context of F-decompositions, the
method was first applied in [4] to find F-decompositions of graphs of suitably high minimum
degree. The results from [4] were strengthened in [12]. Even though the overall proof in [12] is
more involved, the iterative absorption procedure itself is simpler than in [4]. The method has
also been successfully applied to verify the Gyarfas-Lehel tree packing conjecture for bounded
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degree trees [16], as well as to find decompositions of dense graphs in the partite setting [5].
Last but not least, as mentioned in Section 1.4, the method was developed for hypergraphs (and
thus designs) in [13].

1.6. Overview of the argument. At the beginning of the proof we will fix a suitable nested
sequence of vertex sets V(G) = Uy 2D Uy 2 -+ D Uy, which will be called a ‘vortex’ in G. We
then remove an ‘absorber’ A from G, described in more detail below. After the ith step of our
proof we can ensure that the remaining uncovered edges all lie in U;, which is much smaller
than U;_;. We achieve this ‘cover down’ step by first finding an approximate decomposition of
the current leftover, and then carefully covering any remaining edges which do not lie inside U;
(see Lemma 3.8). We can also preserve the relative minimum degree of the leftover graph G;
after the ith iteration, i.e. §(G;[U;]) > (6 + ¢/2)|U;|, which enables us to repeat the iteration.

The final set Uy in the iteration will have bounded size. This immediately implies that there
are only a bounded number of possibilities Li,...,Ls for L. We will construct the absorber A
for L as an edge-disjoint union of ‘exclusive’ absorbers Aj,..., As, where each A; can absorb
L;; that is, both A; and A; U L; have a triangle decomposition for each i € [s]. Then AU L;
clearly has a triangle decomposition for any of the permissible leftovers L;.

We will construct the (exclusive) absorbers in Section 3.1: rather than constructing A; dir-
ectly, we will obtain it as the concatenation of several ‘transformers’ T. The role of T is to
transform L; into a suitable different graph L} (more precisely, both L, UT and T'U L; have a
triangle decomposition). We can then concatenate several such transformers (by taking their
edge-disjoint union) to transform L; into a disjoint union of triangles, which is clearly decom-
posable.

2. PRELIMINARIES

For a graph G, we let |G| denote the number of vertices of G and e(G) the number of edges
of G. We will sometimes identify a graph with its edge set if this enhances readability and does
not affect the argument. For a vertex v € V(G), we write Ng(v) for the neighbourhood of v
and dg(v) for its degree. More generally, for a subset X C V(G), we let dg(z, X) denote the
number of neighbours of z in X. Let G be a graph and let X, Y be disjoint subsets of V(G).
We write G[X] for the subgraph of G induced by X, and G[X,Y] for the bipartite subgraph of
G induced by X, Y. If G is a graph and H is a subgraph of G, then G — H denotes the graph
with vertex set V(G) and edge set E(G) \ E(H).

We write [n] for the set {1,...,n}. The expression a = b+ ¢ means that a € [b—c¢,b+c]. We
write x < y to mean that for any y € (0, 1] there exists an zp € (0,1) such that for all x < x
the subsequent statement holds. Hierarchies with more constants are defined in a similar way
and are to be read from the right to the left. We will always assume that the constants in our
hierarchies are reals in (0, 1]. Moreover, if 1/x appears in a hierarchy, this implicitly means that
x is a natural number. More precisely, 1/x < y means that for any y € (0, 1] there exists an
zo € N such that for all z € N with = > x( the subsequent statement holds.

Let m,n, N € N with max{m,n} < N. Recall that a random variable X has hypergeometric
distribution with parameters N,n,m if X := |S N [m]|, where S is a random subset of [N] of
size n. We write X ~ Bin(n,p) if X has binomial distribution with parameters n,p. We will
often use the following Chernoff-type bound.

Lemma 2.1 (see [15, Corollary 2.3, Remark 2.5, Theorem 2.8 and Theorem 2.10]). Let X be the
sum of n independent Bernoulli random variables or let X have a hypergeometric distribution
with parameters N,n,m. Then the following hold.

(i) For allt >0, P[|X —E[X]|>t] < 2~ 2°/n,

(ii) For all0 <e <3/2, P[X # (1 +¢)E[X]] < 2e~< EIX]/3,

3. PROOF OF THEOREM 1.2

3.1. The final absorbers. In this subsection, we construct the absorbers which will be set
aside initially and then used in the final absorption step. As discussed earlier, our absorbers



will consist of the union of ‘exclusive’ absorbers which can absorb a given graph L. Here L is
a leftover from a previous partial decomposition step (i.e. L plays the role of H; in the proof
overview).

Definition 3.1 (Absorber for L). Given a graph L, an absorber for L is a graph A such that
V(L) C V(A) is independent in A and both A and AU L have a K3-decomposition.

Note that the condition that V(L) is independent in A implies that A and L are edge-disjoint.
Observe that if A is an absorber for L, then in particular, both A and AU L are K3-divisible,
and thus L must be K3-divisible. Conversely, we will show that for any K3-divisible graph L,
there exists an absorber.

To guarantee that we can actually find the constructed absorbers in a given host graph G
of large degree, we will construct absorbers which have low degeneracy. For a graph H and a
subset U C V(H), the degeneracy of H rooted at U is the smallest d € NU {0} such that there
exists an ordering v1, ..., v|g|—y| of the vertices of V/(H) \ U such that for all i € [|H| — |U]],

dH(Ui,UU{Uj 1<y <Z}) <d.
The goal of this subsection is to prove the following lemma.

Lemma 3.2. Let L be any Ks-divisible graph. There exists an absorber A for L such that the
degeneracy of A rooted at V(L) is at most 4.

We construct absorbers as a concatenation of ‘transformers’, whose purpose is, roughly speak-
ing, to transform a given leftover from a ‘partial’ K3-decomposition into a new leftover. The
goal of course is to eventually transform the given leftover L into a new leftover which is Kj3-
decomposable.

Definition 3.3 (Transformer). Given vertex-disjoint graphs L, L', an (L, L')-transformer is a
graph T such that V(L U L") C V(T) is independent in 7" and both T"U L and T'U L’ have a
K3-decomposition.

Note that the condition that V(L U L') is independent in 7" implies that 7" is edge-disjoint
from both L and L'. Observe also that if T" is an (L, L')-transformer and L’ is K3-decomposable,
then A :=T U L’ is an absorber for L.

Given graphs H and H’, a function ¢: V(H) — V(H') is an edge-bijective homomorphism
from H to H' if ¢(x)¢(y) € E(H') for all zy € E(H), and e(H) = e(H') = |[{¢(z)p(y) : xy €
E(H)}|. We write H ~ H' if such a function ¢ exists. More loosely, if H ~» H’ then we can
merge vertices together in H without creating multi-edges to get a copy of H'.

Lemma 3.4. Let L and L' be vertex-disjoint graphs such that L ~ L' and 2 | dp(x) for
all x € V(L). There exists an (L, L")-transformer T' such that the degeneracy of T rooted at
V(L UL is at most 4.

Proof. Let ¢: L — L' be an edge-bijective homomorphism. Since 2 | dy(z) for all z €
V (L), there exists a decomposition C of L into cycles. Note that L’ decomposes into the
graphs {¢(C)}cec. Suppose that we can find a (C, ¢(C))-transformer T¢ for every C' € C such
that the degeneracy of T rooted at V(C' U ¢(C)) is at most 4. We may clearly assume that
V(Te) N V(LU LY = V(CUG(C)) for all C € C and V(Te) N V(Ter) C V(LU L) for all
C,C" € C. It is then easy to see that T := (Joco Tc is an (L, L')-transformer such that the
degeneracy of T rooted at V(L U L') is at most 4.

For the remainder of the proof, we may thus assume that L is a cycle z1zo...z521. We
can then construct 7" as follows. Let {u;,v;,w; : i € [s]} be a set of 3s vertices disjoint from
V(L UL"). The vertex set of T will be V(L U L") U {u;, v;,w; : i € [s]}. Moreover, we define
the following sets of edges (indices modulo s):

E = {xiug, mvi, mawg, Tivie ¢ € [s]};

E' = {o(@i)ui, d(xi)vi, d(wi)wi, d(xi)uirr 0 € [s]};
B = {uv;, wuisy i€ [s]);

E* = {vjw; : i€ [s]}.
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FIGURE 1. A (Cy, C4)-transformer. FIGURE 2. The canonical graph Ly.

Let E(T) := EUE' UE U E* (cf. Figure 1).

We claim that 7" is the desired transformer. Clearly, V(LU L") C V(T) is independent in T
Moreover, to see that the degeneracy of T rooted at V(L U L) is at most 4, order the vertices
of {uj,v;,w; : i € [s]} such that uy,...,us come first. Finally, note that all of E(L) U E'U E*,
E(L'))UFE' UE*, EUE, F'UE have a Ks-decomposition. This implies that both 7'U L and
T U L' have a K3-decomposition. O

We remark that there is a slightly simpler construction of an (L, L')-transformer T' if we
allowed the degeneracy to be 6 (with the effect of obtaining 5/6 instead of the desired 3/4
in Theorem 1.2). Simply add for every edge e € E(L) a vertex z. and join z. to the endvertices
of e and ¢(e). Then, for every vertex x € V(L), add a perfect matching on the vertices
{22y * y € Np(z)}. This construction turns out to be more easily generalisable to obtain
transformers when considering F-decompositions rather than K3-decompositions.

As mentioned before, transformers enable us to transform a given leftover from a ‘partial’
K3-decomposition into a new leftover. We now define a ‘canonical’ graph L,, which any m-edge
Ks-divisible graph L can be transformed into (via an intermediary denoted VVL). Applying
this to both an arbitrary such graph L and a clearly K3-decomposable m-edge graph L', and
combining the resulting transformers through L,,, will give an absorber for L.

For m € N, let L,, be the graph with

V(L) ={v*,v1, . vsm},  E(Lm) = | {0 vsi-2, vsi—2v3i1, v3i103i, vgiv*}.

1€[m]

That is, Ly, is obtained from Cy,, by taking every fourth vertex on the cycle and identifying all
these vertices to a single vertex v*. Note that if L is any graph with m edges, then replacing
every edge with a path of length 4 and identifying the original vertices of L yields a graph
isomorphic to L,, (cf. Fact 3.5 and Figure 2). In this sense, L,, will serve as a ‘canonical’ graph.
Instead of L,,, we could have also worked with Cy,, directly, but this would not generalize to
F-decompositions for other graphs F', while the current approach does generalize in a natural
way.

More formally, given a graph L, we define VL as the graph obtained from L by adding a new
set {z. : e € E(L)} of vertices disjoint from V(L), and for every edge e € E(L), we join both
endpoints of e to z.. In other words, we extend every edge of L into a copy of K3. Obviously,
VL has a K3-decomposition. Furthermore, let VL := VL — L. Note that VL is obtained from
L by replacing every edge with a path of length 2, and VV L is obtained from L by replacing
every edge with a path of length 4.

Fact 3.5. For every graph L with m := e(L), we have VV L ~» Ly,.

Proof. Define ¢: VVL — L, such that ¢(x) := v* for all z € V(L), and map V(VVL)\ V(L)
bijectively to V(Ly,) \ {v*} in the obvious way. O



We now construct the absorber A as the union of several intermediate graphs and trans-
formers.

Proof of Lemma 3.2. Let m := e(L). Let L' be the vertex-disjoint union of m/3 triangles.
Moreover, let L,, be the ‘canonical’ graph defined above, and also define VL, VVL, VL', VVL'
as above. We assume that VVL, VVL' and L, are pairwise vertex-disjoint.

By Fact 3.5, we have VVL ~ L,, and VVL' ~~ L,,. Thus, by Lemma 3.4, there exists
an (VVL, L,,)-transformer T' such that the degeneracy of T rooted at V(VVL U L,,) is at
most 4, and there exists an (VVL', L,,)-transformer 7" such that the degeneracy of T” rooted
at V(VVL' U Ly,,) is at most 4. We may assume that T and T” consist of new vertices except
for the unavoidable intersections, that is, V(T) N V(T') = V (L), V(T) N V(VVL') = 0,
V(T NV(VVL) = 0.

We now define the graph

A:=VLUVVLUTUL,uT'uvvL uvL ur

and claim that A is the desired absorber. Clearly, V(L) is independent in A, and it is easy to
see that the degeneracy of A rooted at V(L) is at most 4.

Finally, note that VLUVVL = V(VL), TUL,,, T'"UVVL and VL'UL' = VL’ are pairwise
edge-disjoint and are all K3-decomposable. Thus, A has a K3-decomposition. Similarly,

AUL=(LUVL)U(VVLUT)U (L, UT)U(VVL UVLHYUL

has a K3-decomposition. O

3.2. Vortices. Our proof method involves an iterative absorption process, where in each iter-
ation, the number of leftover configurations is drastically reduced. We ensure this by forcing
leftover edges into smaller and smaller subsets of the vertex set. The underlying structure is a
‘vortex’, which is defined as follows.

Definition 3.6 (Vortex). Let G be a graph on n vertices. A (d, e, m)-vortex in G is a sequence
Uy DU; D --- D Uy such that

(V1) Up = V(G);

(V2) |U;| = |e|Ui-1]] for all i € [¢];

(V3) [Ue| = m;

(V4) dg(x,U;) > 8|U;| for all ¢ € [¢] and = € U;_;.

We now show that every large graph of high minimum degree contains a vortex such that

the final set U, has constant size. This can easily be achieved by successively taking random
subsets.

Lemma 3.7. Let 6 € [0,1] and 1/m’ < & < 1. Suppose that G is a graph on n > m' vertices
with §(G) > én. Then G has a (0 — &,&,m)-vortex for some |em’] <m <m'.

Proof. Recursively, define ng :=n and n; := |en;_1]. Observe that e'n > n; > ein—1/(1—¢).
Let £ :=1+max{i >0 : n; >m'} and let m := ny. Note that |em’] < m < m/. Further, for
i €[], let

—4/3 i—1 —1/3 1—1/3
e/ 1= 1-—¢g/3 —1_-¢1/8

(31) = BN UV 2 -
j=1

c
37

where we have used ¢~ 1n > ¢/~In > ny_; > m/, and let g := 0.

Now, suppose that for some i € [(], we have already found a (§ — 3g;_1,¢,n;_1)-vortex
Uo,...,Ui—1 in G (which is true for i = 1). In particular, §(G[U;—1]) > (6 — 3g;_1)n;—1. Choose
U; to be a random subset of U;_1 of size n;. Lemma 2.1 implies that with positive probability,
dg(z,U;) > (6 — 3ei—1 — 2n:1/3)ni for all z € U;_1. Fix such a choice of U;. Then Uy,...,U;
form a (6 —3e;, €, n;)-vortex in G. Repeating this for all ¢ € [¢], we finally obtain a (6 —3ey, €, m)-
vortex Uy, ..., Uy in G. As, by (3.1), g, < £/3, the lemma follows. O



8 B. BARBER, S. GLOCK, D. KUHN, A. LO, R. MONTGOMERY AND D. OSTHUS

3.3. Cover down lemma. The engine behind the iterative absorption procedure is the fol-
lowing ‘Cover down lemma’. Recall that the definition of §°* allows us to find approximate
K3-decompositions such that the maximum degree of the leftover is very small. The strength
of the Cover down lemma is that it also forces all leftover edges to lie inside a prescribed small
vertex set U (which one might think of as the next vortex set U; in the sequence).

Lemma 3.8 (Cover down lemma). Suppose 1/n < & and let § := max{2/3,6°t}. Let G be
a graph on n vertices and U C V(G) with |U| = |en]. Suppose that 6(G) > (0 + 3¢e)n and
da(z,U) > (0 4+ 2e)|U]| for all z € V(G). Also assume that dg(z) is even for all x € V(G)\ U.
Then there exists a Ks-decomposable subgraph H C G such that G — G[U] € H and A(H[U]) <
elon,

In order to prove Lemma 3.8, we will first randomly select a sparse reserve graph before using
the definition of 6°* to find an approximate Ks-decomposition of G — G[U]. We then cover all
leftover edges which are not inside U in two stages. First, we find for every leftover edge e = zy
with z,y € V(G) \ U a vertex u, € U such that ue,z,y form a triangle in G. In a second step,
we cover the remaining ‘crossing’ leftover edges. Suppose = € V(G)\ U and let U, be the set of
all remaining neighbours of x. What we would now like to find is a perfect matching M, of the
‘link graph’ G[U,] of . Clearly, the edges of M, together with all the edges from U, to z would
then form edge-disjoint triangles covering all remaining edges at z. Lemma 3.10 will allow us
to achieve the latter simultaneously for all z € V(G)\ U. For this, we need the following simple
result.

Fact 3.9 (cf. [28, Lemma 8]). Let X1,..., X, be Bernoulli random variables such that for all
i € [n], we have P[X; =1| Xy,...,X;-1] < p. Let B ~ Bin(n,p) and X := 3 ;" | X;. Then
P[X >a] <P[B >al for all a > 0.

Lemma 3.10. Let 1/n < p and N € N. Let G be a graph on n vertices and suppose there are
sets Ur,...,Un C V(QG) with the following properties:
(i) 2| |Ui| and 6(G[U;]) > (1/2 + 4p"/)|U;| for all i € [N];

(ii) |U;| > p*3n for all i € [N];

(iii) |{U; N U;j| < p?n for all 1 <i < j < N;

(iv) every vertex uw € V(Q) is contained in at most pn of the sets Uj.
Then for every i € [N], there exists a perfect matching M; of G|U;], such that all the matchings
{M;}icin) are pairwise edge-disjoint.

It follows directly from (i) that for every i € [N], there exists a perfect matching M; of G[U;].
The difficulty here lies in finding edge-disjoint ones. For this, we use a randomised algorithm.

Proof. Let t := [2p%/?n] and define G; := G[U;] for all i € [N]. Suppose that we have already

found M, ..., M;— for some i € [N]. We now define M; as follows. Let H;_1 := [J;_; M; and
let G; = (G — Hzfl)[UZ] If A(Hzfl[U@]) § p3/2n, then

8(G}) = 8(GUI) — A(Ha[U3]) > (1/2+ 4p"O)|Us| = p*Pn > Uil /2 + ¢
by (i) and (ii). Thus, we can successively find ¢ edge-disjoint perfect matchings Ai,..., A,
of G (which are all suitable candidates for M;). Otherwise, if A(H;_1[U;]) > p*/?n, then let
Ai, ..., A be empty graphs on U;.

In either case, we have found edge-disjoint subgraphs A, ..., A; of G}. Pick s € [t] uniformly
at random and set M; := As. The lemma follows if the following holds with positive probability:

(3.2) A(H;_1[U;]) < p*/?n for all i € [N].
For i € [N] and u € U;, let J%* be the set of indices j € [i — 1] such that u € Uj, and for j € J",
let le’u be the indicator variable of the event that uu’ € E(M;) for some «’ € U;. Observe that

jeJi,u



Now, fix i € [N] and u € U;. Crucially, for any j € J%%, by (iii), at most p?n of the subgraphs

Aq..., A; that we picked in G; contain an edge incident to u in G; (regardless of the previous
choices). Let j1,..., Jjgiw| be the enumeration of J “% in increasing order. By the above, for all
¢ € [|J%4]], we have

. . , 2 1/2
P[Y.W: 1] YW,...,Y?’“} <P
Je J1 Je—1 t 2
Let B ~ Bin(|J""|, p*/2/2). Since |J**| < pn by (iv), we have E[B] < p3/?n/2. Using Fact 3.9
and Lemma 2.1, we infer that

Pl vits 2| <P [B > p3/2n} <P [B > E[B] + ,03/271/2} < 2eP*n/2,
jeJi,u
Finally, since by (iv) there are at most pn? pairs (i,u) with u € U;, a union bound implies
that (3.2) holds with positive probability. O

Proof of Lemma 3.8. Choose new constants v, p > 0 such that 1/n < v < p < e. Let
W :=V(G)\U and let wy,...,wx be an enumeration of W.

We first observe that since dg(x,U) > (2/3 + 2¢)|U| for all x € V(G), it follows that for all
z,y € V(G), we have

(3.3) [Ne() N No(y) (U > (1/2 4 3¢)|Ne(y) N U > [U]/3.

Before obtaining an approximate decomposition, we set aside a sparse graph R which will

act as a ‘partial absorber’. For this, let Uy,...,Un be sets with the following properties:

(a) U; € Ng(w;) NU for all i € [N];
(b) [U] = (1 p)p| Ng(wi) N U] for all i € [N];
(c) P2|U|/4A < |U;NU;| < 2p*U]| for all 1 <i < j < Nj
(d) |Ng(u)NU| > (1= p)p(1/2+ 3¢)|Ng(w;) NU| for all w € U and i € [N];

(e) each u € U is contained in at most 2pn of the U;’s.
That such subsets exist can be seen via a probabilistic argument. Indeed, for every pair (u, 1)
with ¢ € [N] and u € Ng(w;) NU, include v in U; with probability p (independently of all other
pairs). Applying Lemma 2.1 (and using (3.3)) shows that the random sets Uy, ..., Uy satisfy
the desired properties with positive probability. Note that it follows from (b) and (d) that for
all w € U and i € [N], we have
(3.4) dg(u,Ui) > (1/2+2€)’Ui‘.
Let R be the subgraph of G[U, W] consisting of all edges uw; where i € [N] and u € U;. Note
that A(R) < 2pn by (b) and (e).

Let G’ := G — G[U] — R. Clearly, we have §(G’) > (6°T + ¢)n. By definition of 6°*, there
exists a subgraph L of G’ such that A(L) < yn and G’ — L is K3-decomposable.

Next, for every edge e = wyw; € E(L[W]), we choose a vertex u. € U; N U; in such a way
that ue # ue whenever e N e’ # ().

This can be done greedily. Indeed, whenever we want to choose uy,w;, there are at least
p?|U| /4 vertices u € U; NUj by (c). Moreover, at most 2A(L) of these vertices u are blocked by
some edge €’ which has w; or w; as an endpoint and u.s = u has been previously chosen. Since
2A(L) < p?|U|/4, we can always choose a suitable vertex ty,uw,-

Let H be the graph consisting of all the edges w,w,; Wi, tw;w,;w; With wjw; € E(L[W]). By (a),
we can see that H is a subgraph of R. Moreover, HU L[W] clearly has a K3-decomposition.
Let

R :=(R— H)UL[U,W].
By the above, G — G[U] — R = (G' — L) U (H U L[W]) has a Ks-decomposition. It remains to
cover all the edges of R’ using only a few edges of G[U]. For every i € [N], let

Uj == Nr/(wi) = (Ui \ Ny (w;)) U Npjw)(wg).
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Since G|U] U R’ is obtained from G by removing edge-disjoint triangles, we have that |U]| is
even for all i € [N]. Moreover, since dp(w;) = dryw)(w;) < yn and dppw)(w;) < yn for all
i € [N], we have |Uj| > p|U|/2 for all i € [N] and |U;NUj| < 3p?|U| forall1 <i < j < N. Since
drwwi(u) < yn for all u € U, it also follows that every vertex u € U is contained in at most
3pn < 4pe U] of the U!’s. Moreover, we can deduce from (3.4) that 6(G[U]]) > (1/2 +¢)|U/|
for all i € [N]. Thus, by Lemma 3.10 (with G[U], |U|,4p/e playing the roles of G,n, p), for
every i € [N], there exists a perfect matching of G[Uj], such that all the matchings {M;};c(n)
are pairwise edge-disjoint. Then

U M, UR = U (M; U{wju : uw € Ng(w;)})

1€[N] 1€[N]
is Kz-decomposable. Thus H := (G — G[U]) U U;e;ny Mi is Ksz-decomposable. Moreover,
A(H[U]) = A(Ujepn Mi) < 3pn < e'n. O

3.4. Proof of Theorem 1.2. We can now combine Lemmas 3.2, 3.7 and 3.8 to prove The-
orem 1.2.

Proof of Theorem 1.2. For convenience, we will prove this with 8¢ in place of €. That
is, we assume that 6(G) > (§ 4+ 82)n. Choose new constants m’, M € N such that 1/ny <
1/M < 1/m' < e < 1. Let 6 := max{6°*,3/4}. By Lemma 3.2, and as 1/M < 1/m/, for every
Ks-divisible graph L with |L| < m/, there exists an absorber Ay, for L such that |Ar| < M and
the degeneracy of A, rooted at V(L) is at most 4.

Let G be a Ks-divisible graph on n > ng vertices with §(G) > (6 4+ 82)n. Our aim is to show
that G has a K3-decomposition. We achieve this in four steps.

Step 1. First, we apply Lemma 3.7 to obtain a (§ + 7¢, e, m)-vortex Uy, Uy, ...,Up in G for
some [em/| <m <m/.

Step 2. Next, we find ‘exclusive’ absorbers for the possible leftover graphs on Uy. To this end,
let £ be the collection of all spanning K3-divisible subgraphs of G[U,]. Obviously, |£| < 2(%).
It is thus easy to find edge-disjoint subgraphs {A L}trer of G such that for all L € L, we have
that Az is an absorber for L, |Az| < M, and Az[U;] is empty. Indeed, we can find these graphs
in turn. Suppose we want to find A;. Consider the graph G obtained from G — G[U1] by
deleting the edges of previously chosen absorbers. Note that §(G) > (3/4+¢)n. Thus, any four
vertices in G have at least 4en common neighbours. Since there is an ordering of the vertices
of V(Ar) \ V(L) such that every vertex is joined to at most 4 preceding vertices in A, we can
embed the vertices of V(A7) \ V(L) one after the other into G to obtain Ap,.

Let A* :=Upcp Ap. Observe that A* has the following crucial property:

(3.5) given any K3-divisible subgraph L* of G[U,], A* U L* has a K3-decomposition.

Let G’ := G — A*. Observe that since A(A*) < M|L| and A*[U;] is empty, we have that
Uo,Un,...,Upis a (§ + 6e,e,m)-vortex in G' and §(G’) > (§ + 7e)n. Moreover, since A* is the
edge-disjoint union of absorbers, it must be K3-divisible, and thus G’ is also K3-divisible.
Step 3. We now iteratively apply the Cover down lemma (Lemma 3.8) to cover all the
edges of G’ except possibly some inside Uy. More precisely, we show inductively that for all
€ [¢] U {0}, there exists a subgraph G; C G'[U;] such that G’ — G; has a K3-decomposition,
and such that the following hold (where Uyyq := 0):

(3.6) 0(Gy) = (6 + 4e)|U5;
(3.7) da,(z,Uis1) > (0 4 5¢)|Uiz1| for all z € Uy;
(3.8) GilUi+1] = G'[Ui].

Clearly, this holds for i = 0 with G := G’. Now, suppose that for some i € [¢ — 1] U {0}, we
have found G; satisfying the above. Note that G; is K3-divisible. Define G, := G; — G;[Ui42].
We still have that dg () is even for all z € U; \ Uiy1. Thus, by Lemma 3.8 (with G, Ui,
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e playing the roles of G,U,¢), there exists a K3-decomposable subgraph H C G} such that
G; — G;[Uz—&-l] Q H and A(H[UZ—HD S EB‘UH_l‘. Let Gi+1 = (Gl — H)[Ui_;,_l].

Note that since G; — Gi[Uiy1] = G} — Gi[Uis1] € H, we can deduce that G' — G;y1 =
(G' — G;) U H is Ks-decomposable, as desired. Moreover, since H[U;2] is empty by definition
of G, we clearly have G;11[Ujt2] = G'|Uj+2]. Observe that

3.7)
6(Git1) = (64 5e)|Uita| — A(H[Uit1]) = (0 + 4€)|Uia|

and for every x € U;11, we have

(3.8),(V4)
dg, (2, Uip2) = (64 66)|Uise| — A(H[Uit1]) = (6 + 5¢)|Uial-
Thus, (3.6)—(3.8) hold with ¢ replaced by i+1. By induction, there exists a subgraph Gy C G'[U/]
such that G’ — Gy has a K3-decomposition.
Step 4. Finally, since Gy is Ks-divisible, A* U Gy has a K3-decomposition by (3.5). Alto-
gether, G = (G’ — Gy) U (A* U Gy) has a Ks-decomposition, as desired. O

4. PROOF OF THEOREM 1.3

The proof of Theorem 1.2 can be easily adapted to prove Theorem 1.3, modulo a ‘boosting
step’ which we discuss below. In particular, the construction of the absorbers does not need any
changes. Obviously, the definition of a vortex has to be adapted to the quasirandom setting.
More precisely, instead of condition (V4) in Definition 3.6, one now requires that for every
set A C U;—; with |A| < 4 the common neighbourhood in U; of the vertices in A has size
(1 & &)pl|U;|, where € is a small error parameter. This definition ensures that the typicality
condition is preserved throughout the iterative absorption procedure. Moreover, it allows to
perform the Cover down step for each 7 € [¢]. In this step, we now use that for every vertex
x € U;_1, the link graph G[Ng(z) NU;] will be (v/&, 3, p)-typical, replacing the minimum degree
condition in Lemma 3.10(i). It is well known that typicality ensures the existence of perfect
matchings as needed, e.g. one could split the graph randomly into two equal-sized parts, use
the fact (see [9]) that typicality implies super-regularity, and check Hall’s condition.

Theorem 1.3 has the advantage that it does not rely on the (unknown) parameter §°*. Indeed,
in this setting, the required approximate decompositions can be obtained using the nibble
method, introduced by R6dl [29], which has since had an enormous influence on combinatorics.
A collection T of triangles in a graph G is (&, p)-regular if every edge of G is contained in
(1 4+ &)p?n triangles. The following follows for instance from a result in [2].

Corollary 4.1. Let 1/n < £ < v,p. Let G be a graph on n vertices which contains a (&, p)-
reqular collection of triangles. Then G contains a K3-decomposable subgraph H such that A(G—
H) <n.

Clearly, the collection of all triangles of a (&, 2, p)-typical graph is (&, p)-regular, thus we im-
mediately obtain approximate K3-decompositions in such a graph. However, Corollary 4.1 itself
is not sufficient to replace 6%t in the proof of Theorem 1.2. This is because of the requirement
& < ~. Though this is a reasonable assumption in Corollary 4.1, it would make it impossible
to control the error parameter £ during the iterative absorption procedure, since the parameter
v, which controls the maximum degree of the leftover of the approximate decomposition, feeds
(via the Cover down step) into the typicality parameter for the subsequent iteration step. To
overcome this, we need an intermediate step which ‘boosts’ the regularity parameter. The aim
is to guarantee approximate decompositions with leftover maximum degree yn in a (£, 4, p)-
typical graph even if v < £. To achieve this, instead of applying Corollary 4.1 to the collection
of all triangles of G, we find a suitable subcollection which is (¢, p)-regular, where ¢ < 7,
to which we can then apply Corollary 4.1. The idea is to choose such a collection randomly,
according to a suitable probability distribution. Such a probability distribution can be thought
of as a ‘fractional triangle-equicovering’, which is similar to a fractional triangle decomposition.
Indeed, our basic tool to find such a fractional triangle-equicovering is a so-called Kj5-shifter,
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which was introduced in the context of fractional decompositions in [3]. A Ks-shifter is a ‘local’
function which allows to adjust the total weight of one edge without affecting the total weight
of any other edge. A similar idea of ‘regularity boosting’ has also been successfully applied
e.g. in [1].

Lemma 4.2. Let 1/n < &,p and € < p7/20. Any (§,4,p)-typical graph on n vertices contains
an (n~Y3,p/2)-regular collection of triangles.

Proof. Let G be a (§,4,p)-typical graph on n vertices, and let 73) be the collection of all
triangles in G. Moreover, let 7®) be the collection of all K5’s in G. For every e € E(G) and
i € {3,5}, let T (e) denote the set of all elements of T() which contain e as an edge.

Assume, for the moment, that ¢: 7G3) — [0, 1] is a function such that for every edge e € F(G),
we have

1
Z Y(T) = szn
TeTG)(e)
We can then choose a random subcollection 7/ C T®) by including every T € T®) with

probability ¢(T'), all independently. We then have for every e € E(G) that the expected
number of triangles in 7’ containing e is ipzn. Using Lemma 2.1(ii), it is then easy to see that
with high probability, 77 is (n='/3, p/2)-regular.

It remains to show that 1) exists. Note that since G is (&, 4,p)-typical, we have |7®)(e)| =
(1+&)p*n and [TO)(e)| = (14 £)3p?n3/6 for all e € E(G). Thus, for all e € E(G),

p’n — |TO(e)] 6¢p*n 3¢

4-|TG)(e)] 41 = &)3pn3 — p'n?

For every ¢ € E(G) and J € T®)(e), we define a function 1. ;: T — R as follows: for
T eT® with T C J, let

1/3, |V(T)nel€{0,2};
(4.2) 1/16 J( ) { 1/6, ‘V(T) ﬂe] =1;

(4.1) defining ¢, :=

, we have |c.| <

and let ¢ ;(T) := 0 if T J. Observe that for all ¢’ € E(G),
1, € =e,
(4.3) Y Yes(D)= ,
0, e #e.
TeTG)(e)

We now define ¢: T — [0,1] as

b=

Z Ce Z we,.]-

e€E(G)  JeTOG)(e)

el M

For every e € E(G), we have

> v = @I+ > o > Z%/J

TeT®)(e) eeE(G)  JeTG)(e)TeT®) (e
(4.3) 1 (4.1) 1 o
n

TP+ T =" 5

W

as desired. Moreover, for every T' € T3, there are at most (g)( ) < 5n? pairs (e, J) for which
ec€ E(G), JeT®(e)and T C J. Hence,

[W(T) —1/4] < > lcel[toes(T)] < Bn%- —

e€E(G),JeT®)(e): TCJ

implying that 0 < ¢(T) <1 for all T € T®), as needed. O
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5. CONCLUDING REMARKS: GENERAL DESIGNS

Instead of working with the typicality notion as in the proof of Theorem 1.3, one can also
impose more specific conditions on G that allow the proof to work. For instance, a natural
condition is ‘regularity’, meaning that every edge is contained in roughly the same number of
triangles. Another requirement arises from the regularity boosting step, for which we would
also require that every edge lies in Q(n3) copies of K5. These properties can also be formulated
for r-uniform hypergraphs, which led to the definition of ‘supercomplexes’ in [13]. This allowed
for the treatment of the minimum degree setting (which corresponds to Theorem 1.2) and the
quasirandom setting (which corresponds to Theorem 1.3) within a unified framework.

The proof in [13] proceeds by induction on the uniformity r, both for the construction of
exclusive absorbers as well as in the Cover down step. In fact, we implicitly already used induc-
tion in the proof of Theorem 1.2: firstly, in the cover down step for triangles, we assumed the
existence of a perfect matching in an n-vertex graph of minimum degree at least n/2 (note that
a perfect matching can be viewed as a (2,1, 1)-design). Secondly, in the simplified construction
of absorbers mentioned after the proof of Lemma 3.4, we choose a perfect matching in the link
graph of a given vertex. In turn, to prove e.g. the existence of decompositions of hypercliques
into tetrahedra (which corresponds to the existence of (4, 3, 1)-designs), a strengthening of The-
orem 1.3 (as well as the existence of suitable perfect matchings) is used both in the construction
of absorbers as well as in the Cover down step.
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