SOLUTION TO A PROBLEM OF BOLLOBAS AND HAGGKVIST ON
HAMILTON CYCLES IN REGULAR GRAPHS

DANIELA KUHN, ALLAN LO, DERYK OSTHUS AND KATHERINE STADEN

ABSTRACT. We prove that, for large n, every 3-connected D-regular graph on n vertices with
D > n/4 is Hamiltonian. This is best possible and verifies the only remaining case of a conjecture
posed independently by Bollobas and Haggkvist in the 1970s. The proof builds on a structural
decomposition result proved recently by the same authors.

1. INTRODUCTION

In this paper we give an exact solution to a longstanding conjecture on Hamilton cycles in reg-
ular graphs, posed independently by Bollobas and Haggkvist: every sufficiently large 3-connected
regular graph on n vertices with degree at least n/4 contains a Hamilton cycle. The history of
this problem goes back to Dirac’s classical result that n/2 is the minimum degree threshold for
Hamiltonicity. This is certainly best possible — consider e.g. the almost balanced complete bi-
partite graph or the disjoint union of two equally-sized cliques. The following natural question
arises: can we reduce the minimum degree condition by making additional assumptions on G? The
extremal examples above suggest that the family of regular graphs with some connectivity condi-
tion might have a lower minimum degree threshold for Hamiltonicity. Indeed, Bollobds [I] as well
as Haggkvist (see [7]) independently made the following conjecture: Every t-connected D-regular
graph G on n vertices with D > n/(t + 1) is Hamiltonian. The case t = 2 was first considered by
Szekeres (see [7]), and after partial results by several authors including Nash-Williams [14], Erdés
and Hobbs [4] and Bollobéds and Hobbs [2], it was finally settled in the affirmative by Jackson [7].
His result was extended by Hilbig [6] who showed that one can reduce D to n/3 —1 unless G is the
Petersen graph P or the 3-regular graph P’ obtained by replacing one vertex of P with a triangle.

However, Jung [9] and independently Jackson, Li and Zhu [§] found a counterexample to the
conjecture for t > 4. Until recently, the only remaining case ¢ = 3 was wide open. Fan [5] and
Jung [9] independently showed that every 3-connected D-regular graph contains a cycle of length
at least 3D, or a Hamilton cycle. Li and Zhu [I3] proved the conjecture for ¢ = 3 in the case when
D > 7n/22 and Broersma, van den Heuvel, Jackson and Veldman [3] proved it for D > 2(n+7)/7.
In [§], Jackson, Li and Zhu prove that if G satisfies the conditions of the conjecture, any longest
cycle C in G is dominating provided that n is not too small. (In other words, the vertices not in C'
form an independent set.) Recently, in [10], we proved an approximate version of the conjecture,
namely that for all € > 0, whenever n is sufficiently large, any 3-connected D-regular graph on n
vertices with D > (1/4 + €)n is Hamiltonian. Here, we prove the exact version (for large n).

Theorem 1.1. There exists ng € N such that every 3-connected D-regular graph onn > ng vertices
with D > n/4 is Hamiltonian.

Our proof builds on the results in [I0]. In particular, it relies on a structural decomposition result
which holds for any dense regular graph: it gives a partition into (bipartite) robust expanders with
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few edges between these (see Section [3| and Theorem [4.4]). [T0] also contains further applications
of this partition result.

There are several natural analogues of these questions for directed and bipartite graphs. For
example, the following conjecture of Kithn and Osthus [I1] is a directed analogue of Jackson’s
theorem [7]. Further open problems are discussed in [10]. We say that a digraph G is D-regular if
every vertex has both in- and out-degree D.

Conjecture 1.2. Every strongly 2-connected D-regular digraph on n vertices with D > n/3 con-
tains a Hamilton cycle.

This paper is organised as follows. In Section [2] we discuss the extremal examples which show
that Theorem [I.T]is best possible. Section[3]contains a sketch of the proof of Theorem[I.1] Section[]
lists some notation, definitions and tools from [10] which will be used throughout the paper. The
proof of Theorem is split into three cases, and these are considered in Sections respectively.
Finally, we derive Theorem [[.1] in Section

2. THE EXTREMAL EXAMPLES

In this section we show that Theorem [I.T]is best possible in the sense that neither the minimum
degree condition nor the connectivity condition can be reduced. The example of Jung [9] and
Jackson, Li and Zhu [8] shows that the minimum degree condition cannot be reduced for graphs
with n = 1 mod 8 vertices; for completeness we extend this to all possible n in the following
proposition. An illustration of their example may be found in Figure i).

Proposition 2.1. Let n > 5 and let D be the largest integer such that D < [n/4] — 1 and nD
is even. Then there is an (|n/8| — 1)-connected D-regular graph G, on n vertices which does not
contain a Hamilton cycle.

Proof. Recall that a D-regular graph on n vertices exists if and only if n > D + 1 and nD is
even. For each n > 5, we define a graph G,, on n vertices as follows. Let Vi, V5, A, B be disjoint
independent sets where |A| = D, |B| = D — 1, and the other classes have sizes according to the
table below. Let A1, A2 be a partition of A so that |D/2 — |A;|| is minimal subject to the parity
conditions below being satisfied:

n D [Vl V2l [Ax] | A,
8k +1 | 2k 2k +1|2k+1 | even | even
8k +2 | 2k 2k +2 | 2k+1 | even | even
8k +3 | 2k 2k +2 | 2k + 2 | even | even
8k +4 | 2k 2k +3 | 2k + 2 | even | even
8k +5 | 2k 2k +3 | 2k + 3 | even | even
8k+6 | 2k+1|2k+3|2k+2|odd |even
8k +7 | 2k 2k +4 | 2k + 4 | even | even
8k+8 | 2k+1|2k+4|2k+3|even | odd

Note that |V;| > D + 1 for i = 1,2. Add every edge between A and B. First consider the cases
when D = 2k. Then |A;| is even for ¢ = 1,2. For each ¢ = 1,2, add edges so that G,[V;] is
D-regular. Let M; be a matching of size |4;]/2 in G,[V;] and remove it. Let V/ := V(M;). So
[V/| = |A4;]. Add a perfect matching between V; and A,.

Now consider the case when D = 2k 4+ 1. Then, by our choice of A; and V; we have that
|A;| = |Vi|] mod 2. Fix V/ C V; with |V/| := |A;|. Define the edge set of G,[V;] so that for all
x € V! we have dy,(x) = D—1 and for all y € V;\ V/ we have dy,(y) = D. Add a perfect matching
between V; and A,.

Then G,, has n vertices, is D-regular and has connectivity min{|A4;],|A42|} > |[n/8] — 1. More-
over, G,, does not contain a Hamilton cycle because it is not 1-tough (G,, \ A contains more than
|A| components). O



HAMILTON CYCLES IN 3-CONNECTED REGULAR GRAPHS 3

2k +1

(i) (i)

FI1GURE 1. Extremal examples for Theorem [1.1
(i) is an illustration for the case n = 8k + 1. Here, each V; is a clique of order 2k + 1 with a
matching of size k removed.

There also exist non-Hamiltonian 2-connected regular graphs on n vertices with degree close to
n/3 (see Figure[lfii)). Indeed, we can construct such a graph G as follows. Start with three disjoint
cliques on 3k vertices each. In the ith clique choose disjoint sets A; and B; with |A;| = |B;| and
|A1] = |As| = k and |A2| = k — 1. Remove a perfect matching between A; and B; for each i. Add
two new vertices a and b, where a is connected to all vertices in the sets A; and b is connected to all
vertices in all the sets B;. Then G is a (3k — 1)-regular 2-connected graph on n = 9k + 2 vertices.
However, G is not Hamiltonian because G\ {a, b} has three components. One can construct similar
examples for all n € N.

Altogether this shows that none of the conditions — degree or connectivity — of Theorem
can be relaxed.

3. SKETCH OF THE PROOF

3.1. Robust partitions of dense regular graphs. The main tool in our proof is a structural
result on dense regular graphs that we proved in [10]. Roughly speaking, this allows us to partition
the vertex set of such a graph G into a small number of ‘robust components’, each of which has
strong expansion properties and sends few edges to the rest of the graph.

There are two types of robust components: robust expander components and bipartite robust
expander components. A robust expander component G[U] is characterised by the following prop-
erties:

e for each S C U which is neither too small nor too large, the ‘robust neighbourhood” RN (S)
of S is significantly larger than S itself;
e G contains few edges between U and V(G) \ U.

Here the robust neighbourhood of S is the set of all vertices in U with linearly many neighbours in
S. A bipartite robust expander component G[W] has slightly more structure: G[W] can be made
into a balanced bipartite graph by removing a small number of vertices and edges, and sets in the
first class expand robustly into the second class. More precisely, if W has bipartition A, B and
S C A is neither too large nor too small, then RN(S) N B is significantly larger than S. (Note
that we do not require that sets in both vertex classes expand.)

We say that V = {Vi,..., Vi, Wq,..., W} is a robust partition of G with parameters k, € if it is
a partition of V(G) such that G[V;] is a robust expander component for all 1 <4 < k and G[W]
is a bipartite robust expander component for all 1 < j < ¢. In [I0] we proved the following:
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(x) For all r € N and € > 0 and n sufficiently large, every D-regular graph G on n vertices
with D > (i + £)n has a robust partition with parameters k, £, where k 4+ 2¢ < r.

In particular, the number of edges between robust components is o(n?) (see Theorem for the
precise statement).

3.2. Finding a Hamilton cycle using a robust partition. Now suppose that G is a D-regular
graph on n vertices with D > n/4, where n is sufficiently large. Then (x) applied with r = 4
implies that G has a robust partition V with parameters k, ¢, where k + 2¢ < 4. This gives eight
possible structures, parametrised by (k,¢) € S<3 U Sy, where

S§3 = {(L 0)7 (27 0)3 (370)7 (Oﬂ 1)7 (L 1)} and Sy 1= {(47 0), (07 2)3 (2a 1)}

Note that the extremal example in Figure [Ifi) corresponds to the case (2,1) and the one in
(ii) corresponds to the case (3,0). Also note that when D > (1/4 + €)n, we have k +2¢ < 3
and so (k,f) € S<3. In [10], we proved that if G is 3-connected and has a robust partition V
with parameters k, ¢ where (k,¢) € S<s, then G is Hamiltonian. In particular, this implies an
approximate version of Theorem The proof proceeded by considering each possible structure
separately. Therefore, to prove Theorem it remains to show that if G is 3-connected and
has a robust partition V with parameters k,¢ where (k,¢) € Sy, then G is Hamiltonian (see
Theorem [4.6). So the current paper does not supersede our previous result but rather uses it
as an essential ingredient. Again, we consider each structure separately in Sections [5] [6] and [7]
respectively.

In each case we adopt the following strategy. Let V be a robust partition of G with parameters
k,¢. Kihn, Osthus and Treglown [I2] proved that every large robust expander H with linear
minimum degree contains a Hamilton cycle. This can be strengthened (see [I0]) to show that one
can cover all the vertices of a robust expander with a set of paths with prescribed endvertices.
More precisely, one can show that each robust expander component G[V;] is Hamilton p-linked
for each small p and all 1 < ¢ < k. (Here a graph H is Hamilton p-linked if, whenever X :=
{z1,91,...,2p,yp} is a collection of distinct vertices, there exist vertex-disjoint paths P,..., P,
such that P; connects x; to y;, and such that together the paths Pi, ..., P, cover all vertices of H.)
Balanced bipartite robust expanders have the same property, provided X is distributed equally
between the bipartition classes. This means that we can hope to reduce the problem of finding
a Hamilton cycle in G to finding a suitable set of external edges Feyt, where an edge is external
if it has endpoints in different members of V. We then apply the Hamilton p-linked property to
each robust component to join up the external edges into a Hamilton cycle. The assumption of
3-connectivity is crucial for finding Eey.

However, several problems arise. When (k,¢) = (4,0), we have four robust components and
only the assumption of 3-connectivity, which makes it difficult to find a suitable set Eoy; joining all
four components directly. However, we can appeal to the dominating cycle result in [8] mentioned
in the introduction, giving us a fairly short argument for this case. Note that the condition that
D > n/4 is essential in this case — 3-connectivity on its own is not sufficient.

Now suppose that ¢ > 1, i.e. V contains a bipartite robust expander component. These cases
are challenging since a bipartite graph does not contain a Hamilton cycle if it is not balanced.
So as well as a suitable set Foy, we need to find a set Ey, of balancing edges incident to the
bipartite robust expander component. Suppose for example that (k,¢) = (0,2) and G consists of
two bipartite robust expander components Wy, Wy such that W; has vertex classes A;, B; where
|A1| = |B:1] and |A2| = |B2| + 1. Then we could choose Ey, to be a single edge with both
endpoints in Ay. A second example would be Ey, = {ajas,bial} where a; € Ay, by € By and
ag,ah € Ag are distinct. (Note that these are also external edges and in this case we can actually
take EoxtUFEba = {a1a2,b1a}}.) Observe that we need at least ||A;|—|B1||+|| 42| — | Bz|| balancing
edges.
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Our robust partition guarantees that the vertex classes of any bipartite robust expander com-
ponent differ by at most o(n), so we must potentially find a similar number of balancing edges.
This must be done in such a way that P := Fey U Epal can be extended into a Hamilton cycle. So
in particular P must be a collection of vertex-disjoint paths. We use the Hamilton p-linkedness of
the (bipartite) robust expander components to find these edges which extend P into a Hamilton
cycle. Consider the second example above, with P = {ajas,bia)}. Choose a neighbour by of ay in
By and let P’ := {ajazbs, biab}. Then the Hamilton 1-linkedness of W7, Wy implies that we can
find a path P; with endpoints a;,b; which spans Wy, and a path P, with endpoints a}, b2 which
spans Wy \ {az}. Then the edges of Py, Py, P’ together form a Hamilton cycle.

It turns out that the condition that D > n/4 is crucial in the case when (k,¢) = (2,1) (see
Section [2) but its full strength is not required in the case when (k,¢) = (0,2). A sketch of the
proof in each of the three cases can be found at the beginning of Sections [5} [f] and [7] respectively.

4. NOTATION, DEFINITIONS AND GENERAL TOOLS

4.1. General notation. Given a graph G and X C V(G), complements are always taken within
G, so that X = V(G) \ X. We write G\ X to mean G[V(G) \ X]. Given H C V(G), we write
G\ E(H) for the graph with vertex set V(G) and edge set E(G) \ E(H). We write N(X) :=
Uzex N(x). Given x € V(G) and Y C V(G) we write dy (z) for the number of edges xy with
yevy.

If S, T are sets of vertices which are not necessarily disjoint and may not be subsets of V(G), we
write eq(S) for the number of edges of G with both endpoints in S, and e (S,T) for the number
of ST-edges of G, i.e. for the number of all edges with one endpoint in S and the other endpoint
in T. Moreover, we set G[S] := G[SNV(G)] and write G[S,T] for the bipartite graph with vertex
classes SNV (G), TNV (G) whose edge set consists of all the ST-edges of G. We omit the subscript
G whenever the graph G is clear from the context.

Given disjoint subsets X, Y of V(G), we say that P is an XY -path if P has one endpoint in X
and one endpoint in Y. We call a vertex-disjoint collection of non-trivial paths a path system. We
will often think of a path system P as a graph with edge set (Jpcp E(P), so that e.g. V(P) is the
union of the vertex sets of each path in P, and ep(X) denotes the number of edges on the paths in
P having both endpoints in X. By slightly abusing notation, given two vertex sets S and T" and a
path system P, we write P[S] for the graph obtained from P[S] by deleting isolated vertices and
define P[S, T] similarly. We say that a vertex z is an endpoint of P if x is an endpoint of some
path in P. An Euler tour in a (multi)graph is a closed walk that uses each edge exactly once.

We write N for the set of positive integers and write Ny := N U {0}. R>( denotes the set of
non-negative reals. Throughout we will omit floors and ceilings where the argument is unaffected.
The constants in the hierarchies used to state our results are chosen from right to left. For example,
if we claim that a result holds whenever 0 < 1/n < a < b < ¢ <1 (where n is the order of the
graph), then there is a non-decreasing function f : (0,1] — (0, 1] such that the result holds for
all 0 < a,b,¢ <1 and all n € N with b < f(¢), a < f(b) and 1/n < f(a). Hierarchies with more
constants are defined in a similar way. Given 0 < ¢ < 1 and z € R, we write [z]. := [z — ¢].

4.2. Robust partitions of regular graphs. In this section we list the definitions which are
required to state the structural result on dense regular graphs (Theorem which is the main
tool in our proof. As already indicated in Section[3] this involves the concept of ‘robust expansion’.

Given a graph G on n vertices, 0 < v < 1 and S C V(G), we define the v-robust neighbourhood
RN, ¢(S) of S to be the set of all those vertices with at least vn neighbours in S. Given 0 <
v < 7 < 1, we say that G is a robust (v,7)-expander if, for all sets S of vertices satisfying
™ < |S] < (1 — 7)n, we have that |RN, ¢(S)| > |S|+vn. For S C X C V(G) we write
RNV,X(S) = RNV,G[X] (S)
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The next lemma (Lemma 4.8 in [I0]) states that robust expanders are indeed robust, in the
sense that the expansion property cannot be destroyed by adding or removing a small number of
vertices.

Lemma 4.1. Let 0 < v < 7 < 1. Suppose that G is a graph and U,U" C V(G) are such that
G[U] is a robust (v, 7)-expander and [UAU'| < v|U|/2. Then G[U'] is a robust (v/2,27)-expander.

We now introduce the concept of ‘bipartite robust expansion’. Let 0 < v < 7 < 1. Suppose
that H is a (not necessarily bipartite) graph on n vertices and that A, B is a partition of V(H).
We say that H is a bipartite robust (v, T)-expander with bipartition A, B if every S C A with
TIA] < |S| < (1 — 7)|A| satisfies |RN,,g(S) N B| > |S| + vn. Note that the order of A and B
matters here. We do not mention the bipartition if it is clear from the context.

Note that for 0 < v/ < v < 7 < 7/ < 1, any robust (v, 7)-expander is also a robust (v, 7')-
expander (and the analogue holds in the bipartite case).

Given 0 < p < 1, we say that U C V(G) is a p-component of a graph G on n vertices if
|U| > /pn and e(U,U) < pn?. We will need the following simple observation (Lemma 4.1 in [10])
about p-components.

Lemma 4.2. Let n,D € N and p > 0. Let G be a D-regular graph on n vertices and let U be a
p-component of G. Then |U| > D — /pn.

Suppose that G is a graph on n vertices and that U C V(G). We say that G[U] is p-close to
bipartite (with bipartition Uy, Us) if

(C1) U is the union of two disjoint sets Uy and Uy with |Uyl, |[Us| > /pn;

(C2) [[Ux| —|Ua| < pm;

(C3) e(Ur,U2) + e(U2, Un) < pn®.
(Recall that U; = V(G) \ Uy and similarly for Us.) Note that (C1) and (C3) together imply
that U is a p-component. Suppose that G is a graph on n vertices and that U C V(G). Let
0<p<v<7<1 Wesay that G[U] is a (p, v, 7)-robust expander component of G if

(E1) U is a p-component;

(E2) G[U] is a robust (v, 7)-expander.
We say that G[U] is a bipartite (p, v, T)-robust expander component (with bipartition A, B) of G if

(B1) G[U] is p-close to bipartite with bipartition A, B;

(B2) G[U] is a bipartite robust (v, 7)-expander with bipartition A4, B.
We say that U is a (p, v, T)-robust component if it is either a (p, v, T7)-robust expander component
or a bipartite (p, v, 7)-robust expander component.

One can show that, after adding and removing a small number of vertices, a bipartite robust ex-
pander component is still a bipartite robust expander component, with slightly weaker parameters.
This appears as Lemma 4.10 in [I0] and the proof may be found in [15].

Lemma 4.3. Let 0 < 1/n < p < v < v < 7 < a < 1 and suppose that G is a D-regular
graph on n vertices where D > an. Suppose that G[A U B] is a bipartite (p, v, T)-robust expander
component of G with bipartition A, B. Let A',B" C V(G) be such that |AAA'| + |BAB'| < vyn.
Then G[A'UB’] is a bipartite (3y,v/2,27)-robust expander component of G with bipartition A’, B’.

Let k,/,D € Ngand 0 < p <v <7 < 1. Given a D-regular graph G on n vertices, we say that
V is a robust partition of G with parameters p,v, 7, k, £ if the following conditions hold.

(D1) V={Vy,..., Vi, Wy,..., Wy} is a partition of V(G);

(D2) for all 1 < i<k, G[V;] is a (p, v, T)-robust expander component of G;

(D3) for all 1 < j < ¢, there exists a partition A;, B; of W such that G[W,] is a bipartite
(p, v, T)-robust expander component with bipartition A;, B;;

(D4) for all X, X’ € V and all z € X, we have dx(x) > dx/(z). In particular, dx(z) > D/m,
where m :=k + /;
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A, (u) for all w € Aj and da,(v) > dp,(v) for all

(D5) for all 1 < j < £ we have dp,(u) > d
) = D/2m;

v € Bj; in particular, §(G[A;, B;])
(D6) k+2¢ < [(1+p'/3)n/D];
(D7) for all X € V, all but at most pn vertices € X satisfy dx(x) > D — pn.
Note that (D7) implies that |X| > D — pn for all X € V.
The following structural result (Theorem 3.1 in [I0]) is our main tool. It states that any dense
regular graph has a remarkably simple structure: a partition into a small number of (bipartite)
robust expander components.

>
>

Theorem 4.4. For all a,7 > 0 and every non-decreasing function f: (0,1) — (0,1), there exists
no € N such that the following holds. For all D-regular graphs G onn > ng vertices where D > am,
there exist p,v with 1/ng < p<v <7; p < f(v) and 1/ng < f(p), and k,¢ € N such that G has a
robust partition V with parameters p,v, 7, k, L.

Let k£, e Ngand 0 < p < v <7 <7< 1. Given a graph G on n vertices, we say that U is a

weak robust partition of G with parameters p,v, T,n, k, £ if the following conditions hold.

(DY) U ={Uy,...,Ux,Z1,...,Zs} is a partition of V(G);

(D2') for all 1 <i <k, G[U;] is a (p, v, T)-robust expander component of G;

(D3’) for all 1 < j < {, there exists a partition A;, B; of Z; such that G[Z;] is a bipartite

(p, v, T)-robust expander component with bipartition A;, B;;

(D4') 6(G[X]) > nn for all X € U,

(D5') for all 1 < j < ¢, we have 6(G[A;, B;]) > nn/2.
Using Lemma it is easy to check that whenever p < p’ < v and G is a D-regular graph on
n vertices with D > 5y/p'n, then any weak robust partition of G with parameters p,v, 7,7, k, £ is
also a weak robust partition with parameters p’,v, 7,1, k,£. A similar statement holds for robust
partitions.

A weak robust partition U is weaker than a robust partition in the sense that the graph is not
necessarily regular, and we can make small adjustments to the partition while still maintaining
(D1)—(D5') with slightly worse parameters. It is not hard to show the following (Proposition 5.1
in [10]).

Proposition 4.5. Let k, ¢, D € Ny and suppose that 0 < 1/n < p < v <7 <n<a?/2 < 1.
Suppose that G is a D-regular graph on n vertices where D > an. Let V be a robust partition of G
with parameters p,v, 7, k, €. Then V is a weak robust partition of G with parameters p,v,7,m,k, L.

We also proved the following stability result (Theorem 6.11 in [I0]). This implies that any
sufficiently large 3-connected regular graph G on n vertices with degree at least a little larger than
n/b is either Hamiltonian, or has one of three very specific structures.

Theorem 4.6. For every e,7 > 0 with 27'/3 < & and every non-decreasing function g : (0,1) —
(0,1), there exists ng € N such that the following holds. For all 3-connected D-regular graphs G
on n > ng vertices where D > (1/5 + e)n, at least one of the following holds:

(i) G has a Hamilton cycle;

(i) D < (1/4 4 e)n and there exist p,v with 1/ng < p < v < 7; 1/ng < g(p); p < g(v),
and (k,0) € {(4,0),(2,1),(0,2)} such that G has a robust partition V with parameters
p, v, Tk, L.

4.3. Path systems and V-tours. Here we state some useful tools concerning path systems that
we will need in our proof. All of these were proved in [10].

A simple double-counting argument gives the following proposition (Proposition 6.4 in [10]).
We use it to guarantee the existence of edges in certain parts within a regular graph.

Proposition 4.7. Let G be a D-regular graph with vertex partition A, B,U. Then
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(i) 2(e(A) —e(B)) +e(A,U) — e(B,U) = (|A] — |B|)D.
In particular,
(ii) 2e(A) +e(A,U) = (|A] - |B|)D.

Suppose that G is a graph containing a path system P, and that ) is a partition of V(G). We
define the reduced multigraph Ry (P) of P with respect to V to be the multigraph with vertex set
Y in which we add a distinct edge between X, X’ € V for every path in P with one endpoint in X
and one endpoint in X’. So Ry (P) might contain loops and multiple edges.

Given a graph G containing a path system P, and A C V(G), we write

(41) Fp(A) = (ahag)
when a; is the number of vertices in A of degree i in P for 4 = 1,2. Note that, if ep(A) = 0, then
(42) ep(A,Z) = a1 + 2as.

The following lemma (Lemma 6.3 in [I0]) is used in the case (k,¢) = (4,0). An extension (Propo-
sition [7.15) is used in the case (k,¢) = (2,1).

Lemma 4.8. Let G be a 3-connected graph and let V be a partition of V(G) into at most three
parts, where |V| > 3 for each V€ V. Then G contains a path system P such that

(i) e(P) <4 and P C Uy ey, GIV, V];
(ii) Ry(P) has an Euler tour;
(iii) for each V€V, if Fp(V) = (c1,¢2), then ¢1 + 2¢ € {2,4} and ¢ < 1.

Let £, e Ng,let 0 < p<v <7 <n<1andlet <y <1 Supposethat G is a graph on n
vertices with a weak robust partition V = {V,..., Vi, Wi,..., W} with parameters p,v, 7,1, k, ¢,
so that the bipartition of W, specified by (D3') is A;, B;. We say that a path system P is a V-tour
with parameter ~y if

e Ry(P) has an Euler tour;

e for all X € V we have |V (P)N X| < yn;

e for all 1 < j < ¢ we have |A; \ V(P)| = |B; \ V(P)|. Moreover, A;, B; contain the same

number of endpoints of P and this number is positive.
We will often think of Ry (P) as a walk rather than a multigraph. So in particular, we will often
say that ‘Ry(P) is an Euler tour’.
We will use the following lemma (a special case of Lemma 6.8 in [I0]) to extend a path system

into one that satisfies the third property above for all A, B forming a bipartite robust expander
component.

Lemma 4.9. Letn,k,l € Ng and 0 < 1/n < p<v <7< n<1. Let G be a graph on n vertices
and suppose that V := {Vq,..., Vi, W1,..., Wy} is a weak robust partition of G with parameters
p,v,T,n, k, L. For each 1 < j <, let A;, B; be the bipartition of W; specified by (D3'). Let P be
a path system such that for each 1 < j < ¥,

(4.3) 2ep(4;) — 2ep(B;) + ep(A;, W) — ep(B;, W;) = 2(|4;| — | B; ).

Suppose further that |V (P) N X| < pn for all X € V, and that Ry(P) is an Euler tour. Then G
contains a path system P’ that is a V-tour with parameter 9p.

The last result of this section (a special case of Lemma 5.2 in [10]) says that, in order to find a
Hamilton cycle, it is sufficient to find a V-tour.

Lemma 4.10. Let k,¢,n € Ny and suppose that 0 < 1/n < p,y < v < 7 < n < 1. Suppose that
G is a graph on n vertices and that V is a weak robust partition of G with parameters p,v,7,n,k, £.
Suppose further that G contains a V-tour P with parameter v. Then G contains a Hamilton cycle.
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5. (4,0): FOUR ROBUST EXPANDER COMPONENTS
The aim of this section is to prove the following lemma.

Lemma 5.1. Let D,n € Nand 0 < 1/n € p < v < 7 < 1. Suppose that G is a 3-connected
D-regular graph on n vertices with D > n/4. Suppose further that G has a robust partition V with
parameters p,v,7,4,0. Then G contains a V-tour with parameter 33/n.

We will find a V-tour P as follows. Let V := {V7,...,V,}. Suppose that there are 1 <i < j <4
such that G[V;, V;] contains a large matching M. We can use 3-connectivity with the tripartition
V=V U{V;UV;}\{V;,V;} to obtain a path system P’ such that Ry (P’) is a V'-tour. Then P’
together with some suitable edges of M will form a V-tour.

Suppose instead that for all 1 < ¢ < j < 4, every matching in G[V;, V;] is small. In this case, we
appeal to the result of Jackson, Li and Zhu [§] mentioned in the introduction: any longest cycle
in G is dominating. Thus C visits all the V;. Moreover, since there are very few edges between
the V; it follows that most of the edges of C' lie within some V;. If we remove all such edges, what
remains is a V-tour.

Let V' be a partition of V(G) into three parts such that V is a refinement of V'. Then, by
Lemma we can easily find a collection of paths P’ such that Ry/(P’) is an Euler tour. The
following result will enable us to ‘extend’ P’ into P such that Ry (P) is an Euler tour.

Proposition 5.2. Let U be a partition of V(G). Let UV € U and let U :=UU{UUV}\{U,V}.
Suppose that G contains a path system P’ such that Ry:(P’) is an Euler tour. Suppose further
that G[U, V| contains a matching M of size at least |V (P )N(UUV)|+2. Then G contains a path
system P with E(P) 2 E(P’) such that Ry (P) is an Euler tour and |[V(P)NX| < |[V(P)NX|+2
forall X €eU.

Proof. Note that there are at least two edges e,e’ of M which are vertex-disjoint from P’. Let
R’ := Ry(P’) and R" := Ry (P’). We have that dr/(U) + dr/ (V) = dr(U UV) is even since R”
is an Euler tour. Moreover, dr/(X) = dp~(X) for all X e U’ NU.

If both dr/(U) and dg/ (V) are odd, let P := P’ U {e}. Otherwise, both dr/(U) and dg/ (V') are
even (but one could be zero). In this case, let P := P’ U{e,e’}. It is straightforward to check that
in both cases Ry/(P) is an Euler tour. ]

A subgraph H of a graph G is said to be dominating if G\ V(H) is an independent set. In our
proof of Lemma [5.1] we will use the following theorem of Jackson, Li and Zhu.

Theorem 5.3. [8] Let G be a 3-connected D-regular graph on n vertices with D > n/4. Then any
longest cycle in C is dominating.

Proof of Lemmap.1]l Let C be alongest cycle in G. Then Theorem[5.3|implies that C' is dominating.
We consider two cases according to the number of edges in C' between classes of V.

Case 1. ec(U,V) > 12 for some distinct U,V € V.

Since C' is a cycle we have that A(C[U,V]) < 2. Konig’s theorem implies that C[U, V] has a
proper edge-colouring with at most two colours, and thus C[U, V] contains a matching of size at
least ec(U,V)/2 > 6.

Let V' :=VU{U UV} \{U,V}. So V' is a tripartition of V(G), and certainly |V| > 3 for each
V €V'. Apply Lemmal[d.8|to obtain a path system P’ in G such that (i)—(iii) hold. Then Ry (P’)
is an Euler tour and (iii) implies that [V(P)NX| <4 for all X € V'

Now Proposition [5.2| with V, V' playing the roles of U,U" implies that G contains a path system
P such that Ry (P) is an Euler tour, and [V(P)NX| <6 for all X € V. So P is a V-tour with 6/n
playing the role of ~.

Case 2. ec(U,V) < 11 for all distinct U,V € V.
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Let P be the collection of disjoint paths with edge set E(C)\ Uy ¢y, E(C[V]). For each V €V, let
PV == UUEV\{V} P[U, V] Then

(5.1) e(Py)= Y ec(UV)<33
UeV\{V}

Suppose that [V(C)NV| < D —2p'/3n. Let X := V \ V(C). So X is an independent set in G.
Moreover, (D7) implies that, for all but at most pn vertices in € V, we have dy () > D — pn. In
particular, [V| > D —pn and so | X| > p*/3n. Thus there is some 2 € X such that dy (z) > D — pn.
Therefore x has a neighbour in X, a contradiction.

Thus |[V(C)NV| > D —2p*/3n for all V € V. But

2V(C)NV[ = de(v) =2ec(V) +e(Py)
veV

and hence ]
co(V) =|V(C)NV| = 5e(Py) > D - 2030 — 33/2 > 0.

Thus E(C[V]) # 0 for all V € V. It is straightforward to check that this implies that Ry (P) is an
Euler tour. Finally, note that, for each V' € V, (5.1) implies that we have |[V(P)NV| < e(Py) < 33.
So P is a V-tour with parameter 33/n. O

6. (0,2): TWO BIPARTITE ROBUST EXPANDER COMPONENTS
The aim of this section is to prove the following lemma.

Lemma 6.1. Let D;n e N let 0 < I/n < p < v < 7 < a <1 and let D > an. Suppose
that G is a 3-connected D-regular graph on n vertices and that V is a robust partition of G with
parameters p,v,T,0,2. Then G contains a V-tour with parameter p/3.

We first give a brief outline of the argument.

6.1. Sketch of the proof of Lemma Let V := {W;, W5} be as above and let A;, B; be
a bipartition of W; such that G[W;] is a bipartite robust expander component with bipartition
A;, B;, where |A;| > |B;|. To prove Lemma our aim is to find a ‘balancing’ path system P to
which we can apply Lemma and hence obtain a V-tour. In other words, the path system has
to ‘compensate for’ the differences in the sizes of the vertex classes A; and B; and has to ‘join up’
W1 and Whs.

The naive approach of first balancing G[W7], and then G[W5], can lead to difficulties. Suppose,
for example, that |A;| = |Bi], |A2| = |Bz2| + 1 and eg(Az) = 0. Then G[W;] is balanced, but
in order to balance G[W3], we need to add edges so that exactly two endpoints lie in Ay. Since
eq(Az) =0, we need to add two edges in F(G[As, Wi]). But the addition of any such edges might
unbalance G[W;] and we would have to find further edges to rectify this; and these could in turn
destroy the balancedness of G[W5].

Therefore G[W;] and G[W3] must be balanced simultaneously. Our V-tour P will consist of
a union of a small number of matchings. We will restrict the number of these matchings and
their locations, otherwise they might interfere with each other (e.g. their union might contain
cycles, in which case they certainly will not form a V-tour). The D-regularity of G will enable
us to restrict the location of our matchings. More precisely, we will be able to find them in
G[C1|UG[Co]UG[W1, As], where C; € {A;, B;}. We begin by choosing a matching M € G[W7, As]
which has a suitable number of edges in both G[A;, A3] and G[B1, As]. Then we find matchings M;
in G[C;] which have the correct size and which interact with M in a suitable way. To do this, we
first consider vertices in C; with low degree in G[C;], and then those with high degree. If e(M) < 2
we must appeal to 3-connectivity to find suitable external connecting edges (i.e. those connecting
W1 to Wz)
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6.2. Balanced subgraphs with respect to a partition. Consider a graph G with vertex par-
tition V := {W1,Wa}, where W, has bipartition A;, B; for ¢ = 1,2. Write V* for the ordered
partition (A, By, Az, Bs). Given D € N, we say that G is D-balanced (with respect to V*) if both
of the following hold.

(61) 26(A1) - 26(31) + 6(A17W2) - B(Bl,Wg) = D(|A1‘ - |B1D,
26(A2) — 26(32) + 6(A27W1) - E(BQ,Wl) = D(|A2‘ - |BQD

Proposition i) easily implies that any D-regular graph with arbitrary ordered partition V*
is D-balanced.

Proposition 6.2. Suppose that G is a D-regular graph and let A1, By, As, By be a partition of
V(G). Then G is D-balanced with respect to (A1, By, A2, Ba).

The next proposition shows that, to prove Lemmal6.1] it suffices to find a path system P which
is 2-balanced with respect to V*, contains a W;Ws-path, and does not have many edges.

Proposition 6.3. Letn,D e Nand 0 < 1/n < p<y<v K7 a<1. Let G be a D-regular
graph on n vertices with D > an. Suppose further that G has a robust partition V := {Wy, Wa}
with parameters p,v,7,0,2. For eachi = 1,2, let A;, B; be the bipartition of W; guaranteed by (D3).
Let P be a 2-balanced path system with respect to (A1, By, As, By) in G. Suppose that e(P) < yn
and that P contains at least one W1 Wa-path. Then G contains a V-tour with parameter 18+.

Proof. Let p be the number of Wy Ws-paths in P. Any W;Ws-path in P contains an odd number of
W1Wa-edges. Since P is 2-balanced with respect to (Ay, By, A, Bs), we have that ep(Wy, Ws) =
ep (A1, W) —ep(B1, Wa)+2ep(By, Wa) is even. Hence p is even. Since p > 0, we have that Ry, (P)
is an Euler tour.

The hypothesis e(P) < yn implies that |V(P)NV| < 2yn for all V € V. Proposition implies
that V is a weak robust partition with parameters 27, v, 7, @2 /2,0, 2. Thus we can apply Lemma
with V,0,2,W;, A,, B;, P, 2v playing the roles of U, k,¢,W;, A;, B;,P, p to find a V-tour P’ with
parameter 18. ]

The next lemma shows that we can find a D-balanced subgraph of G which only contains edges
in some of the parts of G. (Recall the definition of [-]. from the end of Subsection [£.1])

Lemma 6.4. Let D € N be such that D > 20. Let G be a graph and let V* := (A1, By, A2, Ba) be
an ordered partition of V(G) with 0 < |A;| — |B;| < D/2 for i = 1,2. Suppose that eq (A1, Bs) <
eq(B1,As) and A(G[A;]) < D/2 fori=1,2. Suppose further that G is D-balanced with respect to
V*. Then one of the following holds:
(i) fori=1,2, G[A;] contains a matching M; of size |A;| — | B;| < [ea(Ai)/5]1/4;
(i) there exists a spanning subgraph G’ of G which is D-balanced with respect to V* and
E(G") C E(G|C1]) U E(G[C3]) U E(G[A1 U By, As]), where C1 € {A1,B1} and Cy €
{Az2, Ba}.

Proof. Observe that the graph obtained by removing E(G[A4;, B;]) from G for i = 1,2 is D-
balanced. So we may assume that F(G[A;, B;]) = 0 for i = 1,2. Consider each of the pairs

{GA1], G[B1]},{G[A2], G[Bs]}, {G[A1, A3], G[B1, Bal}, {G[A1, B2, G[ By, Az]}

of induced subgraphs. For each such pair {J, J'}, remove min{eq(J), eq(J’)} arbitrary edges from
each of J,J' in G. Let H be the subgraph obtained from G in this way. Then H is D-balanced
and for each pair {J,J'}, we have that E(H[V(J)]) = 0 whenever eq(J) < eq(J’) (and vice
versa). In particular, ey (A1, Ba) = 0. Suppose that we cannot take G’ := H so that (ii) holds.
Then H C G[C;] U G[Cs) U G[By, A2 U By for some Cy € {A;, By} and Cy € {43, Bo} with
eg(B1,B2) > 1. So eg(A1,A2) = 0. Let v; :== D(|]4;] — |B;|) > 0. Since H is D-balanced we
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have that 2ep (A1) — 2eg(B1) — ey (Bi1, A3 U By) = v1 > 0. In particular, eg(A41) > eg(By). So
eg(B1) =0. Let t := ey (B, As). Thus

(6.2) 2ey (A1) > v1 +t+1 and similarly
2€H(A2) Z Vg — t+ 1.

Suppose first that ¢ > vy. Then 2e (A1) > v1 +vo+1. Since G is D-balanced, summing the two
equations in implies that v1 +vq is even. Let Hp, 4, consist of vy arbitrary edges in H[By, As]
and let H 4, consist of (v1+wv2)/2 arbitrary edges in H[A;]. In this case, we let G := Ha, UHp, 4,.
So (ii) holds.

Suppose instead that ¢ < ws. First consider the case when ¢ = 0. Then implies that
2eq(A;) > 2ep(A;) > v; + 1 for i = 1,2. Since A(G[A4;]) < D/2, Vizing’s theorem implies that
G[A;] contains a matching M; of size

ea(A; D(|A;| — |B;|)/2
x| = [P B | = 14 - 18 - /(D + 2)) = | - Bl
Note that the right hand side is at most [e(A;)/5]1/4. So (i) holds.

Therefore we may assume that ¢ > 0. Recall that v; = v2 mod 2. We will choose Hp, 4, C
H[By, Ag] and Ha, C H[A;] for i = 1,2 by arbitrarily choosing edges according to the relative
parities of v; and ¢, such that the following hold:

e if v; +t is even then choose e(Hp, 4,) =t, 2¢(Ha,) = v1 +t, 2e(Ha,) = va — t;

e if vy + ¢ is odd then choose e(Hp,4,) =t —1,2¢(Ha,) =v1+t—1, 2e(Ha,) = vy —t+ 1.
These choices are possible by (6.2). We let G’ := Ha, U Ha, U Hp, 4,. Observe that G’ is
D-balanced. So (ii) holds. O

Observe that the subgraph M; U M of G guaranteed by Lemma [6.4]i) is a 2-balanced path
system. The next lemma shows that, when G is 3-connected, one can modify such a path system
into one which also contains paths between A; U B; and As U Bs.

Lemma 6.5. Let n,D € N and 0 < 1/n < v < 1. Let G be a 3-connected D-regular graph on
n vertices. Let W1, Wy be a partition of V(G) and let A;, B; be a partition of W; for i = 1,2,
where |A;| > |B;|. Suppose that there exist matchings My, Ma in G[A1], G[As] respectively so that
|Ai| —|Bi| = e(M;) < [e(Ai)/5]1/a and e(M;) < yn fori=1,2. Then G contains a path system P
which is 2-balanced with respect to (A1, B1, Aa, B2) and contains a W1Ws-path, and e(P) < 3yn.

Proof. Propositionimplies that G is D-balanced with respect to (A1, B, Ag, By). Suppose that
there exist edges e € E(G[A1, Az]) and ¢’ € E(G[Bi, Bs]). Then we can take P := MyUMsU{e, e’}
We are similarly done if there exist edges f € FE(G[A1, B2]) and f' € E(G[By, As]). If either of
these two hold then we say that G contains a balanced matching. So we may assume that G does
not contain a balanced matching. The 3-connectivity of G implies that there is a matching N of
size at least three in G[W7, W3]. Since G does not contain a balanced matching, en(Cy, Cs) > 2
for some C; € {A;, B;}. So we can choose a matching N’ of size two in G[C1, Cs]. Let D; be such
that {C;, D;} := {4;, B;}. Note that eg(D1,D2) = 0 or G would contain a balanced matching.
Without loss of generality, we may assume that e(M;) < e(My).

Case 1. e(Ms) > 0.

Note that 1 < e(Mz) < eq(A2)/5+3/4. Thus eq(Az) —e(Mz) > deq(Az)/5—3/4 > 0. So we can
always choose an edge e2 € E(G[Asz]) \ E(Mz). If possible, let fo be the edge of M, spanned by
V(N') N A,. If there is no such edge, let fy be an arbitrary edge in Ms. Let

A [N ) G =4y
2 MQU{@Q} if CQZBQ.

Case l.a. ¢(M;) > 0.
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Define ey, f1 and hence M| analogously to es, fo, M5. It is straightforward to check that P :=
N'U Mj U M is as required in the lemma.

Case 1.b. e(M;) =0.

We have |A;| = |By|. Without loss of generality we may suppose that C; = A; or we can swap
Ay, B;y. So eq(A1,Wa) > en(C1,Cs) > 2. Since G is D-balanced and eg(B1,Cs) = eq(B1, Wa),
this in turn implies that 2eq(B1) + eq(B1,C2) > 2. If eq(B1) > 0 let e € E(G[By]) be arbitrary
and define P := N’ U Mj U {e}. Otherwise, there exists e;2 € E(G[By,C3]). Let e}y € E(N') be
vertex-disjoint from eqo. If possible, let f} € E(Ms) be the edge spanning the endpoints of e, €],
which lie in Ay; otherwise, let f5 € E(Mz) be arbitrary. If Cy = Ag, let P := MaU{e1o,€ei5} \ {f3}
If Co = Ba, let P := MyU{eqa, €l5}. Tt is straightforward to check that in all cases P is as required
in the lemma.

Case 2. e(M3) = 0.

So e(My) =0 and |A;| = |B;| for i = 1,2. Without loss of generality, we may assume that C; := A;
(and hence D; := B;). Write {4,j} = {1,2}. Since G is D-balanced we have that

2ec(A;) — 2eq(B;) + eg(Ai7Aj) +eq(A;, Bj) — e (B, Aj) =0.

So 2eq(B;) + eq(Bi, Aj) > en(A1, As) > 2. Therefore either eq(B;) > 0 or eq(B;, A;) > 0 (or
both). So for i = 1,2, either we can find e; € E(G[B;]) or e;; € E(G[B;, A;]) (or both). Note that
not both eq(Bi1, A2), eq(A1, B) can be positive since G does not contain a balanced matching.
Suppose that eq(B1),eq(B2) > 0. Let P := N’ U {e1,ez2}, as required. Otherwise we may
assume without loss of generality that eq(B1) > 0 and eg (B2, A1) > 0. Let €}, € N’ be vertex-
disjoint from eg;. Let P := {ey, €]q, €21 }. It is straightforward to check that in both cases P is as
required in the lemma. O

6.3. Tools for finding matchings. Given any bipartite graph G, Koénig’s theorem on edge-
colourings guarantees that we can find a matching of size at least [e(G)/A(G)]. The following
lemma shows that, given any matching M in G, we can find a matching M’ of at least this size
such that V(M) C V(M').

Lemma 6.6. Let G be a bipartite graph with vertex classes V,W such that A(G) < A. Let M
be a matching in G with e(M) < [e(G)/A]. Then there exists a matching M’ in G such that
e(M') = [e(G)/A] and V(M) CV(M').

Proof. Let M’ be a matching in G such that V(M) C V(M’') and e(M') < [e(G)/A] is maxi-
mal with this property. Suppose that e(M') < [e(G)/A]. Since, by Konig’s theorem on edge-
colourings, G contains a matching of size [e(G)/A], this means that M’ is not a maximum match-
ing. So, by Berge’s lemma, G contains an augmenting path P for M’, i.e. a path with endpoints
not in V(M’) which alternates between edges in E(M’) and edges outside of E(M'). But then
P\ E(M’) is a matching contradicting the maximality of e(M"). O

We now show that given a bipartite graph G = (U, Z) and any partition V, W of Z, we can find
a large matching in G’ which has the ‘right’ density in each of G[U, V] and G[U, W].

Lemma 6.7. Let G be a bipartite graph with vertex classes U,V U W, where VW are disjoint.
Suppose that A(G) < A. Let by, by be non-negative integers such that by +by < [e(G)/A], by <
[eq(U,V)/A] and by < [eq(U,W)/A]. Then G contains a matching M such that epr (U, V) = by
and ey (U, W) = by .

Proof. By increasing by, by if necessary, we may assume that by + by = [e(G)/A]. Note that
either by = [eq(U,V)/A], or by = [eq(U,W)/A], or both. Suppose without loss of generality
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that by = [eq(U,V)/A]. Choose a matching M’ in G of size [e(G)/A]. Let my := ey (U, V)
and let my := epr (U, W). Let k := by — my. Then
mw = [e(G)/A] —my = by + by — my = bw + k.

If kK = 0 we are done, so suppose first that k& > 0. Apply Lemma [6.6] to obtain a matching Jy in
G[U, V] such that e(Jy) = by and V(Jy) 2 V(M'[U,V]). So |(V(Jv)\V(M'[UV])NU| = k.
Thus we can choose a submatching Jy, of M'[U, W] of size my — k = by that is vertex-disjoint
from Jy. Let M := Jy U Jw.

Otherwise, k < 0. Apply Lemmato obtain a matching Jy in G[U, W] such that e(Jy ) = by
and V(Jw) 2 V(M'[U,W]). As above, we can choose a submatching Jy of M'[U, V] of size by
that is vertex-disjoint from Jy, . Let M := Jy U Jy . O

6.4. Acyclic unions of matchings. The next lemma shows that, in a graph with low maximum
degree, we can find a large matching that does not completely span a given set of vertices.

Proposition 6.8. Let 0 < 1/A < n < 1. Let G be a graph with A(G) < nA and suppose
that e(G) > 2nA. Suppose that K C V(G). Then there exists a matching M in G such that
e(M) = [e(G)/A] and M[K] is not a perfect matching.

Proof. By Vizing’s theorem, G contains a matching M’ of size
G 1. [ .49, ,
AGY+1| — |3nA/2| | A

Delete edges so that M’ has size [e(G)/A]+ 1. If M’ contains an edge with both endpoints in K,
remove this edge to obtain M. Otherwise, obtain M from M’ by removing an arbitrary edge. O

Proposition and the following observation will be used to guarantee that, given a matching
M in G[W7, As], we can find a suitable matching N in G[As] such that the path system M U N
contains a Wi As-path.

Fact 6.9. Let G be a graph with vertex partition U,V and let M be a non-empty matching between
UandV. Let K :=V(M)NV and let M' be a matching in G[V] such that M'[K] is not a perfect
matching. Then M U M’ is a path system containing a UV -path.

Given a graph G with low maximum degree, vertex partition U,V and a non-empty matching
M in G[U, V], the next lemma shows that we can find matchings in G[U], G[V] which extend M
into a path system P containing a UV-path.

Lemma 6.10. Let 0 < 1/A < n < 1. Let G be a graph with partition U,V and suppose that
A(G) < nA. Let M be a matching between U and V. Suppose further that eq(U) < eq(V) < nAZ.
Then there exist matchings My, My in G[U], G[V] respectively such that
(i) P:= M U My U My is a path system;
(ii) e(My) < Teq(U)/A] with equality if eq(U) > /nA; and e(My) < [eq(V)/A] with
equality if eq(V) > /nA;
(i) of M # 0, then P contains a UV -path.

Proof. If M = () then Vizing’s theorem implies that we can find matchings My, My of size
[eq(U)/A], [eq(V)/A] respectively. Then (i)-(iii) hold. So we may assume that M # 0. If
eq(U) < eq(V) < /A, then we are done by taking My, My := (. Suppose instead that
eq(U) < ynA < eq(V). Apply Proposition with G[V],V(M) NV playing the roles of G, K
to obtain a matching My in G[V] such that e(My) = [eq(V)/A] and My [V(M) N V] is not a
perfect matching. Fact implies that we are done by taking My = 0.

Therefore we may assume that \/nA < eq(U) < eq(V). Apply Propositionwith G[UL,V(M)N
U playing the roles of G, K to obtain a matching My in G[U] of size [eq(U)/A] such that
My [V (M)NU] is not a perfect matching. Let Py be the path system with edge set E(M)UE(My).
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So Fact implies that Py contains at least one UV-path P. Let ug € U and vg € V be the
endpoints of P. Let Y be the set of all those vertices in V' which are endpoints of a V'V-path in
Pu. Now

(6.3) Y] < 2e(My) = 2[ea(U)/A] < 2[ea(V)/A].
Obtain G’ from G[V] by removing every edge incident with Y U {vg}. So

,
e(G) Zea(V) —nA(lY[+1) = (1 -4ynea(V) = ea(V)/2.
So G’ contains a matching of size
[e(G)/ (A + 1)] = [e(G")/2A] = [ea(V)/4nA] = [ea(V)/A].
Let My be an arbitrary submatching of this matching of size [eq(V)/A]. Let P := M UMy UMy.
Clearly (ii) holds. Observe that P has a UV-path, namely P. Hence (iii) holds. To show (i), it
is enough to show that P is acyclic. Suppose not and let C' be a cycle in P. Now C contains at

least one edge e € E(My ). Then both endpoints of this edge belong to Y, and hence e ¢ E(G'),
a contradiction. ]

The following is a version of Lemma for sparse graphs which may have a small number of
vertices with high degree.

Lemma 6.11. Let 0 < 1/A < p < 1. Let G be a graph with vertex partition U,V and suppose
that A(G[U]), A(G[V]) < A. Let M be a matching between U and V' such that e(M) < pA.
Suppose further that eq(U),ec(V) < pA2. Then, for any integers 0 < ay < [eq(U)/Al1/s and
0<ay <leag(V)/Alij4, G contains a path system P such that
(i) P[U,V] = M and both of P[U],P[V] are matchings;
(ii) BP(U) =ay, 673(‘/) =ayy,
(ii) of M # 0, then P contains a UV -path.

Proof. By removing edges in G[U] and G[V] we may assume without loss of generality that ay =
[eq(U)/Al1/s and ay = [eq(V)/A]1/4. Choose n with p < n < 1. Let U :={u € U : dy(u) >
nA} and define V' analogously. Then 2eq(U) > >~ ¢y du(u) > |U'|nA and similarly for V', so

(6.4) U, 1V'] < 7.

Let Up := U\ U’ and Vp := V \ V'. Let H be the graph with vertex set V(G) and edge set
E(GlUsl) U E(G[Vo))UM. So Eg(U) = Eg(Uy) and Eg(V) = Eg(Vp). Moreover, A(H) < 2nA.
Note that

(6.5) ec(Ug) > eq(U) — AUl and eq(Vo) > eq(V) — AlV'].

Assume without loss of generality that eq(Up) < eq(Vo). Apply Lemma with H, M,U,V,2n
playing the roles of G, M, U, V,n to obtain matchings My, , My, in H[Uy| = G[Uy], H[Vy] = G[Vo]
respectively such that Py := M UMy, UMy, is a path system satisfying Lemmal[6.10{i)~(iii). So Py
contains a UV-path if M # 0. Moreover, e(My,) < [eq(Up)/A] with equality if eq(Up) > /214,
and e(My,) < [eq(Vb)/A] with equality if eq(Vp) > v/2nA. Thus

(6.6) [V(Po)| < 2e(Po) < 2(e(M) + [eq(U)/A] + [ea(V)/A]) < VpA.

For every u € U’ and v € V' we have that

dug\v (o) (W)s dvi\v(p) (v) = nA/2 > |U V']

So for each u € U’, we may choose a distinct neighbour w,, € Uy \ V(Py) of u. Let My := {uw, :
w e U} CGU,Uy\ V(Py)]. Define a matching My in G[V',Vy \ V(Py)] (which covers V')
similarly.
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Let P := Py U My U My. Note that P is a path system since Py is. Certainly P[U, V]| =
PolU,V] = M, so (i) holds. Suppose that eq(Up) > /2nA. Then

ep(U) = e(My,) + e(My:) = [eq(Uy) /AT + |U'| [ec(U)/A = |U'[]1+|U'|
= [ec(U)/A] = [eq(U)/Al1a-
Suppose instead that eq(Up) < /2nA. Then

ep(U) 2 |U'| = [ec(U)/A —/2n] = [ec(U)/Aly/4

since /217 < 1/4. Analogous statements are true for ep (V). So by removing edges in ep(U), ep(V)
if necessary, we may assume that (ii) holds. Note that P has a UV-path if Py does (there is a
one-to-one correspondence between the UV-paths in P and the UV-paths in Py). (|

6.5. Rounding. Given a small collection of reals which sum to an integer, the following lemma
shows that we can suitably round these reals so that their sum is unchanged. Lemmas and
together enable us to find three matchings, one in each of G[W1], G[Ws] and G[W1, W], each of
which is not too large, such that their union is a path system P. Lemma will allow us to
choose the size of each matching correctly, so that P is 2-balanced.

Lemma 6.12. Let 0 < e < 1/2. Let ay,a2,b,c € R with b,c > 0 and let x1, x5 € Ny. Suppose that
201 +b—c=2x1 and 2as+b+c=2x,.
Then there exist integers ay,ah, b, ¢’ such that
20, +b0 —c =211y and 2a5+V + = 2z,
where 0 < b < [b],0<¢ <[c], ¥+ < [b+c]; and fori=1,2, |a;| < [|a;|]e; and finally a; > 0
if and only if a; > 0.
Proof. Note that
(6.7) |2a1] + [b—c] =221 and |2a2] + [b+ ¢] = 2.

In particular, either |[2a;|, [b — ¢] are both odd, or both even. The same is true for the pair
[2a2], [b+ c]. Let A; :=[2a;]/2 for i = 1,2. Let also
[b4c]+ [b—c] and O e [b+c] — fb—d.
2 2

Observe that {41, A2, B,C} C ZU(Z+ 1/2). Let i € {1,2}. Suppose first that a; > 0 (and so
A; > 0). If a; — |a;| <ethen2[a;]. = 2]a;] = [2a;] = 24;. If a; — |a;| > € then 2[a;]. = 2[a;] >
|2a;] = 2A;. Therefore [A;] < [a;]e. Suppose now that a; < 0 (and so 4; < 0). Ifa; —|a;] < 1—¢
then 2|a; +¢| = 2|a;] < |2a;] =2A;. fa; —|a;| > 1—e then 2|a; +¢| =2|a;] +2=[2a;]+1=
2A;+1since 1 —e > 1/2. Since —[—a;]. = |a; + €], this shows that —[—a;]. < [A;]. Altogether
this implies that
(6.8) |Ai| < lai|]le when A; € Z, and

|A; +1/2| < [|a;|]le when A, € Z +1/2.

B =

We also have that

(6.9) B+C=[b+c¢] and B-C=[b—c].
Note that
(6.10) [26] = [b+c+b—c] <2B<[b+c+(b—c)]+1=[2b] +1<2[b] +1;

2
[2¢] —1=[b+c—(b—0c)] -1 <20 < [b+c—(b—c)]| = [2¢c] < 2[c].
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It is straightforward to check that these equations (together with the definition of C') imply the
following:

(6.11) 0<B<[b] when BEZ
0<B-1/2<[b] when BeZ+1/2
0<C<[e] whenC€eZ
0<C-1/2<C+1/2<][c] whenC€Z+1/2.
Finally, note that and together imply that
(6.12) 2A1+B—-C =2z and 245+ B+ C =2x,.

We choose a, ab, b, ¢ as follows:

al al b d
(i Aq Ay B C if [b+ c¢], [b— ¢] both even;
(i) | A1 +1/2 | Ay B—-1/2 | C+1/2|if [b+c] even, [b—c] odd;
(i) | Ay As+1/2 | B—-1/2 | C—1/2|if [b+c] odd, [b— c] even;
(iv) | Ay +1/2 | Ay +1/2 | B—1 C if b> 0 and [b+c], [b— c] both odd,;
(v) | A1 —1/2| Ay +1/2 | B C—-1 |ifb=0and [b+c], [b—c] both odd.

By the definition of A; we have for each ¢ = 1,2 that a, > 0 if and only if a; > 0. Then
{a},ay,b', '} CZ and (6.12) implies that
20 +0 —c =221 and 245 +V + = 2zs.

Moreover, b’ +¢ < B+C = [b+c¢]. We claim that 0 < ¥ < [b] and 0 < ¢ < [¢] and |a}| < [|as]e
for i = 1,2 respectively in all cases (1)—(v). To see this, suppose first that we are in case (iv). Since
b >0, implies that B > [2b]/2 > 0, so, since B € Z, B — 1 > 0 in this case.

Suppose now that we are in case (v). Then [c], [—c] = —|c] are both odd. Therefore [c], |c]
are both odd so [¢] = |¢] =¢. Soc€ Ny isodd, B=0and C =c¢. Thus C —1 > 0. Moreover
¢ =2A; — 2x1, so 2A; is odd and positive, which implies that A; —1/2 > 0. Then implies
that |41 — 1/2| < [lai|]e.

In all cases (i)~(v), these last deductions together with (6.8)—(6.11)) complete the proof of the
lemma. |

6.6. Proof of Lemma[6.1} Before we can prove Lemmal6.1] we need one more preliminary result
which guarantees a path system P that can balance out the vertex class sizes of the bipartite graphs
induced by the W;. If ep (W7, Wa) = 0, then we will use 3-connectivity (via Lemma to modify
‘P into a balanced path system which also links up the W;.

Lemma 6.13. Let 0 < 1/n < p < v < 7 < a < 1 and let G be a D-regular graph on n
vertices with D > an. Suppose that G has a robust partition V = {Wi, Wa} with parameters
p,v,7,0,2. For each i = 1,2, let A;, B; be the bipartition of W; guaranteed by (D3), and suppose
that |A;| > |B;|. Then
(i) G contains a path system P which is 2-balanced with respect to (A1, By, Aa, Bs) such that
e(P) < \/pn;
(ii) of ep (W1, W) > 0 then P contains a W1 Way-path;
(iii) for i = 1,2, P[W;] consists either of a matching in G[A;] of size at most [eg(A;)/5]1 /4,
or a matching in G[B;] of size at most [eq(B;)/5]1 /4.

Proof. Write V* := (A1, By, A, B2). Let A := D/2 and note that
A(G[A]), A(G[Bi]), A(GIW, Wa]) < A
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for i = 1,2 by (D4) and (D5). Without loss of generality, we may suppose that eg(A41, Bs) <
eq(B1, As). Note that G is D-balanced with respect to V* by Proposition Apply Lemma
to G. Suppose that Lemma[6.4(i) holds. Then G[A;] contains a matching M; of size |A;| — |B;| <
[ec(A;)/5]1/4 for i =1,2. Set P := M; U M,. So (iii) holds, (D3) and (C2) imply that (i) holds,
and (ii) is vacuous.

So we may assume that Lemma ii) holds. Let H be a spanning subgraph of G which is
D-balanced with respect to V* such that E(H) C E(G[C1]) U E(G[Cs]) U E(G[W1, As]) for some
Cy € {A1,B;} and C5 € {As, By}. Observe that

(6.13) e(H) < Y (ec(Ai,Bi) +ec(Bi, Ai)) < 2pn’.
i=1,2
For each H' C H and i = 1,2, define
(6.14) fi(H') = er (Ai) — e (By).
Now implies that, for any ¢ € Ny, H’ is t-balanced if
(6.15) 2fi(H') + enr (A, W) — e (Bi, W) = t(|Ai| — | By)
for {i,5} = {1,2}. Observe that ey (C;) = eg(W;) = |f:(H)|. For i = 1,2, let
(6.16) a; := fi(H)/A.
Then the D-balancedness of H and imply that
0, AL A enBLA) o1, 13y
and 2as + eH(AAl’A2) + eH(BAl’Az) = 2(|Az| — | Bal).

Apply Lemma with a1, a9, e (A1, A2)/Aeq (B, A2) /A, |A1| — |B1], |Az2| — | Ba|,1/4 playing
the roles of a1, as, b, ¢, x1, 2, € to obtain integers a}, ah, v, ¢’ with

(6.17) lai| < [laillija = [en(Ci)/Al1ja fori=1,2;

(6.18) a; >0 if and only if a; > 0;

0<V <Jem(Ai,A2)/Al]; 0 < < [ey(By,As)/A] and

(6.19) b+ <Teg(Wy, As)/Al;

(6.20) 207 + b — =2(|A1] — |B1|) and 2a4 + b+ =2(]As| — | Ba|).

Apply Lemma with H[Wa, W1], Wa, A1, By playing the roles of G, U, V, W to obtain a matching
M in H[Ws, W1] such that

(6.21) en(Ar, Az) = enr (A1, W) =V, enr(Br, A2) = enr(B1, Wa) = ¢
and ep(Wq,Bg) = 0.
Then (6.13)) and (6 |-i imply that e(M) = 0'+c" < [e(H)/A] < \/pA. By (6.13) and (6.17)), we can

apply Lemma[6.11[to H with VP, M, AWy, Wa, |ay], lay| playing the roles of p, M, A U. / ay,ay
to obtain a path system P such that

(6.22) PIWL, Wa] = M
(6.23) ep(W;) = ep(C;) = |a;| fori=1,2;

P[C;] is a matching for 2 = 1,2, and if M # (), then P contains a W;Wa-path. So (ii) holds. (Note
that (6.23) follows from the fact that H[W;] = H[C;].) Moreover, (6.17) and (6.23)) imply that the
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matching P[C;] has size at most [ey(C;)/Al1/4 < [eq(Ci)/Al1/a < [ea(Cy)/5]1/4- So (iii) holds.
Equations (6.14)), (6.16)), (6.18) and (6.23)) imply that
(6.24) 1:(P) = .

Furthermore, by and we have
ep(A1,Wa) —ep(B1,Ws) =b' — ¢ and ep(Wi, As) —ep(Wi,Bs) =b' + .
Together with , and , this implies that P is 2-balanced with respect to V*.

Finally,
&1, ET9
e(P) = lat| +las| + 0"+ <7 e(H)/A+3 < Vom,
as required. O

Proof of Lemma . Let V := {W;,Ws} and for ¢ = 1,2, let A;, B; be the partition of W; guaran-
teed by (D3). Without loss of generality, we may suppose that |A;| > |B;|. Apply Lemma to
obtain a path system P which is 2-balanced with respect to (Ay, B, A2, By) such that e(P) < \/pn.

Suppose first that ep (W7, Ws) > 0. Then P contains a W;Wa-path by Lemma ii). So we
are done by Proposition Therefore we may assume that ep (Wi, W2) = 0. Lemma [6.13((ii)
implies that, for each i = 1,2, at least one of P[A4;], P[B;] is empty, and the other is a matching
of size at most [eq(B;)/5]1/4, [ec(Ai)/5]1/4 respectively. The 2-balancedness of P implies that
ep(A;) —ep(B;) = |A;| — |Bil > 0. So P = M; U My, for some matchings M; C G[A;]. Apply
Lemma to obtain a path system P’ which is 2-balanced with respect to (A1, By, Aa, Bs) and
contains a W1 Wa-path, and e(P) < 3,/pn. Again, we are done by Proposition (]

7. (2,1) : TWO ROBUST EXPANDER COMPONENTS AND ONE BIPARTITE ROBUST EXPANDER
COMPONENT

The aim of this section is to prove the following lemma.

Lemma 7.1. Let 0 < 1/n € p < v < 7 < 1. Let G be a 3-connected D-regular graph on n
vertices where D > n/4. Let X be a robust partition of G with parameters p,v,7,2,1. Then G
contains a Hamilton cycle.

This — the final case — is the longest and most difficult. This is perhaps unsurprising given
that the extremal example in Figure (1) has precisely this structure. Moreover, the presence of
a bipartite robust expander component means that the path system we find to join the robust
components needs to be balanced with respect to the bipartite component — the regularity of G
is essential to achieve this. On the other hand, since we have to join up three components, the 3-
connectivity of G is essential too. The main challenge is to find a path system which satisfies both
requirements simultaneously, i.e. one that is both balanced and joins up the three components.
We need to invoke the degree bound D > n/4 for this. We begin by giving a brief outline of the
argument.

7.1. Sketch of the proof of Lemma Let X = {V{,V4§,W'}, where G[V]] is a robust
expander component for ¢ = 1,2, and G[W’] is a bipartite robust expander component with
bipartition A’, B’, where |A’| > |B’|. One can hope to use the regularity of G to find a path
system P’ consisting of a matching in A’, together with a matching from A’ to U’ := V{ UV,
which balances (the sizes of the vertex classes A’, B’ of) G[W']. However, P’ may not connect W’
to each of V{ and V5 in the right way. We could for example have that ep/ (W', V{) = 0 or that
ep (W', V{) is odd. In both cases, P’ requires modification. But if one adds an edge to P’ between
one of the V/ and W', then P’ will no longer balance G[W'], meaning that P’ must be further
adapted.
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It turns out that it is better to begin with a small path system Py for which Rx(Py) has an
Euler tour, but which does not necessarily balance G[W']. If Py also balances G[WW'] then we are
done. So suppose not. We then attempt to balance Py by adding edges of G[W'] to Py. When
such an attempt fails, we will slightly modify Py using the additional structural information about
G that this failure implies. We then add edges of G[IW’'] to the modified path system.

To find Py which corresponds to an Euler tour, one could simply use Lemma[4.8] However, since
the proof of the lemma uses the 3-connectivity of G, we have insufficient control on the structure of
Po (i.e. it may not be possible to extend it into a balancing path system). Instead, we will construct
Py by first finding a large matching M in G[A’, W’]. Typically this matching will be obtained using
Kénig’s theorem on edge-colourings, so e(M) > eq(A,W')/A(G[A’,W]). Since X is a robust
partition, (D4) implies that A(G[A’,W’]) < 2D/3. This would give e(M) > 3eq(A’,W’)/2D,
which is insufficient for our purposes. To improve on this, we alter the partition X very slightly
to obtain a weak robust partition V = {V;, Vo, W} so that A(G[W,W]) < D/2 (where G[V;] and
G[Va] are robust expander components and G[W] is a bipartite robust expander component with
bipartition A, B, where |A| > |B|). By Lemma it is still sufficient to find a V-tour using the
approach outlined above (see Lemma and Subsection for the statement and proof of this
reduction). Now the matching in G[A, W] which will be used to construct the initial path system
Py has size at least 2eq(A, W)/D.

We prove Lemma [7-1] separately in each of the following four cases:

|A| — |B| > 2 and eg(A, W) is at least a little larger than 3D/2 (Subsection |7.5));

|A| — |B| > 2 and eg(A, W) is at most a little larger than 3D/2 (Subsection [7.6));

|A] — |B| =1 (Subsection [7.7);

|A| = |B| (Subsection [7.8).

The reason for these distinctions will be discussed at the end of Subsection [7.4] The full strength
of the minimum degree bound D > n/4 is only used in the last two cases.

7.2. Notation. Throughout the remainder of the paper, whenever we say that a graph G has
vertex partition V = {V;,Vo, W := A U B}, we assume that V(G) has a partition into parts
V1, Vo, W, each of size at least |V(G)|/100 > 100, that A and B are disjoint and |A| > |B|.
Moreover, we will say that G' has a weak robust partition V = {V;, Vo, W := AU B} (for some
given parameters) if V satisfies the above properties and is a weak robust partition of G such
that G[V1], G[V2] are two robust expander components and G[W] is a bipartite robust expander
component, and the bipartition of W as specified by (D3’) is A, B. We will use a similar notation
when V is a robust partition of G.

Given 0 < ¢ < 1 and A > 0, consider any graph G with vertex partition U, A, B such that
A(G[A]), A(G[A,U]) < A. We say that

(7.1) chara .(G) := (¢, m)

when ¢ := [eq(A)/A]: and m is the largest even integer less than or equal to [eq(A,U)/Al..
(Recall the definition of [-]. from the end of Subsection [£.1]) Given any path system P in G, we
write

(7.2) balag(P) :=ep(A) —ep(B) + (ep(A,U) —ep(B,U))/2.

When V = {V4, V5, W := AU B} is a vertex partition of G, we take U := V; UV; in the definitions
of chara . and balyp.

Given 0 < € < 1, A > 0 and a graph G with partition V = {V;,V5,W := AU B} and
chara .(G) = (¢,m), we will find a path system satisfying the following properties:

(P1) e(P) <4+ m+6;

(P2) balap(P) = |A| —|B|;

(P3) Ry(P) is an Euler tour.
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7.3. Preliminaries and a reduction. In this subsection we show that, in order to prove Lemmal[7.1}
it is sufficient to prove Lemma below. We then state some tools which will be used in the next
subsections to do so. The following observation provides us with a convenient check for a path
system P to be such that Ry (P) is an Euler tour.

Fact 7.2. Let G be a graph with vertex partition V into three parts. Then, for a path system P
in G, (P3) is equivalent to the following. For each X € V, ep(X,X) is even and there exists
X" e V\{X} such that P contains an X X'-path.

The remainder of Section [7] is devoted to the proof of the following lemma, which states that
G contains a path system satisfying (P1)—(P3) (when the partition V and the parameters involved
are suitably defined).

Lemma 7.3. Let n,D € Nand {,m € Ng. Let 0 < I/n € p K< v K 7 K e < 1. Let G be
a 3-connected D-reqular graph on n vertices where D > n/4. Suppose that G has a weak robust
partition V = {V1, Vo, W := AU B} with parameters p,v,7,1/16,2,1 such that |V1|,|Va| > D/2.
Suppose further that A(G[A, V1 UVa]) < D/2, dy,(x;) > dy,(x;) for all x; € Vi and all {i,j} =
{1,2}, and da(a) < dp(a) for all a € A. Let charp,s.(G) = (€,m). Then G contains a path
system P satisfying (P1)—(P3).

The following proposition gives bounds on ¢ and m when chara .(G) = (¢, m).

Proposition 7.4. Letn,D e Nandl,m € Ny. Let 0 < 1/n K p < v L 7 K g, < 1 and suppose
D > n/4. Let G be a graph on n vertices with weak robust partition V = {V1,Vo, W := AU B}
with parameters p,v,7,1,2,1. Suppose further that A(G[A]), A(G[A, V1 UW3]) < D/2 and that
charp /o (G) = (¢, m). Then £,m < 12pn.

Proof. (D3') implies that G[W] is p-close to bipartite with bipartition A, B. So eq(A)+eq(A4, VLU
Vo) < pn?. Thus ¢ = [2ec(A)/D]. < 3pn?/D < 12pn. An almost identical calculation gives the
same bound for m. O

We now show that, to prove Lemma [7.1] it suffices to prove Lemma [7.3

Proof of Lemma (assuming Lemma [7.3]). Choose € with 7 < & < 1. Let X = {Uy,Us, W' :=
A’ U B’} be a robust partition of G with parameters p,v, 7,2, 1, where G[U;], G[Us] are (p,v,T)-
robust expander components and G[W’] is a bipartite (p, v, 7)-robust expander component with
bipartition A’, B’ as guaranteed by (D3). We will alter X slightly so that it is a weak robust
partition and that additionally the degree conditions of Lemma hold.

Claim. There exists a weak robust partition V = {V1,Vo, W := AU B} of G with parameters
p'/3,v/2,27,1/16,2,1 such that |V1|,|Va| > D/2, A(G[A, V1 UV)) < D/2, dy,(z;) > dv,(z;) for
all z; € V; and {i,j} = {1,2}, and da(a) < dp(a) for all a € A.

To prove the claim, for i = 1,2, let X; be the collection of vertices z € U; with dﬁ(x) > pn. Then
(D7) implies that | X;| < pn. Let Y; := U, \ X;. Then each y € Y; satisfies

(7.3) dy,(y) = d(y) — dg_x, (y) > d(y) — pn — | Xi| > d(y) — 2pn.

Let Ag be the collection of vertices a € A’ such that dgr(a) > \/pn. Let A; := A"\ Ap. Define
By, By analogously. By (D3), G[W'] is p-close to bipartite with bipartition A’, B’. Therefore (C3)
holds, from which one can easily derive that |Ag|,|Bo| < 2,/pn. Similarly as in (7.3), for each
a € A; and b € B; we have

(7.4) dp, (a) > d(a) —3\/pn and da,(b) > d(b) — 3/pn.
Let VE) = X1 U X2 U A() U B(). Then
(7.5) Vol < 5/pn.
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Among all partitions X1, X}, A}, B, of Vp, choose one such that e(A U B,V; U V3) is minimised;
and subject to e(A U B,V; U V2) being minimal we have that e(V1,V2) + e(A) + e(B) is minimal,
where V; :=Y, UX/, A:= Ay UA[ and B := B; UBj{. It is easy to see that daup(w) > dy,uv, (W)
for all w € Ay U Bg; dvyuv, (v) > daup(v) for all v € X[ U Xg; dy, (vi) > dy; (v;) for all v; € X and
{#,7} = {1,2}; da(a) < dp(a) for all a € Aj; and dg(b) < da(b) for all b € Bj. If v; € Y;, then
(7.3) implies that dy,(vi) > dy,(v:) > d(v;) — 2pn > d(vs)/2. So dv,(vi) > daup(vs),dv,(v;) for
i,7} = {1,2}. Similarly, (7.4]) implies that, for all w € A; U By we have daug(w) > dv,uv, (w);
for all a € A; we have da(a) < dp(a) and for all b € By we have dp(b) < da(b). Observe that
, imply that |V;| > D — 2pn and |A|,|B| > D — 3,/pn respectively. It remains to prove
that V := {V1, Vo, W := AU B} is a weak robust partition with parameters p*/3,v/2,27,1/16,2,1.
Property (D1’) is clear. By relabelling if necessary, we may assume that |A| > |B|. We now prove
(D2'). Observe that

e(Vi, Vi) < e(Ui, U;) + DI X;| + DX < (p+ 6,/p)n® < p/*n?.

Therefore each V; is a p'/3-robust component of G. Note also that

[ViAU;| < Vol < 5v/pn < v|Us|/2.

Lemma [4.1] implies that G[V;] is a (v/2, 27)-robust expander. Therefore G[V;] is a (p'/3,1/2,27)-
robust expander component for i = 1,2, so (D2') holds. To prove (D3’), note that |[AAA'| +
|BAB'| < 2|Vy| < p'/?n/3 where the final inequality follows from . Now Lemma implies
that G[AU B] is a bipartite (p'/3, /2, 27)-robust expander component of G with bipartition A, B.
Thus (D3’) holds. Finally, (D4") and (D5’) are clear from the degree conditions we have already
obtained. This completes the proof of the claim.

Given the partition V of V(G), let £, m satisfy charp s .(G) = (¢,m). Let P be a path system in G
guaranteed by Lemma[7.3] i.e. P satisfies (P1)—(P3). Note that V is also a weak robust partition
with parameters p'/3,1/2,27,¢,2,1. So (P1) and Proposition with p!/3, e playing the roles of
p,n imply that e(P) < 25p*/3n. Then, for each X € V we have that [V(P) N X| < |[V(P)| <
2¢(P) < 50p'/3n < p'/*n/9. So Lemma applied with 2,1, W, A, B, P, p*/*/9 playing the roles
of k,0,W;, Aj, B;, P, p implies that G contains a path system P’ that is a V-tour with parameter
pt/*. Now Lemmawith P p' /3 pt 4 v/2,27,1/16,2,1 playing the roles of P, p,,v, 7,1, k, !
implies that G contains a Hamilton cycle. O

7.4. Tools. In this section we gather some useful tools which will be used repeatedly in the sections
to come. We will often use the following lower bounds for eg(A), eq(A, U) implied by chara -(G).

Proposition 7.5. Let A;A’ € N and {,m € Ny. Let A’/A < e < 1. Suppose that G is a graph
with vertex partition U, A, B such that A(G[A]), A(G[A,U]) < A and chara .(G) = (¢,m). Then
eg(A) > (L —1)A+ A and eg(A,U) > (m—1)A+ A,

Proof. We have that £ = [eq(A)/A]: = [eq(A)/A—¢c] sol—1<eq(A)/A—e < (eq(A)—A")/A,
as required. A near identical calculation proves the second assertion. |

The path system we require will contain edges in G[A] and G[V; U V4, 4], and will ‘roughly look
like’ a matching within each of these subgraphs. The following lemma allows us to find a structure
which in turn contains a large matching even if certain vertices need to be avoided.

Lemma 7.6. Let A,A’ € N and ¢ € Ny be such that £/A' AN /A 1/A < 1. Let G be a graph
with A(G) < A, and let e(G) > (( — 1)A+ A’. Then G contains one of the following:

(i) a matching M of size £+ 1 and wv € E(G) with u ¢ V(M);

(ii) ¢ vertices each with degree at least A’.
Moreover, if £ > 1 and e(G) > tA+1; or £ =0 and e(G) > 2, then (i) holds.
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Proof. We will use induction on ¢ in order to show that either (i) or (ii) holds. The cases £ =0, 1
are trivial. Suppose now that ¢ > 2. Suppose first that A(G) < A’. Then, by Vizing’s theorem,
E(G) can be properly coloured with at most A’ + 1 colours. Therefore G contains a matching of
size

EANCE

So (i) holds. Thus we may assume that there exists z € V(G) with d(x) > A’. Let G~ := G\ {z}.
Then e(G™) > e(G) — A > (£ —2)A + A’. By induction, e(G~) contains either a matching M~ of
size £ and uwv € E(G™) with u ¢ V(M ™), or £ — 1 vertices of degree at least A’. In the first case,
choose y € N(z)\ V(M~) with y # v and let M := M~ U {zy}. Then (i) holds. In the second
case, z is our fth vertex of degree at least A’ in G, so (ii) holds.

For the moreover part, suppose now that ¢ > 1 and e(G) > ¢A + 1. Suppose that (i) does
not hold. Let x1,...,z, be ¢ distinct vertices of degree at least A’. Then e(G \ {x1,...,2¢}) >
e(G) — Al > 1. So G contains an edge e which is not incident to {z1,...,z¢}. We obtain

202

a contradiction by considering {e, 121} U {z1y1,...,2eye}, where 21 € N(x1) avoids e and for
1 <@ < ¢ the vertices y; € N(x;) are distinct, and avoid e, z; and 1, ..., xy.
Finally, if £ = 0, then any two edges of G satisfy (i). |

Given an even matching M in G[A,V; U V3] and a lower bound on eg(A4), we would like to
extend M into a path system P using edges from G[A] so that balsp(P) is large. Lemma[7.6] gives
us two useful structures in G[A] from which we can choose suitable edges to add to M to form P.
The following proposition does this in the case when Lemma (1) holds.

Proposition 7.7. Let G be a graph with vertex partition X,Y. Suppose that G[Y] contains a
matching M’ of size £+ 1 and an edge uv with w & V(M'). Let M be a non-empty even matching
of size m in G[X,Y]. Then G contains a path system P such that

(i) PIX,Y]=M and P C M UM U {uv};
(ii) ep(Y) =0+ 1;
(iii) P contains at least two XY -paths.

Proof. We will extend M by adding edges from M’ U {uv}, so (i) automatically holds. Note that
any path system P obtained in this way contains an even number of XY -paths. So it suffices to
find such a P with at least one XY-path. If M U M’ contains an XY -path, then we are done
by setting P := M U M’. So suppose not. Then M'[V(M)NY] is a perfect matching M". If
v € V(M"), let f be the edge of M" containing v. Otherwise, let f € E(M") be arbitrary. We
take P := M U M’ U {wv} \ {f}. Now both of the two edges in M which are incident to f lie in
distinct XY-paths of P, so (iii) holds. Clearly (ii) holds too. O

Following on from the previous proposition, we now consider how to extend M into P when
instead Lemma ii) holds in G[A].

Proposition 7.8. Let A’ € N and let £,m,r € Ng with A" > 3¢+m. Let G be a graph with vertex
partition X, Y and let M be a matching in G[X,Y] of size m. Let {x1,...,2¢} CY such that
dy (z;) > A and [{x1,...,2e} \ V(M)| > r. Then there exists a path system P C G[X,Y]UG[Y]
such that ep(Y) =€+ r, P[X,Y] = M and every edge of M lies in a distinct XY -path in P.

Proof. Since A’ > 3¢+ m, G[Y] contains a collection of ¢ vertex-disjoint paths Py, ..., Py of length
two with midpoints 1, ..., x, respectively, such that V(P,) NV (M) C {z;}. For each z; € V(M),
delete one arbitrary edge from P;. Let P consist of M together with P,..., P,. Then P is a path
system, and every edge of M lies in a distinct XY -path. Moreover, ep(Y) > 20 — (£ —7) =L+ 7.
Delete additional edges from P[Y] if necessary. O



24 DANIELA KUHN, ALLAN LO, DERYK OSTHUS AND KATHERINE STADEN

Proposition 7.9. Let 0 < ¢ < 1/3. Let a,b € R>o and let x € Ny. Suppose that 2a +b > 2x.
Let o' := [a]: and let b’ be the largest even integer of size at most [b].. Then o’,;b" > 0 and
2a' +bV > 2zx.

Proof. Note that
2[alc + [ble =2[a—e]+[b—¢] > [2a—2e+b—¢e]| > [22 — 3c] > 2z.
This implies the proposition. ([l

Proposition 7.10. Let D € N and let 0 < ¢ < 1/3. Let G be a D-regular graph and let U, A, B
be a partition of V(G) where |A| > |B|. Suppose that A(G[A,U]), A(G[A4]) < D/2 and that
charp /s . (G) = (¢,m). Then £,m >0 and { +m/2 > |A| — |B|.

Proof. Proposition[L.7](ii) implies that 4e(A)/D+2e(A,U)/D > 2(|A|—|B|). Apply Proposition[7.9]
with 2e(A)/D,2e(A,U)/D,|A| — |B| playing the roles of a,b,z to obtain a’,b’. Note that o’ = ¢
and b’ = m. O

We will first prove Lemma in the case when |A| — |B| > 2. This constraint arises for the
following reason. We will show that we can find a path system P such that Ry (P) is an Euler tour,
but P is ‘overbalanced’. More precisely, balsp(P) = £+m/2, which is at least as large as |A| — | B|
by Proposition We would like to remove edges from P so that (P2) holds, and Ry (P) is still
an Euler tour. However, there exist path systems Py such that balag(Py) = 2, Ry(Py) is an Euler
tour, but any Py with E(Py) S E(Po) is such that Ry (Pg) is not an Euler tour. (For example, a
matching of size two in G[V1, 4] together with a matching of size two in G[Va, 4], such that these
edges are all vertex-disjoint.) So, if |A| — |B| < 2, we cannot guarantee, simply by removing edges,
that we will ever be able to find P’ with balsp(P’) = |A| — | B| without violating (P3).

We will split the case when |A| —|B| > 2 further into the subcases m > 4 and m < 2, i.e. when
eq(A, V1 UVy) is at least a little larger than 3D /2, and when it is not. We will call these the dense
and sparse cases respectively.

7.5. The proof of Lemma in the case when |A| — |B| > 2 and m > 4. This subsection
concerns the dense case when m > 4, i.e. when eg(A, V3 UVs) is at least slightly larger than 3D/2.
Now G[A, V1 U V3] contains a matching M of size m. We will add edges to M to obtain a path
system P which satisfies (P1)—(P3). If M[A,V;] is an even non-empty matching for both i = 1,2,
then M satisfies (P3). In every other case we must modify M by adding and/or subtracting edges.
We do this separately depending on the relative values of eps(A4, V1) and ep (A4, V). We thus
obtain a path system Py which satisfies (P1) and (P3). Then we obtain P by adding edges to Py
from G[A] so that (P2) is also satisfied. We must pay attention to the way in which these sets of
edges interact to ensure that P still satisfies (P3).
We begin with the subcase when ep;(Vy, A), epr(Va, A) are both even and positive.

Lemma 7.11. Let A,A’ e N, £ € Ny and m € 2N with A'JA,m/A'  {/N < 1. Let G be a graph
with vertex partition V = {V1,Va, W := AU B}. Let M be a matching in G|V} U Vo, A] of size m,
and let M; := M[V;, A] and m; := e(M;). Suppose that {m1,ma} C 2N. Let e(A) > ({ —1)A+ A/
and A(G[A]) < A. Then G contains a path system P such that P C G[A] U G[A, V1 U V3],
PlAVIUVL] = M, e(P) =L+ m, Ry(P) is an Euler tour and balag(P) = £+ m/2. Moreover,
P contains at least one V; A-path for each i =1,2.

Proof. We will find P by adding suitable edges of G[A] to M such that P contains at least one V; A-
path for each ¢ = 1,2. Then by Fact we have that Ry (P) is an Euler tour. Apply Lemma [7.6]
to G[A]. Suppose first that Lemma i) holds. Let M’ be a matching of size ¢ + 1 in G[A] and
let uv € E(G[A]) be such that u ¢ V(M’). Then

(7.6) balap(MUM')=0+m/2+1 and e(MUM')={+m+1.
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If M UM’ contains a V; A-path for both ¢ = 1,2 we are done by setting P := M U M’ \ {e} where
e € M' is arbitrary. Suppose now that M U M’ contains a V; A-path but no VoA-path. Then
V(M2)NACV(M'). Choose ex € E(M') with an endpoint in V' (Mz). Then P := M UM’ \ {ez2}
contains a V; A-path for both i = 1,2, and implies that balyp(P) = ¢+m/2 and e(P) = {+m,
as required. The case when M U M’ contains a V3 A-path but no V; A-path is identical.

So we may assume that M U M’ contains no V;A-path for both 7 = 1,2. Suppose that there is
ajas € E(M') with a; € V(M;). Then P := MUM’'\ {aja2} contains a V; A-path with endpoint a;
for ¢ = 1,2. Moreover, implies that P satisfies the other conditions. Therefore we may assume
that M/ := M'[V(M;) N A] is a (non-empty) perfect matching for ¢ = 1,2. Choose f; € E(M])
for i = 1,2 such that v € V(f1) U V(f2) if possible. We set P := M U M’ U {uv} \ {f1, f2}.
Note that every vertex in V(f;) \ {v} is the endpoint of a V;A-path in P. Then implies that
balap(P) =balap(MUM')+1—-2=1{¢+m/2 and e(P) = { + m, as required.

Suppose instead that Lemma (ii) holds and let z1,...,zy be ¢ distinct vertices in A with
da(z;) > A’ for all 1 < ¢ < ¢. Apply Proposition with G\ B, V4 U Vs, A, M, z;,0 playing
the roles of G, X,Y, M, x;,r to obtain a path system P C G[A] U G[A, V] U V3] with ep(4) = ¢,
P[A, V1 U Vo] = M and such that every edge in M lies in a distinct AV;-path in P for some
i € {1,2}. Therefore Ry (P) is an Euler tour, e(P) = £+ m, and since V(P) N B = () we have that
balsp(P) =€+ m/2. O

We now consider the case when e (Vi, A), epr(Va, A) are both odd and at least three.

Lemma 7.12. Let A,A’ € N, £ € Ny and m € 2N with A’/A,m/A'  L/N < 1. Let G be a graph
with vertex partition V = {V1, Vo, W := AU B}. Let m < eq(V1 UVa, A), eqg(4) > (£ — 1)A + A’
and A(G[A]) < A. Let M be a matching in G[V1 UVa, A] of size m, and let M; :== M[V;, A], m; :=
e(M;). Suppose {mi,ma} C 2N+ 1. Then G contains a path system P such that e(P) < £+ m,
Ry (P) is an Fuler tour and balag(P) = £+ m/2.

Proof. We will find P such that ep(V;, A) = ep(V;, W) is even for i = 1,2, ep(V1, V) = 0 and
such that for each X € V, there exists X’ € V \ {X} such that P contains an X X’-path. Then by
Fact [7.2] we have that Ry,(P) is an Euler tour.

Let us first suppose that £ = 0. Since m < e (V1UVa, A), there exists an edge et € G[V1UVs, A\
E(M). Suppose, without loss of generality, that et € G[V4, A]. Let e~ be an arbitrary edge in M,.
Let P := MU{et}\{e"}. Then Ry(P) is an Euler tour and balsg(P) = (m1+1)/2+(ma—1)/2 =
m/2, as required.

Therefore we assume that £ > 1. Apply Lemma to G[A]. Suppose first that Lemma [7.6]i)
holds. So G[A] contains a matching M’ of size £ 4+ 1. Note that it suffices to find e; € M; for
i =1,2 such that M UM’ \ {e1, ez} contains a V;A-path for i = 1,2. Then it is straightforward to
check that we are done by setting P := M U M’ \ {e1,ea}.

We say that xy € E(G[A]) is a connecting edge if x € V(M) and y € V(Ms). Suppose that M’
contains no connecting edge. So M U M’ contains no V;Va-paths. But an even number of edges
in M; lie in V;V;-paths of M U M’. Since m; is odd, there must be a V;A-path P; in M U M’ for
i =1,2. We are done by choosing e; € E(M;) \ E(FP;) arbitrarily.

Therefore we may assume that there exists a connecting edge ajas € M’, with a; € V(M;).
Suppose that there exists a second connecting edge ajab € M’, with a; € V(M;). Then we are
done by choosing e; € M; with endpoint a; and es € My with endpoint a). Therefore we may
suppose that ajas is the only connecting edge in G. Let P be the V;Vs-path containing a;as.
Let P := (M UM')\ {E(P)}. Then, for each ¢ = 1,2, either P’ contains a V;A-path P; 4, or a
ViVi-path P; ;. In the first case, let e; be an arbitrary edge of M; that does not lie in P; 4. In the
second case, let e; € E(P; ;) N E(M;) be arbitrary.

Suppose instead that Lemma (ii) holds in G[4] and let 1, ..., 2, be £ distinct vertices in A
with da(z;) > A’ for all 1 < ¢ < £. Since £ > 1, we can choose e; € My and ey € My so that
{z1,..., ¢} L V(M \ {e1,e2}). Apply Proposition with G\ B, Vi U Vo, A, M\ {e1,ea},x;, 1
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playing the roles of G, X, Y, M, z;,r to obtain a path system P C G[A] U G[A, V; U V3] such that
ep(A) =4+1, P[A,V1UVL] = M\{e1, ez}, and every edge in M\ {e1, ez} lies in a distinct AV;-path
in P for some i € {1,2}. Then e(P) = ¢+ m — 1 and balyp(P) =+ 1+ (m —2)/2 =L+ m/2.
Since P[A, V;] is an even matching for ¢ = 1,2 and P[V1, V] is empty, we have that Ry (P) is an
Euler tour and we are done. ]

We now consider the case when eps(Va, A) is odd and at least three, and epr(Vh, A) = 1.

Lemma 7.13. Let A,A’ € N, £ € Ny and m € 2N with A’/JA,;m/A' (/AN < 1. Let G be a
3-connected graph with vertex partition V = {V1,Va, W := AU B}. Let eq(A) > (£ — 1)A + A’
and A(G[A]) < A. Let My be a matching in G[Va, A] of size m — 1 where 3 < m —1 < eq(Va, A)
and let ey € G[V1, A] be an edge not incident to My. Then G contains a path system P such that
e(P) <L+m+2, Ry(P) is an Euler tour and balap(P) = £+ m/2.

Proof. We will find a path system P such that, for each X € V, ep(X, X) is even and there exists
X" € V\ {X} such that P contains an X X'-path. Then by Fact Ry(P) is an Euler tour. We
will choose P such that P[V; U Vo, W] is obtained from Ms U {e;} by adding/removing at most
one edge. Since G is 3-connected, G contains an edge vyv with v1 € V3 and v € Vo U AU B such
that vv; and ey are vertex-disjoint. We consider cases depending on the location of v.

Case 1. v € A.

If possible, let e; be the edge of My incident to v; otherwise, let es be an arbitrary edge of Ms.
Then we are done by applying Lemma with My U {e1,v1v} \ {e2} playing the role of M.

Case 2. v e V5.

If possible, choose e € E(Ms) whose endpoint ve € Vo satisfies va = v, otherwise let eq € E(Ms)
be arbitrary. Set Vi := Vi U{v,vo} and V3 := V5 \ {v,v2}. Observe that ey, e, (A4, V)) € 2N for
i=1,2. Let V' := {V{,V§,W}. Apply Lemma [T.11] with G \ {vi}, V{, V4, A, B, M5 U {e;} playing
the roles of G, Vi, Va, A, B, M to obtain a path system P’ such that P’ C G[A] U G[A, V] U V],
PAVIUVS] = My U{er}, e(P') = £+ m, Ry (P’) is an Euler tour and balap(P’) = £ + m/2.
Moreover, P’ contains at least one V/A-path for each i = 1,2. Let P; be such a path.

Let P := P’ U {vv1}. Then e(P) = £ +m + 1 and balag(P) = £ + m/2. Moreover, each of
ep(Vi, V1) = ep (VI V]) = 2, ep(Va, Va) = ep/(Vy, V) 4+ 2 and ep(W, W) = ep (W, W) is even.
Now P; is a Vo A-path in P. Similarly, if P, avoids es, then P; is a Vj A-path in P. If P; contains
es and vy = v, then viv Py is a Vi3 A-path in P. If vy # v then viv is a V4 Va-path in P. Therefore,
by Fact Ry (P) is an Euler tour, as required.

Case 3. v € B.

Apply Lemma to G[A]. Suppose first that Lemma [7.6{i) holds. Let M’ be a matching of size
¢+ 1 in G[A] and let vw € E(G[A]) with u ¢ V(M’). Apply Proposition with G\ B, V4 U
Va, A, My U{e1}, M, u, w playing the roles of G, X, Y, M, M’, u, v to obtain a path system Py such
that Po[Vi U Vo, Al = Ma U {e1}; ep,(A) = £+ 1; and Py contains at least two (V3 U V2)A-paths.
But Py contains at most one Vi A-path, and hence at least one V5 A-path P. Now Proposition i)
implies that ep(Va2, A) = 1. So we can choose e € E(Py[Vz, A]) \ E(P). Let P := Py U {viv} \ {e}.
Then ep(X,X) is even for all X € {V;,Vo, W} and P contains a ViB-path and a VzA-path.
Moreover, balsp(P) = ep, (A) + ep, (A, V1 U VL) /2 — 1 = £+ m/2, as required.

Suppose instead that Lemma ii) holds. Then G[A] contains ¢ distinct vertices 1,...,xp
such that da(z;) > A’ for all 1 < ¢ < £. Choose e € E(G[V2,A]) \ E(Mz). If £ = 0 then
P := My U{e1,v1v, e} is as required. Suppose now that £ = 1. Let wy,y1 € Na(z1)\V(MzU{e1})
be distinct. Suppose that x1 ¢ V(ey). If possible, choose ez to be the edge of My that contains z;
otherwise, let es be an arbitrary edge of Ms. In this case we let P := MaU{ey, viv, wiz1y1}\ {ea}.
Suppose now that x; € V(e1). In this case we let P := My U {e1,v1v,e} U{x1y1}. In all cases, we
have that Ry (P) is an Euler tour, e(P) < £+ m + 2 and balap(P) = m/2 + 1, as required.
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Suppose finally that £ > 2. Then we can choose e € My so that {z1,...,2¢} € V(Ma U {e1} \
{e2}). Apply Proposition with G\ B, Vi U Vo, A, M U {e1} \ {e2}, z;,1 playing the roles of
G,X,Y,M,z;,r to obtain a path system Py in G[A] U G[4,V; U Vs] such that ep,(A) = £ + 1,
PolA, Vi U Vo] = My U {e1} \ {ez2}, and every edge in Ma U {e1} \ {e2} lies in a distinct AV;-path
in Py for some ¢ € {1,2}. Let P := Py U{viv}. Then e(P) =¢+m+1 and

balap(P) =ep,(A) + ep, (A, V1 UV2)/2—-1/2=4+1+(m—1)/2—-1/2=0+ m/2.
Note finally that Ry (P) is an Euler tour by Fact O

We are now ready to prove a more general version of Lemmas in which G[A4,V; U V3]
contains an arbitrary even matching of size at least four.

Lemma 7.14. Let A,A’ € N, £ € Ny and m € 2N with A’/A,;m/A' (/A < 1 and m > 4. Let
A'JA < e <1/3. Let G be a 3-connected graph with vertex partition V = {V;, Vo, W := AU B}.
Suppose that A(G[A]), A(G[A, V1 U Vz]) < A and chara (G) = (¢,m). Then G contains a path
system P such that e(P) < £+ m+ 4, Ry(P) is an Fuler tour and balyp(P) = £+ m/2.

Proof. Write U := V; U V,. Proposition [7.5] implies that
(7.7) ec(A) > (U —-1DA+A" and eq(4,U) > (m—-1)A+ A"

Recall also that m < [eg(A,U)/A] and m is even. Choose non-negative integers by, b2 such that
bi < [ec(A,V;)/A] for i = 1,2 and by + by = m. Apply Lemma [6.7| with G[A, U], A, V4, V2 playing
the roles of G,U,V,W to obtain a matching M in G[A, U] such that ey (A,V;) = b; for i = 1, 2.
Without loss of generality we assume that b; < by. Suppose first that b1,bs are both even and
positive. Then we are done by applying Lemma[7.11] If b1, by are both odd and at least three, then
we are done by applying Lemma Suppose that by = 1. Then [eq(A4,V2)/A] > by =m —1
som—1 < eg(A,Vs). Therefore we can apply Lemma with M playing the role of My U {e;}.
So we can assume that b; = 0, and hence that M C G[A, V3]. Suppose that eg(A4, V1) > 0. Then
there is an edge e € E(G[A,V;]) and m — 1 edges in M which are not incident with e. We are
similarly done by applying Lemma The only remaining case is when eg(4,V;) = 0. Now

(7.7) implies that
(7.8) eq(A, Vo) > (m—1)A + A,

Since G is 3-connected, G[V1, V1] contains a matching of size three. So G[V1, V2 U B] contains a
matching of size three. Then at least one of G[V1, V3], G[V4, B] contains a matching of size two.

Case 1. G[V1, V3] contains a matching M* of size two.

Choose two distinct edges eq, €5 € E(M) such that [V (M*)N{vg,v4}| is as large as possible, where
va, v are the endvertices of eq, e} in Va. Set VY := V3 U {vg,v4} and V4§ := V5 \ {va,v5}. Observe
that ens(A,V/) € 2N for i = 1,2 since m > 4. Let V' := {V/,Vy,W}. Apply Lemma [7.11] with
G,V/,VJ, A, B, M playing the roles of G,V;, V5, A, B, M to obtain a path system P’ such that
P C GIAJUGIA, V] UV, P[A, VI UVy] = M, e(P') = £+ m, Ry(P') is an Euler tour and
balap(P’) = £+ m/2. Moreover, P’ contains at least one V;A-path for each i = 1,2. Let P; be
such a path. Then P; contains either ey or e),. Without loss of generality we may assume that Py
contains es.

Let P := P'U M*. Then e(P) = ¢ +m + 2 and balyp(P) = ¢ + m/2. Moreover, each of
ep(Vi, V1) = ep (V] V]) = 2, ep(Va, Vo) = ep/(V4, V) 4+ 4 and ep(W, W) = ep (W, W) is even.
Now P; is an VhA-path in P. If M* contains an edge e which avoids both ve, v} (and thus is
vertex-disjoint from all edges in M), then e is a V;Va-path in P. If there is no such edge e, then
M* contains an edge e’ whose endvertex in V5 is v9. Then ¢’ U P is a V; A-path in P. Therefore,
by Fact Ry (P) is an Euler tour, as required.

Case 2. G[V4, B] contains a matching M* of size two.
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Apply Lemmal(7.6]to G[A]. Suppose first that Lemma[7.6{i) holds. Then G[A] contains a matching
M’ of size £ + 1 and an edge wv with v ¢ V(M’). Apply Proposition with G\ B,V; U
Vo, A, M, M’ u,v playing the roles of G, X, Y, M, M’ u,v to obtain a path system Py such that
PolViUVa, Al = M; Py € M UM’ U{uv}; ep,(A) = £+ 1; and Py contains at least two Va A-paths.
Let P := PyUM*. Then P contains at least two Vo A-paths and two V; B-paths (namely the edges
of M*), so Ry(P) is an Euler tour. Moreover balag(P) = £+ m/2 and e(P) = £+ m + 3, as
required.

Suppose now that Lemma ii) holds in G[A]. Assume first that £ > 2. Let x1,...,2, be ¢
distinct vertices in A such that da(xz;) > A’ for 1 < ¢ < £. Since m > 4, we can choose distinct
e1,ea € M such that |[{z1,...,2z¢} \ V(M \ {e1,e2})| > 2. Then Proposition applied with
G\ B,V1UV,, A, M\ {e1,es}, z;, 2 playing the roles of G, X,Y, M, z;, r implies that there is a path
system P’ C G[A]UG[A, V1 U V3] such that ep/(A) = £+ 2, P'[A, V1, UVa] = M\ {e1, ez}, and such
that every edge of M \ {e1, ez} lies in a distinct AVa-path. Let P := P’ U M*. Then Ry(P) is an
Euler tour, e(P) = ¢+ m + 2, and

balAB(P) = EP/(A)-i-B'p/(A,Vl UVQ)/Q— 1=0+2+ (m—2)/2— 1 :€—|—m/2.

Finally we consider the case when ¢ < 1. Lemma applied to G[A,V; U V,] and imply
that G[A, V1 U V3] contains a matching M’ of size m together with a matching M ™ of size two
which is edge-disjoint from M’, such that both edges in M ™ contain a vertex outside of V(M’).
Since eg (A4, V1) = 0 by our assumption, we have M’ U M+ C G[A, Vs]. Suppose first that ¢ = 0.
In this case we let P := M'UM™T UM*. Tt is clear that Ry (P) is an Euler tour, e(P) = m+4 and
balsp(P) = m/2, as required. The final case is when ¢ = 1. Choose e € Mt and e’ € M’ such that
[V(e)N{z1}|+ |V (e') N {z1}| is maximal. So P’ := M’ UM™ \ {e, e’} is a matching of size m — 1
together with an extra edge, and ;1 ¢ V(P’). In particular, P’ contains a V5 A-path P,. Since
m/A" <« 1, we can choose distinct vertices wy,y1 in Na(z1)\V(P’). Let P := P'UM* U{wiz1y1}.
Then P, is a Vo A-path in P and each edge of M* is a V; B-path in P. So Fact implies that P
is an Euler tour. Moreover, balap(P) = m/2 + 1, and e(P) = m + 4, as required. O

The proof of Lemma [7.3]in the ‘dense’ case is now just a short step away.

Proof of Lemma in the case when |A| —|B| > 2 and m > 4. Let A := D/2. Observe
that da(a) < dg(a) for all a € A implies that A(G[4]) < A. Proposition implies that
¢+ m/2 > |A| — |B|. Choose non-negative integers ¢’ < ¢ and m’ < m such that m’ is even,
{'+m'/2 = |A|—|B| and m’ > 4. This is possible since |A|—|B| > 2. Let A’ := vn. Proposition|[7.4
implies that ¢/, m’ < 12pn. Then A’/A < 1, m' /A" < 1,0//A" < 1, A’/A < . Apply Lemma&
with ¢/, m’ playing the roles of £, m to obtain a path system P such that e(P) < £'4+m'+4 < f+m+4,
Ry (P) is an Euler tour, and bal(P) = ¢ +m’/2 = |A| — |B|. So (P1)—(P3) hold. O

7.6. The proof of Lemma in the case when |A| —|B| > 2 and m < 2. We now deal with
the sparse case, i.e. when the largest even matching we can guarantee between A and V; U Vs has
size at most two. For this, we need to introduce some notation which will be used in all of the
remaining cases.

7.6.1. More notation and tools. Given a path system P, recall the definition of Fp(A) in (4.1).
We say that P is a basic connector (for V = {V;,Vo, W := AU B}) if

(BC1) Ry(P) is an Euler tour;

(BC2) e(P) <4 and |balap(P)| < 2;

(BC3) ep(AUB) =0;

(BC4) if Fp(A) = (a1, a2) then balgg(P) € {a1 + 2a2 — 2,a1 + 2a2 — 1} and ag < 1.

It can be shown that (BC1)~(BC3) imply (BC4) (cf. the proof of Proposition[7.15). Observe (BC3)
implies that if P is a basic connector, then

(79) 2balAB(P) = GP(A, ViU VQ) — EP(B,Vl U V2) =ai + 2ay — ep(B,‘/l U ‘/2)
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Roughly speaking, the existence of a basic connector P follows from 3-connectivity. We would
like to modify/extend P into a path system P’ which balances the sizes of A, B, i.e. for which
balag(P’) = |A| — |B|. The following notion will be very useful for this. Given a graph G, disjoint
Ap, Ay CV(G) and t € Ny, we say that

acc(G; A1, Ag) >t
if G contains a path system P such that

(A1) e(P) = ;

(A2) dp(z2) = 0 for each x5 € As;

(A3) dp(z1) <1 for each x1 € Ay, and no path of P has both endpoints in A;.

We say that such a P accommodates A1, As.

In a typical application of this notion, we have already constructed a path system Py. We let
Aj be the set of all those vertices in A which have degree one in Py and A, be the set of all those
vertices in A which have degree two in Py. Then, if acc(G[A]; A1, A2) > ¢, we can find a path
system P in G[A] with ¢ edges such that Py U P is also a path system.

We now collect some tools which will be used to prove Lemma [7.3]in the case when |A|—|B| > 2
and m < 2. The next proposition uses Lemma to show that G contains a basic connector.

Proposition 7.15. Let G be a 3-connected graph with vertex partition V = {Vi, Vo, W := AU B}.
Then G contains a basic connector P.

Proof. Apply Lemma 4.8/ to G and V to obtain a path system P satisfying the conditions (i)—(iii).
We claim that P is a basic connector. Write Fp(A) = (a1,a2) and Fp(B) = (b1, b2). In particular,
(iii) implies that

(710) a, + by + 2(&2 + bg) S {2,4}

and az+b2 < 1. Note that (BC1) and (BC3) are immediate from (ii) and (i) respectively. Moreover,
(i) implies ep(AU B) = 0. So ep(A, Vi UVa) = a1 + 2a2 and ep(B, V4 U Va) = by + 2bs. So (7.10)
implies that

QbalAB(P) =ay + 2ay — by —2by € {2(11 + 4as — 4,201 + 4ag — 2}
and [2balap(P)| < 4, so (BC2) and (BC4) hold. O

By Proposition we can find a basic connector Py in G, which may not satisfy (P2). Our
aim now is to find a suitable path system P4 in G[A] so that Py U P4 satisfies (P1)—(P3). Let
A; be the collection of all those vertices of A with degree i in Py. The next result shows that it
suffices to show that acc(G[A]; A1, Az) > |A| — |B| — balap(Po).

Proposition 7.16. Let G be a graph with vertex partition V = {V1, Vo, W := AU B}. Let Py be a
basic connector in G and for i = 1,2 let A; be the collection of all those vertices of A with degree
i in Py. Then, for any integer 0 < t < acc(G[A]; A1, Az), we have that G contains a path system
P such that Ry(P) is an Euler tour, balgp(P) = balap(Po) +1t and e(P) <t +4.

Proof. Let P4 be a path system in G[A] which accommodates Ay, As such that e(P4) = ¢. Let
P := Py UPa. Properties (A2) and (A3) imply that P is a path system. It is straightforward to
check that (BC1) implies that Ry (P) is an Euler tour. Moreover, balsp(P) = balap(Po) +e(Pa),
as required. Finally, (BC2) gives the required bound on e(P). O

7.6.2. Building a basic connector from a matching. The next lemma shows that in the case when
G[A, V1 U V3] contains a matching of size at least three, we can obtain a basic connector with
additional useful properties.

Lemma 7.17. Let G be a 3-connected graph with vertex partition V = {V1,Vo, W := AU B}.
Suppose that G[A,Vy U V3] contains a matching M of size three. Then one of the following holds:
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(i) G contains a basic connector P with balag(P) > 1, and if Fp(A) = (a1, a2), then a1 > 2;
(ii) eq(A, Vi) =0 for some i € {1,2}, and for each a € A, G contains matchings My a, M,
in G[A\ {a},V;], G[B, Vi] respectively, where j € {1,2}\ {i}, each of which has size two.
In particular, P, := My aUM, g is a basic connector with balag(P,) =0, a ¢ V(P,) and

Proof. Without loss of generality we may assume that ep(A4,Va) > en(A, V7). Suppose first
that eg(4,V1) > 0. We claim that G[4, V7 U V] contains a matching M’ of size three such that
em (A, V1) =1 and ey (A4, Vo) = 2. To see this, we may assume that we cannot set M’ := M, so
M C G[A,V3]. Let e; € E(G[A,V1]). Then V(e1) NV (M) C A. If possible, let ¢’ be the edge of
M incident to ey, otherwise let ¢/ € E(M) be arbitrary. Let M’ := M U {e;1} \ {€¢'}, proving the
claim.

Since G is 3-connected, there exists e € E(G[V1, V4]) that is not incident with the unique edge
e1 € M'[A,V]. Let z be the endpoint of e that does not lie in V. If z € V, then we can
choose ez € M'[A, V5] which is not incident with e and then P := {e, e1, €2} is a path system with
balap(P) =1 and Fp(A) = (2,0). It is easy to check that P is a basic connector, so (i) holds. If
x € AU B then similarly P := M’ U {e} satisfies (i).

Suppose now that eg(A,Vi1) = 0. Thus ep(A, V) = 3. Since G is 3-connected, there is a
matching M’ of size three in G[Vi,V;]. Let E(M') = {ey,e2,e3} and let x1, 2o, v3 respectively be
the endpoints of eq, ea, e3 which do not lie in V;. Note that {x1,z2,23} C B U V5. Suppose first
that |[V(M') N B| < 1. Without loss of generality we assume that {z1, 22} C V. Let e, e’ € E(M)
be such that {z1,22} € V({e,e'}). Then P := {e,e’,e1,ea} is such that balap(P) = 1 and
Fp(A) = (2,0). Moreover, P is a basic connector, so (i) holds. So without loss of generality
we may assume that |[V(M') N B| > 2 and {z1,22} C B. Given an arbitrary a € A, choose
e, e’ € E(M) such that a ¢ V({e,e'}). Let M, 4 := {e,e'} and M, g := {e1,e2}. So (ii) holds. O

We now show how this result implies that, whenever G[A, Vi U V5] contains a matching of size
two, we are again able to find a basic connector with additional useful properties (though not as
useful as those in Lemma [7.17)).

Lemma 7.18. Let G be a 3-connected graph with vertex partition V = {V;,Vo, W := AU B}.
Let M be a matching in G[A, V1 U Va] of size two. Then G contains a basic connector P with
balag(P) > 0, and if Fp(A) = (a1, a2), then a; > 1.

Proof. Write U := V4 U V4. Since G is 3-connected, G[A U B, U] contains a matching M’ of size
three. We claim that M U M’ contains a matching M* of size three such that at least two of the
edges in M* lie in G[A, U]. To see this, assume that ey (A, U) <1 (or we could take M* := M’).
Assume further that there is no edge e € E(M’) without an endpoint in V(M) (or we could take
M* .= M U{e}). Then, if we write M := {au,a'v'} where a,a’ € A and u,u’ € U, we have that
M’ consists of distinct edges e, €./, e incident with u, v’ and {a,a’} respectively. Suppose that
a € V(e). Then e € E(G[A,U]) and so e,, e, € E(G[B,U]). Moreover, neither e nor e, is incident
with a’u’. We can set M* := {a'v/, e, e, }. If instead o’ € V(e), then we can set M* := {au, e, e, }.
This proves the claim.

If M* C G[A,U], we are done by Lemma Otherwise, let bu be the unique edge in
M*[B,U] with u € U and b € B. Let A’ := AU {b} and B’ := B\ {b}. Apply Lemma [7.17]
with G, M*, A’, B’ playing the roles of G, M, A, B. Suppose first that (i) holds. Then G contains
a basic connector P with bala g/ (P) > 1. But balyg(P) = bala g (P) — dp(b) if b € V(P) and
balap(P) = bals g/ (P) otherwise. If dp(b) = 1 then balyg(P) > 0, as required. Suppose that
dp(b) = 2. Write Fp(A') := (a},a}). Thus aj = 1 by (BC4). Moreover, Lemma [7.17(i) implies
that af > 2. Now a} + 2a} < bala/p/(P) + 2 < 4 by (BC2) and (BC4), so (a},ab) = (2,1) and
bala/ g/ (P) = 2. Then balyp(P) > 0, as required. Let Fp(A) =: (a1,a2). As above, (a1,as) €
{(a} — 1,d}), (a},a, — 1),(a},ab)}. So ai > af —1 > 1 by Lemma [7.17(i). Suppose instead
that Lemma (ii) holds. The ‘in particular’ part implies that G contains a basic connector
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Py, with bala g (Py) = 0, Fp,(A) = (2,0) and b ¢ V(Pp). Then balap(Py) = bals g (Py), and
Fp,(A) = Fp,(A’) as required. a

7.6.3. Accommodating path systems. The following proposition gives a lower bound for acc(G; Ay, As)
whenever G contains several vertices of degree much larger than |A1|+|As| (i.e. when Lemmal7.6{ii)
holds in G).

Proposition 7.19. Let A’ € N and let £,a1,as € Ng be such that A’ > 3{ + a1 + as. Let G be a
graph and let X be a collection of £ vertices in G such that dg(x) > A’ for all x € X. Then for
all disjoint Ay, As C V(G) with |A;] = a; fori=1,2, we have

aCC(G;Al,Az) > 20 — |XﬂA1| — 2|XﬂA2|

Proof. Write X := {x1,...,2¢}. Since A’ > 3¢+a;+ay we can choose distinct vertices w1, ..., we, Y1, .. .

such that {w;,y;} € N(z;) \ (A1 U A3 U X). For each 1 <i </, define

TiYi if x; € Aq;
(7.11) P=<0 if x; € Ao;

w;x;y; otherwise.
Then P := U1§igz P; is a path system which accommodates A;, Ay. Clearly
(7.12) acc(G; Ay, Ag) > e(P) =20 — | X N Ay — 2| X N A,

as required. (Il

The following proposition shows that, if A contains a collection X of vertices of high degree and
G contains a basic connector Py which does not interact too much with X, then we can extend Py
such that it still induces an Euler tour but balsg(Py) has increased.

Proposition 7.20. Let A’ € N and let £, € Ng be such that A’ > 3¢+ 4. Let G be a graph with
vertex partition ¥V = {V1, Vo, W := AU B} and let Py be a basic connector in G. For i = 1,2, let
A; be the collection of all those vertices in A with degree i in Py. Let X :={x1,...,2¢} C A where
da(x;) > A’ for all 1 <14 < L. Suppose that X N Ay =0 and | X \ A1| > r. Then G contains a path
system P such that Ry (P) is an Euler tour, balag(P) = balag(Po) + £+ 1 and e(P) < {+r+4.

Proof. Write Fp,(A) := (a1, a2). So |4;| = a; and hence ay + az = |V(Py) N A| < 4 by (BC2) and
(BC3). Therefore we can apply Proposition to see that

acc(G[A]; A1, A2) > 20 — | X NA | —2[XNA >20— (U —7)=L+r.

Then Proposition [7.16]implies that there exists a path system P as required. (Il

The following lemma gives lower bounds for acc(G[A]; Ay, Az). Together with Proposition
this will enable us to see ‘how far’ we can extend a basic connector. We show that acc(G[A]; A1, Az)
is ‘sufficiently large’ unless we are in one of two special cases.

Lemma 7.21. Let k € {0,1}, A, A',¢ € N be such that { + k > 2. Suppose that A'/ALJA <«
1. Let G be a graph with vertex partition U, A and suppose that eq(A) > (£ — 1)A + A’ and
A(G[A), A(G[A,U]) < A. Let ay,a9 € Ny with a; > k and A" > 30+ a1 + az. Let A1, Ay C A be
disjoint such that |A;| = a; fori =1,2. Then one of the following holds.
(1) acc(G[A]; A1, A2) > € —a1 —2a2+ k + 2;
(I0) k=1, (a1,a2) = (1,0) and acc(G[A]; A1, A2) > L+ 1;
() k=1,1<{la; +as <2, eqg(A) < LA and acc(G[A]; A1, As) > ¢ — ay. Moreover, let
X:={xe€A:da(x) > A’}. Then |X| =1 and all edges of G[A] are incident with X.

» Ye
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Proof. Apply Lemma to G[A]. Suppose first that (i) holds. Let M be a matching in G[A4] of
size £ + 1 and let uv € E(G[A]) be such that u ¢ V(M). Obtain M’ from M by deleting all those
edges with both endpoints in A; or at least one endpoint in As. Then M’ accommodates A, Ay
by construction, so

(7.13) acc(G[A]; A1, Az) > e(M') >+ 1— |a1/2] — as.

If [a1/2] + az > k + 1, then implies that (I) holds.

So suppose instead that [a1/2] 4+ a2 < k. First consider the case k = 0. Then [a1/2] + a2 =0
and hence (a1, a2) = (0,0). Now A; = Ay =0, so M U{uv} is a path system which accommodates
Ay, A, and e(M U {uv}) = £+ 2, so (I) holds.

Now consider the case k = 1. We have [a1/2] + a2 < 1. But a1 > k > 1 so (a1,a2) = (1,0).
Observe that acc(G[A]; A1, As) > ¢+ 1 by (7.13). So (II) holds.

Suppose now that Lemma i) does not hold in G[A]. Since £ > 1, we have eg(A) < ¢A by the
final assertion in Lemma[7.6] Let X := {z € A:da(z) > A’}. Then |X| > ¢. Since Lemma [7.6]i)
does not hold, we must have that |X| = ¢ and that all edges of G[A] are incident with X.

Apply Proposition to see that

acc(G[A]; A1, A2) > 20 — | X N Ay —2|X N Ag| > 2¢ —min{a;, £ — az} — 2as
(7.14) ={—a; —2az + max{l,a; +as} > £ — as.

In particular, if max{¢,a; + a2} > k + 2, (7.14) implies that (I) holds. So we may suppose that
max{f,a; + a2} < k+1. Recall that k+¢ > 2 and a; > k in the hypothesis. Hence, we have k =1
and so 1 < /¢, a1 + ay < 2. So (IIT) holds. O

We are now ready to prove Lemma in the case when |A| — |B| > 2 and m < 2. Roughly
speaking, the approach is as follows. Proposition [7.15 implies that G contains a basic connector
Py. When m = 2, Lemmas and allow us to assume that balsp(Py) is non-negative.
We would like to extend Py to a path system P in such a way that Ry (P) is an Euler tour and
balap(P) =€+ m/2 > |A| — |B|. Proposition implies that, in order to do this, it suffices to
find a path system P4 in G[A] which accommodates A1, Ay (where A; is the collection of all those
vertices in A with degree i in Py) and has enough edges. Now Lemma implies that we can do
this unless m = 2, ¢ is small and (|A;|, |A2|) takes one of a small number of special values. Some
additional arguments are required in these cases.

Proof of Lemma in the case when |A| — |B| > 2 and m < 2. Let k :=m/2. Since m € 2Nj we
have k € {0,1}. Let A := D/2, A’ :== vn and U := V; U V,. Proposition implies that

(7.15) O+ k> |A—|B| > 2.

Proposition[7.4]implies that £, m < 12pn. Then A'/A, (/A" m/A" < 1, A’/A < . Proposition[7.5]
implies that

(7.16) eq(A) > (0 —1)A+A" and eq(A,U) > (m—1)A+ A

By Proposition [7.15], G contains a basic connector Py. Further assume that bal4(Pg) is maximal,
and given balag(Py), a1 is maximal where Fp,(A) := (a1,a2). Let

t:= ‘A| — |B‘ — balAB(Po).

Then (BC2) implies that ¢ > 0. In fact we may assume that ¢ > 1 as otherwise Py satisfies
(P1)—(P3). For i = 1,2 let A; be the set of all those vertices in A which have degree i in Py. So
|A;| = a;. Proposition implies that, to prove Lemma it suffices to show that

acc(G[A]; Ay, Ag) > t.
(To check (P1), note that (BC2) and (7.15)) imply t < |A| — |B|+2<{+k+2<{l+m+2.)
Claim A.
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(i) Suppose that k =1. Then balyg(Py) > 0, and if bal4p(Py) = 0 then a; > 1.

To prove Claim A(i), note that if £ = 1 (and so m = 2), then (7.16) and Lemma imply that
G[A, U] contains a matching of size two. Together with Lemma and our choice of Py this in
turn implies Claim A(i). Claim A(ii) clearly holds if & = 0, so assume k = 1. If bal45(Py) = 2, then
ay > 1 by (BC4). Together with Claim A(i) this shows that we may assume that balsg(Pg) = 1.
By (BC4), we may further assume that (a1, as2) = (0,1). Then implies that ep,(B,U) = 0.
But then Py has no endpoints in W = A U B, contradicting (BC1). This completes the proof of
Claim A.

Apply Lemma with G\ B, A,U, Fp,(A), !, k playing the roles of G, A, U, (a1, a2), ¢, k. Suppose
first that (I) holds, so

(BC4),(7-15)
acc(G[A]; A1, A2) > —ay —2a2+ k+2 > |A| —|B| — balag(Poy) = t,

as required. Therefore we may assume that one of Lemma IT) or (III) holds. So k =1 and
therefore balgp(Py) > 0 by Claim A(i). Suppose first that (II) holds. Then
()
acc(G[A]; A1, A2) > L+1 > |A|—|B| >t
as required. Therefore we may assume that (III) holds. So 1 < ;a1 4+ as < 2, eg(A) < LA and
acc(G[A]; A1, Az) > € —ag. Let X :={z € A:da(z) > A’}. Then Lemma III) also implies
that | X| = £ and all edges of G[A] are incident with X.

We claim that we are done if bals5(Py) # aa. To see this, suppose first that balap(Py) < az—1.
Since balgp(Py) > 0 this implies that as = 1 and balap(Py) = 0. But a; > k > 1 by Claim A(ii)
and a; + az < 2, so a3 = as = 1. This is a contradiction to (BC4). Suppose instead that
balAB(Po) > a9+ 1. Then

acc(G[A]; A1, Ag) > L —ag > L+ 1 —balag(Py) =L+1—(JA|— |B|])+t = t.
Therefore we may assume that balsp(Py) = ae. In particular, this together with (BC4) implies
that balag(Po) € {0,1}. We claim that we can further assume that

(7.17) {=|A|—|B|—-1.
Indeed, to see this, note that by (7.15]), it suffices to show that we are done if £ > |A| — |B|. But

in this case we have acc(G[A]; A1, A2) > £ —az > |A| — |B| — a2 = t, as required.
We will now distinguish two cases.

Case 1. G[A,U] contains a matching of size three.

Recall that balap(Py) € {0,1}. So Lemma and our choice of Py imply that a; > 2. Since
a1 + as < 2 we have that (a1,a2) = (2,0). Therefore balyg(Py) = az = 0. Now, by Lemma
and our choice of Py we deduce that there is some i € {1,2} such that for j € {1,2} \ {i} and for
each a € A, there are matchings M, 4, M, g in G[A\ {a}, V], G[B, Vj] respectively, each of which
has size two. Moreover, P, := M, 4 U M, g is a basic connector with balag(P,) = 0.

Let 2 € X be arbitrary. (Recall that |X| = ¢ > 1.) Apply Proposition [7.20] with Py, V(M ) N
A,0,X,¢,1 playing the roles of Py, A1, As, X, £, 7 to obtain a path system P in G such that Ry,(P)
is an Euler tour, balap(P) = balap(P,) +{+1 = |A|—|B| (using (7.17)), and e(P) < £+5. Thus,
P satisfies (P1)—(P3).

Case 2. G[A,U] does not contain a matching of size three.
Together with Konig’s theorem on edge-colourings this implies that eq(4,U) < 2A.
Claim B. X NV (Py) = 0.
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Since eg(A,U) < 2A, Proposition ii) implies that

eq(A) > A(JA] — |B|) —eq(4,U)/2 = (LA.
In fact, equality holds since eg(A4) < ¢A by Lemma III). Since all edges of G[A] are incident
with X and |X| = ¢ it follows that da(z) = A = D/2 for all x € X. For all z € X, dy(z) =
D —dy(x) —dp(z) < D —2ds(xz) = D —2A = 0. The claim follows by (BC3).

Recall that we assume that ¢ > 1. Observe that, since balsg(Py) € {0, 1}, the definition of ¢ and
imply that 1 <t < |A| —|B| = ¢+ 1. Choose an arbitrary X’ C X with |X'| =¢— 1. Apply
Proposition with Py, X', ¢t — 1,1 playing the roles of Py, X, ¢, r to obtain a path system P in
G such that Ry(P) is an Euler tour, balap(P) = balap(Py) +t = |A| — |B|, and e(P) < £+ 5.
Thus, P satisfies (P1)-(P3). O

7.7. The proof of Lemma|7.3]in the case when |A| = |B|+1. Note that the extremal example
in Figure i) satisfies the conditions of this case. Therefore the degree bound D > n/4 is essential
here. We will follow a similar strategy as in Section We first find a basic connector Py and
then modify it to obtain a path system P satisfying (P1)—(P3). To be more precise, P will satisfy
e(P) < 6 and balap(P) = 1. Throughout this section, we will assume that the basic connector Py
is chosen so that |balap(Py) — 1| is minimal. We will distinguish cases depending on the value of
balAB ('Po)

Let G be a D-regular graph with vertex partition A, B, U where |A| = |B| + 1. Then Proposi-

tion [.7](i) implies that
(7.18) 2eq(A) + ecg(A,U) =2eq(B) + eq(B,U)+ D.
We will need the following simple facts for the case when |balsp(Po)| = 2.

Proposition 7.22. Let G be a 3-connected graph with vertex partition V = {V1, Vo, W := AU B}.
Then the following holds:

(i) if Py is a basic connector in G with balap(Py) = 2, then V(Po) N B = 0 and PylA, V;] is
a matching of size two for each i = 1,2. In particular, Py[A, V1 U V3] contains a matching
of size three.

(i) if eq(B,U) > 0 and G contains a basic connector P} with balag(Py) = 2, then G also
contains a basic connector Py with balag(Py) = 1;

(iii) if eq(A,U) > 0 then G contains a basic connector Py with balag(Py) > —1;
(iv) if eq(A,U),ec(B,U) > 0 then G contains a basic connector Py with |balap(Py)| < 1.

Proof. (i) follows immediately from (BC1)-(BC4). To prove (ii), note that by (i), for both i = 1,2
there are matchings M; C G[A, V;] of size two such that P = M; U Ms. Let e € E(G[B,U]) be
arbitrary. Without loss of generality, suppose that e € E(G[B,V;]). If possible, let ¢’ € E(M;)
be the edge incident with e; otherwise let ¢’ € E(M;) be arbitrary. Then Py := (PyU {e}) \ {¢’}
is a basic connector with balag(Py) = 1, as required. (iii) and (iv) follow from Proposition
together with an argument similar to the one for (ii). O

The next lemma concerns the case when G[A, V] U V5] contains a matching of size three. This
extra condition ensures the existence of a basic connector with useful properties of which we can
take advantage.

Lemma 7.23. Let n,D € N be such that D > n/4 and 1/n < 1. Let G be a 3-connected D-regular
graph with vertex partition V = {V1, Vo, W := AU B}, where |V;| > D/2 fori=1,2. Suppose that
|A] = |B| + 1, that A(G[A, V1 U Va]) < D/2 and that G[A, V1 U Va] contains a matching of size
three. Then G contains a path system P which satisfies (P1)—(P3).



HAMILTON CYCLES IN 3-CONNECTED REGULAR GRAPHS 35

Proof. Let U := Vi U V,. Without loss of generality we may assume that eq(A, V1) < eg(4, Va).
We will obtain P by adding at most two edges to a basic connector Py. Therefore e(P) < 6 so
(P1) will hold. We may assume that there does not exist a basic connector P} with balsp(P}) =1
(otherwise we can take P := P}). Apply Lemma to obtain a basic connector in G which
satisfies (i) or (ii).

Case 1. Lemma|[7.17(i) holds.

So G contains a basic connector Py such that balap(Py) > 1 and, if Fp,(A) = (a1,a2), then
a1 > 2. Thus balap(Py) = 2 by our assumption. Proposition [7.22{i) implies that V(Py) N B = 0.
Furthermore, Proposition ii) implies that eq(B,U) = 0. Suppose that eq(B) > 1. For
arbitrary e € E(G[B]) we have that P := Py U {e} satisfies (P1)-(P3). So we may assume that
eq(B) = 0. So (7.18) implies that

(7.19) QGG(A) + GG(A, U) =D.

Moreover, for each b € B we have that Ng(b) C A and thus |A] > D. So |B| > D — 1 and since
D > n/4 we have that |U| < 2D+1. We will only prove the case when |V;| = D—s for some s € Ny.
(The same argument also works for |Vz| = D —s.) Recall that s < D/2 by assumption. Then every
vertex in V; has at least s + 1 neighbours in V;. Since eq(B,U) = 0 and eg (4, V1) < eq(A, Va)
we have that

—
ea(V1,Va) > e¢(V1, V1) —ec(A, V1) = (s+1)(D—s)—D/2> D/2.

Suppose that Py is a matching of size four in G[A,U]. Then, given any e € E(G[V1, V2]), we can
choose e; € Py[A, V;] such that e, eq, e is a matching of size three. Otherwise, Proposition i)
implies that Py consists of vertex-disjoint paths ujay, usas, viave, where v;,u; € V; and a,a1,as €
A. Since eq(Vh,V2) > 2, we can pick e € E(G[V1,Va]) \ {uiuz}. It is easy to see that we can
similarly find e; € E(Py[A,V;]) such that e, eq,es is a matching of size three. In both cases,
P := {e, e1, ea} satisfies (P1)—(P3).

Case 2. Lemma[7.17(ii) holds.

Since eq (A, V1) < eq(A, Vo) this implies that e (V1, A) = 0. Moreover, Lemma(ii) also implies
that, for each a € A, there are matchings M, 4, M, g in G[A\ {a}, V2], G[B, V1] respectively, each
of which has size two. In particular eq(B,U) > 2. Suppose that eg(A) > 0. Let ad’ € E(G[A]).
Then P := M, aUM, pU{aa’} satisfies (P1)—(P3). So we may assume that eg(A) = 0. Then (7.18)
implies that eq(A,V2) = eq(A,U) > D+ eq(B,U) > D + 2. The ‘moreover’ part of Lemm
with G[A, V3], D /2,2 playing the roles of G, A, ¢ implies that G[A, V5] contains a matching M4 of
size three and an edge zy with x ¢ V(My). Let a € A be arbitrary. Then P := M, pUM4U{zy}
satisfies (P1)—-(P3). O

The following proposition will be used to find edges in G[A] which can be added to a basic
connector Py so that it is still a path system and Ry (Pp) is still an Euler tour. For example, if
a € A is such that dp,(a) = 2, then we cannot add any edges in G[A] which are incident with a.
(Recall that the partition given in Lemma [7.3]satisfies da(a) < dp(a) for all a € A.)

Proposition 7.24. Let G be a D-regular graph with vertez partition A, B,U where |A| = |B| + 1.
Let a € A be such that ds(a) < dg(a). Then

2eq(A\ {a}) + ec(A\{a},U) = eq(B,U).
Proof. Note that
2eq(A\ {a}) + ec(A\{a},U) =2eq(A) + eq(A,U) —2da(a) — dy(a)
> 2eg(A) +ec(A,U) —da(a) —dp(a) — du(a)

(7.18)
= 26g(A) + GG(A, U) —-D > BG(B, U),
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as required. O

By Lemma we may assume that G[A, V4 U V3] contains no matching of size three. Then
Proposition i) allows us to assume that balgp(Po) < 0 (or we are done). In the next lemma,
we consider the case when balsp(Py) = 0.

Lemma 7.25. Let D € N. Let G be a 3-connected D-regular graph with vertex partition V =
{V1, Vo, W := AU B}. Suppose that |A| = |B| + 1, A(G[A, V1 UW,]) < D/2 and da(a) < dp(a)
for all a € A. Suppose further that G[A,Vy U V3] does not contain a matching of size three. Let Py
be a basic connector in G with balag(Py) = 0. Then G contains a path system P which satisfies
(P1)—(P3).

Proof. Let U := V; UVa. Since G[A, U] does not contain a matching of size three, Kénig’s theorem
on edge-colourings implies that

(7.20) ec(A,U) < D.

Property (BC4) implies that a1 + 2a2 € {1,2} and so Fp,(A) € {(2,0),(1,0),(0,1)}. We will
distinguish cases based on the value of Fp,(A).

Case 1. Fp,(A4) = (2,0).

Then implies that ep,(A4,U) = ep,(B,U) = 2. Since Py is an Euler tour and e(Py) < 4
by (BC1) and (BC2), there are distinct vertices a,a’ € A, a collection of distinct vertices X :=
{u,v/,v,v'} CU with [ X NV;| =2 for i = 1,2 and b,’ € B which are not necessarily distinct,
such that Py := {au,a’v’, bv, b'v'}.

Observe that we are done if there exists e € E(G[A]) \ {aa’} since then Py U {e} satisfies
(P1)—(P3). So we may assume that F(G[A]) C {ad’}. Now
2= ep,(B,U) < ca(B,U) =" 2e6(B)+ ea(B,U) + D — (A, U) T2 204 < 2.
Therefore we have eq(B) = 0, eg(4) = 1, eq(A,U) = D and eq(B,U) = 2, so E(G[B,U]) =
{bv,V'v'} and E(G[A]) = {aa’}.

We will assume that either {u,u'} C V; and {v,v'} C Va; or {u,v} C V; and {u/,v'} C V5 since
the other cases are similar.

Case l.a. {u,u'} C Vi and {v,v'} CVs.

Suppose that eq(Vi,Va) # 0. Let vive € E(G[V1,V3]) with v; € V;. Choose e; € Pyl4, V1 \
{vn1}] and ey € Py[B,Va \ {v2}]. Then P := {e1,eq,v102,aa’} satisfies (P1)—(P3). Suppose that
ec(A, Vo) # 0. Let a"z2 € E(G[A,V3]) with a” € A and x5 € Vo. Choose ez € Po[B, Va2 \ {z2}].

Then P := {au,a’v’,a’ x4, es} satisfies (P1)—(P3). Therefore eq(AUV, Vo) = 0. So E(G[Va, V3]) =
{bv,b'v'}, contradicting the 3-connectivity of G.

Case 1.b. {u,v} CV; and {u/,v'} C V5.

We may assume that b = b’ since otherwise P := PyU{aa’} satisfies (P1)-(P3). Since G[A, U] does
not contain a matching of size three, every edge in G[A4, U] is incident with at least one of a, a’, u, '
Suppose that there exists a” € A\ {a,a’} such that ua” € E(G). Then P := PyU{ua”, aa’}\ {ua}
satisfies (P1)—(P3). A similar deduction can be made with u’ playing the role of u. Therefore
every edge in G[A, U] is incident with a or a’. Since eq(A,U) = D we have dy(a),dy(a’) = D/2.

Suppose that eq(V1, Va) # 0. Let vivy € E(G[Vh, Va]) with v; € V;. If v1 # w and vg # «' then
P = {au,d'v,v1vs} satisfies (P1)—(P3). Therefore we may suppose, without loss of generality,
that v1 = u. Suppose that vy # «’. Then P := {a’u/,v1v2,bv,aa’} satisfies (P1)—(P3). Therefore
we may suppose that v = w. Thus wu’' € F(G). Since dy(a) > D/2, we can choose w €
Ny(a) \ {v,v',u,u'}. Suppose that w € V;. Then P := {aw,uu’,aad’, bv'} satisfies (P1)—(P3). If
w € Vo then P := {aw,uv’, ad’,bv} satisfies (P1)—(P3).
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Thus we may assume that eg(Vi,V2) = 0. Choose Y, € {Vi,Va} such that dy,(a) > D/4.
Note that there is always such a Y,. Define Y,/ analogously. Suppose that Y,, = V;. Choose
w’ € Ny, (a’) \ {u,v}. Then P :=PyU {a’w'} \ {bv} satisfies (P1)—(P3). We can argue similarly if
Y, = V.

Therefore we may assume that Y,y = V5 and Y, = V4. Suppose that dy, (a’) # 0. Let w’ €
Ny, (a’). Since dy, (a) > D/4, we can choose w € Ny, (a)\{w’}. Then P := PyU{aw, a’'w’}\{au, bv}
satisfies (P1)—(P3). So dy, (a’) = 0. Since every edge of G[A, U] is incident with a or a’, we have
that every edge in G[A,V;] is incident with a. We have shown that every edge in G[Vi, V] is
incident with a or b, contradicting the 3-connectivity of G.

Case 2. Fp,(4) = (1,0).

Then (7.9) implies that eq(B,U) > ep,(B,U) = 1. So (7.18) and (7.20) give 2eq(A) = D +
2eq(B) + eq¢(B,U) —eq(A,U) > 1. Let e € E(G[A]) be arbitrary. Then P := Py U {e} satisfies
(P1)-(P3).

Case 3. Fp,(A) =(0,1).

Now implies that ep, (B,U) = ep,(A,U) = 2. So (BC2) implies that ep,(V1,V2) = 0 and that
there exist distinet v;,u; € V; fori = 1,2, and b,b' € B and a € A such that Py = {v1b, vob’, ujaus}.
Proposition [7.24]implies that 2ec(A\{a})+ec(A\{a},U) > 2. Suppose first that ec(A\{a}) > 1.
Choose e € E(G[A\{a}]). Then P := PyU{e} satisfies (P1)—(P3). Therefore we may assume that
ecq(A\{a},U) > 2. Suppose there exists ¢’ € E(G[A\{a}, U\{u1,u2}]). Without loss of generality,
suppose that €’ has an endpoint in V3. Then P := Py U {e'} \ {v1b} satisfies (P1)—(P3). Therefore
we may assume that G contains an edge a’u; where a’ € A\ {a}. Let P} := Py U {a'u1} \ {au}.
Then P is a basic connector with balag(Py) =0 and Fp;(A) = (2,0). So we are in Case 1. O

The next lemma concerns the case when balp(Py) = —1.

Lemma 7.26. Let D € N where D > 12. Let G be a 3-connected D-regular graph with vertex
partition ¥V = {V1,Va,W = AU B}. Suppose that |A| = |B| +1, A(G[A, V1 U V3] < D/2 and
da(a) < dp(a) for all a € A. Let Py be a basic connector in G such that |balap(Po) — 1| is
minimal. Suppose that balag(Py) = —1. Then G contains a path system P which satisfies (P1)—
(P3).

Proof. Let U := V5 U V,. Observe that G[A, U] does not contain a matching of size two since

otherwise Lemma would imply that balsg(Py) > 0. Therefore eq(A,U) < D/2, and so (7.18)
implies that

(7.21) ec(A) > D/A.

Write Fp,(A) := (a1, az2). Then (BC4) implies that a; + 2a2 € {0,1}. So (a1,a2) € {(0,0),(1,0)}.
Suppose first that (a1,a2) = (0,0). Then by , we can choose distinct e, e’ € E(G[A]). In this
case P := Py U {e, €'} satisfies (P1)—(P3).

Now suppose that (a1,a2) = (1,0). Then implies that

(7.22) ec(B,U) > ep,(B,U) = 3.

Let au be the single edge in P[4, U], where a € A and uw € U. Note that any edge in E(G[A \
{a},U]) is incident with u since G[A, U] contains no matching of size two. So eq(A\ {a},U) =

da\{a}(u). Thus Proposition and (7.22) imply that
(7.23) 2eq(A\ {a}) + da(ay (u) = 3.
Suppose first that d4(a) < 1. In this case, (7.21)) implies that eq(A \ {a}) > D/4 —1 > 2. Let
e, e’ € E(G[A\ {a}]) be distinct. Then P := Py U {e, e’} satisfies (P1)—(P3).

Now suppose that da(a) > 2. Let a’,a” € Ny(a) be distinct. Suppose that eq(A \ {a}) # 0.
Then we can choose e € E(G[A\{a}]), and P := PyU{ad’, e} satisfies (P1)-(P3). Suppose instead
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that eq(A \ {a}) = 0. Then dx\ () (u) > 3 by (7.23), so there exists a* € A\ {a,a’,a”} such that
ua* € E(G[A,U]). We have that P := Py U {ua*,a’aa”} \ {ua} satisfies (P1)-(P3). O

We are now ready to combine the preceding lemmas to prove Lemma [7.3] fully in the case when
|A| = |B|+ 1.

Proof of Lemma in the case when |A] = |B|+ 1. Let U := V; U V5. Suppose first that
GJA,U] contains a matching of size three. Then we are done by Lemma so assume not.
Proposition [7.15]implies that G contains a basic connector. Choose a basic connector Py in G such
that |balap(Py) — 1| is minimal. Recall that (BC2) implies |balap(Po)| < 2. Since G[A, U] does
not contain a matching of size three, Proposition [7.22(i) implies that balsg(Py) < 1. We may
assume that balsp(Py) < 0 or we are done. Lemmas and prove the lemma in the case
when balsp(Py) = 0, —1 respectively. So we may assume that balyp(Py) = —2. Thus, by ,
we have e (B, U) > 4. Moreover, by Proposition [7.22{iii) we may assume that ec(4,U) = 0. Now
implies eg(A) > D/2 + 2. The ‘moreover’ part of Lemma with G[A], D/2,1 playing
the roles of G, A, /¢ implies that G[A] contains a matching M4 of size two and an edge aa’ with
a ¢ V(Mga). SoP:=PyUDMyU{aa'} satisfies (P1)—(P3). O

7.8. The proof of Lemma in the case when |A| = |B|. In this subsection we consider the
only remaining case of Lemma[7.3} when the bipartite vertex classes A and B have equal size. Our
aim is to find a path system P such that Ry (P) is an Euler tour, and balyp(P) = 0. As in the
previous section, we will appropriately modify a basic connector guaranteed by Proposition [7.15
The degree bound D > n/4 is used again here.

Proof of Lemma in the case when |A| = |B|. Let U := Vi U V,. Proposition [£.7(i) implies that
(7.24) 2eq(A) +eq(A,U) =2eq(B) + eq(B,U).

Proposition [7.15|implies that G contains a basic connector. Choose a basic connector Py in G such
that [balgapg(Po)| is minimal. Write Fp,(A) := (a1, az).

Suppose first that eq(B,U) = 0. Then

2ba1AB(770) ar + 2as = 67)0(14, U) < eg(A, U) 26@(3).
(In particular, balag(Py) > 0.) Let E’ C E(G[B]) be a collection of balag(Py) distinct edges
(so |E'| < 2 by (BC2)). Then P := Py U E’ satisfies (P1)-(P3). Thus we may assume that
eg(B,U) > 1 and a similar argument allows us to assume that eg(A,U) > 1.

Together with the 3-connectivity of G, this implies that G[W, U] contains a matching M of size
two such that one edge is incident with A and one edge is incident with B. Proposition iv) and
our choice of Py together imply that |balapg(Py)| < 1. Without loss of generality we suppose that
balap(Py) = —1 (otherwise balsp(Py) = 1 and we could swap A and B, or balsg(Py) = 0 and
we are done by taking P := Py). Then (BC4) implies that (a1,a2) € {(0,0),(1,0)}. If eg(A) > 1
then, for any e € E(G[A]) we have that P := Py U {e} satisfies (P1)-(P3). So we may assume that

(7.25) ec(A) = 0.

Claim 1. G[A,U] does not contain a matching of size two.

To prove the claim, suppose not. We will show that if G[A, U] contains a matching of size two, then
the minimality of [balap(Py)| will be contradicted. First consider the case when (a1, as) = (1,0).
So ep,(A,U) = 1 and therefore ep,(B,U) = 3 by (7.9). But (BC2) implies that e(Py) < 4, so
ep,(V1,V2) = 0. Now by (BC1) we have that |V (Py) N V;| = 2 for i = 1,2, and dp,(v) = 1 for
all v € V(Py) NV;. In particular, ep,(Vi, B) > 0 for both ¢ = 1,2. Let e be the single edge in
PolA,U]. Without loss of generality, we may assume that G[A, U] contains an edge ¢’ which is
vertex-disjoint from e. (Otherwise, G[A, U] contains a matching av,a’v’ such that e = av’. Then
Pl =Py U {a'v'} \ {e} is a basic connector with balsg(P}) = balag(Py) and a’v’ is the single
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edge in Pj[A,U]; and av is an edge which is vertex-disjoint from a'v’.) Suppose first that e’ has
an endpoint in V4. If possible, choose f € E(Py[Vi, B]) which is incident with €’; otherwise let
f € E(Po[Vi, B]) be arbitrary. Then P := PoU{e’}\{f} contradicts the minimality of |balap(Po)|.
The case when €’ has an endpoint in V5 is similar.

Suppose now that (a1, a2) = (0,0). Then ep,(A,U) = 0 and hence ep,(B,U) = 2. Moreover,
Po[B,U] is a matching e, e’ since Py is an Euler tour by (BC1). Now dg,(p,) (Vi) > 2 for i =
1,2, so ep,(V1,V2) > 1. But (BC2) implies that e(Py) < 4, so ep,(Vi,V2) < 2. Suppose that
ep,(V1,V2) = 1 and let f € E(Py[Vi,Vs]). Then Py = {e, e, f} is a matching of size three.
Moreover ep,(B,V;) =1 for i = 1,2. If there exists e4 € E(G[A,U]\ V(f)) then we can replace
one of e,e’ by es to contradict the minimality of |balap(Py)|. Therefore there is a matching
{ea, €y} € E(G[A,U]) such that both ey4, e’y are incident to V(f). Then they are vertex-disjoint
from {e,e’}, so P := {e,¢’,ea,¢€/,} contradicts the minimality of |balag(Po)|. Suppose now that
ep,(V1,Va) = 2. Then Py[B,U] C G[B,V;] for some i = 1,2. Without loss of generality we
assume that ¢ = 2. Suppose that there exists eq € E(G[A, V1]). Choose f € E(Py[Vi,V2]) that is
not incident to e4. Choose ep € E(Py[B, Vs]) that is not incident to f. Then P := {ea, f,ep}
contradicts the minimality of |balap(Py)|. Therefore we may assume that there is a matching
My C G[A, V3] of size two. There is at least one V; Vo-path in Py (which consists of a single edge
). Choose e € M 4 which is not incident to f’. If possible, let eg be the edge of Py[B, V5] which is
incident to e; otherwise let eg € E(Py[B, V2]) be arbitrary. Then P := PyU{e}\ {ep} contradicts
the minimality of |balsp(Py)|. This completes the proof of the claim.

Therefore eq(A,U) < D/2 since A(G[A,U)] < D/2. So (7.24) and (7.25) together imply that
(7.26) ecW,U) =eq(B,U) —eq(A,U) +2eq(A,U) < D.

Suppose first that |A| = |B| = D — k for some k € N. Then (7.25) implies that, for all a € A, we
have dy(a) = D — da(a) —dp(a) > D — |B| = k. So eq(A,U) > klA|=k(D—-k) >D—-1,a
contradiction. So |A| = |B| > D and hence |[U| =n — |A| — |B] <n—2D < 2D since D > n/4.
Claim 2. There exists a matching M’ of size three in G[Vq, Va].

To prove the claim, assume without loss of generality that |V;| < |V3|. Then there exists s € Ny

such that [V;| = D — s. Recall from our assumption in Lemma [7.3|that [V;| > D/2. Suppose first
that s > 2. Then

Vi
(7.27) eg(Vl,Vg)ZDV1|—eg(U,W)—2<21|) > |[Vi|(D — V4| +1) =D

> min{D?/4 — D/2,2D — 6} > D + 1.

Recall that dy, (x;) > dy,(x;) for all z; € V; and {i, j} = {1,2}. So A(G[V1, Va]) < D/2. Therefore
we are done by Konig’s theorem on edge-colourings.

Thus we may assume that s € {0,1}. Let H := G[V1, V2]|. Suppose that H contains no matching
of size three. By Ko6nig’s theorem on vertex covers, H contains a vertex cover {v;, v;} where v; € V;,
vj € Vj and 4, j are not necessarily distinct. So e(H) < dg(v;)+dm(v;). Note that the complement
G of G satisfies

(Vi) + eg(Va) > dagyey () + digy (1) — 1 = Vil = dy, (o) + V5] (07) — 3
>D — dvi (’Ul) +D — va (’Uj) —5> dH(Ui) + dH(’Uj) -5
(7.28) > E(H) — 5.
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Therefore by counting the degrees in G of the vertices in U, we have that

ec(UW) = Y de()+ Y de(v) —2e(H) — 2ec(Vi) — 2ec(V2)
veVy vEV,

= o(ul+ vl -2 -2 ( () - e+ (1) - e

723) V; V
= p(vil+ e - 10-2(")1) (")

= [Vil(D =) + [Va|(D — [Va]) + [Vi] + [Va2| — 10 > 2D — 14,
a contradiction to ([7.26]). This proves the claim.

Recall that M is a matching of size two in G[W, U] with one edge incident to A and one edge incident
to B. Assume without loss of generality that eps(Va, W) > epr(Vi, W). There exists e € E(M')
which is vertex-disjoint from M. Suppose first that ey (V2, W) = 2. Let ¢/ € E(M’) \ {e}
be arbitrary. Then P := M U {e, e’} satisfies (P1)—(P3). Suppose instead that ep;(Va, W) =
enr(Vi,W) = 1. Then P := M U {e} satisfies (P1)~(P3). This completes the proof of Lemma [7.3]
in all cases. O

8. THE PROOF OF THEOREM [L.1]

We are now ready to prove Theorem It is a consequence of Theorem [4.6] and Lemma
(both proved in [I0]), as well as Lemmas and

Proof of Theorem [I.1l Choose a non-decreasing function g : (0,1) — (0,1) with g(z) < z for
all z € (0,1) such that the requirements of Proposition and Lemmas |4.10} (each
applied, where relevant, with 1/32,1/4 playing the roles of n, «) are satisfied whenever n, p, v, v, 7
satisfy

(8.1) 1/n<g(p),g(); py<gw); v<g(r); 7<g(1/32).

Choose 7,7’ so that
0<7 <7<g(1/32),407% and 7’ < g(7).

Define a function ¢’ : (0,1) — (0,1) by ¢'(x) = (g9())®. Apply Theoremwith g',7,1/20 playing
the roles of g, 7,e to obtain an integer ng. Let G be a 3-connected D-regular graph on n > ng
vertices where D > n/4. We may assume that Theorem ii) holds or we are done. Thus there
exist p,v with 1/ng < p <v <7/, 1/ng < ¢'(p) and p < ¢'(v); and (k,¢) € {(4,0),(2,1),(0,2)}
such that G has a robust partition V with parameters p, v, 7/, k, ¢ (and thus also a robust partition
with parameters p, v, 7, k, £).

Let v := p'/3. Note that n, p,v, v, 7 satisfy . Apply Lemmas in the cases when
(k,0) equals (4,0),(0,2) respectively to obtain a V-tour of G with parameter . Proposition 4.5
implies that V is a weak robust partition with parameters p,v,7,1/32,k,¢. Then Lemma &
implies that G contains a Hamilton cycle. Apply Lemma in the case when (k,¢) = (2,1) to
obtain a Hamilton cycle in G. This completes the proof of the theorem. O
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