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ABSTRACT. Let H be a k-uniform D-regular simple hypergraph on N vertices. Based on an
analysis of the Rodl nibble, Alon, Kim and Spencer (1997) proved that if k£ > 3, then H contains
a matching covering all but at most ND™Y/ =D+ yertices, and asked whether this bound
is tight. In this paper we improve their bound by showing that for all £ > 3, H contains a
matching covering all but at most ND ™Y ®*~D=7 yertices for some n=0(k"3) >0, when N and
D are sufficiently large. Our approach consists of showing that the R6dl nibble process not only
constructs a large matching but it also produces many well-distributed ‘augmenting stars’ which
can then be used to significantly improve the matching constructed by the Rédl nibble process.

Based on this, we also improve the results of Kostochka and Rodl (1998) and Vu (2000) on
the size of matchings in almost regular hypergraphs with small codegree. As a consequence, we
improve the best known bounds on the size of large matchings in combinatorial designs with
general parameters. Finally, we improve the bounds of Molloy and Reed (2000) on the chromatic
index of hypergraphs with small codegree (which can be applied to improve the best known
bounds on the chromatic index of Steiner triple systems and more general designs).

1. INTRODUCTION

1.1. Background. The problem of finding nearly perfect matchings in regular hypergraphs has a
long history in discrete mathematics and such results have applications to other areas e.g., [8].
One such application is R6dl’s resolution of a famous conjecture of Erdés and Hanani [7] on the
existence of partial Steiner systems. Here a partial Steiner system with parameters (t,k,n) is
a k-uniform hypergraph on n vertices such that every set of ¢ vertices is contained in at most
one edge. It is easy to see that any such system has at most (7;) / (];) edges. Erd6és and Hanani
[7] conjectured that for every fixed ¢t < k and for every sufficiently large n, there exists a partial
Steiner system with parameters (¢, k, n) having (1 —o(1))(})/ (’;) edges. R6dl [29] confirmed this
conjecture by introducing a by now celebrated technique called the ‘R6dl nibble” which is a versatile
approach for finding large matchings in a semi-random manner. In fact, in his paper [29] Rodl
used this technique to prove the existence of a nearly perfect matching in a specific hypergraph.
Frankl and Rodl [9] extended this result to matchings in D-regular n-vertex hypergraphs with
codegree at most D/(logn)*. (Here a hypergraph H is D-regular if every vertex of H lies in
precisely D hyperedges. The codegree of H is the maximum over the codegrees of all pairs of
distinct vertices of H, where the codegree of a pair {z,y} of distinct vertices is defined as the
number of edges of H containing both = and y.)

One of the early extensions of Rodl’s work is a result of Pippenger showing that if H is a
k-uniform D-regular hypergraph on N vertices with codegree o(D), then there is a matching in H
covering all but at most o(IN) vertices.

However, his proof does not supply an explicit estimate for the error term o(N). Sharpening
this error term, which is useful for many applications, is a challenging problem which attracted
the attention of several researchers [12, 13, 1, 22, 21, 20]. Far reaching generalizations and further
extensions were given e.g., in [8, 27, 15, 11, 17, 16, 31, 30, 6].
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In 1997, Alon, Kim and Spencer [1] proved the following theorem, which improved all previous
bounds for simple hypergraphs. Here a hypergraph is called simple (or linear) if its codegree is at
most 1.

Theorem 1.1 (Alon, Kim and Spencer [1]). Let H be a simple k-uniform D-regular hypergraph

on N vertices. If k > 3, there is a matching in H covering all but at most (’)(NDiﬁ) vertices.
If k = 3, there is a matching in H covering all but at most (9(ND_1/2 In3/2 D) wvertices.

Kostochka and Ro6dl [20] extended Theorem 1.1 to hypergraphs with small codegrees. Their
proof consists a reduction to the case when H is simple, i.e., to Theorem 1.1.

Theorem 1.2 (Kostochka and Rédl [20]). Let k > 3 and let 0 < 6,y < 1. Then there exists Dy
such that the following holds for D > Dy.

Let H be a k-uniform D-regular hypergraph on N vertices with codegree at most C < D7,

1-6
Then there is a matching in H covering all but at most O (N(%)_m> vertices.

Vu [33] improved the above result by removing ¢ and the assumption C' < D'~7 at the cost of
a logarithmic term in the bound on the number of uncovered vertices.

Theorem 1.3 (Vu [33]). Let k > 3. Then there exist Dy and a constant ¢ > 0 such that the
following holds for D > Dy.

Let H be a k-uniform D-reqular hypergraph on N vertices with codegree at most C'. Then there
D

1
is a matching in H covering all but at most O(N(g) *=1 log® D) wertices.

Vu [33] also proved a general result using additional information about ‘higher codegrees’. In
particular, he defined the j-codegree as the maximum number of edges containing a set of j
vertices, and proved a general upper bound on the number of uncovered vertices as a function of
the j-codegrees.

1.2. New results. Alon, Kim, and Spencer [1] asked whether Theorem 1.1 is tight. Making
progress on this twenty three year old question, we improve Theorem 1.1 for all k£ > 3, when N
and D are sufficiently large. Our proof involves a method that goes beyond the classical Rodl
nibble technique.

Our main result, stated below, also applies to hypergraphs with small codegree and thus
improves the bounds in Theorems 1.2 and 1.3 as well, for all £ > 3.

Theorem 1.4. Let k>3 and let 0 <y,u <1 and 0 <n < (k—l)(k3k—_23k2—k+4)' Then there exists

No = No(k,~v,m, i) such that the following holds for N > Ny and D > exp(log" N).
Let H be a k-uniform D-regular hypergraph on N wvertices with codegree at most C < D177,

1
Then H contains a matching covering all but at most N(g)_m_77 vertices.

1
In particular, if H is simple the number of uncovered vertices is at most ND™ *1~ ",

Theorem 1.4 (as well as Theorems 1.1-1.3) also hold for hypergraphs which are close to being
regular (rather than regular). We provide the precise statement in Theorem 7.1. Moreover,
Theorem 7.1 also guarantees the following ‘quasirandomness’ property of the matching M returned
by Theorem 7.1: Suppose we are given a reasonably small set V of subsets of V/(H). Then for
every S € V, the proportion of vertices of S not covered by M is small. Such a result was first
derived by Alon and Yuster [2]. We provide better bounds than in [2] under slightly stronger
assumptions. (This quasirandomness property will be important when we deduce Corollary 1.6
from Theorem 7.1.)

1.3. Corollaries. In this subsection we present several applications of our results. In particular,
we give new bounds on the chromatic index of hypergraphs with small codegree, and improve
well-known results on the size of matchings and the chromatic index of combinatorial designs.



1.3.1. Matchings in Steiner systems. A well-known example of a regular hypergraph with small
codegrees is a (full) Steiner system S(t,k,n), which is a k-uniform hypergraph S on n vertices
such that every set of ¢t vertices belongs to exactly one edge of S. Solving a problem going
back to the nineteenth century, Keevash [18] proved the existence of (full) Steiner systems via
randomised algebraic constructions. A combinatorial proof was given in [10]. Since S(¢,k,n)
is (7;:11)/ (]Z:ll)—regular and has codegree (?:22)/ (15:22)’ we can apply Theorem 1.4 to show the
existence of large matchings in (full) Steiner systems as follows.

Corollary 1.5. Letk >t >1andlet0 <n < (kfl)(kgk:;kgikﬂ).

such that every (full) Steiner system S(t,k,n) with n > ng has a matching covering all but at
k

Then there exists ng = no(k, t,n)

k=2 .
most nk=1_" vertices.

Corollary 1.5 improves the best known estimates for S(2,k,n) with k£ > 3 given in [1]. Better
bounds are known for S(2,3,n), which is usually referred to as a Steiner triple system of order n.
The problem of the existence of large matchings in Steiner triple systems has a long history. About
forty years ago, Brouwer [4] conjectured that every Steiner triple system of order n contains a
matching of size (n—4)/3. Very recently, Keevash, Pokrovskiy, Sudakov and Yepremyan [19] showed
that any Steiner triple system of order n has a matching covering all but at most O(logn/loglogn)
vertices. This improved a sequence of previous bounds in [34, 23, 4, 1]. Their method utilises
the Rodl nibble as well as robust expansion properties of edge-coloured pseudorandom graphs to
find augmenting edge-coloured paths. It even applies in a more general setting: they show that
3-uniform n-vertex hypergraphs satisfying certain pseudorandomness properties have a matching
covering all but at most O(logn/loglogn) vertices.

1.3.2. Chromatic index of hypergraphs with small codegree. The chromatic index x'(H) of a
hypergraph H is the minimum number of colours needed to colour its edges so that no two edges
which intersect receive the same colour. A classical theorem of Vizing states that every graph
with maximum degree at most D has chromatic index at most D + 1. The corresponding problem
for k-uniform hypergraphs with & > 3 is still open.

In 1989, Pippenger and Spencer [27] proved that every k-uniform hypergraph with maximum
degree at most D and codegree o(D) has the chromatic index D+o(D). Sharpening this o(D)-term,
and improving a result of Kahn [17], the best known asymptotic bound on the chromatic index of
a k-uniform hypergraph was shown by Molloy and Reed [26], who proved that every k-uniform
hypergraph with maximum degree at most D and codegree at most C' has chromatic index at
most D + O(D(D/C)~/*(og D/C)*). We improve this result as follows.

Corollary 1.6. Let k > 3, and let D,N,C >0, 0<v,u<1and0<n< m Then

there exists No = No(k,~,n, p) such that the following holds for all N > Ny and D > exp(log! N).
Let H be a k-uniform multi-hypergraph on N wvertices with maximum degree at most D and
codegree at most C < D'=7. Then the chromatic index of H is at most D 4+ D(D/C)~1/k=n,

The above results have applications to the chromatic index of Steiner triple systems (and designs
with more general parameters). Indeed, since any colour class of an edge-colouring of a Steiner
triple system H on n vertices contains at most [n/3] edges,

(n+1)/2 if n=1(mod 6),

(1.1) X'(H) > g(n) := {(n_l)/z if n = 3(mod 6).

There are several constructions of Steiner triple systems on n vertices having their chromatic
index between g(n) and g(n)+2 [5, 24, 28, 32]; it was conjectured by Meszka, Nedela and Rosa [25]
that every Steiner triple system H on n > 7 vertices satisfies x'(H) < g(n) + 2.

On the other hand, the (vertex) degree of a Steiner triple system H on n vertices is (n —1)/2.
Thus an application of the Pippenger—Spencer theorem [27] discussed above implies that x'(H) <
n/2 + o(n). This result resolved a longstanding open problem and is asymptotically best possible
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by (1.1). The result of Molloy and Reed in [26] implies that the error term o(n) can be improved to
O(n?31og* n) and Corollary 1.6 implies that x'(H) < n/2 + O(n*/3~"). More generally, one can
apply our results to designs with arbitrary parameters to obtain similar results and improvements.

1.3.3. Designs over finite fields. Finally, let us mention one more application of our results. While
the existence of designs over finite fields (also called g-analogs of designs) is still open, it is well
known [3, 9] that the existence of asymptotically optimal partial designs over finite fields can be
deduced from results on almost perfect matchings in regular hypergraphs with small codegree.
Our Theorem 1.4 immediately implies an improvement on the existing best known bounds, which
are based on Vu’s theorem (Theorem 1.3).

1.4. Organisation of the paper. In Section 2 we introduce our basic terminology. In Section 3
we begin with stating the Martingale inequality that we use throughout the paper to prove
several concentration inequalities. Another tool is Lemma 3.5 which allows us to find simple
subhypergraphs in hypergraphs with small codegree. In Section 4 we introduce our method and
give an overview of the proof of our main result (Theorem 1.4). In Section 5, we analyze the
classical Rédl nibble (on an input hypergraph which is simple) to prove Theorem 5.1. Theorem 5.1
shows that in addition to constructing a large matching, the Rodl nibble process actually produces
more complex structures (which we call ‘augmenting stars’). In Section 6, we then use these
augmenting stars to significantly increase the size of the matching produced by the Rodl nibble.
This implies Theorem 1.4 in the case where H is simple. In Section 7, we use Lemma 3.5 to extend
this result from simple hypergraphs to hypergraphs whose codegree is small. Finally, in Section 8,
we deduce Corollary 1.6 from Theorem 7.1.

2. NOTATION

Let [N] denote the set {1,2,...,N}. We write c=axbifa—b<c<a+b. Given aset S
and an integer ¢ > 0, let (f ) be the collection of all subsets of S of size . A k-set is a set of size k.
Given a graph G, the maximum degree of a vertex in G is denoted by A(G).

A hypergraph H is a pair (V(H), E(H)) where V(H) is the vertex set and the edge set E(H)
is a set of subsets of V(H). For convenience sometimes we write H instead of E(H). A multi-
hypergraph H is a hypergraph which is permitted to have multiple edges. We say H is k-uniform
if every edge of H contains precisely k vertices. The degree of a vertex x in H is the number of
edges containing x and is denoted by dg(x). A (multi-)hypergraph is regular if all of its vertices
have the same degree, and it is D-regular if the degree of each of its vertices is D. Given a set of
vertices U C V(H), we write H[U] for the sub-hypergraph of H induced by U. A matching in H
is a collection of pairwise disjoint edges.

For integers a,b > 1, a (multi)-hypergraph H is (a,b)-partite if there exists a partition
V(H) = AU B such that |[eN A| =a and |[eN B| = b for any e € E(H). A (multi)-hypergraph H
is (a £ b)-regular if every vertex of H has degree a £ b.

We usually denote the number of vertices in a hypergraph by N. We say that an event holds
with high probability (whp) if the probability that it holds tends to 1 as N — oo.

Given functions f and g, we write f = O(g) if | f| < C|g| for some constant C' (which usually
depends on the uniformity k). We write f = Q(g) if f > ¢|g| for some constant ¢ > 0 (which
again usually depends on k). We write f = o(g) if for any ¢ > 0, there exist M = M(c) such
that |f(V)| < ¢|g(N)| for N > M. Similarly, we write f = w(g) if for any C' > 0, there exist
M = M(C) such that |f(IN)| > C|g(N)| for N > M. We write O,, €2, 0y, w, to indicate that
the implicit constant may depend on .

We use the asymptotic ‘<’ notation to state our results. The constants in the hierarchies
used to state our results have to be chosen from right to left. More precisely, if we claim that
a result holds whenever 1/N <« a < b < ¢ < 1, then this means that there are non-decreasing
functions f : (0,1] — (0,1], g : (0,1] — (0,1] and A : (0,1] — (0, 1] such that the result holds for



all 0 < a,b,c <1andall N with b < f(c), a < g(b) and 1/N < h(a). We will not calculate these
functions explicitly. Hierarchies with more constants are defined in a similar way.

3. PRELIMINARIES

3.1. Probabilistic tools. In this subsection we collect the large deviation inequalities we need
throughout our proof. We will use a martingale inequality due to Alon, Kim and Spencer [1]. For
this, we assume our probability space is generated by a finite set of mutually independent Yes or
No choices, indexed by ¢ € I. Let Y be a random variable defined on this space. Let p; denote the
probability that choice i is Yes. Let ¢; be such that changing the choice i (but keeping all other
choices the same) can change Y by at most ¢;. We call p;(1 — p;)c? the variance of choice i. Let
T be an upper bound on all ¢;.

Suppose Paul finds the value of Y by asking queries of an always truthful oracle Carole. The
queries always ask whether a choice i € I is Yes or No. Paul’s choice of the next query can depend
on Carole’s previous responses. Thus, a strategy for Paul can be represented in the form of a
decision tree. A line of questioning is a path from the root to a leaf of this tree — a sequence of
questions and responses that determine Y. The total variance of a line of questioning is the sum
of variances of the queries in it.

Lemma 3.1 (Martingale inequality [1]). There exists § > 0 such that if Paul has a strategy for
finding Y such that every line of questioning has total variance at most o2, then

A2

P(|Y —E(Y)| > Ao) < 2¢ 1,
for any 0 < X\ < 206/T.

We will also use the following.

Lemma 3.2 (Chernoff-Hoeffding inequality [14]). Suppose Xi,...,X; are independent random
variables taking values 0 or 1. Let X := Zie[t] X;. Then

2
P(|X — E(X)| > \) < 2260575,

In particular, if A > TE[X], then P(|X — E(X)| > \) < 27N

3.2. Useful estimates. We will often use the following estimates in the calculations.

Proposition 3.3. Let a,b > 0 with b # 1. Let xq,...,Zn,Y0,---,Yn > 0 be such that
(1) z; <y; andy; = a-b for0<i<n.
2) If b € (0,1), then yo < 152, If b € (1,00), then y; < =2 for 0 <i < n.
2 2
Then

=0 =0 =0

The following proposition is straightforward to prove using Taylor’s theorem.
Proposition 3.4. Let u € R. Then

u\N 1
(1) =0 )
° ( TN Ou (N)
3.3. Finding simple subhypergraphs of hypergraphs with small codegrees. The next

result allows us to find an almost regular simple subhypergraph in an almost regular hypergraph
with small codegree. It is a slight generalization of the results of Kostochka and Rédl [20].

Lemma 3.5. Let k > 3 be an integer, and let o, 3, D >0, 0 < v, < 1 be real numbers satisfying
Dl éd<a,p,v, kL.

Let H be a k-uniform multi-hypergraph such that oD < dg(v) < D for any v € V(H) and the
codegree of H is at most C, where log D < C' < D=7,
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Then there exists Egmp C E such that the hypergraph Hgmp == (V(H), Esimp) satisfies the
following conditions.

i) Hgmp s simple. (In particular, Hgmp, does not have multiple edges.

(i) p p 9

(ii) There exists an even integer s € (1 + 2(’5)5_1 , 3+ 2(’;) 5_1> such that for everyv € V(H)
we have

_ 1 ’ dp(v) (s + 1)du(v)
Aty (V) = <1 B log(D/C’)> gD/ )T 8\ Graps

The proof of Lemma 3.5 consists of several probabilistic edge-colouring arguments and is very
similar to the proof of Theorem 4 in [20] (but omitting the final step of the proof of Theorem 4,
which consists of an application of Theorem 3 in [20]). Therefore, we omit the proof of Lemma 3.5
here, full details are given in Appendix A.

4. AN OUTLINE OF OUR METHOD

In this section we will introduce our method by sketching the proof of Theorem 1.4 in the
case when H is simple. For the proof to work, slightly more generally, we will assume H is
(D £ K Df)-regular, rather than D-regular (see Theorem 6.1 for the precise statement in the case
when H is simple, and which also guarantees a ‘quasirandomness property’). Using an argument
based on random edge-colourings (Lemma 3.5) it is then not difficult to extend the result to the
case when H has small codegree.

Let us start by outlining the Nibble process considered in [1]. Suppose H is a k-uniform simple
hypergraph on N vertices.

The Nibble process. The Nibble process for H consists of w stages defined as follows. Start
with Hy := H and let My := 0, U_y := Uy := V(H), Ny := N, Dy := D and Ag := KD*. Let
1<t <w.

The ith stage of Nibble process. Suppose we are given a hypergraph H; 1 with V(H;_1) =
U;—1, where H;_1 is (D;—1 + A;_1)-regular.

Select every edge of H;_; with probability 1/D;_1, and let B; be the set of selected edges.
Independently, we also carefully select a random subset W; C U;_;. The ith stage of the Nibble
process is determined by a choice of B; and W;. Given B;, W;, we set

M;:={ee€ B;:ene =0 for all ¢ € B; with € # e}.

(Note that a vertex w € W; may also lie in some edge e € M;.) The edges of M; are clearly
pairwise disjoint. Now set
U, :=U;_4 \ (V(Mz) U Wl)
and
Hz' = Z—l[U’L]
We show that H; is (D;£A;)-regular where D; ~ (1—e F)¥=1D; | ~ (1—e_k)i(k_1)D0, A; = o(D;)
and |Uz| ~ (1 — B_k)|Ui,1’.

We iterate the above process for 1 < i < w until we get H, with vertex-set U,,, where w is
chosen such that

(4.1) D,, < D] but D1 > DJ,

at which point we stop the process. Now note that M := U1§igw M; is a matching of H. Let
W= U;<i<, Wi be the set of waste vertices. (The purpose of W; is to assist in bounding A;.)
Then U, =V (H) \ (V(M)UW) is the set of leftover vertices at the end of the Nibble process.

Augmenting stars. Our key new idea is to show that there are still many augmenting structures
at the end of the Nibble process that can be used to improve M and produce a larger matching.



Waste vertices in W

6
000
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Vertices in the matching M U, =V (H)\ (V(M)UW)

FIGURE 1. Improving the matching M using augmenting stars

The augmenting structures we use are called augmenting stars. These augmenting structures and
the hypergraph H 4 associated with them are defined as follows.

Definition 4.1 (Augmenting stars). Let H be a k-uniform hypergraph and let M be a matching
of H and W C V(H).
An augmenting star of H with respect to (M,W) is an ordered triple (es,{e1,...,ex}) €
E(M) x (E (kH )) satisfying the following conditions.
e ¢1,...,e; € E(H) are pairwise disjoint.
e le;Ney|=1for1 <i<kand (eqU---Ueg)\eyy CV(H)\ (V(M)UW).

Let A(H) denote the collection of all augmenting stars of H with respect to (M, W).

Definition 4.2 (Multi-hypergraph of augmenting stars). Let M be a matching of a k-uniform
hypergraph H and W C V(H). The multi-hypergraph H 4 of augmenting stars of H with respect
to (M, W) is the (1, k(k — 1))-partite multi-hypergraph with the vertex-set

V(Ha) := E(M)U (V(H)\ (V(M)UW))
and with the multiset of edges

E(HA) = {{GM} @] ((61 U--- Uek)\eM) : (6]\/[,{61,...,(%}) S A(H)}

Improving M using Augmenting stars. Let H 4 be the multi-hypergraph of augmenting stars
of H with respect to (M, W). Note that H4 is (k(k— 1)+ 1)-uniform and each edge of H,4 contains
exactly one element of L := F(M) and k(k — 1) elements of R := V(H)\ (V(M)UW). Analysing
the Nibble process one can (easily) show that |L| = ©(N) and |R| = @(ND%).

Suppose, by some means, we found a large matching My in Hy. Then each {ep/} U ((egU---U
er) \ enr) € E(My) corresponds to an augmenting star (epr, {ei1,...,ex}) € A(H). Thus for each
{em} U ((e1U---Ueg) \ enr) € E(My), replacing the edge eps of M with the edges ey, ..., ek
produces a larger matching M* of H (see Figure 1).



8 DONG YEAP KANG, DANIELA KUHN, ABHISHEK METHUKU, AND DERYK OSTHUS

Hence, our goal is to find a large matching in H4. To this end, we want to show that H 4 is
almost regular and has small codegree so that we may apply a variant of Theorem 1.2. More
precisely, we prove the following crucial properties of H4 (in (M3) of Theorem 5.1).

(a) Every vertex in L has degree (1 + O(KD*~' + D~7/21log N)) Dy, where Dy, = ©(D*?).

(b) Every vertex in R has degree (1+O(KD"' 4+ D~7/2log N))Dg where D = @(D’VH%).
(¢) The codegree of H, is at most O(DY =1 1og? N).

Looking at properties (a) and (b) one immediately notices that Hy4 is not almost regular;
the degrees of vertices in L are smaller than the degrees of vertices in R. However, crucially,
properties (a) and (b) show that the degrees of vertices in L are close to one another, and the
degrees of vertices in R are close to one another. To overcome the problem of almost regularity,
we boost the degrees of vertices in L as follows. We take Dgr/Dy, vertex-disjoint copies of R, say
RY,R?, ... RPr/Pr wwhere R* := {v' : v € R}, and define an auxiliary hypergraph H', with
V(HY) := LU (R'U---URPr/PL) and for each edge {e} U {v1,... s Vk(k—1)} € E(Ha), we add
{e}u{vi,..., U]i(k_l)} to be an edge in H'; for all 1 <i < Dg/Dy. Now the degree of any vertex
in H’; is sufficiently close to Dg, so H'; is almost regular. Moreover, this boosting does not
increase the codegree, so H'y also has small codegree, as desired. Thus applying Lemma 3.5 we
find a simple almost regular subhypergraph of H’;, to which we apply Theorem 5.1 to find a large
matching in H’;, which then provides the required large matching My in Hy4.

A large part of this paper is devoted to proving properties (a), (b) and (c). This is done in
Lemma 5.7 (Nibble lemma) by carefully tracking random variables that count certain configurations
(defined in Section 5.2) throughout the Nibble process and proving concentration inequalities for
them using a martingale inequality. This lemma is at the heart of our proof.

Extensions and limitations of the method. It is worth noting that the bound in Theorem 1.4
can be further improved by iterating our method as follows.

To augment the matching M of H, our strategy was to find a large matching M4 in the
multi-hypergraph H,4 of augmenting stars of H by applying Theorem 5.1 (to H';). However,
Theorem 5.1 not only provides the matching My, but it also ensures the property (M3). Thus,
one can consider the multi-hypergraph H 44 of augmenting stars of H4 and use (M3) to guarantee
the properties analogous to (a), (b) and (c) for H44. This allows us to similarly improve M4
to obtain M?}. One can then use M} instead of M4 for improving M to obtain an even larger
matching in H.

Note that one can iterate the above procedure by considering the multi-hypergraph of augmenting
stars of Ha4 again and so on, to improve the size of the matching even further. However, the
uniformities of these hypergraphs grow very quickly, so we do not expect a significant improvement.
Hence, for the sake of presentation, we will not optimise our bound in Theorem 1.4.

Also note that the reason why Theorem 1.4 does not apply when k& = 3 is that the size of the
set W of waste vertices that we need to remove to keep the degree error low during the Nibble
process will be too large in this case.

5. FINDING MATCHINGS WITH AUGMENTING STARS
IN ALMOST REGULAR SIMPLE HYPERGRAPHS

In this section, we prove the following theorem.

Theorem 5.1. Let k > 3, Ag, Do, N be integers and let v, € (0,1) and K > 0 be real numbers
satisfying
8(k—1)

(5.1) 0<N 1<k K <1, Dg>logn0= N, and Ay < KD,

Let H be a k-uniform (Do £ Ag)-regular simple hypergraph on N wvertices. Let V be a collection
of subsets of V(H), where |S| > /Dolog N for every S € V, and |V| < exp(log*? N).



Then there exists a matching M of H, and a set W C V(H) of waste vertices satisfying the

following.
y—1

(ML) There exists p = ©(D}™") such that for every S € V, we have
(5.2) [S\ (V(M)UW)| = (1+0(1))p|S].
(M2) For every S €V,
1 (11
(5.3) S O] = 0(1SID5 Ao + 15|05 = D178 1g ).

(M3) Let Hy be the (1, k(k — 1))-partite multi-hypergraph of augmenting stars of H with respect
to (M,W). Then for any e € E(M) and x € V(H)\ (V(M)U W),

i, (e) = (1+ O(Dy ' A+ Dy "*log N)) Dy,
di,(z) = (14 O(D; Ao + Dy "*1og N)) D,

k4 1=
where Dy, = @(ng), and Dp = @(DOAH_ *=1). Moreover, the codegree of Ha is at most

O(Dg(kfl) log? N).

The constants in (M3) implicit in O(-), ©(-) do not depend on e or z. More generally, throughout
this section, the constants implicit in O(-), ©(-) and o(-) depend only on the parameters k, K, v,
€. For convenience we mostly do not indicate these dependencies.

Note that the properties (M1) and (M2) bound the number of leftover vertices and waste
vertices in S € V. The crucial property is (M3). Much of this section is devoted to proving it.
In the following subsections we develop the required tools and using them we finish the proof of
Theorem 5.1 in Section 5.4.

5.1. The Nibble process. Throughout the remainder of Section 5, let k > 3, Ag, Do, N be
integers, and 7,¢ € (0,1), K > 0 be real numbers satisfying (5.1), and suppose H is a k-uniform
(Do £ Ap)-regular simple hypergraph on N vertices. For convenience, define p* ; := 0.

Let 1 < i < w. Suppose we are given the hypergraph H; ; with V(H;—1) = U;_1, and
parameters D;_1,A;_1 such that for all z € V/(H;_1),
(54) dHi—l (.le) = Di—l + Ai—l; where Ai—l = O(Di_l).

Let B; C E(H;_1) such that

i—

for all F' € E(H;_1), where the events F' € B; are mutually independent.
Let M; be the set of isolated edges in B;. For any vertex v € U;_1, let

oy, (v) :==P(v € V(M;))

and
* = . .
Piy = max pag; (V)
Now let W; be a random subset of V(H;_1) = U;_1, the events v € W; being mutually

independent (and also independent of the choice of edges in B;) such that
P(v € W;) = pw;, (v),
where pyy, (v) is defined by
(5.5) P (V) + pw, (v) = par, (V)pw; (v) = PPy
A vertex of W; is called a waste vertex. Let
Ui :=U;i—1 \ (V(M;) UW;)

and
H,.=H; 4 [Uz]
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By (5.5), for any vertex v € U;_1,
P(v € V(M;) UWs) = par, (v) + pw; (v) — par; (0)pw; (v) = piy-
Thus (5.5) ensures that for any v € U;_1,
(5.6) Plvel;))=1-p; ;.
The following proposition estimates the probability that an edge or a vertex is in the matching
M;.

Proposition 5.2. Let 1 <i < w. Suppose H;_1 is (D;—1 + A;_1)-regqular, where A;_1 = o(D;_1).
Then there are constants Cy = Co(k) and Cy = C1(k) independent of the index i satisfying the
following.

(i) For any F € E(H;—1),

P(F € BOM)) = (14 Cp 2! et
Yo 'Dis1) Diy

(ii) For any v € U;_1,

JAVERT N
. =1+ .
s, (V) < Cy Di—1> e

(iii) We have

. AVER R
pr, = (1 + Oy DZ_I) e k.
Proof. First observe that Proposition 3.4 implies that
_1\kD;—1—k _ _
(5.7) (1-D )" =(1+£0D ) e

for some constant C' = C'(k) independent of the index i.

Using (5.7), now we prove the proposition. For each F' € E(H;_1), let ¢(F') be the number
of edges in H;_; intersecting F. Since H;_1 is (D;—1 + A;_1)-regular and simple, we have
t(F)=k(D;—1 = A;—1 — 1). Moreover, we assumed A;_; = o(D;_1). Thus we have

. 1N 5oy ek C L\ ERA
P(F € E(M;)) = D, . <1 - Dil) D (1 + Di1> <1 B Dil)
AV

ek C A? 1 ek CoA;_1
= 1+ 1+k = = 1+ !
Di— < DH) ( Di o <D3_1>> Di ( Di >

for some constant Cy = Cy(k) independent of the index 4, which proves (i). Since H;_; is
(D;—1 £ A;_1)-regular, the probability that v € V(M;) is

-k A AV
3N P(FeEM))=(Dii£Ai) —— 1+ Coli1) _ (1, Grlicr) -
D;_, D; D;
F :veF
for some constant C; = C}(k) independent of the index ¢, proving (ii) and (iii) as desired. O

5.2. Introducing the key random variables. Below we define the key random variables that
we track throughout the Nibble process.

Definition 5.3. For any 0 < i <w and x € V(H), let D;(x) be the number of edges e € E(H)
incident to z such that e \ {z} C U;. We call such an edge e € E(H) an instance of D;(x).

Definition 5.4. For all vertices z € V(H) = U_y, let us define Zp(z) := 0. For 1 <1i < w and
x € U;_1, let Z;(x) be the number of edges e € E(H) incident to = such that one vertex of e\ {z}
is in {J;<; M; and the remaining k — 2 vertices of e\ {x} are in U;. We call such an edge e € E(H)
an instance of Z;(x).

Definition 5.5. For 0 < i < w and any distinct x,y € U;_1, let Yj(z,y) be the number of ordered
triples (e, e2,e3) € E(H)3 of edges satisfying the following conditions.
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(Y1); z €e1,y € eg and e; Nex = .

(Y2); egNes = {z'}, eaNes = {y'} such that z,y,2’,y" are distinct.

(Y3)i (e1UeaUes) \ {x,y} CUs;.
We call such an ordered triple (e1,es,e3) € E(H)? an instance of Yi(x,y), and e3 the central edge
of the ordered triple (eq, e2, e3).

For any given pair of distinct vertices z,y € V(H), we can estimate Yy(z,y) as follows. There
are di(z) < 2D choices of e; € E(H) incident to z. For each choice of e; with e; \ {z} =:
{z1,...,2k_1}, the number of possible choices for es is at most dp (z1)+- - -+dg(xp_1) < 2(k—1)Dy.
Once we have chosen e3, there are k—1 vertices z1, ..., 251 in e3\e1, and for each z; (1 < j < k—1)
there is at most one edge containing both z; and y since H is simple. Hence there are at most
k — 1 choices of es. In total,

(5.8) Yo(x,y) < 2Dg-2(k —1)Dg - (k — 1) < 4k*D3.
Definition 5.6. For 0 < i < w and any distinct x,y € U;_1, let X;(z,y) be the number of ordered
triples (e1, ea,e3) € E(H)? of edges satisfying the following conditions:

(X1); z € e1,y € eg and e1 Ney = 0.

(X2); e1 Ne3 = {a'}, eaNes = {y'} such that z,y,2’,y are distinct.

(X3); (e1Uex) \ {z,2',y,9y'} C U;.

(X4)i e3 € UjgiE(Mj)-
We call such an ordered triple (e1,es,e3) € E(H)? an instance of X;(x,y), and ez the central edge
of the ordered triple (eq, ez, e3).

Note that Xg(z,y) = 0 for any distinct x,y € V(H) since My = {).

5.3. The Nibble lemma and its analysis. Before stating the Nibble lemma, we define the
following parameters recursively for all 0 < j <17 < w.

(5.9) If j =1, then ¢;; := 1. If j <4, then ¢;; :== (1 — p;_1)gji-1,
(5.10) Di:=(1—p: ) Dy,
(5.11) A= —p ) 1A 1 4+ /Di_1log N.
Recursively applying the above definition shows that
i—1 i—1
(5.12) g = [[(1=p;) and D; = J[(1 - p})* ' Do = ¢ ' Do.
u=j u=0

It is worth noting that (4.1) implies that for any 0 < i < w,
8
(5.13) D; > D] = Q(logT-= N)

8

by (5.1). Moreover, by Proposition 5.2(iii) if Ay,_1 = 0(Dy—_1) then D, = O(D]) = Q(logT== N).

For convenience, let Wy := (). The following lemma is the heart of our proof.
Lemma 5.7 (Nibble lemma). For 0 < i < w, define the following statements.

(L1); Di(x) = D; = A; for any x € V(H).

(L2); For each S €V, we have

(a)
IS NUi—1]Ai-1 n |S N Ui—1]|log N
Dy VDi 7

‘Sﬂ WZ| < 2C%

(0)
ISNU| = (1£]SNUi|~VS N U1 |(1 = pf_y),
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()
|SNU| = (1+0(1))(1— e *)1|S].

(L3)i For any x € U;_1, we have

(a) Zi(w) =(k = 1)e™ > ¢}7?D

0<5<1
CoZ; - -
+ Z [ (9]() (C1+3)(k—1)e kAj> +q§-€+127i Zj(m) + D; 10gN} ’
0<5<1
) 2i(w) = FNT D 01— e M) (L e M) DA+ (1 F) T \/Dolog N),
0<5<1

(¢) Zi(w) =(1 + o)) (k — 1)(1 - (1 ﬂ)i)(l — e Ry Dy = @((1 — e )2 ),
(d) Zi(x) =(1 + o(1)(k — e ™* 3" ¢57°D;.

0<5<1
(L4); Yi(z,y) < C;D? log? N for any distinct x,y € U;_1.
(L5); Xi(x,y) < CsD;log? N for any distinct x,y € U;_.

There exist constants Cs, C7, Cs, Cy depending on k (but not on the index i or the vertices x,y)
such that if the statements (L1);—(L5); hold for all 0 < j < i — 1, then with probability at least

1— e 200g”N) the statements (L1);~(L5); hold.

Remark. Note that (L1); not only implies that H; is (D; £ A;)-regular but also the much
stronger statement that for any vertex x € V(H) the number of edges e of H incident to z such
that e \ {.T)} Q Ul = V(HZ) is Dz + Az

The rest of this subsection is devoted to proving Lemma 5.7 (Nibble lemma). Choose constants
Cs5, C7, Cg, Cg, C1p such that

1 1 1 1 1

14 = 2e” d — -
(5 ) ClO & an 08 < 05 07 09 k‘
(z

Since the degree of every vertex of H is Dy + Ag, Wy = 0, Zp(x) = 0, Xo(z,y) =0, U_1 =
Up=V(H), p*; =0 and (5.8) holds, it is clear that (L1)o—(L5)g hold. Hereafter we fix the index
1 <4 < w and assume that (L1);—(L5); hold for all 0 < j <i— 1.

5.3.1. Estimating the basic parameters of the Nibble process. In the following proposition we
estimate the parameters D;, A; and ¢ ; defined in (5.9)—(5.11).
Proposition 5.8. For 1 < j < w, define the following statements.
(A0); If Ay = o(Dy) for all 0 <t < j, then j < C*log Dy.
(Al); Forall0 <t <y, q;=(1£Cs w)(l —e k)=t In particular, ¢ ; = (14 0(1))(1 —
e Fyi—t,
Aj ] CE\i(k— ‘ CEvi(k—
(A2); Dj = (1+C3~H—— Dljf%DO)(l—e FYIk=DDy. In particular, Dj = (1+0(1))(1—e *)Ik=D Dy,
(A3); We have
DDy Ag + can/Djlog N < Aj < D;Dy Ao + Cyy/Djlog N.
Moreover, Ajlog Dy = o(D;).

There exist constants C*,Cy, Cs, cq and Cy depending on k (but not on the index j) such that
the statements (A0O);— (A3); hold for all 1 < j <.
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Proof. Choose constants C’', C*, Cy, C3, ¢4 and Cy4 such that

(5.15) Lottt &l
. — KK =<K —.
O3 "G O oo Tk
Note that by (5.12) and Proposition 5.2(iii) we have 1 < D; < (1 — £5)/*=D Dy, Thus (A0);
holds.

We now prove (Al);—(A3); by using induction on j. (Al);—(A3); trivially follow from the
definitions (5.9)—(5.11) and Proposition 5.2(iii), so we assume j > 2. Let us fix j <4. Assuming
(A1)s—(A3)s hold for 1 < s < j — 1, we will show that they hold for s = j.

By (A2)s and (A3)s for 1 <s < j — 1, we have

Jj—1 j—l Jj—1
AW WAV =D ~1/2
;DS ZZ:SJ%H@;G—@ )2 log N
o Do, 2041 e F) TR Dol 2 o N 619 A
B JD(] 1-— (1 - efk)(kfl)/Q = J Dj,1
(A0)j—1 A
(5.16) < "=l 1og Dy,
Dj,1

Since ¢z j = Hi;}f(l — p}), using Proposition 5.2(iii) and Proposition 3.3, for any 1 <t < j, we
have

j_l A
= [H <1 ichz)

s=t

-1
(1-— e*k)jft = (1 +2C; Z %) (1— efk)jft

s=t

(5.16) <1 n chC*C’AjllOgDo> (1— e kyit (5.15) (1 i C2AjllogD0> (1—e k)=t
Dj,1 Dj*l

so the first part of (Al); follows. Moreover, by (A3);—1 we have
(517) Aj—l log DO = O(Dj_l),
s0 q; = (14 0(1))(1 — e *)7~t, proving (Al);.

Now using (A1);, we have

A;i_1log D ;
.(5:12) qoleo— <1iC gl;og 0) (1— e k0= py

7—1
log D, C2A2%_ log? D .
] 11og Lo 255-1 0 —ky\j(k—1)
+ O (1—e %) Dy
( Dj;_q < D]z_l
A;i_1log D A
i 1 1:|:C J—1 0og Lo (1—€_k)](k_1)D0.
Dj;_q

Thus the first part of (A2); holds. The second part follows by using (5.17).
It remains to prove (A3);. Note that

5.11 . okl
Aj b (1 —ijl)k '"Aj_1+/Dj_1log N
(A3)j—1
< (1=pi )" 'D; 1Dy Ao+ Cu(1 = pl_ )" '\ /Dj_11log N + \/Dj_1log N
(5.10)
< DDle—i-[(l—pJ 1)2C4+(1—pjl \/>logN
(5.15)

< DjDy*Ag+ Cy\/Djlog N.
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Similarly, we have A; > D;Dy LA + ey /D;log N. This completes the proof of the first part
of (A3);. Now combining this with the fact that Ay < KD§, we have

T—T7e 3+e

A; < KD5 4 0(y/D;log N) = 0D 10g ) P2V o(p; 757750y,

since Dy > log®71=%) N, Thus Ajlog Dy = o(Dj) by (A0); and (A2);, proving (A3); and
completing the proof of the proposition. O

Recall that C5 = C5(k) was chosen in (5.14).

(5.13)

Proposition 5.9. For every v € U;_1,

AV
(5.18) pw, (v) < G5 1
Thus for every S € V, we have
A
(5.19) E[lSnW;]] < G5 “S N Ui,
i—1

Proof. By Proposition 5.2, we have

65 P —pm(v) _ 2C1ADhe

L—pup;(v) ~ 1—e*+£C1A;1D; e
Since A;—1 = o(D;_1) (by Proposition 5.8 (A3)i_1) we have 1—e_k:tClA,-_1D;_1le_k > (1—e7)/2.
Thus pw, (v) < Cs gzj, as desired. O

bw; (U)

In the next subsection we will present two results that play a key role in the proof of the Nibble
lemma.

5.3.2. Almost independence of events. The following proposition is a generalisation of [1, Claim 1].
It is heavily used in the proof of the Nibble lemma to show that certain events of whether a given
set of vertices are in U;, V(M;) are ‘nearly’ independent. The key difference between Claim 1 of
[1] and the lemma below is that here we remove the assumption that the vertices are contained in
a hyperedge, which is essential for our applications. Recall that Cy = Cg(k) was chosen in (5.14).

Proposition 5.10 (Almost independence). Let 0 < ny,ng < 3k be integers, and let x1, ..., Tp,,
Y1, -+, Yny € Ui—1 be distinct vertices. Then

P /\(33‘] S Uz) A /\(y] S V(Mz)) = (1 +

C ni na

9

5 ) I Ples € v [T Py € VM),

Jj=1 Jj=1 Jj=1 j=1

The proof of Proposition 5.10 is similar to the proof of Claim 1 in [1]. Thus, we omit it here.

Full details are given in Appendix B.

Recall that for the ith stage of the Nibble process, our probability space is generated from
mutually independent events of the form F € B; and w € W;. To prove concentration for
various random variables in our analysis of the Nibble lemma, we will use Lemma 3.1 (Martingale
inequality) where ‘Paul’ determines a random variable by asking whether each choice of the form
F € B; or w € Wj is Yes or No. The following observation (which follows from (L1);—;) bounds
the number of such queries Paul needs in order to determine whether a vertex of H;_1 is in Uj.

Proposition 5.11. Let y € U;—1 = V(H;—1). Then Paul needs at most O(D;_1) queries of
whether an edge is in B; to determine whether y is in V(M;) and one query to determine whether
y s i Wi,

Hence, to determine whether y is in U;, Paul needs at most O(D;_1) queries of whether an edge
is in B;, and one query of whether a vertex is in Wj.

5.3.3. Proof of Lemma 5.7 (Nibble lemma,).
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Step 1. Proving that (L1); holds with high probability. Note that D;(z) is the number of instances
e of D;_1(z) such that e\ {z} C U;. Hence by (5.6) and Proposition 5.10,

E[D;(z)] = (1% CoD ) (1 = p{_1)" ' Dia(x)
P (1 oD (1 - pi) T (D £ A
(5.20) = (1—p )" D1 £ (1= pi_ )P 1 (Air +2Cy).
Note that in the last equality we used A;_1 = o(D;_1) (which holds by Proposition 5.8).
Claim 1. With probability 1 — e=1°8* M) (L1); holds.
Proof. Let x € V(H). By (L1);—; and (A3);_1 of Proposition 5.8, note that
0.5D;—1 < D;_1(x) =D;—1 £ Aj—1 <2D;_4.

We will prove the claim by applying the Martingale inequality (Lemma 3.1). Indeed, to determine
the random variable D;(x), for each instance e of D;_1(z), Paul has to determine whether each of
the k — 1 vertices of e \ {z} is in U;. By Proposition 5.11, this can be done by asking at most
O(D;_1 - Di_1(x)) = O(D?_,) queries of whether an edge is in B; and O(D;_1(z)) = O(D;_1)
queries of whether a vertex is in W;. The former is yes with probability 1/D;_; and the latter is
yes with probability at most O(A;_1/D;_1) by Proposition 5.9. Moreover, we claim that changing
the response to a query (keeping all others the same), changes D;(x) by at most O(1). Indeed,
changing whether an edge e is in B; changes V(M;) (and thus U;) by at most Og(1) vertices, as
there are at most k pairwise disjoint edges in H;_; that intersect e. Changing whether a vertex is
in W; changes U; by at most one vertex. Since H;_; is simple, it follows that D;(x) changes by at
most Og(1).

Hence, we can choose ¢ = ©(y/D;_1) in Lemma 3.1. By choosing A = ©(log N) with an
appropriate multiplicative constant and since /D;_; = w(log N) by (5.13), we obtain that with

probability at least 1 — e~ (log? N ),

Dj(z) = E[Di(z)] + ‘/T—;logN

- 3

5.20 10), (5.1
o2 (1=pi ) 'Dir £ <(1 —pi )" A1 4+ V/Di log N) R NN
By the union bound, with probability at least 1 — H/(.FI)LC,’_Q’“GOg2 N) =1 — ¢ 00g” N) | ywe have
D;(z) = D; £ A, for all z € V(H). This proves (L1);. o

Step 2. Proving that (L2); holds with high probability.

Claim 2. With probability at least 1 — e~ log? N), (L2); holds.

Proof. Let us fix an S € V. By (5.6), we have

(5.21) E[SNU;| = [SNUi—1|(1 = pi_1).

For any 1 < j <i— 1, we assumed (L2); holds, so we have

(5.22) ISNU;| = |SNUj_y] - (1 + 15N Uj_ly‘l/‘*) (1—-pj_1), and

1

. A2): i1
(5:23) 10U = (1+o(1)(1 = V18] Z (1 o())ISI(D; DG )FT = DE ),
since |S| > v/Dylog N by the assumption of Theorem 5.1 and D; > D] > 1 by (4.1). Hence by
recursively applying (5.22) and then using Proposition 3.3 and Proposition 5.8(A1);_1, we obtain

5.12)

1—2
_ 5.23 kvie
(524) 150U "2 (122315007 qoimalS] P2 (14 0(1))(1 — e F) S,

J=0
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By Proposition 5.8 we have D; 1 = (14 o(1))(1 — e *)=D¢=D Dy, Combining this with (5.24)
and our assumption that |S| > 1/Dglog N, we obtain that

1SN Us_1|log N iy (-n(1-tst) S| log N
=(1+o(1)(1—e 7 )220
D (1+o(1))( ) D

Hence by Proposition 5.9 and Lemma 3.2 (Chernoff-Hoeffding inequality), with probability at

= Q(log® N).

least 1 — e~ (log” V)
’S N Uz‘_l‘ log N (5.19) JAVER] ’S N Ui—l’ log N
SNW;| <2E|SNW; < 20 SNU;_ .
’ ‘ = ’ ‘J’_ Di—l = 5Di—1’ 1’+ m

Since |V| < exp(10g3/ 2 N) by the assumption of Theorem 5.1, we can take the union bound over
all S € V to deduce that (a) of (L2); holds. Now note that

(5.1),(5.23)
(5.25) 1SNU_1|Y* > "logN.

Now we will use the Martingale inequality (Lemma 3.1) to prove a concentration inequality
for the random variable |[S N U;|. By Proposition 5.11, |S N U;| is determined by at most
O(|S NU;-1|D;—1) queries of whether an edge X € B; and at most |S N U;_1| queries of whether
a vertex w € W;. The first one is yes with probability 1/D;_; and the second one is yes with
probability at most O(A;_1/D;—1) (by Proposition 5.9). Moreover, changing whether X € B;
changes |S N U;| by at most O(k?) = Ok(1), as there are at most k pairwise disjoint edges in
H;_; that intersect X and changing whether w € W, of course, only changes |S N U;| by at most
one. Thus we can apply Lemma 3.1 with 0 = ©(|S N U;_1|*/?) and A\ = ©(|S N U;_1|"/*) (with
an appropriately chosen multiplicative constant factor), to obtain that with probability at least
1— e,Q(|sﬁUi_1|1/2) (5£5) 1— e—Q(lOg2 N)7

SO = B[S NUi| + (1 piy)|S AU [ 2 (1 +150n Ui_1]‘1/4) (1—pi )8 N Uiil.

Hence by (5.24) and Proposition 5.2(iii), with probability at least 1 — e~ 20" N) e have
1SN U = (14 0(1))(1 — e )"|S].

Hence by taking the union bound over all S € V, we deduce that (b) and (c) of (L2); hold as
well. o

Step 3. Proving (L3); holds with high probability. For any = € U;_1, note that Z;(x) is the sum of
e the number of instances e of Z;_1(z) such that the k — 2 vertices of e \ {x} N U;_; are in
U;, and
e the number of instances e of D;_1(z) such that one vertex of e \ {z} is in V(M;) and the
remaining k — 2 vertices of e \ {z} are in U;.
Thus we have the following recurrence relation by Proposition 5.2(ii), (5.6) and Proposition 5.10.

(5.26) EZi(z) = (1 + D(ZE’l) (1—pt )2 (Zil(x) + <1 + C;fill) (k — 1)e—kD“(x)> .

Claim 3. With probability at least 1 — ¢~ (log? N), for any x € Uj_yq,

Proof. We will use the Martingale inequality (Lemma 3.1) to prove the claim.
To determine the random variable Z;(z), Paul must determine
(a) for each instance e of Z;_;(x), whether each of the k — 2 vertices of e \ {z} NU;_1 is in U;
(or equivalently whether each of those vertices is in V/(M;) or W;), and
(b) for each instance e of D;_1(z), whether each of the k — 1 vertices of e \ {z} is in V(M;) or
Wi;.
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Since the number of vertices involved in (a) and (b) is at most O(Z;_;(x) + D;—1(x)), it follows
from Proposition 5.11 that Paul can determine Z;(z) by asking O((Z;—1(x) + D;—1(x))D;—1)
queries of whether an edge is in B; and O(Z;_1(x) + D;_1(z)) queries of whether a vertex is in
W;. The former is yes with probability 1/D;_; and the latter is yes with probability at most
O(A;_1/D;_1) by Proposition 5.9. Moreover, note that changing the answer to any of the queries
(keeping all others the same) changes Z;(x) by at most Ok(1). Indeed, changing whether e € B;
changes V(M;) (and U;) by at most O(k?) = Ok (1) vertices as there are at most k pairwise disjoint
edges in H;_; that intersect e, and changing whether w € W, changes U; by at most one vertex.
Hence, as H;_; is simple, at most O(1) instances of Z;_1(z) and D;_1(z) are affected by such a
change, implying that Z;(z) changes by at most Ok (1), as desired.

Thus we can apply Lemma 3.1 with o = \/Zl 1(x) + Di—1(x) \/Zz 1(x) + D;—1)
(thus ¢ = w(log N) by (5.13)) and A = ©(log N) Wlth an approprlately chosen multlphcatwe
constant, to obtain that with probability at least 1 — e~ log? N ),

Zi(x) = EZi(x) £\/Zi_1(z) + D;_1 log N.

Claim 3 now follows by taking the union bound.

Claim 4. With probability 1 — e~ 18" N) (L3); holds.

Proof. Let € U;—;. Assuming (L1);—(L5); hold for all 0 < j <1 — 1, we have to show that (L3);
holds with high probability. By Claim 3 and (L1);_1, with probability 1 — e~<:(cg” M),

Zi(x) = EZifz)+/Zi—1(x) + Di_1log N
(5.26) Co o w2 Ci1A; AV vk,

i\/ZZ 1(x) + D;_1log N.
Together with Proposition 5.8(A3);_1, this implies that Z;(z) = A; + As + Az + Ay + As, where

(527) A = (1 - p;:l>k72<Zi_1(l‘) + (k — l)eikDi_l),
C . ke
(5.28) Ay = j:D‘i (1—p: 221 (2),
Cy k2 C1A; 1 A k.
(5.29) Ag = k(1= p) (1 = > (1 + D¢_1> (k—1)e*D;_4
= +Cy(1 +o(1))(k — e (1 — pj_1)*?,
Ci1Ai1 A Ci1AZ
L % k—2 184—1 i—1 i—1 o
(5.30) Ay =x(1—p; ) < Dis + Di + D7, ) (k—1)e*D; 4
= +(Cr+1+0(1)(k = 1e " (1 —pi_)*?As,
(5.31) As:=++/Z;_1(x) + D;_1log N.
By (L3)i_1 and (5.9), we have A; = A}l + A2, where
(5.32)
A% =(k—1)e —k Z q] p
0<5<1
(5.33)

- Y [ <C9Z<) (C’1+3)(k‘—1)6_kAj>+qf+ii zj<x>+DjlogN]

D,
0<j<i—1

Observe that Az + Ay = £(C1 + 3)(k — 1)e *(1 — pr_;)¥*~2A,;_1 by Proposition 5.8 (A3);—1. Thus,
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CoZ;
AT+ Ap+ Ag+ Ayt As =+ ) [ <9() (C1+3)(k — 1)e’fAj> +qi 11/ Zi(z) + Djlog N] .
0<j<i D;

Combining this with (5.32), and using that Z;(x) = Al + A2 + As + A3 + Ag + A5 we get
(5.34)  Zij(z) = (k—1)e7F Z ¢ 72D;

0<j<i

+ ) { (ng() (Cl+3)(k—1)emj)+q§;ii Zj(a:)—i-DjlogN].

0<j<1 ]
This proves (a). For convenience let us redefine By := A} and By := A? + Ay + Az + Ay + As.
Then by (534), Zl(.l‘) = By + Bs.
It remains to prove (b)—(d) by estimating B; and Bg F irst let us prove (b) by showing that

By =0O((1 —e ™74 (1 —e*)FE2A0 4 (1 - e_k) \/ olog N). Since this is trivial when
1 = 0, we may assume that ¢ 2 1.
For 0 < j <i—1, by (c) of (L3);, we have

(5.35) Zi(x) < 2(k —1)(1 — e *)I k=2 Dy,

Therefore, the summand

k—2 <09Zj<33)
45 -

+(Cy +3)(k — 1)e—’“Aj> + 4y i/ Zj(x) + Djlog N

D
of By is the sum of the following terms (which are estimated below using (5.35) and Proposition 5.8).
CoZ, . :
qﬁi—2 Ql)j(w) < 409(]6‘ N 1)(1 _ e—kz)z(k—Q)—](k:—l),

¢ (CL+3)(k—1)e FA; < (Cr+3)(k —1)e (14 o(1))(1 — e—’f)@—j)(k—?)

X (14+0(1)) [(1 —eRYEDAG 4+ Oy(1 — e m \/>log N]
< 201 +3)(k—1)e F(1 — e k)ilk=2)

X [(1—6 )3A0+(1—6_k 5 3)04\/ 10gN}

k—2 (1- )(k=2)
dj+14\/ Zj(x) + Djlog N < (1+0(1)) ( \/2k 1 — e *)i(k=2)Dylog N
2\/ Zk\/Dio].OgN e*k)l(k‘*?)fj(kgz)

= (1 — e F)k=2 (1-

Hence Bs is the sum of the following terms:

o Z (1 —e k)=
—2945¢Y) —
Z 9, . S 4Go(k 1) (1- eik)i(kil) -U
j<i
S a3+ 3) (k- >e—’“A]~ < 2AG+3)E-1)

j<i
i(k—1)

. 1— —k
(1 —e " *=2DA) + Cye*\/Dylog N (1—e) - ,

k-3

(1—e®)~"2 -1

X

i(k—2)

2v2ky/Dylog N (1 —e )"
ZqJ-H i\/ Zi(x) + Djlog N < (1= e F)e-2 k2

(1—e®) "5 -1
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Hence,

(5.36) By <O ((1 e (1= e MDA 1 (1 — e )T /Dy log N)

proving (b). To prove (c¢) note that by Proposition 5.8,

Bi=(k-1e* Y ¢52D; = (1+0(1)(k - e 3 (1 — e F)EDk=2(1 — o~kyitk-1 p,
0<j<i i<i
(5.37) =(1+o01)(k—1)(1—(1—eF)1—eF)kE2p,
Then it follows from (5.37) and (5.36) that B; is asymptotically larger than Bs. Indeed the

ratio of the third term on the right hand side of (5.36) and B; is O((1 — e™F) —2 logﬁ]z) =
i 8

O((1 - e‘k)il\o/gDij) = O(li’/gDij) = 0(1) using that D; > Q(log(-= N) by (5.13) and the sentence

after it. The ratio of the first term on the right hand side of (5.36) and B is estimated similarly.

This completes the proof of (¢) and also implies (d). Hence this finishes the proof of the claim. <

Step 4. Proving (L4); holds with high probability. For any distinct x,y € U;_1, note that Y;(x,y)
is the number of instances (eq, ez, e3) of Y;_1(z,y) that satisfy (e1 UeaUes) \ {z,y} C U; (namely
(Y3)i). Hence by (5.6), and Proposition 5.10, we have the following recurrence relation.

C
(5-38) EY;(z,y) = (1 * Dgl) (1 =)™ i, y).

Claim 5. With probability at least 1 — e~ (log? N) | the following holds. For any distinct z,y € U;_1,

Y;(I‘,y) = EYL(JZ,y) + D V Yi—l(x)y) IOg N7
provided that Y;_1(x,y) = w(log? N).

Proof. We will use the Martingale inequality (Lemma 3.1) to prove the claim. Let z,y € U;_1 be
distinct vertices. Recall that Y;(z,y) is the number of instances (e, ez, e3) of Y;_1(x,y) such that
(e1UeaUes) \ {z,y} C U;. We call all the instances of Y;_1(z,y) candidates.

Subclaim 1. Paul needs at most O(Y;_1(x,y)D;—1) queries of whether an edge is in B; and at
most O(Y;—1(x,y)) queries of whether a vertex is in Wy in order to determine Y;(z,y).

Note that (L1);—; and Proposition 5.11 immediately imply Subclaim 1.

Subclaim 2. If we change the response to a single query (keeping all others the same), then
Yi(z,y) changes by at most O(D;_1).

Using (L1)i—; and the fact that H;_; is simple, it is easy to show the following.

For any given vertex v € U;_1 \ {z,y}, the number of candidates (e1, e2, e3) such
(%) : 4
that v € ey Uea Ues \ {z,y} is O(D;—_1).

Now we prove the subclaim using (). First consider queries asking if a vertex is in W.
Changing whether a given vertex v is in W; affects at most O(D;_1) candidates by (x). Thus in
this case Y;(z,y) changes by at most O(D;_1). Now consider queries asking whether if an edge,
say €', is in B;. There are at most k pairwise disjoint edges that intersect with €/, so changing
whether ¢’ is in B; changes V (M;) by at most k? vertices, and each of those vertices affects at
most O(D;_1) candidates by (x). Thus, Y;(x,y) changes by at most O(D;_1) in this case as well,
proving Subclaim 2.

Thus using Subclaims 1 and 2, Proposition 5.9, and the fact that an edge is in B; with
probability 1/D;_1, we can apply Lemma 3.1 with o0 = ©(D;_1+/Yi—1(z,y)) and T'= ©(D;_1) (so
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0/T = w(log N) by our assumption) and A = ©(log N) with an appropriately chosen multiplicative
constant, to obtain that with probability at least 1 — e~ Qlog” N ),

}/’L(l’ay) = EYl(%y) + Di*l V Yi*l(‘r,y) 1Og N.

By the union bound, with probability at least 1 — |UZ~_1|2(3_Q(1°g2 N) = 1 — ¢=9(log? N) | the claim
holds. &

Claim 6. With probability at least 1 — ¢~ (log? N) | (L4); holds.

Proof. Recall that C; = C7(k) was chosen in (5.14). We may assume that Y;_i(z,y) >
C7D?1og? N = w(log? N), otherwise

Yi(z,y) < Yi_1(z,y) < C7D?log> N
and the claim holds. Hence by Claim 5, with probability at least 1 — e~ (108" V)
Yi(z,y) = EYi(z,y) £ V/Yi-1(2,y)Di—11log N

5.38 C N _
(29 (1 + 9) (1—pi_)* Y1 (z,y) £ /Yio1(z,y)Di—1 log N

9

D;—q
(L4)i—1
< (L+o(D)(1 —pi_y)** D} log? N +/C7 D} log” N
(5.10) . e
ot —pi )20+ Y Dt og?
1—1

< C7D?log’> N

by (5.14) and the fact that 1 — p} ; = (1 + o(1))(1 — e~*) by Propositions 5.2 and 5.8. This
completes the proof of the claim. O

Step 5. Proving (L5); holds with high probability. For any distinct x,y € U;_1, note that X;(x,y)
is the sum of

e the number of instances (e, ez, e3) of X;_1(x,y) that satisfy (e; Uea) \ (e3 U {x,y}) C U,
and

e the number of instances (e, 2, e3) of Y;_1(x,y) that satisfy (e; Uea) \ (es U {z,y}) C U;
and ez € E(M;).

By (5.6) and Proposition 5.10, the expected value of the former number is (1 + DC31> (1-
pi ) *X;_1(z,y), and by Proposition 5.2 the expected value of the latter number is at most (14

CoAi_lDZ:ll)%Yg_l(m, y) < 1%1_01 Yi_1(z,y) by (5.14). Hence we have the following recurrence
relation.

C C
(539) EXi(x,y) < <1i o )(1—pz‘_1>2k—4xi1<x,y>+ Y (2,9)-

i—1 Di
Claim 7. With probability at least 1 — e~ Ylog? N) | the following holds. For any distinct x,y € U;_1,
Xi(z,y) = EX(z,y) £ vXi_1(z,y) + Yi_1(z,y) log N,
provided that X;_1(z,y) + Yi—1(z,y) = w(log? N).

Proof. We will use the Martingale inequality (Lemma 3.1) to prove the claim. Let x,y € U;_1
be distinct vertices. Note that X;(z,y) is the number of instances (e, ez, e3) of X;_1(z,y) and
Yi_1(z,y) such that both the events

(T1) e3 € U;<; E(M;) and

(T2) (e1Ue2)\ (e3U{z,y}) CU;



21

hold. We call all the instances of X;_i(z,y) and Y;_1(z,y) candidates.

Subclaim 1. Paul needs at most O((X;—1(x,y) + Yi—1(z,y))Di—1) queries of whether an edge
is in B; and at most O((X;—1(z,y) + Yi—1(z,y)) queries of whether a vertex is in W; in order to
determine X;(x,y).

Subclaim 1 follows easily from (L1);—; and Proposition 5.11.

Subclaim 2. If we change the response to a single query (keeping all others the same), then
Xi(x,y) changes by at most O(1).

First let us consider queries asking if a vertex is in W;. Changing whether a given vertex v is in
W; does not affect whether (T1) events hold for the candidates. Moreover, there are at most O (1)
candidates (e, e2, e3) such that v € (e; Ueg) \ (e3 U {z,y}) and (T1) holds, due to the following
reason. By symmetry, we may assume that v € e; \ (e3 U {z,y}). There is exactly one choice
of ey (as H is simple), at most k choices of e3 that satisfy (T1), k — 1 choices of the vertex in
ez Nes, and given such a vertex, there is at most one choice of ey (as H is simple). Thus, changing
whether v € W; affects at most O (1) candidates. Thus X;(z,y) changes by at most Ok (1).

Now we focus on queries asking if an edge, say €/, is in B;.

There are at most k pairwise disjoint edges in H; 1 that intersect with €/, so changing whether
¢’ is in B; changes E(M;) by at most k + 1 edges. Call such edges affected. Each affected edge
is the central edge e of at most Ok (1) candidates. Thus changing whether ¢’ is in B; affects at
most Ok(1) candidates by affecting their (T1) events.

It remains to count the number of candidates for which (T2) events are affected. Note that
changing whether ¢’ is in B; changes V (M;) by at most k? vertices. Let us call those vertices
affected. Recall that, for a candidate to contribute towards X;(z,y), it is necessary that (T1)
holds for it. Since H;_; is simple, for each affected vertex v, there are at most O (1) candidates
(e1,e2,e3) such that v € (e; Uez) \ (e3 U{z,y}), and (T1) holds. Thus, X;(z,y) changes by at
most Ok(1). This completes the proof of Subclaim 2.

Thus using Subclaims 1 and 2, Proposition 5.9, and the fact that an edge is in B; with probability
1/D;_1, we can apply Lemma 3.1 with 0 = ©(y/X;_1(x,y) + Yi—1(z,9)) (so ¢ = w(log N) by the
assumption of Claim 7) and A = ©(log V) with an appropriately chosen multiplicative constant,
to obtain that with probability at least 1 — e~ log” N ),

Xz(x7y) = ]EXZ(J:)y) + \/Xi_l(l“,y) + }/i—l(xa y) log N.

By the union bound, with probability at least 1 — \Ui_1|26_9(1°g2 N) = 1 — ¢~ O(log? N) | the claim
holds. &

Claim 8. With probability at least 1 — ¢~ 208" N), (L5); holds.

Proof. We may assume that
Xio1(z,y) + Yio1(z,y) = w(log? N),

since otherwise X;(z,vy) < X;_1(z,y) + Yi_1(z,y) = O(log? N) and the claim automatically holds.
In the rest of the proof of Claim 8, for convenience, we write X;_; and Y;_; instead of X;_1(z,y)
and Y;_1(z,y), respectively.
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By (5.39), Claim 7, (L4);—1 and (L5);—; the following inequality holds with probability at least
1— e—Q(log2 N)’

C
Xi(a?,y) < <1 + D 9 ) (1 —pfﬁl)2k74Xi_1 + C7C10D;_1 log2 N++V/X;—1+Y_1logN

1—1

C
< <1 + 9 > (1 — p;_l)zk_4Xi_1 + C7C10D;i-1 10g2 N ++/2C7D;_1 log2 N

D; 1
C7C + 20

D;log
(1- p;—l)

< [<1+o<1>><1—pz DFRCs +
< CsD; log2 N,

where in the second and third inequality we used X; 1 < CgD;_1 log2 NandY;, | < C’7DZ271 log2 N
by (L4)i—; and (L5)i_1, and the last inequality follows by (5.14) and the fact that 1 —p |, =
(14 0(1))(1 — e~*) by Propositions 5.2 and 5.8. This completes the proof of the claim. &

This concludes the proof of Lemma 5.7 (Nibble lemma). O

5.4. Proof of Theorem 5.1. Iteratively applying Lemma 5.7 (Nibble lemma), we obtain that
with non-zero probability (L1);i—(L5); hold for all 1 <14 < w. Consider some outcome of the Nibble
process for which (L1);—(L5); hold for all 1 <i < w.

Let M :=MU---UM, and W:=WjU---UW,. Then U, = V(H)\ (V(M)UW). We will
first show that (M1) of Theorem 5.1 holds. Note that Proposition 5.8 implies that forall 1 <i < w
and all 0 <t <71,

(5.40) qri = (1+o(1))(1 —e M),

(5.41) D; = (14 0(1))(1 — e ®)*=Dpy,.

Claim 9. (1 — e )@=V Dy = (D)) and D, = (D).

Proof. By the definition of w, we have D, < DJ, and D,_; > DJ. Thus we have

k=17 _—k\k—1 (541) (1 — e~ Fyw(k=1) D (5.41)
(1 64) D0<(1ei1 Dw1§(1e)2 D0<D<Dg,

proving the claim. &

(5.42)

Now define p := (D, w/Do)k%l. By (5.41) and Claim 9, we have p = (1 + o(1))(1 — e %)« =
@(Dk 1) Hence, by (L2),(c) we have
1S AU = (1+o(1)(1 — e 5)[S] = (1 + o(1))plS]
for every S € V. This proves (M1).
Claim 10. (M2) holds.
Proof. For any 1 < i < w, (L2);(a) implies that

log N
(5.43) 1S N W;| = (ySmU_ly +]SmU_1]\/%>
By Proposition 5.8 (A3);—; and (L2);_1(c) we have
Ai—l IOgN
5.44 SNU;—
G ISl (54 A
(5.41)

O((1 — e™)i7YS| - Dy Aq + (1 — e~ F)i=D= =52 |5 D12 1og ),
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where the constant implicit in ©(-) is independent of the index i. Hence we have,

SAW| = Z\SHW](M?’)ZO(]SHUZ 15+ 18N U logN>

i=1 i=1 \/T
w—1 w—1 i (k—
@%&o(Eju_frh%ﬂaaon+EZG—«f%F“Z”wu%L“ng>
=0 =0
1 __1_ ,‘/(L,l)
5.45 = o+ B . 08 &Y);
(5.45) O(1S|Dg ' Ao + |S|Dy 1Dy *71 * log N)

where in (5.45) we used Claim 9 and the fact that Z;":_Ol(l - e_k)i_i(kgl) |S|D0_1/2 log N) =

o((1 - e_k)w_w(kz_l))|S|D61/2 logN = O((1 — e_k)wD;1/2|S|log N) by Proposition 5.8. This

completes the proof of the claim. &

Claim 11. For any = € U, let Z,, := (k — 1)e™* dicw q;;QDj be the main term of Z,(x). Then
A,

Proof. We have
(5.47) Z, (L3)es (€),(d) O((1 — e~ k=2 ) Claim 9 @(Dg(lfﬁ)Jrﬁ)'
By (L3)u(b),
Zo(x) =Zu+O0(1—e™M) ™41 —e®)r2A,+ (1 —eF
We estimate each of these error terms as follows:
(1 ey o) 2 o(py - 2) < B2,

) A A
1 — o= Fywk=2) A (5.47) 20, ) Sw
( € ) 0 O -DO w — O Dw w ’

3 k—2
(1— e ™52 /Dolog N *27 0 (DO T T g Zw) <0 (g“zw> ,

where in each of the above inequalities we used %—: = %g + O(D,y /2 log N) (which holds by
Proposition 5.8 and Claim 9). Adding up the above estimates proves the claim. &

Let Hy be the multi-hypergraph of augmenting stars of H with respect to (M,W) (see
Definition 4.2). Recall that V(H) \ (V(M)UW) =U,, so V(H4) = E(M)UU,,. Similarly as in
Section 4, let L := E(M) and R := U,. The following three claims prove (M3).

Claim 12. For any e € E(M),
(5.48) i (e) = (1+ O(Dy Ay + Dy "*log N)) Dy,
where the constants implicit in O(-) and Dy, = @(D]OW) do not depend on e.

Proof. Fix an arbitrary element e € E(M). Recall that dg, (e) is the number of augmenting stars
(em, {e1,...,ex}) € A(H) such that e = e.

Now let e = {v1,...,v;}. For each 1 < j <k, the number of choices for e; € E(H) such that
{vj} =eNe; and ey, ..., e; are disjoint is D,, + A, &+ Ok (1) since H is simple and (L1),, holds.
Thus,

k
A,
Hence the claim follows by Proposition 5.8 (A3), and Claim 9. &
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Claim 13. For any x € U,,,
(5.49) i, (z) = (1+ O(Dy' ' Ag + Dy *log N)) D,

1—~
kvti—
0

where the constants implicit in O(-) and Dr = O(D, ) do not depend on the vertex x.

Proof. Fix an arbitrary vertex € U,, C V(H ). Recall that d,(z) is the number of augmenting
stars (ear, {e1,...,ex}) € A(H) such that z € e U--- Ueg. Since ey,..., e are disjoint, x lies in
exactly one of them. Without loss of generality, assume that = € ey.

There are Z,(x) such choices for e, and given such a choice of eq, let x1 be the unique vertex
in ey NV(M) and eps € E(M) be the edge that contains z.

Let eps \ {21} := {x2,...,2}. For each 2 < j <k, we have to choose an edge e; € E(H) that
contains x; such that e; is disjoint from e; U---Ue;_1, |e; Nep| =1 and e; \ epr € U,,. Since
H is simple, there are at most O (1) edges that contain x; and intersect e; U---Uej_1, so the
number of such choices of e; is Dy, (z;) + Ok(1) = Dy, £ Ay + Ok(1) by (L1),,. Hence the number
of choices of {eg, ..., ex} is

(0,20, + 00 = (140 52) ) b
Thus there are

(5.50) Q+o<gﬁ>@@wﬁl

w

augmenting stars (eps, {e1,€ea,...,er}) € A(H) such that x € eg U--- U eg.
Therefore, by Proposition 5.8(A3),, and Claim 9, we obtain

5.46),(5.50 Ay _1 (5.47 _ _
[ i}
where D = 9(D0W+’“_1) and the constants implicit in O(-) and ©(-) do not depend on the vertex
x, as desired. o
Claim 14. The codegree of H 4 is O(Dg(kfl) log? N).

Proof. Let z,y € V(Hy) = E(M) UU, be distinct vertices. If z,y € E(M), then the codegree
of {x,y} in Hy is 0. If x € E(M) and y € U,, then the codegree of {z,y} in Hy is equal to
the number of augmenting stars (eys, {e1,...,ex}) of H with respect to (M, W) where x = eps
and y € Ule ei \ enm. If y € e; for some j with 1 < j <k, the number of choices for e; is O (1)
since H is simple. The number of choices of each e; with i # j is O(D,,) by (L1),. Thus the
total number of such choices of augmenting stars (enr, {e1,...,ex}) is O(DE1) = O(D] k_l)) by
Claim 9.

It remains to bound the codegree of {x,y} for x,y € U,, which is the number of augmenting
stars (e, {e1, . .,ex}) of H with respect to (M, W), where z,y € U e; \ enr.

Firstly, note that the number of augmenting stars where x,y € e; \ exs, for some 1 < j <k is
O(ij_l). Indeed, as H is simple, there is at most one choice for e;, and the number of choices
for each e; with i # j is O(D,) by (L1),. Secondly, the number of augmenting stars where
x €ej \ey and y € e, \ en for j1 # jo is O(X,(w,y)DE2). Indeed, the number of choices for
such triples (e, ej,,€j,) is Xo(z,y) by definition, and the number of choices for each e; with

i & {j1,72} is O(D,,) by (L1),. Hence in total, the codegree of {z,y} in H,4 is at most
(L5)w (k—1)

(5.51) O(DF ' + X, (x,y)DF2) O(DE 4+ D, log? NDF2) = O(DJ"" " 1og? N),

by Claim 9, where the constant implicit in O(-) does not depend on the choice of x and y, as
desired. &
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6. USING AUGMENTING STARS TO FIND LARGE MATCHINGS
IN ALMOST REGULAR SIMPLE HYPERGRAPHS

Using Theorem 5.1, in this section we prove the following result which implies Theorem 1.4 in
the case when H is simple (by taking V = {V(H)}).

Theorem 6.1. Let k > 3 be an integer, let 0 < e <1 — ﬁ, and let

| -3 i
(6:1) = mln((k—l)(k3—2k2—/c+4)’ 1k—1€>'

Let 0 < n < mno, and u, K > 0. Then there exists Ny = No(e,n, u, k, K) such that the following
holds.

Let H be a k-uniform (D £+ K D?)-reqular simple hypergraph on N vertices, where N > Ny and
D > exp(logh N). Let V be a collection of subsets of V(H) such that |V| < exp(log?3 N) and for
each S € V, we have |S| > v/ Dlog N.

1
Then there is a matching in H covering all but at most |S|D™*1"" vertices of S, for every
SeV.

Proof. Let us first define

, 2 20k —1)(1—¢) — 2 ;. 1
6.2 = d~vy = VA — .
(6.2) ~ m1n<k3—2k2—k’+4’ Y3 and 7' := min 4(k_1),770 n
Let us choose Ny € N and ¢ such that
1
(6.3) 0< Ny l<d<y,e 1- PR nk LK<,

In the rest of the proof, the implicit constants in O(-) and O(-) will only depend on the parameters
5777757/’L7]€7K'

Let H be a k-uniform (D £+ KD¢)-regular simple hypergraph on N vertices, where D >
exp(logh N).

Applying Theorem 5.1 to H (with D = Dy, Ag = KD?, and VU {V(H)} playing the role of V)
, we obtain a matching M of H and a set of waste vertices W C V(H) such that the following
hold.
(M) |S\ (V(M) UW)| = ©(|S|Di1) for every S € VU {V(H)}.
(M2)y [SNW| = O(K D8] + S| D~ 71D (7172) log N) for every S € VU {V(H)}.
(M3)g For the (1,k(k — 1))-partite multi-hypergraph H4 of augmenting stars of H with respect

to (M, W) the following holds. For any e € E(M) and z € V(H) \ (V(M)UW),

di,(e) = (1+O(KD* ' + D™/21og N)) Dy,
dy,(z) = (1 + O(KD™t 4+ D™/21og N)) D,

where Dy, = ©(D*), and Dy = @(Dkwrg). Moreover, the codegree Cy, of Hy is at
most O(DY* =1 1og? N).
Let Cyp = ©(D"* D log? N) be an upper bound on Cp,. Let L := E(M) and R := V(H) \
(V(M) U W) be the two parts of Hs. Note that by (M1)g and (M2)y, |L| = ©(N) and
-1
IR| = ©(ND#1). Let
V= {S\ (V(M)UW) : SeVU{V(H)}} C 2k
Now we define an auxiliary (1, k(k — 1))-partite multi-hypergraph H’; by taking many vertex-
disjoint copies of R as follows. For 1 < i < |Dg/Dp], let R := {v* : v € R}. We may
define
V(H)) := LU (R'U--- U RPr/DPLl)
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and for any edge e U {v1,...,v4—1)} € E(Ha), we add e U {vi, ... 7”Z(k—1)} to be an edge in
E(H')) for all 1 <i < |Dg/Dp]. Then by (M3)y for any e € L,

dyp (¢) = (14 O(KD*™' + D™/*log N))D| Dr/ D]

— (1+OKD\ + D™%log N + D1 /Dg))Dr = (1 + O(Di=1 + D=2 1og N)) D,
where in the last equation we used e — 1 < — 15 < ;% and that Dy /Dr = @(Dg). For any
vE Rand 1 <i<[Dg/Dr], we have dg, (v Y =dg,(v).

In summary, for any x € V(H),
dyp, () = (1+ O(DF1 + D™ log N)) D

Hence H'; is almost regular. Moreover, the codegree of H, is still at most C, < Cp.
Note that for each T € V' we have T C R, and thus we can define T := {v! : v € T} and

Vi ={T': T eV}

Now we may apply Lemma 3.5 to H';. Since H; is almost regular and has codegree at most
Co, we can find a simple spanning subhypergraph H'{ of H', such that every vertex = has degree

(1_ 1 ) dpr, (%) Y (s + 1dw, (2)
log(Dr/Co)) log(Dr/Co)Cy D5 Cy DY,

for some even integer s € (1 + 2(15)6_1,3 + 2(5)5_1).
Thus every vertex x € V(H'}) has degree D gy £ Apy in H /1, where

Dy = (1_ 1 > DE° o D=9 (r+5=9)
4 log(Dr/Co)) log(Dgr/Co)Cy~° log D1og?=) N )’

o (D=1 4 D% log N) D=9 0+3=0)
B log D logQ(l_‘s) N 7

Apy -

since § < 7, kL.

Note that |V(HY)| = ©(N). Since D > exp(log! N), we can apply Theorem 5.1 to the
(k(k — 1) 4+ 1)-uniform simple hypergraph H'{ (with V| and 7' playing the role of V and ~
respectively, and with some &’ € (0,1) satisfying 1 — &’ < v,1 — v, k™! playing the role of €) to
obtain a matching M’ of Hj and W’ C V(H’;) such that the following holds for every T € V]
where T' = {v! : v €T} and T = S\ (V(M)UW) for some S € VU {V(H)}.

v -1

11
T\ (V(M)YUW)| + |T' nW'| = (\T|D§,’f R +|T|DH,,AH,,+|T|DH5<k 1>DH,§““) 2)10gN)

(Ml (’S’Dk 1Dk(,]f 1) _|’_|S‘Dk 1DH//AH”

L 1
+\S;Dk—1DH,’7<’“ ”DHS =0 2>10gN)
/1

(6.4) = O(|S|D* 1D1’f1(,’f U 4 |S| DT IDH,,AHN)

where in (6.4) we used D > exp(logt N).

Let M" be the subhypergraph of M’ induced by L U R' = E(M) U R!. Identifying R! and R,
the matching M"” can be viewed as a matching of H4 and the number of vertices in 7' not covered
by M" is bounded by (6.4), which is asymptotically at most
(6.5)

1S|D"FT .0 (max <Dk<k11>2DV<kllk(kl1)+k(k11>2>ka,w(5w’), DT, DV(;Jr%))) log N,
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where

(6.6) 0< frr(6,7) =

(1—0)y+4 L=v)\_ V46 _m—n
k(k—1) k—1) ~ k(k—1)— 2
Since v < %, it is straightforward to check that

L 1 Lo _ -l
kk—102  \k—1 kk-1  kk-12) k-1

Hence (6.5) is at most

(6.7) |S|D"FT.0 <max (D‘k(kllﬂ p (-t p ot DV(ffl‘é))) log N.

Each {ep } UA € E(M") corresponds to an augmenting star (eps, {e1,...,ex}) € A(H), where
A= (e;U---Ueg)\ ep. Thus for each {epr} UA € E(M") with A= (eqU---Uey) \ enr, we can
replace eps in M with the edges eq,...,e;. Let M* be the resulting matching. Then M* covers
all the vertices of V(M) UUpepam (F N R).

In summary, for each S € VU{V(H)}, any vertex of S not covered by our augmented matching
M* is either a vertex of SNW or it is a vertex of T not covered by M"” where T' = S\ (V(M)UW).
Hence the total number of vertices of S not covered by M* is at most the sum of |[SNW| (bounded
in (M2)y) and (6.7). This sum is asymptotically at most

1

(6.8)
’S|D‘ﬁ NG, (max <D_k(ki1)2 D’y<m_k(k1—1)+k(kil)2)Dn0;n7 Dg_l"'ﬁ’ D%kh‘é))) log N.

We now analyse (6.8). Let

1

F(z) = max <Dk<;1>z pr(- s tmt)  petety Dzuz;))

be defined on (0,1). First we claim that

(6.9) F(y) = D™,
Indeed, let v13 := m and y23 = W Then v = min(v;3,72,3) by (6.2).

Note that the first term and the third term of F'(x) are equal at * = 71 3 and the second term
and the third term of F'(z) are equal at « = -3 3. Moreover,
(6.10) p s prs(Fr-m i) = prales—1) - pranese,

We will consider two cases. If v1 3 < 723, then at © = v = 7 3, the first and third term of F'(z) are

k=3 (6.10
equal and are both larger than the second term because D (k=1 (3 -2k2—k+4) (6.10)

ps(#172) = D=1 Hence (6.9) holds in this case by (6.1).
If 413 > 72,3, then at = v = 72 3, the second and third term of F'(z) are equal and are both
at least as large as the first term because

pra(E=s) >

1

1 1 1 1 1 1 1
D k(k-1)2 D,Y2’3(k*1_k(k*1)+k(k71)2) < D kk-1)2 D7173(k71_716(1671)‘*‘7“,6,1)2) (6.10) D7173<7ki1_%)
1 1
< D7273(k71_%) — DT,

Hence equation (6.9) holds in this case as well by (6.1).
Thus by (6.8), the number of vertices in S € VU {V(H)} not covered by M* is at most

no—n

1 (6.9) 1,
|S|ID"#1.-O(D 2 logN)-F(y) < |S|D" #1171,

since O(log N) < D™ T by (6.3) and the fact that D > exp(logt N). This completes the proof of
Theorem 6.1. O
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7. NEARLY PERFECT MATCHINGS IN ALMOST REGULAR HYPERGRAPHS
WITH SMALL CODEGREE

Using Lemma 3.5 and Theorem 6.1, in this section we prove the following general theorem
which implies Theorem 1.4 by setting V := {V(H)}. Theorem 7.1 sharpens a result of Alon and
Yuster [2] under slightly stronger assumptions. It is used in Section 8 to prove new bounds on the
chromatic index of hypergraphs with small codegree.

Theorem 7.1. Let k >3, D, N be integers, C,K >0, ¢ € (0,1 — ﬁ) and 0 < ~y,u <1 be real

numbers. Let n° = (kfl)(ksk:;}ﬂz,k+4) and

{min (nO, 1- L —s) ife>1/2,
o ==

n® otherwise

and n € (0,m9). Then there exists Ny = No(k, K,~,e,n, 1) such that for any integer N > Ny, the
following holds, provided that D > exp(logh N) and C < D=7,

Let H be a k-uniform (D + KC'~¢D?)-reqular multi-hypergraph on N wvertices with codegree at
most C. Let V be a collection of subsets of V(H) such that |S| > /D/Clog N for each S € V
and |V| < exp(log?/? N).

Then there is a matching in H that covers all but at most |S|(D/C)_ﬁ_n vertices in S, for
every S € V.

Proof. Choose Ny € N and a new constant § such that 0 < Ngl Lo y,mn,n0—n1— ﬁ —
e, i, k1, K1 and such that § < 2¢ — 1 if ¢ > 1/2. Define

o [in (. 1- - 533) ife>1/2,
n°® otherwise.
Our choice of § implies that
e—06/2 1 =+ 1 N
7.1 <1- d — < 1o.
(7.1) 1-4/2 k—1 M 1oy T 1™

In the proof below, the implicit constants in O(-) and ©(-) will only depend on the parameters
5,’7,5,,&,]{},K.

We divide the proof into two cases depending on whether log D < C' < D' or C < log D.

First consider the case log D < C' < D'=7. By applying Lemma 3.5 with §/2 playing the
role of §, there exists a simple k-uniform N-vertex subhypergraph Hgm, of H such that for any
veV(H),
(7.2)

s 1-6/2 e—5/2
Al iy (V) = (1 — 1 D + KD + 8s M7
sim log(D/C) ) \log(D/C)CT=372 = log(D/C)C=—9/2 C1-3/2Dd/2

where s € (1 + 4(’;)5_1 , 3+ 4(5)5‘1). In particular, Hgmp is (D* £ A*)-regular, where

1072 e=0/2 1-§/2
(7.3) D=0 (%) and A*=0 (max (%, (D/C)2/>>.

Since 0 < 2¢ — 1 if ¢ > 1/2, we have
1-5/2
O((D/C) =) fore<1/2,

A* = o
S (%#) otherwise.
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_1
Let n* := kii;m — ﬁ Then n* < 1y by (7.1). We also let

5*:{§+i for e <1/2,

e—5/2 .
=52 otherwise.

Then we have A* < (D*)¢". In either case, we have 7y = min (77° , 11— k7£1 - 6*) . Moreover, (7.1)

implies that e* < 1 — k—il Since n* < 1y and |S| > vV D*log N for each S € V, we may apply
Theorem 6.1 to Hgimp (with €*, n* and /2 playing the roles of ¢, 1 and p), to obtain a matching
in Hgjnp which covers all but at most

(7-4) SI(D7) T < |s|(pje)~ e < |s|(pjCyTE

vertices in S, for every S € V.

For the case C < log D, we may enlarge the codegree bound C to log D and apply the analogous
Dl-6/2

W)' As in (7.4), the hypergraph Hgimp contains a

statements as above, where D* = © (

matching covering all but at most
|S|(D*)—ﬁ—77* < ‘S‘D—(l—é)(k%l—l-n*) < ‘S‘D—ﬁ—n
vertices in S, for every S € V. d

8. CHROMATIC INDEX OF HYPERGRAPHS WITH SMALL CODEGREE

Before proving Corollary 1.6, we need the following lemma which allows us to embed a given
hypergraph into an almost regular hypergraph with not too many vertices while preserving both
the maximum degree and codegree. This allows us to apply Theorem 7.1 (which applies only to
almost regular hypergraphs).

Lemma 8.1. For any integer k > 3, there exist Ngo = No(k), Do = Dy(k), and K = K(k)
satisfying the following. For any N > Ny, D > Dy and C € N, let H be an N -vertex k-uniform
multi-hypergraph with maximum degree at most D and codegree at most C'. There exists a k-uniform
multi-hypergraph H' such that

o H g Hl7

e cvery vertex v € V(H') has degree between D — K and D,

e H' has codegree at most C,

o [V(H")| = (k—1)2D?N.
Moreover, if H has no multiple edges then H' also has no multiple edges.

Since it is straightforward to prove Lemma 8.1 based on the existence of Steiner systems with
parameters (2, k,n) (which was proved by Wilson [35, 36, 37]), we present its proof in Appendix C.

Now we are ready to deduce Corollary 1.6 as follows: the existence of the desired edge-colouring
of H follows from the existence of a suitable matching in an auxiliary ‘incidence’ hypergraph H'.
We find such a matching via Theorem 7.1.

Proof of Corollary 1.6. We may assume that D is an integer. By Lemma 8.1, there exists a
k-uniform hypergraph H' such that H C H’, every vertex of H' has degree between D — K and
D for some K = K(k), the codegree of H' is at most C, and

(8.1) \V(H")| = (k—1)>D?N.

Hence it suffices to bound the chromatic index of H' as it is at least the chromatic index of H.

Now let us define a (k 4 1)-uniform auxiliary hypergraph Hy as follows. The vertex-set V(Hy)
is the disjoint union E(H')UV!U---U VP, where Vi := {v' : v € V(H')} is a copy of V(H') for
1 <i < D. The edge-set E(Hp) is defined as

E(Hp) := {evivly ... v} : e={v1,...,0} € E(H'), 1<i<D}.
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Then it is straightforward to check that every e € F (H') has degree exactly D in Hy, and for

every v € V(H') and 1 <i < D, we have dg,(v") = dgys(v). Moreover, Hy has codegree at most
C and

(8.2) |V (Ho)| < 2D|V(H")| 2(k — 1)?’D3N.
Also note that every matching M of Hy corresponds to a partial edge-colouring of H' with D

colours by colouring, for each edge ev! ...vi € E(M), the edge e € E(H’) with colour i.

Let V= {{v!,...,oP} : v € V(H')} and 5/ := 1 where 1 := m Note that

V| = |[V(H")], s0|V| < exp(log?? |V (Hy)|). Also note that for every S € V, by (8.2), the inequality
|S| > /D /Clog |V (Hp)| is satisfied since |S| = D and we assumed that D > exp(logh N). Also
note that this assumption and (8.2) imply that D > exp(log”/?|V (Hp)|). So we can apply
Theorem 7.1 to Hy (with /2, ' and 1/4 playing the roles of u, n and €), to obtain a matching M
that covers all but at most D(D/C)~/%="" vertices in S, for every S € V. In other words, there
exists a partial edge-colouring of H' with D colours, where each vertex v € V(H’) is incident to
at most D(D/C)~/*=" non-coloured edges. Let H” be the subhypergraph of H' consisting only
of non-coloured edges of H'; thus H” has maximum degree at most D(D/C)~Y*=7", Since every
edge of H" shares a vertex with at most k(D(D/C)~*/*=7" — 1) other edges, H” has chromatic
index at most

(8.1)

k(D(D/C)" k=" — 1) +1 < kD(D/C)" k=7 < D(D/C)~ k=,

Hence, to colour H” one needs less than D(D/C)~ %=1 new colours (different from the D
colours used for the partial edge-colouring of H'), implying that H' has chromatic index at most
D + D(D/C)~Y/k=n_ as desired. O
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APPENDIX A. FINDING SIMPLE SUBHYPERGRAPHS OF HYPERGRAPHS WITH SMALL CODEGREES

We will use the following four lemmas taken directly from Lemma 7 and the proofs of Lemmas 4-
6 in [20], where they are stated for hypergraphs, but they are also applicable to multi-hypergraphs,
since the proofs are based on random edge-colourings.

Lemma A.1. Let k > 3 be an integer, and o, B, D > 0, 0 < v < 1 be real numbers satisfying
D '< a,B,v, k7L, and let C be an integer satisfying log D < C < D77,

Let H be a k-uniform multi-hypergraph with codegree at most C' and aD < dg(v) < 5D for
any v € V(H). Then there exists E' C E(H) such that the multi-hypergraph H' := (V(H), E’)
satisfies the following.

(1) The codegree of H' is at most log(D/C).

(2) dp(v) = 920 4 4, /1) 160 D,

Lemma A.2. Let k > 3 be an integer, and let o, 3, D >0, 0 < 6 < 1/3 be real numbers satisfying
D'« a,B,6,k L.
Let H be a k-uniform multi-hypergraph with codegree at most log D and oD < dg(v) < 8D for
any v € V(H). Then there exists E' C E(H) such that H' := (V(H), E") satisfies the following.
(1) The codegree of H' is at most 26~ 1.
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(2) dpr(v) = 22l 1 4, /@) 150 .

Lemma A.3. Let k > 3 be an integer, and let o, 3, D > 0 be real numbers satisfying D™' <
o, B, kL. Let s and T be integers satisfying 2k < s < log? D and s(log D)'/? < T < D'/3.

Let H be a k-uniform multi-hypergraph such that for any v € V(H), aD < dg(v) < D and let
Ep(v) be the set of edges e € E(H) containing v. Let G be an s-reqular graph with vertex set E(H ).
Then there exists E' C E(H) such that for any vertex v of the multi-hypergraph H' := (V(H), E"),
the number of e € Ef(v) that are isolated vertices in G[E'] is

dri(v) (1 _ 1>S 4 43\/(5+1)dH(U) log D.

T T T

Lemma A.4. Let G be a graph with mazimum degree D. If |V(G)| > 2D3, then for any even
integer d with D < d < |V (QG)|, there is a d-reqular graph G’ containing G such that V(G') = V(G).

Combining the four lemmas above, we are now ready to prove Lemma 3.5.

Proof of Lemma 3.5. Let H be a k-uniform multi-hypergraph satisfying all the conditions of the
corollary. By Lemma A.1, there exists £ C E(H) such that the k-uniform multi-hypergraph
H':= (V(H), E') has codegree C’ < log(D/C), and for any v € V(H'),

du(v) |, [du(v)

(A1) dip (v) = 4 L

log D.

Then O‘D < dH ( ) < d(v) < BdQHC(v) < ”gg , so we may apply Lemma A.2 to the multi-hypergraph
H' (Where D/C plays the role of D in Lemma A.2) to show that there exists E” C E’ such
that the k-uniform multi-hypergraph H” := (V(H), E") has codegree at most 26~! and for any

veV(H"),
/d 1.5dg (v
dH”() Cl 5D6 D6 lO D:t4\/01 (5D5 D/C)
du (v) du(v)
(A.2) = S5 j:m\/cl_éD(S log(D/C).

Let G be a graph with V(G) := E” such that e; # e2 € E” are adjacent if and only if |e; Neg| > 2.
Since the codegree of H” is at most 267!, we have A(G) < 2(2) 5~!. Hence by Lemma A.4 there
exists an s-regular graph Greg with vertex set E” such that Gyeg contains G, where s is an even
integer between 1 + 2( )6 Land 3 + 2( )5 1

Applying Lemma A.3 to H” (with (D/C’)1 9, 1og(D/C), Gyeg Playing the role of D, T and G
in the statement of Lemma A.3), we obtain E* C E” such that the number of edges e € Eyr(v)
that are isolated vertices in Gieg[E*] is

_ 1 s dH//(U) s 5 e
<1 10g(D/C)> log(D/c)jE4 (s +1)dgr(v)

(A2 L\ du(v) (s + D (v)
B <1_log(D/C)> log(D/C)lest‘SiSS - Cl9ps

Let Egmp be the collection of e € E* that are isolated in Greg [E*]. Then by the definition of
G'reg, the k-uniform hypergraph Hgimp, := (V(H), Esimp) is a simple hypergraph satisfying (i) and
(ii), as desired. O
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APPENDIX B. ALMOST INDEPENDENCE OF EVENTS

Proof of Proposition 5.10. Let s be an arbitrary integer with 1 < s < n; +ng < 6k. If
F1, F,, ..., F, are disjoint edges in H;_1, then

s 1 s 1 t(F1,....Fs)
(B.1) IP/YEGEMM)=<Di) (1-5-) ,

s L\® L\ HED ()
(B.2) .gwﬂeEmm=<&4)QeDH) ,

where t(F1,..., Fs) is the number of edges in F(H;—1) \ {F1,..., Fs} intersecting at least one of

Fy,...,F,, and t(Fj) is the number of edges in E(H;_1) \ {Fj} intersecting F}; for 1 < j < s.
Since H;_1 is simple, we have 0 < t(Fy) +---+t(Fy) —t(F1,. .., Fs) < s2k? < 36k* as there are

at most k? edges intersecting both Fj, and Fj, for 1 < ji # jo < s. Comparing (B.1) and (B.2),

s 1\ P )= ((F) 4+ t(FS)) s
P At son) | = (1- 5 [[ 75 € )
j=1 i1 j=1
36k +1\
(B.3) = <1 + Dil) jHIIP(Fj € E(M;)).
Let 21, 29,...,2s € U;_1 be distinct vertices. Then
(B.4) S=][Pzevn)= > []PF € EM)),
j=1 (F1,F2,...,Fs) j=1

where the sum here runs over all s-tuples of edges (F1, Fb, ..., Fs) such that z; € Fj. By (L1)i—1
and Proposition 5.2,

(B1) there are ©(D;_,) such s-tuples (Fi, ..., Fy),

(B2) [[}-, P(F) € E(M;)) = ©(D;)) for each s-tuple (F,..., Fy), and thus

(B3) S = 0(1).
On the other hand,

S * S
(B.5) S =P Nzevan)|= > P|A\F<cEM)|,
j=1 (Fl,FQ,...,FS) j=1
where the sum here runs over all s-tuples of edges (Fi, Fy, ..., F,) such that z; € F; where

F; N Fj = () whenever Fj # Fj.
Claim 15. For any s with 1 < s <nj +ng, S* = S(1+0O(D;})).

Proof. Every s-tuple (F1, F, ..., Fy) with the property that z; € Fj for j € [s] falls into one of the
following three types: Let S7 be the set of s-tuples where Fy, Fo, ..., Fs are disjoint and distinct,
let Sy be the set of s-tuples where Fy, Fa, ..., Fy are distinct but F; N Fj» # 0 for some distinct
J,j' € [s], and let S3 be the set of s-tuples where F; = F};; for some distinct j, ;" € [s].

Note that |S — S*| < Q1 + Q2 + Q3 where

S * S
Qi = > P € B(My)) - Y. P{AWFeEM)
(F17F27"'7F5)€Sij:1 (F17F27"'7FS)ESZ' .7:1
Let us first estimate Q2. There are no terms corresponding to s-tuples of S2 in Y_* but they exist
in ). Hence by (B2), we have Q2 < [S2]-O(D;*)). Since |Sa| < (;)k-(DZ-_lztAi_l)S*1 = O(Df__ll),
we obtain Q2 < O(D;’})).
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Now let us estimate Q3. An edge is called special if it contains at least two of the vertices
21,22,...,%s. The number of special edges is at most s> < 36k2. Let T, be the set of s-tuples
(Fy, Fy, ..., Fs) in S3 such that there are exactly ¢ distinct edges among Fy, Fs, ..., Fs. Then
IT;| = O(D*Z}) — indeed, one of these £ edges is a special edge, so there are at most s-36k% < 216k
choices for this edge (and its position), and the remaining ¢ — 1 edges (and their positions) can be
chosen in at most (,°,)(Di—1 £ A1) ! = O(D!~!) ways. Finally, having chosen the £ edges and
their positions, there are O(1) ways to complete this into an s-tuple in T;. For any such s-tuple in
Ty, by Proposition 5.2,

s

(B.6) HIP’ (F; € (M) —P [ N\ (Fy € E(My)) || = O(D)).
j=1 j=1
Thus
s—1
Q3= |Ti|- O(D)) = O(D; ).
/=1

Finally, for any s-tuple (F1, Fy, ..., Fy) in S1, by (B.3), we know that

S S

HP F; € E(M, /\ F; € E(M, = oD ) [[P(F; € E(M)).

j=1 j=1 j=1
Therefore, Q1 < O(D;)|S|. Thus |S — S*| < Q1 + Q2 + Q3 < O(D; %)|S|. This combined with
(B3) proves the clalm &

Now let ¢ be an arbitrary integer with 1 <¢ < n; < 3k. Since the event w; € W; is independent

of all the other events, it follows that for distinct vertices wy,...,w; € U;—1 (where a vertex w; is
allowed to be contained in {z1,...,2s}),

s t s t

/\ZJEV /\/\wJEW :(1+(’)(D¢:11))H (2 € V(M H (w; € Wy)

j=1 j=1 j=1 j=1

s t
(B.7) = [[ PG € V() [] Plw; € Wi) + O(D).
j=1 Jj=1

We are now ready to prove the lemma. For x; € U;_1, the event that x; € U; is equivalent to
the event that x; ¢ V(M;) and =; ¢ W;. Then by the inclusion-exclusion principle the desired

probability P </\”1 (zj € Us) N Nj2y(yj € (MZ))> can be written as the sum and difference of
probabilities of conjunctions of various subsets of the set of events {x; € V(M;),z; € W; | 1 <
j<mi}U{y; € V(M;)|1<j<ns}. The number of these terms is at most 32172 = O(1), so
using (B.7) for each of these terms, we obtain that the desired probability is equal to ]2, P(x;

Ui) - 1172, P(y; € V(M) + O(D;— L) which can be written in the form given in the pI'OpOSlthD,
since [[7L, P(z; € U;) [[52, P(y; € V(M;)) ~ (1 — e F)™ (e=*)"2 is bounded away from zero, by
(5.6) and Proposition 5.2. O

APPENDIX C. EMBEDDING A HYPERGRAPH INTO AN ALMOST REGULAR HYPERGRAPH

Proof of Lemma 8.1. Choose Ny, Dy and K sufficiently large compared to k. We may also assume
that D € N.

It follows from well-known results [35, 36, 37] that there exists N3 = Nj(k) such that a Steiner
system S(2,k, M) exists as long as M > N; and both M — 1 and M (M — 1) are divisible by &
and k(k — 1), respectively. For any M > Nj, there exists an integer 0 < ¢ < k(k — 1) such that
M + t satisfies these divisibility conditions. Let S(M) be the M-vertex hypergraph obtained by
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removing any t vertices from S(2,k, M +t). Hence S(M) is simple and each vertex of S(M) has
degree between % — k(k —2) and % + k.

For each integer N1 < d < D, we construct a simple hypergraph H, such that |V (Hy)| =
(k — 1)2D? and every vertex of Hy has degree between d — (k + 1)(k — 1) and d as follows.
Let ¢ := [(k —1)D?/(d — k)] and a; > --- > a; be a sequence such that each a; is either
(k—1)(d—k)—1or (k—1)(d— k), and Zle a; = (k —1)2D%. Now define Hy by taking the
vertex-disjoint union of S(ay),...,S(ar). Then we deduce that each vertex of H; has degree
between d — (k + 1)(k — 1) < E=DER2_ pp 9y ang E=DUERTL 4 g < g,

Now we define our desired multi-hypergraph H’ as follows. Let us first take the union of
T := (k — 1)2D? vertex-disjoint copies of H.

For each v € V(H) with dy(v) < D — Ny, let v!,...,vT be the T clone vertices of v € V(H)
in H', and extend H’ by making H'[v!,... "] induce a copy of Hp_q,(v)- Since every vertex
of Hp_g,(») has degree between D — dy(v) — (k + 1)(k — 1) and D — dg(v), we then have
D—(k+1)(k—1)<dg(@)<Dfor1<i<T.

If v,...,vT are the T clone vertices of some vertex v € V(H) with dy(v) > D — Ni, then
dg(v)) =dg(v) > D — Ny for 1 <i < T.

Therefore, for any vertex v € V(H'), we have

D — maX(Nl, (k + 1)(k§ - 1)) S dH/(’U) S D.
It is also straightforward to check that the codegree of H' is at most the codegree of H, and

|V(H")| = TN = (k — 1)2D2N. By the construction of H', if H has no multiple edges then H’'
also has no multiple edges. This completes the proof of the lemma. ]

Dong Yeap Kang, Daniela Kiihn, Abhishek Methuku, Deryk Osthus

School of Mathematics
University of Birmingham
Edgbaston

Birmingham

B15 2TT

UK

E-mail addresses: [D.Y.Kang.1,d.kuhn,d.osthus]@bham.ac.uk, abhishekmethuku@gmail.com



	1. Introduction
	1.1. Background
	1.2. New results
	1.3. Corollaries
	1.4. Organisation of the paper

	2. Notation
	3. Preliminaries
	3.1. Probabilistic tools
	3.2. Useful estimates
	3.3. Finding simple subhypergraphs of hypergraphs with small codegrees

	4. An outline of our method
	5. Finding matchings with augmenting stars  in almost regular simple hypergraphs
	5.1. The Nibble process
	5.2. Introducing the key random variables
	5.3. The Nibble lemma and its analysis
	5.4. Proof of Theorem 5.1

	6. Using augmenting stars to find large matchings in almost regular simple hypergraphs
	7. Nearly perfect matchings in almost regular hypergraphs  with small codegree
	8. Chromatic index of hypergraphs with small codegree
	References
	Appendix A. Finding simple subhypergraphs of hypergraphs with small codegrees
	Appendix B. Almost independence of events
	Appendix C. Embedding a hypergraph into an almost regular hypergraph

