APPROXIMATE HAMILTON DECOMPOSITIONS OF RANDOM
GRAPHS

FIACHRA KNOX, DANIELA KUHN AND DERYK OSTHUS

ABSTRACT. We show that if pn > logn the binomial random graph G, , has an
approximate Hamilton decomposition. More precisely, we show that in this range
Gn,p contains a set of edge-disjoint Hamilton cycles covering almost all of its edges.
This is best possible in the sense that the condition that pn > logn is necessary.

1. INTRODUCTION

Consider the random graph model where one starts with an empty graph and
successively adds edges which are chosen uniformly at random. One of the most
striking results in the theory of random graphs is the fact that this random graph
acquires a Hamilton cycle as soon as its minimum degree is at least 2. This was proved
by Bollobés [1] and then soon afterwards generalized by Bollobds and Frieze [3] who
showed that for any fixed k the above random graph contains k edge-disjoint Hamilton
cycles as soon as its minimum degree is at least 2k. (If the minimum degree is odd,
one can guarantee an additional perfect matching, this is also the case for several of
the conjectures and results discussed below.)

More recently, Frieze and Krivelevich [7] conjectured that a similar result even
holds for arbitrary edge densities:

Conjecture 1 (Frieze and Krivelevich [7]). For any p, whp the binomial random
graph G, , contains |6(Gpyp)|/2 edge-disjoint Hamilton cycles.

Here we say that a property of a random graph on n vertices holds whp if the prob-
ability that it holds tends to 1 as n tends to infinity. The result from [3] implies that
Conjecture 1 holds if pn < logn + O(loglogn). Frieze and Krivelevich [8] extended
this to all p with pn = (1 4 o(1)) logn. They proved also an approximate version of
Conjecture 1 for constant edge probabilities.

Theorem 2 (Frieze and Krivelevich [7]). Let 0 < p < 1 be constant. Then whp Gy, p
contains (1 — o(1))np/2 edge-disjoint Hamilton cycles.

As for constant p, whp all degrees are close to np, the result implies that G, ,, can
‘almost’ be decomposed into edge-disjoint Hamilton cycles. As remarked in [9], the
proof of [7] also works as long as p is a little larger than n~/8. In this paper, we
extend this result to essentially the entire range of p.

Theorem 3. For any n > 0, there exists a constant C' such that if p > %, then
whp Gy p contains (1 —n)np/2 edge-disjoint Hamilton cycles.

While finalizing this paper, we learned that this result was proven independently
by Krivelevich (personal communication). Theorem 3 is best possible in the sense
that if we relax the condition on p, then G, , can no longer be ‘almost’ decomposed
into Hamilton cycles. Indeed, suppose that pn = C'logn for some fixed C. Then
there is an € > 0 so that whp the minimum degree of G, ;, is at most (1 — &)np (see
Exercise 3.4 in [2]).
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A version of Conjecture 1 for random regular graphs of bounded degree was proved
by Kim and Wormald [11]: if » > 4 is fixed, then whp a random r-regular graph
contains |r/2| edge-disjoint Hamilton cycles.

A hypergraph version of Theorem 2 was also recently proved by Frieze and Krivele-
vich [9]: for a positive integer ¢ and a sufficiently dense random k-uniform hypergraph
H such that ¢ < k < 2¢, H can be almost decomposed into Hamilton cycles, where a
cycle is taken to mean a sequence of edges in which consecutive edges differ in exactly
¢ vertices.

A ‘deterministic’ version of these results was recently proved by Christofides, Kiithn
and Osthus [4]: Suppose that G is a d-regular graph on n vertices, where d > (1+¢)n/2
and n is sufficiently large. Then G contains (1 — )d/2 edge-disjoint Hamilton cycles.
This approximately confirms a conjecture of Nash-Williams [13] which states that
such graphs have |d/2] edge-disjoint Hamilton cycles.

A related conjecture of Erdds (see [15]) states that almost all tournaments G con-
tain at least min{6™(G), 5~ (G)} edge-disjoint Hamilton cycles. It follows from results
in [7] that this is approximately true. Kiithn, Osthus and Treglown [12] recently proved
that we do not even require GG to be random for this to hold: any almost regular tour-
nament G contains a set of edge-disjoint Hamilton cycles which cover almost all edges
of G.

The proof of Theorem 2 in [7] actually works for any quasi-random graph. (Here
a graph G is defined to be quasi-random if it is almost regular and if the density of
any large induced subgraph of G is close to that of G.) In contrast, our argument
only seems to work for Gy, , (for example, the proof of Lemma 17 breaks down for a
quasi-random graph). It would be interesting to know whether our result can also be
extended to some natural class of (sparse) quasi-random graphs.

2. NOTATION AND ORGANIZATION OF THE PAPER

We consider the binomial random graph G, ;, and let

_ "o
logn’

wWo

Our results will hold provided that wq is sufficiently large depending on 7, which we
will assume throughout.

We let Gy ~ G, p, and generate a graph G by including each edge of Gg inde-
pendently at random with probability 1 — 7. We let G2 be the graph obtained from
Go by deleting every edge of Gi. Note that G; ~ Gy, and Go ~ Gy, p,, Where
p1 = (1 —4)po and p = 2. (Of course, the distributions of these random graphs
are not independent of each other, but this will not cause any complications in our
proof.)

The outline of the proof of Theorem 3 is as follows: We begin in Section 3 by
stating and applying some large deviation bounds on the number of edges in certain
subgraphs of G, ;,, which we will use later on. Then in Section 4, we will use Tutte’s
r-factor theorem to show that one may find a regular subgraph of G; whose degree
is close npy (the average degree of G1). In Section 5 we show that this subgraph can
almost be decomposed into 2-factors in such a way that each 2-factor has relatively few
cycles. Finally in Section 6 we convert each of these 2-factors into Hamilton cycles,
using the edges of G9 (along with with any edges of G; which were not included
in our collection of 2-factors). This is achieved using an appropriate variant of the
well-known rotation-extension technique, first introduced by Pdésa. The fact that each
of the 2-factors originally had few cycles will allow us to place an upper bound on
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the number of edges needed to perform the conversions, and thus to show that the
process can be completed before all of the edges of G2 have been used up.

Throughout the paper we use the following notation: for a graph G and sets A, B
of vertices of G, eg(A, B) is the number of edges of G with one endpoint in A and
the other in B. Let eq(A) = eq(A, A). On the other hand if G is a graph then e(G)
denotes the number of edges, and for a graph G with a spanning subgraph H, G\ H
denotes the graph obtained by removing the edges of H from G. We omit floor and
ceiling symbols in arguments where they do not have a significant effect. log denotes
the natural logarithm.

3. LARGE DEVIATION BOUNDS

We will need the following Chernoff bounds, which are proved e.g., in Janson,
Luczak and Rucinski [10]:

Lemma 4. Let X ~ Bin(n,p). Then the following properties hold:

ean

(i) If e < 3, then P(|X —np| > enp) < e~ 3
(i) Ift > Tnp, then P(X >t) < el

We can use these bounds to deduce some facts about the number of edges between
subsets of vertices of a random graph, as follows:

Lemma 5. Let G ~ G(n,p). Then whp, the following properties hold for any disjoint
A, B C [n], with |A| = a,|B| = b:

i) If (1 + 1) logn > 7 “then eq(A, B) < 2(a + b) logn.

p =2
(ii) If (% + %) 10}%" < %, then eq(A, B) < Tabp.

Proof. (i) Let X = eg(A, B) and let t = 2(a + b)logn. Since X ~ Bin(ab,p), we
have that ¢ > Tabp = TEX. If a + b < 3 then the result is trivial; otherwise, by
Lemma 4 we have that P(X > t) < e ! = (nalnb)2 < n% (ﬁ), and a union bound
immediately gives the result.

(ii) Similarly, we have P(X > 7abp) < e 7% < e~ and the result follows. O

In an exactly similar way, we can show that

Lemma 6. Let G ~ G(n,p). Then whp, the following properties hold for every
A CV(Q) with |A| = a:
(i) [floa% > 1. then eq(A) < 2alogn.

(ii) If % < I, then eg(A) < 7“;’”.

For larger sets we can say the following:

Lemma 7. Let G ~ G(n,p). Then whp, for any disjoint A, B C [n| with an =
|Al, Bn = | B, afnp > 700, we have

13 15
Cadn’p < ea(A,B) < Tapn’p.

Proof. eq(A, B) ~ Bin(afn?,p), so by Lemma 4,
13 _aBn’p n 1
v (eG(z‘L B) < 140‘5n2p> <e i <o < el = (31"
A union bound over all 3" possibilities now gives the result. The right-hand inequality
follows in an exactly similar manner using the opposite tail estimate. O



4 FIACHRA KNOX, DANIELA KUHN AND DERYK OSTHUS

4. REGULAR SUBGRAPHS OF A RANDOM GRAPH

We first show that G contains a regular subgraph of degree at least

where 71 is taken to be even.
We do this by using a theorem of Tutte: Let G be an arbitrary graph, r a positive
integer and suppose that S, T, U is a partition of V(G). Then define

= S d(v) - ea(S.T) + (S| — |T))

veT
and let Q,(S,T) be the number of odd components of G[U], where a component C'is
odd if and only if r|C| 4+ eq(C,T) is odd. (In our case it will often suffice to bound
Q- (S,T) simply by the total number of components of G[U].)

Theorem 8 (Tutte [16]). Let r be a positive integer. G contains an r-factor if and
only if R.(S,T) > Q.(S,T) for every partition S,T,U of V(G).

In order to apply Theorem 8 we will need an upper bound on @Q,(S,T). We do this
by observing that if G[U] has many components, then it must contain a large isolated
set of vertices; that is, a set A C U such that eq(A,U\A) = 0. This becomes useful
when looking at a random graph, since (as we will prove in Lemma 11) it follows that
whp A has many neighbours in SUT. This gives a lower bound on [SUT| in terms of
Qr(S,T), and thus gives an upper bound on @Q,(S,7T) in terms of |SUT| = |S|+ |T|.

Lemma 9. Let G be a graph with v components. Then for any v' < §, there exists
a set W C V(G) which is isolated in G, such that v' < |W| < max{2v, @}

Proof. Call a component C' of G' small if its order is at most v/, and large otherwise.
Suppose first that the union of all small components of G also has order at most v’.
Then the number of small components is at most v/, and hence there are at least
v —v' > ¢ large components. So one of these components must have order at most
26| , and we can set W to be this component.

On the other hand, if the sum of the orders of small components is greater than
v/ then we can form W by starting with () and adding small components one by one
until |W| > v'. Now since the last component added has size at most v/, we have that
W] < 20'. O

Given a graph G, define the boundary Bg(A) of a set A C V(G) to be the set
of vertices which are adjacent (in G) to some vertex of A, but are not themselves
elements of A. We will use the following two lemmas to give a lower bound on
B, (A)]:

Lemma 10. Whp,
(1) 6(G1) = (1 = 3)npo,
(i1) A(G1) < npg, and

(iii) 0(G2) > T©.

Proof. Note that for a vertex x of G1, d(z) ~ Bin(n — 1,p1) and E(d(z)) = (1 —

7)(n — 1)po. By Lemma 4, we have

n _(m\271Po 712wo 1
P(d(x) < (1= Dnpo) < B <= <
and a union bound gives the result. The bound on the maximum degree follows

similarly, as does that on the minimum degree of Go. Il
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Lemma 11. The following holds whp: Let H be a spanning subgraph of Go, and let
W C [n] be nonempty. Let dyy = mingew dy(x) and let A be any subset of W. Then
setting |A| = a and b = |Bg(A)|, the following properties hold:

(i) If IZ% > %, then b > st;l_oi?sgm' In particular, if H = G1, then b > a.

(i) If lgi? < %, then 3a +b > %"0. In particular, if H = Gy, then 3a +b > ;.

Proof. Let B = By (A).
(i) Then

(1) adw <Y du(z) = en(A, B) + 2en(A) < eqy(A, B) + 2eq,(A)
TEA

which by Lemmas 5(i) and 6(ii) is at most 2(a + b) logn + 4alogn. The final part
follows from Lemma 10(i).

(ii) We claim that eq, (A, B) < Tapo(a +b). Indeed, if (1 + 1) k;f;o" < 7, then by

Lemma 5(ii), eq, (A, B) < Tabpy < Tapy(a+b). On the other hand, if (1 + 3) % >

%, then eg, (A, B) < 2(a+ b)logn < Tapo(a + b). Similarly, Lemma 6 implies that
eGo(A) < Ta’pg. Now

1)
adw < eqy(A, B) +2eqg,(A) < Tapo(a +b) + 14a2p0

and the result follows immediately. Again the final part follows by Lemma 10(i).
[

We will later use the above lemmas to show that taking successive neighbourhoods
of a set will give us a set of size linear in n in a reasonably short time. For now, they
allow us to give a bound on the size of Q,(S,T) in terms of |S| and |T|.

Lemma 12. In the graph Gi, whp, for any partition S,T,U of [n], Qr (S,T) <
150(|S| + |T).

Proof. Let v be the number of components of G1[U]. Consider first the case when
150 < v < =, Then by applying Lemma 9 to the graph G1[U], we have that there
exists a set W C [n], isolated in G1[U], such that § < [W] < £x. Now by Lemma 11,

. n v
|Ba,(W)| 2 min{[W|, 7 = 3[WI[} 2 [W] = 5.

But if W is isolated in G1[U], then its boundary in G lies entirely in SUT. So
¥ < B, (W)| < |8] + |T], and hence @y, (S,T) < v < 2(18] + [T]).

Now consider the case v > . Setting v = 1f; in Lemma 9, we have a set W,
isolated in G1[U], such that {55 < [W] < 2. Again the boundary of W in G has
size at least |W| > 1%, and hence 155 < [S| + |T|. So 150(|S| + |T'|) > n and the
result holds trivially, since @y, (S,T") cannot be greater than n.

Finally if v < 150, then @, (S,T") < 150 < 150(|S|+|T"|) unless we are in the trivial
case |S| = |T| = 0. But if S, T are both empty then U = [n] and G1[U] = G, which
has only one component. Since r; is even this component cannot be odd, whence

Q- (S, T)=0. O

Lemma 13. In the graph Gi, whp, we have that R, (S,T) > Q. (S,T) for any
partition S,T,U of [n].
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Proof. Let dg,dr be the average degrees of the vertices in S,T respectively. Let
|T|

= 15> and s = |S|. We consider the following cases:
Case 1: p < %. Then since e, (S,T) < dr|T| and |S| > 2|T), we have
1
Rpy (8,T) 2 (S| = T1) =2 Z (IS + |T)

and for sufficiently large n, 5-(|S| + |T|) > 150(|S| + |T|) > Q. (S, T).
Case 2: p > 4. Observe that by the definition of r; and by Lemma 10, we have

3
@) =iz (1= 0)om = (1= %) g = 100

and

ds—ri <mnpo— {1-— 2 npo = SR
4 4
Now since eq, (S,T') < dg|S| and |T'| > 4|5/,
Ry, (5, T) 2 dr|T| = ds|S[ + (S| = |T]) = (dr — r1)|T| = (ds —r1)|5]|
> (7| = 31s)) = 52 (1S] + 7))
which again is at least @, (S,T) for sufficiently large n.

Case 3: 3 <p<4and ( ps) h;gln > 7. In this case by Lemma 5 we have that

eq,(S,T) < 2(p + 1)slogn, and so it suffices to prove that

(3) ps(dr — 2logn — r1 — 150) + s(r1 — 2logn — 150) > 0.

(3) holds if dp — 2logn — 1 — 150 > 0 and 1 — 2logn — 150 > 0. But the latter
inequality holds since r; = (1 — —) npg = (1 — %) wo logn, and the former since

@ nnpo _ nuwologn

dr —ry > 1 1 > 3logn,
as wo > 117—2
Case 4: % p <4 and ( ps)k;gl" g 5 and ps < 5. In this case by Lemma 5

we have that eg, (S, T) < Tps? (1 - 7) Do, and so it Sufﬁces to prove that
ps(dr — 1 — 150) + s(r1 — Tps (1 - Z) po — 150) > 0,

and hence it suffices that dp —r; —150 > 0 and ry — 7ps(1 — 7 )po — 150 > 0. But the
former inequality holds as before, and the latter since

14 14 3n 3n i
— 150 > = 121 > 2805 (1= 21 ) py > 7 (1_7) .
1 = 157“1 15 ( 1 > npo = 25ps ( 1 )PO Z (ps 1 Po

Case 5: 5 < p<4and ps > %. Note that we still have % < pﬁ, since S,T are
disjoint. Now by Lemma 7,

15 i 15 p n 6 i
S,T) < =2 (1_7) <2 P (1—f) 2 (1_7) .
car(9T) < 33 4)PO= g, Ty P Ty ) o

So it suffices to prove that

psn (1 - ﬂ) Py — §sn (1 - Z) po+ (1 —p)sn (1 - 377) po— 150(p+ 1)s > 0,

IN

2 7 4

ie., that 22 4 (1 — %’7) -S1-1- % > 0, which is true if 7 is not too large

(which we can assume without loss of generality). U
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Corollary 14. Whp, G| contains an even-reqular subgraph of degree r1 = (1—%77)711)0.

Proof. This follows immediately from Theorem 8 and Lemma 13. O

5. 2-FACTORS OF REGULAR SUBGRAPHS OF A RANDOM GRAPH

In this section we will show that any even-regular subgraph of Gy of sufficiently
large degree contains a 2-factor with fewer than % cycles, where

(4) 5 = 2log <1776> .

It will follow immediately that we can decompose almost all of our regular subgraph
into 2-factors with at most this many cycles. Roughly, our strategy will be to show
that the number of 2-factors with many cycles in the original graph is rather small;
smaller, in fact, than the minimum number of 2-factors which an even-regular graph
of degree r; must contain.

Lemma 15. Let kg = 2. Then whp, for any r-reqular subgraph H C Gy with

logn*
r > 2npoe” 2, H contains a 2-factor with at most kg cycles.

To prove Lemma 15 we will need a number of further lemmas. We use Lemmas 16
and 17 to bound the number of 2-factors in G,, ;, with many cycles, while Lemma 18
gives a bound on the total number of 2-factors in H.

Lemma 16. For any k and for n > 3k, we have

where the sum is taken over all ordered k-tuples (a1, as, . .., a) such that a1+. . .+a; =
n and a; > 3 for each i € [n].

Proof. We proceed by induction on k. The case k = 1 is trivial since both sides equal
%. Supposing that the result holds for £ — 1, we have

k 1 n—3(k—1) 1 k—1 1
Sla- Y X1,
i=1 ar=3 i=1

where again the second sum on the right-hand side is taken over all ordered (k — 1)-
tuples (ai,...,ax—1) such that a1 +...+ax_1 =n —ay and a; > 3 for all ¢ € [k — 1].
By induction, this is bounded above by

n—3(k—1)
1 k-1
> = (log(n — az,))*?
ap n — a
ap=3
n—3(k—1)
k—1 1
— . 1 _ k—2
X () st —a)
ap=
k 1 n—3 1 n—3
< — 1 k—2 - 1 . k—2
<~ | (logn) akzg ~ azg ———(log(n — a))
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where the last inequality follows from the fact that logn = |, ln % dx and ﬁ(log n)k—1

= [{" 1(log )" 2 da. O

Lemma 17. Let G ~ G(n,p). Then whp, for any k > logn the number Ay of
2-factors in G with at least k cycles satisfies

n!(logn)?*pn

k!2k
Proof. Note that it suffices to show that if A} is the number of 2-factors in G with
exactly k cycles, then

Apr <

(n —1)!(logn)*~'p"
(k — 1)l2F

() E(4}) <

Indeed, we then have

E(Ak—H) - E(A/)S i (n—l)!(]ogn)iflpn

‘ (i —1)120
i=k+1 i=k+1
- " (n—1)!(logn)kp" - (n — 1)!(logn)*p
- M) k12t - K12k

and Markov’s inequality implies that

n!(logn)p" 1 1
Pl Agi1 > < < .
( = K12k ~ n(logn)k — n?

A union bound now gives that whp the result holds for all logn <k < 3.
(n— 1)'(10gn)k
L
with exactly k cycles. We can count these as follows: Define an ordered 2-factor to be
a 2-factor together with an ordering of its cycles. We can count the number of ordered
2-factors by first choosing some k-tuple (aj,as,...,ax) and counting those ordered
2-factors whose cycles have lengths ay,as,...,a; in that order. This can be done by
simply ordering V(G) and placing vertices 1 to a1 in the first cycle, vertices a; + 1
to a1 + a9 in the second, etc. This procedure will count each ordered 2-factor of the
appropriate type (2a1)(2a2)---(2ax) times, and hence the number of these ordered
2-factors is Miak Summing over all valid k-tuples, we have that the total number
of ordered 2-factors with k cycles is

ST < ke

by Lemma 16. But the number of ordered 2-factors (with k cycles) is simply k! times
the total number of such 2-factors, and the result follows immediately. O

To prove (5), it suffices to show that K, contains at mos 2-factors

We now need a lower bound on the total number of 2-factors. To do this we use
the following well known result (see e.g. the proof of Lemma 2 in [7]).

Lemma 18. Let r be even, and let H be an r-reqular graph on n vertices. Then H
contains at least (3-)"n! 2-factors.
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Proof. It is easy to see that the number of perfect matchings of a d-regular bipartite
graph B with vertex classes of size n equals the permanent of the incidence matrix
of B. Egorychev [5] and Falikman [6] proved that value of this permanent is at least
(%)n n! (this confirmed a conjecture of van der Waerden). So we take an orientation
of H in which every vertex has in- and out-degree 5. Form a bipartite graph B whose
vertex classes X, Y are each copies of V(H), with an edge zy for eachz € X,y €Y
such that zf is an edge of the orientation of H. Now B is g-regular and hence has
at least (ﬁ)n n! perfect matchings. But any perfect matching in B yields a 2-factor
in H, and distinct matchings yield distinct 2-factors. O

Proof of Lemma 15. It suffices to show that whp Ag 11 < (
Lemma 17 it suffices that

5-)"n!, and hence by

| 2ko ,,n
(L)nn! - n!(logn) OpO’
2n B ]i’(]!2]CO

2npo \ " 2k0 k4|
< .
r ~ (logn)2ko

Noting that k¢! > (%0)’“0, it suffices that

which holds as long as

2
nlog@ < ko(log ko +log2 — 2loglogn — 1)
r

= I(I:gnn(logn —3loglogn + logk +log2 —1).

Since log k 4+ log2 — 1 > 0, this follows immediately from

1Og2npo SESFG 1_3loglogn .
r 2 logn

O

Corollary 19. Let m = %(1 —n)npo. Then G1 contains a collection of at least m
edge-disjoint 2-factors, each with at most kg cycles.

Proof. By Corollary 14, (G contains a regular subgraph H of degree r; = (1 — %) npo.

By Lemma 15 (noting that H is also a regular subgraph of Gy), we can remove 2-
factors with at most kg cycles from H one by one as long as the degree of the resulting
graph remains above 2npge” 2. Recalling by (4) that e s = 1, this gives us a collec-
tion of % (7"1 — "%po) > %(1 —mn)npy = m 2-factors, each with at most kg cycles. O

6. CONVERTING 2-FACTORS INTO HAMILTON CYCLES

Applying Corollary 19 yields a collection FY, F, ..., F,, of edge-disjoint 2-factors
in GG1, each with at most kg cycles, where

RN

(©) m=(l—mnpo and ko=
Now we wish to convert these 2-factors into Hamilton cycles. Our proof develops
ideas from Krivelevich and Sudakov [14]. Our strategy will be to show that for each
F;, we can connect the cycles of F; into a Hamilton cycles using edges of Go\(F} U
FyU...UF,,). We do this by incorporating the cycles of F; one by one into a long
path, and then finally closing this path to a Hamilton cycle.

logn’
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Let T'g = Go\(Fl UFU...U Fm), and let

logn logn
Ey=—>~ and FEF=——.
log(%) 1og(”f520)

Definition 20. Let P = vivy...vp be a path in Gy with endpoints v1 = x,vp = y,
and let I' be a spanning subgraph of Go, whose edges are disjoint from those of P. Let
v; be a vertex of P such that v;y is an edge of I'. A rotation of P about y with pivot
v; 18 the operation of deleting the edge v;vi+1 from P and adding the edge v;y to form
a new path v1vy ... V;YVI_1V_3 ... vir1 with endpoints x and y' = v;i1.

Call a spanning subgraph F' of Gy a broken 2-factor if F' consists of a collection
of vertex-disjoint cycles together with a vertex-disjoint path, which we call the long
path of F'. The key to our proof of Theorem 3 is the following lemma:

Lemma 21. Let P be a path in Gg. Let I be a spanning subgraph of Go whose edges
are disjoint from those of P, such that

6,2
nnep
(7) e(G2\F) < TNO
and
(8) 5(T) > L’f’“.

Then there exists a set of fewer than 2Ey + 2FE1 rotations which can be performed on
P, using edges of T', to produce a new path P’, such that either

(i) |P| > 35 and the endpoints x,y of P’ are joined by an edge of T', or

(ii) one of the endpoints x,y of P’ is joined to a vertex outside P’ by an edge of T.

Our strategy for proving Lemma 21 will be as follows: We can assume that when-
ever we have an endpoint x of a path P’ obtainable by fewer than 2Ey+2E; rotations
of P, then all of its neighbours lie on P’ (otherwise (ii) holds). So assuming this, we
try to form some large sets A, B, such that for any a € A,b € B, we can obtain a
path P’ with endpoints a,b. Then Lemma 7 together with (7) will allow us to close
P’ to a cycle.

We will (eventually) obtain the sets A, B by dividing the path P into two segments,
and showing that we can perform a large number of rotations using only those pivots
which lie all in one half or all in the other. This will ensure that the rotations involving
the first endpoint do not interfere with those involving the second endpoint, and vice
versa. In order to do this we need to show two things: Firstly, there exist subsets
C1, C5 of each segment of the path, such that for i = 1, 2, each vertex in C; has many
neighbours which also lie in C;. In fact since we are concerned with the successors or
predecessors of the neighbours rather than the neighbours themselves, we will require
the neighbours to lie in the interior (taken along P) of C;. Secondly we will show
that we can force the endpoints of the path to actually lie in these subsets.

We can accomplish the latter property by showing that the subsets are sufficiently
large and by performing rotations until each endpoint lies in its corresponding subset.
The obvious problem with this is that as we perform these rotations, C; and Cy will
cease to lie in their respective segments. So instead of defining C4, Cy immediately,
we construct a subset C' of V(P) with certain properties; then after rotating so that
a,b lie in C', we will define C7,Cy to be subsets of C, and the properties of C' will
ensure that the vertices of each C; have many neighbours in int(C;). Here the interior
int(C;) of C; is the set of elements z of C; such that both of the vertices adjacent to
x along P also lie in Cj.

We start with the following lemma, where k = logn.
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Lemma 22. Lete = gl5, and P C Gg be a path, n’ := |P| > 355. Let T be a spanning
subgraph of Gy, edge-disjoint from P, which satzsﬁes (7). Let Wi,Wo, ..., Wy be
a partition of P into segments whose lengths are as equal as possible. Then there
exists S C [k] with |S| > (1 — e)k, and subsets W] C W; for each i € S with
lint(W])| > (1 — 5)%, such that for any x € W/, and for at least |S| — ek of the sets

77
Wi, |Np () ﬂznt(I/V]’N > 775812 _

Proof. We start with S = [k] and W/ = W, and as long as there exists i € S and a
vertex x € W/, such that [Np(z) Nint(W])| < 0’ for at least ek values of j € S,

77? QO’C
we remove x. (In this case, call z weakly connected to W’ ) Further, if at any stage

there exists i € S such that |int(W/)| < (1 — z-:) then we remove i from S.
We claim that this process must terminate before a " vertices are removed. Indeed,

suppose we have removed 5 " vertices and let R be the set of removed vertices. Now

IR| = £ and so 328 | \mt(W’)] > (1—32)n'. Hence we have |int(W})| > (1 —¢)%
for at least 1- ﬁ values of i, i.e., at most 38]“ indices have been removed from S.
So each x € R is stlll weakly connected to at least % sets W/ with ¢ € S. For each
i €S, let WC(i) be the set of vertices x € R Which are weakly connected to W/.

Now consider the set Sy = {i € S| |WC(i)| > E n' o }. Note that if i € Sp, then
lint(W))| [WC(i)] (1 —¢e)e3(n')?nwologn _ ndwg
L > >

n no 2= 128kn? = 1016

So Lemma 7 implies that the number of edges of G2 between int(W/) and WC(i) is
at least

> 700.

13 npoWC@)|(1 —e)n” _ npo|WC(@)|n'
14 4k - 10k
But by the definition of W (i), T’ contains at most %ﬁ;wln/ edges between int(W})
and WC(i), and hence G2\I' contains at least this many edges between int(W/) and
WC(i).
Observe that 3.4 |WC(i)| > |R|E = 16k,
to W/ for at least < values of i € S. But since 2ies\s, IWC()| < e we have

35
that 3o [WC(i)| > e 39 k. Hence G2 \I" contains at least

/ 3.3,,2 6,,2
nn'po ned(n)*po _ m’e’n’po _ n°n’po
WCi)| > > >
20k Z | @ 640 T 64-4-10° — 1016

i€So
edges, which would contradict (7). This proves the claim, and the result follows
immediately by considering the sets W/ at the point where the process terminates.

g

Let C' = |J;cg W/ and note that [C| > (1 — €)?n’. We now need to show that the
set of vertices which we can make into endpoints of P with relatively few rotations is
of size at least 2en. Doing this gives immediately that one of these endpoints must
be an element of C.

Lemma 23. Let P be a path in Gy with endpoints a,b, and I' be a spanning subgraph
of Gy, edge-disjoint from P, which satisfies (8). Let Sy be the set of vertices x € P\{b}
such that a path P’ with endpoints x,b can be obtained from P by at most t rotations.
Then |Sy1| > 5|Br(So)| — |Si.
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Proof. For a vertex x € P, let =, 2T be the predecessor and successor of = along P,
respectively. Let T'= {z € Bp(S;) | 7,21 ¢ S;}. If x € T, then since neither z
nor any of its neighbours on P are in S;, the neighbours of = are preserved by every
sequence of at most t rotations of P; i.e., x7 and z~ are adjacent to x along any
path obtained from P by at most t rotations. It follows that one of =, ™ must be
in S¢1. Indeed, starting from P, we can perform ¢ rotations to obtain a path with
endpoints z, b, such that zz is an edge of I'. Now by one further rotation with pivot
x and broken edge either xz™ or zz~, we obtain a path whose endpoints are either
xT,bor z,b.

Now let T+ = {{L‘+ | reT, xt € St+1} and T~ { - | zeTl,x” € St+1}. It
follows from the above that either |T+| > @ or [T~| > @, and both of these are

subsets of Siy1. Hence |Spyq| > 21 > (|Bp(St)\ — 2[8)). O

Corollary 24. Either |Sg,| > 35, or some element of Sg, has a neighbour in T’
lying outside P.

Proof. Tt suffices to show that as long as |Sy| < 55, and assuming no element of S;
has a neighbour outside P, we have that either |Syy1| > 52 |S¢| or [Si1| > 5h5. We
apply Lemma 11, setting H = ', W = V(P) and A = S;. Now in the notation of
Lemma 11, oy > 5 by (8), and so we have that either (i) |Br(S;)| > (g% — 3)[St],
or (ii) 3|S¢| + |Br(St)| > Zz. If (i) holds then

TR
nwo ﬁwo
[Stv1| > §|BF(5t)\ — S| = (5~ 50 T D[St — |Si| = \St|
On the other hand if (ii) holds then
7771
> 2 (Br(S))] — mm_2 m
St | r(Se)| — St > |St| 2 500

g

Corollary 24 implies that if our path P in Lemma 21 satisfies |P| < g5, then
alternative (ii) of Lemma 21 holds. So suppose that \P\ > 565 Then we can apply
Lemma 22 to obtain a set C' = J;cg W;. Now since i —|— ]C| > n/ = |P|, either
alternative (ii) of Lemma 21 holds or we can obtain in at most Ey rotations, a path
with endpoints @, b such that @’ € C. Suppose we are in the latter case. Repeating
the argument for b gives us a path P” with endpoints a/,0’ € C which is obtained
from P by at most 2FE, rotations.

Call a segment W; of P unbroken if none of the rotations by which P” is obtained
had their pivot in ;. Note that each unbroken segment is still a segment of P in
the sense that the vertices are consecutive and their adjacencies along the path are
preserved. Since we have arrived at the path P by at most 2Ej rotations, there are
at least k — 2Fy unbroken segments W;, and for at least k — 2FEy — ek of these we have
that ¢ € S. Noting that Fy < 10, we are still left with at least % unbroken segments
W; for which ¢ € S. Let us relabel these segments W; according to their order along
P and take Cy = UZ<% W/ and Cy = Ui>% W!. Note that for any = € C' (and in

particular for x € C; and for a'),

. npon’ [ 3k npon’ _ n°npo
N HO)| > k) > > .
9) [Np () Qint(Ch)| 2 5 <1o © > =780 = 16000

Now let xy be a vertex separating C, Cy along P, and let xg divide P"” into paths
P, Py. Let Uy be the set of endpoints of paths obtainable by at most ¢ rotations
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about o’ with pivots lying only in int(C7). So these rotations affect only P,/, and Py
is left intact in each of the resulting paths.

Lemma 25. Suppose that |Uy| < 1 106 Then

2 2
, . n‘n  nTwo
Br(U) Nint(Ch)| > m Uyl 7.
|Br(Ur) N int(Cy)| 2 1n{150000,40000| t}

Proof. Let u = |Uy| and v = |Br(Uy) Nint(C1)|. Consider the case lgi: > Z. Then
similarly to the proof of Lemma 11,

( )
un*npo < Y |Np(@) nint(Ch)| < er(Uy, Br(Uy) Nint(Cy)) + 2er(Uy)

16000 acl,
< 2(u+ ') logn + 4ulogn,
whence
'S (n’npo — 96000logn)u  (n*wo — 96000)u < n%wo |
u = .
- 32000 logn 32000 = 40000 "

On the other hand, if lzg" < % then
PO

U 2n . .
1%00160 < m; INF(2) N int(Ch)| < er(Us, Br(Uy) Nint(Cy)) + 2er(Uy)

< Tupo(u + u') + 14u?pg

2
Hence o/ > ~1n_ O

and so 3u+u' > 112000 < 150000°

Corollary 26. |Ug,| > % 106

Proof. 1t suffices to prove that for each ¢ such that |U| < 27 either |Ups1]| >

= 105> i
or |Upy1]| > ’71520\Ut|. Similarly to Lemma 23, we have that |Upy1| > 1|Br(U;) N
int(C1)| — |U¢|, and now Lemma 25 immediately gives the result. O

Proof of Lemma 21. Suppose first that |P| < g&. Then Corollary 24 immediately
implies that we can obtain a path, one of whose endpoints has a neighbour in I' lying
outside P, in at most Ey rotations. So we may assume that |P| > i, and hence
the conditions of Lemma 22 are satisfied. Now we proceed as above to obtain a path
P" = P, U Py, with endpoints a’,b" and with sets C7, Cy satisfying (9), such that
a € Ci CPyandb € CyCPy.

Let U = Ug,. Now similarly, we can rotate about b’ using only pivots in Cs, to
obtain another set U’ of endpoints in another E rotations, such that |U’| > 7 Now

106 -
by Lemma 7, there are at least ﬁ "1315 0 edges of Go between U and U’, and since by

(7) G2\I' contains fewer edges than this, it follows that there exists an edge xy of T’
between U and U’. Now by the definition of U and U’, we can obtain a path P” with
endpoints x, b’ from P by a sequence of at most F rotations, none of which affect
the second half Py of the path P”. From P” we can obtain a path P’ with endpoints
x,y by at most F; rotations. [l
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We conclude the proof of Theorem 3 by converting each 2-factor F; into a Hamilton
cycle H; in turn, using the following algorithm: Let F* be a broken 2-factor formed
by removing an edge of F; arbitrarily. Then we proceed as follows:

Let 7 be the number of steps performed so far during the conversion process (both
on F* and on the 2-factors which have already been converted into Hamilton cycles).
Here a step is taken to mean a single application of Lemma 21 to either obtain a
broken 2-factor with fewer cycles or to close a Hamilton path to a cycle. Let

Fj:Go\(HlU...UHZ'_lUF*UFi+1U...UFm).
Then since §(Go) > §(G1) > (1 — 3)npo by Lemma 10, and
A(HlU...UHiflUF*UFiJrlU...UFm) <2m = (1—77)71]90,

we have that §(I';) > 7%, Assume also that e(G2\I';) < 4jF, and that

©) kn’py
10 | < k < .
(10) J = fom = 2logn
Then
(10)  2kn2 4) pbn2
(11) e(Go\Ty) < — 00 L TR H0

log(Zmoy = 107

Let P* be the long path of F*. If P* is a Hamilton path, then applying Lemma 21
with I' = I'; and P = P* immediately allows us to close P* to a Hamilton cycle H;.
We then move on to the next 2-factor Fj;q. If there are no 2-factors remaining (i.e.,
if i = m), then we have constructed the required set of m edge-disjoint Hamilton
cycles.

Otherwise by Lemma 21, after at most 2Fy + 2F; rotations we can either join an
endpoint of P* to a vertex x outside P*, or we can close P* to form a cycle C*. In
the first case x will be a vertex of some cycle C, of F'*, and we can delete one of the
edges of C; incident to = to form a new path P** which incorporates C,. We then
redefine F'™* to be the union of P** with the remaining cycles of F;; this is a broken
2-factor with long path P**, which has one cycle fewer than before. The algorithm
then proceeds to the next step.

In the second case we have that |C*| = |P*| > J&. Now if |C*| < n — &, then by

Lemma 7 we have ec, (V(C*), [n]\V(C*)) > LP0 . Since

(D) 75n2py  n’*n’po
elG2\L)) < 0 < 500007

there must exist an edge in I'; from some vertex y of C* to a vertex outside C*.
On the other hand, if |[C*| > n — g5 then applying Lemma 11 with H = T'; and
A =W = [n]\V(C*) implies the same. We then delete one of the edges of C*
incident to y and extend the resulting path as in the first case.

We run this algorithm until the last 2-factor F},, has been converted into a Hamilton
cycle. Now since each step either reduces the number of cycles in a broken 2-factor or
closes a Hamilton path to a Hamilton cycle, the algorithm will terminate after at most
kom steps. It remains to justify our assumption that e(G2\I';) < 45 E1, for each j (i.e.,
at each step). We can prove this by induction: Gy C Iy, and since at most 2Fy + 2F;
rotations are performed at each step, it follows that e(I';\I'j41) < 2Ep+2E1+2 < 4E;.
So e(Go\T'j41) < 4jE +4E1 = 4(j + 1)E1, as required. O
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