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ABSTRACT. We provide a degree condition on a regular n-vertex graph G which ensures the
existence of a near optimal packing of any family H of bounded degree n-vertex k-chromatic
separable graphs into G. In general, this degree condition is best possible.

Here a graph is separable if it has a sublinear separator whose removal results in a set of
components of sublinear size. Equivalently, the separability condition can be replaced by that of
having small bandwidth. Thus our result can be viewed as a version of the bandwidth theorem
of Bottcher, Schacht and Taraz in the setting of approximate decompositions.

More precisely, let dx be the infimum over all § > 1/2 ensuring an approximate Kj-decompo-
sition of any sufficiently large regular n-vertex graph G of degree at least dn. Now suppose
that G is an n-vertex graph which is close to r-regular for some r > (5 + o(1))n and suppose
that Hy,..., H; is a sequence of bounded degree n-vertex k-chromatic separable graphs with
> e(Hs) < (1—o0(1))e(G). We show that there is an edge-disjoint packing of Hy, ..., H; into G.

If the H; are bipartite, then » > (1/2 + o(1))n is sufficient. In particular, this yields an
approximate version of the tree packing conjecture in the setting of regular host graphs G of
high degree. Similarly, our result implies approximate versions of the Oberwolfach problem, the
Alspach problem and the existence of resolvable designs in the setting of regular host graphs of
high degree.

1. INTRODUCTION

Starting with Dirac’s theorem on Hamilton cycles, a successful research direction in extremal
combinatorics has been to find appropriate minimum degree conditions on a graph G which
guarantee the existence of a copy of a (possibly spanning) graph H as a subgraph. On the
other hand, several important questions and results in design theory ask for the existence of
a decomposition of K, into edge-disjoint copies of a (possibly spanning) graph H, or more
generally into a suitable family of graphs Hy, ..., H;.

Here, we combine the two directions: rather than finding just a single spanning graph H
in a dense graph G, we seek (approximate) decompositions of a dense regular graph G into
edge-disjoint copies of spanning sparse graphs H. A specific instance of this is the recent proof
of the Hamilton decomposition conjecture and the 1-factorization conjecture for large n [12]:
the former states that for » > |[n/2], every r-regular n-vertex graph G has a decomposition
into Hamilton cycles and at most one perfect matching, the latter provides the corresponding
threshold for decompositions into perfect matchings. In this paper, we restrict ourselves to
approximate decompositions, but achieve asymptotically best possible results for a much wider
class of graphs than matchings and Hamilton cycles.

1.1. Previous results: degree conditions for spanning subgraphs. Minimum degree con-
ditions for spanning subgraphs have been obtained mainly for (Hamilton) cycles, trees, factors
and bounded degree graphs. We now briefly discuss several of these. Recall that Dirac’s theorem
states that any n-vertex graph G with minimum degree at least n/2 contains a Hamilton cycle.
More generally, Abbasi’s proof [1] of the El-Zahar conjecture determines the minimum degree
threshold for the existence of a copy of H in G where H is a spanning union of vertex-disjoint
cycles (the threshold turns out to be [(n + oddy)/2], where oddy denotes the number of odd
cycles in H).

Date: October 4, 2018.

The research leading to these results was partially supported by the EPSRC, grant no. EP/N019504/1
(D. Kiihn), and by the Royal Society and the Wolfson Foundation (D. Kiihn). The research was also par-
tially supported by the European Research Council under the European Union’s Seventh Framework Programme
(FP/2007-2013) / ERC Grant 306349 (J. Kim and D. Osthus).

1



2 PADRAIG CONDON, JAEHOON KIM, DANIELA KUHN AND DERYK OSTHUS

Komlés, Sarkozy and Szemerédi [33] proved a conjecture of Bollobéds by showing that a mini-
mum degree degree of n/2 + o(n) guarantees every bounded degree n-vertex tree as a subgraph
(this was later strengthened in [35, 13, 26]).

An F-factor in a graph G is a set of vertex-disjoint copies of F' covering all vertices of G. The
Hajnal-Szemerédi theorem [24] implies that the minimum degree threshold for the existence of
a Kp-factor is (1 — 1/k)n. This was generalised to kth powers of Hamilton cycles by Komlds,
Sérkozy and Szemerédi [34]. The threshold for arbitrary F-factors was determined by Kiithn and
Osthus [38], and is given by (1—c(F'))n+O(1), where ¢(F') satisfies 1/x(F) < ¢(F) < 1/(x(F)-1)
and can be determined explicitly (e.g. ¢(C5) = 2/5, in accordance with Abbasi’s result).

A far-reaching generalisation of the Hajnal-Szemerédi theorem [24] would be provided by the
Bollobés-Catlin-Eldridge (BEC) conjecture. This would imply that every n-vertex graph G of
minimum degree at least (1 —1/(A +1))n contains every n-vertex graph H of maximum degree
at most A as a subgraph. Partial results include the proof for A = 3 and large n by Csaba,
Shokoufandeh and Szemerédi [14] and bounds for large A by Kaul, Kostochka and Yu [28].

Bollobéds and Komlés conjectured that one can improve on the BEC-conjecture for graphs H
with a linear structure: any n-vertex graph G with minimum degree at least (1 — 1/k + o(1))n
contains a copy of every n-vertex k-chromatic graph H with bounded maximum degree and small
bandwidth. Here an n-vertex graph H has bandwidth b if there exists an ordering vy, ..., v, of
V(H) such that all edges v;v; € E(H) satisfy |i — j| < b. Throughout the paper, by H being
k-chromatic we mean x(H) < k. This conjecture was resolved by the bandwidth theorem of
Béttcher, Schacht and Taraz [9]. Note that while this result is essentially best possible when
considering the class of k-chromatic graphs as a whole (consider e.g. Kj-factors), the results
in [1, 38] mentioned above show that there are many graphs H for which the actual threshold
is significantly smaller (e.g. the Cs-factors mentioned above).

The notion of bandwidth is related to the concept of separability: An n-vertex graph H is
said to be n-separable if there exists a set .S of at most nn vertices such that every component
of H\ S has size at most nn. We call such a set an n-separator of H. In general, the notion of
having small bandwidth is more restrictive than that of being separable. However, for graphs
with bounded maximum degree, it turns out that these notions are actually equivalent (see [8]).

1.2. Previous results: (approximate) decompositions into large graphs. We say that
a collection H = {Hj, ..., Hs} of graphs packs into G if there exist pairwise edge-disjoint copies
of Hi,...,Hs in GG. In cases where H consists of copies of a single graph H we refer to this
packing as an H-packing in G. If H packs into G and e(H) = e(G) (where e(H) = > ey e(H)),
then we say that G has a decomposition into H. Once again, if H consists of copies of a single
graph H, we refer to this as an H-decomposition of G. Informally, we refer to a packing which
covers almost all edges of the host graph G as an approximate decomposition.

As in the previous section, most attention so far has focussed on (Hamilton) cycles, trees,
factors, and graphs of bounded degree. Indeed, a classical construction of Walecki going back
to the 19th century guarantees a decomposition of K, into Hamilton cycles whenever n is odd.
As mentioned earlier, this was extended to Hamilton decompositions of regular graphs G of
high degree by Csaba, Kiihn, Lo, Osthus and Treglown [12] (based on the existence of Hamil-
ton decompositions in robustly expanding graphs proved in [37]). A different generalisation of
Walecki’s construction is given by the Alspach problem, which asks for a decomposition of K,
into cycles of given length. This was recently resolved by Bryant, Horsley and Petterson [10].

A further famous open problem in the area is the tree packing conjecture of Gyérfas and Lehel,
which says that for any collection 7 = {T1,...,T,} of trees with |V (T;)| = 4, the complete graph
K,, has a decomposition into 7. This was recently proved by Joos, Kim, Kithn and Osthus [27]
for the case where n is large and each T; has bounded degree. The crucial tool for this was the
blow-up lemma for approximate decompositions of e-regular graphs G by Kim, Kiihn, Osthus
and Tyomkyn [30]. In particular, this lemma implies that if H is a family of bounded degree
n-vertex graphs with e(#) < (1 —o(1))(4), then K, has an approximate decomposition into H.
This generalises earlier results of Bottcher, Hladky, Piguet and Taraz [7] on tree packings, as
well as results of Messuti, R6dl and Schacht [39] and Ferber, Lee and Mousset [17] on packing
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separable graphs. Very recently, Allen, Béttcher, Hladky and Piguet [2] were able to show that
one can in fact find an approximate decomposition of K,, into H provided that the graphs in
‘H have bounded degeneracy and maximum degree o(n/logn). This implies an approximate
version of the tree packing conjecture when the trees have maximum degree o(n/logn). The
latter improves a bound of Ferber and Samotij [18] which follows from their work on packing
(spanning) trees in random graphs.

An important type of decomposition of K, is given by resolvable designs: a resolvable F-
design consists of a decomposition into F-factors. Ray-Chaudhuri and Wilson [42] proved the
existence of resolvable Kj-designs in K, (subject to the necessary divisibility conditions being
satisfied). This was generalised to arbitrary F-designs by Dukes and Ling [16].

1.3. Main result: packing separable graphs of bounded degree. Our main result pro-
vides a degree condition which ensures that G has an approximate decomposition into H for
any collection H of k-chromatic n-separable graphs of bounded degree. As discussed below, our
degree condition is best possible in general (unless one has additional information about the
graphs in ). By the remark at the end of Section 1.1 earlier, one can replace the condition
of being n-separable by that of having bandwidth at most nn in Theorem 1.2. Thus our result
implies a version of the bandwidth theorem of [9] in the setting of approximate decompositions.

To state our result, we first introduce the approximate Kj-decomposition threshold (5,Eeg for
regular graphs.

Definition 1.1 (Approximate Kj-decomposition threshold for regular graphs). For each k €
N\{1}, let 6, be the infimum over all § > 0 satisfying the following: for any e > 0, there exists
ng € N such that for all n > ng and r > dn every n-vertex r-reqular graph G has a Ky-packing
consisting of at least (1 —e)e(G)/e(Ky) copies of K.

Roughly speaking, we will pack k-chromatic graphs H into regular host graphs G of degree
at least 8, ®n. Actually it turns out that it suffices to assume that H is ‘almost’ k-chromatic in
the sense that H has a (k+ 1)-colouring where one colour is used only rarely. More precisely, we
say that H is (k,n)-chromatic if there exists a proper colouring of the graph H’ obtained from
H by deleting all its isolated vertices with k + 1 colours such that one of the colour classes has
size at most 0|V (H')|. A similar feature is also present in [9].

Theorem 1.2. For all Ak € N\{1}, 0 < v < 1 and max{1/2,6,“} < § < 1, there exist
&,n >0 and ng € N such that for all n > ng the following holds. Suppose that H is a collection
of n-vertex (k,n)-chromatic n-separable graphs and G is an n-vertex graph such that
(1) (6 =&n <0(G) < A(G) < (0 +&)n,
(i1) A(H) <A for all H € H,
(111) e(H) < (1 —v)e(G).
Then H packs into G.

Note that our result holds for any minor-closed family H of k-chromatic bounded degree
graphs by the separator theorem of Alon, Seymour and Thomas [3]. Moreover, note that since
‘H may consist e.g. of Hamilton cycles, the condition that G is close to regular is clearly necessary.
Also, the condition max{1/2,0, %} < & is necessary. To see this, if §,"® < 1/2 (which holds if
k = 2), then we consider K, /2—1,n/2+1 Which does not even contain a single perfect matching,
let alone an approximate decomposition into perfect matchings. If 6,°® > 1/2 (which holds if
k > 3), then for any § < 6%, the definition of d, ® ensures that there exist arbitrarily large
regular graphs G of degree at least dn without an approximate decomposition into copies of Kp.
As a disjoint union of a single copy of K}, with n — k isolated vertices satisfies (ii), this shows
that the condition of max{1/2,4,®} < § is sharp when considering the class of all k-chromatic
separable graphs (though as in the case of embedding a single copy of some H into G, it may
be possible to improve the degree bound for certain families H).

To obtain explicit estimates for 5]1;eg’ we also introduce the approximate Kj-decomposition
threshold 52+ for graphs of large minimum degree.
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Definition 1.3 (Approximate Kj-decomposition threshold). For each k € N\{1}, let 5} be
the infimum over all § > 0 satisfying the following: for any € > 0, there exists ny € N such
that any n-vertex graph G with n > ng and §(G) > dn has a Ky-packing consisting of at least

(1 —¢)e(G)/e(Ky) copies of K.

It is easy to see that 65° = d5t = 0 and &,°® < §P*. The value of 5;" has been subject
to much attention recently: one reason is that by results of [5, 19], for k£ > 3 the approximate
decomposition threshold (52+ is equal to the analogous threshold (52“ which ensures a ‘full’ K-
decomposition of any n-vertex graph G with §(G) > (6°° + o(1))n which satisfies the necessary
divisibility conditions. A beautiful conjecture (due to Nash-Williams in the triangle case and
Gustavsson in the general case) would imply that §{° =1 —1/(k + 1) for k¥ > 3. On the other
hand for k£ > 3, it is easy to modify a well-known construction (see Proposition 3.7) to show that
6, >1—1/(k+1). Thus the conjecture would imply that &, = §)T = 6 =1~ 1/(k+1) for
k > 3. A result of Dross [15] implies that 5 < 9/10, and a very recent result of Montgomery [40]
implies that ;" < 1 — 1/(100k) (see Lemma 3.10). With these bounds, the following corollary
is immediate.

Corollary 1.4. For all Ak € N\{1} and 0 < v, < 1, there exist £ > 0 and ng € N such that
for n > ng the following holds for every n-vertex graph G with

(0 —=&n < 6(G) < A(G) < (5 +n.

(i) Let T be a collection of trees such that for all T € T we have |T| < n and A(T) < A.
Further suppose § > 1/2 and e(T) < (1 —v)e(G). Then T packs into G.

(ii) Let F' be an n-vertex graph consisting of a union of vertex-disjoint cycles and let F be
a collection of copies of F. Further suppose § > 9/10 and e(F) < (1 —v)e(G). Then F
packs into G.

(i1i) Let C be a collection of cycles, each on at most n vertices. Further suppose 6 > 9/10 and
e(C) < (1 —v)e(G). Then C packs into G.

(iv) Let n be divisible by k and let K be a collection of n-vertex Ky-factors. Further suppose
d>1—-1/(100k) and e(K) < (1 —v)e(G). Then K packs into G.

Note that (i) can be viewed as an approximate version of the tree packing conjecture in the
setting of dense (almost) regular graphs. In a similar sense, (ii) relates to the Oberwolfach
conjecture, (iii) relates to the Alspach problem and (iv) relates to the existence of resolvable
designs in graphs.

Moreover, the feature that Theorem 1.2 allows us to efficiently pack (k,n)-chromatic graphs
(rather than k-chromatic graphs) gives several additional consequences, for example: if the cycles
of F'in (ii) are all sufficiently long, then we can replace the condition ‘§d > 9/10’ by ‘6 > 1/2.

If we drop the assumption of being G close to regular, then one can still ask for the size
of the largest packing of bounded degree separable graphs. For example, it was shown in [12]
that every sufficiently large graph G with §(G) > n/2 contains at least (n — 2)/8 edge-disjoint
Hamilton cycles. The following result gives an approximate answer to the above question in the
case when H consists of (almost) bipartite graphs.

Theorem 1.5. For all A €N, 1/2 <6 <1 and v > 0, there exist n > 0 and ng € N such that
for all n > ny the following holds. Suppose that H is a collection of n-vertex (2,n)-chromatic
n-separable graphs and G is an n-vertex graph such that
(i) 6(G) = om,
(i) A(H) < A for all H € H,
(iii) e(H) < LHVZIzvn?

Then H packs into G.

The result in general cannot be improved: Indeed, for § > 1/2 the number of edges of the
densest regular spanning subgraph of G is close to (6 + /25 — 1)n?/4 (see [11]). So the bound
in (iii) is asymptotically optimal e.g. if n is even and H consists of Hamilton cycles. We discuss
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the very minor modifications to the proof of Theorem 1.2 which give Theorem 1.5 at the end of
Section 6.
We raise the following open questions:

e We conjecture that the error term ve(G) in condition (iii) of Theorem 1.2 can be im-
proved. Note that it cannot be completely removed unless one assumes some divisibility
conditions on G. However, even additional divisibility conditions will not always ensure
a ‘full’ decomposition under the current degree conditions: indeed, for Cy, the minimum
degree threshold which guarantees a Cy-decomposition of a graph G is close to 2n/3,
and the extremal example is close to regular (see [5] for details, more generally, the
decomposition threshold of an arbitrary bipartite graph is determined in [19]).

e It would be interesting to know whether the condition on separability can be omitted.
Note however, that if we do not assume separability, then the degree condition may need
to be strengthened.

e It would be interesting to know whether one can relax the maximum degree condition
in assumption (ii) of Theorem 1.2, e.g. for the class of trees.

e Given the recent progress on the existence of decompositions and designs in the hyper-
graph setting and the corresponding minimum degree thresholds [29, 20, 21], it would
be interesting to generalise (some of) the above results to hypergraphs.

Our main tool in the proof of Theorem 1.2 will be the recent blow-up lemma for approximate
decompositions by Kim, Kiithn, Osthus and Tyomkyn [30]: roughly speaking, given a set H of
n-vertex bounded degree graphs and an n-vertex graph G with e(H) < (1—o0(1))e(G) consisting
of super-regular pairs, it guarantees a packing of H in G (such super-regular pairs arise from
applications of Szemerédi’s regularity lemma). Theorem 3.15 gives the precise statement of the
special case that we shall apply (note that the original blow-up lemma of Komlés, Sarkoézy and
Szemerédi [31] corresponds to the case where H consists of a single graph).

Subsequently, Theorem 1.2 has been used as a key tool in the resolution of the Oberwolfach
problem in [22]. This was posed by Ringel in 1967, given an n-vertex graph H consisting of
vertex-disjoint cycles, it asks for a decomposition of K, into copies of H (if n is odd). In fact,
the results in [22] go considerably beyond the setting of the Oberwolfach problem, and imply
e.g. a positive resolution also to the Hamilton-Waterloo problem.

2. OUTLINE OF THE ARGUMENT

Consider a given collection H of k-chromatic n-separable graphs with bounded degree and a
given almost-regular graph G as in Theorem 1.2. We wish to pack H into G. The approach will be
to decompose G into a bounded number of highly structured subgraphs G; and partition H into
a bounded number of collections H;. We then aim to pack each H; into G;. As described below,
for each H € H;, most of the edges will be embedded via the blow-up lemma for approximate
decompositions proved in [30].

As a preliminary step, we first apply Szemerédi’s regularity lemma (Lemma 3.5) to G to
obtain a reduced multigraph R which is almost regular. Here each edge e of R corresponds to a
bipartite e-regular subgraph of G and the density of these subgraphs does not depend on e. We
can then apply a result of Pippenger and Spencer on the chromatic index of regular hypergraphs
and the definition of 6,1;eg to find an approximate decomposition of the reduced multigraph R
into almost Kj-factors. More precisely, we find a set of edge-disjoint copies of almost Kj-factors
covering almost all edges of R, where an almost Kj-factor is a set of vertex-disjoint copies
of K} covering almost all vertices of R. This approximate decomposition translates into the
existence of an approximate decomposition of G into ‘(almost-) Kj-factor blow-ups’. Here a
Kj-factor blow-up consists of a bounded number of clusters Vi, ..., Vi, where each pair (V;,V})
with [(i —1)/k] = |(j —1)/k] is e-regular of density d, and crucially d does not depend on 1, j.
We wish to use the blow-up lemma for approximate decompositions (Theorem 3.15) to pack
graphs into each Kj-factor blow-up. Ideally, we would like to split H into a bounded number
of subcollections H;, and pack each H; into a separate Kj-factor blow-up Gy, where the
Gt,s € G are all edge-disjoint.
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There are several obstacles to this approach. The first obstacle is that (i) the Kj-factor blow-
ups Gy s are not spanning. In particular, they do not contain the vertices in the exceptional set
Vo produced by the regularity lemma. On the other hand, if we aim to embed an n-vertex graph
H € H into GG, we must embed some vertices of H into V). However, Theorem 3.15 does not
produce an embedding into vertices outside the Kj-factor blow-up. The second obstacle is that
(ii) the Kj-factor blow-ups are not connected, whereas H may certainly be (highly) connected.
This is one significant difference to [9], where the existence of a structure similar to a blown-up
power of a Hamilton path in R could be utilised for the embedding. A third issue is that (iii) any
resolution of (i) and (ii) needs to result in a ‘balanced’ packing of the H € H, i.e. the condition
e(H) < (1 — v)e(G) means that for most x € V(G) almost all their incident edges need to be
covered.

To overcome the first issue, we use the fact that H is n-separable to choose a small separating
set S for H and consider the small components of H — S. To be able to embed (most of) H
into the Kj-factor blow-up, we need to add further edges to each Kj-factor blow-up so that
the resulting ‘augmented Kj-factor blow-ups’ have strong connectivity properties. For this, we
partition V(G)\Vy into T disjoint ‘reservoirs’ Resy, ..., Resp, where 1/T < 1. We will later
embed some vertices of H into Vj using the edges between Res; and Vj (see Lemma 4.1). Here
we have to embed a vertex of H onto v € Vj using only edges between v and Res; because we do
not have any control on the edges between v and a regularity cluster V;. We explain the reason
for choosing a partition into many reservoir sets (rather than choosing a single small reservoir)
below.

We also decompose most of G into graphs G ¢ so that each G s has vertex set V(G)\ (Res:UVp)
and is a Kj-factor blow-up. We then find sparse bipartite graphs F} ¢ C G connecting Res; with
G5, bipartite graphs F} C G connecting Res; with Vj as well as sparse graphs G; C G which
provide connectivity within Res; as well as between Res; and Gy . The fact that Gy s and Gy o
share the same reservoir for s # s’ permits us to choose the reservoir Res; to be significantly
larger than V. Moreover, as | Res; covers all vertices in V'\ Vp, if the graphs F/ are appropriately
chosen, then almost all edges incident to the vertices in Vj are available to be used at some stage
of the packing process. Our aim is to pack each H; s into the ‘augmented’ Kj-factor blow-up
Gt s UF s UF{ UGYf. To ensure that the resulting packings can be combined into a packing of all
of the graphs in H, we will use the fact that the graphs Gy := J,(Gs U Fy ) U F{ U G} referred
to in the first paragraph are edge-disjoint for different ¢.

We now discuss how to find this packing of H; . Consider some H € H; . We first use the fact
that H is separable to find a partition of H which reflects the structure of (the augmentation
of) G5 (see Section 4). Then we construct an appropriate embedding ¢, of parts of each graph
H € H;, into Res; UVj which covers all vertices in Res; U Vj (this makes crucial use of the fact
that Res; is much larger than Vp). Later we aim to use the blow-up lemma for approximate
decompositions (Theorem 3.15) to find an embedding ¢ of the remaining vertices of H into
V(G)\(Res; U Vp). When we apply Theorem 3.15, we use its additional features: in particular,
the ability to prescribe appropriate ‘target sets’ for some of the vertices of H, to guarantee the
consistency between the two embeddings ¢. and ¢.

An important advantage of the reservoir partition which helps us to overcome obstacle (iii) is
the following: the blow-up lemma for approximate decompositions can achieve a near optimal
packing, i.e. it uses up almost all available edges. This is far from being the case for the part of
the embeddings that use Fj , F] and G} to embed vertices into Res; U V), where the edge usage
might be comparatively ‘imbalanced’” and ‘inefficient’. (In fact, we will try to avoid using these
edges as much as possible in order to preserve the connectivity properties of these graphs. We
will use probabilistic allocations to avoid over-using any parts of Fy 5, F/ and G}.) However, since
every vertex in V(Gp)\Vy is a reservoir vertex for only a small proportion of the embeddings,
the resulting effect of these imbalances on the overall leftover degree of the vertices in V/(Gg)\ Vo
is negligible. For Vj, we will be able to assign only low degree vertices of each H to ensure that
there will always be edges of F/ available to embed their incident edges (so the overall leftover
degree of the vertices in Vy may be large).
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The above discussion motivates why we use many reservoir sets which cover all vertices in
V(G)\W, rather than using only one vertex set Res; for all H € H. Indeed, if some vertices of
G only perform the role of reservoir vertices, this might result in an imbalance of the usage of
edges incident to these vertices: some vertices in the reservoir might lose incident edges much
faster or slower than the vertices in the regularity clusters. Apart from the fact that a fast loss
of the edges incident to one vertex can prevent us from embedding any further spanning graphs
into G, a large loss of the edges incident to the reservoir is also problematic in its own right.
Indeed, since we are forced to use the edges incident to the reservoir in order to be able to embed
some vertices onto vertices in Vj, this would prevent us from packing any further graphs.

Another issue is that the regularity lemma only gives us e-regular Kj-factor blow-ups while
we need super-regular Ki-factor blow-ups in order to use Theorem 3.15. To overcome this issue,
we will make appropriate adjustments to each e-regular Kp-factor blow-up. This means that
the exceptional set Vy will actually be different for each pair ¢, s of indices. We can however use
probabilistic arguments to ensure that this does not significantly affect the overall ‘balance’ of
the packing. In particular, for simplicity, in the above proof sketch we have ignored this issue.

The paper is organised as follows. We collect some basic tools in Section 3, and we prove
a lemma which finds a suitable partition of each graph H € #H in Section 4 (Lemma 4.1).
We prove our main lemma (Lemma 5.1) in Section 5. This lemma guarantees that we can
find a suitable packing of an appropriate collection H; s of k-chromatic n-separable graphs with
bounded degree into a graph consisting of a super-regular Kj-factor blow-up G; s and suitable
connection graphs F; ¢, F{ and Gy. In Section 6, we will partition G and H as described above.
Then we will repeatedly apply Lemma 5.1 to construct a packing of H into G.

3. PRELIMINARIES

3.1. Notation. We write [t] := {1,...,t}. We often treat large numbers as integers whenever
this does not affect the argument. The constants in the hierarchies used to state our results are
chosen from right to left. That is, if we claim that a result holds for 0 < 1/n < a < b < 1,
we mean there exist non-decreasing functions f : (0,1] — (0,1] and g : (0, 1] — (0, 1] such that
the result holds for all 0 < a,b < 1 and all n € N with a < f(b) and 1/n < g(a). We will not
calculate these functions explicitly.

We use the word graphs to refer to simple undirected finite graphs, and refer to multi-graphs
as graphs with potentially parallel edges, but without loops. Multi-hypergraphs refer to (not
necessarily uniform) hypergraphs with potentially parallel edges. A k-graph is a k-uniform
hypergraph. A multi-k-graph is a k-uniform hypergraph with potentially parallel edges. For a
multi-hypergraph H and a non-empty set @ C V(H), we define multy(Q) to be the number of
parallel edges of H consisting of exactly the vertices in (). We say that a multi-hypergraph has
edge-multiplicity at most t if multy(Q) < ¢ for all non-empty @@ C V(H). A matching in a multi-
hypergraph H is a collection of pairwise disjoint edges of H. The rank of a multi-hypergraph
H is the size of a largest edge.

We write H ~ G if two graphs H and G are isomorphic. For a collection H of graphs,
we let v(H) == > ey |V (H)|. We say a partition Vi,...,V}, of a set V is an equipartition if
[|Vi| = |V;|| <1 forall i,j € [k]. For a multi-hypergraph H and A,B C V(H), we let Ex (A, B)
denote the set of edges in H intersecting both A and B. We define ey (A, B) := |Eu(A, B)|.
For v € V(H) and A C V(H), we let dga(v) := |[{e € E(H) : v € e,e\{v} C A}|. Let
du(v) == dg v (v). For u,v € V(H), we define cy(u,v) := [{e € E(H) : {u,v} C e}|. Let
A(H) =max{dg(v) : v € V(H)} and §(H) := min{dy(v) : v € V(H)}.

For a graph G and sets X, A C V(G), we define

Nga(X) :={we A:uw € E(G) for all u € X} and Ng(X) := Ng v q)(X).
Thus Ng(X) is the common neighbourhood of X in G and Ng 4(0) = A. For a set X C V(G),
we define N&(X) C V(G) to be the set of all vertices of distance at most d from a vertex
in X. In particular, N&(X) = 0 for d < 0. Note that Ng(X) and N}(X) are different in

general as e.g. vertices with a single edge to X are included in the latter. Moreover, note that
Ne(X) € NA(X). Wesay aset I C V(G) in a graph G is k-independent if for any two distinct
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vertices u,v € I, the distance between u and v in G is at least k (thus a 2-independent set [ is
an independent set). If A, B C V(@) are disjoint, we write G[A, B] for the bipartite subgraph
of G with vertex classes A, B and edge set Eg(A, B).
For two functions ¢ : A — B and ¢' : A’ — B’ with AN A" =), we let ¢ U ¢’ be the function
from AU A’ to B U B’ such that for each x € AU A,
/ | #(x) ifxzeA,
wud@ ={ Gl T h
For graphs H and R with V(R) C [r] and an ordered partition (X1,...,X,;) of V(H), we say
that H admits the vertex partition (R, X1,...,X,), if H[X;] is empty for all ¢ € [r], and for any
i,j € [r] with ¢ # j we have that ey (X;, X;) > 0 implies ij € E(R). We say that H is internally
q-regular with respect to (R, X1,...,X,) if H admits (R, X1,...,X,) and H[X;, X;] is g-regular
for each ij € E(R).
We will often use the following Chernoff bound (see e.g. Theorem A.1.16 in [4]).

Lemma 3.1. [4] Suppose X1,...,X, are independent random variables such that 0 < X; < b
foralli € [n]. Let X := X1+ -+ X,,. Then for allt >0, P[|X —E[X]| >t] < 9~ t7/(26°n)

3.2. Tools involving e-regularity. In this subsection, we introduce the definitions of (g, d)-
regularity and (e, d)-super-regularity. We then state a suitable form of the regularity lemma for
our purpose. We will also state an embedding lemma (Lemma 3.6) which we will use later to
prove our main lemma (Lemma 5.1).

We say that a bipartite graph G with vertex partition (A, B) is (g, d)-regular if for all sets

A" C A, B' C B with |A'| > ¢|A|, |B'| > ¢|B|, we have \%{l’f{) —d| < €. Moreover, we say that
G is e-regular if it is (e, d)-regular for some d. If G is (e, d)-regular and dg(a) = (d £ ¢€)|B| for
a € A and dg(b) = (d £¢)|A| for b € B, then we say G is (g, d)-super-regular. We say that G is
(e,d)"-(super)-regular if it is (e, d')-(super)-regular for some d’ > d.

For a graph R on vertex set [r], and disjoint vertex subsets Vi,...,V, of V(G), we say
that G is (e, d) - (super)-reqular with respect to the vertex partition (R, Vi,...,V;) if G[V;, V] is
(e,d)T-(super)-regular for all ij € E(R). Being (e, d)-(super)-reqular with respect to the vertex
partition (R, V1,...,V,) is defined analogously. The following observations follow directly from
the definitions.

Proposition 3.2. Let 0 < e < 0 < d < 1. Suppose G is an (g,d)-regular bipartite graph with
vertex partition (A, B) and let A’ C A, B C B with |A’|/|A|, |B'|/|B| > . Then G[A', B'] is
(e/6,d)-regular.

Proposition 3.3. Let 0 < ¢ < 0 < d < 1. Suppose G is an (g,d)-regular bipartite graph with
vertex partition (A, B). If G' is a subgraph of G with V(G') = V(G) and e(G') > (1 — 0)e(G),
then G' is (e + 63, d)-regular.

Proposition 3.4. Let 0 < e < d < 1. Suppose G is an (g, d)-regular bipartite graph with vertex
partition (A, B). Let

A':={a€ A:dg(a) # (d+¢e)|B|} and B':={b € B : dg(b) # (d +¢)|B|}.
Then |A’| < 2¢|A] and |B'| < 2¢|B|.

The next lemma is a ‘degree version’ of Szemerédi’s regularity lemma (see e.g. [36] on how to
derive it from the original version).

Lemma 3.5 (Szemerédi’s regularity lemma). Suppose M, M',n € N with 0 < 1/n < 1/M <
e, 1/M" <1 and d > 0. Then for any n-vertex graph G, there exist a partition of V(G) into
Vo, Vi,..., Vi and a spanning subgraph G' C G satisfying the following.

(i) M' <r <M,

(i) [Vo| < en,

(iii) Vil = Vi for alli,j € [r],

() der(v) > dg(v) — (d+¢€)n for allv € V(G),

(v) e(G'[Vi]) =0 for alli € [r],
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(vi) for all i,j with 1 <i < j <r, the graph G'[V;,V}] is either empty or (e,d; j)-regular for
some d; ; € [d, 1].

The next lemma allows us to embed a small graph H into a graph G which is (e, d)"-regular
with respect to a suitable vertex partition (R, Vj,...,V;). In our proof of Lemma 5.1 later on,
properties (Bl)s ¢ and (B2)3¢ will help us to prescribe appropriate ‘target sets’ for some of the
vertices when we apply the blow-up lemma for approximate decompositions (Theorem 3.15).
There, H will be part of a larger graph that is embedded in several stages. (B1)s g ensures that
the embedding of H is compatible with constraints arising from earlier stages and (B2)3¢ will
ensure the existence of sufficiently large target sets when embedding vertices x in later stages
(each edge of M corresponds to the neighbourhood of such a vertex x).

Lemma 3.6. Suppose n,A € N with 0 < 1/n < ¢ < a,f,d,1/A < 1. Suppose that G, H
are graphs and M is a multi-hypergraph on V(H) with edge-multiplicity at most A. Suppose
Vi, ...,V are pairwise disjoint subsets of V(G) with fn < |V;| < n for alli € [r], and X4, ..., X,
is a partition of V(H) with |X;| < en for alli € [r]. Let f: E(M) — [r] be a function, and for
alli € [r] and z € X;, let A, CV;. Let R be a graph on [r]. Suppose that the following hold.
(Al)s G is (g,d)"-regular with respect to (R, Vi,...,V;),

(A2)36 H admits the vertex partition (R, X1,...,X,),

(A3)36 A(H) <A, A(M) < A and the rank of M is at most A,

(A4 )36 for alli,j €[r], if f(e) =i and eN X; # 0, then ij € E(R),

(A5)36 for alli € [r] and x € X;, we have |Az| > a|V4|.

Then there exists an embedding ¢ of H into G such that

(Bl)s6 for each x € V(H), we have ¢(x) € Ay,

(B2)36 for each e € M, we have |[Ng(¢(e)) N Vi 5)\ > (d/2)A]Vf(e |.

Note that (A4)s6 implies for all e € E(M) that e N Xy = 0.

Proof. For each x € V(H), let e; := Ny (z) and M’ be a multi-hypergraph on vertex set V(H)
with E(M’) = {e, : @ € V(H)}. Since a vertex x € V(H) belongs to e, only when y € Ny (z),
we have dpy(z) = dg(z). So M’ is a multi-hypergraph with rank at most A and A(M’) < A.
Let M* := M UM’ and for each e € E(M*), define

B — Vf(e) ifee E(M),
€ A, if e=e, € E(M') for x € V(H).
Note that by (A3)s6, we have
M* has rank at most A, and A(M*) < A(M) + A(M') < 2A. (3.1)

Let V(H) := {x1,...,zn}, and for each i € [m], we let Z; := {x1,...,z;}. We will iteratively
extend partial embeddings ¢o, ..., ¢, of H into G in such a way that the following hold for all
1 < m.

(®1)4 4 ¢; embeds H[Z;] into G,

(92)5 Gi(wy) € Ay, for all k € i,

(®3)5 ¢ for all e € M*, we have |Ng(¢i(e N Z;)) N Be| > (d/2)lN%l|B,|.

Note that (21)9 s—(®3)9 ¢ hold for an empty embedding ¢ : 0 — @ Assume that for some i €
[m], we have already defined an embedding ¢;_; satisfying (®1)% —(®3)% " We will construct
¢; by choosing an appropriate image for x;. Let s € [r] be such that z; € Xg, and let S :
Ne(¢i-1(ZiNew,;)) N Be,,. Thus S C Vi. Since Z; 1 Neg, = Z;Ney,, we have that ($3)5 implies

S| > (d/2)/%"e=ilapn > (d/2)2afn > /3n. (3.2)
For each e € E(M™) containing z;, we consider
Se := Ng(¢i—1(Zi—1 Ne)) N Be.
By (®3)} 4, we have
1Se| > (d/2)2apn > Y/3n. (3.3)
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If e = Npy(x) for some z € Xy with ¢ € [r], then we have S C B. C Vy, and (A2)36
implies that ss’ € E(R). Moreover, note that if e € M with f(e) = ¢ for some s’ € [r], then
Se C B. = Vy, and (A4)36 implies that ss’ € E(R). Thus in any case, (Al)sg implies that
G[Vs, Vy] is (g,d")-regular for some d’ > d. Hence, Proposition 3.2 with (3.2) and (3.3) implies
that G[S, S] is ('/2,d’)-regular. Let

Sli={veS:dgs. (v) < (d/2)]S|}.
By Proposition 3.4, we have |S’| < 2¢'/?n. Thus

(3.1) (3.2)
S\ U S = Isl-2a-268 0 > 1 (3.4)

e€E(M*):x;€e

We choose v € S\ Ueepmn S, and we extend ¢;_1 into ¢; by letting ¢;(z;) := v. Since

ri€e
¢i(wi) € S = Na(di—1(Zi Nex,;)) N Be,, = Na(¢i(Zi 0 Ny () N Ag,,

(®1); 4 and (P2) ¢ hold. Also, for each e € E(M*), if x; ¢ e, then as we have Z;Ne = Z;_1 Ne,

(®3)57" Zinel

ING(¢i(ZiNe)) N Be| = [Na(¢i-1(Zi-1iNe)) N Be[ = (d/2)7"|Bel.
If x; € e, then since ¢;(x;) ¢ S, and |Z; Ne| = |Zi—1 Ne| + 1, we have

(®3)375 |
INa(¢i(Zine) N Bel = [Na(il:)) N Sel = (d/2)]Se] - =" (d/2)%0¢1[Be|. (3.5
Thus (®3) 4 holds. By repeating this until we have embedded all vertices of H, we obtain an
embedding ¢y, satisfying (®1)5%—(®3)%. Let ¢ := ¢y,. Then ($2)4; implies that (B1)s¢ holds,
and (®3)5 together with (A3)s6 and the definition of B, implies that (B2)3 6 holds. O

3.3. Decomposition tools. In this subsection, we first give bounds on §;®. The following
proposition provides a lower bound for 5zeg. The proof is only a slight extension of the extremal
construction given by Proposition 1.5 in [5], and thus we omit it here.

Proposition 3.7. For all k € N\{1,2} we have §;7 >1—1/(k+1).

It will be convenient to use that for £ > 2 this lower bound implies
max{1/2,6,%} > 1—1/k. (3.6)

Given two graphs F' and G, let (g) denote the set of all copies of F' in GG. A function v from
(g) to [0, 1] is a fractional F-packing of G if ZF,E(G),eeF, Y(F") < 1foreach e € E(G) (if we have
)
equality for each e € E(G) then this is referred to as a fractional F-decomposition). Let v5(G)
be the maximum value of ZF,E(G) (F") over all fractional F-packings ¢ of G. Thus v} (G) <
F

e(G)/e(F) and vy (G) = e(G)/e(F) if and only if G has a fractional F-decomposition. The
following very recent result of Montgomery gives a degree condition which ensures a fractional
Kj-decomposition in a graph.

Theorem 3.8. [40] Suppose k,n € N and 0 < 1/n < 1/k < 1. Then any n-vertex graph G with
6(G) = (1 —1/(100k))n satisfies vy, (G) = e(G)/e(Kk).

The next result due to Haxell and Rodl implies that a fractional Ki-decomposition gives rise
to the existence of an approximate Kj-decomposition.

Theorem 3.9. [25] Suppose n € N with 0 < 1/n < e < 1. Then any n-vertex graph G has an
F-packing consisting of at least vi(G) — en? copies of F.

Lemma 3.10. For k € N\{1,2}, we have 6,7 < 60" <1 —1/(100k). Moreover, 559 = 55+ =0
and 5§eg < 6g+ <9/10.

Proof. It is easy to see that Theorem 3.8 and Theorem 3.9 together imply that 52+ <1-
1/(100k). Moreover, Theorem 3.9 together with a result of Dross [5] implies that 63" < 9/10.
As any graph can be decomposed into copies of Ko, we have 6[2)+ =0. O
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In the remainder of this subsection, we prove Lemma 3.13. In the proof of Theorem 1.2, we
will apply it to obtain an approximate decomposition of the reduced multi-graph R into almost
Kj-factors (see Section 6). We will use the following consequence of Tutte’s r-factor theorem.

Theorem 3.11. [11] Suppose n € N and 0 < 1/n < v < 1. If G is an n-vertex graph with
§(G) > (1/2 +y)n and A(G) < 6(G) +~%n, then G contains a spanning r-regular subgraph for
every even r with r < §(G) — yn.

The following powerful result of Pippenger and Spencer [41] (based on the R6dl nibble) shows
that every almost regular multi-k-graph with small maximum codegree has small chromatic
index.

Theorem 3.12. [41] Supposen,k € Nand0 < 1/n < p < e,1/k < 1. Suppose H is an n-vertex
multi-k-graph satisfying 6(H) > (1 — p)A(H), and cg(u,v) < pA(H) for allu # v € V(H).
Then we can partition E(H) into (1 + e)A(H) matchings.

We can now combine these tools to approximately decompose an almost regular multi-graph
G of sufficient degree into ‘almost’ Kj-factors. All vertices of G will be used in almost all these
factors except the vertices in a ‘bad’ set V' which are not used in any factor. Moreover, the
factors come in T" groups of equal size such that parallel edges of G belong to different groups. As
explained in Section 2, we will apply this to the reduced multi-graph obtained from Szemerédi’s
regularity lemma.

Lemma 3.13. Suppose n,k,q,T € N with 0 < 1/n < ¢,0,1/T,1/k,1/q,v < 1/2 and 0 <
I/n < (< v<o/2<1andd=max{1/2,6;} + o and q divides T. Let G be an n-vertex
multi-graph with edge-multiplicity at most q, such that for all v € V(G) we have
da(v) = (0 + &)qn.
Then there exists a subset V' C V(G) with |V'| < en and k dividing |V (G)\V'|, and there exist
q

pairwise edge-disjoint subgraphs F11,. .., F1 ., Fo1,...,Fr, withk = (6 — Vie)wil) satisfying

the following.
(B1)3.13 For each (t',i) € [T] x [k], we have that V(Fy ;) C V(G)\V' and Fy ; is a vertez-disjoint
union of at least (1 — e)n/k copies of K,
(B2)3.13 for each v € V(G)\ V', we have |{(t',i) € [T] x [k] : v € V(Fy;)} > Tk — en,
(B3)3.a3 for all t' € [T] and u,v € V(G), we have |{i € [] : u € Np, (v)}| < 1.

Proof. 1t suffices to prove the lemma for the case when T" = ¢. The general case then follows
by relabelling. (We can split each group obtained from the T' = ¢ case into T'/q equal groups
arbitrarily.) We choose a new constant p such that

1/n<<u<< 57570’71/]{:71/(]'

For an edge colouring ¢ : E(G) — [q] and ¢ € [q], we let G° C G be the subgraph with edge
set {e € E(G) : ¢(e) = c}. We wish to show that there exists an edge-colouring ¢ : E(G) — [q]
satisfying the following for all v € V(G) and ¢ € [¢]:
(®1)3.13 dge(v) = (0 £ 2)n,
(#2)3.13 G is a simple graph.
Recall that eg(u,v) denotes the number of edges of G between w and v. For each {u,v} €
(V(QG)), we choose a set Ay, ,} uniformly at random from (EG[&]M). For each e € E(G), we let
¢(e) € [q] be such that ¢ is bijective between Eg(u,v) and Ay, ). This ensures that ($2);.13
holds. It is easy to see that (®1)s3 13 also holds with high probability by using Lemma 3.1.
Since § > 1/2 4 ¢ and £ < v,0, Theorem 3.11 implies that, for each ¢ € [q], there exists
a (0 — v)n-regular spanning subgraph G¢ of G¢. (By adjusting v slightly we may assume that
(6 — v)n is an even integer.) Since § —v > §,% 4+ ¢/2 and 1/n < p, the graph G¢ has a
Kj-packing Q¢ := {Qf,...,Qf} of size
(6= v — w2

T

(3.7)
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For each c € [g], let H be the k-graph with V(H¢) = V(GS) and E(H¢) = {V(QS) : i € [t]}.
By construction of H¢, we have

AGY) _ 0=v)n 58)

(H)_k—l k—1

As Q¢ is a Kp-packing in G¢, any pair {u,v} € ( )) belongs to at most one edge in H¢. Thus
for {u,v} € (V(G))
cxe(u,v) < 1. (3.9)
Let )
"no._ . . . c o ,1/3
v = {v eV(@):liel:ve VY < =0 -v—u )n},

c€lq]

and let V' be a set consisting of the union of V” as well as at most k — 1 vertices arbitrarily
chosen from V(G)\V” such that k divides |V (G)\V’|. Note that for each ¢ € [g], we have

e(GS) —e(Q°) < %((5 —v)n? — <I;>t < un?.

On the other hand, since G¢ is a (6 — v)n-regular graph, we have

VI<k+1+ > % > (dge(v) = (k — 1)dye(v))

®
NG
3

n
c€lq] veV(G)
2(e(GS) — e(Q°)) 3q,un2 1/2
=k+14+ > T < PED < . (3.10)
c€lq]

Let 7{¢ be the k-graph with V(H¢) := V(G¢) \ V' and E(H¢) := {e € E(H®) : enV’ = 0} Note
that for any v € V(H¢) = V(H®) \ V/,
3.9 3.10),(3.8) (6 — v £ 2u/3)n
dige(0) = dpge(0) £ 3 e, 0) 2 dyge(v) = 7] H1LED ( P o g
ueV’

Note that we obtain the final equality from the definition of V' and the assumption that v ¢ V.
Thus for each ¢ € [q], we have §(H¢) > (1 — u'/*)A(H¢). Together with (3.9) and the fact that
1/n < p < e, 1/k,1/q, this ensures that we can apply Theorem 3.12 to see that for each ¢ € [q],

E(H°) can be partitioned into x’ := (5_1/;% matchings Mf, ..., MS,. Let
M= {Mf :i€[x]} and MS:={Mf i€ [x],|Mf| < (1—¢e)n/k}.
As |Mf| < n/k for any i € [x/] and ¢ € [g], we have
1

(0 —v = 3u)n? GBI o o IMEIA =2 (5 — [MEn
< = (
k(k—1) < [E#H EE[ q | M| < - + -
This gives
(e3/q + 3u1/3)kn? 2e%n,
‘< < . 12
Ml s = k=) S oD (3.12)
We let
— + 2¢2
e min{ M\ ME[} = & — max{|Me|} = O WInE2ET0/g (3.13)
c€lq] c€lq] k-1

Thus, by permuting indices, we can assume that for each ¢ € [¢], we have Mf, ..., Mt C M\ M¢S.
For each (c,i) € [q] x [k], let

Fc,i = U QC

Qc EMC
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The fact that M\ M is a collection of pairwise edge-disjoint matchings of He C HE together
with (3.9) implies that, for each ¢ € [g], the collection {F,; : i € [k]} consists of pairwise edge-
disjoint subgraphs of G$ C G, each of which is a union of at least (1—¢)n/k vertex-disjoint copies
of K. This with (®2)313 shows that (B3)3.13 holds. As G1,... G are pairwise edge-disjoint
subgraphs, {F; : (c,1) € [g] x [k]} forms a collection of pairwise edge-disjoint subgraphs of G.
Thus (B1)3.13 holds.

Moreover, for each ¢ € [¢] and each vertex v € V(G) \ V', we have

Hielkl:veV(F,)} > {Me{Mf,...,.M}:veV(M)}

> (M e Mo e VM) — (v — &)

g0 (o) G
ge(v) =K' + Kk > K—en/q.

Vv

Thus (B2)3.13 holds. O

3.4. Graph packing tools. The following two results from [30] will allow us to pack many
bounded degree graphs into appropriate super-regular blow-ups. Lemma 3.14 first allows us to
pack graphs into internally regular graphs which still have bounded degree, and Theorem 3.15
allows us to pack the internally regular graphs into an appropriate dense e-regular graph. The
results in [30] are actually significantly more general, mainly because they allow for more general
reduced graphs R.

Lemma 3.14. [30, Lemma 7.1] Suppose n, A, q,s,k,r € Nwith0 < 1/n <e < 1/s < 1/A,1/k
and ¢ € 1/q < 1 and k divides r. Suppose that 0 < £ < 1 is such that §2/3 < £q. Let R be a
graph on [r] consisting of r/k vertex-disjoint copies of Ky. Let Vi, ..., V. be a partition of some
vertex set V' such that |V;| = n for all i € [r]. Suppose for each j € [s], L; is a graph admitting
the vertex partition (R, X{, ..., X}) such that A(L;) < A and for each it’ € E(R), we have

s

> (LX), X)) = (1 -3¢ £ &)qn,
j=1

and |XZ| < n. Also suppose that for all j € [s] and i € [r], we have sets VVij - Xg such that
]WZJ| < en. Then there exists a graph H on V which is internally q-reqular with respect to
(R,V1,...,V;) and a function ¢ which packs {Li,...,Ls} into H such that ng(XZ.j) CV;, and
such that for all distinct j,j' € [s] and i € [r], we have gb(WZJ) N qb(WZj/) = 0.

Theorem 3.15 (Blow-up lemma for approximate decompositions [30, Theorem 6.1]). Suppose
n, q, s, k,r € Nwith 0 < 1/n < ¢ < a,d,dp,1/q,1/k < 1 and 1/n < 1/r and k divides
r. Suppose that R is a graph on [r] consisting of r/k vertex-disjoint copies of Kj. Suppose
s < %(1 — a/2)n and the following hold.

(Al)s15 G is (e, d)-super-reqular with respect to the vertex partition (R, Vi,...,V;).
(A2)315 H = {H1,...,Hs} is a collection of graphs, where each Hj is internally q-reqular with
respect to the vertex partition (R, X1,...,Xk), and |X;| = |Vi| =n for all i € [r].
(A3)3.15 For all j € [s] and i € [r], there is a set W} C X; with |W]| < en and for each w € W/,
there is a set A}, C V; with |Al,| > don.
(Ad)315 A is a graph with V(A) C [s] x Uiy Xi and A(A) < (1 — a)don such that for all
(4,z) € V(A) and j' € [s], we have |{z' : (,2") € Na((4,7))}| < ¢*. Moreover, for all
j € [s] and i € [r], we have |{(j,x) € V(A) : v € X;}| < e|X;|.
Then there is a function ¢ packing H into G such that, writing ¢; for the restriction of ¢ to Hj,
the following hold for all j € [s] and i € [r].

(Bl)sas ¢;(Xy) = Vi,

(B2)3.15 ¢;(w) € Al for all w € Wij,
(B3)3.15 for all (j,z)(j',y) € E(A), we have that ¢j(x) # ¢ (y).
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3.5. Miscellaneous. In the proof of Theorem 1.2, we often partition various graphs into parts
with certain properties. The next two lemmas will allow us to obtain such partitions. Lemma 3.16
follows by considering a random equipartition and applying concentration of the hypergeometric
distribution. Lemma 3.17 can be proved by assigning each edge of G to G1, ..., G5 independently
at random according to (p1,...,ps), and applying Lemma 3.1. We omit the details.

Lemma 3.16. Suppose n,T,r € N with 0 < 1/n < 1/T,1/r < 1. Let G be an n-vertex
graph. Let V- C V(G) and let Vi ...,V be a partition of V.. Then there exists an equipartition
Resi, ..., Rest of V such that the following hold.

(i) For allt € [T], i € [r] and v € V(G), we have dg res;nv;(v) = Fda,v; (v) £ n?/3,

(ii) for allt € [T), i € [r], we have |Res; N V;| = %|V;] £ n?/3.

Lemma 3.17. Suppose n,s € N with 0 < 1/n < ¢ < 1/s <1 and m; € [n] for each i € [2].
Let G be an n-vertex graph. Suppose that U is a collection of my subsets of V(G) and U’
is a collection of mo pairs of disjoint subsets of V(G) such that each (Uy,Us) € U’ satisfies
\U1], |Uz| > n®/%. Let 0 < p1,...,ps < 1 with i pi = 1. Then there exists a decomposition
G1,...,Gs of G satisfying the following.

(i) For alli € [s], U €U and v € V(G), we have dg, i7(v) = pidau(v) + n?/3,

(ii) for all i € [s] and (Uy,Uz) € U" such that G[U1,Us] is (¢, dw, v,))-regular for some

dw,,u,), we have that G;[Uy, Us] is (2¢, pid(u, u,))-regular.

The following lemma allows us to find well-distributed subsets of a collection of large sets. The
required sets can be found via a straightforward greedy approach (while avoiding the vertices
which would violate (B3)s.1s in each step). So we omit the details.

Lemma 3.18. Suppose n,s,r € Nand 0 < 1/n,1/s < e <d<1. Let A be a set of size n, and
for each (i, j) € [s] x [r] let A; j € A be of size at least dn, and let m; ; € NU{0} be such that for
all i € [s] we have 25:1 m;; < en. Then there exist sets Bi1,. .., Bs, satisfying the following.
(Bl)g_lg For alli € [S] and j € [T], we have Bi,j - A@j with |Bi7j‘ =My j,
(B2)3.18 for alli € [s] and j' # j" € [r], we have B; yy N B; ju =0,
(B3)3.15 for all v € A, we have |{(i,7) € [s] x [r] : v € B ;}| <&'/%s.

The following lemma guarantees a set of k-cliques in a graph G which cover every vertex a
prescribed number of times.

Lemma 3.19. Let n,m,k,t € N and 0 < 1/n < 1/t < 0,1/k < 1 with k | n. Let G be an
n-vertex graph with §(G) > (1—+0)n. Suppose that for eachv € V(G), we have d,, € [m]U{0}.
Then there exists a multi-k-graph H on vertex set V(QG) satisfying the following.

(Bl)s.19 For each e € E(H), we have Gle] ~ Kj,

(B2)3.19 for each v € V(G), we have dg(v) —d, = (t +1)m £+ 1.

Proof. Let

f= dy — dy}.
mi= max i }

Then m’ € [m]. For a multi-hypergraph H on vertex set V(G) and v € V(Q), let py(v) :=
d(v) —d,. We will prove that for each ¢ € [m’—1]U{0}, there exists a hypergraph H; satisfying
the following.

(H1)4 |4 For each e € E(H), we have G[e] ~ K,

(H2)5 19 A(He) < £(t+1),

(H3)5 19 max, vev(c){pa, (v) — pm, (W)} <m’ — L.
Note that Hy = () satisfies (H1)$ ;9—(H3)$ 9. Assume that for some £ € [m/ — 2] U {0}, we have
already constructed Hy satisfying (H1)§ ,o—(H3)4 ;5. We will now construct Hy. .

If max,cy (@) {pm, (v)} — min,ecy @) {pa, (v)} <1, then as £ < m’ — 2, we can let Hyy1 := Hy,

then (H1)5TH-(H3)5%) hold. Thus assume that

urenv%){pm (W)}~ énvi(nG){pHe (u)} > 2. (3.14)
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Let

A= {0 € V(G) o () > min {pi,(1)}} and A= {0 € V() : (1) = mas (pi, ()},

First assume that |A| > k. Let A’ C A be a set of at most k — 1 vertices such that k divides
|A| +|A'| and py,(v) > max,eca\ar pr,(u) for all v € A’. Note that we have either A" C Apax
or Apmax C A’. Then we can take a collection A := {A1,..., Ai11} of (possibly empty) subsets
of A such that the following hold for each i € [t 4 1].

e |A;| is divisible by k&,

o Al <[A[/t +k,

e every vertex in A’ belongs to exactly two sets in A and every vertex in A\ A’ belongs

to exactly one set in A.

Now, for each i € [t + 1], we have
(G—A)>0G)—|Ail>1—-1/k+on—n/t—k>(1—-1/k+0c—2/t)n> (1 —1/k)n.

Since V(G)\ A; contains at most n vertices, and |V (G)\ 4;| is divisible by k, the Hajnal-Szemerédi
theorem implies that there exists a collection IC; of copies of K} in G covering all the vertices
in V(G)\A4; exactly once. For each i € [t +1], let E; :={V(K) : K € K;}. Then Ufi} E; covers
every vertex in V(G)\ A exactly ¢+ 1 times, while it covers vertices in A\ A" exactly ¢ times and
vertices in A’ exactly ¢ — 1 times. Let Hyyq be the multi-k-graph on vertex set V(G) with

t+1
E(Hyyy) == H U | Es.
i=1
Then the above construction with (H1) |, implies (Hl)gﬁé Also (H2)% ;4 implies that A(Hyy 1) =
A(Hp)+ (t+1) < (t+1)(£+1), thus (H2)55 holds. If A’ C Apax, then every vertex in Apax \ A’
is covered exactly ¢ times by (J/Z] E;. Thus, by (3.14), we have

e {pre,, (u)} = uglva(g){pHg(U)} + ¢ and uglvl(nc){pHM(U)} = uglvi(n@{pm(u)} +t+1

If Apnax € A, then every vertex in Apay is covered exactly ¢t — 1 times while every vertex in A
is covered elther t — 1 times or ¢ times by Ut+1 E;. Thus, by (3.14), we have

e P, ()} ZUglva%){sz(U)}H— 1 and uénvl(%){pmﬂ( u)} > H&l(%){pm( u)} +t.

In both cases, we have

(H3)§ 19 ,
max {pHe+1( ) sz-H }< max {pHe( ) sz(’U)}_ I < m-{-1

u,veV(G) u,veV(G)
Thus (H3)5%5 holds.

Next assume that |A| < k. Then we take two sets B and C in V(G) such that BNC = A
and |B| = |C| = k. Then similarly as before, we can take two collections E; and Es of sets of
size k such that E; covers every vertex in V(G) \ B exactly once, and Es covers every vertex in
V(G)\ C exactly once while Gle] ~ K}, for all e € E1 U Ey. Let Hyy; be the multi-k-graph with
E(Hyy1) == Hy U Ey U Ey. Then, it is easy to see that both (H1)5%% and (H2)5%, hold. Also
E1 U E5 covers all vertices in V(G ) \ A exactly once or twice, while it does not cover the vertices
in A. Then as before, by using the fact that max,cy () {pn,(u)} — min,ey () {pm,(v)} > 2, we
can show that (H3)5%} holds.

Hence this shows that there exists a hypergraph H,,_1 which satisfies (Hl)3 19 (H3)3 ot
Let m” := max,cy(g){pn,,_,(v)}. Then (H2)3.19 implies that m” < (¢t + 1)m. Also, by
(H3)§ﬁ§1 every vertex v € V(G) satisfies py_, | (v) € {m”—1,m"}. Recall that 6(G) > (1-1/k)n
and k divides n. Thus the Hajnal-Szemerédi theorem guarantees a collection E of sets of size k
which covers every vertex of G exactly once, while G[e] ~ K}, for all e € E. Thus, by adding all

e € E to H,y_ exactly (t+ 1)m —m” times, we obtain a multi-k-graph satisfying (B1)3.19 and
(B2)3.19. |
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The following lemma is due to Komlds, Sarkozy and Szemerédi [32]. Assertion (B3)3.20 is not
explicitly stated in [32], but follows immediately from the proof given there (see Section 3.1 in
[32]). Given embeddings of graphs H; and H; into blown-up k-cliques @; € G and Q; C G, the
‘clique walks’ guaranteed by Lemma 3.20 will allow us to find suitable connections between (the
images of) H; and H; in G.

Lemma 3.20. Let r,k € N\ {1}. Suppose that R is an r-vertex graph with §(R) > (1 — %)r%— 1.
Suppose that Q1,Q2 are two not necessarily disjoint subsets of V(R) of size k such that Q1 =
{z1,..., 2k} and Q2 = {y1,...,yx} with R[Q1] ~ Kj and R[Q2] ~ K. Then there exists a walk
W = (z1,...,2) in R satisfying the following.

(Bl)3.20 3k <t < 3k3 and k | t,

(B2)3.20 for alli,j € [t] with |i — j| <k —1, we have z;z; € E(R),

(B3)3.20 for each i € [k], we have z; = x; and zi_k+; = V.

The following lemma also can be proved using a simple greedy algorithm. We omit the proof.

Lemma 3.21. Let A k,t € N\ {1}. Let H be a graph with A(H) < A and let X CV(H) be a
set with | X| > AFt. Then there exists a k-independent set Y C X of H with |Y| = t.

Lemma 3.22. Let r,k,q,s € N\ {1} with 0 < 1/r < 1/k,1/q < 1. Let R be an r-vertex
graph with 6(R) > (1 — §)r. Let F be a multi-(k — 1)-graph on V(R) with A(F) < q and
E(F) =A{F,...,Fs} such that R[F;] ~ Ky_1 for all i € [s]. Then there exists a multi-k-graph
F* on V(R) with E(F*) = {Fy,...,Ff} and such that

(Bl)z22 A(F") < (k +1)g,

(B2)3.22 for alli € [s], we have F; C F} and R[F}] ~ Kj.

Proof. Since F is a multi-(k — 1)-graph, we have s < A(F)r/(k — 1) < gr. We consider an
auxiliary bipartite graph Aux with vertex partition (E(F), V(R) x [kq]) such that F; is adjacent
o (v,j) € V(R) x [kq] if v € Ng(F;). For any set X of k—1 vertices in R, we have dr(X) > r/k.
Thus, any vertex F; of the graph Aux has degree at least kqdg(F;) > kq - (r/k) > s = |E(F)|.
Thus, the graph Auz contains a matching M covering every F; € E(F). For each (Fj, (v,7)) €
M, let F} := F; U{v}. Then (B2)322 holds. On the other hand, for any vertex v € V(R), we
have dr-(v) = dr(v)+|{j € [kq] : dp((v, 7)) = 1} < dr(v)+kq < (k+1)q. Thus (B1)s.92 holds
too. ]

The final tool we will collect implies that a (k,n)-chromatic 7-separable bounded degree graph
has a small separator S and a (k+1)-colouring in which one colour class is small and only consists
of vertices far away from S.

Lemma 3.23. Suppose that n,t, A,k € N and A > 2. Suppose that H is an n-separable n-vertex
graph with A(H) < A. If H admits a (k + 1)-colouring with colour classes Wy, ..., Wy with
[Wo| < mn, then there exists a A*2n-separator S of H with N5 (S) N Wy = (.

Proof. As H is n-separable, there exists an n-separator S of H. Consider S := (S'UNE(Wp))\
Nt (Wp). It is obvious that such a choice satisfies N%;(S) N Wy = ). Furthermore, as |[Wy| < nn
and A > 2, we have |S| < A*2nn. Moreover, any component of H — S is either a subset of a
a component of H — S or a subset of Nt (Wy). Hence, it has size at most A™*2nn, and S is a
separator as desired. O

4. CONSTRUCTING AN APPROPRIATE PARTITION OF A SEPARABLE GRAPH

In Section 6 we will decompose the host graph G into graphs Gy, F; and F} with t € [T] for
some bounded T'. We will also construct an exceptional set Vj and reservoir sets Res;. We now
need to partition each graph H € H so that this partition reflects the above decomposition of G.
This will enable us to apply the blow-up lemma for approximate decompositions (Theorem 3.15)
in Section 5. The next lemma ensures that we can prepare each graph H € H in an appropriate
manner. It gives a partition of V(H) into X,Y, Z, A. Later we will aim to embed the vertices
in A into V{, and vertices in Y U Z will be embedded into Res; using Lemma 3.6. Most of the
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vertices in X will be embedded into a super-regular blown-up Kp-factor in Gy via Theorem 3.15,
while the remaining vertices of X will be embedded into Res;. The set Z will contain a suitable
separator Hy of H. The neighbourhoods of the exceptional vertices ay € A will be allocated to
Y. Moreover, (A2)4; and (A3)4; ensure that we allocate them to sets corresponding to (evenly
distributed) cliques of R—the latter enables us to satisfy the second part of (B3)4.;.

Lemma 4.1. Suppose n,m,r,k,h, A € N with 0 < 1/n < n < ¢ < 1/h < 1/k,0,1/A < 1
and 0 < n < 1/r < 1 such that k | r. Let H be an n-vertex (k,n)-chromatic graph with
e(H) =m and A(H) < A. Let R and Q be graphs with V(R) = V(Q) = [r] such that Q is
a union of r/k vertex-disjoint copies of Ki. For n' € [en], let C,...,Cy be subsets of [r] of
size k —1, and CY,...,C?, be subsets of [r| of size k. Let F and F* be multi-hypergraphs on [r]
with E(F) = {C1,...,Cy} and E(F*) = {C},...,C}}. Suppose that ni,...,n, are integers.
Suppose the following hold.

(A1 6(R) > (1= +o)r,

(A2)41 for each l € [ ', we have C; C C} and R[C}] ~ K,
(A3)41 A(F*) < e?Bn/r,

(Ad)4 for each i € [r], we have n; = (1+e'?)n/r, and n' + Diep] M
Then there ezists a randomised algorithm which always returns an ordered partition (X1, ..., X,
Yi,...,. Y. Z1,...,Z., A) of V(H) such that A ={ay,...,ay} is a 3-independent set of H and
the following hold, where X := ¢, Xi, Y 1= U Yer and Z := U;epy Zi-

(Bl)41 For each £ € [n'], we have dg(a;) < W,

(B2)4.1 for each £ € [n'], we have Nu(ar) € Uieq, Vi \ Ny (2),

(B3)41 H[X] admits the vertex partition (Q,X1,...,X,), and H \ E(H[X]) admits the vertex
partition (R, X1 UY1 U Zy,..., X, UY, UZ,),

(B4)4.1 for each ij € E(Q), we have eH(Xl,X )= %,

(B5)41 for each i € [r], we have | X;| + |Yi| +|Zi| = ni £ n'/*n and |Y;| < 26¥/3n/r,

(B6)s1 NL(X)\ X C Z and |Z] < 403’509

Moreover, the algorithm has the following additional property, where the expectation is with

respect to all possible outputs.

(B7)41 For all £ € [n'] and i € Cy, we have E[Ng(ag) NY;] < %

i — .

i€r]

(B1)4.1 and (B7)4.1 ensure that each embedding of some H in G does not use too many edges
incident to the exceptional set Vj.

Proof. Write r' := r/k and Q = Uglzl Q@s, where each Q) is a copy of Ky, and let (I?k) =
{Q4,- .-, Q;} be the collection of all copies of Kj in R. By permuting indices if necessary, we

may assume that V(Q}) = {1,...,k}. Note that ¢ < r¥. As Q is a Kj-factor on [r], for each
i € [r], there exists a unique j € [r/] such that ¢ € Q;. For all s € [r'], s € [¢] and k' € [k],
we define ¢4(k’), ¢, (k') € [r] to be the k’-th smallest number in V(Qs) and V(QY,) respectively.

Thus
V(Qs) = {gs(1), .., qs(R)} and V(@) = {gu (1), ..., qu(k)}.

For all s € [q] and k' € [k], let

Q= Q\{gs(K)} and dyp = [{L € [n]:C7 =V(Q) and Cr =V(Qp )} (41)
Note that for each i € [r] we have

Z Z ds,k’ = d]:* (2) and Z dng/ = n'. (4.2)
s€(qli€V(QL) K E[k] (s,k")€lglx [K]

Our strategy is as follows. Consider a (k + 1)-colouring (W, ..., W) of H with |Wy| < nn and

an A3k3+3nn—separator S of H guaranteed by Lemma 3.23 (applied with ¢ = 3k3 +1). Thus we
can partition the k-chromatic graph H \ Wy into Hy, ..., H; such that each Hy is small, there
are no edges between Hy and Hy whenever 0 ¢ {t/,t"} and V(Hy) = S. We will distribute
the vertices of each graph Hy into U;cy (g, Xi or Uev(qr)(Yi U Z;) for an appropriate s. In
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particular, V(Hy) will be allocated to UiGV(Q’l) Zi =Uepy Zi- As Q' and Q; are copies of K
in R and @, respectively, and as Hy is k-chromatic, this would allow us to achieve (B3),; if we
ignore the edges incident to V (Hy) U Wy. In Steps 5 and 6 we will use ‘clique walks’ obtained
from Lemma 3.20 to connect up the Hy with Hp in a way which respects the colour classes of
H \ Wy. We can thus allocate the vertices in N;’Ikd(V(Ho)) in a way that will satisfy (B3)4.1.
Finally, we will allocate the vertices in Wy. As Wy is far from V' (Hy), each vertex in Wy only
has its neighbours in a single Hy, hence it will be simple to assign each vertex in Wy to some
Z; with i € [r] according to where the vertices of Hy are assigned.

Step 1. Separating H. As H is (k,n)-chromatic, applying Lemma 3.23 with ¢t = 3k3 + 1
implies that there exists a partition (Wy, Wh,..., W) of V(H) into independent sets and an
n%9-separator S such that

1S, |Wo| < n%9n and Wy n N3 +1(8) = ¢, (4.3)

Since S is an n"%-separator of H, it follows that there exists a partition S =: 170, cee V; of V(H)
such that the following hold, where Vi := Vy \ Wy and Hy := H[Vy] for each t' € [t] U {0}.
(H)g1 n~%%/2 <t <2970,

(H2)41 n°9n/2 < |Vi| < 20%9n for ¢ € [1],

(H3)41 for ' # ¢ € [t], we have that Eg(Vy, Vir) = 0, and m — 2An°9n < Zt,e[t] e(Hy) < m.
Indeed, as S is an n%-separator of H, H \ S only consists of components of size at most 7"n.
By letting Vy := S (and thus V = S) and letting each of Vi,...,V; be appropriate unions of
components of H \ S, we can ensure that both (H1)4; and (H2)4; hold. By the construction,
the first part of (H3)4.; holds too. Since there are at most A(H)|SUWy| < 2An%n edges which

are incident to some vertex in Wy U Vj, the second part of (H3)41 holds as well.
For each ¢’ € [t]U {0} and k' € [k], we let

Wi = Vi N Wi

Step 2. Choosing the exceptional set A. Let
L:={zxeV(H):dy(z) < —————

L contains the ‘low degree’ vertices within which we will choose A in order to satisfy (B1)41.
2(1+1/h
Note that 2m = 3", ey (g i (x) > 2L (0 — | L)), thus

|L| > n/(2h). (4.4)
For each t’ € [t], let k(t') € [k] be an index such that
/ 1
|L N Wi | > TNV (Hy)|. (4.5)
Such a number k(t') exists as W} ,..., W} forms a partition of Vi = V (Hy).
Now, we choose a partition H,Hq 1,..., 1y, Hopy .o, Hy o of {Hi,..., Hi} satisfying the

following for each (s, k') € [q] x [K].
(Hd)as o(Hyp) = Eil/wdsﬁ' + 2kn*°n + n*°n and
Zt/:Ht/EH; W ‘V(Ht’) N L| > E_l/llds,k’ 4 7]1/2n.

We will choose A within the vertex sets of the graphs in ’H’Ll, e f] - Moreover, we will
allocate all the other vertices of the graphs in each H. ., to Y U Z.

Claim 1. There exists a partition H,Hy y,..., Hy o Ho 1o Hey o of {Hi,..., Hi} satisfying
(H4)4.1.
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Proof. For each t’ € [t], we choose iy independently at random from [g] x [k]U{(0,0)} such that
for each (s, k") € [g] x [k] we have

e=1/10g_,, c—1/10,1

Pliy = (s,K)] = —+ 2kn?/® and Pliy = (0,0)] =1 — — - 2qk>n?/°.

An easy calculation based on (4.2) shows that this defines a probability distribution. For each
(s, k") € [q] x [k], we let
H:={Hy:t' €[t],ip = (0,0)} and H., :={Hy:t' €[t],iy = (s5,k)}.

Then it is easy to combine a Chernoff bound (Lemma 3.1) with (H1)41, (H2)41, (4.4) and
the fact that |V(H)| = n to check that the resulting partition satisfies (H4)4; with positive

probability. This proves the claim. [l
By permuting indices on [t], we may assume that for some t, € [t], we have
H={Hy,...,H;} and U L ={Hu i1, Hi}
(s,k")€Ela)x [K]

For each (s, k") € [q] x [k], let
Low:= |J (LW \NF2(Voumwy). (4.6)
t’th'EH's,k/
Then by (4.3) and (4.5) we have

1 (H4)a.
Lol = >0 SILOV(H)| — A% 200 75" e VI, kg ' 20 (28) = A% .

t':Hy e?—t’s’k,
For each (s, k) € [q] x [k], we apply Lemma 3.21 to L, to obtain a subset of Ly with size
exactly dg s which is 3-independent in H. Write this 3-independent set as
{ag: L e [n'],C; =V(Q)) and Cp = V(Q 1)} (4.7)

This is possible by (4.1) and (4.2) and defines vertices ay,...,a,. Let A := {ai,...,ay}. By
(4.6) and (H3)4.1, A is still a 3-independent set in H. As ay € L, we know that

di(ag) <2(1+1/h)m/n. (4.8)
Moreover, for £ € [n'] and t’ € [t], we have the following.
If ag € Vr, then t' € [t] \ [t.] and a, € W, \ N3E2(1 U W), (4.9)

In particular, we have Ny (az) N N;’Iksﬂ(% UWp) = 0. Thus if ay € Vy, then

Nula) € |J  WhA\ANFF(Vuwy). (4.10)
e

Step 3. Allocating the neighbourhood of A. We will allocate Ny (A) to Y. We will
achieve this by suitably allocating V(H ;,) for each (s, k') € [q] x [k]. This will allocate Ny (A)
via (4.10). Note that all choices until now are deterministic. Next we run the following random
procedure.

For each t' € [t] \ [t.], let (s,k') € [q] x [k] be such that Hy € M., and choose a

permutation my on [k] independently and uniformly at random among all permutations (4.11)

such that my (k') = k().
(Note that this is the only place that our choice is random.) Thus one value of my is fixed,
while all other £ — 1 values are chosen at random. We choose 7y in this way because we wish
to distribute N (as) to U, Vi, so that later (B2)s; is satisfied. Setting my (k') = k(t') will
ensure that no vertex in Ny (ag) will be distributed to Y; with i € C; \ Cy. Moreover, as my
is chosen uniformly at random, Ny (ag) will be distributed to J;c, ¥i in a uniform way, which
will guarantee that (B7)4.; holds.
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Indeed, for ¢ € [n'], (s, k") € [¢] x [k] and ¢’ € [t] \ [t«] such that a; € Lg NV, and for any
K" € [k] \ {k'}, the number 7y (k") is chosen uniformly at random among [k] \ {k(t')}, thus we
have
dp(ag) 49 2(1+1/h)m
E—1 — (k—1)n

E[| N (ag) N W (kn)H < (4.12)

For each i € [r], let

V= U U Wig\A4 and V=[]V, (4.13)
i€]r]

(s,k')ii=q}, (k') k" €[K] HyeH,

Step 4. Allocating the remaining vertices to X and Y. Later the vertices in Y; will be
assigned to Y; (except those which are too close to Vj in H, which will be assigned to Z). The
sizes of the sets X; will be almost identical. (Note that because of (B3)4.1, it is not possible to
prescribe different sizes for X; and X if ¢ and j lie in the same copy of K}, in @.) Thus, in
order to ensure (B5)4.1, we need to decide how many more vertices other than f/z we will assign
to the set Y;. As part of this we now decide which of the Hy € H are allocated to X and which
are allocated to Y (again, vertices close to Vj will be assigned to Z). Note that we have

(H4)4.1

Y) < >y Z |Ht,] < D> (e + 3k )
(s.k):i=ql (K') k" €[k] Hy €M sieV(QL) k" e[k
(4.2) (A3)a,
< e V045 (i) + 3K2qn?*/°n §4 1 e2n)r. (4.14)
For each i € [r], let 7 := (1 — 2¢*/?)n/r, and
_ (Ad)4 1/3 (Ad)4. _ (4.14)
ni = n;—n—|Y YET hen n; 24 1 ePnjr— 1Y >o. (4.15)

< -7
= (h+ 1)’
By applying Lemma 3.19 with R, h, o, El/gn/((h + 1)r) and n; playing the roles of G,t, 0, m and
d,, respectively, we obtain a multi-k-graph F# on [r] such that for each @ € E(f#), we have
R[Q] ~ K}, and
for each i € [r], we have dr4 (i) = n; + eln 4 q, (4.16)
This implies
1/3

~ en . 4.15) ~
N = ;m(n— s (1) — Vo U Wl 2 %(m—%il)—%uw
ALt 9] - VU] £ 1 (4.17)
Note that we have
v(H) = |[V(H)\ (YUAUVLZUWy)| =N 7. (4.18)

Our target is to assign roughly dr4 (i) extra vertices to Y; in addition to Y;, and assign roughly

A e1/3n,

vertices to X;, and a negligible amount of vertices to Z;. Then |X;| + |Yi| + |Z;| will
be close to n; as required in (B5)4 ;.

To achieve this, we partition H = {Hy,..., Hy, } into Hi, ..., H,, H:{%, . ,”;’-[fléﬁ satisfying the
following for all ¢ € [r'] and s € [q].

k 1/3 k 4+ £2/7
(H5)41 v(Hi) = kn — L n?/°n and e(H;) = M,
r r

(H6)41 v(HT) = k- mult 74 (V(Q))) £ n*/n.
(Recall that mult z#(V(Q%)) denotes the multiplicity of the edge V(@) in F#.) Indeed, such a
partition exists by the following claim.

Claim 2. There exists a partition Hi, ... ,HT/,”H#, .. ,Hff of {Hi,...,Hy,} satisfying (H5)41—
(H6)4.1.
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Proof. For each t’ € [t.], we choose iy independently at random from {(0,1),...,(0,7/),(1,1),...,(1,9)}
such that for each i € [r] and s € [¢]:
ki — kel/3n koUW

Pliy = (0,7)] = P and P[itlzu,s)]:’“'multf;(v(@s)),

Since 3 e g kb mult 74 (V(Q5)) = k|E(F#)| = >_ie[r) dF# (i), an easy calculation based on (4.17)
shows that thls defines a probability distribution. For all i € [/] and s € [q], we let
Hi o= {Hy :t' € [tu],ip = (0,9)} and HF := {Hy :t' € [t.],ip = (1,5)}.

Then it is easy to combine a Chernoff bound (Lemma 3.1) with (H1)41, (H2)4; and (4.18) to
check that the resulting partition satisfies (H5)41 and (H6)4; with positive probability. This
proves the claim. [l

By permuting indices on [t,], we may assume that for some t* € [t,] we have

U Hz = {Hl,... ,Ht*} and U Hj& = {Ht*+1,...,Ht*}.
i€lr'] s€lq]

In order to obtain (B3)41—(B5)4.1, we need to distribute vertices of the graphs in H; into
{X; :j € V(Q)} and vertices of the graphs in H¥ into {Y; : j € V(Q.)} so that the resulting
vertex sets and edge sets are evenly balanced. For this, we define a permutation 7y on [k] for
each t' € [t,] which will determine how we will distribute these vertices. We will choose these
permutations 71, ..., T, such that the following hold for all i € [r’], s € [q] and k' # K" € [K].

, 51/3 , 2m +el/4p
(H7)41 Z WE gl == —" = 5?%n and Z |Ea(WE i, W;t,(k,,))|:W7
H, eH; H, eH;
<H8>4.1 DS |W£;<kf>| = mult r4 (V(Q) i772/5n-
1‘/:Ht/€7'lf<f7E

To see that such permutations exist we consider for each ¢’ € [t.] a permutation 7y : [k] — [k]
chosen independently and uniformly at random. Then, by a Chernoff bound (Lemma 3.1) com-
bined with (H1)4; and (H2)41, it is easy to check that my,..., 7, satisfy (H7)41 and (H8)41
with positive probability.

*

Step 5. Clique walks. Recall that V} is a separator of both H and H \ Wy. The vertices in Vj
will be allocated to the sets Z1,..., Z; which initially correspond to the clique Q] C R (recall
that V(Q}) = {1,...,k}). We now identify an underlying structure in R that will be used in
Step 6 to ensure that while allocating V(H)\(Vo U Wy U A) to X, Y and Z, we do not violate
the vertex partition admitted by R (c.f. (B3)41). (This is a particular issue when considering
edges between separator vertices and the rest of the partition.)

To illustrate this, let s € S be a separator vertex allocated to Zi/. Let x be some vertex
in some Hy with xs € E(H). Suppose Hy is assigned to some clique @; C @ and that this
would assign x to some set X, where ¢/ € V(Q;). Furthermore, suppose i'k’ is not an edge in
R. We cannot simply reassign x to another set X; to obey the vertex partition admitted by R
without also considering the neighbourhood of x in Hy. To resolve this, we apply Lemma 3.20
to obtain a suitable ‘clique walk’ P between @} and Q;, i.e. the initial sement of P is V(Q}), its
final segment is V(Q;) and each segment of k consecutive vertices in P corresponds to a k-clique
in R. We initially assign = to a set Zy» for some k” € [k] \ {k'}. We then assign the vertices
which are close to x to some Zj, where the choice of k" € [r] is determined by P. (In order to
connect Y to Vj, we also choose similar clique walks starting with @} and ending with Q' for
each s € [¢].)

To define the clique walks formally, for each t’ € [t], let

Q; if Hy € H; for some i € 1],
Py:={ Q. if Hy € HY for some s € [q], and
Qs if Hy € M, for some (s, k') € [q] x [K],

{pv(1),....pv(k)} == Py,
where py (1) < --- < pyp (k).

(4.19)
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By using (Al)41, we can apply Lemma 3.20 for each ¢’ € [t] with V(Q}) and V(Py) playing the
roles of Q1 and @2 in order to obtain a walk j(¢',1),...,5(t,byk) in R such that

for all distinct i,1" € [byk] with |i —i'| < k—1, we have j(t',i)j(t',i') € E(R), and for
each k' € [k] we have j(t', k') = my (k') and j(t', (by — 1)k + k') = py (k).

Moreover, for each ¢’ € [t], we have

(4.20)

3 < by < 3k2. (4.21)

As described above we will later distribute some vertices of VNN G =Dk (14) to |, €l(by—1)k] it W)
so that we can ensure (B3),; and (B6)4; hold.

Step 6. Iterative construction of the partition. Now, we will distribute the vertices of each
Hyinto X4, ..., X, Y1,..., Y., Z1,. .., Z, in such a way that (B1)4.1—(B7)4.1 hold. (In particular,
as discussed earlier, we will have Y; C Y;.) To achieve this, for each t' = 0,1,...,t, we iteratively
define sets XV, ... X!, Y, ...,v¥ Z' ... Z!'. First, for each k' € [k], let Z}), := WY, and for
all i € [r] and i’ € [r]\ [K], let

X?:=0, Y?:=0 and Z) := 0.

(2 3

We will write

t/
=UJw, x'=Jxf v =V ad z'=|[]Zz

t"'=0 i€[r] i€[r] i€[r]

Assume that for some ¢’ € [t], we have already defined a partition Xlltlilv e ’Xﬁ - Ylt/il’ "'
Z{*lj o Zﬁ'_l of V=1 satisfying the following.

(Z1)4 71 For all / € ['] and i € V(Qx), let &’ be so that i = gy (k). Then we have
1" b.r—1)k ’_ "
U Wfr " k’) \ NI({t ) (Vb) g Xf ! g U Vv;itl/(k')7

telt’ —1):Hu€H, t'elt' —11:Hy €M,y

(ZQ)ZIl for each i € [r], we have

n—=1)k — 1"
U U th//(k’ \ N ; ) (V Yt ! C U U W;t//(k’)v
€[k el —1\[t*]: kel el —1\[t*]:
pyr (K')=i pyr (K')=i
(Z3)fﬁ1 for all ij ¢ E(Q), we have eH(Xle?X;l*l) =0,
(Z4){7" for all ij ¢ E(R), we have ey (X! 1, Z'™) = eg(v/ 1, 2'7") = eg(v{ Y] ! =
a2z =,
(Z5)7" NE(XUH)\ XU 2871 C N (V)
;7 for eac € |k|, we have y C 4y,
76)4 71 f h k' € [k], we have WY, C Z;,
(Z7)f1_;1 for each ¢” € [t/ — 1], we have |{i € [r] : (X! UV YNV £ 0} <k
Using that @ is a copy of K in R and V(Q}) = {1,...,k}, it is easy to see that (Z1)} ,—(Z7)J,
hold with the above definition of XZQ, Yio, Z? . We now distribute the vertices of Hy by setting

Y

o { Xf/ 1y (Wfr’/ W) \N b= 2)k+kl(V0)> if ¢ € [t*] and i = py (k') for some k' € [Kk],
xt-1 otherwise,
o { vi-1y (W;’, oy \ N TR (vo)) if #  [f]\ [t*] and i = py (k') for some K € [k],
y# -1 otherwise,

le;’ — g1y U (Wt’/(k,) (Nl(ibfl)kJrk’(VO) \NI({bfZ)Hk'(VO))) '

(b,k")E[by —1] x [k]:
i=j( (b—1)k+k")
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Let H := H\ Wy. Recall that N?IkSH(VO) does not contain any vertex in Wy (see (4.3)). Hence
N (Vo) = Ni, (V) for any i < 3k3 + Lo /

Note that the above definition of X!, Y}, Z! uniquely distributes all vertices of V. Indeed,
first note that either Y = V=1 for all i € [r] or X! = X!~ for all i € [r] depending on
whether Hy € H, for some ¢ € [r] (in which case ¢’ € [t*]) or Hy € H¥ for some s € [q] or
Hy € H.,, for some (s,k") € [q] x [k] (in the latter two cases we have ¢’ € [t] \ [t*]). Now,
consider Wi, N (N% (Vo) \ N& 1 (Vp)) for & € [k] and a € N. Note k” = my (k') for some k' € [k].
Then either a > (by —2)k+k or a € (' —1)k+ K]\ [(' —2)k + k'] for some unique b’ € [by —1].
Thus indeed every vertex of V¥ belongs to exactly one of X! or Y} or ZV'.

It is easy to see that the above definition with (4.21), (Zl)i‘zl and (Z2)Z'Il implies (Z1)% | and
(Z2)} |. Also, (Z72i1 is obvious from the construction. Moreover, (Z3)} 7! and (H3)s; imply
(Z3)Y | while (Z6)% 7" implies (Z6)4 . Similarly, we have ey (Y}, th/) =0ifij ¢ EF(R). We now
verify the remaining assertions of (Z4)% ,. First suppose that

En(X!, Z))\ En(X] 1, 2071 #0 or Eu(Y!, Z))\ Ea (Y™, 257" # 0.
Then by (H3)41, we have i = py (k') for some k' € [k] and i' = j(t', (b — 1)k + k") for some
kK" € [k] and b € [by — 1], and H contains an edge between

WE i\ NG =2 7y and W oy 0 N DR 7y

7rt/
This means that (by —2)k + k' < (b— 1)k + k”. Thus b = by — 1 and k¥’ < k”. Moreover, since
W;;/(k,) is an independent set of H, we have k' # k”. Since (4.20) implies that i = py (k') =
J(, (by — 1)k +K') and &' = j(t', (by — 2)k + k") with 0 < (by — D)k + K — ((by —2)k + k") < k,
again this with (4.20) implies that 7’ € E(R). Now suppose that
xy € Ey(Z8, Z5)\ Ex(Z28 71, 25 71) with 2,y ¢ Vo.
Then by (H3)4.1, we have i = j(t/, (b—1)k+Fk') and i’ = j(¢', () —1)k+k") for some b, b" € [by—1]
and k' # k" € [k]. However, the definition of Z! implies that such an edge only exists when
[(b—1k+E)— () —1)k+E")| < k—1. In this case, (4.20) implies that i¢’ € E(R). Finally,
suppose that
vy € By (2, Z5)\ Ex(Z! 7Y, 2571 with z € Von 2F.

Then the definition of Z! implies that i € [k], z € W? and i’ = j(t/,k’) for some k' € [k].
(4.20) implies that j(t', k") = mp (K'). As WT?t/(’f’) U Wfr;,(k') is an independent set of H, we have
i # mp(K'). However, as R[[k]] = R[V(Q})] ~ K}, we know that ii’ € E(R). Thus (Z4)} , holds.
By the definition of X! and Z! with (4.21), it is obvious that (Z5)} ; holds too.

Thus, by repeating this, we obtain a partition X{,..., XL, Y ... YL ZE ...  ZL of V(H)\ Wy
satisfying (Z1)} ,—(Z7)} ;. For each i € [r], let

X=X, X:=X", Vi=Y/\A, Y:=Y'\A, Z:=2! and 7' := 7"

Note that A C Y by (4.9) and (Z2)} ;. Moreover, X,Y,Z’, A forms a partition of V(H) \ Wp.
Now we consider the vertices in Wy. For each w € Wy, let

I, = {Z € [7’] : NH(w) N (Xz U Y;) #* @}
By (4.3), we have Wy N Vy = 0. Hence, for each vertex w € Wy, there exists ¢’ € [t] such that
w € V. As Wy is an independent set, (4.3) with (H3),1 implies Ny (w) C V. This with (Z7)"
implies that |I,,| < k. As [Ng(Iy)| > 0 by (Al)s1, we can assign w to Z! for some i € Ng(I).

Let Zi,...,Zy,Z be the sets obtained from Z1,...,Z/, Z' by assigning all vertices in W} in this
way. By (4.3), (4.9) and (Z5)} ; for each w € Wy we have Ny(w) C X UY. Thus

foralli e [r], we WoNZ; and x € Ny(w), we have x € X; UY; for some j € Np(i). (4.22)
The sets X, Y, Z, A now form a partition of V(H).
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Step 7. Checking the properties of the partition. We now verify that this partition
satisfies (B1)4.1-(B7)4.1. Note that (4.8) implies (B1)41. Consider any ¢ € [n/], and let ¢ € [¢]\[t+]
and (s, k') € [q] x [k] be such that a; € Hy € H,,;,. Then

(4.10) ’ 4.11 /
Nula) — C U wiANETwuwy) 2 W \ NI (1 u )
k"e[k\{k(t")} k" e[k\{k'}
(22)} 1, (Z5)4 4 (4.1),(4.19)
c U Y \Na@2) “E ) vz v\ N2).
R[N (k') V@, ) ieCy

This proves (B2)4.1. Moreover, whenever ¢,t and (s, k') are as in the proof of (B2)41, for each
j' € Cy, we have j' = py(k") for some k” € [k] \ {k'}. Thus by (4.10) and (Z2)} ;, we have
, (412) 2(1 + 1/h)m
t
E[[Ng(ae) N Yy [] S E[[Nu(a) "W o] o

This proves (B7)4.
Properties (Z3)Y 1, (Z4)} 1, (Z5) ; and (4.22) imply (B3)4;.
For each ij € E(Q), let s € [r] and k', k" € [k] be such that i = gs(k’) and j = ¢5(k”). Thus

(H2)4.1,(HT)4.1 2m + 61/57’L

(H3)41,(21)! 3
er (Xi, Xj) =T N Eg(W, (k/) we L) £ ANy N (Vo) = -
Ve[t :Hy €Hs

Thus (B4)4.1 holds. Moreover, given i € [r], let s € [r/] and k' € [k] be such that i = gs(k').
Then

(ZQZ.I (H7)4 1.

! 3
| Xil Yo Wl £ INEE (Vo) — &' Pnfr 00,

' €[t]:Hy M
Similarly, for i € [r], since by (4.9) the vertices of A only belong to V(Hy) for t' € [t] \ [t4],
(Z2);. 3
i =" > Wy, oy \ Al £ [NF (V)]

(K" ):pyr (k') =it €[E]\[*]

@y Z\ tolt Y Z\Wt’k/\A\in

(s,k"):qs (K=t 4.1, et (sk"):qs (K)=i k" €[k] ¢:Hy€H |
WL S s (V(QL) + Vil £ 200%/n = dpw (i) + |Vi] + 2q7%/°n
(s,K"):q5 (k") =i
n; — i+ ePn/r £ 0 n.
Together with (4.3), (Z5)}; and (H2),.1, this now implies that for each i € [r]
| Xi| + |Yil + | Zi| = ns £ n'/*n.

Also, the definition of 72 with (A4),.; implies that |Y;| < 2¢*/3n/r. Thus (B5)4; holds. Finally,
(4.3) and (Z5)4.1 imply (B6)4.1. O

(4.15),(4.16)

5. PACKING GRAPHS INTO A SUPER-RECULAR BLOW-UP

In this section, we prove our main lemma. Roughly speaking, this lemma says the following.
Suppose we have disjoint vertex sets V', Res; and Vy and suppose that we have a super-regular
Kj-factor blow-up G[V] on vertex set V, and suitable graphs G[Res:|, G[V, Res;]|, F[V, Res;]
and F'[Resy, Vp| are also provided. Then we can pack an appropriate collection H of graphs into
GUFUF'. Here V) is the exceptional set obtained from an application of Szemerédi’s regularity
lemma and Res; is a suitable ‘reservoir’ set where V{ is much smaller than Res;, which in turn
is much smaller than V. The k-cliques provided by the multi-k-graph C; below will allow us
to find a suitable embedding of the neighbours of the vertices mapped to V. When we apply
Lemma 5.1 in Section 6, the reservoir set Res; will play the role of the set U U Uy below. Uy will
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correspond to a set of exceptional vertices in Res;. (A9)51 will allow us to embed the neighbours
of the vertices mapped to Uy.

Note that the packing ¢ is designed to cover most of the edges of the blown-up Kj-factor
G[V], but only covers a small proportion of the edges of G incident to U. (A7)51 provides the
edges incident to the vertices mapped to Vp, and (A8)5 1 allows us to embed the neighbourhoods
of these vertices.

Lemma 5.1. Suppose n,n',k,A;r,T € N with 0 < 1/n,1/n' <« n € ¢ € 1/T € a <K
d < 1/k,o,v,1/A <1 andn < 1/r < o and k | r. Suppose that R and Q are graphs with
V(R) = V(Q) = [r] such that Q is a union of r/k vertex-disjoint copies of Ki. Suppose that
Vo, -y Vi, Uny ..., Uy is a partition of a set of n vertices such that |Vy| < en, |Uy| < en and for
all i € [r]
g mUTEE o (20
r Tr

Let V := Uie[r} Vi and U = Uie[r] U;. Suppose that G, F,F'" are edge-disjoint graphs such that
V(G) =VUUUUy, F is a bipartite graph with vertex partition (V,U), and F' is a bipartite graph
with vertez partition (Vo,U) such that F' = Ui U where all the F,, are pairwise
edge-disjoint stars with centre v.

Suppose that H is a collection of (k,n)-chromatic n-separable graphs on n vertices, and for
each t € [T] we have a multi-(k — 1)-graph C; on [r] and a multi-k-graph C} on [r] with E(C;) =
{Coi v eV} and E(Cf) = {Cy, : v € Vo}. Assume the following hold.

(A1)5 1 For each H € H, we have A(H) < A and e(H) > n/4,

A2)51 n* <e(H) < (1 —v)(k—1)an?/(2r),

A3)s5.1 G[V] is (T2, a)-super-reqular with respect to the vertex partition (Q,Vi,..., V),
4)51 for eachij € E(R), the graphs G[V;, U;] and G[U;,U;] are both ('/°°, (d®)) T -regular,
5)s1 0(R) > (1—1/k+o)r,
6)
)
)
)

veVy U R

51 for allij € E(Q) and u € U;, we have dpy,(u) > d3n/,
7)s5.1 for allv € Vg and t € [T] and i € Cyy, we have dpr 17, (v) > (1 — d)a|Uj,

A8)5.1 for allv € Vg and t € [T], we have Cy,y C Cyy, R[C},] ~ Ky, and A(Cf) < 63/#,
A9)51 for each u € Uy, we have

[{i € [r] : da,v; (u) > d®n’ for all j € Ng(i)}| > /4
Then there exists a packing ¢ of H into GU F U F’ such that
(Bl)s.1 A(p(H)) < 4kAan/r,
(B2)5.1 for each u € U, we have dypna(u) < 2Ae 3 /r,
(B3)5.1 for each i € [r], we have eyyna(Vi, U U Up) < e/2n2? /12,

Roughly, the proof of Lemma 5.1 will proceed as follows. In Step 1 we define a partition
of Uy and an auxiliary digraph D. In Step 2 we define a partition of each H € H. For each
graph H € H we apply Lemma 4.1 to partition V(H) into XH Y ZH AH We will embed
A" into Vj and the remainder of H into V U U U Uy. In Step 3, we apply Lemma 3.6 to find
an appropriate function ¢’ packing {H[YH? U ZH U Af] . H € H} into G[U] U F'. Guided by
the auxiliary digraph D, in Step 4 we modify the partition by removing a suitable W¥# from
X (so that we can later embed X7 \W into V). We will also find a function ¢” packing
{HWH] : H € H} into G[U] in an appropriate way, which ensures that later we can also
pack {H[XH\ WH WH] : H € H} into F[V,U] U G[V,U]. In Step 5 we will partition H into
subcollections Hi 1, ..., Hrw and use Lemma 3.14 to pack {H[X \ W] : H € H;,,} into an
internally g-regular graph H;,, (for some suitable ¢). Finally, in Step 6 we apply the blow-up
lemma for approximate decompositions (Theorem 3.15) to pack {Hy, : t € [T],w’ € [w]} into
G[V] such that the packing obtained is consistent with ¢’ U ¢".

Proof. Let r' := r/k and Q1,...,Q, be the copies of Kj in Q. Let ng := |Vp| and Vj =:
{v1,...,Uny}. By (Al)51, for each H € H, we have

e(H) < An. (5.1)



26 PADRAIG CONDON, JAEHOON KIM, DANIELA KUHN AND DERYK OSTHUS

Moreover,

K= |H| < 201 —v)(k—1)an/r (5.2)

Step 1. Partition of Uy and the construction of an auxiliary digraph D. In Step 2, we
will find a partition of each H € H which closely reflects the structure of G. However we need
the partitions to match up exactly. The following auxiliary graph will enable us to carry out
this adjustment in Step 4. Let D be the directed graph with V(D) = [r] and

E(D) = {ij : i # j € [r], No(i) € Nr(j)}. (5-3)
For each ij € E(R), we let
Ui(j) = {u € U; : dg v, () > (d* — /P)n'}.

Then (A4)s,; with Proposition 3.4 implies that |U;(j)] > (1 — 2¢¥/59)|U;|. For each ij € E(D),
we define
UPG) = () Ui, (5.4)
Z"GNQ(i)
then we have
UP @) > (1 - 2(k — D)e/*)|U;| = n/(2T7). (5.5)

In Step 4 we will map some vertices x € V(H) whose ‘natural’ image would have been in V; to
U JD (1) instead, in order to ‘balance out’ the vertex class sizes.

Claim 3. There exists a set I* = {i},...,i}} C [r] of k distinct numbers such that for any
k' € [k] and j € [r], there exists a directed path P(i},,j) from i}, to j in D.

Proof. First, we claim that all ¢ # j € [r] satisfy that N;(i) N N5(j) # 0. Indeed, as
INr({i,7})| = 26(R) —r > (1 — 2/k + 20)r, we have that
s € ") INrwign (63D = k= 1} = o7 = 3,
Thus there exists s € [r'] such that 7, j ¢ V(Qs) while [Ng v (,)({i,7})] = k& — 1. We choose
i € V(Qs) such that Qs \ {4’} € Nr({4,}), then (5.3) implies that i,7 € N}, (j').
Now, we consider a number i € [r] which maximizes |A(7)|, where
A(i) ={j € [r] : there exists a directed path from ¢ to j in D}.

If there exists j € [r] such that j ¢ A(i), then by the above claim, there exists j' € [r] such
that i,j € N (j'). Then A(i) U{j} C A(j’), which is a contradiction to the maximality of A(i).
Thus, we have A(i) = [r]. Let i} := 1.

Since dg(i}) > 6(R) > (1 —=1/k+0)r by (A5)s.1, we have [{s € [r'] : Npy (g, (i) = k}| > or.
Thus, there exists s € [r'] such that V(Qs) C Ng(i}), and this with (5.3) implies that V(Qs) C
N, (7). Welet i3, ..., i} be k— 1 arbitrary numbers in V(Qs). Then for all ¥’ € [k] and j € [r],
there exists a directed path from i3, to 77 and a directed path from ¢} to j in D. Thus there
exists a directed path from i}, to j in D. This proves the claim. O

We will now determine the approximate class sizes n; that our partition of H will have. For
this, we first partition Up into U7, . .., U, in such a way that the vertices in U] are ‘well connected’
to the blow-up of the k-clique in ) to which ¢ belongs.

For alli € [r],u € U} and j € Ng(i), we have dg,v,(u) > d*n’ and |U]| < 263/4n /7. (5.6)

Indeed, it is easy to greedily construct such a partition by using the fact that |Uy| < en and
(A9)5.1.

For ¢ € I'*, we will slightly increase the partition class sizes (cf. (5.9) and (X5)51) as this will
allow us to subsequently move any excess vertices from classes corresponding to I* to another
arbitrary class via the paths provided by Claim 3. For each i € [r], we let

ni :=n'+ Uil + |[Uj| = [Vil + U] + |Uj], (5.7)
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then we have

= (1= 1/T £ 2e)n/r + (1 £2e)n/(Tr) £ 2% *nfr = (1 £ e*?/2)n/r and Y " n; =n — no.

i€(r]
(5.8)
For each i € [r] we let
i+ (=1 ifie I
S { n; —n'/°n if i € [r]\ I*. (59)
This with (5.8) implies that for each i € [r],
2/3),,
Ty = (1i5 and an Znizn—no. (5.10)

1€[r] i€[r]

Step 2. Preparation of the graphs in H. First, we Will partition H into T collections
Hi,...,Hp. Later we will pack each H; into GU F U Uvev0 vt (Recall that the F ;, form a
decompos1t10n of F'.) As GU F U F' has vertex partition Vj,..., V., Uy,...,U,, U{,..., U, for
each H € H, we also need a suitable partition of V/(H) which is compatible with the partition
of the host graph G U F U F’. To achieve this, we will apply Lemma 4.1 to each graph H € H;
with the hypergraphs C; and C; to find the desired partition of V(H).

By (5.1) we can partition H into Hy,...,Hr such that for each t € [T7,

(H) = (M) T+An 2 (1 =23tk — 1)n?/(2Tr), and
|Hs] (A1<) de(Hi)/n < 2a(k — 1)n/(Tr). (5.11)

For each ¢t € [T], we wish to apply the randomised algorithm given by Lemma 4.1 with the
following objects and parameters independently for all H € H;.

object/parameter‘H‘R‘Q‘Ct‘(]t" O‘Cwyt‘C;k“‘B/d]‘ ‘ ‘
playing therole of | H | R|Q [ F | F*|[n' | Co | C; | h |n|e]

k
k

Indeed, (A5)5.1, (A8)s5.1 imply that (Al)s1, (A2)s; and (A3)41 hold with the above objects
and parameters, respectively. Moreover, (5.10) implies that (A4)s; holds too. Thus we obtain
a partition X ... xXH viH . yH zH ZH AH of V( ) such that A7 = {a{{,...,anHO

is a 3-independent set of H and the following hold, where X := UZe i Xi " yH .- Uie[r] Y,
and ZH = UiE[T] ZZI{

(X1)5.1 For each ¢ € [ng], we have dy(all) < @td)e(H)

n
(X2)5.1 for each ¢ € [ng], we have NH(aé ) C UzGCve . YH \ Ny (z1),
(X3)5.1 H[X!] admits the vertex partition (Q,X{T,...,XH), and H \ E(H[X"]) admits the
vertex partition (R, X uyfuzH{ ... XHuU Y;H uzHh,
(X4)5.1 for each ij € E(Q), we have eH(XZH,X]H) = %,
(X5)5.1 for each i € [r], we have [V;7| < 2¢¥/3n/r and |XH| 4+ |Y| + |Z7| = n; + 5'/*n; in
particular, this with (5.9) implies that for each i € [r], we have

[ni,n; +0'%n] ifie I*,

= |XH +1YH|+ 27| ¢
| X7+ Y+ 1257 [ni—ﬁl/ﬁnani] otherwise,

(X6)5.1 NE(XH)\XH C ZH and |Z2H] < AN 09y,

(X7)5.1 for all £ € [no] and i € Cy, 4, we have E[Ny (all) N V;H] < %.

By applying this randomised algorithm independently for each H € HyU---UH7p, we obtain

that for all t € [T, £ € [no] and i € Cy, 1, we have E[Y o). INg(al)nYH|] < % Note

that for each H € H;, we have |[Ny(al') N Y| < A. As our applications of the randomised
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algorithm are independent for all H € #H;, a Chernoff bound (Lemma 3.1) together with (A2)5 1
implies that for all t € [T, £ € [ng] and i € C,,+, we have

H H 2(1 + d)e(Ht) d2€(Ht)2/((k - 1)2n2) (5'11)’(A2)5'1 _nl/S
; > v KL — < .
]P’[ g |Ng(ap ) NY;H| = 1)n < 2exp( SN [H,| < e

HeHy

By taking a union bound over all ¢ € [T],£ € [ng] and i € C,, +, we can show that the following
property (X8)s51 holds with probability at least 1 — anoe_”1/3 > 0.

(X8)5.1 For all t € [T], £ € [ng] and i € Cy, s, we have Y-y, [Np(af') Y| < W.

Thus we conclude that for all H € ‘H there exist partitions X oo XH Y1 oL YH o ZH Oz
AH of V(H) such that A = {afl ... all}is a 3- 1ndependent set of H and such that (X1)5 1-
(X6)5.1 and (X8) 5.1 hOld

Note that 3 _;cp, nil = |V (H)| — |A”| = n—ng. This with (5.8) implies that for each H € H,

we have

) ’n,o

Y@ —ni)= Y (m—nf"). (5.12)

iel* ie[r)\I*
The following claim determines the number of vertices that we will redistribute via D.

Claim 4. For each H € H, there exists a function f : E(D) — [n*/™n] U {0} such that for

each i € [r], we have
DA I D )

JENL(4) JEN (9)

Proof. By (X5)5.1, for each i € I*, we have i —n; > 0 and for each i € [r] \ I*, we have
n; —n > 0. Thus by (5.12), there exists a bijection g* from

U{z H_ni] to U {i} x [n; — .
iel* i€[r]\I*

For all i € I* and m € Al —n;], let g™ (i,m) =: (¢ (i,m), g’ (i,m)) and let P, ,, be a directed
path from i to gf7(i,m) in D, which exists by Claim 3. As g/ is a bijection, for each i € [r], we
have

ifi eI,
(91 ) ()| { n; —nH otherwise. (5.13)

For each ij € E(D), we let
P = {(i",m) i € I*,m € [AY —ny] and ij € B(Pyn,)}l.
Then for each ij € E(D), we have
- (X5)s5.
A < | U< @l —nil|] = knYon <yt
eI

Note that for any ¢ € I* and m € [ﬁfl — n;, the path P, starts from a vertex in I* and ends
at [r] \ I*. Thus for each i € [r] we have

D A ) D el 61
JENG () JEND (i)
= |{(@',m) :m e A —nyl,i=1 € '} = |{G,m): i € I*,m € [l —ny],gf (i’ m) = i}|
M —n)—0=nf —n, ifi € I*,
= H\—1/: (5.13) ~H .
0—(gy") (1) ="n —n; otherwise.

This proves the claim. O
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For each H € H, we fix a function f satisfying Claim 4. For each ij ¢ E(D), it will be
convenient to set f7(ij) := 0.

We aim to embed vertices in X UY;# U Z into V;UU; UU!. As |V;UU;UU!| = n;, by (5.7),
it would be ideal if | X7 UY 7 UZH| = n; and | X | = n/. However, (X5)51 only guarantees that
this is approximately true. In order to deal with this, we will use D and f¥ to assign a small
number of ‘excess’ vertices u € X into U; when ij € E(D). The definition of D will ensure
that the image of u still has many neighbours in Vs for all i' € Ng(4).

Step 3. Packing the graphs H[YUZ7UA!] into G[U]UF'. Now, we aim to find a suitable
function ¢’ which packs {H[Y?UZH UAH]: H € H} into G[U]UF’. In order to find ¢', we will
use Lemma 3.6. Moreover, we choose ¢’ in such a way that we can later extend ¢’ into a packing
of the entire graphs H € H. One important property we need to ensure is the following: for any
vertex x € X]H which is not embedded by ¢', and any vertices y1,...,y; € Ng(z) N (Y7 u zH)
which are already embedded by ¢, we need Ng(¢'({y1,...,%i})) N'V; to be large, so that z can
be later embedded into Ng(¢'({y1,-..,yi})) N'Vj. For this, we will introduce a hypergraph Ny
which encodes information about the set Ny (z) N (YH U ZH) for each vertex x € X*. In order
to describe the structure of G and H more succinctly, we also introduce a graph R’ on [2r] such
that
E(R) = {ij: (i—r)(j—r) € B(R) or i(j — ) € B(R)}

For all i € [r] and H € H, let Vi, :=U; and X =Y U Z/. Note that (X3)5, and (Ad)s,
imply that for each H € H,

H[YH U ZM) admits the vertex partition (R',0,...,0, Xﬁrl, oo X3 and

G is (/%9 (d®))F-regular with respect to the partition (R', Vi, ..., Va,). (5.14)
For all H € H and z € X let
ero = Nig(z)\ X "L Ny (2) 0 ZH.
Let N be a multi-hypergraph on vertex set Z¥ with
ENg) :={eg.:x € Ny(Z%)n X1}, (5.15)
and let fy : E(Ng) — [r] be a function such that for all z € X, we have that x € Xﬁ;(efr,m)'

Then A(Ny) < A and Ny has edge-multiplicity at most A. Note that, as Ny is a multi-
hypergraph, there could be two distinct vertices = # 2’/ € X such that e H,z and ey 4/ consists
of exactly the same vertices while fy(enq) # fr(emq)-

Our next aim is to construct a function ¢’ which packs {H[Y” U ZH U A" : H € H} into
G[U]U F’ in such a way that the following hold for all H € H.

®'1)5.1 For each e € E(Np), we have [Ng(¢'(e)) N Vi, (o)) > d5A\VfH(6)\,

®'2)51 for each v € V(G), we have |{H € H :v € ¢'(HYH U ZH])}| < e¥/8n/r,

®'3)5, for all i € [r] and H € H, we have ¢/(V; U ZH) C U;, and

D'4)51 ¢ (AH) =Vj.

Claim 5. There exists a function ¢' packing {H[YT UZH U AT] . H € H} into GIU]UF' which
satisfies (®'1)51—(D'4)5.1.

(
(
(
(

Proof. Let ¢f, : ) — () be an empty packing. Let Hy,..., H, be an enumeration of 7. For each
s € [k], let
HE = {Hg Y U ZHy U A 2 6 e [s]).
Our aim is to successively extend ¢ into ¢},..., ¢, in such a way that each ¢ satisfies the
following.
(®'1):, ¢ packs H* into G[U]U F’,
(@'2), for all s’ € [s] and e € E(Np, ), we have [Ng (¢} (e)) N VfHS/ (0] = d5A|VfHS, (@l
(®'3): | for each v € V(G), we have [{s' € [s] : v € gb’( Yo U ZHs )} < eVon/r,
(®'4)g | for all i € [2r] \ [r] and s" € [s], we have ¢ (X; ) c Vv,
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(®'5)2 | for all s € [s] and ¢ € [ng], we have qﬁ’s(afs') = vy,
(®'6); , for all s' € [s], t € [T] with Hy € H;, we have ¢, (Hy[YHs U ZHs U AHY]) C GIUJU
UUEVO Fé,t'
Note that ¢f, vacuously satisfies (®'1)2,—(®'6)2,. Assume we have already constructed ¢,

satisfying (®1)3 ;—(®'6)3 ; for some s € [k —1]U {0}. We will show that we can construct ¢/ ;.
Let

G(s) = G\ ¢ (H").

For all ¢ € [ng] and af‘“’l € AHs+1 ) we first let

Plar* ) == vp. (5.16)
For each i € [2r] \ [r], let
bad | H " el/8n
Vo fo e Vi € [o v e g (HAY R U 28 > ),
Note that
H_
(®'4)3 rers) 1Yo U (X5)5.1,(X6) . (5.2) g1/5
jy/ba) 20 Zse[s}sj/; e T g seys, TS €T T”_ (5.17)
efn _ g

r

Let t € [T] be such that Hgyq € H;. Forall i € [2r]\ [r] and = € Xfls“, we let

Vi (00) \ (Ngr 34y () U VD) i @ € Nig,,, (a) ") 0 X[ for some £ € [no],

N
B, = vg,tVi
Vi\ Vbad otherwise.

We will later embed x into B,. Note that if x € Ny, (a HS“) then x ¢ Ng, (afS“) for any

0 € [ng) \ {¢} as Af=+1 is a 3-independent set in Hyy1. Also, if z € Ny, , (afs“) N st“, then
by (X2)5.1 we have i —r € C,, ;. Thus in this case

| Bz | > dpr v, (ve) — dg (1o)nFy, vi(ve) = V22|

vy, t?
(A7)5.1,(5.17)

> (1 = d)Uir| = dg(noynry, , vi(ve) = etPn/r
Ef}f?);.h(g‘l));p
/5 s , /6 s‘
S - dalUi > [Nm () Y | = Vo
s'els|,Hy €My
(x5 21 +d)e(Hy)
> 1= d)o| Ui, | — == T2 1/
> (=it - 2 nfr
(5.11) 1 1—-2
> (1 *d)Oé’Uifr’ . ( +d)( - 7//3)Oén *81/571/7' > 042|U1'7r| — O£2|V;".
T

If © ¢ Np,,,(a,**") for any € € [ng], then |B,| > |V;| — [VPd| > (1 — !/10)|V;|. So, for all
€2r]\[r] and z € XZ.HS“, we have

B, CV;, and |B,| > ?|Vj|. (5.18)

For each i € [r], let P; := (), and for each i € [2r] \ [r], let P; := st“. We wish to apply

Lemma 3.6 with H[Ys+1 U ZHs+1] playing the role of H and with the following objects and
parameters.

object/parameter‘G()‘R"%‘Pi‘sl/m‘A‘n" ‘ 3‘NH+1‘ ‘1/(2T)‘Bm
playmgtheroleof‘ ‘R‘V‘Xi‘ € ‘A‘n‘a‘ ‘ M ‘ f ‘ 15} ‘A

)

xr
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Let us first check that we can indeed apply Lemma 3.6. Note that for each ij € E(R') with
i€ [2r]\ [r],

oV Vi) = eaVi Vi) =AY [ €ls]:v e gl(Hy [y U 2]
veV;
(®'3)3. (Ad)5.

2" eaVi V) = A ElVilfr 2T (1= e (Vi V).
Thus (5.14) with Proposition 3.3 implies that (A1) ¢ of Lemma 3.6 holds. Again (5.14) implies
that (A2)36 holds. Conditions (A3)s¢ and (A4)s6 are obvious from (Al)si, (X3)51 and the
definition of Ny, . Moreover, (5.18) implies that (A5)36 also holds. Thus by Lemma 3.6, we
obtain an embedding v : Hyy1[Y s+t U ZHs+1] — G(s)[U] satisfying the following.
(P1)5h! For each x € YHs+1 U ZHs+1 | we have ¢/ (x) € B,
(P2):4! for each e € E(Ny,,,), we have |[Ng (' (e)) N Vi, (e )| > (d3/2)2|Vy,, v ()]

Let ¢/, := ¢s Uy Uy’ By (5.16) with the definitions of G(s) and B, this implies (®'1)$%" and
(@'6):1!. As d < 1, (P2)5h! implies (®'2)5!, and the definitions of B, and V;?*d with (P1)5H!
and (®'3)Z, imply (<I> 3)stL. Property (P1)5h! and (5.18) imply that (®'4 )g‘gl holds. (®'5)5H!
is obvious from (5.16). By repeating this for each s € [k — 1], we can obtain our desired packing
¢ = ¢l.. Since (®'1)F,—(®'5)F, imply that ¢’ is a packing of H" into G[U] U F’ satisfying
(®'1)5.1—(P'4)5.1, this proves the claim. O

Step 4. Packing a 3-independent set W C X into U U Uy. In the previous step, we
constructed a function ¢’ packing {H[YH U Z# U Af] . H € H} into G[U] U F’. However,
for each graph H € H, the set ¢/(H) only covers a small part of U. Eventually we need to
cover every vertex of G with a vertex of H. Hence, for each H € H we will choose a subset
WH C XH of size exactly |U U Ug| — |[YH U ZH|, and we will construct a function ¢” which
packs {H[WH] : H € H} into G[U U Up]. As later we will extend ¢’ U ¢" into a packing of H
into GUFUF’, we again have to make sure that for any = € XiH \ WH# with neighbours in WH,
there is a sufficiently large set of candidates to which x can be embedded. In other words, the
set V; N N(¢"(Ng(z) N WH)) needs to be reasonably large. To achieve this, we choose W to
be a 3-independent set, so | Ny (z) N WH| < 1, and we will map each vertex y € Ny (z) N WH
into a vertex v which has a large neighbourhood in V;.
Accordingly, for all H € H and i € [r], we choose a subset WH C XH satisfying the following:
(W51 Uiey W, WH is a 3-independent set of H,
(W2)5. for each i € [r], we have

, 1+e/")n
W) = 1) = 2 gt | |20 o TR OO LT

(W3)5.1 Usepy W N Ng (Z27) = 0.
Indeed, the following claim ensures that there exist such sets WZ-H .
Claim 6. For all H € H and i € [r], there exists WiH C XZ-H such that (W1)51-(W3)5.1 hold.

Proof. We fix H € H. Assume that for some i € [r], we have already defined W{,... , Wi,
satisfying the following.

(W)e ! Uirepi-1) W1 is a 3-independent set of H,

(W'2)i7! for each i’ € [i — 1], we have |[W/| = | X| —n/ = %,

(W3)53" Uprepi—y Wi N N7 (Z2H) = 0.
Consider W/ := XH\(UZ €li-1] NE(WHYWNE(ZH)). Note that (X6)5.1 implies that |[NZ (Z)| <
8A3K 209 - Also, (X3)5., with (X6)5. implies that

U veowihnxf cNyz"yo | NEW).
i’efi—1] i'€Ng (4)N[i—1]
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Thus
wit > IXP| = ING(ZT) - > INEWA)
i'eNg(8)N[i—1]
(W2)it . 2, (X5)5.1,(5.10)
ST X | - 8K 09, % = AY(XE ).

Thus, by Lemma 3.21, WZ»’H contains a 3-independent set WZ-H of size \XZH | —n/. Then, by the
choice of WH, (W'1)% ,—~(W’3)%, hold. By repeating this for all i € [r] in increasing order, we
obtain W satisfying (W'1)Z ;—(W’3)% ;, and thus satisfying (W1)51—(W3)51. This proves the
claim. t

For all H € H and i € [r], let WH := Uier WA and W; := ey Wi, where we consider
the sets V(H) to be disjoint for different H € #H. Note that for all H € H and i € [r], Claim 4
implies that 0 < ZjeN‘g(z’) fH(ij) < rnY/"n. For all H € H and i € [r], we choose a partition
WHE U g HD of WH such that

W = |Uf] and (WP = 37 fE) < e (5.19)
JEN(0)
Such partitions exist by (5.6), (W2)s51 and the fact that n < e < 1/T. For each S € {F,D,U'},
we let WHS .= Uiep WiH’S.

We now construct a function ¢” which maps all the vertices of W into UyU(U\ ¢/(Y U ZH))
for each H € H. (In Step 6 we will then apply Theorem 3.15 to embed all the vertices of
XHN\ WH into V.) We will define ¢ separately for W WD and WHU" We first cover
the ‘exceptional’ set Uy with WU, (5.19) implies that for all H € H and i € [r], there exists
a bijection gb’l’ﬁl from WZ-H’UI to U/. We let ¢y = Upey UiE[T] gb’[’ﬁl Then (5.6) implies the
following.

For all i € [r] and H € H, the function ¢, is bijective between WiV and U/.

)

Moreover, for all x € WiH’U/ and j € Ng(i), we have dav, (¢}, (x)) > d*n/.

We intend to embed the neighbours of W/ into | ieNg (i) V;. Thus it is natural to embed W}

(2

(5.20)

into U; and make use of (A6)5.1. This is in fact what we will do for WiH’F. However, the vertices
of WZ-H’D will first be mapped to a suitable set of vertices in UJD (i) C Uj for j € N (i). The
definition of D and fH will ensure that the remaining uncovered part of each U; matches up
exactly with the size of each W]-H’F.

By (5.5), for all ij € E(D) and H € H, we have

. (X5)s. )5.1
UP @\ ¢ (YT Uz > n/@Tr) YU Z]] 2 |U;1/3.
For i € [r] and H € H, we let

_,_ Claim 4
b= > G < T <.

JEND(3)

Thus, for each i € [r], we can apply Lemma 3.18 with the following objects and parameters.

object/parameter ‘ K ‘ r ‘ HeH ‘ Ui ‘ j €| ‘ UP(H)\ ¢/ (YHUZH) ‘ nt/10 ‘ FH (i) ‘ b ‘ 1/3

?

playing the role of‘ s ‘ r ‘ i€ [s] ‘ A ‘ Jj€lr] ‘ Aij ‘ € ‘ m;. ‘ > el M ‘ d
(Recall that f(ji) = 0 if ji ¢ E(D).) Then we obtain sets Uﬁ C U; satisfying the following
for each i € [r], where U := Ujepy UZ{?.

(Ul)s.1 For each j € [r] and H € H, we have ]UZI§| = fH(ji) and UZ% CUPG)\ (YU ZH),
(U2)5.1 for j # j' € [r] and H € H, we have U/ N U, =0,
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(5.2)
(U3)5.1 for each v € U;, we have |{H € H :v € UH} < nV/2|H| < n'/?n.

Now for all H € H and ¢ € [r], we partition WiH’D into Wﬁ’D,...,Wﬁ’D in such a way
that ]WZ}§D| = fH(ij). Clearly, this is possible by (5.19). Thus (Ul)s, implies that for all
(i,5) € [r] x [r] and H € 7—[ we have ]WH’D| = fH@i5) = | JI{ . Thus there exists a bijection
¢t WP URL Let ¢y = U jyepiwim Unen @25 ;- Then, for ij € E(D),H € H and

€ Wi’j’D, we have that
ply) € UL CUP @)\ ¢' (YT Uz,
Thus, (5.4) with (Ul)s; and (U2)5; implies the following.
For each H € H, the function ¢, is bzyectwe between Uze[r ZHD = WHD
Uiep UH. Moreover, for all x € Wl P and j' e Ng(i), we have de,v,, (¢h(2)) > (5.21)
d3n’ /2.
Now, for all H € H and i € [r]

and

’ (519)(W2O -
W/ = (W — W — WP (0. D o B N S (7))
JENL ()
L D D ) I L B R 7
JENL(45)
Claim 4 -
=0 = Y HGH - I 120 - - U]
JENL(3)
(5.7),(U1)s. ®'3)5
0 g = v =1z - S o T2 o\ @ (i oz u o).

JENG (i)

Thus, there exists a bijection gb'}’;}{ from W to U \ (¢/(VE U ZH) U UH). Let O =

7

Uren Uiep (;5}@1;1 Then (A6)5.; implies the following,.
For all H € H and i € [r], the function ¢y, is bijective between WiH’F and U; \ (¢ (V;H U
ZIYUUH). Moreover, for all z € W/ and j € Ng(i), we have dry, (¢ (x)) > d*n'.
We define

(5.22)

" = ¢l U P U and ¢y = ¢ U@". (5.23)
Then (5.20), (5.21) and (5.22) imply that ¢” is bijective between W and (UUUy)\ ¢’ (Y UZH),
when restricted to WH for each H € H. Thus, we know that
¢ is bijective between WH UYH U ZH U AH and UUUyUVj for each H € H. (5.24)
Moreover, (5.20), (5.21) and (5.22) imply that the following hold for all ¢ € [r] and H € H.
(®.1)5.1 If o € W/, then ¢,(z) € U and, for each j € Ng(i), we have dry; (¢« (x)) > d®n’,
(®.2)51 ifx € WiH’D,, then ¢,(z) € U and, for each j € Ng(i), we have dg,v, (¢(z)) > d*n’/2,
(®.3)s5.1 if € WP, then ¢.(z) € Uy and, for each j € No(i), we have dg,v, (¢«(z)) > d®n’.
Furthermore, (®'2)51 with (U3)s51 implies that
(®,4)5.1 for u € U, we have [{H € H :u € ¢ (YH U ZH UWHDY} < 2eY/8nr.
Step 5. Packing the graphs H[X? \ W] into internally regular graphs. Note that
(X6)5.1 and (W3)s5.1 together imply that Ng(WHH)n (Y uZ" U AH) = ) for each H € H. This
implies that ¢, is a function packing {H[Y 7 UZH UWHUAM] . H € H} into GIUUU]UF’. We
wish to pack the remaining part H[X \ W] of each H € H into G[V] by using Theorem 3.15.
In order to be able to apply Theorem 3.15, we first need to pack suitable subcollections of H

into internally g-regular graphs. More precisely, for each t € [T], we will partition H; into
Hia, ..., Hiw and apply Lemma 3.14 to the unembedded part of each graph in H;,s to pack
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all these parts into a graph H;,,s on |V| vertices which is internally g-regular. We can then use
Theorem 3.15 to pack all the Hy .y into G[V] in Step 6.

For this purpose, we choose an integer ¢ and a constant £ such that 1/7 < 1/¢ < £ < a and
let

._ e(H) (A2s1 (1 — v/2)an’
U A 3OT (k- Dgn/2 e (5.25)

By using (5.1) and (5.11), for each ¢ € [T], we can further partition H; into Hy 1, ..., Hsw such
that for each (t,w’) € [T] x [w], we have

e(Hew) = (1 =38)(k —1)gn/2 £ 2An = (1 — 3§ £ £/2)(k — 1)gn/2. (5.26)
By (Al)s54, we have

Heaw| < 20k —1)g < (g€)*>. (5.27)

For all H € H and i € [r], let )?ZH = XH\ WH and XH .= Uiepy )NCZH Thus, by (W2)51 we
have | XH| = n’ for all H € H and i € [r]. Moreover, for all t € [T], w’ € [w] and ij € E(Q), we
have
> HXLX) = 3 (e X = AW+ )
HeMH, HEM,
(X4)5.17:(W2)5.1 Z 2e(H) + el/op 4 3An
(k—1)r Tr

) O29 (1 _ 3¢ + £)qn/(5.28)

HE'Ht’wl

When packing H[X"] and H'[X''] (say) into the same graph H;,s, we need to make sure
that the ‘attachment sets’ of H[X "] and H'[X'] are not mapped to the same vertex sets in
H;,y. The attachment set for H [XH] contains those vertices of X which have a neighbour
in WHuUYH"UZH U A" (more precisely, a neighbour in W# U Z#) and is defined in (5.29).
Keeping these attachment sets disjoint in H; ,» ensures that we can make the embedding of each

X consistent with the existing partial embedding of H without attempting to use an edge of
F or G twice. For all i € [r] and H € H, we let

NI = ) NEWIETYAXE and NG = Ny(zPuwHPu ) Wi nxH

iIENQ(i) iIENQ(i)
(5.29)

Note that (W1)s1, (W3)5, and the fact that WHE WHD WHU form a partition of W#
implies that

NPEA NS = (5.30)

Moreover, if x € NiH’F then 2 has a unique neighbour in W7, Similarly, if x € NZ-H’G, then

either z has a unique neighbour in WP U WHU" or z has at least one neighbour in ZH (but
not both). Note that for ¢ € [r] and H € H,

H,F H,G H,F HU' ;
[N; 7T UN; < S AW+ W) + A2+ (WP
’€Ng(3)

(W (519)
W2)s5.1,(5.19

sé 2Akn +4A3’“3+1770’9n+ Ar2gt T < 723y, (5.31)

r
For each i € [r], we consider a set XV@ with |)A(Z| = n’ such that )?1, . ,)A(r are pairwise vertex-

disjoint. For each (t,w') € [T] x [w], let Hyur =2 {H} /... H/G")}. Then, by (5.27), (5.28),
(5.31) and (X3)5.1, we can apply Lemma 3.14 with the following objects and parameters for each

(t,w') € [T] x [w].



A BANDWIDTH THEOREM FOR APPROXIMATE DECOMPOSITIONS 35

~ HY
t,w’

_ j
object/parameter ‘ o} '

L X, 3 ‘ L ‘ h(t, w') ‘ Nt uNzﬁf’w”G ‘ Q
pavimg thewoleof | L | X7 [ Vi[nlgl¢] = | s [ W [r

Then for each (t,w') € [T] x [w], we obtain a function ®,,s packing {HIX"] : H ¢
My} into some graph Hy,, which is internally g-regular with respect to the vertex parti-

tion (Q,)?l, .. ,)A(r). Moreover, for all ¢ € [r] and H € H;,y we have O,y (X ) = X, and for
distinct H, H' € H;,y and i € [r], we have

&y (NIE U NG 0 @, (N U NG = ., (5.32)

Note that for all (t,w’) € [T] x [w], the graphs Hy,s have same vertex set ;e X;. For all
i € [r] and (¢t,w') € [T] x [w], we let

L= J W) and M= | @ (V). (5.33)
HEHt,w’ HE’Ht’w/

Then by (5.30) and (5.32) we have
L UMM C Xy and LYY 0 MM =9, (5.34)
y (5.27) and (5.31), for all (t,w’) € [T] x [w] and i € [r]

L UMY < PR < T 2 (5.35)

Step 6. Packing the internally regular graphs H;,, into G[V]. In the previous step, we
constructed a collection H := {Hy1,..., Hr,} of internally g-regular graphs on |V| vertices.

We now wish to apply Theorem 3.15 to pack H into G[V]. However, our packing needs to be
consistent with the packing ¢.. Note that for each H € H the set WH UYH U Z7 U AH consists
of exactly those vertices of H which are already embedded by ¢.. Thus by (X3)5.1, (X6)5 1,

(5.29) and (5.33), it follows that whenever = € X is a vertex of H, . such that the set @, ( )
of pre—lmages of x contains a neighbour of some vertex which is already embedded by gi)*, then
T € Lf vy Mlt " Thus in order to ensure that our packing of H is consistent with ¢+, for each
i € [r], each (t,w') € [T] x [w] and each y € Lg’w/ UM " we will choose a suitable target set
Aty’w/ of vertices of G[V] and will map y into this set.

For all (¢t,w’) € [T] x [w], i € [r] and any vertex y € Lt.’w/ Mp W’ (5 32) implies that there

. . t w, t w Ht w F Ht w G
exists a umque graph Hy" € H;,s and a unique vertex x; € IV, U N, such that
Y= Dy (xy ) Let

t, L t, / Ht’w H t, ’ Ht,w’ Ht,w’ Ht,w/ Ht,w’
Jyw Hm(:cyw)m(w v Uzt ) NHtw(xyw)m(W v UYTy Uzt UATv ).

The final equality follows from (X6)5;. For all (t,w’) € [T] x [w], i € [r] and any vertex
y € Lf’w U Mf’w , we define the target set

tw

qw ) Ne(@ () NV ity e NV
Y T / t,w’
Ne(oo(JEU ) Vs if 2™ e N C

Note that AZ’w/ is well-defined as (5.30) implies that exactly one of the above cases holds.
Moreover, the following claim implies that these target sets are sufficiently large.

Claim 7. For all (t,w") € [T] x [w], i € [r] and any vertex y € Lﬁ’w/ U Mf’w/, we have

ALY > A,
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Proof. We fix (t,w ) [T] x [w], i € [r] and a vertex y € L:f’wl U Mf’w/. For simplicity, we write
H = Hé’w z =z "and J = Jy " Then (5.30) implies that exactly one of the following two

cases holds.
Case 1. z € NiH’F. In this case, (W1)51 and (W3)5.1 imply that

(X3:)5.1

J = Ny(z)nWHF Ny(z)n | J w7 and |J]=1.

#€Ng (i)
Then by (®,1)5.1, we know |A5"'| > d®|V;.
Case 2. z € NiH’G. In this case, by (5.29) and (W3)5.1, we have exactly one of the following

cases.
Case 2.1 x € N5(Z"). In this case, Ng(z) N WH = () by (W3)5;. Thus we have J =

Np(z)n 2. Then (5.15) and (®'1)5.1 imply that [AL"'| = [Na(¢(ema)) N Viy(ena)| = d*2|Vil.
Case 2.2 x € NLH(WHP UWHU") n this case, again (W1)51, (W3)s5; and (X3)5 imply that
J = Ng(z)n (WP uwh) = Ng@)n ) w"Pow,?) and |J]=1.

i €Ng (i)
Thus (®.2)51 or ($.3)51 imply that |At“’ | > d3|V;|/2. This proves the claim. O
Let S := [T] x [w]. Let A be the graph with
VA ={Ey):FeSye ([ LiuMmy
FeS,ig]r]
and

B = {Gy)(Ly): 5 AT€S i €[] (y,y) € (L] x LY U (M x M) and 6.(J5) N 6.(J) # 0}

Note that A is the graph indicating possible overlaps of images of distinct edges when we extend
b« Indeed, if (5,y) and (,y') are adjacent in A, there are z € NHS( ) and 2’ € N ( ;) such

that ¢.(2) = ¢«(2'). If we embed y and 3’ onto the same vertex, then the two edges x?‘jz and xg !
would be embedded onto the same edge of GU F. Thus we need to ensure that ¢(y) # é(y').

Note that for all (5,y) € V(A) and £ € S, we have
{(EY) € Na(E oD} < o'« Hy € Hp bu(T)) N 6.(J5) # 0}

<
< Y W H € Hpv € (L)}
vEPD. ()

< Z > [z e V(H):ve ¢u(Nu(x)}
VEP( )HEH*
< Y > HzeNu(@):v=¢.(a)),2’ € V(H)}
veps(J3) HeEHy
©24 S S A<auy DA< (5.36)

vEP«(J5) HEH

(Here the third inequality holds by the definition of Jg, and the definition of :ng,, the fifth
inequality holds since (5.24) implies that there is at most one 2’ € V/(H) with ¢.(z') = v, and
the sixth inequality holds since ]Jj | <|N Hg(:cgﬂ < A)

Consider any (§,y) € V(A). Then similarly as above we have

> Y e Nule!) v = au(wl)a’ € VY < A2 S a2

vE (J5) HEH
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This shows that
A(A) < at?n) < d*Bn’)2. (5.37)

We can now apply the blow-up lemma for approximate decompositions (Theorem 3.15) with the
following objects and parameters.

object/parameter | G[V] Vi X; Hiw | S=[T]x[w]|q|T7V?|Q
playing the role of | G V; X; H; [s] q € R
object /parameter r Lﬁ’w/ U Mit’w/ AZ"”' @ d>A v A n'
playing the role of | r w? Al d dg a A n

Indeed, (A3)s.1 implies that (Al)s.15 holds, and (A2)3.15 holds by the definition of Hy . Claim 7
and (5.35) imply that (A3)s.15 holds, and (5.35), (5.36) and (5.37) imply that (A4)s15 holds.
Moreover, (5.25) implies that the upper bound on s in the assumption of Theorem 3.15 holds.
Thus by Theorem 3.15 we obtain a function ¢* that packs {Hz: § € S} into G[V] and satisfies

the following, where ¢% denotes the restriction of ¢* to Hj.

(®*1)5.1 for each 5°€ S and y € ;¢ LU M§, we have ¢%(y) € Ag,

(9*2)5.1 for any (3,y)(5,y) € E(A), we have that ¢3(y) # ¢3(y').
We let

¢ =" (| ®s) U ¢n.
5eS

Recall from Step 3 and (5.23) that ¢, = ¢/ U¢", and that ¢’ packs {H[YHUZH UAH]: H € H}
into G[U] U F'. Since each ®z is a packing of {H[X" \ WH] : H € H;} into Hy and ¢*
is a packing of {Hy : § € S} into G[V], we know that ¢ packs {H[X" \ W] : H € H}
into G[V]. Moreover, (®*1)51, ($*2)51 with the definitions of Ag and A imply that ¢ packs
{HIX"\ WH WHF) . H ¢ H} into F, and ¢ packs {H[XH \ WH WHU'] . H € H} into
G[V,Up], and ¢ packs {H[XH \ WH WDy zH] . H € H} into G[V,U]. Thus, we have the
following.

o( [ BEn(r Uz 0 AM) C BqU)UB(F), o | En(XT\WH) C Eg(V),

HeH HeH

o(|J En(XT\WH W) CEe(V,U),  o(|J Ea(XT\WH WH)) C Eq(V,Uy),
HeH HeH

¢(|J Ea(xM\WH wHP G z™) C Eq(V,U). (5.38)
HeH

Also, it is obvious that the restriction of ¢ to V(H) is injective for each H € H. As G[U] U
F',G[V],F,G[V,Uy| and G[V,U] are pairwise edge-disjoint, we conclude that ¢ packs H into
G U F UF'. Moreover, by (5.2) we have A(¢(H)) < A|H| < 4kAan/r, thus (B1)s; holds. By
(5.38) and (®'4)5 1, for u € U, we have

(®+4)5.1 2Ae1/8p,

deannc(u) < A{H e H:ue ¢ (YT UZT WP} <

,
Thus (B2)5.1 holds.
Finally, for i € [r], by (X3)5.1, (X6)5.1, (5.38) we have
eoune (Vi U UTp) < > A(\ZH! + > W+ !WJH’DD
HeH JENG(i) JENG(4)
(5(> 2),(?6)5)17
56),(5.19)  2LA
< RAan <4A3k3n0‘9n +2(k — 1) n/r + (k — 1)rn1/7n)
c1/2p2
< RCRE

which shows that (B3)s; holds.
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6. PROOF OF THEOREM 1.2

The proof of Theorem 1.2 proceeds in three steps. In the first step we will apply the results of
Section 3 to construct suitable edge-disjoint subgraphs Gy s, G, F; s and F{ of G, where Gy 5 is a
Kj-factor blow-up spanning almost all vertices while G}, F; s and F} are comparatively sparse.
In the (straightforward) second step, we simply partition # into collections H; s such that the
e(Hy,s) are approximately equal to each other. Finally, in the third step we will pack each H; g
into Gy s UG} U Fy s U F{ via Lemma 5.1.

Proof of Theorem 1.2. Let o := 6 — max{1/2,6, °} > 0. By (3.6), we have § > 1 —1/k + o for
any k > 2. Without loss of generality, we may assume that v < o/2. For given v,0 > 0 and A,
k € N\{1}, we choose constants ng,&,n, M, M', ,T,q,d such that ¢ | T and

0<l/np< <1/ M<K/ M <e< /T /g<é<d<r,01/A1/k<1/2.  (6.1)

Suppose n > ng and let G be an n-vertex graph satisfying condition (i) of Theorem 1.2. Fur-
thermore, suppose H is a collection of (k, n)-chromatic n?-separable graphs satisfying conditions
(ii) and (iii) of Theorem 1.2. We will show that H packs into G. Note that we assume # to
consist of n?-separable graphs here (instead of 7-separable graphs). This is more convenient for
our purposes, but still implies Theorem 1.2.

Step 1. Decomposing G into host graphs. In this step, we apply Szemerédi’s regularity
lemma to G and then apply Lemma 3.16 to obtain a partition of V(G)\Vp into T' reservoir
sets Rest, where Vj is the exceptional set obtained from Szemerédi’s regularity lemma. We
use Lemma 3.13 to obtain an approximate decomposition of the reduced multi-graph R] ..
of GG into almost Kj-factors and partition these factors into 7' collections. Each such almost
Kj-factor @ gives us an e-regular @-blow-up G; s in G, and we modify it into a super-regular
Q@-blow-up. We also put aside several sparse ‘connection graphs’ F; ¢ and F/, which will be used
to link vertices in the reservoir and exceptional set with vertices in the rest of the graph. These
connection graphs will play the roles of F' and F’ in Lemma 5.1. We also put aside a further
sparse connection graph G which provides additional connections within V(G) \ V.

We apply Szemerédi’s regularity lemma (Lemma 3.5) with (2, d) playing the role of (g,d) to
obtain a partition Vj,..., V! of V(G) and a spanning subgraph G’ C G such that

(R1) M’ <+ < M,

6) for any i,7 with 1 < < j <7’, the graph G'[V/, V]] is either empty or (2, d; j)-regular
for some d; ; € [d, 1].
Let R’ be the graph with
V(R') = [r] and E(R') :={ij : ecr(V],V}) > 0}.
Note that for i,j € [r'], ij € E(R') if and only if G'[V/,V!] is (€2, d; j)-regular with d; ; > d.

1777
Now, we let R, ... be a multi-graph with V(R!_..) =[] and with exactly

gi,j = |(1 —6d)d; jq| (6.2)

edges between i and j for each ij € E(R'). Note that R/

g has edge-multiplicity at most q.
For each i € [r'], we have

. e (VL VD) 5 (mayms) Svevy (1= 6d)adervianwn(v)
D 1717/ R R IREI
JENR (1) L J
(R2),(R4) ¢ () (6 £11d)gn (R3) "
= WP > (de(v) £ 10dn) £ 2" = R 2 = (5 dYgr. (6.3)

veV/
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We apply Lemma 3.13 with R, .., 7 ' e2 ko, d34, v/5,T and g playing the roles of G,n.e, k,0,&, v, T
and ¢, respectively. Then, by permuting indices in [r'] if necessary, we obtain Ruyuiti € Ry i

and a collection Q := {Ql,la oy Qi Qa1, -+, Qryeyr} of edge-disjoint subgraphs of Ry
such that the following hold.

(Ql) Rpuiti = inum[[ J] with (1 —&?)r’ <r <7y and k| r,
(6— l//5:|:a Ygr' _ (6—v/5te)gr
(Q3) for each ( s) € [T] x [k/T], Q¢ is a vertex-disjoint union of at least (1 — ¢)r/k copies
of Kk,

(Q4) for each i € [r], we have |{(t,s) € [T| x [s/T] :i € V(Qts)} > Kk —er.

(Q5) for all t € [T] and i, j € [r], we have |{s € [/T]: j € Ng,,(i)}| < 1.
For each t € [T7], let Q; := {Q¢1,- -, Q¢ 7} We define R := R'[[r]] to be the induced subgraph
of R' on [r]. Note that each Q;s € Q can be viewed as a subgraph of R. Moreover, for fixed
t € [T], (Q5) implies that the graphs Q¢ 1, ..., Qy /7 are pairwise edge-disjoint when viewed as
subgraphs of R. Also, we have

(6.3),(Q1)
O0(R) 2 q "(Riy) — (' =) = (6 —d"?)r. (6.4)

We need to modify the sets V' later to ensure that we obtain appropriate super-regular Q; s-
blow-ups. For this, we need to move some ‘bad’ vertices in V' into V{j. For each i € [r] and each
j € Ng(i), we define

Ui(j) i={veV/: dG/7‘/j/(v) # (d; :t€2)|Vj/|} and U] :={v e V/:|{j:veUi5)} >er}. (6.5)
By Proposition 3.4 and (R6), for any i € [r] and j € Ng(i) we have
\U:(5)| < 5e*n/r and |U!| < (er)™! Z |U:(4)] < ben/r. (6.6)

JENR(3)

For each i € [r], we let V; :=V/\ U/ and Vp:=VjulJ;_,U/U U:,:T,H V!
By (R2) and (R3), for each i € [r], we have

(1 —=6e)n/r <|Vi|<n/r and |Vo| < 6en. (6.7)

We apply Lemma 3.16 with G', V(G)\Vy, {Vi}i_, and T playing the roles of G, V,{V;}/_; and
t to obtain a partition {Resi, ..., Resp} of V(G)\V, satisfying the following, where we define
V= V; N Res;.

(Resl) For all ¢ € [T] and v € V(G), we have dgr v+ (v) = Ldgr v, (v) £n?/3,

(Res2) for all t € [T] and i € [r], we have |V}!| = (£ £ &%)|V}] @D ( liTZE)”,
(Res3) for all t € [T, we have |Res| € {|™ ‘Volj, L#J +1}.

Next, we partition the edges in G’ \ V{ into Lq,..., L7 which will be the building blocks for
the graphs G, F and F’ in Lemma 5.1. Let p; := 1 — 6d and p; := d for 2 < j < 7. Apply
Lemma 3.17 with G’ \ Vp, {V! :i € [r],t € [T]}, {(Vi, V;) : ij € E(R)} and 7 playing the roles
of G, U, U" and s. Then we obtain a decomposition L1, ..., L7 of G'\Vj satisfying the following
forallt € [T], 1€ [r], £ € [7] and v € V(G) \ Vo:

(L1) dp, vt (v) = pedgr e (v) £ n?/3,

(L2) for each ij € E(R), we have that L[V, V;] is (4€2, d; jpe)-regular.

Let G” := L;. For each t € [T], let G}, F; and F}" be the graphs on vertex set V(G) \ V; with

t—1 T

E(G}) = | ] E(La[Resy, Resy]) U | ] E(Ls[Res;, Resy]) U Lo[Resy), (6.8)
t'=1 t'=t+1
t—1 T

E(F,) = U E(L4[Res;, Resy]) U U E(Ls[Res;, Resy)),
=1 t'=t+1
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t—1 T
E(F)) = U E(Lg¢[Res;, Resy]) U U E(L7[Res;, Resy)).
=1 t'=t+1

For each t € [T], we let Fy1,..., Fy /7 be subgraphs of F} such that for all s € [r/T]

Fis:= U U RV, Vi \ Rest]. (6.9)
i€V (Qt,s) jeNQt,s(i)

Note that (Q5) implies that for s # s’ € [k/T], the graphs F; s and F; ¢ are edge-disjoint. Thus
G",GY,....,Gy Fua,..., Fpp, FY, ..., Ff form edge-disjoint subgraphs of G’ \ Vo. The edges
in Gy will be used to satisfy condition (A4)s; when applying Lemma 5.1. The graphs F; 5 will
play the role of F' in Lemma 5.1. The graphs F} will be used in the construction of the graph
F/, which will play the role of F" in Lemma 5.1.

We will now further partition the edges in G” = L;. Note that for each ij € E(R), by (6.2)
we have ¢; j = [d; jp1¢]. To further partition G”, we apply Lemma 3.17 for each ij € E(R) with
the following objects and parameters.

object /parameter | G"[Vi, V3] | {V, V!t € [T} [ {(Vi, Vi)} | iy +1 | 1/(dijprq) | 1 — i/ (dijp1q)

playing the role of | G ‘ u ‘ u’ s | piii<s | Ds
Then by (L2), for each ij € E(R), we obtain edge-disjoint subgraphs Ei{j, ..
G"[V;, V;] satistying the following for all ¢ € [T'] and ¢ € [g; ;]:
(E1) for each v € V;, we have dEmejt (v) = md(;uyjt (v) £ n?/3,
(E2) Eﬁj is (8¢2,1/q)-regular.

Recall that we have chosen a collection Q = {Q1 x/7,- .., Qr,/7} of edge-disjoint subgraphs of
R satisfying (Q1)—(Q5). Let ¢ : E(Rmuti) — N be a function such that

V(BB (1,9)) = [4i4]-

For all ij € E(R'), there are exactly gi,; edges between ¢ and j in Ry, so such a function 9
exists. Now, for all t € [T], s € [k/T], we let

Gs= |J EBOY. (6.10)

) ©,]
ijeE(Qt,s)

qi,;+1
. 7Ei,j of

Since Q is a collection of edge-disjoint subgraphs of Ryt and E} ... ,Eiqu?j 1 are edge-disjoint

i
subgraphs of G”, the graphs G 1, ..., G,/ form edge-disjoint sjubgraphs of G”.

We would like to use G s\ Res; and Res; to play the roles of G[{;c, Vi] and U in Lemma 5.1,
respectively. However, Eﬁ j \ Res; is not necessarily super-regular and the sizes of V; \ Res; are
not necessarily the same for all ¢ € [r]. To ensure this, we will now choose an appropriate subset

V;t’s of V; which can play the role of V; in Lemma 5.1.
For allt € [T],i € [r] and s € [k/T], let

(T'—1)n  10en

Vi(t,s) :==V; \ (Res; U | U | Ui(j)) and m:= T . (6.11)
]eNQt,S(Z)
Then by (6.6), (6.7) and (Res2), we have
0 < |Vi(t,s)| — m < 15en/r. (6.12)

For all t € [T] and i € [r], we apply Lemma 3.18 with the following objects and parameters.

object/parameter | x/T | 1| s € [x/T] | Vi\ Res: | Vi(t,s) | 20 | |[Vi(t,s)|—m | d
playing therole of | s [r | i€[s] | A | Air | ¢ | mi,1 | 1/2
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Then we obtain sets W;(¢,1),...,W;(t,x/T) such that W;(t,s) C Vi(t,s) with |Vi(t,s) \
Wi(t,s)| = m and for any v € V; \ Res;, we have
{s € [r/T]: v e Wi(t,s)} <10e/2k/T. (6.13)
For all t € [T], s € [k/T] and i € V(Qts), let V;"* := Vi(t, s) \ Wi(t,s). Let
VOtS—VoUU U j) \ Res;) U UWts U (Vi \ Resy).
i€]r] jENQt’S (z) i€]r] E€[r\V(Qt,s)

Then the sets V(f’s, {V;t’s 11 € V(Qrs)}, Resy form a partition of V(G), and for each i € V(Qys)

s (T'—1)n  10en
L = = — 14
172 m T . and (6.14)

)

12

o
@\./

(6.6
(67(

Vol 6en + (k — 1)r(5n/r) + 15en + (r — |V(Qus) /7

<
(Q3)
< 25¢n. (6.15)

We now further modify V' into Uf * which can play the role of U; in Lemma 5.1. For all
(t,s) € [T) x [k/T] and i € V(Qy,s), we define

vpt=vi\ J Ui) and Upt= ) VU U u).
jENQt,s(i) ie[r]\v(Qt,s) iEV(QtYS)jENQt,S(i)

Note that for each (t,s) € [T] x [x/T], the sets {Uy*} U{U}"* :i € V(Qs)} form a partition of
Res;. By (6.6), for all (¢,s) € [T] x [/T] and i € V(Q,s), we have

,» (Res?) ) (1£82)n ts, (6:0) (Q3)
o and [Ug"] < | > V| +5ke’n < 2en.(6.16)
i€[r\V(Qt,s)
Note that for all (¢, s) € [T]x[x/T] and i € V(Qt,s), we have U}*, V."* C V;. Thus Proposition 3.2
with (6.14), (6.16), (L2) and the definition of p, implies that for all (¢,s) € [T] x [x/T], ij €
E(R[V(Qs)]) and 'j" € E(Qy,s), we have

UM = |Vi| + 5ke®n
\

GHUP*, US|, GE[V*, U] and Fy 4[Vyy®, Uji°) are (e, (d%))F-regular. (6.17)
Moreover, for all (t,s) € [T] x [/T], ij € E(Qts) and u € U}"*, we have
(6.9),(6.14),(Res2) (L1),(Resl)
dp, .. vt s (u) > Ayt vi\Res,) (W) =n/(Tr) = d-dery,(u) = 3n/(Tr)
(6.5),(6.6) (Res2)
> d-(dij—e*)|V;| —4n/(Tr) > (2d*/3)|V; \ Res|.  (6.18)

We obtain the third inequality from the definition of Uf’S and the fact that ij € E(Qys).
Claim 8. For allt € [T],s € [k/T] and ij € E(Q:s), the graph Gt,s[V;t’s,V}t’s] is (e1/2,1/q)-

super-reqular.
Proof. Let £ € [g; ;] be such that Gy s[V;, V] = Efyj. Such an ¢ exists by the definition of G ¢ and
the assumption that ij € E(Q: ). Note that for ¢ € {4, j} we have Vz’fs C Vy with |Vt l=m>
5|V by (6.14). Thus Proposition 3.2 with (E2) implies that GuS[Vit’S,V | = Ef; [Vts V ] is
(16¢2,1/q)-regular.

Consider v € V;"*. By the definition of V;"*, we have v ¢ U;(j). Thus

(6.6), (6 12) 16en 16en
th,s,Vj*S(”) dp V\Rest(v)i PR Z dEe Vt/ )+

" velTI\{t) ’
(E1) 1 17en (L1) 1 18en
= Z d: - dG",vﬁ’ (v) £ r Z e vf’( v) £ ”
e[y “P velrpgy “9
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(Res1) (T'—1) 19en (6.5) (T'— 1) 9N (ot , 19en
= der v, (v) £ = dij £e)|Vi| £ |U:|) +
dz,qu G'.Vj (U) r dquT (( 2,J € )| j| | ]|)
66) (T'—1)n  30en (6.14) 1 1/23 |1 s
R G 1
Similarly, for v € Vjt’s, we have th,&V:,s (v) = (é +e1/2)|V5|. Thus Gy 5[V, Vjt’s] is (e1/2,1/q)-
super-regular. This proves the claim. O

For all t € [T], v € Res; and s € [k/T], we know that

S Ll S
Qi) = dapu(@) £ VANV 'Z Y (A dgye(o) £ 02) £ VAV
Le[T)

RALOM 4 ey (v) + 20/ (Tr).

This implies that
[{i € V(Qus) t dgs it (v) > d*m/2}| > [{i € V(Qus) : der i (v) > d|Vil}]

> d IR0 v 5™ (- 1k 4o/ (6.19)

maxiem H/;’

We obtain the final inequality since §(G’) > (0 — & — 2d)n > (1 — 1/k + 30/4)n by (i) and
(R4). This together with (6.17) and Claim 8 will ensure that G¢ s UGy can play the role of G in
Lemma 5.1, and (6.18) shows that F; s can play the role of F' in Lemma 5.1.

The remaining part of this step is to construct a graph which can play the role of F’ in
Lemma 5.1. F’ needs to contain suitable stars centred at v whenever v € Vot’s. (For each t, the

number of stars we will need for v in order to deal with all s € [k/T] is bounded from above by
(6.23).) For allt € [T], s € [k/T], v € V(G) and u € Res, let

L(v):={s €[rk/T):v e VJ’SI} and ;) (v) == |L;(v) N [s]],
Jiy(u) :={s" € [x/T) :u e Ué’sl} and  ji(u) == |J(u) N [s]|. (6.20)
Note that if v € Vj, then I;(v) = [k/T]. If v € V;\Res; for some i € [r], then s € I;(v) means
v e Wi(ts)u UjGNQt,S(i) Ui(7) U Uyeppv(@..) Vir- Together with the fact that U] € Vo and so
v ¢ U], this implies
(Q5)

[T (v)] < {s e [r/T]:veWit,s)} +{jelr]:vel()}+ s elx/T]:i ¢ V(Qis)}
(6.5),(6.13),(Q4) (Q2)
< 10eY26)T + er +er < 20eY/2r. (6.21)

Similarly, for u € V!, we have

. . , (6.5),(Q4)
[Je(w)] < {7 €] :ue Ui} + s €[r/T:i ¢ V(Qus)}| < er+er <2er (6.22)

For each v € V(G) \ Resy, let

A +dr  ifvel,

vis { [r/(2k)] v ¢ Vo

Ky 18 the overall number of stars centred at v that we will construct for given ¢. Note that for all
t € [T] and s € [r/T], no edge of E(G'[Vy, Res]) belongs to any of the graphs Gy s, G;, Fy, F}.
Now for each ¢ € [T], we use these edges and edges in F;* to construct stars F(v, s) centred
at v, and subsets C} , Ok of [r] for all v € V(G)\ Res; and s € [k,], in such a way that the

following hold for all ¢ € [T] and v € V(G) \ Res;.
(F'1) For each s € [k,], we have Cf C oL, CL | =k—1, |Cot| = k and R[CyY] ~ K,

(F'2) for each i € [r], we have |[{s € [k,] : i € Cit}| < (k —1— 1)q,
(F'3) for each s € [k,], if i € C} ,, then Ay (v,s),vt (V) 2 %.

(6.23)
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Claim 9. For allt € [T], v € V(G)\ Res; and s € [ky|, there exist edge-disjoint stars F{(v,s) C
G'[Vy, Resi| U Fy* centred at v, and subsets C* , Cat of [r] which satisfy (F'1)—~(F'3).

v,87

When applying Lemma 5.1 in Step 3 to pack H; s, we will only make use of those stars F{ (v, s)
with v € V§**, but it is slightly more convenient to define them for all v € V/(G)\Res;.

Proof. First, consider t € [T] and v € V. Then we have

(9).(R4),
S 1 (S} .
Ao pesy () = 3 dgyya(v) "=V 7 > doryi(v) £ ResDOD (54 3d)|Resy|.  (6.24)
i€[r] ze [r]

)
For all v € Vo, t € [T] and i € [r], let ¢} ; := Lqﬁvi‘:{

EL(1),..., Bl (g ;) of BEq/({v},V}) such that |E} ;(¢')] = %\Vﬂ for each ¢’ € [q},]. Let R}, be
an auxiliary graph such that
V(R,) :={(i,q):i € [r],d €lgy;]} and E(R):={(i,¢)(j,q¢") :ij € E(R),q € lq;,],q" € g} ,]}-

Note that each (4, ¢') corresponds to the star Ef}’i(q’ ) centred at v. We aim to find a collection of

|. Consider edge-disjoint subsets

vertex-disjoint cliques of size k—1 in R!, which will give us edge-disjoint stars in Eq ({v}, Resy).
From the definition, we have

¢ (Res2) (1 £ 10e)dgr ges, (v)q (6:24) (6 £ 4d)q|Resy| (Res3)

VIR =Y ¢, = + 7 § & 5d)qr. (6.25
V(R,)] 2 /(T /(T ( (6.25)
Then, for (i,q') € V(R!), we have
) (Res2) TQT
dre ((i,4)) > ¢ Y. der e ()|Vi|7! = dr(i) > At 7om Z dG/vt )—r
JGNR() ]
Tqr . .
> = ¢ H ot _
> Gl X W= dG,Vj<v>>) "
JENR() jelr)
(6.4),(6.24),
(Res2),(Res3) 1/2 (6.25) 1 .
> (26 —2d'? — gr —r > (1—— +oV(R)l (6.26)

Here, the final inequality follows from (3.6). By the Hajnal-Szemerédi theorem, R! contains at
least

(6.25) (Q2)

VERD(E-1)=1 > (5-5d)gr/(k—1)—1 > (1+dr 2 g,
vertex-disjoint copies of Ky_1. Let C%(1),...,C%(k,) be such vertex-disjoint copies of Ky_; in
RE. For each s € [ky], we let
Fs)= |J  Fald) and  CL = {i:(i,d) € V(CL(s)) for some ¢ € [q']}.

(1,4 )eV(CH(s))
By construction |C! .| = k—1 and R[C? ] ~ K}_1. Moreover, the maximum degree of the multi-
(k—1)-graph {C} | s e (ko] } is at most’q. Thus we can apply Lemma 3.22 with {C} , : s € [ry]},
R, q and k playing the roles of F, R, q and k. Then we obtain sets C{f;ﬁ satisfying the following
for all s € [k,] and i € [r]:

Ci, CCyl, R[Cyl ~ Ky, and [{s € [r,] :i € Cpl}| < (k+1)q. (6.27)

v,8?

.55 Oyt and the stars Ft (v, s) satisfy (F'1)—(F'3).

Now, we consider ¢ € [T] and v € V; \ Res; with i € [r]. Let S! := Ng(i)\{j : v € U;(4)}, and
for each j € S}, let E} ; be a subset of Egx({v}, V}') with |E} ;| = ;]Vﬂ We can choose such a
star as there exists £ € {6,7} such that

It is easy to see that for all s € [k,] the sets C!

(L1) (Resl),(Res2) 1
dFt*,V].t(U) = dL[,vjt( v) ="d-dg vt( ) £n?? = (1+ 105)d'di,j’Vjt’ > glvﬂ
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Here, the third equality follows since v ¢ U;(j). By (6.4), (6.5) and the fact that v ¢ U, we
have |St| > (6 — 2d'/?)r. Thus
t t (6.4) 1 t
S(RISL)) > (St~ (r — 8(R)) > (1 - =0)IS%]
Again, by the Hajnal-Szemerédi theorem, R[S!] contains (at least) x, = [r/(2k)] vertex-disjoint
copies of Kj_1. Denote their vertex sets by 0571, ce ij,,%. We apply Lemma 3.22 with {Cf)’s :

s € [ky]}, R, 1 and k playing the roles of F, R, q and k respectively, to extend each Cf; . into a

Cot with R[Cy] ~ Ky and such that |{s € [k,] : i € Cyk}| < k+ 1 for each i € [r]. For each
s € [Ko], let F{(v,5) := Ujccn Ef)j Again, it is easy to see that for all s € [k,] the sets C!

v,8?

Oyt and the stars FY(v, s) satisfy (F'1)~(F’3). This proves the claim. O

Altogether we will apply Lemma 5.1 x times in Step 3. In each application, we want the leaves
of the stars that we use to be evenly distributed (see condition (A8)s1). This will be ensured
by Claim 13. More precisely, for each v € V(G) \ Res;, our aim is to choose a permutation

7l ¢ [ky] — [Ko] satisfying the following.

(F'4) For all t € [ |, i € [r] and s € [k/T], we have C(t,s,i) < e*°n/r, where C(t,s,i) :=
{veVy®:ic C’Z frt (s7) for some s with (if(v) = )T +1 < ¢ <if(v)T},

(F’5) for all t € [ ], s € [m/T] and t' € [T], we have that
Ueres cn (i) -1ty S V(Qus)-

Recall from (6.20) that if(v) counts the number of s’ € [s] for which v € Vot’sl. The number
C(t, s,1) is well-defined because if(v) < k, /T for all v € V(G) \ Res; by (6.21).

Claim 10. For eacht € [T] and each v € V(G)\ Resy, there exists a permutation 7, : [k,] — K]
satisfying (F'4)—(F'5).

Proof. We fix t € [T]. We claim that for each s € [k/T] U {0} the following hold. For each
v € V(G) \ Res, there exists an injective map 7}, ; : [if(v)T] — [k,] satisfying the following.

(F'4)Y For all i € [r] and { € [s], we have

{ve Vit .iecr

v,mh g(s’)

(F’'5)% for all £ € [s] and ' € [T], we have that | J

for some s’ with (i'(v) — )T+ 1 < s’ < il(v)T}| < ¥°n/r,
veVg! C: frt (@) -7 < V(Qte)-
Note that both (F'4) and (F'5)§ hold by letting 7}, : @ — 0 be the empty map for all v €
V(G)\ Rest Assume that for some s € [k/T — 1] U {0} we have already constructed injective
maps 7, , for all v € V(G) \ Res; which satisfy (F’4). and (F'5),. For each v € VJ*™ we
COHSldeI‘ the set

Ay = {s" € ko] \ ([ (0)T]) : Oy © V(Qusr1)}-
Then we have

(F'2)
| Ay| > iy — i (V)T = (k+1)q(r — [V(Qt,s+1)])

(6:21),Q3) o
> min{d - k,r/(2k) — 20T€"/?r} — (k + 1)ger > r/(4k). (6.28)

We choose a subset I, C A, of size T uniformly at random. Then (F’2) implies that for each
i € V(Qts+1) we have
Plie | Crl] < (k+1)qT/|Ay| < 10gk°T /7.
S EI’U
Thus

(6.15)
E[{ve Vi ™ ie | CrLY < 10gk*T [V | /r <7 eon/(2r).
S EI’U
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A Chernoff bound (Lemma 3.1) gives us that for each i € V(Q¢41)

(5n/(2r)? , 619

Pl e Vi i U iz e n/r] < emnl(=miismo) < e
0

s'el,

Since 1 —|V(Qps41)|e™™ ™ > 0, the union bound implies that there exists a choice of I, for each
€ Vot’s+1 such that for all i € V(Q¢ s+1), we have that

{oeVy*tiie | oot <e¥onyr (6.29)
s'el,

Ifve V(G)\(RestUVt’SH) (and thus st( ) =1i;(v)), welet 7,y := 7}, ;. Foreachwv e Vst
we extend 7, ; into 7}, by defining 7 _ 1 [i SJrl(v)T] \ [#(v)T] — I, in an arbitrary injective
way. Then, by the choice of I,,, we have that =, ., is an injective map from [T ()T to [k
satisfying (F'5)%, ;. Moreover, (6.29) implies that for any i € V(Qy,s41), we have
{veVy St e C’*tv ) for some 5" with (iiT'(v) — )T 4+ 1 < 5" < 57 ()T}
=|{v e Vot’SJrl i€ U C*t }\ < 54/5n/r
s'ely

This with (F’4)! implies (F'4)%, ;. By repeating this, we obtain injective maps 7, /T satisfying

both (F'4)! w7 and (F'5)t .y For each v € V(G) \ Res;, we extend !, /7 Nt a permutation

it [ky] = [/iv] by assigning arbitrary values for the remaining values in the domain. It is easy

to see that (F'4)! /7 implies (F’4) and (F'5)" /7 implies (F’5). We can find such permutations
for all ¢ € [T]. Thus such collection satisfies both (F'4) and (F'5). O

For each ¢ € [T7, let

Gy =G U U Gis and F := U U F(v, s).
s€(k/T] veV(G)\Rest s€[ky]

Then Gi,...,Gr, Fi,...,Fr, F{,..., F} form edge-disjoint subgraphs of G. (Recall that G} was
defined in (6.8), Gy in (6.10) and F) (¢, s) in Claim 9.)

Step 2. Partitioning H. Now we will partition H. Recall that the graphs in H are 7*-
separable. By packing several graphs from H with less than n/4 edges suitably into a single
graph in a way that no edges from distinct graphs intersect each other, we can assume that
all but at most one graph in H have at least n/4 edges, and that all graphs in H are (k,n)-
chromatic, n-separable and have maximum degree at most A. By adding at most n/4 edges to
at most one graph if necessary, we can then assume that all graphs in H have at least n/4 edges.
Moreover, if e(H) is too small, we can add some copies of n-vertex paths to H to assume that

en? < e(H) (Zi) (1 —-v)e(G) +n/4.

We partition H into « collections Hi 1, ..., Hy, r such that for all t € [T] and s € [x/T], we
have

(Q2) gn? (0,(Q2) (1 — — )2

a/a B en 1 (1—-2v/3)(k—1)n '

- An <e(His) < —(1—v)e(G)+2An <

(6.30)

=

2qr

Indeed, this is possible since e(H) < An for all H € H. Now, we are ready to construct the
desired packing.

Step 3. Construction of packings into the host graphs. AsGy,...,Gr, Fy,....Fr, F|,...,F}
are edge-disjoint subgraphs of G, and Hy1,...,Hr /7 is a partition of H, it suffices to show

that for each t € [T, we can pack H; := Ujf-; Hi,s into GrUUsep ) Frs UFY. (Recall from (6.9)
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that Fy1,..., Fy /1 are edge-disjoint subgraphs of Fy.) We fix ¢ € [T] and will apply Lemma 5.1
k/T times to show that such a packing exists.

Assume that for some s with 0 < s < k/T — 1, we have already defined a function ¢s packing
U Hes into Gy U F; U F/ and satistying the following, where ®° := J5,_; ¢s(Hs ) and j7 (u)
is defined in (6.20) and Gy is defined in (6.8).

(G1)s For each u € Res;, we have dgsng; (u) < 4kAth,(u)n + al/fsn,
(

G2); for each i € [r], we have egsng: (Vi\V{, Res;) < 51/;5”2,

(G3)s for &' € [k/T]\ [s], we have E(®°) N (E(Gs)U E(Fi¢)) =0,

(G4)s for v € V(G) \ Resy, s" € [ky] with s” > i (v) - T, we have E(®%) N F/(v, 7! (s")) = 0.
Note that (G1)o—(G4) trivially hold with an empty packing ¢¢ : ) — 0. For each ¢’ € [T] and

v € V(G)\ Resy, let £(v,t') = ml((i5+! (v) = 1)T +t). (Note that £(v,t') is well-defined since
(57 (0) = )T + ' < 5y by (6.21).) Let

ve=|J v ouv= |y Ut (6.31)

T 7
1€V (Qt,s+1) 1€V (Qt,541)

G = (Grer1[VIUGI[V U Resy)) \ E(®%), and F':= | ] | F/(v,0(0,))[{v}.U]. (6.32)
veVhe T PE(T]

Note that (G3), implies that E(F}; ¢41)NE(®°) = 0. Let R be the graph on vertex set V (Q s11)
with
E(R) == {ij € B(R[V(Qus+1)]) : |Eg; (Vi, Vj) N E(®%)] < /1% /r}.
We wish to apply Lemma 5.1 with the following objects and parameters.

object/parameter G | F.av,ul| Frolovestt | ubstt vt Uttt | R
playing the role of G F F’ Vo Uy V; U; R
object /parameter | 1/q Hes41 d C’::é(v ) | Coswry | Fr v (v, t))[{v}, U] k A
playing the role of e H d Cot Cot F/, k A
object/parameter | Qy s+1 7 25e /2 T v/2 m
playing the role of Q n € o T v n'

Thus Res; \ Ué’SH plays the role of U = |J;_, U; in Lemma 5.1, and ¢’ € [T'] stands for ¢ € [T].
By (6.1), (6.14), (6.15), (6.16), (Q3) and (F’5) we have appropriate objects and parameters as
well as the hierarchy of constants required in Lemma 5.1. Now we show that (Al)51—-(A9)5.1
hold. (Al)s is obvious from Theorem 1.2 (ii) and our assumption in Step 2. (A2)5.1 holds by
(6.30). (A3)51 follows from Claim 8 and (G3)s. Consider ij € E(R), then G[Uf’sﬂ, U;’S‘H] =
G} [Uf’sﬂ, U;’SH] \ E(®*). Since Uf’sﬂ C V; and U;’SH C Vj, the properties (6.16), (6.17) and
the definition of R imply that

1 1 1 1
ec: (U;*F ,U;’H ) — ewsnc: (Vi, Vi) = (1 — e/P)eq: (U ,U;’” ).

Thus, Proposition 3.3 with (6.17) implies that G[Uf’SH,U;’SH} is (¢1/%0(d?))*-regular. The
calculation for (;’[‘/;t’s+1, U5t is similar. Thus (A4)s; holds with the above objects and pa-
rameters. By (G1)s, for each i € [r] we have

4kAjE (v)n el/9ny (Q2),(6.22),(Res2) £1/94,2

t t

e¢smG§(V;a'U.Vj)§§ ( .t ) < — (6.33)
jelrh\i} vevy

~

Thus, for i € V(Qts41) = V(R), we have

Lo gy < Genei (VAVE, Resy) + eana; (VS Useva V3)
r(i) — dp(i) < £1/102 /2

(G2)37(C%3),(6-33) 51/3sn21/r2 + &2 /r e (%2) 1/100,,
171072 /2

+V(R)\V(R)]
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This with (6.4) and (3.6) implies that (A5)5 holds for R. For all ij € E(Qy+1) and u € U™,
by (6.18), we have

9 (Res2),(6.14) 3
Ap, ot (W) 2 28V \ Restl /3 = dPm.

Thus (A6)5 holds. By (F'1), (F'4) and the fact that ii 7 (v) = if(v) + 1 for all v € Vj**, (A8)5
holds (for C;:é(v,t’)’ Cf;,ﬁ(v,t') and all v € Vy*). Ifv € V3, ¢ € [T] and i € Cf),f(v,t’) - CZ,’é(v,t’)
then (F'5) implies that ¢ € V(Q¢s+1). Moreover, by (6.16) we have ]Uf’sﬂ\ > |V — bken/r.

Together with (F'3) this implies that d_, (0l ) ytsti(v) > (1 - £)|U2,t7s+1|/q. Thus (A7)s5,
o (V) Uy
holds. To check (A9)s 1, note that for each u € US’SH, we have

dgnas (1) (Gél)s A (wn (qr) + <M (Q2)é6.22) o,
Thus,
{i € V(Qusr1) = dg ot (u) 2 dm/3}| 2 [{i € V(Qrasr) : dgy yrw (u) = dPm/2}] — W
(6.19) £1/10,, (6.14)
> (1-1/k+0/2)r — Zm/6 > (1-1/k+0a/3)r.

This implies that
H{i € V(Qts11) : dg yrst1(u) > d®m for all j € NG, .1 (@)} > o’r.
g

This shows that (A9)s5.; holds. Hence, by Lemma 5.1, we obtain a function v, packing H; s11
into G U Fisp1 U F’ and satisfying the following.

(B1) A(Ysq1(His+1)) < 4kAn/(gr),
(B2) for each u € Res; \ US’SH, we have dws+1("rtt,s+1)ﬂ@(u) < 10AeY8n /7,

(B3) for each i € V(Q4,5), we have €hsr (M S+1)ﬂé(‘/;t,s+1’ Res;) < 10e'/2n2 /72,

Moreover, (G3)s with (G4)s implies that ©s41(Hes41) is edge-disjoint from ®°, thus the map
Dst1 := ¢s Uhs11 packs 27;11 M s into G U Uj,/:Tl F, ¢ UF/. Now it remains to show that ¢s11
satisfies (G1)g41—(G4)sy1.

Consider any vertex u € Res;. If u € U™ then we know that ji+!(u) = jf(u) + 1. Thus
(G1)s together with (B1) implies (G1)sy; for the vertex u. If u € Res; \ US’SH, then we have
35 (w) = j§(u), thus (G1), together with (B2) implies (G1)g1.

For each i € [r], (6.31) implies that the vertices in V; \ (V,**™ U V) € V{*™ are not incident
to any edges in ®*t1NG}. Thus it is easy to see that (G2), together with (B3) implies (G2)s1.
As 511 packs My ey into GUF; 41 UFY, (6.32) together with (G3), implies (G3),11. Moreover,
we have

i1 [ i) +1 ifee Vet
i (v) = { i (v) otherwige
5 .
Thus, (6.32) together with (G4)s and the definition of ¢(v,t) implies (G4)s41.

By repeating this for each s € [x/T] in order, we obtain a function ¢, which packs H; into
G1UF; UF]. By taking the union of such functions over all ¢ € [T], we obtain a desired function
packing H into U G¢UF, UF] C G. This completes the proof. O

te(T]

The proof of Theorem 1.5, follows almost exactly the same lines as that of Theorem 1.2,
with one very minor difference. Indeed, the only place where we need the condition that G is
almost regular is when we apply Lemma 3.13 in Step 1 to obtain (Q1)—(Q5). Thus to prove
Theorem 1.5, we only need to replace the application of Lemma 3.13 with an application of the
following result. (Note that (B1) below implies both (Q3) and (Q4).)
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Lemma 6.1. Suppose n,q,T € N with 0 < 1/n < ¢,1/T,1/q,v < 1/2 and 0 < 1/n < v <
0/2<1andd=1/240 and q dividesT. Let G be an n-vertex multi-graph with edge-multiplicity
at most q, such that for all v € V(G) we have dg(v) > gon.

Then there exists a subset V! C V(G) with |V'| <1 and |V (G)\V'| being even, and there exist

pairwise edge-disjoint matchings Fi1,...,F1, Fo1,...,Fr, of G with k = WT;TPW +1
satisfying the following.

(B1) For each (t',i) € [T] x [k], we have that V(Fy ;) = V(G)\V',

(B2) for allt' € [T] and u,v € V(G), we have |{i € [s] : u € Np, (v)}| < 1.

The proof of the above lemma is very similar (but simpler) than that of Lemma 3.13. We
proceed as in the proof of Lemma 3.13 to obtain simple graphs G¢ with §(G¢) > dn — v?n. We
let V! C V(G) be such that |[V/| <1 and |V(G)\V’| is even. The difference is that we now apply
the following result of [11] to each G := G°[V(G)\V’] to obtain the desired matchings M¢: for
every a > 0, any sufficiently large n-vertex graph with minimum degree 6 > (1/2+ «)n contains
at least (0 — an + /n(20 — n))/4 edge-disjoint Hamilton cycles.
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