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ABSTRACT. In a sequence of four papers, we prove the following results (via a
unified approach) for all sufficiently large n:

(i) [1-factorization conjecture] Suppose that n is even and D > 2[n/4] — 1.
Then every D-regular graph G on n vertices has a decomposition into perfect
matchings. Equivalently, x'(G) = D.

(ii) [Hamilton decomposition conjecture] Suppose that D > |n/2]|. Then every
D-regular graph G on n vertices has a decomposition into Hamilton cycles
and at most one perfect matching.

(iii) [Optimal packings of Hamilton cycles] Suppose that G is a graph on n vertices
with minimum degree § > n/2. Then G contains at least reg. ., (n,9)/2 >
(n—2)/8 edge-disjoint Hamilton cycles. Here reg,,,,(n,d) denotes the degree
of the largest even-regular spanning subgraph one can guarantee in a graph
on n vertices with minimum degree 4.

According to Dirac, (i) was first raised in the 1950s. (ii) and the special case
0 = [n/2] of (iii) answer questions of Nash-Williams from 1970. All of the above
bounds are best possible. In the current paper, we prove the above results for the
case when G is close to the union of two disjoint cliques.
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1. INTRODUCTION

In a sequence of four papers, we provide a unified approach towards proving three
long-standing conjectures for all sufficiently large graphs. Firstly, the 1-factorization
conjecture, which can be formulated as an edge-colouring problem; secondly, the
Hamilton decomposition conjecture, which provides a far-reaching generalization
of Walecki’s result [23] that every complete graph of odd order has a Hamilton
decomposition and thirdly, a best possible result on packing edge-disjoint Hamilton
cycles in Dirac graphs. The latter two were raised by Nash-Williams [25] 26], 27] in
1970.

1.1. The 1-factorization conjecture. Vizing’s theorem states that for any graph G
of maximum degree A, its edge-chromatic number y/(G) is either A or A + 1. In
general, it is a very difficult problem to determine which graphs G attain the (triv-
ial) lower bound A — much of the recent book [31] is devoted to the subject. For
regular graphs G, Y'(G) = A(G) is equivalent to the existence of a 1-factorization:
a 1-factorization of a graph G consists of a set of edge-disjoint perfect matchings
covering all edges of G. The long-standing 1-factorization conjecture states that ev-
ery regular graph of sufficiently high degree has a 1-factorization. It was first stated
explicitly by Chetwynd and Hilton [2, 4] (who also proved partial results). However,
they state that according to Dirac, it was already discussed in the 1950s.
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Theorem 1.1. There exists an ng € N such that the following holds. Let n,D € N
be such that n > ng is even and D > 2[n/4] — 1. Then every D-regular graph G on
n vertices has a 1-factorization. Equivalently, X' (G) = D.

The bound on the minimum degree in Theorem is best possible. To see this,
suppose first that n = 2 (mod 4). Consider the graph which is the disjoint union
of two cliques of order n/2 (which is odd). If n = 0 (mod 4), consider the graph
obtained from the disjoint union of cliques of orders n/2 —1 and n/2+ 1 (both odd)
by deleting a Hamilton cycle in the larger clique.

Note that Theorem implies that for every regular graph GG on an even number
of vertices, either G or its complement has a 1-factorization. Also, Theorem has
an interpretation in terms of scheduling round-robin tournaments (where n players
play all of each other in n — 1 rounds): one can schedule the first half of the rounds
arbitrarily before one needs to plan the remainder of the tournament.

The best previous result towards Theorem is due to Perkovic and Reed [29],
who proved an approximate version, i.e. they assumed that D > n/2 + en. This
was generalized by Vaughan [32] to multigraphs of bounded multiplicity. Indeed, he
proved an approximate form of the following multigraph version of the 1-factorization
conjecture which was raised by Plantholt and Tipnis [30]: Let G be a regular multi-
graph of even order n with multiplicity at most r. If the degree of G is at least rn/2
then G is 1-factorizable.

In 1986, Chetwynd and Hilton [3] made the following ‘overfull subgraph’ conjec-
ture. Roughly speaking, this says that a dense graph satisfies x'(G) = A(G) unless
there is a trivial obstruction in the form of a dense subgraph H on an odd number of
vertices. Formally, we say that a subgraph H of G is overfull if e(H) > A(G)||H|/2]
(note this requires |H| to be odd).

Conjecture 1.2. A graph G on n vertices with A(G) > n/3 satisfies X'(G) = A(G)
if and only if G contains no overfull subgraph.

It is easy to see that this generalizes the 1-factorization conjecture (see e.g. [1] for
the details). The overfull subgraph conjecture is still wide open — partial results are
discussed in [31], which also discusses further results and questions related to the
1-factorization conjecture.

1.2. The Hamilton decomposition conjecture. Rather than asking for a 1-
factorization, Nash-Williams [25, 27] raised the more difficult problem of finding
a Hamilton decomposition in an even-regular graph. Here, a Hamilton decompo-
sition of a graph G consists of a set of edge-disjoint Hamilton cycles covering all
edges of G. A natural extension of this to regular graphs G of odd degree is to ask
for a decomposition into Hamilton cycles and one perfect matching (i.e. one perfect
matching M in G together with a Hamilton decomposition of G — M). The following
result solves the problem of Nash-Williams for all large graphs.

Theorem 1.3. There exists an ng € N such that the following holds. Let n,D € N
be such that n > ng and D > |n/2|. Then every D-regular graph G on n wvertices
has a decomposition into Hamilton cycles and at most one perfect matching.
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Again, the bound on the degree in Theorem is best possible. Indeed, Propo-
sition shows that a smaller degree bound would not even ensure connectivity.
Previous results include the following: Nash-Williams [24] showed that the degree
bound in Theorem ensures a single Hamilton cycle. Jackson [I2] showed that
one can ensure close to D /2 —n/6 edge-disjoint Hamilton cycles. Christofides, Kithn
and Osthus [5] obtained an approximate decomposition under the assumption that
D > n/2+en. Under the same assumption, Kithn and Osthus [21] obtained an exact
decomposition (as a consequence of the main result in [20] on Hamilton decomposi-
tions of robustly expanding graphs).

Note that Theorem [I.3] does not quite imply Theorem as the degree threshold
in the former result is slightly higher.

A natural question is whether one can extend Theorem to sparser (quasi)-
random graphs. Indeed, for random regular graphs of bounded degree this was
proved by Kim and Wormald [I5] and for (quasi-)random regular graphs of linear
degree this was proved in [2I] as a consequence of the main result in [20]. However,
the intermediate range remains open.

1.3. Packing Hamilton cycles in graphs of large minimum degree. Although
Dirac’s theorem is best possible in the sense that the minimum degree condition § >
n/2 is best possible, the conclusion can be strengthened considerably: a remarkable
result of Nash-Williams [26] states that every graph G on n vertices with minimum
degree §(G) > n/2 contains |5n/224] edge-disjoint Hamilton cycles. He raised the
question of finding the best possible bound, which we answer in Corollary below.

We actually answer a more general form of this question: what is the number of
edge-disjoint Hamilton cycles one can guarantee in a graph G of minimum degree 67

A natural upper bound is obtained by considering the largest degree of an even-
regular spanning subgraph of G. Let reg.,.,(G) be the largest degree of an even-
regular spanning subgraph of G. Then let

r€Zeven (1, 0) := min{reg,,.,(G) : |G| = n, §(G) = 6}.

Clearly, in general we cannot guarantee more than reg,., (n, 6)/2 edge-disjoint Hamil-
ton cycles in a graph of order n and minimum degree §. The next result shows that
this bound is best possible (if § < n/2, then reg. e, (n,d) = 0).

Theorem 1.4. There exists an ng € N such that the following holds. Suppose that
G is a graph on n > ng vertices with minimum degree 6 > n/2. Then G contains at
least regqyen (1, 0)/2 edge-disjoint Hamilton cycles.

The main result of Kiithn, Lapinskas and Osthus [I§] proves Theorem unless
G is close to one of the extremal graphs for Dirac’s theorem. This will allow us to
restrict our attention to the latter situation (i.e. when G is close to the complete
balanced bipartite graph or close to the union of two disjoint copies of a clique).

An approximate version of Theorem for § > n/2 + en was obtained earlier by
Christofides, Kithn and Osthus [5]. Hartke and Seacrest [11] gave a simpler argument
with improved error bounds.

Precise estimates for reg, e, (n,d) (which yield either one or two possible values
for any n, 0) are proved in [5l [10] using Tutte’s theorem: Suppose that n,d € N and
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n/2 <6 < n. Then the bounds in [10] imply that
< d+ +/n(20 —n) +1

(1.1) 0+ +/n(26 —n)+8
. 2 2 ’

where 0 < & < 2 is chosen to make the left hand side of an even integer.
Note that determines reg..,(n,n/2) exactly (the upper bound in this case
was already proved by Katerinis [I4]). Moreover, implies that if § > n/2
then regg,o,(n,d) > (n —2)/4. So we obtain the following immediate corollary of
Theorem which answers a question of Nash-Williams [26], 25] 27].

—e< I'e€even (n7 6)

Corollary 1.5. There exists an ng € N such that the following holds. Suppose that
G is a graph on n > ng vertices with minimum degree § > n/2. Then G contains at
least (n — 2)/8 edge-disjoint Hamilton cycles.

The following construction (which is based on a construction of Babai, see [25])
shows that the bound in Corollary is best possible for n = 8k + 2, where k € N.
Consider the graph G consisting of one empty vertex class A of size 4k, one vertex
class B of size 4k + 2 containing a perfect matching and no other edges, and all
possible edges between A and B. Thus G has order n = 8k + 2 and minimum degree
4k+1 = n/2. Any Hamilton cycle in G must contain at least two edges of the perfect
matching in B, so G contains at most ||B|/4] = k = (n—2)/8 edge-disjoint Hamilton
cycles. The lower bound on reg,,.,(n,d) in follows from a generalization of this
construction.

The following conjecture from [I8] would be a common generalization of both
Theorems and (apart from the fact that the degree threshold in Theorem
is slightly lower). It would provide a result which is best possible for every graph G
(rather than the class of graphs with minimum degree at least ).

Conjecture 1.6. Suppose that G is a graph on n wvertices with minimum degree
d(G) > n/2. Then G contains regy,.,(G)/2 edge-disjoint Hamilton cycles.

For § > (2 — /2 + €)n, this conjecture was proved in [21], based on the main
result of [20]. Recently, Ferber, Krivelevich and Sudakov [8] were able to obtain an
approximate version of Conjecture i.e. a set of (1 — e)regyyen(G)/2 edge-disjoint
Hamilton cycles under the assumption that 6(G) > (1 + ¢)n/2. It also makes sense
to consider a directed version of Conjecture Some related questions for digraphs
are discussed in [21].

It is natural to ask for which other graphs one can obtain similar results. One such
instance is the binomial random graph G, ,: for any p, asymptotically almost surely
it contains [6(Gy p)/2] edge-disjoint Hamilton cycles, which is clearly optimal. This
follows from the main result of Krivelevich and Samotij [I7] combined with that of
Knox, Kiithn and Osthus [16] (which builds on a number of previous results).

1.4. Overall structure of the argument. For all three of our main results, we
split the argument according to the structure of the graph G under consideration:
(i) G is close to the complete balanced bipartite graph K, /2,02
(ii) G is close to the union of two disjoint copies of a clique K, /9;
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(iii) G is a ‘robust expander’.

Roughly speaking, G is a robust expander if for every set S of vertices, its neigh-
bourhood is at least a little larger than |S|, even if we delete a small proportion of
the vertices and edges of G. The main result of [20] states that every dense regular
robust expander has a Hamilton decomposition (see Theorem|3.4). This immediately
implies Theorems and in Case (iii). For Theorem Case (iii) is proved
in [I8] using a more involved argument, but also based on the main result of [20]
(see Theorem [3.7)).

Case (i) is proved in [6]. The current paper is devoted to the proof of Case (ii).
Some of the key lemmas needed for Case (ii) are proved in [19]. (These lemmas
provide a suitable decomposition of the set of ‘exceptional edges’ — these include
the edges between the two almost complete graphs induced by G). Case (ii) is by
far the hardest case for Theorems [1.1] and as the extremal examples are all
close to the union of two cliques. On the other hand, the proof of Theorem is
comparatively simple in this case, as for this result, the extremal construction is
close to the complete balanced bipartite graph.

The arguments in the current paper for Case (ii) as well as those in [6] for Case (i)
make use of an ‘approximate’ decomposition result. This result is proved in [7] and
is much simpler to obtain. The arguments for both (i) and (ii) use the main lemma
from [20] (the ‘robust decomposition lemma’) when transforming this approximate
decomposition into an exact one.

The main proof in [20] (but not the proof of the robust decomposition lemma)
makes use of Szemerédi’s regularity lemma. So due to Case (iii) the bounds on ng in
our results are very large (of tower type). However, the case of Theorem when
both 6 > n/2 and (iii) hold was proved by Perkovic and Reed [29] using ‘elementary’
methods, i.e. with a much better bound on ng. Since the arguments for Cases (i) and
(ii) do not rely on the regularity lemma, this means that if we assume that 6 > n/2,
we get much better bounds on ng in our 1-factorization result (Theorem [1.1).

In Section [3] we derive Theorems and from the structural results
covering Cases (i)—(iii). The remainder of the paper is then devoted to the proof of
Theorem (i.e. Case (ii) of Theorem [1.4)) and of Theorem which is a common
generalization of Case (ii) of Theorems and [1.3] In Section[d] we give a sketch of
the arguments for the ‘two cliques’ Case (ii) (i.e. the proofs of Theorems|3.3|and [3.9)).
Sections (and part of Section[9) are common to the proofs of both Theorems
and[3.9] Theorem[3.9)is proved in Section[0] All the subsequent sections are devoted
to the proof of Theorem

2. NOTATION

Unless stated otherwise, all the graphs and digraphs considered in this paper are
simple and do not contain loops. So in a digraph G, we allow up to two edges
between any two vertices, at most one edge in each direction. Given a graph or
digraph G, we write V(G) for its vertex set, E(G) for its edge set, e(G) := |E(G)|
for the number of edges in G and |G| := |V (G)| for the number of vertices in G. We
denote the complement of G by G.



PROOF OF THE 1-FACTORIZATION & HAMILTON DECOMPOSITION CONJECTURES I 7

Suppose that G is an undirected graph. We write §(G) for the minimum degree
of G, A(G) for its maximum degree and x'(G) for the edge-chromatic number of G.
Given a vertex v of G and a set A C V(G), we write dg(v, A) for the number of
neighbours of v in G which lie in A. Given A, B C V(G), we write Eg(A) for the set
of edges of G which have both endvertices in A and E¢(A, B) for the set of edges of
G which have one endvertex in A and its other endvertex in B. We also call the edges
in Eq(A, B) AB-edges of G. We let eq(A) := |Eg(A)| and eq(A, B) := |Eg(A, B)|.
If AN B =), we denote by G[A, B] the bipartite subgraph of G with vertex classes
A and B and edge set Eg(A, B). We often omit the index G if the graph G is clear
from the context. An AB-path in G is a path with one endpoint in A and the other
in B. A spanning subgraph H of G is an r-factor of G if the degree of every vertex
of H is r.

Given a vertex set V' and two multigraphs G and H with V(G),V(H) C V, we
write G + H for the multigraph whose vertex set is V(G) U V(H) and in which the
multiplicity of zy in G + H is the sum of the multiplicities of xy in G and in H (for
all z,y € V(G)UV(H)). If G and H are simple graphs, we write G U H for the
(simple) graph whose vertex set is V(G) UV (H) and whose edge set is E(G) UE(H).
We write G — H for the subgraph of G which is obtained from G by deleting all the
edges in E(G) N E(H). Given A C V(G), we write G — A for the graph obtained
from G by deleting all vertices in A.

We say that a graph or digraph G has a decomposition into Hy,..., H, if G =
H;, +---+ H, and the H; are pairwise edge-disjoint.

A path system is a graph @ which is the union of vertex-disjoint paths (some of
them might be trivial). We say that P is a path in @ if P is a component of @) and,
abusing the notation, sometimes write P € @) for this. We often view a matching M
as a graph (in which every vertex has degree precisely one).

If G is a digraph, we write xy for an edge directed from x to y. A digraph G is an
oriented graph if there are no x,y € V(G) such that xy,yxr € E(G). Unless stated
otherwise, when we refer to paths and cycles in digraphs, we mean directed paths and
cycles, i.e. the edges on these paths/cycles are oriented consistently. If x is a vertex
of a digraph G, then Naf(m) denotes the outneighbourhood of x, i.e. the set of all
those vertices y for which zy € E(G). Similarly, N, () denotes the inneighbourhood
of z, i.e. the set of all those vertices y for which yz € E(G). The outdegree of x is
df(z) := |NJ (z)| and the indegree of z is d(z) := |Ng (x)|. Whenever A, B C V(G)
with AN B = (), we denote by G[A, B] the bipartite subdigraph of G with vertex
classes A and B whose edges are all the edges of G directed from A to B. A spanning
subdigraph H of G is an r-factor of G if the outdegree and the indegree of every
vertex of H is r.

In order to simplify the presentation, we omit floors and ceilings and treat large
numbers as integers whenever this does not affect the argument. The constants in
the hierarchies used to state our results have to be chosen from right to left. More
precisely, if we claim that a result holds whenever 0 < 1/n € a < b < ¢ <1
(where n is the order of the graph or digraph), then this means that there are non-
decreasing functions f : (0,1] — (0,1], g : (0,1] — (0,1] and A : (0,1] — (0, 1] such
that the result holds for all 0 < a,b,c < 1 and all n € N with b < f(c¢), a < g(b)
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and 1/n < h(a). We will not calculate these functions explicitly. Hierarchies with
more constants are defined in a similar way. We will write a = b £ ¢ as shorthand
forb—c<a<b+e.

3. DERIVATION OF THEOREMS [I.1], [I.3] [I-4) FROM THE MAIN STRUCTURAL
RESULTS

In this section, we combine the main results of this paper together with the results

of [6], [2I] and [18] to derive Theorems and Before this, we first show
that the bound on the minimum degree in Theorem is best possible.

Proposition 3.1. For every n > 6, let D* := |n/2| — 1. Unless both D* and n are
odd, there is a disconnected D*-reqular graph G on n vertices. If both D* and n are
odd, there is a disconnected (D* — 1)-regqular graph G on n vertices.

Note that if both D* and n are odd, no D*-regular graph exists.

Proof. If n is even, take G to be the disjoint union of two cliques of order n/2.
Suppose that n is odd and D* is even. This implies n = 3 (mod 4). Let G be
the graph obtained from the disjoint union of cliques of orders |n/2] and [n/2] by
deleting a perfect matching in the bigger clique. Finally, suppose that n and D* are
both odd. This implies that n = 1 (mod 4). In this case, take G to be the graph
obtained from the disjoint union of cliques of orders [n/2] — 1 and [n/2] + 1 by
deleting a 3-factor in the bigger clique. O

3.1. Deriving Theorems and As indicated in Section [1] in the proofs of
our main results we will distinguish the cases when our given graph G is close to the
union of two disjoint copies of K, /5, close to a complete bipartite graph K, /3 , /2 or
a robust expander. We will start by defining these concepts.

We say that a graph G on n vertices is e-close to the union of two disjoint copies of
K, /5 if there exists A C V(G) with |A| = [n/2] and such that e(A, V(G)\ A) < en?.
We say that G is e-close to K, /5 if there exists A C V(G) with [A] = |n/2] and
such that e(A) < en?. We say that G is e-bipartite if there exists A C V(G) with
|A| = |n/2] such that e(A),e(V(G)\ A) < en?. So every e-bipartite graph is e-close
to K, /2y 2. Conversely, if 1/n < e and G is a regular graph on n vertices which
e-close to Ky, 5 ,/2, then G is 2e-bipartite.

Given 0 < v < 7 < 1, we say that a graph G on n vertices is a robust (v, T)-
expander, if for all S C V(G) with 7n < |S| < (1 — 7)n the number of vertices that
have at least vn neighbours in S is at least |S| + vn.

The following result from [I8] implies that we can split the proofs of Theorems
and [[.3] into three cases.

Lemma 3.2. Suppose that 0 < 1/n < kK K v < 1,6 < 1. Let G be a graph on n
vertices of minimum degree 6 := 0(G) > (1/2 — k)n. Then G satisfies one of the
following properties:

(i) G is e-close to Ky /25

(ii) G is e-close to the union of two disjoint copies of K, ja;
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(iii) G is a robust (v, T)-expander.

Recall that in this paper we prove Theorems and in Case (ii) when our
given graph G is e-close to the union of two disjoint copies of K,, /5. The following
result is sufficiently general to imply both Theorems and in this case. We
will prove it in Section

Theorem 3.3. For every eex > 0 there exists an ng € N such that the following holds
for all n > ng. Suppose that D > n —2|n/4| — 1 and that G is a D-regular graph
on n vertices which is ex-close to the union of two disjoint copies of K, o. Let F
be the size of a minimum cut in G. Then G can be decomposed into |min{D, F'} /2]
Hamilton cycles and D — 2|min{ D, F'} /2] perfect matchings.

Note that Theorem provides structural insight into the extremal graphs for
Theorem [1.3] - they are those with a cut of size less than D.
Throughout this paper, we will use the following fact.

n/2—1 ifn=0 (mod4),
(n—1)/2 ifn=1 (mod 4),
n/2 ifn=2 (mod 4),
(n+1)/2 ifn=3 (mod4).

(3.1) n—2n/4 —1=

The next result from [2I] (derived from the main result of [20]) shows that every
even-regular robust expander of linear degree has a Hamilton decomposition. It will
be used to prove Theorems and in the case when our given graph G is a
robust expander.

Theorem 3.4. For every o > 0 there exists T > 0 such that for every v > 0 there
exists ng = no(a, v, ) for which the following holds. Suppose that

(i) G is an r-regular graph on n > ng vertices, where r > an is even;
(ii) G is a robust (v, T)-expander.

Then G has a Hamilton decomposition.

The following result from [6] implies Theorems and in the case when our
given graph is e-close to K,,/2,/2. Note that unlike the case when G is e-close to
the union of two disjoint copies of K, /5, we have room to spare in the lower bound
on D.

Theorem 3.5. There are cox > 0 and ng € N such that the following holds. Let
n > ng and suppose that D > (1/2 — eex)n is even. Suppose that G is a D-regular
graph on n vertices which is eex-bipartite. Then G has a Hamilton decomposition.

The following result is an easy consequence of Tutte’s theorem and gives the degree
threshold for a single perfect matching in a regular graph. Note the condition on D
is the same as in Theorem [L.1]

Proposition 3.6. Suppose that D > 2[n/4]—1 and n is even. Then every D-regular
graph G on n vertices has a perfect matching.
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Proof. If D > n/2 then G has a Hamilton cycle (and thus a perfect matching)
by Dirac’s theorem. So we may assume that D = n/2 — 1 and so n = 0 (mod 4).
In this case, we will use Tutte’s theorem which states that a graph G has a perfect
matching if for every set S C V(G) the graph G — S has at most |S| odd components
(i.e. components on an odd number of vertices). The latter condition holds if | S| <1
and if |S| > n/2.

If |S| = n/2 —1 and G — S has more than |S| odd components, then G — S
consists of isolated vertices. But this implies that each vertex outside S is joined to
all vertices in S, contradicting the (n/2 — 1)-regularity of G.

If 2 < |S] < n/2—2, then every component of G — .S has at least n/2 — | S| vertices
and so G — S has at most [(n—|S])/(n/2—|S])] components. But |(n—|S])/(n/2—
|S])] < |S| unless n = 8 and |S| = 2. (Indeed, note that (n—|S|)/(n/2—|S]) < |S] if
and only if n+|S|2— (n/2+1)|S| < 0. The latter holds for |S| = 3 and |S| = n/2—2,
and so for all values in between. The case |S| = 2 can be checked separately.) If
n =8 and |S| = 2, it is easy to see that G — S has at most two odd components.

O

Proof of Theorem Let 7 = 7(1/3) be the constant returned by Theorem [3.4]
for a :=1/3. Choose ng € N and constants v, gex such that 1/ny < v < 7,eex and
€ex K 1. Let n > ng and let G be a D-regular graph as in Theorem Lemma[3.2
implies that GG satisfies one of the following properties:

(i) G is eex-close to K, /9 /23
(ii) G is eex-close to the union of two disjoint copies of K, o;
(iii) G is a robust (v, 7)-expander.

If (i) holds and D is even, then as observed at the beginning of this subsection, this
implies that G is 2e.x-bipartite. So Theorem implies that G has a Hamilton
decomposition and thus also a 1-factorization (as n is even and so every Hamilton
cycle can be decomposed into two perfect matchings). Suppose that (i) holds and
D is odd. Then Proposition [3.6] implies that G contains a perfect matching M.
Now G — M is still gex-close to K,/ ,,/2 and so Theorem @ implies that G — M
has a Hamilton decomposition. Thus G has a 1-factorization. If (ii) holds, then
Theorem and imply that G has a 1-factorization. If (iii) holds and D is
odd, we use Propositionto choose a perfect matching M in G and let G := G—M.
If D is even, let G’ := G. In both cases, G’ — M is still a robust (v/2, 7)-expander.
So Theorem gives a Hamilton decomposition of G’. So G has a 1-factorization.

O

The proof of Theorem [I.3]is similar to that of Theorem

Proof of Theorem Choose ng € N and constants 7, v, e as in the proof
of Theorem Let n > ng and let G be a D-regular graph as in Theorem
As before, Lemma implies that G satisfies one of (i)—(iii). Suppose first that (i)
holds. If D is odd, n must be even and so D > n/2. Choose a perfect matching
M in G (e.g. by applying Dirac’s theorem) and let G' := G — M. If D is even, let
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G’ := G. Note that in both cases G’ is eq.x-close to Ky 2n/2 and so 2cex-bipartite.
Thus Theorem implies that G’ has a Hamilton decomposition.

Suppose next that (ii) holds. Note that by (3.1), D > n—2|n/4] —1 unless n = 3
(mod 4) and D = |n/2]. But the latter would mean that both n and D are odd,
which is impossible. So the conditions of Theorem are satisfied. Moreover, since
D > |n/2], Proposition [6.1](ii) implies that the size of a minimum cut in G is at
least D. Thus Theorem [3.3]implies that G has a decomposition into Hamilton cycles
and at most one perfect matching.

Finally, suppose that (iii) holds. If D is odd (and thus n is even), we can apply
Proposition again to find a perfect matching M in G and let G’ := G — M. If
D is even, let G' := G. In both cases, G’ is still a robust (v/2,7)-expander. So
Theorem gives a Hamilton decomposition of G’. O

3.2. Deriving Theorem The derivation of Theorem is similar to that of
the previous two results. We will replace the use of Lemma and Theorem
with the following result, which is an immediate consequence of the two main results
in [18].

Theorem 3.7. For every eex > 0 there exists an ng € N such that the following
holds. Suppose that G is a graph on n > ngy vertices with 6(G) > n/2. Then G
satisfies one of the following properties:
(i) G is eex-close to Ky 2 /25
(ii) G is eex-close to the union of two disjoint copies of Ky a;
(iii) G contains regq e, (n,9)/2 edge-disjoint Hamilton cycles.

To deal with the near-bipartite case (i), we will apply the following result from [6].

Theorem 3.8. For each o > 0 there are eox > 0 and ng € N such that the following
holds. Suppose that G is an eex-bipartite graph on n > ng wvertices with 6(G) >
(1/2 — gex)n. Suppose that G has a D-regular spanning subgraph such that n/100 <
D < (1/2—a)n and D is even. Then G contains D /2 edge-disjoint Hamilton cycles.

The next result immediately implies Theorem in Case (ii) when G is e-close
to the union of two disjoint copies of K, /5. We will prove it in Section |§| of this
paper. Since G is far from extremal in this case, we obtain almost twice as many
edge-disjoint Hamilton cycles as needed for Theorem

Theorem 3.9. For cvery € > 0, there exist eex > 0 and ng € N such that the
following holds. Suppose n > ng and G is a graph on n vertices such that G is €ex-
close to the union of two disjoint copies of K, o and such that 6(G) > n/2. Then G
has at least (1/4 — e)n edge-disjoint Hamilton cycles.

We will also use the following well-known result of Petersen.

Theorem 3.10. Every regular graph of positive even degree contains a 2-factor.

Proof of Theorem Choose ng € N and eqx such that 1/ny < eex < 1. In
particular, we choose ¢, < el (1/12), where €., (1/12) is the constant returned by
Theoremfor £ :=1/12, as well as eex < €2,(1/6)/2, where €2, (1/6) is the constant
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returned by Theorem for a := 1/6. Let G be a graph on n > ng vertices with
0 := 6(G) > n/2. Theorem implies that we may assume that G satisfies either
(i) or (ii). Note that in both cases it follows that 6(G) < (1/2 + beex)n. So
implies that n/5 < regg en(n,9) < 3n/10.

Suppose first that (i) holds. As mentioned above, this implies that G is 2eex-
bipartite. Let G’ be a D-regular spanning subgraph of G such that D is even and
D > reg. o, (n,d). Petersen’s theorem (Theorem implies that by successively
deleting 2-factors of G’, if necessary, we may in addition assume that D < n/3.
Then Theorem (applied with « := 1/6) implies that G contains at least D/2 >
regeven (1, 9)/2 edge-disjoint Hamilton cycles.

Finally suppose that (ii) holds. Then Theorem [3.9| (applied with ¢ := 1/12)
implies that G contains n/6 > regqy.,(n,)/2 edge-disjoint Hamilton cycles. O

4. OVERVIEW OF THE PROOFS OF THEOREMS [3.3] AND [3.9]

The proof of Theorem is much simpler than that of Theorems (mainly
because its assertion leaves some leeway — one could probably find a slightly larger
set of edge-disjoint Hamilton cycles than guaranteed by Theorem . Moreover,
the ideas used in the former all appear in the proof of the latter too.

4.1. Proof overview for Theorem Let G be a graph on n vertices with
0(G) > n/2 which is close to being the union of two disjoint cliques. So there is a
vertex partition of G into sets A and B of roughly equal size so that G[A] and G[B]
are almost complete. Our aim is to construct almost n/4 edge-disjoint Hamilton
cycles.

Several techniques have recently been developed which yield approximate decom-
positions of dense (almost) regular graphs, i.e. a set of Hamilton cycles covering al-
most all the edges (see e.g. [0, 8, 9], 22), 28]). This leads to the following idea: replace
G[A] and G[B] by multigraphs G4 and Gp so that any suitable pair of Hamilton
cycles Cy and Cp of G 4 and G g respectively corresponds to a single Hamilton cycle
C in the original graph G. We will construct G4 and Gp by deleting some edges
of G and introducing some ‘fictive edges’. (The introduction of these fictive edges is
the reason why G4 and Gp are multigraphs.)

We next explain the key concept of these ‘fictive edges’. The following graph G
provides an instructive example: suppose that n = 0 (mod 4). Let G be obtained
from two disjoint cliques induced by sets A and B of size n/2 by adding a perfect
matching M between A and B. Note that G is n/2-regular. Now pair up the edges
of M into n/4 pairs (e;,e;+1) for i =1,3,...,n/2 — 1. Write e; =: x;y; with z; € A
and y; € B. Next let G4 be the multigraph obtained from G[A] by adding all the
edges z;r;+1, where i is odd. Similarly, let Gp be obtained from G[B] by adding all
the edges y;y:41, where ¢ is odd. We call the edges z;z;11 and y;y;+1 fictive edges.
Note that G4 and Gp are regular multigraphs. Now pair off the fictive edges in G 4
with those in G, i.e. x;z;1 is paired off with y;y; 1. Suppose that C'4 is a Hamilton
cycle in G4 which contains x;x; 11 (and no other fictive edges) and Cp is a Hamilton
cycle in Gp which contains y;y;+1 (and no other fictive edges). Then together, C'4
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and Cp correspond to a Hamilton cycle C' in the original graph G (where fictive
edges are replaced by the corresponding matching edges in M again).

So we have reduced the problem of finding many edge-disjoint Hamilton cycles in
G to that of finding many edge-disjoint Hamilton cycles in the almost complete graph
G4 (and Gp), with the additional requirement that each such Hamilton cycle con-
tains a unique fictive edge. This can be achieved via the ‘approximate decomposition
result’ in [7] (see Lemma[9.4]in current paper for the statement).

Additional difficulties arise from ‘exceptional’ vertices, namely those which have
high degree into both A and B. (It is easy to see that there cannot be too many
of these vertices.) Fictive edges also provide a natural way of ‘eliminating’ these
exceptional vertices. Suppose for example that G’ is obtained from the graph G
above by adding a vertex a so that a is adjacent to half of the vertices in A and
half of the vertices in B. (Note that §(G’) is a little smaller than |G'|/2, but G’
is similar to graphs actually occurring in the proof.) Then we can pair off the
neighbours of @ into pairs within A and introduce a fictive edge f; between each pair
of neighbours. We also introduce fictive edges f; between pairs of neighbours of a
in B. Without loss of generality, we have fictive edges fi, f3,. .., f,/2—1 (and recall
that |G'| = n+1). So we have V(G';) = A and V(G'3) = B again. We then require
each pair of Hamilton cycles C4, Cp of G;x and GSB to contain x;x;41, Y;yir1 and
a fictive edge f; (which may lie in A or B) where i is odd, see Figure |1, Then C4
and Cg together correspond to a Hamilton cycle C' in G’ again. The subgraph J of
G’ which corresponds to three such fictive edges x;x; 11, yiyir1 and f; of C is called
a ‘Hamilton exceptional system’. J will always be a path system. So in general, we
will first find a sufficient number of edge-disjoint Hamilton exceptional systems J.
Then we apply Lemma to find edge-disjoint Hamilton cycles in G/y and G’5,
where each pair of cycles contains a suitable set J* of fictive edges (corresponding
to some Hamilton exceptional system J).

For Lemma[9.4] we need each of the Hamilton exceptional systems .J to be ‘local-
ized’: given a partition of A and B into clusters, the endpoints of the corresponding
set J* of fictive edges need to be contained in a single cluster of A and of B. The
fact that the Hamilton exceptional systems need to be localized is one reason for
treating exceptional vertices differently from the others by introducing fictive edges
for them.

4.2. Proof overview for Theorem The main result of this paper is The-
orem Suppose that G is a D-regular graph satisfying the conditions of that
theorem.

Using the approach of the previous subsection, one can obtain an approximate
decomposition of G, i.e. a set of edge-disjoint Hamilton cycles covering almost all
edges of G. However, one does not have any control over the ‘leftover’ graph H,
which makes a complete decomposition seem infeasible. This problem was overcome
in [20] by introducing the concept of a ‘robustly decomposable graph’ G™P. Roughly
speaking, this is a sparse regular graph with the following property: given any very
sparse regular graph H with V (H) = V(G™P) which is edge-disjoint from G™P, one



14 DANIELA KUHN, ALLAN LO, DERYK OSTHUS AND ANDREW TREGLOWN

A B

FiGURE 1. Transforming the problem of finding a Hamilton cycle
on V(G') into finding two Hamilton cycles C4 and Cp on A and B
respectively.

can guarantee that G™P U H has a Hamilton decomposition. This leads to a natural
(and very general) strategy to obtain a decomposition of G:

(1) find a (sparse) robustly decomposable graph G™P in G' and let G’ denote the
leftover;

(2) find an approximate Hamilton decomposition of G’ and let H denote the
(very sparse) leftover;

(3) find a Hamilton decomposition of G*P U H.

It is of course far from clear that one can always find such a graph G™P. The main
‘robust decomposition lemma’ of [20] guarantees such a graph G™P in any regular
robustly expanding graph of linear degree. Since G is close to the disjoint union
of two cliques, we are of course not in this situation. However, a regular almost
complete graph is certainly a robust expander, i.e. our assumptions imply that G is
close to being the disjoint union of two regular robustly expanding graphs G 4 and
G g, with vertex sets A and B.

So very roughly, the strategy is to apply the robust decomposition lemma of [20]
to G4 and G separately, to obtain a Hamilton decomposition of both G4 and Gp.
Now we pair up Hamilton cycles of G4 and Gpg in this decomposition, so that each
such pair corresponds to a single Hamilton cycle of G and so that all edges of G are
covered. It turns out that we can achieve this as in the proof of Theorem we
replace all edges of G between A and B by suitable ‘fictive edges’ in G4 and Gp.
We then need to ensure that each Hamilton cycle in G4 and Gp contains a suitable
set of fictive edges — and the set-up of the robust decomposition lemma does allow
for this.

One significant difficulty compared to the proof of Theorem is that this time
we need a decomposition of all the ‘exceptional’” edges (i.e. those between A and B
and those incident to the exceptional vertices) into Hamilton exceptional systems.
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The nature of the decomposition depends on the structure of the bipartite subgraph
G[A’, B'] of G, where A’ is obtained from A by including some subset Ay of the
exceptional vertices, and B’ is obtained from B by including the remaining set By of
exceptional vertices. We say that G is ‘critical” if many edges of G[A’, B'] are incident
to very few (exceptional) vertices. In our decomposition into Hamilton exceptional
systems, we will need to distinguish between the critical and non-critical case (when
in addition G[A’, B'] contains many edges) and the case when G[A’, B] contains only
a few edges. The lemmas guaranteeing this decomposition are stated and discussed
in Section but proved in [19].

Finding these localized Hamilton exceptional systems becomes more feasible if
we can assume that there are no edges with both endpoints in the exceptional set
Ap or both endpoints in By. So in Section [I0} we find and remove a set of edge-
disjoint Hamilton cycles covering all edges in G[Ay] and G[By|. We can then find the
localized Hamilton exceptional systems in Section After this, we need to extend
and combine them into certain path systems and factors in Section [12], before we can
use them as an ‘input’ for the robust decomposition lemma in Section Finally,
all these steps are combined in Section [14] to prove Theorem [3.3

5. TooLs

We will often use the following Chernoff bound for the hypergeometric distribution
(see e.g. [13, Theorem 2.10]). The hypergeometric random variable X with param-
eters (n,m, k) is defined as follows. We let N be a set of size n, fix S C N of size
|S| = m, pick a uniformly random 7' C N of size |T| = k, then define X := |T'N S|.
Note that EX = km/n.

Proposition 5.1. Suppose X has hypergeometric distribution and 0 < a < 3/2.
Then P(|X — EX| > aEX) < 2e~*EX/3,

We will also need the following fact, which is a simple consequence of Vizing’s
theorem and was first observed by McDiarmid and independently by de Werra (see

e.g. [34]).

Proposition 5.2. Let G be a graph with X' (G) < m. Then G has a decomposition
into m matchings My, ..., My, with |e(M;) —e(M;)| <1 for all i,5 < m.

If G = (A, B) is an undirected bipartite graph with vertex classes A and B, then
the density of G is defined as

__eq(A,B)
(4, B) = I

For any € > 0, we say that G is e-regular if for any A’ C A and B’ C B with
|A’| > €|A| and |B'| > ¢|B| we have |d(A’, B’) — d(A, B)| < e. We say that G is
(e,> d)-regular if it is e-regular and has density d’ for some d’ > d — «.

We say that G is [e, d]-superregular if it is e-regular and dg(a) = (d £ ¢)|B| for
every a € A and dg(b) = (d £ ¢)|A| for every b € B. G is [g,> d]-superregular if it
is [, d']-superregular for some d' > d.
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Given disjoint vertex sets X and Y in a digraph G, recall that G[X,Y] denotes
the bipartite subdigraph of G whose vertex classes are X and Y and whose edges are
all the edges of G directed from X to Y. We often view G[X,Y] as an undirected
bipartite graph. In particular, we say G[X,Y] is e-regular, (&,> d)-reqular, [e,d]-
superregular or [e,> d]-superregular if this holds when G[X,Y] is viewed as an
undirected graph.

The following proposition states that the graph obtained from a superregular pair
by removing a small number of edges at every vertex is still superregular (with
slightly worse parameters). We omit the proof which follows straightforwardly from
the definition of superregularity. A similar argument is for example included in [20].

Proposition 5.3. Suppose that 0 < 1/m < ¢ < d < d < 1. Let G be a bipartite
graph with vertex classes A and B of size m. Suppose that G’ is obtained from G by
removing at most d'm vertices from each vertex class and at most d'm edges incident
to each vertex from G. If G is [e, d]-superregular then G’ is [2v/d', d]-superregular.

We will also use the following well-known observation, which easily follows from
Hall’s theorem and the definition of [e, d]-superregularity.

Proposition 5.4. Suppose that 0 < 1/m < ¢ < d < 1. Suppose that G is an
[e, d]-superregular bipartite graph with vertezx classes of size m. Then G contains a
perfect matching.

6. PARTITIONS AND FRAMEWORKS

6.1. Edges between partition classes. Let A’, B’ be a partition of the vertex
set of a graph G. The aim of this subsection is to give some useful bounds on the
number eg(A’, B') of edges between A’ and B’ in G.

Proposition 6.1. Let G be a graph on n vertices with §(G) > D. Let A’, B’ be a
partition of V(G). Then the following properties hold:

(i) eq(A, B") = (D — |B'| + 1)|B|.

(ii) If D > n —2|n/4] — 1, then eq(A',B") > D unless n = 0 (mod 4), D =
n/2—1 and |A'| = |B'| =n/2.
Proof. Since 6(G) > D we have d(v,A’) > D — |B’| + 1 for all v € B’ and so

eq(A’,B") > (D — |B'| + 1)|B’|, which implies (i). (ii) follows from (3.1)) and (i).
U

Proposition 6.2. Let G be a D-reqular graph on n vertices together with a vertex
partition A', B'. Then

(i) eq(A’, B') is odd if and only if both |A’| and D are odd.
—n)n N_1B')2
(11) €G(A/, B/) = eé(A/) + eé(B/) + (2D+i ) _ A" 4|B D .

Proof. Note that eq(A',B') =3 cxd(v,B") =3 cx(D —d(v,A")) = |A'|D —
2e;(A’). Hence (i) follows.
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For (ii), note that

66(14/)

(5)-wn= (4) - inm

and similarly e5(B') = (IB1) — (D|B/| - eq(A’, B))) /2. Since |A'| + |B'| = n it
follows that

ec(A',B) = eg(A) + eg(B') — % (JA?+|B')>—=n(D+1))

2D 42— A'| — |B'|)?

as required. O

Proposition 6.3. Let G be a D-regular graph on n vertices with D > |n/2]|. Let
A", B’ be a partition of V(G) with |A'|,|B'| > D/2 and A(G[A’, B']) < D/2. Then

D-28 ifD>n/2,

eq-u(A,B') = {D/2 -28 if D=(n—-1)/2

for every U C V(G) with |U| < 3.

Proof. Without loss of generality, we may assume that |[A'| > |B’|. Set G’ :=
G[A',B']. If |B'| < D — 4, then e(G’) > (D — |B'| +1)|B’'| > 5D/2 by Proposi-
tion i). Since A(G’) < D/2 we have e(G' —U) > e(G') —3D/2 > D. Thus we
may assume that |B’| > D — 3. For every v € B’, we have

de(v) =dg(v,A') =D —dg(v,B") = D — (|B'| — dg(v, B") — 1) < dg(v, B') + 4,

and similarly der (v) < dg(v, A") + 4 for all v € A’. Thus

d dar(uw) <12+ > dg(u, A)+ > dg(u, B')

uelU ueUNA’ ueUnNB’
(6.1) <15+ eg(A) + eg(B').

Note that |A'|—|B’| < 7since |A'| > |B'| > D—3 > |n/2]—3. By Proposition[6.2[(ii),
we have

oG -U) > e@)=) dg(u)

uelU

—n)n '| - |B])?
> eg(A) +eg(B) + (2D+z e 4‘B = 2 dor(w)
2D+2-n)n  (4]-|B])?*
> 1 1

Hence the proposition follows. O
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The following result is an analogue of Proposition for the case when G is
(n/2 — 1)-regular with n =0 (mod 4) and |A’'| =n/2 = |B|.

Proposition 6.4. Let G be an (n/2 — 1)-regular graph on n vertices with n = 0
(mod 4). Let A’, B" be a partition of V(G) with |A'| =n/2 =|B’'|. Then

ea(A'\ X, B') > eq(X, B') — |X|(|X] - 1)
for every vertex set X C A'. Moreover, A(G[A’, B']) < eq(A’,B’)/2.
Proof. For every v € A, we have
dg(v,B')=n/2—1—dg(v,A") =|A'| -1 —dg(v,A") = dg(v, A').

By summing over all v € A’ we obtain

eq(A',B') = 2e5(A’) > 2 (Z dg(z, A') — ('f')) =2 da(z, B') - |X|(|X] - 1)
zeX reX
= 2eq(X, B') — | X|(|X]| - 1).

Therefore,
eG(A/ \ X, B/) = eG(A/7B,) - GG(X, B/) > eG(X7 B/) - ‘X‘(’X‘ - 1)

In particular, this implies that for each vertex z € A’ we have eq(A’\ {z},B’) >
eqc({z},B’) = dg(z,B’) and so 2dg(z,B’) < eq(A’,B’). By symmetry, for any
y € B’ we have 2d(y, A’) < eq(A’, B'). Therefore, A(G[A', B']) < eq(4’, B')/2.

g

6.2. Frameworks. Throughout the proof, we will consider partitions into sets A
and B of equal size (which induce ‘near-cliques’) as well as ‘exceptional sets’ Ay
and By. The following definition formalizes this. Given a graph G, we say that
(G, A, Ay, B, By) is an (gq, K)-framework if the following holds, where A" := AgU A,
B':= ByU B and n:= |V(G)|:

(FR1) A, Ay, B, By forms a partition of V(G).

(FR2) e(A’, B') < gon?.

(FR3) |A| = |B| is divisible by K, |Ag| > |Bo| and |Ag| + | Bo| < eon.

(FR4) If v € A then d(v, B') < ggn and if v € B then d(v, A’) < gon.

We often write V| for AgU By and think of the vertices in V| as ‘exceptional vertices’.
Also, whenever (G, A, Ao, B, Bp) is an (g9, K)-framework, we will write A" := AgUA,
B’ := ByU B.

Proposition 6.5. Let 0 < 1/n < gex, 1/K < 1 and eex < g0 < 1. Let G be a
graph on n vertices with 6(G) = D > n — 2|n/4| — 1 that is eex-close to the union
of two disjoint copies of K, 5. Then there is a partition A, Ag, B, By of V(G) such
that (G, A, Ao, B, By) is an (g9, K)-framework, d(v, A") > d(v)/2 for allv e A" and
d(v,B") > d(v)/2 for allv € B'.
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Proof. Write € := eex. Since G is e-close to the union of two disjoint copies of K, /2,
there exists a partition A”, B” of V(G) such that |A”| = |n/2] and e(A”, B") < en?.
If there exists a vertex v € A” such that d(v, A”) < d(v, B"), then we move v to B”.
We still denote the vertex classes thus obtained by A” and B”. Similarly, if there
exists a vertex v € B” such that d(v, B”) < d(v, A”), then we move v to A”. We
repeat this process until d(v, A”) > d(v, B”) for all v € A” and d(v, B") > d(v, A”)
for all v € B”. Note that this process must terminate since at each step the value
of e(A”, B"”) decreases. Let A, B’ denote the resulting partition. By relabeling the
classes if necessary we may assume that |A’| > |B’|. By construction, e(A’, B') <
e(A”, B") < en? and so (FR2) holds. Suppose that |B’| < (1—5¢)n/2. Then at some
stage in the process we have that |B”| = (1—5¢)n/2. But then by Proposition [6.1f1),

e(A” B") > (D —|B"|+1)|B"| > en?,

a contradiction to the definition of e-closeness (as the number of edges between the
partition classes has not increased while moving the vertices). Hence, |A’| > |B| >
(1 —5e)n/2. Let B{ be the set of vertices v in B’ such that d(v, A’) > \/en. Since
Ven|B| < e(A’, B') < en? we have | Bj| < \/zn. Note that

(6.2) IB'| — | B > (1 - 5e)n/2 — ven > (1 — 3v/2)n/2.

Similarly, let A}, be the set of vertices v in A’ such that d(v,B") > y/en. Thus,
|A] < Ven and |A'| — |Aj] > n/2 — |Ap] > (1 — 2y/e)n/2. Let m be the largest
integer such that Km < |A'| — |Ayl|,|B’| — |Bf|- Let A and B be Km-subsets of
A"\ A and B’ \ B| respectively. Set Ay := A"\ A and By := B’ \ B. Note that
and its analogue for A" together imply that |Ag| + |Bo| < 3v/en + 2K < eggn.
Therefore, (G, A, Ag, B, By) is an (g9, K )-framework. O

7. EXCEPTIONAL SYSTEMS AND (K, m,£0)-PARTITIONS

The definitions and observations in this section will enable us to ‘reduce’ the
problem of finding Hamilton cycles in G to that of finding suitable pairs Cy, Cp
of cycles with V(C4) = A and V(Cp) = B. In particular, they will enable us to
‘ignore’ the exceptional set Vj = Ag U By. Roughly speaking, for each Hamilton
cycle we seek, we find a certain path system J covering V; (called an exceptional
system). From this, we derive a set J* of edges whose endvertices lie in A U B by
replacing paths of J with ‘fictive edges’ in a suitable way. We can then work with
J* instead of J when constructing our Hamilton cycles (see Proposition and the
explanation preceding it).

Suppose that A, Ag, B, By forms a partition of a vertex set V of size n such that
|A| = |B|. Let Vy := Ag U By. An exceptional cover J is a graph which satisfies the
following properties:

(EC1) J is a path system with V5 C V(J) C V.
(EC2) dj(v) =2 for every v € Vj and dj(v) <1 for every v € V(J) \ Vp.

(EC3) ej(A),es(B) =0.

We say that J is an exceptional system with parameter €9, or an ES for short, if J
satisfies the following properties:



20 DANIELA KUHN, ALLAN LO, DERYK OSTHUS AND ANDREW TREGLOWN

(ES1) J is an exceptional cover.
(ES2) One of the following is satisfied:
(HES) The number of AB-paths in J is even and positive. In this case we say
J is a Hamilton exceptional system, or HES for short.
(MES) e;(A’, B’) = 0. In this case we say J is a matching exceptional system,
or MES for short.
(ES3) J contains at most /egn AB-paths.

Note that by definition, every AB-path in J is maximal. So the number of AB-paths
in J is the number of genuine ‘connections’ between A and B (and thus between A’
and B'). If we want to extend J into a Hamilton cycle using only edges induced by A
and edges induced by B, this number clearly has to be even and positive. Hamilton
exceptional systems will always be extended into Hamilton cycles and matching
exceptional systems will always be extended into two disjoint even cycles which
together span all vertices (and thus consist of two edge-disjoint perfect matchings).

Since each maximal path in J has endpoints in AU B and internal vertices in 1},
an exceptional system J naturally induces a matching J 5 on AUB. More precisely,
if Pp,..., Py are the non-trivial paths in J and x;, y; are the endpoints of P;, then we
define J} 5 := {w;y; : i < {'}. Thus ey, (A, B) is equal to the number of AB-paths
in J. In particular, if .J is a matching exceptional system, then e (4, B) = 0.

Let 21y1, ..., T2y2¢ be a fixed enumeration of the edges of J} z[A, B] with x; € A
and y; € B. Define

J:‘ = J:ZB[A] U {1‘22'_1.7}21' 1< < €} and JE = JZB[B] U {yginH_l 1< < €}

(with indices considered modulo 2¢). Let J* := J} + Jj, see Figure |2l Note that J*
is the union of one matching induced by A and another on B, and e(J*) = e(J} ).
Moreover, by (EC2) we have

(7.1) e(J) = e(Jip) < Vol + es (A", B') < 2\/zn.

We will call the edges in J* fictive edges. Note that if J; and Jy are two edge-
disjoint exceptional systems, then Ji" and J5 may not be edge-disjoint. However, we
will always view fictive edges as being distinct from each other and from the edges
in other graphs. So in particular, whenever J; and Jo are two exceptional systems,
we will view Ji and J5 as being edge-disjoint.

We say that a path P is consistent with J} if P contains J} and (there is an
orientation of P which) visits the vertices x1,...,x9 in this order. A path P is
consistent with Jy if P contains Jg and visits the vertices ya,..., 2,1 in this
order. In a similar way we define when a cycle is consistent with J} or J5.

The next result shows that if J is a Hamilton exceptional system and C4,Cp are
two Hamilton cycles on A and B respectively which are consistent with J3 and Jj,
then graph obtained from Cy4 + Cp by replacing J* = J, + J5 with J is a Hamilton
cycle on V' which contains J, see Figure When choosing our Hamilton cycles,
this property will enable us ignore all the vertices in Vj and to consider the (almost
complete) graphs induced by A and by B instead. Similarly, if J is a matching
exceptional system and both |A’| and |B’| are even, then the graph obtained from
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FIGURE 2. The thick lines illustrate the edges of J, J35 and J*
respectively.

Ca + Cp by replacing J* with J is the edge-disjoint union of two perfect matchings
on V.

Proposition 7.1. Suppose that A, Ay, B, By forms a partition of a vertex set V. Let
J be an exceptional system. Let Cy and Cp be two cycles such that

o Cy is a Hamilton cycle on A that is consistent with J7;
e Cp is a Hamilton cycle on B that is consistent with J.

Then the following assertions hold.

(i) If J is a Hamilton exceptional system, then Cq+ Cp— J*+ J is a Hamilton
cycle on V.

(i1) If J is a matching exceptional system, then Cy + Cp — J* + J is the union
of a Hamilton cycle on A" and a Hamilton cycle on B'. In particular, if both
|A’| and |B’| are even, then Ca+Cp—J*+J is the union of two edge-disjoint
perfect matchings on V.

Proof. Suppose that J is a Hamilton exceptional system. Let z1y1, ..., Tosyss be
an enumeration of the edges of J}z[A, B] with z; € A and y; € B and such that
JZ = JZB[A] U {:Egi,lsvgi 1< < é} and JE = JZB[B] U {y2iy2i+1 1< < f} Let
PlA, . ,PZA be the paths in Cy — {z9j—129; : 1 <i < ¢}. Since Cy4 is consistent with
J’}, we may assume that PiA is a path from x9; 9 to x9;_1 for all ¢ < £. Similarly, let
PP, ... ,PeB be the paths in Cp — {y2;y2i+1 : 1 <1i < £}. Again, we may assume that
PZ-B is a path from ys;_1 to y9; for all ¢ < £. Define C* to be the 2-regular graph on
AU B obtained from concatenating PIA, r1y1, PP, yaxa, P2A, T3Y3, - - - ,PEB and yopTop.
Together with (HES), the construction implies that C* is a Hamilton cycle on AU B
and C* =Ca+Cp—J"+Jz. Thus C := C* — J) 5+ J is a Hamilton cycle on V.
Since C' = Cy + Cp — J* + J, (i) holds.

The proof of (ii) is similar to that of (i). Indeed, the previous argument shows
that C* is the union of a Hamilton cycle on A and a Hamilton cycle on B. (MES)
now implies that C' is the union of a Hamilton cycle on A’ and one on B'. O
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In general, we construct an exceptional system by first choosing an exceptional
system candidate (defined below) and then extending it to an exceptional system.
More precisely, suppose that A, Ag, B, By forms a partition of a vertex set V. Let
Vo := AgU By. A graph F' is called an exceptional system candidate with parameter
€p, or an ESC for short, if F' satisfies the following properties:

(ESC1) F is a path system with Vj C V(F) C V and such that er(A),er(B) = 0.
(ESC2) dp(v) <2for all v eV and dp(v) =1 for all v € V(F) \ V.
(ESC3) ep(A’,B') < \/egn/2. In particular, |V (F)NA|,|V(F)NB| < 2|Vy|+/eon/2.
(ESC4) One of the following holds:
(HESC) Let b(F) be the number of maximal paths in F' with one endpoint in
A’ and the other in B’. Then b(F) is even and b(F) > 0. In this case
we say that F'is a Hamilton exceptional system candidate, or HESC' for
short.
(MESC) ep(A’,B") = 0. In this case, F' is called a matching exceptional system
candidate or MESC for short.

Note that if dp(v) = 2 for all v € Vp, then F' is an exceptional system. Also, if F
is a Hamilton exceptional system candidate with e(F') = 2, then F' consists of two
independent A’B’-edges. Moreover, note that (EC2) allows an exceptional cover J
(and so also an exceptional system J) to contain vertices in AU B which are isolated
in J. However, (ESC2) does not allow for this in an exceptional system candidate F'.

Similarly to condition (HES), in (HESC) the parameter b(F') counts the number of
‘connections’ between A’ and B’. In order to extend a Hamilton exceptional system
candidate into a Hamilton cycle without using any additional A’ B’-edges, it is clearly
necessary that b(F) is positive and even.

The next result shows that we can extend an exceptional system candidate into
an exceptional system by adding suitable AgA- and ByB-edges. In the proof of
Lemma we will use that if G is a D-regular graph with D > n/100 (say) and
(G, A, Ay, B, By) is an (g9, K)-framework with A(G[A’, B']) < D/2, then conditions
(i) and (ii) below are satisfied.

Lemma 7.2. Suppose that 0 < 1/n < g9 < 1 and that n € N. Let G be a graph on
n vertices so that

(i) A, Ao, B, By forms a partition of V(G) with |Ag U By| < gon.
(ii) d(v, A) > \/eon for all v € Ay and d(v, B) > \/egn for all v € By.

Let F' be an exceptional system candidate with parameter eg. Then there exists an
exceptional system J with parameter g such that F C J C G + F and such that
every edge of J — F lies in G[Ag, A] + G[By, B]. Moreover, if F is a Hamilton
exceptional system candidate, then J is a Hamilton exceptional system. Otherwise
J is a matching exceptional system.

Proof. For each vertex v € Ay, we select 2—dp(v) edges uv in G with u € A\V(F).
Since dg(v, A) > /eon > |V (F) N A| + 2|Vp| by (ESC3), these edges can be chosen
such that they have no common endpoint in A. Similarly, for each vertex v € By,
we select 2 — dp(v) edges uv in G with w € B\ V(F'). Again, these edges are chosen
such that they have no common endpoint in B. Let J be the graph obtained from F
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by adding all these edges. Note that J is an exceptional cover such that every edge
of J — F lies in G[Ay, A] + G[By, B]. Furthermore, the number of AB-paths in J is
at most ep(A’, B') < \/eon/2.

Suppose F' is a Hamilton exceptional system candidate with parameter 3. Our
construction of J implies that the number of AB-paths in J equals b(F'). So (HES)
follows from (HESC). Now suppose F is a matching exceptional system candidate.
Then (MES) is satisfied since ej(A’, B") = ep(A’, B’) = 0 by (MESC). This proves
the lemma. 0

Let K,m € N and g9 > 0. A (K,m,eq)-partition P of a set V of vertices is a
partition of V' into sets Ag, A1, ..., Ax and By, By, ..., Bk such that |A;| = |B;| = m
for all ¢ > 1 and |Ag U By| < g9|V|. The sets Ay,...,Ax and By,..., Bg are called
clusters of P and Ag, By are called exceptional sets. We often write Vj for AgUBy and
think of the vertices in V| as ‘exceptional vertices’. Unless stated otherwise, whenever
P is a (K, m,ep)-partition, we will denote the clusters by A1, ..., Ax and By, ..., Bk
and the exceptional sets by Ag and By. We will also write A := A; U---U Ag,
B:=DBjU---UBkg, A\ :=AyUA U ---UAg and B' := ByUB; U---U Bg.

Given a (K,m,eq)-partition P and 1 < 4,9 < K, we say that J is an (i,i')-
localized Hamilton exceptional system (abbreviated as (i,i")-HES) if J is a Hamilton
exceptional system and V' (J) C Vo U A; U By. In a similar way, we define

(i,1")-localized matching exceptional systems ((i,i')-MES),
(i,1")-localized exceptional systems ((i,1')-ES),

(i,1")-localized Hamilton exceptional system candidates ((i,i')-HESC),
(i,1")-localized matching exceptional system candidates ((i,i")-MESC),
(i,1")-localized exceptional system candidates ((i,4")-ESC).

To make clear with which partition we are working, we sometimes also say that J is
an (i,1')-localized Hamilton exceptional system with respect to P etc.

8. SCHEMES AND EXCEPTIONAL SCHEMES

It will often be convenient to consider the ‘exceptional’ and ‘non-exceptional’ part
of a graph G separately. For this, we introduce a ‘scheme’ (which corresponds to
the non-exceptional part and also incorporates a refined partition of G) and an ‘ex-
ceptional scheme’ (which corresponds to the exceptional part and also incorporates
a refined partition of G).

Given a graph G and a partition P of a vertex set V, we call (G, P) a (K, m,eq,¢)-
scheme if the following properties hold:

(Schl) P is a (K, m,ep)-partition of V.

(Sch2) V(G) = AU B and eg(A, B) = 0.

(Sch3) For all 1 <¢ < K and all v € A we have d(v, A;) > (1 — &)m. Similarly, for
all 1 <i < K and all v € B we have d(v, B;) > (1 — ¢)m.

The next proposition shows that if (G, P) is a scheme and G’ is obtained from G by
removing a small number of edges at each vertex, then (G', P) is also a scheme with
slightly worse parameters. Its proof is immediate from the definition of a scheme.
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Proposition 8.1. Suppose that 0 < 1/m < e,/ < 1 and that K,m € N. Let
(G,P) be a (K,m,eq,c)-scheme. Let G' be a spanning subgraph of G such that
A(G—G) <e'm. Then (G',P) is a (K, m,eo, e + €')-scheme.

Given a graph G on n vertices and a partition P of V(G) we call (G,P) a
(K, m,eq,e)-exceptional scheme if the following properties are satisfied:

(ESchl) P is a (K, m,¢ep)-partition of V(G).

(ESch2) e(A), ¢(B) = 0.

(ESch3) If v € A then d(v, B') < egn and if v € B then d(v, A") < egn.

(ESch4) For all v € V(G) and all 1 < i < K we have d(v, 4;) = (d(v, A) £en)/K and
d(v, B;) = (d(v,B) £ en)/K.

(ESchb) For all 1 < i,i" < K we have

e(Ao, Ai) = (e(Ao, A) + e max{e(Ao, 4),n})/K,
e(Bo, Ai) = (e(Bo, A) £ e max{e(Bo, A),n})/K,
e(Ag, B;) = (e(Ag, B) + e max{e(Ay, B),n})/K,
e(By, B;) = (e(By, B) + e max{e(By, B),n})/K,
e(A;, By) = (e(A, B) + e max{e(A, B),n})/K?.

The aim of this section is to show that every framework can be ‘split’ into a
scheme and an exceptional scheme (see Lemma . In order to do this, we need
the following lemma, which is a special case of Lemma 5.1 in [6]. The proof proceeds
by considering a suitable random partition of V(G).

Lemma 8.2. Suppose that 0 < 1/n < €,61 € g9 € 1/K < 1, that r < 2K, that
Km > n/4 and that r, K,n,m € N. Let G be a graph on n vertices. Suppose that
there is a vertex partition of V(G) into U, Ry, ..., R, with the following properties:
o U=
e §(G[U]) > en.
e For each j <1 we either have dg(u, Rj) < en for allu € U ordg(z,U) > en
forall x € R;.

Then there exists a partition of U into K parts Uy, ..., Uk satisfying the following
properties:
(i) (Uil =m for alli < K.
(i) dg(v,U;) = (dg(v,U) £ e1n) /K for allv € V(G) and alli < K.
(iii) eq (Ui, Uy) = 2(eq(U) £ eomax{n,eq(U)})/K? for all1 <i#i < K.
(iv) eq(U;) = (eq(U) + egmax{n, eq(U)})/K? for alli < K.
(v) eq(Ui, Rj) = (eq(U, Rj) £ ea max{n,eq(U, R;)})/K foralli < K and j <r.

Suppose that (G, A, Ay, B, By) is an (g9, K )-framework. The next lemma shows
that there is a refinement of the vertex partition A, Ay, B, By of V(G) into a (K, m, &g)-
partition P such that (G[A] + G[B], P) is a scheme and (G — G[A] — G[B],P) is an
exceptional scheme.

Lemma 8.3. Suppose that 0 < 1/n < g9 < 1/K < 1, that g9 € €1 < €3 < 1,
that 1/n < p < g9 and that n, K,m € N. Let G be a graph on n vertices such that
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0(G) > (1 —p)n/2. Let (G, A, Ay, B, By) be an (g9, K)-framework with |A| = |B| =
Km. Then there are partitions Ay, ..., Ag of A and B1,...,Bg of B which satisfy
the following properties:

(i) The partition P formed by Ao, Bo and all these 2K clusters is a (K, m,ep)-
partition of V(G).
(ii) (G[A] + G[B],P) is a (K, m,eqp,e2)-scheme.
(iii) (G — G[A] — G[B],P) is a (K, m,eo,¢c1)-exceptional scheme.
(iv) For allv € V(G) and all 1 < i < K we have dg(v, 4;) = (dg(v, A) eon) /K
and dg (v, B;) = (dg(v, B) £ eon)/K.

Proof. Define a new constant €] such that ¢y < ¢} < £1,1/K. In order to find the
required partitions Ay,..., Ax of A and By,..., Bg of B we will apply Lemma [8.2
twice, as follows.

In our first application of Lemma [8.2] we let U := A and let Ag, By, B play the
roles of Ry, Ry, R3. Note that §(G[A]) > §(G) — |Ao| — eon > gon (with room to
spare) by (FR3), (FR4) and that d(a, R;) < |R;| < egn for all a € A and j = 1,2 by
(FR3). Moreover, (FR4) implies that d(a, R3) < d(a, B") < ggn for all a € A. Thus
we can apply Lemmawith €0, €0 and £} playing the roles of ,¢; and e3 to obtain
a partition of A into K clusters Ay, ..., Ak, each of size m. Then by Lemma [8.2(ii)
for all v € V(G) and all 1 <14 < K we have

(8.1) de(v, A;) = (dg(v, A) + gon) /K.

Moreover, Lemma [8.2|v) implies that the first two equalities in (ESch5) hold with
respect to €} (for G and thus also for G — G[A] — G[B]). Furthermore,

(8.2) ec(Ai, B) = (eq(A, B) £ &) max{n,eq(A, B)})/K.

For the second application of Lemma [8.2] we let U := B and let By, Ao, 41, ..., Ak
play the roles of Rj,...,Rix+2. As before, 6(G[B]) > ¢on by (FR3), (FR4) and
d(b,R;) < |Rj| < eon for all b € B and j = 1,2 by (FR3). Moreover, (FR4) implies
that d(b, R;) < d(b,A’) < eon for all b € B and all j = 3,..., K + 2. Thus we can
apply Lemma with €9,e0 and €] playing the roles of €,e1 and e2 to obtain a

partition of B into K clusters By,..., By, each of size m. Similarly as before one
can show that for all v € V(G) and all 1 <i < K we have
(8.3) dg (v, B;) = (dg(v, B) £ gon)/ K,

and that the third and the fourth equalities in (ESchb) hold with respect to &} (for
G and thus also for G — G[A] — G[B]). Moreover, Lemma [8.2{v) implies that for all
1 < i < K we have

eq(Ai,By) = (eq(A;, B) & &y max{n,eq(A;, B)})/K
(eq(A, B) & &) max{n, eq(A, B)} + K&} max{n, eq(4;, B)})/K2
= (eg(A, B) ey max{n,eq(A,B)})/K?,

i.e. the last equality in (ESch5) holds too. Let P be the partition formed by
AD, Al, e ,AK and BD, Bl, ey BK. Then (1) holds.
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Let us now verify (ii). Clearly (G[A] + G[B],P) satisfies (Schl) and (Sch2). In
order to check (Sch3), let Gy := G[A] + G[B] and note that for all v € A and all
1 < ¢ < K we have

(8.1) (FR4)
de, (v, A;) =dg(v,4;) > (dg(v,A) —eon)/K > (§(G) — |Ag| — 2e0n)/K

(FR3)
> (1 —=w)n/2—3en)/K > (1 —e2)m

Similarly one can use to show that d¢, (v, B;) > (1 —e9)m for all v € B and all
1 < < K. This implies (Sch3) and thus (ii).

Note that (iv) follows from and (8.3)). Thus it remains to check (iii). Clearly
(G—G[A]—-G|[B], P) satisfies (ESchl), (ESch2) and we have already verified (ESch5).
(ESch3) follows from (FR4) and (ESch4) follows from and (8.3). O

9. PROOF OF THEOREM

The key tool in the proof of Theorem [3.9] is Lemma [9.4] which guarantees an
‘approximate’ Hamilton decomposition of a graph G, provided that G is close to the
union of two disjoint copies of K, ;. This yields the required number of Hamilton
cycles for Theorem As an ‘input’, Lemma requires an appropriate number
of localized Hamilton exceptional systems.

To find these, we proceed as follows: the next lemma (Lemma guarantees
many edge-disjoint Hamilton exceptional systems in a given framework. We will
apply it to ‘localized subgraphs’ (obtained from Lemma of the original graph
to ensure that the exceptional systems guaranteed by Lemma are also localized.
These can then be used as the required input for Lemma

Lemma 9.1. Suppose that 0 < 1/n < g9 € ¢ € a < 1 and that n,an € N. Let
G be a graph on n vertices. Suppose that (G, A, Ao, B, By) is an (g9, K)-framework
which satisfies the following conditions:
(a) ea(A’, B') > 2(a +ée)n.

(b) eq— U(A B') > an for all v € Ay U By.
(c) d(v) > 2(a+e)n for allv e AgU By.

) d(v,A") > d(v,B’") — en for all v € Ay and d(v,B’) > d(v,A") — en for all
v € By.

(d

Then there exist an edge-disjoint Hamilton exceptional systems with parameter g
in G.

Proof. First we will find an edge-disjoint matchings of size 2 in G[A’, B']. If
A(G[A', B']) < (a+¢/2)n, then by (a) and Proposition [5.2] we can find such match-
ings. So suppose that A(G[A', B']) > (« + ¢/2)n and let v be a vertex such that
darar,p(v) = (@ +¢/2)n. Thus v € Ag U By by (FR4). By (b) there are an edges
€1, ean in G[A", Bl —v. Since dgar p1(v) > (a +¢/2)n, for each e, in turn we
can find an edge ¢/, incident to v in G[A’, B’] such that €/ is vertex-disjoint from e
and such that the €/ are distinct for different indices s < an. Then the matchings
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consisting of e; and €/, are as required. Thus in both cases we can find edge-disjoint
matchings My, ..., M, of size 2 in G[A', B'].

Our aim is to extend each M, into a Hamilton exceptional system .J; such that
all these Js are pairwise edge-disjoint. Initially, we set Fs := M, for all s < an. So
each F§ is a Hamilton exceptional system candidate. For each v € Vj in turn, we are
going to assign at most two edges joining v to AU B to each of Fi, ..., F,, in such a
way that now each Fy is a Hamilton exceptional system candidate with dp, (v) = 2.
Thus after we have carried out these assignments for all v € Vj, every Fs will be a
Hamilton exceptional system with parameter .

So consider any v € V. Without loss of generality we may assume that v € Ayp.
Moreover, by relabelling the F if necessary, we may assume that there exists an
integer 0 < r < an such that dp, (v) =1 for all s <r and dp,(v) =0 for r < s < an.
For each s < r our aim is to assign some edge vws between v and A to F; such that
ws ¢ V(F) and such that the vertices w; are distinct for different s < r. To check
that such an assignment of edges is possible, note that |V (Fs) N A, |V (Fs) N B| <
2|Vo| + 2 < 3egn. Together with (c¢) and (d) this implies that

d(v,A) > d(v,A") —|Ag| > (a+€/2 —go)n > r + |V (Fs) N Al

Thus for all s < 7 we can assign an edge vw, to Fs as required.

It remains to assign two edges at v to each of F,11,..., Fy,. We will do this for
each s =r+1,...,an in turn and for each such s we will either assign two edges
between v and A to Fy or two edges between v and B. (This will ensure that we still
have b(Fy) = 2, where b(F;) is the number of vertex-disjoint A’ B’-paths in the path
system Fy.) So suppose that for some r < s < an we have already assigned two edges
at v to each of Fry1,...,Fs_1. Set G5 := G — > 3", Fy. The fact that v has degree
at most two in each Fy and (c) together imply that dg, (v) > dg(v) — 2an > 10ggn.
So either dg, (v, A") > begn or dg, (v, B') > 5egn. If the former holds then

dg. (v, A) > dg, (v, A") — |Ag| > deon > |V (Fs) N A + 2

and so we can assign two edges vw and vw’ of G5 to Fs such that w,w’ € A\ V(Fs).
Similarly if dg, (v, B") > 5eon then we can assign two edges vw and vw’ in G to Fj
such that w,w" € B\ V(Fy). This shows that to each of F,11,..., F,, we can assign
two suitable edges at v.

Let Ji,...,Jan be the graphs obtained after carrying out these assignments for
all v € Vy. Then the Js are pairwise edge-disjoint and it is easy to check that each
Js is a Hamilton exceptional system with parameter £y. (Note that (ES2) and (ES3)
hold since b(Js) = 2 and so the number of AB-paths is two.) O

The next lemma guarantees a decomposition of an exceptional scheme (G, P) into
suitable ‘localized slices” G(, ") whose edges are induced by Ao, By and two clusters
of P. We will use it again in [19].

Lemma 9.2. Suppose that0 < 1/n < g9 € € K 1/K < 1 and thatn, K,m € N. Let
(G, P) be a (K, m,eq,c)-exceptional scheme with |G| = n and eq(Ao),ec(By) = 0.
Then G can be decomposed into edge-disjoint spanning subgraphs H (i,i") and H'(i, i)
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of G (for all i,i'" < K) such that the following properties hold, where G(i,i') :=
H(i i)+ H'(i,i):

(a1) Fach H(i,i') contains only AgA;-edges and ByBj-edges.

(a2) All edges of H'(i,i") lie in G[Ag U A;, Bo U By].

(a3) e(H'(i,i")) = (eg(A', B') £ de max{n, ec(A’, B')})/ K>.

(as) diin(v) = (dapar,py(v) + 2en)/K? for all v € V.

(as) dgin(v) = (da(v) £4en)/K? for all v € V.

Proof. First we decompose G into K? ‘random’ edge-disjoint spanning subgraphs
G(i,7") (one for all 7,7 < K) as follows:

e Initially set V(G(i,7")) :== V(G) and E(G(i,7)) := 0 for all 4,7 < K.

e Add all the A; By-edges of G to G(i,).

e Choose a partition of E(Ag, By) into K2 sets U; ;# (one for all i, < K) whose
sizes are as equal as possible. Add the edges in U; ;» to G(i,7").

e For all i < K, choose a random partition of F(Ag, A;) into K sets U}, of equal
size (one for each ¢/ < K') and add the edges in U}, to G(3,7'). (If e(Ao, A;)
is not divisible by K, first distribute up to K — 1 edges arbitrarily among
the U/, to achieve divisibility.) For all ¢/ < K proceed similarly to distribute
each edge in E(By, By) to G(i,") for some i < K.

e For all ¢/ < K, choose a random partition of E(Ag, By) into K sets U/’ of
equal size (one for each ¢ < K) and add the edges in U/ to G(i,7'). (If
e(Ao, Byr) is not divisible by K, first distribute up to K — 1 edges arbitrarily
among the U/ to achieve divisibility.) For all ¢ < K proceed similarly to
distribute each edge in F(By, 4;) to G(i,i") for some i’ < K.

Thus every edge of G is added to precisely one of the subgraphs G(i,i'). Set
H(i,i) := G(i,7)[A"] + G(:,7)[B'] and H'(i,i") := G(i,7)[A’, B']. So conditions
(a1) and (ag) hold. Fix any i,i' < K and set H := H(i,i') and H' := H'(i,i'). To
verify (as), note that
e(H') = ep/(Ai, Bir) + e (Ao, Bo) + enr (Ao, Bir) + e (Bo, Ai)
= eq(4i, By) + (Ao, Bo)/K* + ec(Ao, By) /K + eq(Bo, 4i) /K +3
_ea(A, B) + eq(Ag, Bo) + eq(Ao, B) + eq(Bo, A) & 3¢ max{eq(A’, B),n} L3
K2
ecq(A', B') + 4e max{eq(A’, B'),n}
K2 )
Here the third equality follows from (ESch5).
To prove (a4), suppose first that v € Ag. If dg(v, By) < en/K? then clearly
0 < dpr(iin(v) < en/K? + |Vo| < 2en/K?. Further by (ESch4) we have dg (v, B) <
Kdg(v,By) +en =en/K + en. So dg(v, B') < 2en. Together this shows that (a4)
is satisfied.
So assume that dg (v, By) > en/K?. Proposition this implies that with prob-
ability at least 1 — e~ V7 (with room to spare) we have

(9.1)  dgga (v, Br) = (da(v, By) = en/2K) /K P2 (dg (v, B) & 3en/2)/ K2.
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Since

A (i) (V) daiin (v, Bir) + dagan (v, Bo) = dan (v, Bi) £ on

(de(v, B') & 2en) /K2,
it follows that v satisfies (as). The argument for the case when v € By is similar.
Thus (a4) holds with probability at least 1 — ne~ V™.

Similarly as one can show that with probability at least 1 — ne™ V™ we have
dg(i’i/)(v, AZ) = (d(;(v, A):|:35n/2)/K2 forallv € Ao and dg(m/)(v, Bi/) = (dg(’u, B):l:
3en/2)/K? for all v € By. Together with the fact that eq(Ap), eq(By) = 0 and (a4)
this now implies (as). O

The next lemma first applies the previous one to construct localized subgraphs
G(i,1) and then applies Lemma to find many Hamilton exceptional systems
within each of the localized slices G(i,i'). Altogether, this yields many localized
Hamilton exceptional systems in G.

Lemma 9.3. Suppose that0 < 1/n < g9 € ¢ € ¢,1/K < 1 and thatn, K,m, (1/4—
#)n/K? € N. Suppose that (G, A, Ay, B, Bo) is an (o, K)-framework with |G| = n,
(@) > n/2 and such that dg(v,A’) > dg(v)/2 for all v € A" and dg(v, B") >
dg(v)/2 for allv € B'. Suppose that P = {Ag, A1, ..., Ak, Bo, B1,..., Bk} is a re-
finement of the partition A, Ao, B, By such that (G—G[A]—G[B],P) is a (K, m,egp,¢)-
exceptional scheme. Then there is a set J of (1/4 — ¢)n edge-disjoint Hamilton
exceptional systems with parameter g in G such that, for each i,i < K, J contains
precisely (1/4 — ¢)n/K? (i,i')-HES.

Proof. Let a := (1/4 — ¢)/K? and choose a new constant &' such that ¢ <
¢ <« ¢,1/K. Note that (FR3) implies that |A'| > |B/|. If |B'| < n/2, then
Proposition [6.1](i) implies that eq(A’, B') > 2|B'| > (1 — eo)n > 3K2an (where
the second inequality follows from (FR3) and there is room to spare in the final
inequality). Since dga p(v) < n/2 for every vertex v € V(G), it follows that
eg_v(A',B') > (1/2 — e0)n > 3K2an/2. If |B'| = n/2, then |A’| = |B’| and Propo-
sition [6.1i) implies that eg(A’,B’) > |B'| = n/2 > 2K?(a + £')n. Moreover,
|A'| = |B'| together with the fact that §(G) > n/2 also implies that dgpar p(v) > 1
for any vertex v € V(G). Hence eg_,(A', B') > n/2—1 > 3K2an/2. Thus regardless
of the size of B’, we always have

(9.2) ec(A',B') > 2K%*(a +¢)n

and

(9.3) eq—o(A',B") > 3K%an/2 > K*(a +¢')n  for any v € V(Q).

Set G° := G — G[A] — G[B] — G[Ao] — G[Bo]. Note that each vertex v € Vj satisfies
(9.4) dge(v) > (1/2 — g0)n > 2K?(a 4 €' )n.

Moreover, both (9.2)) and (9.3)) also hold for G°, and since (G — G[A] — G[B],P) is a
(K, m,ep,c)-exceptional scheme, (G°,P) is also a (K, m, e, c)-exceptional scheme.
Thus we can apply Lemma [9.2 to G° to obtain edge-disjoint spanning subgraphs
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H(i,i"), H'(i,i') of G° (for all 4,7 < K) which satisfy (a;)-(as) of Lemma[9.2] Set
G(i,4") := H(i,i'")+ H'(,4) for all 4,7/ < K. We claim that each G(i,4") satisfies the
following properties:
() All edges of G(i,i') lie in G°[Ag U A; U By U By/].
) €Q (') (A/ BI) > Q(Oé—l- \[)
iii) eg(,in—vo(A, B') > an for all v € 1.
(iv) G“/)( v) > 2(a+ /e)n for all v € V.
) d

(V) dagin(v, A') > dgi,y(v, B') — y/en for all v € Ag and dg (v, B') >
daiin (v, A') — \/en for all v € B.

Indeed, (i) follows from (a;) and (ag). To prove (ii), note that e ) (A", B') =

e(H'(i,4")). Now apply (ag) and (9.2)). For (iii), note that (as) and A(G[4’, B']) <

n/2 imply that for all v € Vj,
dG’(i,i’)[A’,B’}(U) = dH’(iJ")(U) < (dG'[A’,B’] (U) + 267’L)/K2 < (1/2 + 2€)n/K2

If eq(A', B') > n, then (a3) implies that eg(; (A, B') > (1 —4e)n/K? > an +
da(iinar,p(v) and so (iii) follows. If eq(A’, B') < n, then for all v € Vg

(a3),(a4)
oA B) = el(H(0.i) — dipan(®) 2 (eol A, B) — Gen)/K? S an.
So (iii) follows again. (iv) follows from (as) and (9.4). For (v), note that (a;) and
(ag) imply that for v € Ay,

(aa),(as)

i (v, A') = dga iy (v) — dpin () = (da(v, A') — 6en) /K>

(as)
> (dg(v, B') — 6en) /K> 24 dpp i,y (v) — 8en = dg ;) (v, B') — 8en.

The second part of (v) follows similarly.

Note that each (G(i,4"), A, Ao, B, By) is an (g, K)-framework since this holds for
(G, A, Ay, B, By). Thus for all 7,7/ < K we can apply Lemma (with /e playing
the role of ¢) to the (¢, K)-framework (G(i,i"), A, Ag, B, Bp) in order to obtain an
edge-disjoint Hamilton exceptional systems with parameter ¢y in G(i,i'). By (i),
we may delete any vertices outside Ay U A; U By U By from these systems without
affecting their edges. So each of these Hamilton exceptional systems is in fact an
(i,i")-HES. The set J consisting of all these K2an Hamilton exceptional systems is
as required in the lemma. O

Given the appropriate set J of localized Hamilton exceptional systems, the next
lemma from [7] guarantees a set of |J| edge-disjoint Hamilton cycles in a graph G
such that each of them contains one exceptional system from J, provided that G is
sufficiently close to the union of two disjoint copies of K, /5. The lemma also allows
J to contain matching exceptional systems (each of these will then be extended into
a perfect matching of ). Note that with a suitable 7 and an appropriate choice of
parameters we can achieve that the ‘uncovered’ graph has density 2p + 2/K < 1,
i.e. we do have an approximate decomposition.
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Lemma 9.4. Suppose that 0 < 1/n € g9 < 1/K < p < 1 and 0 < p < 1,
where n, K € N and K is odd. Suppose that G is a graph on n wvertices and P is
a (K, m,eg)-partition of V(G). Furthermore, suppose that the following conditions
hold:
(a) d(v,4;)) = (1 —4p+4/K)m and d(w, B;) = (1 —4pu+4/K)m for all v € A,
weBandl1 <i< K.
(b) There is a set J which consists of at most (1/4 — p — p)n edge-disjoint
exceptional systems with parameter €y in G.
(¢) J has a partition into K? sets J; i (one for all 1 < i,i < K) such that each
Jiir consists of precisely |T|/K? (i,i')-ES with respect to P.
(d) If J contains matching exceptional systems then |A'| = |B’| is even.

Then G contains |J| edge-disjoint spanning subgraphs Hu, ..., H| 7 which satisfy the
following properties:

e For each H; there is some Js € J such that Js C Hy.

o If Js is a Hamilton exceptional system, then Hg is a Hamilton cycle of G.
If Js is a matching exceptional system, then Hg is the edge-disjoint union of
two perfect matchings in G.

Matching exceptional systems do no play any role in the current application to
prove Theorem but they will occur when we use Lemma again in the proof
of Theorem [3.3]

To prove Theorem [3.9] we first apply Lemma [9.3] to find suitable localized Hamil-
ton exceptional systems and then apply Theorem to transform these into Hamil-
ton cycles.

Proof of Theorem (3.9 Choose new constants eex, €9, €1, €2, ¢ and an odd
number K € N such that

I/ <Kex K epKe1 KK 1/K K <K e.

Further, we may assume that ¢ < 1. Let n > ng and let G be any graph on n
vertices such that §(G) > n/2 and such that G is eex-close to two disjoint copies of
K, /5. By modifying ¢ slightly, we may assume that (1/4 — #)n/K? € N.

Apply Proposition to obtain a partition A, Ag, B, By of V(G) such that such
that (G, A, Ay, B, By) is an (e, K)-framework, d(v, A") > d(v)/2 for all v € A" and
d(v,B') > d(v)/2 for all v € B'. Let m := |A|/K = |B|/K. Apply Lemma [8.3] with
go playing the role of y to obtain partitions Ay,...,Ax of A and By,...,Bg of B
which satisfy the following properties, where P = { Ao, A1, ..., Ak, Bo, B1,...,Bx}:

e (G[A] + G[B],P) is a (K, m, &g, £2)-scheme.

e (G —G[A] - G[B],P) is a (K, m,e, 1)-exceptional scheme.
Apply Lemma to obtain a set J of (1/4— ¢)n edge-disjoint Hamilton exceptional
systems with parameter £y in G such that, for each 7,7 < K, J contains precisely
(1/4—¢)n/K? (i,i')-HES. Finally, our aim is to apply Lemmawith p:=1/K and
p:=¢—1/K. So let us check that conditions (a)—(c) of Lemma 9.4 hold (note that
(d) is not relevant). Clearly (b) and (c) hold. To verify (a) note that (Sch3) implies
that for all v € A we have d(v,4;) > (1 —ea)m > (1 —1/K)m > (1 —4p —4/K)m.
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Similarly, for all w € B we have d(w, B;) > (1 — 4 — 4/K)m. So we can apply
Lemma 9.4 to obtain |J| > (1/4 — ¢)n edge-disjoint Hamilton cycles. O

10. ELIMINATING THE EDGES INSIDE Ay AND By

This and the remaining sections are all devoted to the proof of Theorem [3.3
Suppose that G is a D-regular graph and (G, A, Ay, B, By) is an (g9, K)-framework
with A(G[A, B']) < D/2. The aim of this section is to construct a small number
of Hamilton cycles (and perfect matchings if appropriate) which together cover all
the edges of G[Ap] and G[By]. The first step is to construct a small number of
exceptional systems containing all the edges of G[Ap] and G|[By).

Lemma 10.1. Suppose that 0 < 1/n < g9 < A < 1 and that n,An,D, K € N.
Let G be a D-regular graph on n wvertices with D > n — 2|n/4| — 1. Suppose that
(G, A, Ay, B, By) is an (g9, K)-framework with A(G[A", B']) < D/2. Let

_ oY) . .
.- {max{o, D —eq(A',B )}J and on = 2An +1 z.fD z‘s odd,
2 2An if D is even.

Let w1 and wa be vertices of G such that dgar pr(w1) > dgpar pr(w2) > darar g (v)
forallv € V(G)\{w1,ws}. Then there exist \n+1 edge-disjoint subgraphs Jo, Ji, ..., I
of G which cover all the edges in G[Ag] + G[Bo] and satisfy the following properties:

(i) If D is odd, then Jy is a perfect matching in G with ej,(A’, B") < 1. If D is
even, then Jy is empty.

(i1) Js is a matching exceptional system with parameter g for all 1 < s <
min{/, A\n}.

(iii) Js is a Hamilton exceptional system with parameter g and such that ey, (A, B') =
2 for all £ < s < An.

(iv) Let J be the union of all the Js and let H® = G[A",B'| — J. Then
e7(A",B") < ¢n and dgs(v) = ¢n for all v € V. Moreover, e(H®) is even.

(v) dge(w1) < (D — ¢n)/2. Furthermore, if D = n/2 — 1 then dgo(wz) <
(D — ¢n)/2.

(vi) Ifeq(A', B") < D, then e(H®) < D — ¢n and A(H®) < e(H®)/2.

As indicated in Section[4] the main proof of Theorem 3.3|splits into three cases: (a)
the non-critical case with eq(A’, B') > D, (b) the critical case with eq(A’, B') > D
and (c¢) the case with eg(A’, B') < D. The formal definition of ‘critical’ and a more
detailed discussion of the different cases is given in Section

The above lemma will be used in all three cases. In these different cases, we
will need that the Hamilton cycles or perfect matchings produced by the lemma
use appropriate edges between A" and B’ (and thus the ‘leftover’ H® has suitable
properties). In particular, (v) will ensure that we can apply Lemma in case (b).
Similarly, (vi) will ensure that we can apply Lemma in case (c). (ii) and (vi)
will only be relevant in case (c).
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Proof. Set H := G[A',B'] and W := {wy,ws}. First, we construct Jy. If D is
even, then (i) is trivial, so we may assume that D is odd (and so n is even). We will
construct Jy such that it satisfies (i) as well as the following additional property:
(i) If wywy is an edge in G[A'] + G[B’], then wjws lies in Jy. Moreover,
ej, (A, B") =11if |A'| is odd and ey, (A, B') = 0 if |A’| is even.
Suppose first that |A’| is even (and so |B’| is even as well). Since our assumptions
imply that §(G[A']) > [D/2] > 3egn, there exists a matching M’ in G[A’] of size at
most | Ag|+2 covering all the vertices of AgU(A’'NW). Moreover, if wiws is an edge in
G[A'], then we can ensure that wjws € M. Note that A” := A"\ V(M) is a subset
of A and |A”| is even. (FR4) implies that 6(G[A"]) > D —eon—2(]Ao| +2) > |A"]/2.
Therefore, there exists a perfect matching M/ in G[A”] (e.g. by Dirac’s theorem).
Hence, My := M'; + M/} is a perfect matching in G[A’]. Similarly, there is a perfect
matching Mp in G[B’] such that if wyws is an edge in G[B’'], then wywy is in Mp.
Set Jy := M4 + Mp.

Next assume that |[A'| is odd. If D > |n/2], then Proposition implies that
e(H—-W)>0. If D=n/2—1, then n =0 (mod 4) and so |B’| < n/2 — 1 since
|A’| is odd. Together with Proposition [6.1|ii) this implies that e(H) > n/2 — 1.
Since in this case we also have that A(H) < |D/2] = n/4 — 1, it follows that
e(H—-W) > e(H)—2A(H) > 0. Thus in both cases there exists an edge ab in
H — W with a € A" and b € B’. Note that both |A"\ {a}| and |B"\ {b}| are even.
Moreover, §(G[A"\{a}]) > [D/2] —1 > 3gon and 6(G[B'\ {b}]) > [D/2] -1 > 3egn.
Thus we can argue as in the case when |A’| is even to find perfect matchings M4y
and Mp in G[A"\ {a}] and G[B’"\ {b}] respectively such that if wjws is an edge in
G[A'] + G[B’] then wywe € Mg + Mp. Set Jy := My + Mp + ab.

This completes the construction of Jy. (If D is even we set Jy := .) So (i)
and (i) hold. Let G' := G — Jy and H' := G'[A’, B']. Since |Ag| + |Bo| < eon < An,
Vizing’s theorem implies that we can decompose G'[Ap]+G’[By] into An edge-disjoint
(possibly empty) matchings Mj, ..., M),. By relabeling these matchings if necessary,
we may assume that if wywy € Egr(Ag) or wiwy € Eqr(By), then wiwy € M.

Case 1: ¢(H) > D.

Note that in this case £ = 0 and e(H’) > D — 1. For each s = 1,...,An in turn
we will extend My into a Hamilton exceptional system J; with ey, (A’, B") = 2 and
such that Js and Jy are edge-disjoint for all 0 < s’ < s. In order to do this, we
will first extend M, into a Hamilton exceptional system candidate F by adding two
independent A’B’-edges fs; and f.. We will then use Lemma to extend Fj into
a Hamilton exceptional system Js. For all s with 1 < s < An, we will choose these
edges and sets to satisfy the following:

(1) Js is a Hamilton exceptional system with parameter £y such that e (A’ B') =
2.

(a2) Suppose that dg(wy) > 2An. Then wy is an endpoint of fs.

() Suppose that dg(we) > 2An. Then wy is an endpoint of f7, unless both s = 1
and wiwse € M.

(aq) Js contains My as well as the edges fs and fl. Js— Ms— fs— f. only contains
AgA-edges and ByB-edges of G. Js is edge-disjoint from Jy, ..., Js_1.
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First suppose that wywy € My. We construct J; satisfying the above. Our assump-
tion means that wiws is an edge in G[A'] + G[B'], so D is even (or else wiws € Jy
by (i')). Moreover, H = H and D > |n/2] by and the fact that D is even.
Together with Proposition [6.3| this implies that e(H'— W) = e(H — W) > 0. Pick an
A'B’-edge f{ in H'—W. Let Uy be the connected component in M;+ f{ containing f7.
So |Uy| <4 and wy ¢ Uy. If dy(wy) > 2An, we can find an A’ B’-edge f1 such that w;
is one endpoint of f; and the other endpoint of f; does not lie in U;. If d(w1) < 2An,
then the choice of w; implies that A(H) < 2An. So there exists an A'B’-edge f; in
H' —-V(Uy)=H-V(Uy) since e(H—-V(Uy)) > e(H)— |U1|A(H) > e(H) —8\n > 0.
Set Fy := Mj + f1 + f{. Note that f; satisfies (o) and that F; is a Hamilton ex-
ceptional system candidate with ep, (A’, B') = 2. By Lemma we can extend Fj
into a Hamilton exceptional system J; with parameter €y in G such that Fy C J;
and such that J; — F} only contains AgA-edges and ByB-edges of G.

Next, suppose that for some 1 < s < An we have already constructed Jy, ..., Js_1
satisfying (a1)—(ay4). So s > 2 if wywe € My. Let Gg := G — Zjﬁs M; — Z;;é J;
and H := G4[A’, B']. Note that

(10.1) e(Hs) >e(H)—2(s—1)—1> D —2\n.

Moreover, note that dg, (v, A) > dg(v,A) —2(s — 1) — 1 > /eon for all v € Ay and
dg, (v, B) > \/eqn for all v € By.

We first pick the edge f! as follows. If dg(w2) > 2An, then dy, (w2) > di(wa)—s >
An. So we can pick an A’B’-edge f! of Hy such that wy is an endpoint of f! and
the connected component Us of Mg + f. containing f! does not contain w;. If
dp(we) < 2An, then pick an A’B’-edge f! of H such that the connected component
Us of Ms+ f! containing f! does not contain w;. To see that such an edge exists, note
that in this case the neighbour w} of w; in M satisfies dp(w)) < dp(w2) < 2An (if w)
exists) and that implies that e(Hs) > D —2An > D/2+2An > dy(w1) + 2 n.
Observe that in both cases |Us| < 4.

We now pick the edge f; as follows. If dig(wi) > 2An, then dg, (w1) > dg(wy)—s >
An. So we can find an A’B’-edge fs of Hg such that w; is one endpoint of fs and
the other endpoint of fs does not lie in Uy. If dy(w1) < 2An, then A(H) < 2An and

thus (10.1)) implies that
e(Hys — V(Us)) > D — 2\n — 2\n|U,| > 1.

So there exists an A'B’-edge fs in Hy — V(Us).

In all cases the edges fs and f satisfy (ag) and («a3). Set Fy := My + fs + f1.
Clearly, F is a Hamilton exceptional system candidate with ep, (A’, B') = 2. Recall
that dg, (v, A) > y/egn for all v € Ay and dg, (v, B) > \/eon for all v € By. Thus by
Lemmal7.2] we can extend Fj into a Hamilton exceptional system Jg with parameter
g such that Fy C J; C G4+ Fs and such that J; — F; only contains AgA-edges and
ByB-edges of Gs. Hence we have constructed Ji, ..., Jy, satisfying (a1)—(a4). So
(iii) holds. Note (ii) and (vi) are vacuously true.

To verify (iv), recall that J := JyU---U Jy, and H® = G[A’, B’] — J. For all
1 <s<Anwehaveey (A, B"') = 2by (iii). Moreover, (i) and (i’) together imply that
ej,(A', B") =1 if and only if both |A’'| and D are odd. Therefore, es (A", B") < ¢n.



PROOF OF THE 1-FACTORIZATION & HAMILTON DECOMPOSITION CONJECTURES I 35

Moreover, since e(H®) = e(H) — 2An — e;,(A’, B'), Proposition [6.2]i) implies that
e(H?®) is even. Thus (iv) holds.

To verify (v), note that if dgy(w1) < 2An then clearly dgo(wi) < 2An < (D—¢n)/2.
If dg(w1) > 2An then (ag) implies that dj 4 p(w1) =1 for all 1 <s < An. Hence
dpo(wy) < |D/2] — An = (D — ¢n)/2. Now suppose that D = n/2 — 1 and so
n =0 (mod 4) by (3.1). Thus D is odd and so (i') implies that if wyws is an edge
in G[A’] + G[B'], then wiwy € Jy. In particular wywy ¢ M;. (Note that if wiwg €
G[A’, B'], then wjws is not contained in M either since My C G[Ag] + G[By].)
Thus in the case when dy(w2) > 2An, (a3) implies that dj,(a p(w2) = 1 for all
1 < s < An. Hence dye(wz) < [D/2] — An = (D — ¢n)/2. If dg(wz) < 2An then
clearly dpo(w2) < 2An < (D — ¢n)/2. Therefore (v) holds.

Case 2: ¢(H) < D

Together with Proposition [6.1](ii) this implies that n = 0 (mod 4), D =n/2—1 and
|A'| =n/2 = |B'|. So D is odd and |A'| is even. In particular, by Proposition [6.2/1)
e(H) is even and by (i) and (i') Jy is a perfect matching with ey, (A, B") = 0.
Moreover, Proposition implies that A(H) < e(H)/2 in this case (recall that
H :=G[A, B)).

Note that each My is a matching exceptional system candidate. By Lemma [7.2]
for each 1 < s < min{/¢, An} in turn, we can extend M, into a matching exceptional
system .Jg with parameter gy in G’ = G — Jy such that My C J,, and such that Jg
and Jy are edge-disjoint whenever 1 < ¢’ < s < min{¢, A\n}. Thus (ii) holds.

If ¢ > An, then e(H) < D—2An = D—¢n+1. But since e(H) is even and D—¢n+1
is odd this means that e(H) < D — ¢n. Thus A(H) < e(H)/2 < (D — ¢n)/2.
Moreover, d7(v) = 2 n + dj,(v) = ¢n for all v € V. Hence (iv)—(vi) hold since
H° = H. ((iii) is vacuously true.)

Therefore, we may assume that £ < An. Using a similar argument as in Case 1, for
all £ < s < An we can extend the matchings M into edge-disjoint Hamilton excep-
tional systems J satisfying («1)—(c4) and which are edge-disjoint from Jy, ..., Js.
Indeed, suppose that for £ < s < An we have already constructed Jyy1, ..., Js—1 sat-
isfying (a1)—(c4). (Note that (i’) implies that the exception in («g) is not relevant.)
The fact that D is odd and e(H) is even implies that ¢ = (D — e(H) — 1)/2. Then
defining H; analogously to Case 1, we have

e(Hs) > e(H)—2(s—1—¥¢)=D —2s>D —2\n,

where in the first inequality we use that e, (A’, B") = 0 by (i'). So the analogue
of holds. Hence we can proceed exactly as in Case 1 to construct Jg (the
remaining calculations go through as before). Thus (iii) holds.

To verify (iv), note that ez (A’, B') = 2(An — £). So

(10.2)  e(H®)=e(H)—2(A—{)=e(H)—2n+ (D —e(H)—1)=D — ¢n.

In particular, e(H?) is even and ey (A’, B') = e(H) — e(H®) < ¢n. So (iv) holds.
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In order to verify (vi), recall that A(H) < e(H)/2. Moreover, note that (as)
implies that if dy(w1) > 2An, then dj 47 p(w1) = 1 for all £ < s < An. Hence

dHo(wl) = dH(wl) — ()\n - f) = A(H) —An+/¢

e(H)/2 M+ (D — o(H) - 1)/2 = (D — on)/2 D c(1%) 2.

Similarly if dg(wz) > 2An, then dgo(wa) < e(H®)/2. If dy(wi) < 2An, then
dpo(wy) < 2An < e(H®)/2 by (10.2) and the analogue also holds for wy. Thus
in all cases dg(w1),dr(we) < e(H®)/2. Our choice of wy and we implies that for all
v e V(G)\ W we have
([10:2)
dg(v) < (e(H)+3)/3<(D+3)/3 < e(H®)/2.

Therefore, A(H®) < e(H®)/2. Together with (10.2) this implies (vi) and thus (v).

0

The next lemma implies that each of the exceptional systems Js; guaranteed by
Lemma can be extended into a Hamilton cycle (if Js is a Hamilton exceptional
system) or into two perfect matchings (if Js is a matching exceptional system and
both |A’| and |B’| are even).

Lemma 10.2. Suppose that 0 < 1/n < g9 < A < 1 and that n,An, K € N.
Suppose that (G, A, Ao, B, By) is an (g9, K)-framework such that 6(G[A]) > 4|A|/5
and §(G[B]) > 4|B|/5. Let Ji,...,Jx, be exceptional systems with parameter .
Suppose that G and Ji,...,J J\n are pairwise edge-disjoint. Then there are edge-
disjoint subgraphs Hy, ..., Hy, in G—}-Z?ﬁl Js which satisfy the following properties:
(i) Js € Hs and E(Hs — Js) C E(G[A] + G[B]) for all1 < s < An.
(ii) If Js is a Hamilton exceptional system, then Hy is a Hamilton cycle on V (G).
(iii) If Js is a matching exceptional system, then Hg is an union of a Hamilton
cycle on A" = AU Ay and a Hamilton cycle on B’ = B U By.

Proof. Recall that, given an exceptional system J, we have defined matchings J7,
Ji and J* = J} + Jj in Section . We will write J 4 == (J5)} and JJ g := (Js)p-
For each s < An in turn, we will find a subgraph H* of G[A] + G[B] + J containing
J3 such that H} is edge-disjoint from H7,..., H} ;. Moreover, H; will be the union
of two cycles C'4 and Cp such that Cy4 is a Hamilton cycle on A which is consistent
with J; 4, and Cp is a Hamilton cycle on B which is consistent with J 5. (Recall
from Sectlon [7] that we always view different J; as being edge-disjoint from each
other. So asking H} to be edge-disjoint from Hl,... H? | is the same as asking
— JJ to be edge—disjoint from HY —Jy,...,HX | —JX.)

Suppose that for some 1 < s < An we have already found H7y,...,H; ;. For
all i < s, let H; := Hf —J' 4+ J;. Let Gy := G— (HyU---UH_;). First we
construct C'4 as follows. Recall from 1' that J; 4 is a matching of size at most
2,/gn. Note that 6(Gs[A]) > §(G[A]) — 2s > (4/5 — 5An)|A|. So we can greedily
find a path P4 of length at most 6,/gon in G[A] + J 4 such that P4 is consistent
with J7 A Let u and v denote the endpoints of P4. Let GA be the graph obtained
from G4[A] — V(P4) by adding a new vertex w whose neighbourhood is precisely
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(Ng,(u) N Ng,(v)) \ V(P4). Note that 6(G2) > |G4|/2 (with room to spare). Thus
G4 contains a Hamilton cycle C’y by Dirac’s theorem. But C'y corresponds to a

Hamilton cycle C4 of G5[A]+ J; 4 that is consistent with J7 4. Similarly, we can find
a Hamilton cycle Cp of G4[B ]+J*B that is consistent with J* . Let HY = C4+Cp.

This completes the construction of H? e Hy .
For each 1 < s < An we take Hy := H; — J; + J,. Then (i) holds. Proposition [7.1]
implies (ii) and (iii). O

By combining Lemmas [10.1] and we obtain the following result, which guar-
antees a set of edge-disjoint Hamilton cycles covering all edges of G[Ag] and G[By].

Lemma 10.3. Suppose that 0 < 1/n < g < ¢ < 1 and that D,n, (D —¢n)/2, K €
N. Let G be a D-regular graph on n vertices with D > n — 2|n/4| — 1. Suppose
that (G, A, Ag, B, By) is an (eo, K)-framework with A(G[A", B']) < D/2. Let wy and
wy be (ﬁxed} vertices of G such that dgiar g (w1) > dgpar pry(w2) > dgrar g (v) for
allv € V(G) \ {w1,wa}. Then there exists a ¢n-regular spanning subgmph Go of G
which satisfies the following properties:

(i) GlAo] + GlBo] C Go.
(ii) e, (A", B") < ¢n and eg_¢,(A’, B') is even.

(iii) Go can be decomposed into |ec,(A’, B')/2| Hamilton cycles and pn—2|ec,(A’,

perfect matchings. Moreover, if eq(A’, B') > D, then this decomposition of
Go uses |¢n/2| Hamilton cycles and one perfect matching if D is odd.
(iv) Let H® := G[A",B']| — Gog. Then dgyo(wy) < (D — ¢n)/2. Furthermore, if
= n/2 — 1 then dHo(wQ) (D ¢n)/2
(v) Ifeg(A’ B') < D, then A(H®) < e(H®)/2 < (D — ¢n)/2.

Proof. Let

/.- {max{(), D —eq(A', B

5 ’ )}J and  An:= [¢n/2] :{(¢n_ 1)/2 if D is odd,

on/2 if D is even.

(The last equality holds since our assumption that (D — ¢n)/2 € N implies that D
is odd if and only if ¢n is odd.) So ¢, ¢ and A are as in Lemma Thus we can
apply Lemma[I0.1]to G in order to obtain An+ 1 subgraphs Jo, ..., Jy, as described
there. Let G’ be the graph obtained from G[A’] + G[B’] by removing all the edges
in JoU---UJy,. Recall that Jy is either a perfect matching in G or empty. Since
each of Jy,...,Jy, is an exceptional system and so by (EC3) we have ej,(4) = 0
for all 1 < s < An, it follows that 6(G’[A]) > §(G[A]) — 1 > 4|A|/5, where the final
inequality follows from (FR3) and (FR4). Similarly 6(G'[B]) > 4|B|/5. So we can
apply Lemma with G’ playing the role of G in order to extend Jy, ..., Jy, into
edge-disjoint subgraphs Hy, ..., Hy, of G’ + Zg\zl Js such that

(a) Hjg is a Hamilton cycle on V(G) which contains precisely two A’ B’-edges for

all £ < s < An;

(b) Hj is the union of a Hamilton cycle on A" and a Hamilton cycle on B’ for all
1 < s <min{l, A\n}.

B')/2]
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Indeed, the property ep, (A’, B') = 2 in (a) follows from Lemma [10.1](iii) and [10.2{i).
Let Gy := Jo + Zi‘zl H,. Then (i) holds since by Lemma all the Jy, ...,
together cover all edges in G[Ap] and G[By]. Let Juc be the union of all J; with
{ < s < An and let J be the union of all J; with 0 < s < An. The definition of Gy,
Lemma [10.1f(ii),(iii) and Lemma[10.2{i) together imply that Go[4', B') = J[A’, B'] =
Jo[A', B'] + JuclA’, B'] and so

(10.3) eqy (A, B") =es (A", B)

(10.4) = ey, (A", B) + 2(max{0, An — (}).

Together with Lemma [10.1[iv), (10.3) implies (ii). Moreover, the graph H® defined
in (iv) is the same as the graph H® defined in Lemma [10.1]iv). Thus (iv) and (v)
follow from Lemma v) and (vi).

So it remains to verify (iii). Note that if £ > 0 then eg(A’, B') < D and so n =0
(mod 4), D = n/2 —1 and |A'| = n/2 = |B| by Proposition [6.1ii). In particular,
both A’ and B’ are even and so for all 1 < s < ¢ the graph H can be decomposed
into two edge-disjoint perfect matchings. Recall that by Lemma M(l) the graph Jy
is a perfect matching if D is odd and empty if D is even. Thus, if £ < An, then Gy
can be decomposed into An—{ edge-disjoint Hamilton cycles and nyatcn €dge-disjoint
perfect matchings, where nypatcn = 2¢ if D is even and npaien = 2 + 1 if D is odd.
In particular, this implies the ‘moreover part’ of (iii) (since £ = 0 if eq(A’, B') > D).
Also, together with the fact that ey, (A, B') < 1 by Lemma [10.1{i) implies
that A\n — £ = |eg, (A, B")/2] and so ¢n — 2|eg,(A’, B')/2| = nmatech- Thus (iii)
holds in this case. If £ > An, then (a) implies that there are no Hamilton cycles at
all in the decomposition. Also implies that |eg,(A’, B')/2] = 0, as required
in (iii). Similarly, (b) implies that nmatch = 2An if D is even and npmateh = 2An + 1
if D is odd, which also agrees with (iii). O

11. CONSTRUCTING LOCALIZED EXCEPTIONAL SYSTEMS

Suppose that (G, A, Ao, B, By) is an (g9, K )-framework and that Gy is the span-
ning subgraph of our given D-regular graph G obtained by Lemma Set
G' .= G — Gp. (So G’ has no edges inside Ay or By.) Roughly speaking, the
aim of this section is to decompose G’ — G'[A] — G'[B] into edge-disjoint exceptional
systems. Each of these exceptional systems J will then be extended into a Hamilton
cycle (in the case when J is a Hamilton exceptional system) or into two perfect
matchings (in the case when J is a matching exceptional system). We will ensure
that all but a small number of these exceptional systems are localized (with respect
to some (K, m,ep)-partition P of V(G) refining the partition A, Ay, B, By). More-
over, for all 1 < i,7 < K, the number of (i,4)-localized exceptional systems in our
decomposition will be the same. (Recall that (¢,7’)-localized exceptional systems
were defined in Section [7])

However, rather than decomposing the above ‘leftover’ G'—G’[A]—G'[B] in a single
step, we actually need to proceed in two steps: initially, we find a small number of
exceptional systems J which have some additional useful properties (e.g. the number
of A'B’-edges of J is either zero or two). These exceptional systems will be used
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to construct the robustly decomposable graph G™P. (Recall that the role of G™P
was discussed in Section ) Let G"” := G — Gog — G™P. Some of the additional
properties of the exceptional systems contained in G*™P then allow us to find the
desired decomposition of G°® := G” — G"[A] — G"[B]. (We need to proceed in two
steps rather than one as we have little control over the structure of G™P.)

In order to construct the required (localized) exceptional systems, we will distin-
guish three cases:

(a) the case when G is ‘non-critical’ and contains at least D A’B’-edges (see

Lemma [11.3));

(b) the case when G is ‘critical” and contains at least D A’ B’-edges (see Lemma

11.4);
(c) the case when G contains less than D A’ B’-edges (see Lemma [11.5)).

Each of the three lemmas above is formulated in such a way that we can apply
it twice: firstly to obtain the small number of exceptional systems needed for the
robustly decomposable graph G™ and secondly for the decomposition of the graph
G° into exceptional systems. Lemmas [11.3 are proved in [19].

11.1. Critical graphs. Roughly speaking, G is critical if most of its A’B’-edges
are incident to only a few vertices. More precisely, given a partition A’, B" of V(G)
and D € N, we say that G is critical (with respect to A, B" and D) if both of the
following hold:

e A(G[A, B']) > 11D /40;

e ¢(H) < 41D/40 for all subgraphs H of G[A’, B'] with A(H) < 11D/40.

Note that the property of G being critical depends only on D and the partition
A" = AU Ay and B® = B U By of V(G), which is fixed after we have applied
Proposition to obtain a framework (G, A, Ao, B, By). In particular, it does not
depend on the choice of the (K, m,eg)-partition P of V(G) refining A, Ao, B, By. (In
the proof of Theorem we will fix a framework (G, A, Ao, B, By), but will then
choose two different partitions refining A, Ay, B, By.)

One example of a critical graph is the following: Gyt consists of two disjoint
cliques on (n — 1)/2 vertices with vertex set A and B respectively, where n = 1
(mod 4). In addition, there is a vertex a which is adjacent to exactly half of the
vertices in each of A and B. Also, add a perfect matching M between those vertices
of A and those vertices in B not adjacent to a. Let A" := AU {a}, B’ := B
and D := (n — 1)/2. Then Geyj is critical, and D-regular with e(A’, B’) = D.
Note that e(M) = D/2. To obtain a Hamilton decomposition of G, we will
need to decompose Git[A’, B] into D/2 Hamilton exceptional system candidates
Js (which need to be matchings of size exactly two in this case). In this example,
this decomposition is essentially unique: every Js has to consist of exactly one edge
in M and one edge incident to a. Note that in this way, every edge between a and B
yields a ‘connection’ (i.e. a maximal path) between A’ and B’ required in (ESC4).

The following lemma from [19] collects some properties of critical graphs. In
particular, there is a set W consisting of between one and three vertices with many
neighbours in both A and B. We will need to use A’B’-edges incident to one or
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two vertices of W to provide ‘connections’ between A’ and B’ when constructing the
Hamilton exceptional system candidates in the critical case (b).

Lemma 11.1. Suppose that 0 < 1/n < 1 and that D,n € N with D > n—2|n/4|—1.
Let G be a D-regular graph on n vertices and let A’, B' be a partition of V(G) with
|A'|,|B'| > D/2 and A(G[A',B']) < D/2. Suppose that G is critical. Let W be
the set of vertices w € V(G) such that dgar,p(w) > 11D /40. Then the following
properties are satisfied:

(i) 1< |W| < 3.

(ii) Either D = (n —1)/2 and n = 1 (mod 4), or D = n/2 -1 and n = 0

(mod 4). Furthermore, if n =1 (mod 4), then |W| = 1.
(ifi) eq(A’, B') < 17D/10+5 < n.

Recall from Proposition [6.1fii) that we have eg(A’, B') > D unless D = n/2 — 1,
n =0 (mod 4) and |A| = |B| = n/2. Together with Lemma [I1.1](ii) this shows that
in order to find the decomposition into exceptional systems, we can distinguish the
following three cases.

Corollary 11.2. Suppose that 0 < 1/n < 1 and that D,n € N with D > n —
2|n/4] — 1. Let G be a D-regular graph on n vertices and let A’, B' be a partition
of V(G) with |A'|,|B'| > D/2 and A(G[A',B']) < D/2. Then exactly one of the
following holds:
(a) eq(A’,B") > D and G is not critical.
(b) eq(A’,B") > D and G 1is critical. In particular, eq(A’, B') < n and either
D=(n-1)/2andn=1 (mod 4), or D=n/2—1 and n =0 (mod 4).
(c) eq(A',B") < D. In particular, D =n/2—1,n=0 (mod 4) and |A| = |B| =
n/2.

11.2. Decomposition into exceptional systems. Recall from the beginning of
Section [11] that our aim is to find a decomposition of G — Gy — G[A] — G[B] into
suitable exceptional systems (in particular, most of these exceptional systems have
to be localized). The following lemma states that this can be done if we are in
Case (a) of Corollary [11.2] i.e. if G is not critical and eg(A’, B') > D.

Lemma 11.3. Suppose that 0 < 1/n < g9 € ¢ K \,1/K < 1, that D > n/3, that
0 < ¢ < 1 and that D,n, K,m, /K2, (D — ¢n)/(400K?) € N. Suppose that the
following conditions hold:

(i) G is a D-regular graph on n vertices.
(i) P is a (K,m,eo)-partition of V(G) such that D < eq(A’, B") < gn? and
A(G[A',B') < D/2. Furthermore, G is not critical.
(i) Go is a subgraph of G such that G[Ao] + G[Bo] € Gy, eg,(A’, B") < ¢n and
da,(v) = ¢n for all v € V).
(iv) Let G° := G — G[A] — G|B] — Gy. ego(A",B’) is even and (G°,P) is a
(K, m, e, €)-exceptional scheme.
Then there exists a set J consisting of (D—¢n)/2 edge-disjoint Hamilton exceptional
systems with parameter g in G° which satisfies the following properties:

(a) Together all the Hamilton exceptional systems in J cover all edges of G°.
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(b) For all 1 <i,i' < K, the set J contains (D — (¢ +2X\)n)/(2K?) (i,4')-HES.
Moreover, A\n/K? of these (i,i')-HES J are such that e;(A', B') = 2.

Note that (b) implies that J contains An Hamilton exceptional systems which
might not be localized. This will make them less useful for our purposes and we
extend them into Hamilton cycles in a separate step. On the other hand, the lemma
is ‘robust’ in the sense that we can remove a sparse subgraph G before we find
the decomposition J into Hamilton exceptional systems. In our first application of
Lemmam (i.e. to construct the exceptional systems for the robustly decomposable
graph G™P), we will let G be the graph obtained from Lemma In the second
application, Gg also includes G™P. In our first application of Lemma we will
only use the (i,7")-HES J with e;(A’, B') = 2.

The next lemma is an analogue of Lemma [I1.3| for the case when G is critical and
ec(4',B') > D. By Corollary [I1.2(b) we know that in this case D = (n — 1)/2 or
D=n/2-1.

Lemma 11.4. Suppose that the assumptions of Lemmal|l1.5 are satisfied except that
now D >mn —2|n/4] — 1 and (ii) is replaced by the following condition:

(ii) P is a (K, m,ep)-partition of V(G) such thateq(A’, B') > D and A(G[A', B'])
D/2. Furthermore, G is critical. In particular, eq(A’',B') < n and D =
(n—1)/2 or D =n/2—1 by Lemma[11.1|(ii) and (iii).

Suppose in addition that the following condition holds too:

(v) Let wy and wa be (fized) vertices such that dgiar pr(w1) > dgpar,p(w2) >

daar,p(v) for all v € V(G) \ {w1,w2}. Suppose that

(111) dGO[A’,B’] (wl), dG(}[A/7B/} (’U)Q) < (D - gbn)/Z
Then there exists a set J consisting of (D—¢n)/2 edge-disjoint Hamilton exceptional
systems with parameter €y in G° which satisfies the following properties:

(a) Together the Hamilton exceptional systems in J cover all edges of G°.

(b) For each 1 <i,i < K, the set J contains (D —(¢+2\)n)/(2K?) (i,4')-HES.
Moreover, A\n/K? of these (i,i')-HES J are such that
(b1) ej(A",B") =2 and
(bg) dJ[A’,B’] (U)) =1 fOT‘ allw e {Ujl,’wg} with dG[A’,B’} (’LU) > 11D/40

Similarly as for Lemma[11.3] (b) implies that 7 contains An Hamilton exceptional
systems which might not be localized. Another similarity is that when construct-
ing the robustly decomposable graph G™P, we only use those Hamilton exceptional
systems J which have some additional useful properties, namely (b;) and (bs) in
this case. This guarantees that will be satisfied in the second application of
Lemma m (i.e. after the removal of G™P), by ‘tracking’ the degrees of the high
degree vertices w1 and wg. Indeed, if dgpar p(w2) > 11D /40, then (bz) will imply
that dgrovpa, gy (w;) is large for i = 1, 2. This in turn means that after removing Gob,
in the leftover graph G°, dgo[as p)(w;) is comparatively small, i.e. condition (11.1)
will hold in the second application of Lemma

Condition itself is natural for the following reason: suppose for example
that it is violated for wy and that wy; € Ag. Then for some Hamilton exceptional

<
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system J returned by the lemma, both edges of J incident to wy will have their other
endpoint in B’. So (the edges at) w; cannot be used as a ‘connection’ between A’
and B’ in the Hamilton cycle which will extend .J, and it may be impossible to find
these connections elsewhere.

The next lemma is an analogue of Lemma [11.3| for the case when eg(A’, B') < D.
Recall that Proposition [6.1f(ii) (or Corollary [11.2)) implies that in this case we have
n =0 (mod 4), D =n/2 —1 and |A'| = |B’| = n/2. In particular, |A’| and |B’|
are both even. This agrees with the fact that the decomposition may also involve
matching exceptional systems in the current case: we will later extend each such
system to a cycle spanning A’ and one spanning B’. As |A’| and |B’| are both even,
these cycles correspond to two edge-disjoint perfect matchings in G.

Lemma 11.5. Suppose that 0 < 1/n € g9 € ¢ K \,1/K < 1, that 0 < ¢ < 1
and that n/4, K,m, An/K? (n/2 — 1 — ¢n)/(2K?) € N. Suppose that the following
conditions hold:
(i) G is an (n/2 — 1)-regular graph on n vertices.
(ii) P is a (K, m,eo)-partition of V(G) such that A(G[A", B']) <n/4 and |A'| =
|B'| =n/2.
(i) Go is a subgraph of G such that G[Ap] + G[Bo] C Go and dg,(v) = ¢n for
all v e V.
(iv) Let G° := G — G[A] — G[B] — Gy. ego(A',B’) is even and (G°,P) is a
(K, m,e,¢e)-exceptional scheme.
(v) AGE[A, B)) < eqe(A, B)/2 < (n/2—1— ém),2.
Then there exists a set J consisting of (n/2 —1 — ¢n)/2 edge-disjoint exceptional
systems in G° which satisfies the following properties:

(a) Together the exceptional systems in J cover all edges of G°. Fach J in J
is either a Hamilton exceptional system with ej(A’, B") = 2 or a matching

exceptional system.
(b) Foralll <i,i’ < K, the set J contains (n/2—1—(¢n+2X))/(2K?) (i,i')-ES.

As in the other two cases, we will use the exceptional systems in (b) to construct
the robustly decomposable graph G*™P. Unlike the critical case with eq(A4’, B') > D,
there is no need to ‘track’ the degrees of the vertices w; of high degree in G[A’, B']
this time. Indeed, let G” := G — Gy — G*™P, where Gy is the graph defined by
Lemma m Then G"[A’, B'] is the union of all those J in J (from the first ap-
plication of Lemma not used in the construction of G™P. So (a) implies that
G"[A’, B'] is a union of matchings of size two. So (v) will be trivially satisfied when
we apply Lemma for the second time (i.e. with Gy + G™P playing the role of
Go).

12. SPECIAL FACTORS AND EXCEPTIONAL FACTORS

As discussed in the proof sketch, the main proof proceeds as follows. First we
remove a sparse ‘robustly decomposable’ graph G™P from the original graph G. Then
we find an approximate decomposition of G—G™P. Finally we find a decomposition of
G™P+ G, where G’ is the (very sparse) leftover from the approximate decomposition.
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Both the approximate decomposition as well as the actual decomposition step
assume that we work with a graph with two components, one on A and the other on
B. So in both steps, we would need Ay U By to be empty, which we clearly cannot
assume. We build on the ideas of Section [7] to deal with this problem. In both steps,
one can choose ‘exceptional path systems’ in G with the following crucial property:
one can replace each such exceptional path system EPS with a path system EPS*
so that

(1) EPS* can be partitioned into EPS% and EPS} with the vertex sets of
EPS% and EPS} being contained in A and B respectively;

(a2) the union of any Hamilton cycle C% in G% := G[A]—EPS+EPS" containing
EPS% and any Hamilton cycle Cj in G, := G[B]|— EPS+ EPS}; containing
EPSY, corresponds to either a Hamilton cycle of G' containing EPS or to
the union of two edge-disjoint perfect matchings in G containing EPS.

Each exceptional path system EPS will contain one of the exceptional systems J
constructed in Section EPS* will then be obtained from EPS by replacing J
by J*. (Recall that J* was defined in Section [7| and that we view the edges of J*
as ‘fictive edges” which are different from the edges of G.) So G7 is obtained from
G[A] by adding J} = J*[A]. Furthermore, J determines which of the cases in (a2)
holds: If J is a Hamilton exceptional system, then (ag) will give a Hamilton cycle
of G, while in the case when J is a matching exceptional system, («ag) will give the
union of two edge-disjoint perfect matchings in G.

So, roughly speaking, this allows us to work with G*% and G% rather than G in
the two steps. A convenient way of handling these exceptional path systems is to
combine many of them into an ‘exceptional factor’ E'F' (see Section for the
definition).

One complication is that the ‘robust decomposition lemma’ (Lemma we use
from [20] deals with digraphs rather than undirected graphs. So in order to be able to
apply it, we need to suitably orient the edges of G and so we will actually consider
a directed path system EPS}; instead of the EPS* above (the exceptional path
system EPS itself will still be undirected). Moreover, we have to apply the robust
decomposition lemma twice, once to G% and once to G.

The formulation of the robust decomposition lemma is quite general and rather
than guaranteeing (awg) directly, it assumes the existence of certain directed ‘spe-
cial paths systems’ SPS which are combined into ‘special factors’ SF. These are
introduced in Section [12.1] FEach of the Hamilton cycles produced by the lemma
then contains exactly one of these special path systems. So to apply the lemma, it
suffices to check that each of our exceptional path systems EPS corresponds to two
path systems EPS} ;;, and EPSy 4, which both satisfy the conditions required of
a special path system.

12.1. Special path systems and special factors. As mentioned above, the ro-
bust decomposition lemma requires ‘special path systems’ and ‘special factors’ as an
input when constructing the robustly decomposable graph. These are defined in this
subsection.
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Let K,m € N. A (K, m)-equipartition Q of a set V of vertices is a partition of V'
into sets Vi, ..., Vi such that |V;| = m for all i < K. The V; are called clusters of Q.
Suppose that @ = {Vi,...,Vk} is a (K, m)-equipartition of V' and L,m/L € N.
We say that (Q, Q') is a (K, L, m)-equipartition of V if Q' is obtained from Q by
partitioning each cluster V; of Q into L sets V; 1,..., Vi 1, of size m/L. So Q' consists
of the KL clusters V; ;.

Let (Q, Q") be a (K, L, m)-equipartition of V. Consider a spanning cycle C' =
Vi ... Vi on the clusters of Q. Given an integer f dividing K, the canonical interval
partition I of C' into f intervals consists of the intervals

Vii-y g/ eV 2 - - Vi

for all ¢« < f (with addition modulo K).
Suppose that G is a digraph on V' and h < L. Let I = V;V;,4...V}; be an interval
in Z. A special path system SPS of style h in G spanning the interval I consists of

m/ L vertex-disjoint directed paths Py, ..., P,/ such that the following conditions
hold:

(SPS1) Every Py has its initial vertex in Vj}, and its final vertex in Vj .

(SPS2) SPS contains a matching Fict(SPS) such that all the edges in Fict(SPS)
avoid the endclusters V; and Vj of I and such that E(Ps) \ Fict(SPS) C
E(G).

(SPS3) The vertex set of SPSis Vj, U V1, U---UVjrp,.

The edges in Fict(SPS) are called fictive edges of SPS.

LetZ = {I1,...,1¢}. A special factor SF with parameters (L, f) in G (with respect
to C, Q') is a 1-regular digraph on V' which is the union of L f digraphs SPS; (one
for all j < f and h < L) such that each SPSj), is a special path system of style h
in G which spans I;. We write Fict(SF) for the union of the sets Fict(SPS; ) over
all 7 < f and h < L and call the edges in Fict(SF') fictive edges of SF.

We will always view fictive edges as being distinct from each other and from the
edges in other digraphs. So if we say that special factors SFy,..., SF, are pairwise
edge-disjoint from each other and from some digraph @ on V', then this means that
Q@ and all the SF; — Fict(SF;) are pairwise edge-disjoint, but for example there could
be an edge from z to y in @ as well as in Fict(SF;) for several indices ¢ < r. But
these are the only instances of multiedges that we allow, i.e. if there is more than
one edge from x to y, then all but at most one of these edges are fictive edges.

12.2. Exceptional path systems and exceptional factors. We now introduce
‘exceptional path systems’ which will be combined into ‘exceptional factors’. These
will satisfy the requirements of special path systems and special factors respectively.
So they can be used as an ‘input’ for the robust decomposition lemma. Moreover,
they will satisfy the properties («;) and (ag) described at the beginning of Section
(see Proposition . More precisely, suppose that

P:{A()aAlv"'7AK7307B17"'7BK}

is a (K, m,ep)-partition of a vertex set V and L, m/L € N. We say that (P,P’) is a
(K, L,m,eq)-partition of V if P’ is obtained from P by partitioning each cluster A;
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of P into L sets A;1,...,A; 1 of size m/L and partitioning each cluster B; of P into
L sets B;1,..., B, of size m/L. (So P’ consists of the exceptional sets Ay, By, the
KL clusters A; ; and the KL clusters B;;.) Set

(121) QA = {Al, e ,AK}, i4 = {Al,la e 7AK,L}7
QB = {Bl,...,BK}, /B:: {3171,...,BK7L}.

Note that (Qa,Q’y) and (Qp, Qy) are (K, L, m)-equipartitions of A and B respec-
tively (where we recall that A = [JX | A; and B = JX | B;).

Suppose that J is a Hamilton exceptional system (for the partition A, Ay, B, Bp)
with ej(A’, B') = 2. Thus J contains precisely two AB-paths. Let P, = aj...b;
and P, = as...by be these two paths, where a1,a2 € A and b1, by € B. Recall from
Section m that J3 is the matching consisting of the edge ajaz and an edge between
any two vertices a,a’ € A for which J contains a path P,, whose endvertices are a
and a’. We also defined a matching J}; in a similar way and set J* := Jj U Jf. We
say that an orientation of J is good if every path in J is oriented consistently and
one of the paths P, P, is oriented towards B while the other is oriented towards
A. Given a good orientation Jg;; of J, the orientation J3,. of J* induced by Jgi is
defined as follows:

e For every path P, in J whose endvertices a, a’ both belong to A, we orient
the edge aa’ of J* towards its endpoint of the (oriented) path P,y in Jgi,-

e If in Jy;, the path P; is oriented towards by (and thus P; is oriented towards
az), then we orient the edge ajas of J* towards as and the edge b1by of J*
towards b;. The analogue holds if P; is oriented towards a; (and thus P» is
oriented towards bg).

If J is a matching exceptional system, we define good orientations of J and the
corresponding induced orientations of J* in a similar way.

We now define exceptional path systems. As mentioned at the beginning of Sec-
tion[I2] each such exceptional path system EPS will correspond to two directed path
systems EPSZ,dir and EPSE,dir satisfying the conditions of a special path system
(for (Qa, Q) and (Qp, Q) respectively).

Let (P,P') be a (K, L,m,ep)-partition of a vertex set V. Suppose that K/f € N.
The canonical interval partition Z(f, K) of [K] := {1,..., K} into f intervals consists
of the intervals

{((i—DK/f+1,(i-VK/f+2,...iK/f+1}

for all i < f (with addition modulo K).

Suppose that G is an oriented graph on A U B such that G = G[A] + G[B].
Let h < L and suppose that I € Z(f, K) is an interval with I = {j,7 +1,...,5'}.
An exceptional path system EPS of style h for G spanning I consists of 2m/L
vertex-disjoint undirected paths Py, P}, P, .. ., P;:/L_l, PBE,..., Pﬁ/L—l? such that
the following conditions hold:

(EPS1) V(P#) C A and P has one endvertex in A, and its other endvertex in

Ajp, (for all 1 < s <m/L). The analogue holds for every P5.
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(EPS2) Each of Py and Fj has one endvertex in Ajj U B, and its other endvertex
in Aj’,h U Bj’,h~

(EPS3) J := EPS — EPS[A] — EPS[B] is either a Hamilton exceptional system
with ej(A’, B') = 2 or a matching exceptional system (with respect to the
partition A, Ay, B, By). Moreover E(J) C E(Fy) U E(P}) and no edge of J
has an endvertex in Aj,h @) Aj’,h UBjnUBj .

(EPS4) Let Pyqir and 1 4, be the paths obtained by orienting Py and Fj towards
their endvertices in A, U By 3. Then the orientation Jg;, of J obtained in
this way is good. Let JJ, be the orientation of J* induced by Jgi,. Then
(Po,air + Pé}dir) — Jair + Jjj;, consists of two vertex-disjoint paths Péj‘dir and
P(fdir such that V(Pof‘dir) C A, Pof‘dir has one endvertex in A and its other
endvertex in Aj 5, and such that the analogue holds for P(fdir.

(EPS5) The vertex set of EPS is VOUAj,hUAj-i-l,h i 'UAj/7hUBj’hUBj+17h <-UBj p.

(EPS6) For each 1 < s < m/L, let Pﬁdir be the path obtained by orienting P2
towards its endvertex in Aj j,. Define pPB

s,dir
E(Jair), E(P(fdir) \ E(Jair) € E(G) and E(P:,ldir
1<s<m/L.
We call EPS a Hamilton exceptional path system if J (as defined in (EPS3)) is
a Hamilton exceptional system, and a matching exceptional path system otherwise.
Let EPS? 4, be the (directed) path system consisting of P;‘dir, PlAdir, ... ,P;:/L_l dir-

in a similar way. Then E (P(fdir)\
), E(PB.. ) C E(G) for every

s,dir

Then EPS:Ldir is a special path system of style h in G[A] which spans the inter-
val AjAji1... Ay of the cycle Ay ... Ax and satisfies Fict(EPS} 4,.) = J§;,[A]. De-
fine EPS} 4, similarly and let EPSy; = EPSY g+ EPSp 4, and Fict(EPSY;, ) ==
Fict(EPS} g;,) U Fict(EPSE ;) (see Figure .

Let Z(f, K) = {I1,...,Is}. An exceptional factor EF with parameters (L, f) for
G (with respect to (P,P’)) is the union of L f edge-disjoint undirected graphs EPS; j,
(one for all j < f and h < L) such that each EPS;}, is an exceptional path system of
style h for G which spans I;. We write EF7) ;;, for the union of EPS;.k,h’ Adir Over all
j < fand h < L. Note that EF} 4, is a special factor with parameters (L, f) in G[A]
(with respect to C' = Ay ... Ak, Q) such that Fict(EF ;) is the union of J7) i [A]
over all j < f and h < L, where J;, is the exceptional system contained in EPS}y,
(see condition (EPS3)). Define EFy 4, similarly and let EFy; = EF}  + EFp g
and Fict(EFY,) := Fict(EF] 4,) U Fict(EFE 4;,). Note that EFj is a l-regular
directed graph on AU B while in FF is an undirected graph on V with

(12.2) dprp(v) =2 forallv e V\Vy and dgp(v)=2Lf for allveVj.
Given an exceptional path system EPS, let J be as in (EPS3) and let
EPS* := EPS — J + J*, EPS’:=EPS*[A] and EPS} := EPS*|B].

(Hence EPS*, EPS% and EPS% are the undirected graphs obtained from EPS}, ,
EPS}) 4, and EPSE 4, by ignoring the orientations of all edges.) The following
result is an immediate consequence of (EPS3), (EPS4) and Proposition[7.1] Roughly
speaking, it implies that to find a Hamilton cycle in the ‘original’ graph with vertex
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Bjn Ajt Bj
A
P2B PQAdir P2gdir
PlB PlAdir Plédir
P By ai Aivin Bjtn Py air
Ajn Bjn Ajn o N Bin
(i) EPS (i) EPSg;

FIGURE 3. An example of an exceptional path system EPS and the

corresponding directed version KPS} in the case when |Ag| = 2,
By =0, m/L =3 and |I| = 6. The thick edges indicate J and J},
respectively.

set V, it suffices to find a Hamilton cycle on A and one on B, containing (the edges
corresponding to) an exceptional path system.

Proposition 12.1. Let (P, P’) be a (K, L, m,eq)-partition of a vertex set V. Sup-
pose that G is a graph on V \ Vi, that Ggy is an orientation of G[A] + G[B] and
that EPS is an exceptional path system for Gair. Let J be as in (EPS3) and J as
defined in Section[7]. Let C4 and Cp be two cycles such that

o Cy is a Hamilton cycle on A which contains EPS’;
e Cp is a Hamilton cycle on B which contains EPS%.

Then the following assertions hold.

(i) If EPS is a Hamilton exceptional path system, then Cy+Cp—EPS*+EPS
is a Hamilton cycle on V.

(ii) If EPS is a matching exceptional path system, then C4+Cp— EPS*+ EPS
is the union of a Hamilton cycle on A’ and a Hamilton cycle on B'. In
particular, if both |A'| and |B'| are even, then Cy + Cp — EPS* + EPS is
the union of two edge-disjoint perfect matchings on V.

Proof. Note that C4 + Cp — EPS* + EPS = Cy + Cp — J* + J. Recall that J 5
was defined in Section (7} (EPS3) implies that |E(J%) \ E(J4g)| < 1. Recall from
Section 7| that a path P is said to consistent with J% if P contains J3 and (there
is an orientation of P which) visits the endvertices of the edges in E(J}) \ E(J%p)
in a prescribed order. Since E(J}) \ E(J}p) contains at most one edge, any path
containing J7 is also consistent with J’. Therefore, C'4 is consistent with J7 and, by
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a similar argument, C'p is consistent with J5. So the proposition follows immediately
from Proposition O

12.3. Finding exceptional factors in a scheme. The next lemma (Lemma
will allow us to extend a suitable exceptional system J into an exceptional path
system. In particular, we assume that J is ‘localized’. This allows us to choose the
path system in such a way that it spans only a few clusters. The structure within
which we find the path system is called a ‘scheme’. Roughly speaking, this is the
structure we obtain from G[A]+ G[B] (i.e. the union of two almost complete graphs)
by considering a random equipartition of A and B and a random orientation of its
edges.

We now define this ‘oriented’ version of the (undirected) schemes which were
introduced in Section Given an oriented graph G and partitions P and P’ of a
vertex set V, we call (G,P,P’) a [K, L, m,eg,c|-scheme if the following conditions
hold:

(Schl’) (P,P’)is a (K, L, m,eg)-partition of V.

(Sch2’) V(G) = AU B and eg(A, B) = 0.

(Sch3’) G[A;;, Ay j7] and G[B;;, By ji] are [g, 1/2]-superregular for all 7,i" < K and

all 7, 5/ < L such that (z,7) # (i, 5'). Moreover, G[A;, Ay] and G[B;, By] are

g, 1/2]-superregular for all 7 # ¢/ < K.

(Sch4’) yN+( NNg(y) N A;ij| > (1/5—e)m/L for all z,y € A, all i < K and all
j < L. S1m11arly, INZ () " Ng (y) N B j| > (1/5 —e)m/L for all z,y € B,
alli < K and all j < L.

Note that if L =1 (and so P = P’), then (Schl’) just says that P is a (K, m,&g)-
partition of V.

Suppose that J is an (i,4")-ES with respect to P. Given h < L, we say that J has
style h (with respect to the (K, L,m,¢e)-partition (P,P’)) if all the edges of J have
their endvertices in Vo U A; 5, U By p,.

Lemma 12.2. Suppose that K,L,n,m/L € N, that 0 < 1/n < €,69 < 1 and
g0 < 1/K,1/L. Let (G,P,P’) be a [K, L,m,eg,e]-scheme with |V (G)UVy| =n. Let
I={j,7+1,...,7'} C[K] be an integer interval with |I| > 4. Let J be either an
(i1,12)-HES of style h < L with ej(A',B") = 2 or an (i1,i2)-MES of style h < L
(with respect to (P, P')), for some i1,ia € {j +1,...,j' —1}. Then there exists an
exceptional path system of style h for G which spans the interval I and contains all
edges of J.

Proof. Let Jgi, be a good orientation of J and let JJ;, be the induced orientation of
J*. Let x122, ..., %2y 1725 be the edges of J} 4, = J5.[A]. Since J is an (i1, i2)-
ES of style h with ej(A’, B) < 2 it follows that s’ = e(J}) < |[Vo| + 1 < 2g9n and
x; € Ay p for all i < 2¢'. Since |I| >4 we havei; +1€ {j+1,...,5/—1}ori; —1¢€
{j+1,...,7/—1}. We will only consider the case when iy +1 € {j+1,...,5 —1}.
(The argument for the other case is similar.)
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Our assumption that ¢y < 1/K,1/L implies that egn < m/100L (say). To-
gether with (Sch4’) this ensures that for every 1 < r < s, we can pick a ver-
tex w, € A; 415 such that xg,w, and w,zo,4; are (directed) edges in G and
such that wi,...,wy_1 are distinct from each other. We also pick a vertex wy €
Aiivin \{w1,...,wy_1} such that zogywy is a (directed) edge in G. Let Qo be
the path zixowiz3T4W2 . .. T2y 172y wy. Thus Qp is a directed path from A; 5 to
Aj 41,0 in G+ J3;, which contains all edges of J} 4. Note that [V(Qo) N Aj; n| = 25’
and |V(Qo) N Ajy+1,5] = s'. Moreover, V(Qo) N A; = 0 for all ¢ ¢ {i1,i1 + 1} and
V(Qo) NB=10.

Pick a vertex wo € A; p, so that woz; is an edge of G. Find a path Qf from wy to
Ajrp, in G such that the vertex set of Q consists of wy and precisely one vertex in
each A;  foralli € {j+1,...,7}\ {41,741 +1} and no other vertices. (Sch4’) ensures
that this can be done greedily. Define P(fdir to be the concatenation of wox1, Qg and
Q- Note that P(fdir is a directed path from A;; to Aj p, in G + Jj;, which contains
thdir. Moreover,

1 forie{j,....5 F\ {i1,41 + 1},
25’ for ¢ = iy,
s’ fori=1iy+1,

otherwise,

|V (Pilaw) N Aipl =

while V/(Pgly) N B =0 and V(Pgly) N Ai = 0 for all i < K and all b # h. (Sch4')
ensures that we can also choose 2s' — 1 (directed) paths P ,...,Pf, | 4, in G

such that the following conditions hold:
e Forall 1 <r <2, PA.

eForall <r < g, PA

r,dir
i€4j,...,5'} \ {i1} and no other vertices.
e For all & < r < 25/, PA. contains precisely one vertex in A;p, for each

is a path from A;j to Ajr p.
contains precisely one vertex in A;; for each

r,dir
i€{j,...,5'} \ {¢1,41 + 1} and no other vertices.
) Pé"‘dir, el Pfs’—l, qir are pairwise vertex-disjoint.
Let @ be the union of P({‘dir, e ,P{;,_l qip- Thus @ is a path system consisting

of 25’ vertex-disjoint directed paths from Aj; to Aj . Moreover, V(Q) consists
of precisely 2s’ vertices in A;p for every j < i < j’ and no other vertices. Set
Aip = Aip \V(Q) for all i < K. Note that

, m ;. m m m
. A | = — — > — — > — — K > — —
(12 3) | z,h| I 2s I 4egn i 10egm (1 \/80) I

since g9 < 1/K,1/L. Pick a new constant ¢’ such that ,69 < ¢ <« 1. Then
Proposition (Sch3’) and ([12.3)) together imply that G[A;,h, A;H,h] is still [¢/, 1/2]-
superregular and so by Propositionwe can find a perfect matching in G [A; po Al

i+1,h
for all j <i < j’. The union @’ of all these matchings forms m/L—2s" vertex-disjoint
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directed paths P{;,’dir, ey Pn‘;‘/Lil’dir.

-/
wise vertex-disjoint and together cover precisely the vertices in [ J]_ y A; . Moreover,

A A A :
Note that By gy Py gips - - - Pm/irl’dir are pair-

P(fdir contains JZ dir-

Similarly, we find m/L vertex-disjoint directed paths P(fdir, Pfdir, cel PTE JL—1,dir
from Bj;j to By j such that P(fdir contains JE’ 4ir @and together the paths cover pre-
cisely the vertices in Uf,:] Bip. For each 1 < r < m/L, let PA and PP be the
undirected paths obtained from P;f‘dir and Pfdir by ignoring the directions of all the
edges.

Since J:&,dir - Pé?dir and ngdir - P[fdir and since Jj;. is the orientation of J*
induced by Jqjr, it follows that P(fdir—l—P(fdir —J3;,. +Jair consists of two vertex-disjoint
paths PO,dir and P(S,dir from Aj,h U Bj,h to Aj’,h U Bj’,h with V(Po,dir) U V( 6,dir) =
Vo U V(Pé‘}dir) U V(Pol?dir). Let Py and P be the undirected paths obtained from
Py gir and P(’)y air Py ignoring the directions of all the edges. Let KPS be the union of
Py, P}, PlA, ey Pn’i/L_l, PE, .. Pnlj/L_l. Then EPS is an exceptional path system
for G, as required. To see this, note that J = EPS — EPS[A] — EPS[B] since
ej(A),es(B) = 0 by the definition of an exceptional system (see (EC3) in Section|[7)).

O

*

The next lemma uses the previous one to show that we can obtain many edge-
disjoint exceptional factors by extending exceptional systems with suitable proper-
ties.

Lemma 12.3. Suppose that L, f,q,n,m/L,K/f € N, that K/f > 3, that 0 < 1/n <
g,e0 < 1, that eg < 1/K,1/L and Lg/m < 1. Let (G,P,P’) be a [K, L,m,ep,el-
scheme with |V (G)UVy| = n. Suppose that there exists a set J of Lfq edge-disjoint
exceptional systems satisfying the following conditions:

(i) Each J € J is either a Hamilton exceptional system with ej(A’', B') =2 or
a matching exceptional system.
(ii) Foralli < f and allh < L, J contains precisely q (i1,i2)-ES of style h (with
respect to (P, P')) for which i1,is € {(i — 1)K/ f +2,...,i1K/[}.
Then there exist q edge-disjoint exceptional factors with parameters (L, f) for G
(with respect to (P, P")) covering all edges in |JJ.

Recall that the canonical interval partition Z(f, K) of [K] into f intervals consists
of the intervals {(: — 1)K/f +1,...,iK/f + 1} for all i < f. So (ii) ensures that
for each interval I € Z(f, K) and each h < L, the set [J contains precisely g excep-
tional systems of style h whose edges are only incident to vertices in V{y and vertices
belonging to clusters A;, and B;, for which both i; and s lie in the interior of I.
We will use Lemma to extend each such exceptional system into an exceptional
path system of style h spanning 1.

Proof of Lemma Choose a new constant ¢’ with ¢, Lg/m < ¢/ < 1. Let
Ji, ..., Jq be a partition of J such that for all j < ¢, h < L and 7 < f, the set J;
contains precisely one (i1,12)-ES of style h with i1,io € {(i — 1)K/f +2,...,iK/f}.
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Thus each J; consists of Lf exceptional systems. For each j < ¢ in turn, we will
choose an exceptional factor EF; with parameters (L, f) for G (with respect to
(P,P')) such that EF; and EF; are edge-disjoint for all j/ < j and EFj contains
all edges of the exceptional systems in J;. Assume that for some 1 < j < ¢ we
have already constructed EF1, ..., EF;_q. In order to construct EF}, we will choose
the Lf exceptional path systems forming EF} one by one, such that each of these
exceptional path systems is edge-disjoint from E'Fy, ..., FF;_; and contains precisely
one of the exceptional systems in [J;. Suppose that we have already chosen some of
these exceptional path systems and that next we wish to choose an exceptional path
system of style h which spans the interval I of the canonical interval partition Z( f, K)
and contains J € J;. Let G’ be the oriented graph obtained from G by deleting all
the edges in the path systems already chosen for EF}; as well as deleting all the edges
in EFY,..., EFj_q. Recall that V(G) = AUB. Thus A(G—G’) < 2j < 3¢ by (12.2).
Together with Proposition this implies that (G',P,P’) is still a [K, L, m,eq,&’]-
scheme. (Here we use that A(G —G’) < 3¢ =3Lg/m-m/L and ¢, Lqg/m < ¢’ < 1.)
So we can apply Lemma with & playing the role of ¢ to obtain an exceptional
path system of style h for G’ (and thus for G) which spans I and contains all edges
of J. This completes the proof of the lemma. O

13. THE ROBUST DECOMPOSITION LEMMA

The aim of this section is to state the robust decomposition lemma (Lemmal13.4).
This is the key lemma proved in [20] and guarantees the existence of a ‘robustly
decomposable’ digraph Gfﬁl’ within a ‘setup’. For our purposes, we will then derive
an undirected version in Corollary to construct a robustly decomposable graph
G™P. Then G™P + H will have a Hamilton decomposition for any sparse regular
graph H which is edge-disjoint from G™P. The crucial ingredient of a setup is a
‘universal walk’, which we introduce in the next subsection. The (proof of the)
robust decomposition lemma then uses edges guaranteed by this universal walk to
‘balance out’ edges of the graph H when constructing the Hamilton decomposition

of G™" 4 H.

13.1. Chord sequences and universal walks. Let R be a digraph whose vertices
are V1,...,V; and suppose that C' = V; ...V is a Hamilton cycle of R. (Later on
the vertices of R will be clusters. So we denote them by capital letters.)

A chord sequence CS(V;, V;) from Vj to Vj in R is an ordered sequence of edges of
the form

CS(V%v VJ) = (Vilflwzv Vizflvisa sy Wt*l‘/%wrl)a

where V;; = V;, V., = V; and the edge V;, 1V, ,, belongs to R for each s <.

If © = j then we consider the empty set to be a chord sequence from V; to V.
Without loss of generality, we may assume that C'S(V;,V}) does not contain any
edges of C. (Indeed, suppose that Vie—1Vi,,, is an edge of C. Then is = i5y1 and
so we can obtain a chord sequence from V; to V; with fewer edges.) For example, if
Vi—1Vig1 € E(R), then the edge V;—_1Vj41 is a chord sequence from V; to V4.
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The crucial property of chord sequences is that they satisfy a ‘local balance’ con-
dition. Suppose that C'S' is obtained by concatenating several chord sequences

CS(Viy, Vig), CS(Viy, Vi), ..., CS(Viy_,, Vi)

so that V;, = V;,. Then for every cluster V;, the number of edges of C'S leaving V;_
equals the number of edges entering V;. We will not use this property explicitly,
but it underlies the proof of the robust decomposition lemma (Lemma that we
apply and appears implicitly e.g. in (U3).

A closed walk U in R is a universal walk for C with parameter ¢’ if the following
conditions hold:

(Ul) For every i < k there is a chord sequence ECS(V;,Vi11) from V; to Vg
such that U contains all edges of all these chord sequences (counted with
multiplicities) and all remaining edges of U lie on C.

(U2) Each ECS(V;, Viy1) consists of at most v/ /2 edges.

(U3) U enters each V; exactly ¢ times and leaves each V; exactly ¢ times.

Note that condition (U1l) means that if an edge V;V; € E(R) \ E(C) occurs in total
5 times (say) in ECS(V1,Va),..., ECS(Vy, V1) then it occurs precisely 5 times in
U. We will identify each occurrence of V;V; in ECS(Vi, Va),..., ECS(Vy, V1) with a
(different) occurrence of V;V; in U. Note that the edges of EC'S(V;, Viy1) are allowed
to appear in a different order within EC'S(V;, V;41) and within U.

Lemma 13.1. Let R be a digraph with vertices Vi,...,Vy. Suppose that C =
Vi... Vi is a Hamilton cycle of R and that V;Viyo € E(R) for every 1 < i < k.
Let ¢ > 4 be an integer. Let Uy the multiset obtained from ¢ — 1 copies of E(C) by
adding V;Viyo € E(R) for every 1 < i < k. Then the edges in Uy can be ordered so
that the resulting sequence forms a universal walk for C' with parameter {'.

In the remainder of the paper, we will also write Uy for the universal walk guar-
anteed by Lemma |13.1

Proof. Let us first show that the edges in Uy can be ordered so that the resulting
sequence forms a closed walk in R. To see this, consider the multidigraph U obtained
from Uy by deleting one copy of F(C). Then U is (¢ — 1)-regular and thus has a
decomposition into 1-factors. We order the edges of Uy as follows: We first traverse
all cycles of the 1-factor decomposition of U which contain the cluster V;. Next,
we traverse the edge V1 V5 of C. Next we traverse all those cycles of the 1-factor
decomposition which contain V5 and which have not been traversed so far. Next we
traverse the edge VoV3 of C and so on until we reach V; again.
Recall that, for each 1 <17 < k, the edge V;—1V;41 is a chord sequence from V; to
Vit1. Thus we can take ECS(V;, Viy1) := Vi_1Vi41. Then Up satisfies (U1)—(U3).
O

13.2. Setups and the robust decomposition lemma. The aim of this subsec-
tion is to state the robust decomposition lemma (Lemma [13.4] proved in [20]) and
derive Corollary which we shall use later on. The robust decomposition lemma

guarantees the existence of a ‘robustly decomposable’ digraph GE?F within a ‘setup’.
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Roughly speaking, a setup is a digraph G together with its ‘reduced digraph’ R,
which contains a Hamilton cycle C' and a universal walk U. In our application, we
will have two setups: G[A] and G[B] will play the role of G, and R will be the
complete digraph in both cases. To define a setup formally, we first need to define
certain ‘refinements’ of partitions.

Given a digraph G and a partition P of V(G) into k clusters Vi, ...,V of equal
size, we say that a partition P’ of V is an '-refinement of P if P’ is obtained by
splitting each V; into ¢ subclusters of equal size. (So P’ consists of ¢’k clusters.)
P’ is an e-uniform f-refinement of P if it is an f-refinement of P which satisfies
the following condition: Whenever x is a vertex of GG, V is a cluster in P and
ING(z) N V] > e|V] then [NZ(z) NV'| = (1 £ ¢)|Ng(xz) N V|/¢ for each cluster
V' e P’ with V! C V. The inneighbourhoods of the vertices of G satisfy an analogous
condition. We need the following simple observation from [20]. The proof proceeds
by considering a random partition to obtain a uniform refinement.

Lemma 13.2. Suppose that0 < 1/m < 1/k,e < &',d,1/0 <1 and thatn,k,¢,m/l €
N. Suppose that G is a digraph on n = km vertices and that P is a partition of
V(QG) into k clusters of size m. Then there exists an e-uniform (-refinement of P.
Moreover, any e-uniform (-refinement P’ of P automatically satisfies the following
condition:

e Suppose that V., W are clusters in P and V', W' are clusters in P’ with
VICV and W CW. If GIV,W] is [e,d'|-superregular for some d' > d then
GV, W'] is [, d']-superregular.

We will also need the following definition from [20]. (G, P,P’, R,C,U,U’) is called
an (¢, k,m,e,d)-setup if the following properties are satisfied:

(ST1) G and R are digraphs. P is a partition of V(@) into k clusters of size m.
The vertex set of R consists of these clusters.

(ST2) For every edge VW of R the corresponding pair G[V, W] is (¢, > d)-regular.

(ST3) C is a Hamilton cycle of R and for every edge VW of C the corresponding
pair G[V, W] is [e, > d]-superregular.

(ST4) U is a universal walk for C' with parameter ¢ and P’ is an e-uniform ¢'-
refinement of P.

(ST5) Suppose that C' = V;...V} and let le, ceey Vf’ denote the clusters in P’
which are contained in Vj (for each 1 < j < k). Then U’ is a closed walk on
the clusters in P’ which is obtained from U as follows: When U visits V; for
the ath time, we let U’ visit the subcluster V (for all 1 <a < ¢').

(ST6) Each edge of U’ corresponds to an [, > d|-superregular pair in G.

In [20], in a setup, the digraph G could also contain an exceptional set, but since we
are only using the definition in the case when there is no such exceptional set, we
have only stated it in this special case.

Suppose that (G, P,P’) is a [K, L, m, g, €]-scheme. Recall that Ay,..., Agx and
By, ..., Bk denote the clusters of P. Let Q4 := {A;,...,Ax}, Qp :={Bi1,..., Bk}
and let Cy = A;...Ag and Cp = Bj ... Bk be (directed) cycles. Suppose that
. m/l € N with ¢ > 4. Let Q/, be an e-uniform ¢-refinement of Q4. Let Ry be
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the complete digraph whose vertices are the clusters in Q4. Let Uy ¢ be a universal
walk for C4 with parameter ¢ as defined in Lemma Let U 1/4,4’ be the closed
walk obtained from Uy ¢ as described in (ST5). We will call

(G[A], Qa, Q4 Ra, Ca,Uap, Uy 1)

the A-setup associated to (G,P,P’). Define Qf, Rp, Upy and Up ;s similarly. We
will call

(G[B]v Q37 IB? RB7 CB7 UBW? U/B,E’)
the B-setup associated to (G,P,P’). The following lemma shows that both the A-
setup and the B-setup indeed satisfy all the conditions in the definition of a setup.

Lemma 13.3. Suppose that 1/m < 1/K,e9,e < &', 1/ and K, L,m/L,¢{',m/¢' € N
with ¢ > 4. Suppose that (G, P,P') is a [K, L, m, e, e]-scheme. Then each of

(G[A]7 QAJ Qi47 RA? CA) UA,EU U,/47Z’) G/ﬂd (G[B]) QB, QlB? RB7 CB? UB7é/7 U/B,ﬁ/)
is an (¢', K,m, " 1/2)-setup.

Proof. It suffices to show that (G[A], Qa, @4, Ra,Ca,Ua s, U;M,) isan (¢, K,m,e',1/2)-
setup. Clearly, (ST1) holds. (Sch3’) implies that (ST2) and (ST3) hold. Lemmal[13.1]
implies (ST4). (ST5) follows from the definition of U’ ,. (ST6) follows from
Lemma since Q' is an e-uniform ¢'-refinement of Q4. O

We now state the robust decomposition lemma from [20]. Recall that this guaran-
tees the existence of a ‘robustly decomposable’ digraph Gfﬁl’ , whose crucial property
is that H + Gé‘i’f’ has a Hamilton decomposition for any sparse regular digraph H
which is edge-disjoint from GE?E .

G%eP consists of digraphs C'Ag;, (r) (the ‘chord absorber’) and PC Aqi,(r) (the ‘par-
ity extended cycle switcher’) together with some special factors. Gfﬁf is constructed
in two steps: given a suitable set SF of special factors, the lemma first ‘constructs’
CAqgir(r) and then, given another suitable set SF’ of special factors, the lemma
‘constructs’ PC'Agi;(r). The reason for having two separate steps is that in [20], it
is not clear how to construct C'Ag;, (1) after constructing SF’ (rather than before),
as the removal of SF’ from the digraph under consideration affects its properties

considerably.

Lemma 13.4. Suppose that 0 < 1/m < 1/k < e < 1/g < 1/f < ri/m < d K
1/0,1/g < 1 and that rk* < m. Let

ro = 960'g*kr, r3:=rfk/q, °:=ri+rot+r—(q¢—1)rs, §:=rfk+7°

and suppose that k/14,k/f, k/g,q/f,m/40, fm/q,2fk/3g(g — 1) € N. Suppose that
(G,P,P',R,C,U,U") is an ({',k,m,e,d)-setup and C = V;...Vy. Suppose that P*
is a (q/f)-refinement of P and that SFi,...,SF,, are edge-disjoint special factors
with parameters (q/ f, f) with respect to C, P* in G. Let SF := SF1 + --- + SF,,.
Then there exists a digraph CAgi,(r) for which the following holds:
(i) CAgir(r) is an (r1 + ro)-regular spanning subdigraph of G which is edge-
disjoint from SF.
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(ii) Suppose that SF;,...,SFE.. are special factors with parameters (1,7) with
respect to C, P in G which are edge-disjoint from each other and from
CAgir(r) + SF. Let SF' := SF| + --- + SF's. Then there exists a digraph
PC Agir (1) for which the following holds:

(a) PCAqgir(r) is a 5r°-regular spanning subdigraph of G which is edge-
disjoint from CAgi(r) + SF + SF'.

(b) Let SPS be the set consisting of all the s' special path systems con-
tained in SF + SF'. Suppose that H is an r-reqular digraph on V(G)
which is edge-disjoint from G*S® := CAq(r) + PCAgi(r) + SF + SF'.
Then H—i—GfﬁP has a decomposition into s’ edge-disjoint Hamilton cycles
Ci,...,Cy. Moreover, C; contains one of the special path systems from
SPS, for each i < s'.

Recall from Section that we always view fictive edges in special factors as
being distinct from each other and from the edges in other graphs. So for example,
saying that C'Agi;(r) and SF are edge-disjoint in Lemma still allows for a fictive
edge zy in SF to occur in C'Agir(r) as well (but CAg;,(r) will avoid all non-fictive
edges in SF).

We will use the following ‘undirected’ consequence of Lemma

Corollary 13.5. Suppose that 0 < 1/m < £9,1/K €« e K 1/L < 1/f < ri/m <
1/0,1/g < 1 and that rK? < m. Let

ro = 960> Kr, r3:=rK/L 1°:=r +ro+r— (Lf—1)r3, & :=rfK+T7°

and suppose that K/14, K/ f, K/g,m/4¢',m/L,2fK/3g9(g9 — 1) € N. Suppose that
(Gair, P, P') is a [K,L,m,eqg,e|-scheme and let G' denote the underlying undirected
graph of Ggir. Suppose that EFy, ..., EF,, are edge-disjoint exceptional factors with
parameters (L, f) for Gai, (with respect to (P,P')). Let EF := EFy +--- + EF,,.
Then there exists a graph C A(r) for which the following holds:

(i) CA(r) is a 2(r1 + ro)-reqular spanning subgraph of G' which is edge-disjoint
from EF.

(i) Suppose that EFY,... ,EF!. are exceptional factors with parameters (1,7)
for Gair (with respect to (P, P)) which are edge-disjoint from each other and
from CA(r) + EF. Let EF' := EF| +---+ EF!.. Then there exists a graph
PCA(r) for which the following holds:

(a) PCA(r) is a 10r°-regular spanning subgraph of G' which is edge-disjoint
from CA(r) + EF + EF.

(b) Let EPS be the set consisting of all the s’ exceptional path systems
contained in EF + EF'. Suppose that Hy is a 2r-reqular graph on
A= Ufil A; and Hp is a 2r-regular graph on B = Ufil B;. Suppose
that H := Hu + Hp is edge-disjoint from G™" := CA(r) + PCA(r) +
EF + EF'. Then H + G™ has a decomposition into s edge-disjoint
2-factors Hy,...,Hy such that each H; contains one of the exceptional
path systems from EPS. Moreover, for each i < s', the following asser-
tions hold:
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(by) If the exceptional path system contained in H; is a Hamilton ex-
ceptional path system, then H; is a Hamilton cycle on V(G gy )UVj.

(ba) If the exceptional path system contained in H; is a matching ex-
ceptional path system, then H; is the union of a Hamilton cycle
on A" = AU Ay and a Hamilton cycle on B’ = B U By. In par-
ticular, if both |A’| and |B'| are even, then H; is the union of two
edge-disjoint perfect matchings on V(Ggir) U Vp.

We remark that, as usual, in Corollary [I13.5] we write Ay and By for the exceptional
sets of P, V for Ay U By, and Ai,..., Ak, B1,..., Bk for the clusters in P. Note
that the vertex set of each of £F, EF/, G™P includes Vj while that of Gg;,, CA(7),
PCA(r), H does not.

Moreover, note that matching exceptional systems are only constructed if both
|A’| and |B’| are even. Indeed, we only construct matching exceptional systems in
the case when eg(A’, B') < D. But by Proposition (ii), in this case we have
that n = 0 (mod 4) and |4’| = |B'| = n/2. Therefore, Corollary [13.5[(ii)(b) implies
that H + G™ has a decomposition into Hamilton cycles and perfect matchings.
The proportion of Hamilton cycles (and perfect matchings) in this decomposition is
determined by £F + £F’, and does not depend on H.

Proof of Corollary Choose new constants €', d such that ¢ < ¢’ < 1/L and
ri/m < d < 1/¢',1/g. Consider the A-setup (Gair[A], Qa, Q4. Ra,Ca,Uas, U;M,)
associated to (Ggir, P,P’). By Lemma this is an (¢, K, m,e’,1/2)-setup and
thus also an (¢, K, m, &', d)-setup.

Recall that P’ is obtained from P by partitioning each cluster A; of P into L
sets A;1,...,A; 1 of equal size and partitioning each cluster B; of P into L sets
Bii,...,B; of equal size. Let Q) := {A11,..., Ak r}. (So Q) plays the role of

'y in ) Let EF, 4, be as defined in Section Recall from there that,
for each ¢ < rg, EFZ* Adir 18 a special factor with parameters (L, f) with respect to
Ca = Ai... Ak, Q) in Ggi[A4] such that Fict(EF}, 4,) is the union of J*[A] over
all the L f exceptional systems J contained in EF;. "Thus we can apply Lemma [13.4
to (Gair[4], Qa, Q%,RA,CA,UA’@,UA’E,) with K, Lf, ¢ playing the roles of k, ¢,
¢ in order to obtain a spanning subdigraph C'Aa qir(7) of Ggir[A] which satisfies
Lemma m(l) Similarly, we obtain a spanning subdigraph C'Ap 4i(r) of Gai[B]
which satisfies Lemma [13.4{(i) (with Ggi;[B] playing the role of G). Thus the under-
lying undirected graph C'A(r) of C' A4 4ir(r) + CAp 4ir(r) satisfies Corollary [13.5(i).

Now let EFY,...,EF), be exceptional factors as described in Corollary ii).
Similarly as before, for each i < r°, (EF] )*A,dir is a special factor with param-
eters (1,7) with respect to C4, Qa in Gai[A] such that Fict((EF))} 4,) is the
union of J*[A] over all the 7 exceptional systems J contained in EF!. Thus we
can apply Lemma (with Ggir[A] playing the role of GG) to obtain a spanning
subdigraph PCAy gir(r) of Gair[A] which satisfies Lemma m(ii)(a) and (ii)(b).
Similarly, we obtain a spanning subdigraph PCAp gir(r) of Ggi[B] which satis-
fies Lemma [13.4(ii)(a) and (ii)(b) (with Gai[B] playing the role of G). Thus the
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underlying undirected graph PCA(r) of PC A qir(1) + PCAp 4ix(r) satisfies Corol-
lary [13.5](ii)(a).

It remains to check that Corollary [13.5](ii)(b) holds too. Thus let H = Hx + Hp
be as described in Corollary (ii)(b). Let HAgqir be an r-regular orientation of
H,. (To see that such an orientation exists, apply Petersen’s theorem, i.e. The-
orem to obtain a decomposition of H,4 into 2-factors and then orient each
2-factor to obtain a (directed) 1-factor.) Let EF% gy 1= EFY 4 gy + - + EF) 4 g
and let (EF') g = (EF{)i g + - + (EF)% g, Then Lemma [13.4ii)(b) im-
plies that H4air + CAadir(r) + PCAAqie(r) + EF 7 gip + (5.7-"')2dir has a decompo-
sition into s edge-disjoint (directed) Hamilton cycles Cf 4,...,Cy 4 such that each
C’l{, 4 contains EPSZ."‘,7 Adir for some exceptional path system EPS; € EPS. Sim-
ilarly, let Hp gi be an r-regular orientation of Hp. Then Hp gir + CAp 4ir(r) +
PCAp ain(r) + EFp qi + (EF') B4 has a decomposition into s" edge-disjoint (di-
rected) Hamilton cycles C 5,...,Cy g such that each C] p contains EPS}, p ;. for
some exceptional path system EPS;» € EPS. By relabeling the C; 4 and Cj p if nec-
essary, we may assume that C; 4 contains EPS; , 4, and C] 5 contains EPS!p .
Let C; 4 and C; p be the undirected cycles obtained from C’; 4 and C; g by ig-
noring the directions of all the edges. So C; 4 contains EPSZ 4 and C; p contains
EPS;p. Let H; := Cja+ Cjp — EPS] + EPS;. Then Proposition m (ap-
plied with G’ playing the role of G) implies that Hy,..., Hy is a decomposition of
H+ G = H+CA(r) + PCA(r) + EF + EF' into edge-disjoint 2-factors satisfying
Corollary [13.5(ii)(b1) and (b). O

14. PROOF OF THEOREM [3.3]

Before we can prove Theorem we need the following two observations. Recall
that a (K, m, g9, €)-scheme was defined in Sectionand that a [K, L, m, g9, &']-scheme
was defined in Section [12.3

Proposition 14.1. Suppose that 0 < 1/m < ¢,60 < ¢ < 1/K,1/L < 1 and that
K,L,m/L € N. Suppose that (G,P’) is a (KL,m/L,eg,c)-scheme. Suppose that P
is a (K, m,ep)-partition such that P' is an L-refinement of P. Then there exists an
orientation Gair of G such that (Gair, P, P') is a [K, L, m, e, €']-scheme.

To prove the result, it suffices to consider a random orientation of G. For more
details, see the proof of Proposition 9.1 in [6].

Proposition 14.2. Suppose that G is a D-reqular graph on n wvertices which is
e-close to the union of two disjoint copies of Ky, /5. Then D < (1/2 + 4e)n.

Proof. Let B C V(G) with |B| = |[n/2] be such that e(B,V(G) \ B) < en?.
Note that B exists since G is e-close to the union of two disjoint copies of K, 5. Let
A=V(G)\B. If D > (1/2+4¢)n, then Proposition|[6.1[i) implies that (A4, B) > en?,
a contradiction. 0
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We can now put everything together and prove Theorem in the following steps.
We choose the (localized) exceptional systems needed as an ‘input’ for Corollary [13.5]
to construct the robustly decomposable graph G* in Step 3. For this, we first choose
appropriate constants and a suitable vertex partition in Steps 1 and 2 respectively
(in Step 1, we also find some Hamilton cycles covering ‘bad’ edges). In Step 4,
we then apply Corollary to find G™P. Similarly, we then choose the (localized)
exceptional systems needed as an ‘input’ for the ‘approximate decomposition lemma’
(Lemma in Step 6 (in this step, we also find some Hamilton cycles which extend
those exceptional systems which are not localized). For Step 6, we first choose a
suitable vertex partition in Step 5. In Step 7, we find an approximate decomposition
using Lemma and in Step 8, we decompose the union of the ‘leftover’ and G*°P

via Corollary

Proof of Theorem [3.3|

Step 1: Choosing the constants and a framework. Choose ny € N to be
sufficiently large compared to 1/e¢. Let G and D be as in Theorem By Propo-
sition

(14.1) n/2—1<D <(1/2+ 4eex)n.
Define new constants such that

0<1/ng<Kex Keg <K P K ee Kl K <Ay, K1/Ky <y < 1/Ky
el <1/L<l/f <y < 1/g<eh M <e <1,

where K1, K5, L, f,g € N and K> is odd. Note that we can choose the constants
such that

_D=don L Amarn Aon Ky 2fK
400(K, LE,)2 ™" (KA L)?' K3 " 14fg 3g(g — 1)

Apply Propositionto obtain a partition A, Ay, B, By of V(G) such that (G, A, Ay, B, By)
is an (g9,49K1 LK>)-framework with A(G[A’, B']) < D/2 (where A’ := AU Aj and
B' := BU By). Let w; and wz be two vertices of G such that dgar p(w1) >
darar,p(w2) > dgrar,py(v) for all v € V(G) \ {w1,w2}. Note that the partition
A, Ay, B, By of V(G) and the two vertices w; and wq are fixed throughout the proof.
Moreover, in the remainder of the proof, given a graph H on V(G), we will always
write H® for H — H[A] — H[B].

Next we apply Lemma [10.3| with ¢y and 49K LK playing the roles of ¢ and K to
find a spanning subgraph H} of G. Let G; := G — H). Thus the following properties
are satisfied:

(a1) G[Ao] + G|Bo] € M} and H/ is a ¢gn-regular spanning graph of G.

(a2) ez (A", B') < don and eg, (A, B') is even.

(a3) The edges of H} can be decomposed into |eq (A’, B')/2] Hamilton cycles
and ¢on — 2| ey (A', B')/2] perfect matchings. Moreover, if eq(A', B') > D,
then this decomposition consists of |¢on/2] Hamilton cycles and one perfect
matching if D is odd.

(14.2)
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() dg,ar,p(w1) < (D—¢on)/2. Furthermore, if D = n/2—1 then dg, (4, g (w2) <
(D = don) /2.
(a5) Tf eg(A', B') < D, then A(G1[A', B) < e(G1[A', B])/2 < (D — gyn) /2.
Let H1 be the collection of Hamilton cycles and perfect matchings guaranteed by
(a3). (So H} =|JHi.) Note that

(143) D1 =D — gbon

is even (since (14.2) implies that D and ¢on have the same parity) and that Gy
is Dp-regular. Moreover, (G1, A, Ay, B, By) is an (eg,49K1 LKs)-framework with
A(G1[A',B']) < D/2. Let

A B
L= ’K1| B ‘K1| ri=qmi,  ry=ymy, o o= 96g°Kir,
K
ry = LL17 TO = T‘1+T2+T*(Lf*1)703;
Al _|B] o
14.4 = 20 = Dy :=Dy —2(L ).
(14.4) 2= TRy, 4 1—2(Lfrs+7r°)

Note that (FR3) implies m/L € N. Moreover,
(14.5) ro,r3 < 71/2m1 < 71/37‘1, r1/2 <r® < 2rg.

Furthermore, by changing v, 71 slightly, we may assume that r/400LK2, ry /400K3 €
N. This implies that ro/400K3,73/400K3,r°/400K3 € N. Together with the fact
that D1/400K3 = (D — ¢on)/400K3 € N by (14.2)), this in turn implies that

(14.6) Dy4/400K3 € N.

Step 2: Choosing a (K, L, my,¢e0)-partition (P;,P;). We now prepare the
ground for the construction of the robustly decomposable graph G*P, which we will
obtain via the robust decomposition lemma (Corollary in Step 4.

Since (G1, A, Ay, B, By) is an (g, 49K LK>)-framework, it is also an (gq, K1L)-
framework. Recall that G is Di-regular and Dy = D — ¢on > (1 — 3¢o)n/2 (as
D >n/2—-1). Apply Lemmawith G1, mi1/L, 3¢9, K1L, €., e playing the roles
of G, m, pi, K, €1, €2 to obtain partitions A’,..., A% ; of Aand By,..., By, of B
into sets of size my /L such that the following properties are satisfied:

(S1a) Together with Ay and By all these sets A] and B] form a (KL, my/L,¢eo)-
partition Pj of V(Gy).
(S1b) (G1lA] + G1[B],P;) is a (K1L,my/L, g, €4)-scheme.
(S1¢) (GY,P;) is a (K1L,m1/L,¢eg,e4)-exceptional scheme (where G§ := G —
G1[A] — G2[B]).
Note that (1 —eo)n < n — |Ag U By| = 2K1m; < n by (FR3). For all i < K,
and all h < L, let A;), = A/(i_l)LJrh. (So this is just a relabeling of the sets
AL) Define B;j, similarly and let A; := {J,<; Ain and B; := U<, Bin. Let
Py = {Ao,Bo,A1,...,Ak,,B1,..., Bk, } denote the corresponding (Kj,m1,¢q)-
partition of V(G). Thus (P1,P;) is a (K1, L,m1,ep)-partition of V(G), as defined
in Section
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Step 3: Exceptional systems for the robustly decomposable graph. In
order to be able to apply Corollary to obtain the robustly decomposable graph
G™P, we first need to construct suitable exceptional systems with parameter &.
The construction of these exceptional systems depends on whether G is critical and
whether eq(A’, B') > D. First we show that in each case, for all 1 <i},i, < K1L,
we can always find sets Jy 5 of A, on/ (K1 L)? (if,45)-ES with respect to Pj.
Case 1: eg(A’,B’) > D and G is not critical. Our aim is to apply Lemmam
to G with H}, m1/L, K1L, P{, €, ¢o, Ak, playing the roles of Gy, m, K, P,
e, ¢, A. First we verify that Lemma [I1.3(i)~(iv) are satisfied. Lemma [11.3]i)
holds trivially. (FR2) implies that eg(A’, B') < egn?. Moreover, recall from (S;a)
that Pj is a (K1L,my/L,ep)-partition of V(G) and that A’ and B’ were chosen
(by Proposition such that A(G[A’,B’]) < D/2. Altogether this shows that
Lemma [11.3(ii) holds. Lemma iii) follows from (1) and (ag). To verify
Lemma [11.3(iv), note that G plays the role of G® in Lemma and G§[A', B'] =
G1[A’, B']. So ege(A’, B') is even by (az). Together with the fact that (Gf,Py) is a
(K1L,m1/L, &g, x)-exceptional scheme by (Sic), this implies Lemma [I1.3{iv).

By Lemma we obtain a set J of Ag,rn edge-disjoint Hamilton exceptional

systems J in GY such that ej(A’, B’) = 2 for each J € J and such that for all
1 < if,i, < KiL the set J contains precisely Ax,rn/(KiL)? (i},i,)-HES with
respect to the partition Pj. For all 1 < i, < KL, let Jy i be the set of these
i, n/ (K1L)? (i), i5)-HES in J. So J is the union of all the sets Ji 4, (Note that
the set J here is a subset of the set J in Lemma [11.3] i.e. we do not use all the
Hamilton exceptional systems constructed by Lemma So we do not need the
full strength of Lemma at this point.)
Case 2: eq(A', B') > D and G is critical. Recall from Lemmal[l1.1J(ii) that in this
case we have D = (n—1)/2 or D = n/2—1. Our aim is to apply Lemma[l1.4]to G with
Hy, mi/L, KiL, P}, «, ¢o, Ak, Playing the roles of Go, m, K, P, €, ¢, A. Similar
arguments as in Case 1 show that Lemma[11.4[i)~(iv) hold. Recall that wy and wo are
(ﬁxed) vertices in V(G) such that dG[A’,B’] (wl) > dG[A’,B’] (wg) > dG[A’,B’} (’U) for all
v € V(G)\{w1,ws}. Since G{[A', B'] = G1[A’, B'], (a4) implies that dgs(ar, gy (w1) <
(D — ¢on)/2. Moreover, if D = n/2 — 1, then dgsar p(w2) < (D — ¢on)/2. Let
W be the set of vertices w € V(G) such that dgiar p(w) > 11D /40, as defined in
Lemma If D = (n—1)/2, then |W| = 1 by Lemma [11.1[ii). This means that
wy ¢ W and so dgoar, g (w2) < dgpar,p(w2) < 11D/40. Thus in both cases we have
that

(14.7) dgsar,pry(wi), dagpar g (w2) < (D — ¢on) /2.

Therefore, Lemma [11.4|v) holds.

By Lemma [TT.4] we obtain a set J of Ax,1n edge-disjoint Hamilton exceptional
systems J in GY such that, for all 1 < i},#, < K;L, the set J contains precisely
i, n/(K1L)? (i}, i5)-HES with respect to the partition P]. Moreover, each J € J
satisfies GJ(A/, B,) = 2 and dJ[A’,B’} (’U)) =1 for all w € {wl, U)Q} with dG[A’,B’] (U}) >



PROOF OF THE 1-FACTORIZATION & HAMILTON DECOMPOSITION CONJECTURES I 61

11D/40. For all 1 <4},i5 < KL, let Jy ;s be the set of these i on/ (K1L)? (i, %)-
HES. So J is the union of all the sets Tt it,- (So similarly as in Case 1, we do not
use all the Hamilton exceptional systems constructed by Lemma at this point.)
Case 3: eq(A’,B') < D. Recall from Proposition [6.1f(ii) that in this case we have
D=n/2—1,n=0 (mod 4) and |4'| = |B’| = n/2. Our aim is to apply Lemmal[l1.5|
to G with H, m1/L, Ki1L, P}, €«, ¢0, Ak, playing the roles of Goy, m, K, P, &,
¢, A. Similar arguments as in Case 1 show that Lemma [I1.5(i)~(iv) hold. Since
GS[A, B) = G1[A’, B'] and D = n/2 — 1, Lemma [11.5{v) follows from (o).

By Lemma GS can be decomposed into a set J' of D;/2 edge-disjoint ex-
ceptional systems such that each of these exceptional systems J is either a Hamilton
exceptional system with e;(A’, B') = 2 or a matching exceptional system. (So J’
plays the role of the set J in Lemma [11.5]) Lemma [11.5(b) guarantees that we can
choose a subset J of J’ such that J consists of A\x,rn edge-disjoint exceptional
systems J in GY such that for all 1 < ¢},i, < K;L the set J contains precisely
M, n/ (K1L)? (i, i5)-ES with respect to the partition P]. For all 1 < 4}, < KjL,
let Jir i1 be the set of these e, n/ (K1L)? (i%,45)-ES. So J is the union of all the
sets ‘7,»/1 b (Note that to construct the robustly decomposable graph we will only
use the exceptional systems in J. However, in order to prove condition (/35) below,
we will also use the fact that GGf has a decomposition into edge-disjoint exceptional
systems.)

Thus in each of the three cases, J is the union of all the sets J; i, where for
all 1 < 4,iy < K1L, the set J consists of precisely g, n/(K1L)? (i},15)-ES with
respect to the partition P;. Moreover, all the A, n exceptional systems in J are
edge-disjoint.

Our next aim is to choose two disjoint subsets Jca and Jpca of J with the
following properties:

(a) In total Jca contains Lfrs exceptional systems. For each ¢ < f and each
h < L, Jca contains precisely r3 (i1,i2)-ES of style h (with respect to
the (K1, L, m1,¢ep)-partition (P1,Py)) such that i1,i0 € {(i — 1)K /f +
2,...,iK1/f}.

(b) In total Jpca contains 7r°® exceptional systems. For each i < 7, Jpca
contains precisely r° (i1, i2)-ES (with respect to the partition P;) with iy, iy €
{(Z— 1)K1/7+2,,2K1/7}

(¢) Each exceptional system J € Joa U Jpca is either a Hamilton exceptional
system with e;(A’, B') = 2 or a matching exceptional system.

(Recall that we defined in Section when an (i1,42)-ES has style h with respect
to a (K1, L,my,ep)-partition (P1,P]).) To see that it is possible to choose Jca
and Jpca, split J into two sets J; and Jo such that both [J; and J2 contain at
least A\, n/3(K1L)? (i}, i%)-ES with respect to P}, for all 1 < 7,4, < K;L. Note
that, for each i < f, there are (Ki/f — 1)? choices of pairs (iy,i3) with i1,ia €
{(i—1)Ky/f+2,...,iK;/f}. Moreover, for each such pair (i1,42) and each h < L
there is precisely one pair (i7,1) with 1 < ¢}, < K;L and such that any (¢}, )-ES
with respect to P is an (i1, i2)-ES of style h with respect to (Py, P;). Together with
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the fact that v < Ak, ,1/L,1/f and
(Ki/f =D Akan oy yKom Ky
3(K,L)? L~ L L ¥
this implies that we can choose a set Joa C J; satisfying (a).

Similarly, for each i < 7, there are (K1/7 — 1)? choices of pairs (i1,42) with
i1,02 € {(1 — 1)K /7 +2,...,iK1/7}. Moreover, for each such pair (i1,i2) there
are L? distinct pairs (i},45) with 1 < 4,4, < KiL and such that any (i}, i%)-ES
with respect to P is an (i1,i2)-ES with respect to P;. Together with the fact that
v1 < Ak, 1 and

K1/7—1)2L*\ ([435)
. 3(K>1L)2 s >mn > 2ymy =2r1 > 1,

this implies that we can choose a set Jpca C Jo satisfying (b). Our choice of
J 2 Jca U Jpca guarantees that (c) holds too. Let

(148) jrob e jCA U jPCA7 ¢60b = (Lf’]“g —|— 77”0)/’)2 and GO = Gi} - Uerb.

(In Step 5 below we will define a graph G4 which will satisfy G = G4—G4[A]—G4[B].
So this will fit with our definition of the operator ©.) Note that

7re 043 3y
22— =2 —
n

n n K

>

3 .
= 2N 5> M 5940 and  26°Pn Dy — Dy.

(149) op"

Moreover, we claim that |J J™P is a subgraph of G C G satisfying the following
properties:

(B1) dyygrov(v) =2(Lfrs +7Tr¢) = 2¢%°Pn for each v € V.

(B2) ey gron (A", B') < 2¢°Pn is even.

(B3) TP contains exactly ¢i°Pn exceptional systems, of which precisely ey grob (A, B")/2
are Hamilton exceptional systems. If eq(A’, B') > D, then J™P consists
entirely of Hamilton exceptional systems. If J™P contains a matching ex-
ceptional system, then |A’| = |B’| =n/2 is even.

(Ba) Ifeq(A’, B') > D and G is critical, then dy srobjar ) (w) = 5°Pn for all w €
{wy,we} with dG[A’,B’] (w) > 11D/40. Moreover, dGZ[A"B/} (wy), dej[A’,B’] (w2)
(D = (¢o + 2¢°°)n) /2.

(Bs) If eq(A',B") < D, then A(GS[A", B']) < e(G[A',B'])/2 < Dy4/2 = (D —
(b0 + 205)n) /2.

To verify the above, note that J™°P consists of precisely gbf)"bn exceptional systems J
(each of which is an exceptional cover). So (1) follows from (EC2). Moreover, each
such J is either a Hamilton exceptional system with ej(A’, B') = 2 or a matching
exceptional system (with e;(A’, B") = 0 by (MES)), which implies (82) and the first
part of (f33). If eq(A’, B") > D, then we are in Case 1 or 2 and so the second part of
(B3) follows from our construction of J D J™P. The first part of (8;) follows from
our construction of J 2 J™P in Case 2. Since 11D/40 < (D — (¢g + 265°°)n)/2,
we can combine the first part of (54) with to obtain the ‘moreover part’ of
(B4). Thus it remains to verify (85). So suppose that eg(A’, B') < D. Recall from

IN
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Case 3 that G has a decomposition into a set J’ of D1/2 edge-disjoint exceptional
systems J, each of which is either a Hamilton exceptional system with e;(A’, B') = 2
or a matching exceptional system. This means that J[A’, B'] is either empty or a
matching of size 2. Note that G§[A’, B is precisely the union of J[A’, B'] over all
those D1/2 — ¢i°°n = Dy/2 exceptional systems J € J'\ J™". So (35) holds.

Step 4: Finding the robustly decomposable graph. Let G2 := Gi[A] +
G1[B]. Recall from (S1b) that (Ge,Pq) is a (K1L,m1/L,ep,es)-scheme. Apply
Proposition with Ga, P1, Pj, K1, mi, e, €, playing the roles of G, P, P,
K, m, €, £ to obtain an orientation Gggiy of G such that (Ga2gir, P1,P}) is a
[K1, L, mq,e0,€,]-scheme.

Our next aim is to use Lemma [12.3]in order to extend the exceptional systems in
Jca into 73 edge-disjoint exceptional factors with parameters (L, f) for Gg gir (with
respect to (P1,P;)). For this, note that (a) and (c) guarantee that Joa satisfies
Lemma [12.3{i),(ii) with 73 playing the role of g. Moreover, Lrg/m; = rKi/m; =
~vK7 < 1. Thus we can indeed apply Lemma to (Ga,dir, P1, Py) with Joa, mi,
e', K1, r3 playing the roles of J, m, &, K, ¢ in order to obtain r3 edge-disjoint
exceptional factors E'Fy,. .., EF,, with parameters (L, f) for G2 qir (with respect to
(P1,P})) such that together these exceptional factors cover all edges in |J Jca. Let
EFcpn = EFy + -+ EFT3. Since Gy = Gl[A} + Gl[B], we have (5.7:(}A)<> = JcA.
Moreover, each exceptional path system in £Fca contains a unique exceptional
system in Jca (in particular, their numbers are equal).

Note that m;/4g,m1/L € N since m; = |A|/K; and |A| is divisible by 49K, L as
(G, A, Ag, B, By) is an (g9,49K1LK>)-framework. Furthermore, rK? = ym;K? <
¥/2m; < my. Thus we can apply Corollary to the [Ky, L,m1,e0,c!]-scheme
(Ga.gir, P1,Py) with K1, my, €7, g playing the roles of K, m, €, ¢’ to obtain a spanning
subgraph C'A(r) of Gy as described there. (Note that Go equals the graph G’ defined
in Corollary [13.5]) In particular, CA(r) is 2(ry + r2)-regular and edge-disjoint from
EFcA-

Let G3 be the graph obtained from G2 by deleting all the edges of CA(r) +EFca.
Thus Gj3 is obtained from G2 by deleting at most 2(r1 +7r2+13) < 671 = 6y1m edges
at every vertex in AU B. Let G3gqir be the orientation of G'3 in which every edge
is oriented in the same way as in Gy giy. Since (G gir, P1,Py) is a [K1, L,my, €9, €]
scheme, Proposition and the fact that €7/, < ¢ imply that (G qir, P1,P1) is a
[K1,1,m1,e0,e]-scheme. Moreover,

r® 2r

— < — =271 K1

m1 m1
Together with (b) and (c) this ensures that we can apply Lemma[12.3to (G'3 ir, P1, P1)
with Jpca, m1, K1, 1, 7, r°® playing the roles of 7, m, K, L, f, q in order to obtain
r° edge-disjoint exceptional factors EFY,..., EF), with parameters (1,7) for G3 gi,
(with respect to (P1,P1)) such that together these exceptional factors cover all edges
in |JJpca. Let EFpca := EF] + -+ EF).. Since G3 C G1[A] + G1[B] we have
(EFpca)® = U Ipca. Moreover, each exceptional path system in EFpca contains a
unique exceptional system in Jpca.
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Apply Corollary to obtain a spanning subgraph PCA(r) of G5 as described
there. In particular, PC' A(r) is 10r°-regular and edge-disjoint from C A(r)+EF ca +

Let G™ := CA(r) + PCA(r) + EFca + EFpca. Note that by (12.2) all the
vertices in Vj := Ag U By have the same degree ri°® := 2(Lfrs + 7r°) = 2¢i°"n in
G™P. So

- -
(14.10) 77‘1 30 T1.
Moreover, (12.2)) also implies that all the vertices in AU B have the same degree 7P
in G™P, where 7P := 2(ry 4 79) 4+ 10r° 4 2r3 + 2r° = 2(r; + 19 +r3 + 6r°). So

ri?? =P = 2(Lfrg+1° — (ry +r2+13)) = 2(Lfrs+r — (Lf — 1)rs —r3) = 2r.

Note that (G™")° = J(Jca U Tpca) = U T™P. Recall that the number of Hamil-
ton exceptional path systems in £Fca equals the number of Hamilton exceptional
systems in Jca, and that the analogue holds for EFpca. Hence, (61), (52) and (B3)
imply the follow statementS'

(1) dgron(v) = 15 = 2¢%°Pn for all v € V.

(B5) egrov(A', B’ ) = ey gon(A, B') < rieb = 2¢5°Pn is even.

(B5) EFca + EFpca contains exactly d)mbn exceptional path systems (and each
such path system contains a unique exceptional system in J*°P, where | 7P| =
¢i°Pn). Precisely ey grob(A’, B') /2 of these are Hamilton exceptional path
systems. If eq(A’, B') > D, then every exceptional path system in EFca +
EFpca is a Hamilton exceptional path system. If EFca + EFpca contains
a matching exceptional path system, then |A’| = |B'| = n/2 is even.

Step 5: Choosing a (K3, mg,ep)-partition P2. We now prepare the ground for
the approximate decomposition step (i.e. to apply Lemma . For this, we need to
work with a finer partition of AU B than the previous one (this will ensure that the
leftover from the approximate decomposition step is sufficiently sparse compared to

Grob)'
So let G4 := G — G™P (where G was defined in Step 1) and note that
(14.11) Dy D b by _gob g
So
(14.12) dg,(v) = Dy+2r forallv e AUB and da,(v) = Dy for all v € V.

Hence
5(G4) > D4 2¢rob - ((;5 + 2¢rob) ( rob)n/Q

as ¢5°P > 2¢g by |D Moreover, note that

([TZ.10)
2¢6°bn = rBOb < 30r; = 30y1my < 30mn/Ky,
s0 ¢ < €. Since (G, A, Ag, B, By) is an (g9, 49 K1 LK3)-framework, (G4, A, Ag, B, By)
is an (g9, K2)-framework. Now apply Lemma to (G4, A, Ay, B, By) with Ks, ma,
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e}, &b, 6¢(r)°b playing the roles of K, m, €1, €2, i in order to obtain partitions

Ai,..., Ak, and By, ..., By, of A and B satisfying the following conditions:

(Sea) The vertex partition Py := {Ag, By, A1, ... Ak,, B1,..., Bk, } isa (K2, ma, £9)-

partition of V(G).

(Seb) (G4[A] + G4[B], P2) is a (K2, ma, €9, 5)-scheme.

(S2c) (G5, P2) is a (K2, ma, o, €} )-exceptional scheme.
(Recall that G := G$ — |JJ™P was defined towards the end of Step 3. Since
Gy = G1 — G™P we have (G4)° = G$ — (G™P)° = G¢ — |J T™P, so (G4)° is indeed
the same as G5.) Moreover, by Lemma [8.3[(iv) we have

(14.13)
da, (v, A;) = (dg, (v, A) £ eon) /Ko and da, (v, B;) = (dg, (v, B) £ egn)/ K2

for all v € V(G) and 1 < i < K,. (Note that the previous partition of A and B
plays no role in the subsequent argument, so denoting the clusters in Py by A; and
B; again will cause no notational conflicts.)

Since (G4, A, Ao, B, By) is an (g9, K2)-framework, (FR3) and (FR4) together im-
ply that each v € A satisfies dg, (v, 4g) < |Vo| < eon and dg, (v, B") < egn. So
da,(v,A) = dg,(v) £ 2egn. Therefore, for all v € A and all 1 <17 < K, we have

da,(v,A) £eon  dg,(v) £3son  dg,(v) & TegKams

Ko Ko Ko
The analogue holds for dg, (v, B;) (where v € B and 1 < i < K3).

Step 6: Exceptional systems for the approximate decomposition. In order
to apply Lemma [9.4] we first need to construct suitable exceptional systems. We
will show that G can be decomposed completely into Dy /2 exceptional systems with
parameter £9. Moreover, these exceptional systems can be partitioned into sets J
and z‘ll,z‘z (one set for each pair 1 < iy,i2 < K3) such that the following conditions

hold, where J” denotes the union of i,1 i, over all 1 <y, ig < Ko

(14.14) dg, (v, Ay

(v1) Each J/ ;, consists of precisely (D4 —2\, n)/2K3 (i1,i2)-ES with parameter
g9 with respect to the partition Ps.

(72) Jj contains precisely Ag,n exceptional systems with parameter .

(73) If eq(A’,B") > D, then all exceptional systems in Jj U J” are Hamilton
exceptional systems.

(74) If eq(A’, B') < D, then each exceptional system J € Jj U J" is a Hamilton
exceptional system with ej(A’, B') = 2 or a matching exceptional system. In
particular, Jj contains precisely ey, (A’, B')/2 Hamilton exceptional sys-
tems and J" contains precisely ez~ (A’, B')/2 Hamilton exceptional sys-
tems.

As in Step 3, the construction of Jj and the i/w'z will depend on whether G is
critical and whether eg(A’, B') > D. Recall that G4 = G; — G™P and note that
D — ¢on — 245" n Dy N

400K2 ~ 400K3 ©

(14.15)

by (I3
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Case 1: eg(A',B’) > D and G is not critical. Our aim is to apply Lemma [11.3]
to G with G — Gy, ma, K2, Pa, €1, ¢o + 205", Ak, playing the roles of Gy, m, K,
P, e, ¢, A. (So GY will play the role of G°.) First we verify that the conditions
in Lemma [11.3{i)-(iv) are satisfied. Clearly, Lemma i) and (ii) hold. Note
that G — G4 = H; + G™P, s0 (1), (a2), (B)) and (B5) imply Lemma [11.3{iii). By
(a2) and (B3), egs(A’, B') is even. Together with the fact (Sor) that (G, P2) is a
(K2, ma, €0, €] )-exceptional scheme, this shows that Lemma|11.3(iv) holds. Together
with this ensures that we can indeed apply Lemma to obtain a set of (D—
(Po+2¢°°)n) /2 = D4 /2 edge-disjoint Hamilton exceptional systems with parameter
go in G4. Moreover, these Hamilton exceptional systems can be partitioned into sets
Jo and J} ;, (for all 1 <iy,iz < K3) such that (v1)-(73) hold.

Case 2: e;(A',B') > D and G is critical. Our aim is to apply Lemma [11.4to G
with G—Gy4, ma, K2, P2, €], ¢0+2¢6°b, Ak, playing the roles of Go, m, K, P, €, ¢, A.
(So as before, G§ will play the role of G°.) Similar arguments as in Case 1 show that
Lemma [11.4{i)—(iv) hold. (B4) implies Lemma [11.4|v). Together with this
ensures that we can indeed apply Lemma to obtain a set of D4/2 edge-disjoint
Hamilton exceptional systems with parameter €y in G4. Moreover, these Hamilton
exceptional systems can be partitioned into sets Jj and i/17i2 (for 1 <iy,ip < K>)
such that (y1)—(v3) hold.

Case 3: eq(A’,B') < D. Recall from Proposition [6.1{(ii) that in this case we have
D=n/2—1,n=0 (mod 4) and |4'| = |B’| = n/2. Our aim is to apply Lemmal[l1.5|
to G with G — G4, ma, Ka, Pa, €], ¢o + 24%°P. Ak, playing the roles of Gy, m, K,
P, e, ¢, A. (So as before, G} will play the role of G°.) Similar arguments as in
Case 1 show that Lemma [I1.5(i)—(iv) hold. (85) implies Lemma [I1.4|v). Together
with this ensures that we can indeed apply Lemma to obtain a set of
D4 /2 edge-disjoint exceptional systems in G4. Moreover, these exceptional systems
can be partitioned into sets Jy and J ;, (for all 1 < ij,i5 < Kj) such that (y1),
(72) and (7y4) hold. (In particular, (74) implies that each exceptional system in these
sets has parameter &g.)

Therefore, in each of the three cases we have constructed sets «70/ and {1@ (for
all 1 < iy,1i9 < Ky) satisfying (vy1)—(74)-

We now find Hamilton cycles and perfect matchings covering the ‘non-localized’
exceptional systems (i.e. the ones in Jj). Let Gy = G4 — G§. So G is obtained
from G4 by keeping all edges inside A as well as all edges inside B, and delet-
ing all other edges. Note that (G}, A, Ao, B, By) is an (e, K2)-framework since
(G4, A, Ay, B, By) is an (¢, K2)-framework. Apply Lemma to (G, A, Ao, B, By)
with Ky, Ak,, J;y playing the roles of K, A\, {J1,...,Jyx,}. (Recall from (Sgb) that
(G4[A] + G4[B],P2) is a (K2, ma,£0,eh)-scheme, so §(G}[A]) = 6(Ga[A]) > 4|A]/5
and 6(GYy[B]) = 0(G4[B]) > 4|B|/5 by (Sch3).) We obtain edge-disjoint subgraphs
Hy,...,Hgy of G +JJg such that, writing Ho := {H1,..., H gz}, the following
conditions hold:

(01) For each Hy € Hy there is some J; € J such that J; C Hy.
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(62) If Js is a Hamilton exceptional system, then H, is a Hamilton cycle on V(G).
If J, is a matching exceptional system, then Hy is the edge-disjoint union of
two perfect matchings on V(G).
(d3) Let Hy := Hy + -+ + Hgy. If eq(A", B") < D, then H, contains precisely
ey, (A', B') /2 Hamilton cycles on V(G).
Indeed, (6;) follows from Lemma [10.2)(i). (d2) follows from Lemma[10.2{ii),(iii). (For
the second part, note that (y3) and (y4) imply that Jj contains matching exceptional
systems only in the case when eg(A’, B') < D. But in this case, Proposition [6.1(ii)
implies that n = 0 (mod 4) and |A'| = |B'| = n/2, i.e. |A’| and |B’| are even.) For
(d3), note that G has no A’'B’-edges and so ey (A", B') = ey (A’, B'). Together
with (d2) and (74), this now implies (d3).
Recall that J" is the union of i/m'z over all 1 <'iy,ip < Ko. Let G5 := G4 — Hj

and Dj := Dy — 2|Ha| = Dy — 2Ag,n. So implies that

(14.16) dg,(v) = D5 +2r for allv e AUB and dg,(v) = Dj for all v € V.
Note that

(14.17) $:=G5— Gs5[A] - Gs[B] = G5 - Hy =G5 - |z = 7"
Since dj(v) =2 for all v € Vj and all J € J”, it follows that

(14.18) D5 =2|7".

Moreover, since (G4[A] + G4[B], P2) is a (Ka,ma2, €, £5)-scheme and &}, + 2\g, < &,
Proposition [8.1) implies that (G5[A] + G5[B], P2) is a (K2, mg, €o, €)-scheme.

Step 7: Approximate Hamilton cycle decomposition. Our next aim is to
apply Lemma [9.4] to obtain an approximate decomposition of G5. Let

= (rie® — 2r) /(4Komy) and p:=7/(4Ky).

We will apply the lemma with G5, Pa, Ko, ma, J”, € playing the roles of G, P, K,
m, J, €. Clearly, conditions (c) and (d) of Lemma 9.4 hold.
In order to see that condition (a) is satisfied, recall that m; K7 = |A| = maKs. So

_ =2 30r1  30m
= UKoms, = M= dKkym, T 4K,

Therefore, every vertex v € AU B satisfies

da,(v) Dy +2r D, — r(rf’b + 2r D — ¢on — 4Komop

< 1

14.1

I

(1/2 £ deex)n — pon — 4Komap
(1419) = (1 —4,u:|:3¢0) Kgmz,

where in the last equality we recall that (1 —e9)n/2 < |[A] = Kama < n/2 and
€0, €ex < ¢Pp. Recall that G5 = G4 — H), and note that

A(HY) = 2|Ha| = 2Xk,n < DAk, Koma.
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Altogether this implies that for each v € A and for all 1 < i < K5 we have

dG5 (U, Al) = dG4 (U, Al) — d'H’2 (U, Az) = dG4 (’U, Al) + 5)\K2K2m2
(14.14)
= (dG4 (’U) + 750K2m2)/K2 + 5)\K2K2m2

14.19]
2D (1 4+ (3¢ + Teo + BAk, Ka)) m

Since ¢o, €0, Ak, < 1/Ka, it follows that dg, (v, A;) = (1 —4p £ 4/Ks)ms. Similarly
one can show that dg;(w, Bj) = (1 —4p+4/Ks)my for all w € B. So Lemma[9.4fa)
holds.

To check condition (b), note that r = v|A|/K; > yn/3K;. So

o) @B D5 D@D EBn,
N 2~ 2 2 4 o 2
n 1 v
= Z—|—25exn—2K2m2,u—7" < <4+25ex— (1 —eo)p— 3K)

IN

1 ¥ (1
TRy ol AL R L

Thus Lemma [9.4(b) holds.
So we can indeed apply Lemma to obtain a collection Hg of | J"”| edge-disjoint
spanning subgraphs Hi, ..., H, |’ 7 of G's which satisfy the following properties:

(e1) For each H. € Hs there is some J. € J” such that J. C H..

(e2) If J, is a Hamilton exceptional system then H] is a Hamilton cycle on V(G).
If J is a matching exceptional system then H is the edge-disjoint union of
two perfect matchings on V(G).

(e3) Let Hy := H] +---+ HIJ”I If eq(A’, B') < D, then H3 contains precisely
ey, (A', B') /2 Hamilton cycles on V(G).

For (e3), note that (14.17) implies G§ = (J J" and thus e|j 7# (A", B') = ey (A, B').

Together with (e2) and (74), this now implies (e3).

Step 8: Decomposing the leftover and the robustly decomposable graph.
Finally, we can apply the ‘robust decomposition property’ of G™P guaranteed by
Corollary to obtain a decomposition of the leftover from the previous step
together with G™P into Hamilton cycles (and perfect matchings if applicable).

To achieve this, let H' := G5 — H5. Thus and imply that every
vertex in V} is isolated in H' while every vertex v € AUB has degree dg, (v) —2|J"| =
D5 +2r—2|J"| = 2r in H' (the last equality follows from (14.18)). Moreover, (H')°
contains no edges. (This holds since | JJ” C H4 andso H' C G5 —JJ" = G5 — G¢
by (14.17).) Now let Hy := H'[A], Hp := H'|B], H := Hu + Hp. Note that H is
the 2r-regular subgraph of H' obtained by removing all the vertices in Vj. Let

_,er +70Lf _’_7<>¢r0b
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Recall from (%) that each of the s’ exceptional path systems in EFca +EFpca con-
tains a unique exceptional system and J™°P is the set of all these s’ exceptional sys-
tems. Thus Corollary (ii)(b) implies that H+G™P has a decomposition into edge-
disjoint spanning subgraphs HY', ..., H!, such that, writing H4 := {HY,..., H}, we
have:
(¢1) For each H" € H, there is some exceptional system J” € J™P such that
J!' C H.
(¢2) If J! is a Hamilton exceptional system then H! is a Hamilton cycle on V(G).
If J” is a matching exceptional system then H! is the edge-disjoint union of
two perfect matchings on V(G).
(G3) Let H) := H{'+---+H. Then H4 contains precisely ey (A’, B') /2 Hamilton
cycles on V(G).

Indeed, (¢1) and ((2) follow from Corollary (ii)(b) (recall that if 7P contains a
matching exceptional system, then |A’| = |B’| = n/2 is even by (5%)). For (¢3), note
that ey (A, B) = egron(A’, B') = ¢|jgron(A’, B') by (83). Now ((3) follows from
(8)) and (c2).

Note that Hq U Hs UHg U Hy corresponds to a decomposition of G into Hamilton
cycles and perfect matchings. It remains to show that the proportion of Hamilton
cycles in this decomposition is as desired.

First suppose that eg(A’, B') > D. By («a3), H1 consists of Hamilton cycles and
one perfect matching if D is odd. By (73), (d2) and (£2), both Hs and Hg consist
of Hamilton cycles. By (35) and ((2) this also holds for H4. So Hi U Ha UH3 U Hy
consists of Hamilton cycles and one perfect matching if D is odd.

Next suppose that eg(A’, B') < D. Then by (a3), (d3), (£3) and ({3) the numbers
of Hamilton cycles in H1, Hz, H3 and H4 are precisely ey (A, B') /2], ez (A', B') /2,
ey, (A, B')/2 and ey (A', B') /2. Hence, H1 U H2 UH3 U Hy contains precisely

eHiUHéUHéUHi(A,7B,)J _ {eG(A',B’)J - {FJ

2 2 2

edge-disjoint Hamilton cycles, where F' is the size of the minimum cut in G. Since
clearly G' cannot have more than | F//2| edge-disjoint Hamilton cycles, it follows that
we have equality in the final step, as required. ]
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